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On the distribution of multiplicatively

dependent vectors
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AND CAMERON L. STEWART

In this paper, we study the distribution of multiplicatively depen-
dent vectors. For example, although they have zero Lebesgue mea-
sure, they are everywhere dense both in R™ and C". We also study
this property in a more detailed manner by considering the cover-
ing radius of such vectors.
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1. Introduction

1.1. Background
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Let n > 2 be a positive integer, R be a ring with identity and let v =
(v1,...,v,) be in R™. We say that the vector v is multiplicatively depen-
dent if all its coordinates are non-zero and there is a non-zero integer vector
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k = (k1,...,ky) in Z™ for which

(1.1) ok =1,

n

Let S be a subset of R. We denote by M, (S) the set of multiplicatively
dependent vectors with coordinates in S.

In 2018 Pappalardi, Sha, Shparlinski and Stewart [14] gave asymptotic
estimates for the number of multiplicatively dependent vectors whose coordi-
nates are algebraic numbers of bounded height and of fixed degree or within
a fixed number field. For example, it follows from [14, Equation (1.16)] that
for any integer n > 2 there is a positive number ¢(n) such that the number
of elements of M,,(Z) whose coordinates are at most H in absolute value is

(1.2) n(n+1)(2H)" " 4+ O (H" ? exp(co(n) log H/ loglog H)) .

The multiplicative dependence of algebraic numbers has also been stud-
ied from other aspects. These include bounding the heights of multiplica-
tively dependent algebraic numbers (see [I7]), studying points on an alge-
braic curve whose coordinates are non-zero algebraic numbers and multi-
plicatively dependent (see [I, 2} [6, 12]), investigating multiplicative depen-
dence of rational values (see [7), 13]), considering multiplicative dependence
among iterated values of rational functions (see [4, 13]), and studying mul-
tiplicative dependence modulo groups (see [3, [4]).

In this paper, we study the distribution of the elements of M, (.S) when
S is a subset of the real numbers R or the complex numbers C with number
theoretic interest. Note that the sets M,,(R) and M,,(C) have zero Lebesgue
measure, since they are countable unions of hypersurfaces and each hyper-
surface in R"™ or C" has zero Lebesgue measure. On the other hand, our
results imply that M,,(R) and M,,(C) are dense in R™ and C" respectively;
see Theorem [[.1] and Theorem [1.4l

Let K be a number field, which we always identify with one of its models,
that is, K = Q(«) for some algebraic number a. Recall, that alternatively,
one can think of K as Q[X]/f(X)Q[X] for an irreducible polynomial f(X) €
Z[X] and then consider its various embeddings in C and R.

As usual, we define the degree of K to be the degree [K : Q] of the
field extension K/Q. Let Ok denote the ring of integers of K. We study
the distribution of M, (K) and M, (Ok) in R™ and also in C". Among
other results, we prove that M,,(K NR) is dense in R", and M, (Og NR)
is dense in R" if Ox NR # Z. Further, M, (K) is dense in C" if K C R,
and M, (Ok) is dense in C" if K CR and [K : Q] > 3. Then, to study
the cases of M,,(Z), which is not dense in R"”, and of M, (Ok) when K
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is an imaginary quadratic field, which is not dense in C", we introduce a
refinement of the notion of the covering radius of a set and use it to show
that there are significant irregularities in the distribution of the elements of
My (Z) in R™ and of M,,(Ok) in C™.

1.2. Density results for multiplicatively dependent vectors

We say that a subset S of a ring R is closed under powering if for any « in
S we also have o™ in S for every non-zero integer m.

Theorem 1.1. Letn > 2 and let S be a dense subset of R which is closed
under powering. Then M, (S) is dense in R".

We remark that if S is a dense subset of R which is not closed under
powering, then M,,(S) may not be dense in R". For example, let S be the
set of all rational numbers of the form p/q or —p/q with distinct primes p, g.
Then by [9, Theorem 4] S is dense in R, but M,,(.S) is not dense in R™ for
any n > 2 (see Section [5| for more details).

Since the rationals are dense in R and closed under powering, we deduce
the following result.

Corollary 1.2. Let n > 2. Then M,(Q) is dense in R™.

Let K be a number field of degree at least 2. Plainly M, (K NR) is
dense in R™ by Corollary since Q is contained in K N'R. Furthermore,
if Ox NR # Z, then O N R is easily seen to be dense in R, and since it is
closed under powering we have the following result.

Corollary 1.3. Let n > 2, and let K be a number field. If Ox NR # Z,
then M, (Ox NR) is dense in R™.

We next establish the analogue of Theorem [I.1] when R is replaced by C.

Theorem 1.4. Let n > 2 and let S be a dense subset of C which is closed
under powering. Then M, (S) is dense in C".

As before, we remark that in Theorem the condition that S be closed
under powering cannot be removed. For example, let S be the set of all
algebraic numbers of the form (p/q with ¢ a root of unity and with p and
g distinct primes. Then S is dense in C, but M, (S) is not dense in C" for
any n > 2 (see Section [f)).
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If K is a number field not contained in R, then K is dense in C and we
deduce our next result.

Corollary 1.5. Let n > 2, and let K be a number field. If K is not con-
tained in R, then M,, (K) is dense in C".

Further, by Lemma[2.2 below, if K is a number field of degree at least 3
which is not contained in R, then O is dense in C and we have the following
result.

Corollary 1.6. Letn > 2, and let K be a number field. If [K : Q] > 3 and
K is not contained in R, then My, (Ok) is dense in C".

Clearly, one can see that the converses of Corollaries and [1.6] are

true.

1.3. Covering radius of the set of multiplicatively
dependent vectors

Let S be a subset of R. The covering radius of M, (S) in R" is defined as

S) = su inf x—v|,
pu(S) = sup il [x—v]|

where ||x|| is the Euclidean norm of x = (z1,...,x,) € R", that is,

x|l = /23 + ... +22.

Clearly, M,,(S) is dense in R™ if and only if p,(S) = 0. Let K be a number
field. Then, for any integer n > 2 it follows from Corollary that p, (K N
R) = 0 and from Corollary[L.3|that p,(Ox NR) = 0 provided that Ox NR #
Z. On the other hand, trivially p,(Z) > 1 and it follows from that
in fact p,(Z) = oo; see . In this case we introduce a finer measure in
order to study more precisely the distribution of multiplicatively dependent
vectors with integer coordinates. For H > 1 we define

H:;Z)= su inf x —v||.
pn(H;Z) sup vEMn(Z)H |
lIx|[<H

Each point of M,,(Z) which is in the ball of radius H centered at the
origin has coordinates which are at most H in absolute value. By (1.2]) there
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is a positive number ¢;(n), which depends on n, such that the number of
such points is at most ¢;(n)H" 1.

In addition there is a positive number cy(n), which depends on n, such
that the volume of a ball of radius r in R™ is ca(n)r"™. Thus, the ball of radius
H centered at the origin has volume cy(n)H™, and so in order to cover it
with balls of radius r centered at the points of M, (Z) which lie in it we
must have c1(n)r"H" ! larger than H™. In particular we must have

(1.3) pu(H;Z) > c3(n)HY™,
where c3(n) = ¢1(n) /",

If the points of M, (Z) were evenly distributed, then the lower bo-
und would be sharp. However, the distribution of the points is in fact
remarkably non-uniform. Certainly there are many points which are close
to each other in M,,(Z), since if n > 2 then (2¥,2,z3,...,2,) is in M, (Z)
for each positive integer k whenever xs,...,x, are non-zero integers. Fur-
thermore for each positive integer k& both (2%,2) and (2%, 4) are in My (Z).
In addition there are large regions of R™ devoid of points of M,,(Z).

In the sequel, the implied constants in the symbols O and < may depend
on n and K. (We recall that U = O(V) and U < V are equivalent to the
inequality |U| < ¢V with some positive number c.)

In particular we prove the following result, which shows the true order
of magnitude of p,(H;Z) to be spectacularly different from that suggested

by (L.3).
Theorem 1.7. For H > 1, we have
H < p(H;7Z) < H,

and forn > 3

loglog H)" !
H(log HYO < p,(H:2) < 1 128108 H)

(log H)"=2
where Cy(n) is a positive number which is effectively computable in terms
of n.

The lower bound for p, (H;Z) with n > 3 in Theorem |1.7]is established
by means of a result of Tijdeman [20] on gaps between integers composed of
a fixed set of primes. For the upper bound we use an explicit construction.
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Similarly, if T is a subset of C, then the covering radius of M, (T) in
C™ is defined as

T)= su inf z — v,
palT) = sup it 2]

where ||z|| is the Euclidean norm of z = (21, ..., 2,) € C", that is,

Izl = V121 + ..+ [zl

Clearly, for any subset T' of C, M,,(T') is dense in C" if and only
if 1, (T) = 0. By Corollaries and it remains to determine pu,(Ok)
for n > 2 when K is an imaginary quadratic field. By [14, Equation (1.7)]
the number of elements of M,,(Ok) whose coordinates have absolute Weil
height, see below, at most H is

n(n+1) 2rH2\"! on—3
5 HJ(MN”2> +0 (H*7?),

where w denotes the number of roots of unity in K and D denotes the
discriminant of K. It follows, as in (1.3)), that in this case p,(Ok) = oo; see
also the lower bounds of Theorem As in the real case, we introduce the
following more refined concept. For H > 1 and K an imaginary quadratic
field, we put

pn(H; Og) = sup inf  [[x—v|.

xeCr  VEM,(Ok)
Ix|[<H

Theorem 1.8. Let K be an imaginary quadratic field, and let H be a real
number with H > 1. Then, there exists a number Cy(n), which is effectively
computable in terms of n, such that

H < pup(H; Or) < H,

and for n > 3,

loglog H

H/(log H) ™) W(H: O H—°—°5"
/( Og ) <</"L ( 9 K) << (10gH>1/2

For the proof of the lower bound in Theorem we again appeal to
the result of Tijdeman [20] while for the upper bound we give an explicit
construction.

We note that an alternative approach to upper bounds in Theorems[1.7
and can be given using the results of Tijdeman [2I] on gaps between
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products of powers of fixed primes and their analogue for algebraic numbers
due to Stewart [I8] (see also [19]). However this approach leads to quanti-
tatively weaker bounds.

2. Preliminaries
2.1. Density of algebraic integers in C

We believe that the main result of this section is of independent interest. It
is also needed for the proof of Corollary

Lemma 2.1. Let a and S be complex numbers which are not in R with 1,
and B linearly independent over Q and for which

Q(aaﬁ) NR = Q

Then, the set
Sap={a+ba+cB: abcel}

1s dense in C.

Proof. Let € be a real number with 0 < e < 1, and let 4+ yi be in C with
z,y € R. We want to show that there are elements of S, g within € of x 4 yi.
Without loss of generality, we can assume that

(2.1) 1<xr<2 and y > 0.

Let K = Q(a, ). Note that 1,a, are linearly independent over Q.
Then, for any integer n, the numbers 1, a + n, 8 are also linearly independent
over Q. So we can assume that

a = a+ bi,

where ¢ = y/—1 is the imaginary unit and a, b are positive real numbers.
Since « is not a real number, C = R(«) and so there exist real numbers
r and s with

(2.2) B =r+ sa.

We cannot have both r and s in Q, since 1, «, § are linearly independent over
Q. Moreover, neither r nor s is in Q. Indeed, if r is in Q, then s = (8 — r)/«
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isin K N R, and hence by our assumption s is in Q, which is a contradiction.
A similar argument also applies if s is in Q.

Suppose that 1,7, s are linearly dependent over Q. Then, there exist
integers j, k and /¢, not all zero, such that

(2.3) Jj+kr+4s=0.
Since r and s are irrational, we have k¢ # 0. By (2.2)) and (2.3)),
j+k(B—sa)+ls=0

or
Jj+ kB = (ka—10)s.
Since [ is non-real, j + kg is non-zero, and so is ko — £. Then,

S_j‘f'kﬂ
ka—10

and we see that s € K. Since s is real and K NR = Q, we deduce that s is
in Q, which gives a contradiction.
Therefore, we must have that 1,7, s are linearly independent over Q.
For any real number z, let || denote the integer part of z (that is,
the largest integer not greater than x), and let {x} = 2 — |x] denote the
fractional part of x. By Kronecker’s Theorem (see [8, Theorem 443]), there
exists a positive integer ¢ such that

2

€ € €
2.4 - — d —_—
(2.4) 4 <dar} < 2 an las} < 20 max{a, b}

Put
n =B~ lar] - las] e,
and note that v, € S, g. Further, by (2.2

7 = {qr} + {gs}a,

and since o = a + bi, we have
(2.5) 71 = A+ {gs}bi,

where

(2.6) A= {qr} + {gs}a.
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We now define ¢; to be the integer for which
(2.7) a{astb <y < (g1 + 1){gs}b,
which is possible since s is irrational and thus {¢gs} > 0. Then
am = aA + q{gs}bi.
We put
Y2 =qm — @A
Note that 2 € S, 5 and
(2.8) 72 = {aA} + ai{gs}oi.
We now choose ¢o to be the integer for which

(2.9) {2} + @A <z <{qaA}+ (@2 + 1A,

which is possible, since the irrationality of r, s and the positivity of a, to-
gether with (2.6)), imply that A is positive. Thus, by (2.1)) and (2.9) we have

QQ)\ <z < 27
and by (2.4 and (2.6)) we have
A>{qr} > °
Z 9 4
Therefore
8
(2.10) @<

Note that ¢q; and g2 are non-negative.
Observe that v2 + g2y1 is in S, g, and by (2.5) and ((2.§),

72 + @21 — (2 +y2)| < [{@1A} + @A — 2] + [¢1{gs}b + g2{gs}b — y|.
Thus, by (2.7) and (2.9) we have

(2.11) 172 + gav1 — (z + yi)| < A+ (g2 + 1){gs}b.
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By @) and

3} g
2.12 < -4+ —
( ) As 2 * 20’
and by ([24) and (2-10)

8 g2 2 g2
2.1 1 b<|{-+1) ==~ —.
(213) @ Dasos (1) 5 =2 5

Thus, by @11), (212) and (2:13),
V2 4+ @271 — (z +yi)| < e

as required. O

Note that the set S, 3 in Lemma is in fact the sum of two lattices
7Z 4+ Za and Z + Z.5. Although each lattice is not dense in the plane, the sum
of the two lattices is dense in the plane under the condition in Lemma [2.1

We remark that the condition Q(«, 5) "R = Q in Lemma cannot be
removed. For example, choosing a = 4, 8 = /2 + 4, we have that Q(a, 3) N
R = Q(v/2) and S, g is not dense in C.

Lemma 2.2. Let K be a number field. Then, the ring of integers Ok is
dense in C if and only if K is not contained in R and [K : Q] > 3.

Proof. Clearly the condition [K : Q] > 3 is necessary. Indeed, if [K : Q] = 2
and K is not contained in R, then O forms a lattice in the plane and so
cannot be dense in C.

Let us now suppose that K is not contained in R and that [K : Q] > 3.
We consider the following two cases.

Case 1.. We first consider the case when K "R = Q. Since K "R =Q
and [K : Q] > 3, there exist non-real algebraic integers a and 8 in Ok such
that 1,«, 8 are linearly independent over Q. By Lemma this case is
done.

Case 2.. We now consider the case when K NR # Q or equivalently when
Ok NR # Z. Then, there exists a real algebraic integer o € Ok which is not
in Z and so is irrational. Further, since K is not contained in R, there exists
an element 8 € Ok with 8 = a + bi where a and b are real numbers with
b> 0.
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Let € be a real number with 0 < e < 1, and let x + yi be in C with
x,y € R. We now show that there are elements of Ok within € of x + ys.
Since « is irrational, we can choose integers ¢ and d such that

€

da —y/b :
e +da —y/bl < 5

Similarly, we can choose integers r and s with
€

7+ sa + ac+ ada — x| < 5

We then put A = r + sa + (¢ 4+ da)) 5. Observe that A € Ok and

9 S
A - ) by - =

as required. O
Combining Theorem [I.4] with Lemma [2.2] we obtain Corollary
2.2. Multiplicative dependence of algebraic numbers

For any algebraic number « of degree d > 1, let
f(z) = agz? + - + a1z + ag

be the minimal polynomial of « over the integers Z (so with content 1 and
positive leading coefficient). Suppose that f factors as

f(x) =aa(z —a1) - (z — aq)

over the complex numbers C. The height of «, also known as the absolute
Weil height of o and denoted by H(«), is defined by

. 1/d
(2.14) H(a) = | aq H max{1, |a;|}
j=1
The next result shows that if algebraic numbers ag, ..., a, are multi-

plicatively dependent, then there is a dependence relation where the expo-
nents are not too large in absolute value; see for example [I1, Theorem 3]
or [I5] Theorem 1].
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Lemma 2.3. Let n>2 and let aq,...,q, be multiplicatively dependent
non-zero algebraic numbers of degree at most d which are not roots of unity.
Then there is a positive number c, which depends only on n and d, and there
are rational integers ki, ..., ky,, not all zero, such that

k kn_
all...an _1

and
n

|kj| <c H log H(cy;), j=1...,n

We remark that the upper bound in Lemma [2.3]is best possible up to a
multiplicative constant; see [11, Example 1].

The following result describes the typical form of a two dimensional
multiplicatively dependent vector over a number field.

Lemma 2.4. Let K be a number field, and let h be the class number of
K. If a and B in K are multiplicatively dependent, then there exists v in K
such that (a”, B") = (mAt, ney™) for roots of unity ny,ne from K and some
integers | and m.

Proof. Since o and 8 are multiplicatively dependent, without loss of gener-
ality we can assume that there exist two positive integers ki, k2 such that

(2.15) ol = g2,
First, we look at the prime decompositions of the fractional ideals («) and

(B) of K. Notice that there exist distinct prime ideals p1,...,p, of K and
integers ey, ..., ey, S1,...,Sy such that

(@) =p7 -y (B =p1" P
which, together with (2.15]), implies that
(2.16) klej :kQSj, j = 1,...,77,.

Then, choosing integers

= 7]{:2 m = 7]{1
ged(ky, ko)’ ged (k1 k2)
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and
tj: 6j'gcd(k:1,k2) _ Sj'ng(k‘l,kJQ)’ ]:1"”7”’
k‘g kl
we have
(@) = (pt ...pt)t By = (pl .. pl)™,
and
(2.17) kll = kzm.

Since h is the class number of K, the fractional ideal (ptl1 e pf{b)h is principal.
That is, there exists an element vy € K such that

h

(pf )" = (),

and thus
@ =0b) (8" = (-

So, there are two units u,v of Ok such that

(2.18) o =wyh, B =g

Now, by (2.15)), (2.17) and ([2.18]), we obtain

(2.19) ubr = ke,

Let r be the rank of the group of units of Og. By Dirichlet’s unit theorem,
there exist r fundamental units w1, ..., w, € Ok such that

(2.20) u=muwi'... we" and v =neuwd ... w

for some roots of unity 71,179 € K and integers ai,...,a,,b1,...,0b,.

Clearly, (2.20) also includes the case when the rank r =0. We substi-
tute (2.20) into (2.19) and deduce that

0 =1
and
(2.21) kia; = kab;, j=1...,r
By and , there exists a unit w € O such that

u=muw' and v =nw™,
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where [ and m have been defined in the above. Substituting this into (2.18])
and denoting wyy by v we have

a"=myt and Bt =™

This completes the proof. O

2.3. Gaps between products of powers of fixed primes

We need a result of Tijdeman [20] on a lower bound on the gaps between
integers of the form p{* - - - p;* for distinct primes py, ..., py and non-negative
integers si,..., sk, k > 2, see also [10} 21].

Lemma 2.5. Let S = {p1,...,pr} be a nonempty set of prime numbers and
let m1 < mg < ... be the increasing sequence of positive integers composed
of primes from S. Then there exists a positve number ¢ which is effectively
computable in terms of S such that

m;

T Gogmy)e

3. Proofs of density results
3.1. Proof of Theorem
We first note that it suffices to prove our result for n = 2, as then we can
approximate any vector (z1,...,x,) by (vi,v2,v3,...,v,) € S™, where

e v1,vo are multiplicatively dependent and chosen to approximate x1, o
respectively,

® v3,...,U, are chosen independently to approximate xs, ..., Ty.

Let (z1,22) € R2. It is enough to prove that for any e > 0 there exists an
element of M3 (S) which differs from (x1, z2) by at most ¢ in each coordinate.
For each € > 0, we choose a real number ¢ > 0, depending only on €, x; and
T9, such that if « is a real number with

(3.1) —1-d<a<-—1-6/2
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there exist integers k£ and m such that

M o]l <e,

‘m+1

k
— < g,
o) lal* ~Jarl <z, o

™ = faal| <&, o™ = faaf| <e.

Since S is dense in R, there is an element « in S satisfying . Since S is
closed under powering, we have that the four vectors (¥, a™), (a¥, a™*1),
(¥ a™) and (a¥*1, a™*1) are all in M3(S) and also holds. Note
that at least one of these four vectors differs from (z1,2z2) by at most € in
each coordinate (according to the signs of z; and x3). The desired result

now follows.

3.2. Proof of Theorem [1.4]

As in the proof of Theorem we observe that it suffices to prove our result
for n = 2.

Let (z1,22) € C2. We show that there is a sequence of elements of Ms(.9)
which converges to (z1, 22).

We first prove the result when z129 = 0. Without loss of generality we
may suppose that z; = 0. If |22] < 1, we let (s1,s2,...) be a sequence of
complex numbers from S with |s,,| < |22| for m =1,2,... which converges
to zo. Then (s), sy,) is in Ma(S) for m =1,2,... and

W}gnoo(sm’ sm) = (0, z2).

On the other hand, if |z2| > 1, let (s1,s2,...) be a sequence of complex
numbers from S with [sp,| > (1+ 2)[2o| for m = 1,2, ... which converges to
zp. Then (s, s,,) is in My(S) for m =1,2,..., and since |z| > 1,

lim (s;lmz,sm) = (0, z2).
m—00
We now suppose that z1zo # 0. Put

zj = |zj| exp(2mid;),

where ¢ = y/—1 and 0 < ¥; < 1, for j = 1,2. For each positive integer m we
put

W = (1 + Wlﬁ) exp(27i/m).



524 Konyagin, Sha, Shparlinski, and Stewart

Next, let a;,, be the unique integer with

1 Aj,m 1 ajm+1
1+ — <zl < (14 = . j=1,2.
(1+72) " <lal< (14 5a) j

Define 7j,, € {0,...,m —1} by the condition 7., = a;j.,, (mod m), and

then choose b;, € {=7jm, —7jm +1,...,m — 1, — 1} such that
bj7m+rj7m S ,19] < b]7m+rjvm+ 1, ] — 172.
m m

Observe that |b; | is at most m, for j = 1,2. Then

aj,m+b;

lim wy?

m—ro0

™=z, j=12.
Since S is dense in C, there is an element ¢,, in S with
ajm+b; ajm+b; 1 .
tpm TR — T oo =12 m=1,2,....

Thus

Jim (gt e ttam) = (21, 29).

Since S is closed under powering, we see that each (t%’m+bl’m,t%'m+b2’m) is
in M3(S), and the result now follows.

4. Proofs of bounds on the covering radius
4.1. Proof of the lower bound of Theorem [1.7]

We start with n = 2. Since the upper bound is trivial, we only need to prove
the lower bound. Fix a vector x = (H/2,3H/4), we have ||x|| < H. For any
vector v = (v1,v2) € Mo(Z) with v1 > 1 and ve > 1, by Lemma we can
choose a positive integer a > 2 such that v; = a®*, v9 = a®* for some positive
integers si, s2.

Assume that s; > so, that is vy > vy. If v1 <5H/8, then |x—v| >
3H/4 —5H/8 = H/8. Otherwise if v; > 5H/8, we have ||[x —v|| > 5H/8 —
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H/2 = H/8. So, in this case we obtain
lx —v| > H/S.

Now, we assume that s; < sg. If v; <5H/12, then ||x —v| > H/2 —
5H/12 = H/12; while if v; > 5H/12, then

vy > avy > 2v; > 5H/6,

which implies that ||x — v|| > 5H/6 — 3H/4 = H/12. Hence, in this case we
have

I — vl > H/12

as required.

We now consider the case n > 3. Let p1,...,p, be the first n primes.
We define ¢; as the largest power of p; which does not exceed H/2; thus we
have
H '<
% < q; =
We now set b = (¢ + 2)n, where c is the constant in Lemma which cor-
responds to kK = n and the above choice of primes.

We now define the n-dimensional box

— =1,...,n.
27 j ’ 7n

B = [ — H/(log H)" a1 + H/(log H)"] x
% [an — H/(log H)", g + H/(log H)"| .
and show that M,,(Z) NB = () when H is sufficiently large. Indeed, we as-
sume that there exists v = (v1,...,v,) € My(Z) NB. Then, by Lemma|2.3]
one can choose the exponents k; in (1.1)) to satisfy

(4.1) kil < log H)™™Y,  j=1,...,n.

Since
vj = a; +O(H/(og H)") = ¢; (1+ 0(1/(og H)"))

using (4.1)) we also have

o = (140 (1k1/Cog 1)) ) = " (1+0 (1/(log H)~+1))
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for j =1,...,n. Hence
H qu =1+0 (1/(log H)b_"+1) .
j=1

Collecting negative and positive exponents we rewrite this as

(4.2) Q+ = Q- (1+0(1/(0g H)'=1)),

where
n

n
k; —k.
Qr=Jleg7 anda Q- =]]g™
J Jj=1
4 Ji; <0

=
Since by we have
max{log Q+,log Q_} < (log H)",
we can rewrite as
(4.3) Qi = Q- (1+0(1/(10g Q)= 0/m))
where Q. = min{Q;,Q_}. Since due to our choice of b we have
b—n+1)/n=0b+1)/n—1>c+1>c,

we see that (4.3) contradicts Lemma when H is sufficiently large. This

in fact completes the proof of the lower bound.
4.2. Proof of the upper bound of Theorem

We only need to consider the case n > 3. Let
x=(z1,...,2) €Z"

with [|x]| < H for large enough H. Without loss of generality we can assume
that

O<r <... <z, < H.

Moreover, if 21 < H/(log H)" 2, then we take u = (1,22, ...,,) and get

I — ul| < H/(log H)" 2.
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Hence we can assume that

(4.4) H/(logH)" 2 <21 <... <, <H.

In addition, the case when x; = --- = x,, is trivial, and so we assume
that
(4.5) Ty > 1.

Denote

y; = log(z;/x1), 1=2,...,n.

By (4.5)), we have y,, > 0. Next, we see from (4.4) that for a sufficiently large
H we have

(4.6) y; < loglog H, i=2,...,n.
We set
log H
4.7 =|—2
(47) 1 LﬂloglogHJ

and, using a g-ary expansion of y;/y, € [0, 1], choose non-negative integers
a;; <qwherei=2,...,n,7=1,...,n— 2 such that

(4.8) i 7122 Sl < ! =2 n
: " 2 il R
Take
(4.9) k= L(logH)”_lJ
and choose positive integers myq, ..., my—_2 so that
(4.10) log(m;/k) — %j <1/k, j=1,....n—2

Indeed, this can be done because for m > k we have

log((m +1)/k) —log(m/k) =log(14+1/m) < 1/m < 1/k.
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It now follows from (4.10) that

n—2 n—2 i
Z a; j log(m;/k) — Z qZJ] Yn
=1

j=1
(4.11) ,

a;j < qn/k, i=2,...,n.

n

<

e
Il
o

J
Furthermore, the inequalities (4.6) and (4.8) imply that

n—2 n—2

a; j Ui a; j loglog H .
= q w4 q
Combining this bound with (4.11]), we obtain
2 loglogH qn
(4.12) Zaiﬂjlog(mj/k)—yi < W—F?, 1=2,...,n.

j=1
Clearly there exists u; = k9"v with a positive integer v satisfying
(4.13) ]a:l — ul\ < k1.

Take u = (uq,...,uy), where

n—2 n—9
i = uy [ [ (my/k)" = ok* [[ mj €N
j:l jil

with
n—2
S; =qn — Zai,j > 0,
j=1
for i =2,...,n. Clearly, u1,...,u, generate a multiplicative subgroup of

rank at most n — 1 in Q* (which is contained in the multiplicative subgroup
generated by ui,mi/k,...,m,_2/k) and thus u € M,,(Z).
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We now note that the inequalities (4.4]) and (4.13]) imply

— k1 (log H)™ 2
(4.14)  |loguy — log x1| = |log(u1/x1)| < 21 ul’. < (log H) .
T H
Furthermore, for ¢ = 2,...,n, using logx; = log x1 + y;, we see that
n—2
[log u; — log z;| = Zam log(m;/k) +logu; —logzy — y;
j=1

IN

n—2
Z a; jlog(m;/k) — yi| + [logus —log 1],
j=1

and from (4.12)) and (4.14)) we derive

loglogH gn N k" (log H)" 2

(4.15) llog u; — log z;| < = ? i

One easily checks that for the choice of parameters (4.7) and (4.9)) we
have

loglog H _ (loglog H)" 1
qn—2 (log H)n—? ’
qn loglog H

K Tog H)™2’

n_1)n log H/n?loglog H e
kqn(log H)n—Z <(10g H)( 2 ) (log H) 2
H < H
H(n—l)/n(log H)n—Q B (log H)n—2
B H o H1/n

Clearly the bound (4.15) absorbs (4.14)), thus for i = 1,...,n we have

(loglog H)"~!

[log u; — log z;| < (log H)»2

which implies

ui = i exp (O ((loglog H)"* /(log H)"~?))
= 2; + O (zi(loglog H)" "' /(log H)""?).
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Hence,

(loglog H)" !
(log H)"—2

which concludes the proof of the upper bound.

Ix —ul| < H

4.3. Proof of the lower bound of Theorem [1.8|

We start with n = 2. Let h be the class number of K. We first fix a number
c with
0<ec< 2—(h+1)/(2h)7

and then fix a vector
z = (21,22) = (aH,bH)

and another real number d such that
(4.16) 0<c<a<d<b<2V/Ch

It is easy to see that ||z|| < H.

For any vector v = (v1,v2) € M2(Ok) with |v1| > 1 and |vg| > 1, by
Lemma we can choose an element v € Ok with |y| > 1 such that v; =
s1/h vy = nyy%2/" for some roots of unity 7;, 72 and some positive integers
$1, s2. Clearly, we have

|z — vl = [[(21 = v1, 22 — v2)|| > max{|z1 — v1], |22 — va|}
(4.17)
> max{||z1] — |v1]], |[22] — |v2|}-

Besides, since v € O with |y| > 1 and K is an imaginary quadratic field,
we have

v > V2.

Assume that s; > so, that is |vi| > |va|. If |v1]| < dH, then
||z2| = |vo|| = bH — dH = (b— d)H.
Otherwise, if |v1| > dH, we have
|[21] = [v1]| > dH — aH = (d — a)H.
So, in this case using we obtain

(4.18) |z —v|| > min{(b—d)H, (d — a)H}.
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Now, we assume that s; < s9. If |v1]| < cH, then

}|z1| - |U1H >aH — cH = (a — ¢)H;

while if |v1| > cH, then
[va] > || > 21/ @Dy | > 21/ M,
which implies that
||zo] — Jva|| > 2/ M el — bH = (21N — b)H.

Hence, in this case using we have
(4.19) |z — v|| > min{(a — ¢)H, (2" — b)H}.

Combining (4.18)), (4.19) with (4.16), we conclude the proof for the case
n=2.

For the case n > 3, we recall the box B defined in the proof of Theo-
rem Applying the same arguments as before, we obtain that for suffi-
ciently large H,

{(”U1|,...,”Un|) s (v, 0p) € Mn(oK)} NB =0,

where we also need to use the fact that for any o € Ok, if |a| < H, then for
its height we have log H(«) < log H, and so log H(|ar|) < log H (because K
is an imaginary quadratic field). This gives the desired lower bound.

4.4. Proof of the upper bound of Theorem [1.8

We only need to prove the upper bound for n > 3. In fact it is sufficient to
consider only the case n = 3, since this automatically means that for any
n >3 and x € O, there is a vector u € M, (Ok) such that the distance
|x — ul| is small.

Let x = (21,22, x3) € O} with [|x|| < H for large enough H. We want
to show that there is a vector u € M3(Of) such that the distance |x — ul|
is small.
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Without loss of generality we can assume that
0 < |z1] < |z2| < a3 < H.
Moreover, if |z1| < H/log H, then we take u = (1, z9, z3) and get
I — | < H/log H.
Hence we can assume that
(4.20) H/logH < |z1] < |z2| < |z3| < H.

Denote

1 27
q= L\/logiH/(QloglogH)J and A\ = exp <q2+m>’

q

where i = /—1. Our plan is to approximate the numbers z2 and x3 by z;,
and zj,, respectively, where jo and j3 are non-negative integers, where

Zj = Ajzla ] > 07
and then approximate x1,z2j,,2;, by multiplicatively dependent elements

Ui, U2, Uus of OK.
Let

vi = [qlog(|z2|/|z1])] -
By (4.20)), we get

(4.21) 0<wv <qloglog H.
One verifies that
A tDa < et tosleal/lmD e = exp(1/q) |l /|21 ]

and
A2 > A 181/~ = || /(| exp(~1/g)).

Hence, for every integer j with v1q < j < (1 + 1)g, we have

(4.22) | log(|za|/INz1])] < 1/q.
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We assume that the principal argument arg(z) of a non-zero complex
number z always belongs to the interval [0,27) and denote

a = arg(xz/x1) € [0,2m).

Take

vy = [qa/(2m)] .
Clearly,
(4.23) 0<wmm<yq.

Then, since A? € R, we have

arg (z2/ (A177211)) = arg (z2/ (A1)

4.24
42 = arg (A#/@0) € 0,21 /),

where {£} denotes the fractional part of a real &.

Define
J2 = v1q + va.
We conclude from (4.21]) and (4.23]) that
(4.25) 0<j2<Q,
where
(4.26) Q= LqQ log log HJ +gq.

Furthermore, from (4.22) and (4.24) we see that

(4.27) |2 — N21| < |a] /g.

Similarly, we can choose js satisfying

(4.28) 0<j3<@Q

and

(4.29) |3 — Nowi| < |3] /g.
Take

(4.30) k= |q’loglogH| .
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Since Ok has a structure of a lattice, we can choose 8 € Ok such that
| — kA < 1, and so

(4.31) 18/k — X\ < 1/k < ¢ 3(loglog H) ™.

Set
X =B/k.
Writing ¢ = A/A — 1 we observe that

(1+¢) =1+0(j0)
provided j¢ < 1/2. By
Q ’X//\ - 1‘ < Q/k < 1/q,
and so for any integer j with 0 < j < @ we have
[V = ] <V [ = 1) < @IVI[RA - 1] < IV /g

In particular, by (4.25) and (4.28)) this holds for j = js and j3. Now, recall-
ing (4.27) and (4.29)), we obtain

(4.32) 2o — Moay| < |wa|/q and  |zs — Meay| < |zs]/q.

Taking into account (4.26]) and (4.30]) we find that

1
Q< <4 + 0(1)) log H/loglog H,
3
log k < (2 + 0(1)) log log H,
and we conclude that
k@ < (H/log H)Y/? < |ay|Y/2.
Then, we can choose v € O such that |z;/k¥ — v| < 1, and so

(4.33) 171 — K9] < k9 < |21 |Y2 < |21/
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We set

U = ka,
Uy = ijul — kQ*jzﬁJéU’

uz = Mrug = @3 Biay,

Clearly, u1, ug, u3 are multiplicatively dependent elements of O (since they
belong to the multiplicative group generated by u; and A. Finally, we con-

clude from (4.32)) and (4.33) that
5 — | <lzgl/q,  G=1,2,3,

implying
loglog H

— < H—————
||X u” (10gH)1/2

fOl“ u = (ul,uQ,u;g),

which concludes the proof.

5. The hypotheses of Theorems and

In this section, we show that in Theorem and Theorem the property
of S being closed under powering cannot be removed.

For Theorem [I.1l we let S be the set of all rational numbers of the form
p/q or —p/q with distinct primes p, q. Then by [9, Theorem 4] the set S is
dense in R and we now show that M,,(S) is not dense in R™ for any n > 2.

Let (z1,...,2,) € My,(S). Then, there are integers ki,...,ky, not all
zero, such that

(5.1) ah gk =1,

Indeed, as a first step we show that there are integers k1, ..., &k, € {—1,0,1},
not all zero, such that

bk = 1,
Note that while it is possible to use Siegel’s Lemma [16], Page 213, Hilfssatz]
(see also [0, 22]) to show that there exists a nontrivial solution of ([5.1]) with
k1i,...,k, bounded from above as a function of n, which is enough for our
purpose, we give a more direct argument to establish this stronger claim.
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Put
yZ: _1 - ZZ]‘?"’?n?
x; -, ifk; <O,
and write
Di
Yi =&i—
qi

with ¢; € {—1,1},i=1,...,n. Let k;,...,k;, be all the non-zero integers

from ([5.1]). Then

(5.2) il kel g,

Observe that by we have

(5.3) {Pivss0i,} ={iys- -G, }-

We claim that there exists distinct integers jy, . . ., j, from the set {i1, ..., 4}
so that

(5.4) Y0 -y, = 1.

To see this, consider the path that starts at p;, and continues according to
the following rules. If we are at p; we connect p; with ¢; . Next g; 1is
connected to p;, , where s is the smallest index with p;, = ¢;,,. This step is
always possible by virtue of . If p;. has already been traversed by the
path, we stop. Observe that this gives us a path which terminates in a cycle
and the cycle gives us a solution to .

Let a1, ..., a, be non-zero real numbers, and we also assume that for all

n-tuples (01, ...,0p,) # (0,...,0) with §; € {—1,0,1}, ¢ =1,...,n, we have
0/151 . --afl" #£ +1.

For example, we can choose

(5.5) (@1, ... ) = (2,23,...,23"’1>.

Notice that there is a positive number ¢ such that

(5.6) 0/{1-~-a2"—1‘>c and ‘a‘ls1~--afl"+1‘>c

for any non-zero n-tuple (d1,...,0,) with §; € {—1,0,1},4=1,...,n. Since
every element (z1,...,2,) € My(S) satisfies an identity of the form (5.4)), it
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follows from that there is a small ball around (a1, ..., ay,) which does
not contain any element of M,,(S). As a consequence, we see that M,,(5)
is not dense in R".

For Theorem we let S be the set of complex numbers of the form
(p/q where ( is a root of unity and p and ¢ are distinct primes. Since the
roots of unity are dense in the unit circle and the quotients of the primes
are dense in the positive real numbers we see that S is dense in C.

We now repeat our argument as before but with

i
yi = Gi—
qi

where (; is a root of unity and p; and ¢; are distinct primes for i = 1,...,n.

We again find that (5.4)) holds. Let (a1,...,a,) be an n-tuple of non-zero

complex numbers with

‘a(lsl e afbn

£1

for any non-zero n-tuple (41, ...,d,) with
5 e{-1,0,1}, i=1,...,n.

Plainly (5.5) gives such an n-tuple. Then there is a small ball around
(a1, ..., a,) which does not contain any element of M, (S) and so M,,(S)
is not dense in C™.
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