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Let k be a number field with algebraic closure k, and let S be a
finite set of places of k containing all the archimedean ones. Fix
d > 2 and a € k such that the map z — 2% 4 « is not posteritically
finite. Assuming a technical hypothesis on «, we prove that there
are only finitely many parameters ¢ € k for which z — 2 + ¢ is
postcritically finite and for which ¢ is S-integral relative to («).
That is, in the moduli space of unicritical polynomials of degree
d, there are only finitely many PCF k-rational points that are
((@), S)-integral. We conjecture that the same statement is true
without the technical hypothesis.

1. Introduction

Let k be a field with algebraic closure k, and let f € k(2) be a rational func-
tion defined over k. A point z € P*(k) is preperiodic if f™(x) = f™(x) for
some integers n > m > 0, where f™ := fo---o f denotes the n-fold compo-
sition of f with itself, with f© :=id. The map f is said to be postcritically
finite, or PCF, if all of its critical points in P!(k) are preperiodic under
the iteration of f. In both complex and arithmetic dynamics, PCF maps
have proven themselves to be objects of particular interest for their special
dynamical and arithmetic properties. See, for example, [1} 2[4} [7, @, 10, 16l
20, 24H26]. In particular, in an algebraic moduli space of discrete dynamical
systems, the points corresponding to PCF maps appear to play a similar
role as other special points, such as CM points on classical modular curves.
In this paper, for d > 2 an integer, we consider PCF parameters in the one-
parameter family of unicritical polynomials fy.(2) := 2% + ¢, and we prove
a finiteness result concerning integrality of such parameters with respect to
a given non-PCF parameter.
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If k£ has characteristic zero, for example if £k = C, then the polynomial
fa . has critical points at z = 0, 00. Since oo is fixed, it follows that fq. is
PCF if and only if the forward orbit

{/dc(0) : n >0}

of the critical point z = 0 is a finite set. Any such PCF parameter ¢ must
lie in Q, since such ¢ is a root of the polynomial fi.(0) — fi.(0) for some
integers n > m > 0. (In fact, such ¢ must be an algebraic integer, since this
polynomial is monic with integer coefficients.)

Moreover, by [9, Theorem 1.1}, the PCF parameters form a set of
bounded arithmetic height. In particular, for any number field &, there are
only finitely many ¢ € k for which f; . is PCF. For example, for d = 2 and
k= Q, it is well known that the only PCF parameters are ¢ =0, -1, —2.
Indeed, as noted above, the PCF parameters ¢ € Q are algebraic integers
and hence lie in Z; it is also easy to check that if ¢ > 1 or ¢ < —3, then
the orbit of 0 under z — 22 + ¢ is unbounded. Thus, ¢ = 0, —1, —2 are the
only rational numbers that might be PCF parameters for d = 2, and direct
computation shows they are all PCF. (When ¢ = 0, we have 0 — 0 is fixed;
when ¢ = —1, we have 0 — —1 > 0 is periodic; and when ¢ = —2, we have
0 — —2 — 2+ 2 is preperiodic.)

We set the following notation throughout this paper.

k a number field, with algebraic closure k
M, the standard set of places of k
S a finite subset of My, including all the archimedean places

k,  the completion of k at a place v € My, with absolute value | - |,
C,  the completion of an algebraic closure of k,, with absolute value | - |,
fae the polynomial fy.(2) = 2%+ ¢, where d > 2 is an integer.

If Ly and Lo are two fields that contain k, we say that a field homo-
morphism o : L1 — Lo is a k-embedding if it is the identity on k. Such a k-
embedding o extends to a map from P(L;) to P}(Ls) by setting o(00) := oo.
If D is an effective divisor on P! defined over k, recall that a point = € P!(k)
is S-integral (on P') relative to D, or that x is (D, S)-integral, if for any
place v € My, with v € S, for any point « in the support of D, and for any
k-embeddings o : k < C, and 7 : k < C,, the points o(x) and 7(a) lie in

different residue classes of P!(C,). In particular, if x,a € k, we have

{’a(x)__T(a)” >1 if[r(a)ly <1; and
o(@)]s <1 if |7(a)]y > 1.
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(This definition may also be extended to allow x = 0o or &« = oo by declaring
that |o(00)]y, = |00y := 0o for any place v € My, and that co > a for any
a € R; but in this paper we only need to consider z,« € k, as above.) The
above definition is, of course, only a special case — for P' — of a more
general notion of integrality of a point relative to an effective divisor on a
variety over k; see, for example, [21].

For each integer d > 2, and for each place v of k, the family fy.(z) =
2% 4+ ¢ has an associated v-adic generalized Mandelbrot set Mg ,,, or multibrot
set, defined by

(1.1) Mgy, == {c € C, : the orbit {f;.(0) : n > 0} is bounded}.

If ceC, is a PCF parameter for fg., then clearly c € My,. If v is an
archimedean place, so that C, = C, then My, is the set of parameters c € C
for which the Julia set of f;. is connected. It is easy to check that Mg, is
compact for archimedean v.

Our main result is as follows.

Theorem 1.1. Let k be a number field with algebraic closure k, let S C M,
be a finite set of places of k including all the archimedean places, let d > 2 be
an integer, and for any c € k, let fq.(2) := 24+ c. Let o € k, and suppose
that

® fia is not PCF, and

o for every archimedean place v of k, and for every k-embedding T of
k(a) into C,, the image T(a) does not lie in the boundary OMg,, of the
multibrot set Mg, of equation (1.1)).

Then there are only finitely many parameters c € k that are S-integral rela-
tive to (o), and for which fq. is PCF.

The hypothesis that o € OMg, for archimedean v is reminiscent of a
similar condition called “totally Fatou” in the context of [27]. Since this
hypothesis is a dense open condition (with respect to the metric topology)
at each of the finitely many archimedean places of k(«), it can reasonably
be considered to hold for most « € k. Still, we conjecture that this condition
should not be required at all, as follows.

Conjecture 1.2. Let k be a number field with algebraic closure k, let S C
My, be a finite set of places of k including all the archimedean places, let
d > 2 be an integer, and for any c € k, let fi.(2) :== 2%+ c.
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Let a € k, and suppose that f4. is not PCF. Then there are only finitely
many parameters c € k that are S-integral relative to (o), and for which fq .
is PCF.

On the other hand, the hypothesis that a is not a PCF parameter cannot
be removed, as we will show in Theorem

For the family fg., the parameter c lives in a moduli space isomorphic
to A!, and the values of ¢ for which fd.c is PCF may be considered as special
points on this variety, analogous to torsion points on an abelian variety
or CM points on a modular curve. (For example, the main results of [22]
and [23] concern integrality of singular moduli, i.e., of CM points.) From
this perspective, Theorem Conjecture and Theorem describe
the integrality of these (dynamically) special points relative both to special
and to non-special points on this moduli space. We propose generalizations
of this idea to other moduli spaces, including higher-dimensional moduli
spaces, in Section [6]

Our strategy to prove Theorem [1.1] is as follows. First, at each place v
of k, we apply the equidistribution theorems of [20] or [32], which say that
atomic measures supported equally on the Galois orbits of PCF parame-
ters converge weakly to the so-called bifurcation measure of the family fq .
at v. However, we wish to integrate the function log|z — «, against these
measures, and the discontinuity at x = o means that the equidistribution
theorems do not apply directly in this case. Therefore, we invoke [§, Theo-
rem 1.4] (which we state here as Theorem for v non-archimedean, and
the hypothesis that o ¢ 0Mg,, for v archimedean, to prove our desired local
convergence result, which we state as Theorem

Second, we write the (strictly) positive canonical height ﬁdﬂ(a) associ-
ated with the map f;, as a sum of canonical local heights. According to
Theorem given a hypothetical sequence of PCF parameters (z,,)p>1 in k
that are S-integral with respect to (), we may approximate these canonical
local heights by integrals of log |x — «/|, with respect to atomic measures v,
supported on the Galois orbits of x,,. Finally, using the ((«), S)-integrality
of z,, we rewrite the sum of canonical local heights and invoke the prod-
uct formula to show that the sum approaches 0, contradicting the fact that
iLd7a (Oé) > 0.

The outline of the paper is as follows. In Section [2| we recall some fun-
damental facts about canonical (local) heights, and we relate the bifurcation
measure at v € M}, of the family fg . to the canonical local height S\d,c,v. We
then state and prove Theorem in Section [3] computing certain canonical
local heights in terms of limits involving PCF parameters. In Section 4] we
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use Theorem [3.2]to prove Theorem Section p)is devoted to the statement
and proof of Theorem showing that the conclusions of Theorem [I.1]and
Conjecture fail when « is allowed to be a PCF parameter. Finally, in
Section [6] we state and discuss a generalization of Conjecture [I.2]

2. Canonical heights and bifurcation measures
2.1. Call-Silverman canonical heights

For any place v € My, and for f(2) € Cy[2] a polynomial of degree d > 2, the
associated (Call-Silverman) canonical local height function As, : C, — R is
given by

(2.1) Ao(z) == nlgrgodinlogmax{l,‘f”(x)‘v}.
The function A .0 takes nonnegative values, and it is strictly positive exactly
at points = € C, for which f"(z) — co as n — oco. (That is, 5\f7v is zero
precisely on the filled Julia set of f at v, i.e., on the set of points z that do not
escape to oo under iteration of f.) Moreover, A .0 differs from the standard
local height function A,(z) := logmax{1, |z|,} by a bounded amount, and
the two coincide for all but finitely many v.

For a polynomial f(z) € k[z] of degree d > 2, the associated (Call-
Silverman) canonical height function iLf : k — R is given by

(2.2) hy(x) = a @ > Nogu(z) = lim —h(f”( ).

n—oo d"
vEM),

The coefficients N, = [k, : Q] in equation (2.2)), where v|p, are the integers
appearing in the product formula over k, i.e., > N,log|z|, = 0 for all x €
k*. The function h is the standard Weil height on k, given by

Z N, log max{1, |z, }—

[ ’ veM;c ’ ’UEMk

h(z) =

Both h and ﬁf have natural extensions to k, but we will only need their
values on k, for which the above definitions suffice. The function h ¢ takes
on nonnegative values, with izf(x) =0 if and only if « € k is preperiodic
under f. In addition, h ¢ differs from h by a bounded amount, and it satis-
fies the functional equation h (f(2) = dh #(z). Call-Silverman heights were
introduced in [11]; see also [28, Sections 3.4-3.5].
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2.2. The bifurcation measure

To simplify notation, for the polynomial f4.(2) = 2¢ + ¢, we will denote the
associated canonical local height function at v by 5\d,c,v7 and the associated
canonical height function by iALd@. If we view the parameter ¢ as the variable
in this notation, then we obtain the Green’s function Gg, : C, — R given
by

“ 1
Gap(c) == Agcp(c) = 71113;@ 7 log max {1, ‘fg’c(c)‘v}.

That is, G4, measures the v-adic escape rate of the critical point of fy ., and
hence Gg,, is zero precisely on the multibrot set My, and strictly positive
on C, \ Mg,

For each place v € My, recall that Pénw denotes the Berkovich projective
line at v. If v is an archimedean place, then C, may be identified with C,
and hence PP}, , is simply the Riemann sphere P!(C). On the other hand,
if v is non-archimedean, then IP);H,U properly contains P!(C,). In particular,
for each a € C, and r > 0, there is a point ((a,r) € P}, , corresponding
to the closed disk D(a,r) :={z € C, : |z — a|, < r}. The Berkovich point
¢(0,1) corresponding to the closed unit disk is called the Gauss point. For
background on P}, , see [6, Chapter 6] or [5, Chapters 1-2].

If v is an archimedean place, so that C, = C, the (potential-theoretic)
Laplacian of Gg,, is a probability measure pq, on C, called the bifurcation
measure of the family fg.. As its name suggests, the support of pgq, is
precisely the bifurcation locus 0Mg, of the family; see, for example, [3]
Proposition 3.3.(5)] or [20, Sections 4.1-4.2].

If v is a non-archimedean place, then it is easy to see that the sequence
(£ .(c)]v)n>1 is bounded if and only if |c|, < 1. In fact, we have the explicit
formula Ga(c) = logmax{1,|c|y}, which has a unique continuous extension
to ]P’}m,v \ {oo}. There is a Laplacian operator on ]P’;n,v; see, for example,
[0, Section 13.4] for a brief survey, or [5, Chapters 3-5] for a detailed ex-
position. As shown in [3, Proposition 3.7.(1)], the Laplacian of Gg,, when
restricted to P}, , ~\ {oo}, is the desired probability measure fi4,. In our
case, this measure is (g, = d¢(0,1), the delta measure at the Gauss point; see
[0, Example 5.19] or [6l Example 13.26].

Since the bifurcation measure g, is defined as the Laplacian of
Gap(c) = 5\d7c7v(c), it should not be surprising that we can recover the canon-
ical local height 5\d707v(c) by integrating an appropriate kernel against fiq.,
as follows.
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Lemma 2.1. Letd > 2 be an integer, let v € My, and let o € C,,. Let j\d,a,v
be the canonical local height function of equation (2.1) for the map f4.(z) =
24 + o Let Hd,w be the bifurcation measure of the family fq.. Then

(2.3) / log |z — oy dpg () = S\d,ayv(a).

an,v

Proof. Since /A\d,a’v(a) = Gg(@), and since AyGy, = ftd,p, Where A, is the
Laplacian on P}, the desired statement is the content of [5, Example 5.22].
More precisely, in the notation of equation (5.8) of that example, we use ¢ =
00, V = fidy, and u, (x, () = G4, (), and we bear in mind that the Laplacian

of [5] is the negative of our A,. O

Remark 2.2. If we fix the parameter ¢ € C,, then the Laplacian of the
canonical local height function /A\d@ﬂ, is a probability measure pg., on
Pino ~ {00}, known as the equilibrium measure of the polynomial fg. at
v. Note that the bifurcation measure p4, is a measure on the parameter
space (corresponding to c¢), whereas the equilibrium measure pg ., is on the
dynamical space (corresponding to z). The support of the equilibrium mea-
sure is precisely the (v-adic) Julia set of fq., i.e., the boundary of the filled
Julia set. By similar reasoning as in the proof of Lemma [2.1] we can also
express 5\d7a7v(a) in terms of the equilibrium measure. Specifically, we can

expand equation ([2.3) to

/ log |$ - a|v d#d,v(x) = 5‘d,oe,v(O‘) = / log "T - a|v dpd,a,v(x)'
P! PL

an,v an,v

3. Logarithmic equidistribution of PCF points

Definition 3.1. Let v € M}, and let (xn)n>1 be a sequence of points in
P!(k). For each integer n > 1, let v, be the atomic probability measure

1
(3.1) Vo = T > by,

" yeGr,

where Gz, denotes the set of Gal(k/k)-conjugates of x,,, and 4, is the delta-

measure on IP’;H,U supported at y.

Let 1 be a Borel probability measure on X := Pén,v. We say that the
Galois orbits of (xy)n>1 are equidistributed with respect to p if (v)n>1

converges weakly to u, i.e., if for every continuous function g : X — R, we
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have

(3.2) lim [ g(z)dv,(x) :/ g(xz) du(z).

n—oo Jx X
(Technically, the weak convergence mentioned in Definition should be
called weak-* convergence, and it should include the condition that ¢ is
compactly supported. However, X = lem’v is compact, so compact support
is automatic. Moreover, it is common to abuse terminology and call this
notion weak convergence rather than weak-* convergence.)

For archimedean v, the boundary Mg, of the multibrot set My, is
the bifurcation locus for the family fg.. Indeed, for any c € 0Mg,, there
are nearby parameters v € C, = C for which v € My, and hence fg, has
connected Julia set, and others for which v € My, and hence fq, has dis-
connected Julia set. All parameters ¢ € C for which f; . is PCF clearly lie in
Mg,. If z =0 is periodic under f;., then z = 0 is a (super)attracting peri-
odic point of fg. In that case, the map fq . is hyperbolic (see, for example,
[12, Section V.2] or [14, Section 14.1]), and hence ¢ lies in the interior of
Mg,,. In fact, since the multiplier of the (unique) attracting cycle of fq,
varies analytically for + near such ¢, there is an open neighborhood of ¢
containing no other parameters « for which fg, is PCF. On the other hand,
if z = 0 is strictly preperiodic under fg ., then c is called a Misiurewicz pa-
rameter, and we have ¢ € 0Mg ,. (See, for example, [12, Section VIII.1].)

Theorem 3.2. Let v € M, and o € C,. f’iac an integer d > 2, and let
(2n)n>1 be a sequence of distinct points in k ~ {a} such that z v 2% + x,
is PCF for each n > 1. If v is an archimedean place of k, assume that

a & OMy,. Then

n—oo

1
3.3 lim ——— log |27 — «f, = log |z — | dug.(x),
(33) iy sl — ko= [ ol al, dhaa(o

an,v

where the sum is over all k-embeddings o : k(z,) — C,.

We note that if the function z — log|z — «|, were continuous on C,,
then equation would simply be an instance of equidistribution, that
is, equation with g(z) = log |z — a|,. However, the discontinuity at
x = a means that equidistribution results (like [5, Theorem 7.52] or [32,
Theorem 3.1]) do not apply directly here.

When v is non-archimedean, the function z +— log |z — al, has a unique
continuous extension to Pz}mw \ {a, o0}, and it is this extension that appears
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as the integrand in equation . In particular, this extended function maps
the Gauss point ((0,1) to log max{1l, |a|,}; intuitively, this is the generic
value of log |z — a, for x in the closed unit disk D(0,1). As noted just
before Lemma we also have fg, = d¢(0,1) in this case, and hence the
integral in equation evaluates simply to log max{1, ||, }.

As we remarked following Theorem [1.1], we expect that the condition
that o € OMy,,, for archimedean v should not be required in Theorem [3.2]
provided o € k. If so, then the resulting strengthened version of Theorem 3.2
for such a would yield Conjecture by the argument given in Section [4]
below.

In order to prove Theorem we will need the following result from [§],
which we state here for the convenience of the reader.

Theorem 3.3. ([8, Theorem 1.4]). Let p > 2 be a prime number, and let
d > 2 be an integer. Define

fo(z) =24+ .

If c € C, is a parameter for which f. is postcritically finite, then |c|, < 1.
Moreover, for any a € C, with |al, <1 and for any radius 0 < s < 1, there
are only finitely many ¢ € D(a,s) := {x € Cp : |x — a|, < s} such that f. is
postcritically finite.

Proof of Theorem[3.2. Case 1: v is an archimedean place. By hypothesis,
there exists 7 > 0 such that the open disk D(a,r) :={y € C, : |y — a], < r}
does not intersect the closed set OMg,. If a lies outside Mg, then f; - is not
PCF for any v € D(a,r). On the other hand, if « € My, then as noted in
the discussion just before Theorem some neighborhood of «a contains no
PCF parameters, except perhaps « itself. Either way, then, we may decrease
r > 0 if necessary so that f;. is not PCF for any v € D(«,r) \ {a}.

Let ¢ : C, — [0,1] be a continuous function that is 1 on Mg, and is
0 outside some large disk containing My,. Define g : C, = R by g(z) :=
P (z) - logmax{r, |z — «, }, where r is as defined in the previous paragraph.
Observe that ¢ is continuous and has compact support. In light of the pre-
vious paragraph, since each z? is PCF, we have
(3.4) g(xq) =log |z — af,
for all n > 1 and all k-embeddings o : k(x,,) < C,.

By [20, Theorem 3.1], the Galois orbits of (z,),>1 are equidistributed
with respect to the bifiurcation measure f4,. Thus, defining the measures
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vp as in equation (3.1]), we have

‘ 1 o _ ol — im¥ xy
e 2 g 20

[

= nh—>Holo . g(aj) dl/n($) = /IP>1 9(55) de,v(x)

an,v an,v

= / log |z — oy dpg (),
Pl

an,v

where the first equality is by equation (3.4]), the second is by definition of v,
the third is by equidistribution, and the fourth is because the disk D(«,r)
is disjoint from the support 0Mg, of fi4s-

Case 2: v is non-archimedean. By Theorem [3.3] there are only finitely
many parameters v € C, such that fq. is PCF with |y — |, < 1/2. The
desired equality follows essentially as in Case 1, with [3l Corollary 2.10]
showing the requisite equidistribution.

We also provide an alternative proof not using equidistribution, but still
using results from [§], as follows. As noted just before the start of this proof,
the integral on the right side of equation is simply logmax{1, |al,}.
Recall that each PCF parameter for the family fy. is an algebraic integer,
and therefore |xZ|, < 1 for every n and o. Thus, if |a|, > 1, then |2 — a|, =
||, for every n and o, and hence both sides of equation equal log |al,.

It suffices to show that the left side of equation is zero when |a, <
1. By Theorem for every 0 < r < 1, there are only finitely many PCF
parameters of the family f4. in the disk D(a, r). Therefore, for any 0 < r <
1, there is some N > 1 such that r < |27 — a, < 1 for any n > N and any
k-embedding o. Thus, we have

0> lim MZlog‘xZ—a‘v > logr

n—00 [k;(gcn
for every such r. Letting r 1, the limit is 0, as desired. ([

Remark 3.4. Theorems and can, in principle, be extended to
other one-parameter families that satisfy appropriate stability conditions at
all places v € My, as the z¢ + ¢ family does for archimedean places away
from the boundary of the multibrot set, and at non-archimedean places
without restriction. However, in light of the much stronger conjectural gen-
eralizations we propose in Section [6], we have stated our results here only
for the unicritical family z¢ + c.
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For archimedean places v, Theorem is the reason for the second
hypothesis of Theorem that a ¢ OMg,. Our Conjecture which is
Theorem with this hypothesis removed, is based on the expectation that
a version of Theorem should hold for any non-PCF algebraic o € Q even
if & € OMg,,,, possibly proven using some results in Diophantine approxima-
tion.

For example, in [30, Lemma 5.2], Szpiro and Tucker used Roth’s Theorem
to prove a bound on local heights of algebraic points in orbits, which they
then applied to prove results analogous to Theorems [T.1] and [3.2] for periodic
points of a fired map f. However, it is unclear how such arguments may be
generalized to our setting.

One obstacle to such a generalization is that the functorial properties of
arithmetic heights are well suited to preimages and periodic points in the
context of [30, Lemma 5.2], but they work less well for parameters ¢ satisfying
fi (0) = fCTC(()), if n and m are allowed to vary freely. Another obstacle
is that even if one places restrictions on n and m — such as specifying
m = 0, as for the Gleason polynomials to be discussed in Section [5| — the
arithmetic of the resulting number fields Q(c¢) in the parameter setting is
not well understood. In particular, it is not currently known how fast the
degrees [Q(c) : Q] grow with respect to the period n. We will describe this
obstacle in more detail in Remark [4.21

4. Finiteness of integral PCF points

We are now prepared to prove Theorem using Theorem

Proof of Theorem[1.1]. Replacing k by a finite extension if necessary, we may
assume that o € k. Increasing the finite set S if necessary, we may also
assume that |af, < 1 for every v € My N\ S.

As in Section |2} let ﬁd@ be the (Call-Silverman) canonical height on
P!(k) attached to fy.(z) = 2% + a (and the divisor (00)). For any 3 € k, we
have

haa(8) = [k:{@] S Noddan(9),

VE My,

where the integers N, = [k, : Q] are as in equation (2.2)). In addition, be-
cause fqo is not PCF, the critical point z = 0 is not preperiodic, and hence
hd,a(a) = dhd’a(O) > 0.
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SupposeL towards a contradiction, that (z,)n>1 is a sequence of distinct
elements in k which are S-integral relative to («) and which are PCF pa-
rameters for the family f;.. Then by Lemma and Theorem we have

0 < hgala) = ) @ > Nodda(@)

VE My,
Ny
veM; U IP’;,,
(4.1) = EZM nl;rx;o o) Zlog B

Because each x,, is S-integral relative to («), and because |29, < 1 and
|al, < 1 for every v € My, \ S and every o, we have

(4.2) log ‘:c,‘; — a‘v =0 foreveryn>1, every o, and every v € My . S.

In particular, the inner sum in expression (4.1)) is zero for all v € My . S.
Thus, the inequality of (4.1]) becomes

O<Znh~)1{.lo o) Zlog}x

veS
:nh—>n<;lo[ ) U%;N log‘:z: |
:nli_{gowf()vg;kza:]\f log’x } —nh_>n;00—0

Here, the switch of the sum and limit sign in the first equality is by the
finiteness of S, the second inequality is by equation — which is the
key use of the S-integrality hypothesis, in order to extend from the sum
over v € S back to the full sum over all v € M} — and the third is by the
product formula for the field k(z,,). Thus, we have 0 < 0, yielding the desired
contradiction. (]

Remark 4.1. The expression ﬁd’a(a) that appears in equation (4.1)) is
precisely (d —1)~! times Silverman’s critical height of fy.(2) = 2%+ a.
(See [29, Section 6.2].)

Remark 4.2. As noted at the end of Remark there are technical ob-
stacles to applying Roth’s Theorem strategy of Szpiro and Tucker from [30,
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Lemma 5.2], even if one imposes a restriction like m = 0, i.e., that the prepe-
riodic points z;, are all periodic. (Equidistribution does not apply when the
singularity of log |x — «, intersects the bifurcation locus; by using their [30]
Lemma 5.2], Szpiro and Tucker are able to prove an analog of equation
in a different setting.) The issue is that although the Gleason polynomial
fN(0) € Q][] is conjectured to be irreducible (or to have a bounded amount
of 7splitting), very little has actually been proven for general periods N. Thus,
the sum in equation over all Galois conjugates of the (pre)periodic
points x,, — i.e., over those conjugates for which the integrality hypothesis
yields |x¢ — al, = 1 for all v € S — may, a priori, involve only a tiny fraction
of the roots of fé\f .(0). By contrast, any reasonable analog of [30), Lemma 5.2]
would necessarily involve the full polynomial f2¥ (0), which might have sig-
nificantly higher degree. This disparity could jéopardize the application of
Roth’s Lemma to proving equation .

Thus, although we hope that it should be possible to apply some sort
of Diophantine approximation argument to relax our technical hypothesis
that the parameter « avoids the bifurcation locus, such a strategy currently
seems to be unfeasible without first obtaining strong bounds for the growth
of the degrees [Q(c) : Q)] relative to the tail length m and period n —m of a
preperiodic point c.

5. Accumulation at PCF parameters

Theorem [I.1] requires that the parameter o not be PCF. The following result
shows that this hypothesis cannot be removed, independent of the other
hypothesis of Theorem that 7(o) € OMg,,.

Theorem 5.1. Let k be a number field with algebraic closure k, let S C M;,
be a finite set of places of k including all the archimedean places, let d > 2
be an integer, and for any c € k, let fi.(2):=z%+c. Let r > 1, and let
a1, ...,0p € k be parameters such that each map fqq, is PCF. Then there
are infinitely many parameters c € k that are S-integral relative to the divisor
D = (a1) + -+ (ay) and for which fq. is PCF.

Proof. For each i = 1,...,r, there are minimal integers m; > 0 and n; > 1
such that
(5.1) Fam(0) = £ (0).
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That is, n; is the minimal period of the periodic cycle that the critical
point z = 0 of fg,, ultimately lands on, and m; is the length of the strictly
preperiodic tail of the forward orbit of z = 0.

Let n > 1 be any positive integer different from each of ny, ..., n,. Define
Dan(e) = [ 100" € zZ[d),
£n

where 4 is the Mébius function. The degree of ®q is 3y, p(n/€)d =1 >0,
and hence ®4,, has (at least one) root 8 € k. By [24, Theorem 1.1], the
critical point z = 0 is periodic with minimal period exactly n under the
map fq 3. (See also [10, Section 2|. The polynomials ®4 ,, are called Gleason
polynomials. They have simple roots, which are precisely the parameters for
which the critical point z = 0 is periodic of minimal period n.) Since there
are infinitely many choices of such integers n, it suffices to show that for
each such n, all the roots 8 € k of &4, are S-integral relative to D.

Consider such n and 8. Foreachi =1,...,r, each place v € M . S, and
all k-embeddings o : k(a;) — C, and 7 : k() — C,, we abuse notation and
write o for o(a;) and S for 7(3). Because v is non-archimedean, and because
the orbit of z = 0 is preperiodic under both fg,(2) = 2¢ + a; and fy5(z) =
24 4 3, it follows that |a;|, <1 and |B|, <1, as noted in the discussion
preceding Lemma

Thus, both f;,, and fgzs have explicit good reduction; see [0, Sec-
tion 4.3], especially Proposition 4.10.(a). In particular, by [6, Proposi-
tion 4.19], for any point y in the closed unit disk D(0,1) C C,, the image of
the open disk D(y, 1) under fq ., is D(fq,a,(v), 1), and similarly for f; g. Sup-
pose, towards a contradiction, that |a; — S|, < 1 for some 1 <4 < r. Then
by a simple induction, it follows that D(f;, (0),1) = D(f;3(0),1) for every
m > 0.

Because of the critical point at z =0, the map ff, : D(0,1) —

D(fy,(0),1) is not one-to-one, and similarly for f4 3. Since fdﬁ( ) =0, we

have fdﬁ( (0,1)) = D(0,1). If there were some 1 <m <n —1 such that
fi5(D(0,1)) = D(0,1), then by [6, Theorem 4.18.(b)], the map fq 3 would
only have one periodic point in D(0, 1), and that point would have period
m; but this contradicts the fact that z = 0 has minimal period n > m under
fa,p- Thus, the n disks

D(f],,(0),1) = D(f 4(0),1), j=0,1,...,n—1

are distinct and hence disjoint. By [0, Theorem 4.18.(b)] again, this time
applied to fg.q,, there is a unique periodic cycle of f;,, in these disks, and
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it has minimal period n. However, the point fzina(O) lies in one of these
disks and is periodic of minimal period n; # n. By this contradiction, we
must have |a; — 8|, =1 for all 1 <i <r. O

Remark 5.2. The only fact about the finite set S of places used in proof
of Theorem is that S contains all the archimedean places. In particular,
the proof works just fine even if .S consists only of the archimedean places.
This is possible because the parameters 8 constructed in the proof are roots
of Gleason polynomials, so that the critical point of fy g is periodic.

One might ask whether it is possible to choose the parameters 3 € k
so that the critical point of fg g is strictly preperiodic, i.e., so that each 8
is a Misiurewicz parameter. The answer is yes, at least if we assume that
the finite set S includes not only all archimedean places of k, but also all
non-archimedean places v dividing the degree d. (Still, as with the Gleason
case, the set S can be chosen independent of the divisor D.)

To see this, observe that for each Misiurewicz parameter 3, there are
integers m > 2 and n > 1 such that f;75(0) = fm+”( ) but no simpler or-
bit relations hold. Conversely, by a degree—countmg argument similar to
the one we made for Gleason polynomials, for any such m and n, there
are Misiurewicz parameters [ satisfying this condition. Thus, we have
£1%571(0) = ¢ f75771(0) for some d-th root of unity ¢ with ¢ # 1.

Wlth notatlon as in the proof of Theorem [5.1] let m > 2 be an integer
different from each of my,...,m,, let n > 1 be any posmve integer, and let
B €k be a (Misiurewicz) parameter satisfying fg:bf (0)=¢ f””" L(0) for
some d-th root of unity ¢ with ¢ # 1. (Clearly there are 1nﬁn1tely many
choices of such m and n, and hence infinitely many choices of such 3.) As in
the proof, if we suppose that |a; — |, < 1 for some v € My \ S and some
1 <i<r, then D(fiai (0),1) = D(fgﬁ(O), 1) for every ¢ > 0.

Let R = |f$51(0)|v; then R > 0 because § is Misiurewicz. Since v 1 d, we
have ]C — 1], = 1, and hence the three points 0, f(zlﬁ_l( ), and fm+” L) =
Uy 15 1(0) each have v-adic distance R from one another. If R < 1, then
the disk D(0,1) would map into itself under fip. and since this map is
not one-to-one, the n-periodic point fm+" 1(0) would be attracting. More-
over, because of the attracting peI"IOdIC pomt, D(0, 1) maps into itself under
fd.p but under no smaller iterate of fgq. Since D(0,1) also maps into it-
self under m — 1 iterations, we must therefore have n|(m — 1). But then,
again because of the attracting periodic point, the distance between 0 and

;ng "=1(0) would be strictly greater than the distance between fgfﬁ_l(O) and
fer" 1(0), a contradiction. Hence, we must have R = 1.
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Recall that m # m,;. We may assume without loss that m > m;. Indeed, if
m; > m, then we may reverse the roles of a; and S in what follows, because in
that case, the PCF parameter a; must be Misiurewicz rather than Gleason.
Define

U :=D(f7.1(0),1) = D(f75(0),1)

d,a;
and
V= D(f7"710),1) = D(£75"71(0),1).

Then the disks U and V are distinct, since R = 1. On the other hand, because
fi5(0) = ;ng"(()), both U and V map to the disk

W := D(f1,,(0),1) = D(£75(0),1)

under fy 3 and hence also under fg,. Because the point f:l”a (0) is periodic
under fqq,, it follows that f - 1(0) is also periodic, since m; < m. Therefore,
the distinct disks U and V are both part of a periodic cycle of disks under
fd.a,- However, two distinct elements of a periodic cycle cannot have the
same image, but U and V' both map to W under fq,,. By this contradiction,
we see that |a; — 8|, = 1, as desired.

For more on Gleason and Misiurewicz polynomials, see, for example,
[10, 24].

6. Conjectural generalizations

Fix d > 2, and let Raty denote the space of rational functions f : P! — P!
of degree d, which is an affine variety naturally identified with a Zariski
open subset of P24+, Following [28, Section 4.4], the moduli space M, is
the quotient space of Raty by the conjugation action of PGLsy. We recall the
following definition from [4, Section 1.4].

Definition 6.1. Let k be a number field with algebraic closure k. An al-
gebraic family of critically marked rational maps of degree d over k is a
quasiprojective variety X equipped with

e a regular map x — f, from X to Raty, and

e foreachi=1,...,2d — 2, a regular map ¢; : X — P!,

all defined over k, such that for each = € X(k), the critical points of f,,
listed with multiplicity, are ci(x),. .., cog—2(x). If the image of X under the
composition X — Raty —» M has dimension N > 0, we say that X isan N-
dimensional algebraic family of critically marked rational maps of degree d.
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Given an algebraic family (X, fz,c1,...,c2q—2) as in Definition let
K := k(X) be the function field of X. Then the family defines a rational
function f(z) € K(z) of degree d, with critical points ¢; € P}(K), for i =
1,...,2d — 2. Still following [4], along with [13, Section 6], for n > 1, we
say an n-tuple (¢;,,...,c;, ) of these marked critical points is dynamically
dependent if there is a (possibly reducible) closed subvariety Y of (P!)"
defined over K such that

e (¢i,...,ci ) liesonY,
e F(Y)CY, where F:=(f,... f),

e There is some j € {1,...,n} and a nonempty Zariski open subset
X' C X with the following property. Consider the projection map
m; o (PH)™ — (PY)"~1 that deletes the j-th coordinate. Then for all
x € X', the restriction of m; to the specialization Y is finite.

(In [13], DeMarco calls such a subvariety Y a dynamical relation, and adds
the third condition, which did not appear in [4], in order to disallow families
with certain degenerations.) If there is no such dynamical dependence, then
we say that the n critical points ¢;,, ..., ¢, are dynamically independent.

For example, if ¢; is persistently preperiodic, meaning that there are inte-
gers s > r > 0 so that £"(c;) = £%(c1), then the one-tuple (¢;) is dynamically
related, with the subvariety Y C P! consisting of the (finitely many) points
in the forward orbit of ¢; under f. Similarly, if ¢;, o satisfy £"(¢1) = £9(c2) for
some 7, s > 0, then the pair (1, c2) is dynamically related, with Y C P! x P!
defined by the equation f"(y1) = £*(y2).

Inspired by Baker and DeMarco’s conjecture on Zariski density of PCF
points in dynamical moduli spaces |4, Conjecture 1.10], as well as by De-
Marco’s related conjecture in [I3, Conjecture 6.1], we propose the following
generalization of our earlier Conjecture [1.2}

Conjecture 6.2. Let k be a number field, let S be a finite set of places of k
including all the archimedean places, and let d > 2 and N > 1. Let (X, f)
be an N-dimensional algebraic family of critically marked rational maps of
degree d, defined over k. Let D be a nonzero effective divisor on X . Suppose
that:

e the composition X — Ratg — My is quasifinite,

o X has at most N dynamically independent critical points, and
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e at least one irreducible component of D has at least N dynamically
independent critical points.

Then the set

(6.1) {z e X(k): fyis PCF, and z is S-integral on X relative to D}
s not Zariski dense in X.

For example, our family fy.(2) = 2%+ c has parameter c lying in
X = A!, and the largest possible set of dynamically independent critical
points has cardinality 1, consisting only of the critical point at z = 0. If
D = (o) + -+ (o) with fj,, not PCF, then the irreducible component
(¢ = a1) has a dynamically independent critical point, since the critical point
z = 0 is not preperiodic under f4,. Thus, Conjecture implies Conjec-
ture for this case, and the two are precisely the same if D = ().

On the other hand, in light of Theorem the set of equation
for the family f;. s Zariski dense in X = A' when D = () and when fda
is PCF. More generally, in the notation of Conjecture if no irreducible
component of D has N (or more) dynamically independent critical points,
then we expect, possibly after enlarging the finite set S, that the set of
equation is Zariski dense in X.

We note that the hypotheses of Conjecture [6.2] exclude the case that
X is the flexible Lattes locus in My (when d is a square), since in that
case N =1, but any component of any divisor D of X would correspond
to a Lattes and hence PCF map, and therefore would have no dynamically
independent critical points.

Remark 6.3. As in [4], the dimension of the variety X in Definition
might be strictly larger than the dimension N of the family. However, in
practice, the map X — My is usually quasifinite, which implies that both
X and its image in M, have the same dimension. For example, our family
¢ fac(2) = 24+ c has X = AL, and the image in My also has dimension
1, since 2% + a is conjugate to 2% + b if and only if b = (a for some (d — 1)-st
root of unity ¢. Thus, the hypothesis in Conjecture that X — My is
quasifinite, which we assume so that both X and the divisor D behave well
under this map, already applies to almost all families of interest.

For any integer d > 2, one may define the moduli space ﬂ;[?’] of criti-
cally marked rational functions of degree d, up to conjugation, as a geometric
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quotient scheme; see [15, Section 10.1]. That is, each point of ﬂi[?] corre-
sponds to a conjugacy class of tuples (f,ci,...,coq—2), where f is a rational
function of degree d whose critical points in P! are c1, ..., c24_2. (In the ter-
minology of [I5, Sections 9-10], the critical portrait P here consists solely
of the 2d — 2 marked critical points, but with no restrictions on their or-
bits. We use ﬂ;[?] instead of MX[P] to allow two or more critical points
to coincide in a higher-multiplicity critical point, while still ensuring that f
does not degenerate to a map of lower degree.) The following conjecture is
essentially Conjecture [6.2] applied to this geometric moduli space.

Conjecture 6.4. Let k be a number field, let S be a finite set of places
of k including all the archimedean places, and let d > 2. Let X be a closed
subvariety of M;[P], defined over k, which has at most dim X dynamically
independent critical points. Suppose that D is a nonzero effective divisor on
X at least one of whose irreducible components has at least dim X dynami-
cally independent critical points. Then the set

(6.2) {z € X(k) : © is PCF and S-integral on X relative to D}

18 not Zariski dense in X, where x being PCF means that x corresponds to
a PCF rational map.

Conversely, again in light of Theorem [5.1} if no irreducible component of
the divisor D in Conjecture has dim X dynamically independent critical
points, then we expect, possibly after enlarging the finite set S, that the
set (6.2) is Zariski dense in X.

Returning to the family fy.(2) = 2¢ + ¢, we also propose the following
further integrality conjecture, inspired by the special case of the Dynamical
André-Oort Conjecture proven in [20, Theorem 1.1].

Conjecture 6.5. Let k be a number field, let S be a finite set of places of
k including all the archimedean places, and let d > 2 be an integer. Write
fae(2) :=2%+c. Let D be a nonzero effective divisor on A% such that at
least one of its irreducible components is not of any of the following three
forms:

a) {c} x Al, where c € k and fq. is PCF,

b) Al x {c}, where c € k and f,. is PCF,

c) the solution set of x — Cy = 0, where ¢ is a (d — 1)-st root of unity.
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Then the set
_ 9 ,—| P is S-integral on A? relative to D,
(63) {P = (@) € AR both fu. and fu, are PCF

is not Zariski dense in AZ?.

Conversely, if every irreducible component of the divisor D in Conjec-
ture|6.5[is of one of the three forms (a)—(c), then we expect that the set
is Zariski dense in A2, possibly after enlarging the finite set S. Indeed, by
Theorem we certainly have Zariski density of this set if each of the
components of D is of the form (a) or (b). Theorem also shows that for
any PCF parameter a, there are infinitely many PCF parameters b that are
S-integral relative to (a), yielding the Zariski density of the set of pairs (a, b)
of PCF parameters that are S-integral relative to the diagonal divisor given
by & = y. Furthermore, a simple computation shows that for any (d — 1)-st
root of unity ¢, the map f; . is PCF if and only if f4 . is PCF. Thus, the set
of pairs of PCF parameters that are S-integral relative to the divisor given
by x = Cy is also Zariski dense in A%. Although we have not investigated
the situation for divisors D with irreducible components of all three forms,
these examples illustrate why divisors of the form (c), and not just those
with components of the forms (a) and (b), must be excluded when stating
Conjecture [6.5]

All of the preceding conjectures, and not just Conjecture [6.5] may be
viewed as integrality variants of the Dynamical André-Oort Conjecture de-
scribed in [3| [4] 20], wherein PCF points play the role of special points. We
therefore close with the following conjecture, in the Shimura variety setting
of the original André-Oort Conjecture. For the notion of special points or
subvarieties of a Shimura variety, we refer the reader to [31], Section 1].

Conjecture 6.6. Let k be a number field, let S be a finite set of places of
k including all the archimedean places, and let X be a special subvariety of
a Shimura variety, defined over k. If D is a nonzero effective divisor on X
at least one of whose irreducible components is not special, then the set

{P € X(k) : P is special and S-integral on X relative to D}

1s not Zariski dense in X.
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