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Convexity of the weighted Mabuchi

functional and the uniqueness of
weighted extremal metrics

ABDELLAH LAHDILI

We prove the uniqueness, up to a pull-back by an element of a suit-
able subgroup of complex automorphisms, of the weighted extremal
Kahler metrics on a compact Kéhler manifold introduced in our
previous work [31]. This extends a result by Berman-Berndtsson [7]
and Chen-Paun-Zeng [I7] in the extremal K&hler case. Further-
more, we show that a weighted extremal Kahler metric is a global
minimum of a suitable weighted version of the modified Mabuchi
energy, thus extending our results from [31] from the polarized
to the Kéhler case. This implies a suitable notion of weighted K-
semistability of a Kahler manifold admitting a weighted extremal
Kahler metric.
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1. Introduction

In a previous work [31], we introduced the notion of a weighted extremal
Kahler metric on a Kahler manifold X, endowed with a Kahler class
a € HY(X,R), a fixed compact real torus T inside the connected Lie group
Aut,eq(X) of reduced automorphisms of X, and two arbitrary smooth pos-
itive functions (called weights) v, w defined on the fixed momentum image
P, C Lie(T)* for the action of T with respect to any Kéhler representative of
«. More precisely, given these data, for any T-invariant Kéhler metric w € «
with normalized T-momentum map m,, : X — P,, we define the v-scalar
curvature by

(1) Scaly(w) := v(my)Scal(w) + 2A,(v(my,)) + Tr(G,, o (Hess(v) o my,)),

where Scal(w) is the scalar curvature of w, my, : X — t* is the momentum
map of the T-action normalized by my,(X) = Py, A, is the Riemannian
Laplacian of the Kéhler metric w and Hess(v) is the hessian of v, viewed as
bilinear form on t* whereas G, is the bilinear form with smooth coefficients
on t, given by the restriction of the Kahler metric w on fundamental vector
fields. In a basis & = (&;)i=1,... ¢ of t, we have

Tr(Gy, o (Hess(v) omy,)) = Z Vi (mw)(&ir &) w,

1<i,j<t

where v ;; stands for the partial derivatives of v with respect to the dual
basis of &.

Let w € C*°(P,,R) be another smooth positive function on P,. Sim-
ilarly to the approach pioneered by Calabi [12], we are interested in the
problem of finding a T-invariant Kahler representative w of a for which
Scaly (w)/w(my,) is the momentum potential of a holomorphic vector field
inside the Lie algebra t of T. We have shown in [31] that the problem reduces
to solve

Scaly (w)
w(my)

(2) == Eext(mw%

where leyy is the (v, w)-extremal affine-linear function on t*, determined from

the data («, T, P4, v, w), and we shall refer to a Kéhler metric satisfying the

above condition as a (v, w)-extremal Kdahler metric on (X, a, T, Py, v, w).
Notice that if we take T = {1} and v=w =1, we obtain the much

studied problem of the existence of cscK metric in o whereas taking T to
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be a mazimal torus in Autyq(X) and v =w = 1, our problem reduces to
the famous Calabi problem of the existence of an extremal Kéahler metric
n (X,a). As we have noticed in [31], there is a number of other natural
problems in Ké&hler geometry which can be reduced to the search of (v, w)-
extremal Kéahler metrics for special choices of T and the weight functions
v and w, including the existence of conformally Kéhler, Einstein—-Maxwell
metrics [3], the existence of extremal Sasaki metrics [I], the existence of
Kéhler—Ricci solitons [8, 29] [30], prescribing the scalar curvature on com-
pact toric manifolds [25] and on semi-simple, rigid toric fibre bundles [2] as
well as the recently introduced p-cscK metrics in [30].
For a fixed T-invariant Kihler metric w € o let K(X,w)T denote the
space of smooth T-invariant Kéhler potentials with respect to w, i.e.

K(X,w)' = {¢ € C®(X,R)"ws = w + dd°¢ > 0}.

For ¢ € K(X,w)T we denote by mg : X — t* the corresponding wgy-
momentum map, normalized by the condition my(X) = my(X) =: P, or
equivalently by mg = my, + d°¢ and by Scal,(¢) the weighted scalar curva-
ture of wy mtroduced by (1 . Also, we use the usual convention to denote
by w[n] := —¢ the associated volume form. Following [31], for two weight
functlons v, W € C*(P4,R) such that v >0 and w is arbitrary, a Kahler
potential ¢ € K(X,w)T defines a (v, w)-weighted cscK metric wy if it satis-
fies

(3) Scalv(¢) = Cv,w(a)w(mtﬁ)

where ¢y w(o) is a constant depending only on (v, w, «), given by
M [n]

(4) con(a) = 4 mtmagar I [ wlma)wt 70
17 lf fX w[n} — 0

The (v, w)-weighted cscK metrics are critical points of the (v, w)-Mabuchi
energy My : K(X,w)T — R defined on the Fréchet space K(X,w)T by its
first variation

(@M)ol) = = [ 9(Scal. () = cu(awlme))of,

M, w(0) =0,

()

for all ¢ € TykC(X,w)T = C®(X,R)T, where (X, R)" stands for the space
of T-invariant smooth functions. As observed in [31], Section 3.2], when v, w
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are both positive, a Kéhler metric wy is (v, w)-extremal if and only if it is
(v, Lextw)-cscK and the relative (v, w)-Mabuchi energy is defined in this case
by

(6) Mfze,lzv = MV,fextW'

where ley is the (v, w)-extremal affine linear function introduced in [31] via
the orthogonal projection of Scal,(¢) to the space of (pull-backs by mg)
affine-linear functions on t* with respect to the weighted L2-global product
(o1, 02)we = [x (p1g02W(m¢)w([ﬁn]. The critical points of the relative (v, w)-
Mabuchi energy are precisely the (v, w)-extremal Kahler metrics in a.

The space K(X,w)" is an infinite dimentional Riemannian manifold with
a natural Riemanniann metric, called the Mabuchi metric [33], defined by

<¢17¢2>¢ 3:/)(¢1¢2w([;5n],

for any ¢ € K(X,w)T and ¢1, py € C°(X,R)T. The equation of a geodesic
(D)o € K(X,w)T connecting two points ¢g, ¢1 € K(X,w)T is given by
33, 34]

(7 b = 102,

It was shown by Donaldson [24] and Semmes [36] that by letting 7 := e~ ¢+,
the geodesic (¢¢)ieo,1) € K(X,w)" can be viewed as a smooth function
®(z,7) on X := X x A, where A := {e~! < |r| <1} is the corresponding

annulus in C, defined by

(8) O(x,7) := (),

which is invariant under the natural action of G := T x S! on X, and satisfies
the following degenerate Monge-Ampere equation on X,

(rw + dd°®)" ' = 0
where x : X — X is the projection on the first factor. Hence, the problem

of connecting two potentials ¢g, ¢ € K(X,w)T by a geodesic (Dt)eep,1) €
K(X,w)T is equivalent to finding a solution ® € C°(X,R)€ to the following
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boundary value problem

(5w + dd°®)" =0,
9) w+dd® x >0, for T € A,
O(-,e71) = ¢1 and (-, 1) = ¢y.

where X, := 7, 1(7) is a fiber of the projection 7 : X — A.

In general, the space K(X,w)" is not geodesically convex by smooth
geodesics (see [20, Theorem 1.2]). However, the boundary value problem
@ makes sense for G-invariant bounded plurisubharmonic functions ® €
PSH(X ,m%w)® N L%, using the Bedford-Taylor interpretation of (W}w +
ddC(I>)n+1 as a Borel measure on X.

By a result of Chen [I3], with complements of Blocki [10] and Chu-
Tossati—Weinkove [19], the boundary value problem @ admits a unique G-
invariant solution ® € C'! (X , R) such that 75w + dd°® is a positive current
with bounded coefficients, up to the boundary, corresponding to a family of
functions (¢)¢eo,1) in the space KB (X, w)T of all T-invariant functions ¢ €
CM (X, R) such that wy is a positive current with bounded coefficients. The
curve (dr)iejo1) € KM(X,w)" is called the weak geodesic segment joining
b0, $1 € K(X,w)™. Consequently, the space K(X,w)" is geodesically convex
by geodesics in the space K1(X,w)T.

Building on the approach by finite dimensional approximations [26], 32]
35] in the extremal Kéhler case, we proved in [31], Corollary 1] that when «
is a polarization, (v, w)-extremal Kédhler metrics are global minima of ./\/lf,e;,
In this paper, we extend this result by removing the integrality condition on
the Kahler class a.

To this end, we now follow the approach of Berman—Berndtsson [7] (see
also Chen—-Li—Paun [16]) who proved that M, ; naturally extends to the
space K1 (X, w)T and is convex along the weak geodesics. Our main result
of this paper is the following.

Theorem 1. Let X be a compact Kdhler manifold with Kdhler class
a, T C Autyeq(X) a real torus with momentum polytope P, C t* and v €
C*®(Py,Rsp), w € C®(P,,R). For any T-invariant Kdhler metric w € «,
the (v,w)-Mabuchi energy My v admits a natural extension as functional
on the space K11 (X, w)T which is convex in the pointwise sense along weak
geodesics in KM (X, w)T connecting smooth T-invariant w-Kdihler potentials

¢0, ¢1 S /C(X,w)T.
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Similarly to the case of cscK metrics, using the sub-slope property of
convex functions, we obtain the following corollary giving an obstruction
to the existence of (v, w)-cscK metrics in a Kéhler class «, in terms of the
boundedness of the corresponding (v, w)-Mabuchi energy.

Corollary 1. Let ¢g,¢1 € K(X,w)T. We have the following inequality

Muae(6n) = M (00) 2 =PI Seal(0n) = wOmen) 125
X

where d is the distance corresponding to the Mabuchi metric and ||
[n]

N z2 (X pgy) 18 the usual L%-norm on (X, pug,) with g, == m In partic-
ular, (v,w)-cscK metrics in a Kdhler class o minimizes the corresponding
(v, w)-Mabuchi energy My, and any (v,w)-extremal Kdhler metric in o
minimizes the relative weighted Mabuchi energy Mﬂv

By [31, Theorem 2], we obtain that the weighted K-semistability is a
necessary condition for the existence of a (v, w)-extremal Kahler metric.

Corollary 2. Let X be as in Theorem[ll If X admits a T-invariant (v, w)-
cscK metric in the Kahler class a, then for any smooth T-equivariant Kdahler
test configuration (X, A) of (X,«a), which has reduced central fibre, the
weighted Futaki invariant Fy (X, A) defined in [31] is non-negative.

Our approach to prove Theorem [I] closely follows the scheme of Berman—
Berndtsson’s proof [7] in the cscK case (i.e. when v =w =1). A key point
is proving the existence of a natural extension of the (v, w)-Mabuchi energy
M,  as a continuous convex functional defined on the space K (X, w)T. To
see that a similar extension of M, , exists for arbitrary weights v, w we use
the weighted Chen-Tian decomposition of My y, found in [3I, Theorem 5],

(10) MV,W(¢) = Entuw (NV(¢)) + EV,W(¢)7
where the first term is an entropy term of the probability measure

[n]

v(mg)wy
11 =
( ) HV(¢) VO](X7 V(mw)w[n])
relatively to the reference smooth measure p,, := % The second term

Ev,w 18 an energy type expression given by the integral over X of terms of the
form qbu(qb)wé) A 0"~7 where 6 are smooth two forms depending on w, and
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u(¢) is a continuous function on X depending on v, w and ¢. The presence
of weights introduces an additional difficulty related to the definition and
convexity of the momentum map with respect to weak geodesics in the
space K11 (X, w)T. We solve this in Lemma |I| below using an approximation
argument of Demailly [22]. For a weak geodesic (¢¢)ep1 C KX, w)T,
with @ being the corresponding solution of the boundary value problem @D
and ¢, := ®(-,7) for 7 € A = {e~! < |7| < 1}, Berman-Berndtsson showed
in [7] that the function 7 — M 1(¢-) is weakly subharmonic on A and

dd° M1 () = /X T

where T is a positive Radon measure on X =X x A and fX denotes the
fiber-wise integral on 7y : X — A. In the case when v > 0 and w is an ar-
bitrary function on the momentum polytope P,, weak subharmonicity of
T = My w(¢r) on A will follow from a similar expression

dd° My o (67) = /X v(mg, )T,

and the fact that v(mg, )T is a positive Radon-measure. In particular, 7 +—
M, w(¢r) is weakly convex. To get point-wise convexity, we will show that
T = My w(¢7) is continuous on A.

An important application of the approach in [7] is establishing the
uniqueness of the cscK and extremal Kéahler metrics in «, up to the nat-
ural action (by pull-backs) of the connected Lie group of reduced auto-
morphisms Aut,eq(X). Similarly, we adapt the proof of the uniqueness of
extremal Kéhler metrics obtained by Chen-Paun-Zeng [17] to our weighted
setting and obtain the following result.

Theorem 2. Let X be as in Theorem and let G := Aut® ;(X)° denote the
connected component of identity of the commutator of T inside Aut,eq(X).
Then, for any two T-invariant (v, w)-extremal Kdhler metrics w1 and wa in
«, there exits an element f € G such that wy = f*(w2).

Notice that if we take T = {1} and v =w = 1 we get the uniqueness of
cscK metrics modulo Auteq(X) obtained in [7, I7], whereas if we take T
to be a maximal torus inside Aut,eq(X) and v =w = 1, the above results
yield the uniqueness of the T-invariant extremal Kéhler metrics modulo the
complexification T€¢ of T.
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2. The weighted Mabuchi energy on K1!(X,w)?”

Let X be a compact Kéhler manifold of complex dimension n > 2. We denote
by Auteq(X) the connected Lie group of automorphisms of X whose Lie
algebra h,eq is given by real holomorphic vector fields with zeros (see [27]).
Let T be an ¢-dimentional real torus in Aut,eq(X) with Lie algebra t, and w
a fixed T-invariant Kahler form on X. The T-action on X is w-Hamiltonian
(see [27]) and we choose my, : X — t* to be a w-momentum map of T. It
is well known [4], 28] that P, = m,,(X) is a convex polytope in t*. For any
smooth T-invariant w-Kéhler potential ¢ € K(X,w)T, let Py := my(X) be
the wg-momentum image of X. By [4, 28], the following two facts are equiv-
alent:

(i) Py =P,
(i) (mg,&) = (mw, &) + (d°¢)(§) for any £ € t.

It follows that we can normalize mg such that Py = P, is a ¢-independent
polytope P, C t*. For ¢ € K1'}(X,w)T the space of all T-invariant functions
¢ € CHH(X,R) such that wg is a positive current with bounded coefficients,
we define my : X — t* by

(mg, &) = (M, §) + (d°¢)(§),
for any £ € t.
Lemma 1. For any ¢ € KM (X,w)T, we have Py = P,.

Proof. For any k > 0 we have wy, = kw + wy > 0. By [22, Theorem 5.21] we
can find a decreasing sequence ¢. € C*°(X,R)T such that wg . == (k + 1)w +
dd°®, is Kahler and ¢, — ¢ in C' topology as € — 0. For any € > 0, we have
P, .= (k+1)P,, and for any £ € t we have

(12) (Mu o, €) = (k + 1) (mu, &) + (d°¢) (8)-

Since ¢, converge to ¢ in C' topology, passing to the limit when ¢ — 0

in , we obtain
(Mus o, &) = (k4 1)(mu, &) + (d°9)(§) = (kmy, +mg, &),
as € — 0, for £ € t fixed. It follows that

(k+1)P, =P, . = (lir%mwk_ﬁ)(X) = (kmy +mg)(X) = kPo + Py.
, e ,
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The result follows by taking the limit when k& — 0. g

Remark 1. In [13], Chen considered the following family of elliptic bound-
ary value problems with parameter € > 0,

2[r[?

(13) (w}w + ddcq>e)n+1 — e(w}w + M)n—&—l’
(be(.’e_l) — ¢1 and @E(‘7 1) — (bo

Solutions &€ € IC(X' , W}w)G of , are always smooth and approximate
uniformly the weak solution ¢ of @ More precisely, ®¢ is decreasing in ¢
and converges to the solution @ of @ in the weak C'! topology as € — 0
(see [13, Lemma 7]). The family of Kéhler potentials (¢§)se0,1) € K(X,w)"
is called an e-geodesic.

If (<Z5t)te[0,1} € KH(X,w)T is a weak geodesic segment, one can show that
Py, = Py, for any t € [0,1] using the fact that the e-geodesic (¢f):ci0,1) €
K(X,w)T converges to ¢ in the weak Cl'-topology as € — 0, together with
the relation
=my, + d°¢5.

M

Let v € C°(P4,Rsg) and w € C*°(P,,R) two smooth functions. Now, we
give the energy functionals allowing to define the (v, w)-Mabuchi energy
on weak geodesic segments.

Lemma 2. The functional &, : K(X,w)T — R given by

(@), () = [ dwmo)ul!
‘SW(O) =0,

(14)

for any ¢ € ToK (X, w)T = C°(X,R)T is well-defined and has a natural ez-
tension to KM (X, w)T.

Proof. The first claim in the Lemma is well known (see, for example, [8]
Proposition 2.16]). Now we will extend &, : K(X,w)T — R to KM (X, w)T.
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Integrating the derivative of &, along the path € — e¢ € K(X,w)T gives

-/ 1 ( /. ¢w<me¢>w£§?> de

/ /Z¢e”31—ejw(em¢+(1—e) )[ AWl | de
/¢ZWJ’ mg)w ]/\w[]

where w;, : P, — R is defined by

1
(15) wial) = [ 0= wlep + (1= .

Using the expression

(16) / ¢ijnm¢ J]/\wH

we can define the extension & : KM(X,w)T — R, since by Lemma [1| we
have emy + (1 — €)my, € P, by convexity. O

Lemma 3. [, Proposition 17] Let (¢¢)iejo,1] C KYHX,w)T be a geodesic
segment connecting ¢o, 1 € K(X,w)T and ® € KV (X, 7hw)C the corre-
sponding solution of the boundary value problem @ For any 7 € A, we
have

dd°€.,(6,) = 0,
where ¢r := D(-, 7).
Definition 1. Let 6 be a T-invariant closed (1,1)-form on X. A 6-

momentum map for the action of T on X is a smooth T-invariant function
my : X — t* with the property (¢, ) = —d(my,§) for all £ € t.

For example, if Ric(w) is the Ricci form of w, then the Ric(w)-momentum
map for the action of T on X is given by (see e.g. [31, Lemma 5])

1
MRic(w) = §Aw (mw)
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Lemma 4. [31, Lemma 4] Let 0 be a fized T-invariant closed (1,1)-form
and mg : X — t* a momentum map with respect to 0, see Definition[l. Then
the functional £2 : K(X,w)T — R given by

(d£)o(¢ / 8 [vtma)o Al ™+ (@) (), moesl]
£0(0) =

(17)
for any gf)E C>(X,R)" is well-defined and has a natural extension to
KRH(X,w)T.

Proof. Similarly to &, we can define the extension &7 : KV X,w)T — R,
by using the following expression

£9(¢) / (/ ¢ [vime)9 Al 4 ((dv)(me¢),m9)w£]]> de
(18) = /X ¢{Zvj,n_1(m¢)w([;_l_ﬂ AWl Ag
=0

+ > (dvin) (), ma)ly ™ nwll],
j=0

where v, : P, — R is given by . O

Now we give the Chen—Tian formula allowing to extend the (v, w)-Mabuchi
energy to My  to KHH(X, w)T.

Theorem 3. [31, Theorem 5] We have the following expression for the
(v, w)-Mabuchi energy,

(19) Mv,w =H, — Qg\ljlic(w) + C(v,w) (Oé)gw,
on K(X,w)T where Hy : K(X,w)T — R is given
‘% (] _
(20) Hy(¢) = log v(mg)wy = Enty, (iy(6)) + c(a, v).

where

Ent,,_ (16 (6)) = /X log (d@‘lﬁ)) d’;‘f) dyse,
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[n]
is the entropy of the probability measure p, () 1= % relatively to
the reference smooth measure ji,, := % with , and c(a,v) is a constant

depending on o and v.

For ¢ € KM(X,w)T, py(¢) is a measure with bounded coefficient which
is absolutely continuous with respect to i, thus Ent,, (v (¢)) is well defined
on K'1(X,w)™. Combining this with Lemmas [2| and |4 yields the following.

Corollary 3. The equation , extends the (v, w)-Mabuchi energy My
to a functional on the space K5(X,w)T.

3. Convexity of the (v, w)-Mabuchi energy along weak
geodesics

The following formulas allow us to compute the second variations of the
energy functionals £7 and &, along weak geodesics.

Lemma 5. Let ® be a G-invariant smooth function on X related to a family
of T-invariant functions (¢¢)iejo,1) on X by , and 0 a 2-form on X. We
have

(Txw + dd°®)" T = — (§, — |déy 2, ) PAdt A ds,
TR0 A (miw + dd°®) = — ((d \d@y@)ew[n 1
+ (0, doy A d°r) g w@ ) Adt A ds.

where th and g'iit are the t-derivatives of ¢.
Proof. We have dd°® = dd°¢ + v, such that
Vo = —d°p A dt — dp A ds — pdt A ds.

By a straightforward calculation we get 7(?) = 2d¢ A d°¢ A dt A ds and 735 = 0.
We calculate

(w + dd°®) 1 = (g + )+
_ wg‘“] + w[ A g+ w[m Taqz

= (6~ 1dd2)wl A dt A ds.
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For the second identity

0 A (w4 dd°®)™ =0 A [w([;] + w([bn_” Avp + %w([;_ﬂ A3

n— 1 n—
(21) :0/\wé) 1}/\7@54—59/\%&) 2]/\7(%

= —((6 — g0 AWy~ + (0, dd A d°d)wi™) A dt A ds.
O

We start by computing the second variation of £/ and &, on smooth families
of smooth T-invariant Kahler potentials.

Lemma 6. Let (¢1)icp,1) € K(X,w)T be a smooth family of Kihler poten-
tials and ® the G-invariant function on X, corresponding to (¢t)ejo,1] given

by ®). Let ¢r := @(-, 7).

(i) The second variation of the function T — Ey(¢pr) on A is given by
(22) dd°Ey(T) = / w(mg) (ryw + dd°®)" 1|
X

where mae(x, T) 1= mg_, and fX 1s the push forward map on my : X >
A.

(1) The second variation of the function T+ E9(¢,) on A is given by

o€l (4,) = /X V(ma)mi0 A (ww + dd°®)P

+ (dv(ma), mo) (e + dd°®) "+

(23)

Proof. The proof of is given in [9, Proposition 10.d]. For by the
S'-invariance of ®, we have

o) drelon) - |

32 0 3 d2 0
878%5" (T)] dr NdT = — |:dt25v (gbt)] dt A ds.

Let B, be the 1-form on K(X,w)" defined by

B)o(@) = [ 6 [vlm)0 Awl ™+ () mg). mo)ul]



554 Abdellah Lahdili

Using we compute

d?

€U0 = (8B(9))s,(9)

[ vtme) w7 vl
2 = [ G éetman ncls

b [ b m) ol

+ /X(e, 46 A d*G)g(mo)og

in the second equality we use the computation of (88, (4))gs,(4) given by
[31, equation (18)] in the proof of [31, Lemma 4]|. The identity follows
from Lemma [5| and the equations and . O

Now we consider the second variations along a weak geodesic segment.

Lemma 7. Let (¢¢)iep) € KMH(X,w)" be a weak geodesic segment and ®
the G-invariant corresponding solution of the boundary value problem @ on
X. The following identities holds in the weak sense of currents

(26) dd°Ex(pr) = 0,
(27) dd°€)(¢) = /X v(me )0 A (miw + dd°® )[n]

Proof. The equation is already established in [7, Proposition 2.16] and
[9, Proposition 10.4]. The same argument works for . We give the proof
for convenience of the reader. Let (¢§)co,1) be the e-geodesic approximating
(d1)se 0,1) and @€ the corresponding solution of the elliptic Dirichlet prob-
lem ([13). By Lemma @, we have

V—=1dr A d%> [n+1]

2|72

dd&, (qse)_/X (mq>e)(7'&'§(w—|—
(28)  dd°€0(¢S) = / V(me )0 A (miw + dd°®)™
X
n V—=1dr A dT) N+1]

2|7|?

+ e(dv(mee), mg) (w
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We have ®€ is decreasing in € > 0 and ®¢ — ® in (CTL || - [|cr + || dd°- || =)
when ¢ — 0. Using the identity

Mee = My + d°¢s,
and the fact that v is smooth on P,, we obtain

Ew(97) = Ew(¢r) and Sg((ﬁf_) - 5\?(‘257)’

since the Monge- Ampere measures converges weakly under decreasing limits.
It follows that

dd°E (6S) — dd°Ey(py) and dd°EX(¢S) — dd°EY(,),

in the weak sense of distributions. Passing to the limit when ¢ — 0 in the rhs
of the equations of , and using the fact that 730 A (1w + dd°®€)" —
T A (miw + dd°®@)™ in the sense of measures (since ® \, ®), we obtain

and (7). 0

Corollary 4. Let 0 be a T-invariant Kdhler form. The functional 53 18
strictly convex on weak geodesic segments. In particular Sf has at most one
critical point in K5 (X, w)T.

Proof. Using , we see that the following formula holds on any weak
geodesic segment

d? . . n
2000 = [ (0,40 N G)avma ) > 0
t X
since 6 is a Kihler form. Thus, t — £9(¢;) is strictly convex. O

Now we consider the entropy part of the (v, w)-Mabuchi energy. For a
family of G-invariant volume forms ©, on X we associate a function ¥ :=
log(©-) on X, given locally on a holomorphic coordinate patch (U, (2;);=1)
on X by

(29) Uy = log ( O ) ,

voly
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where voly is the volume form of the flat Kahler metric ¥5— Z
on U. For (¢r)rea C KMHX,w)T, we define

e 1 dz; N dzj

(30)

where ¢ 1= V¥|x .
Lemma 8. Let (¢)ico1) € KV(X,w)T be a weak geodesic segment and

denote by ® the associated G-invariant function on X. If U (given by )
is smooth, then we have

(31)  dd®(HY (¢;) — 2ER) () = / v(me)dd“W A (riw + dd°®) ™,
X

in the weak sense of currents.

Proof. Let f(7) be a test function with support in A and fi= mx f. We have

(AdHY (6,), f) = / dd°f /
“far]

/log( ——)v(me)ddf A (Tkw + dd°®)"
X Tyw"

[n]
My, ),

)v(ma) (i + ) )

| X~

v
:/ log (— —)d(v(me)) Adef A (Txw + dd°®)
X Tyw

—/Xv(mcp)dlog (wf

X

v
) AdEf A (Tw + dd®) ]
w

Notice that d(v(me)) A d°f A (m%w + dd°®)I"l = 0, using approximation by
an e-geodesic @€ and the fact that df is zero on fundamental vector fields of
the T-action: Indeed

d(v(me:)) Adf A (Tiw + dd°®)l"
= ((dv)(ma-), (df) ) (Txw + dd“@) "1 = 0,

A~

since (df)¢ the restriction of d f on the fundamental vector fields of t is zero
((df)¢ = (df o m)¢ = 0). Using that ®¢ N\, ® in C1! topology, passing to the
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limit as € — 0, yields d(v(ma)) A d°f A (Tiw + dd°®)" = 0.
Integration by parts gives

(dd°HY | f ) A d°v(me) A (miw + dd°®)™

v
/ Fv(m ddclog( ) A (mw + dd®)],
Tw"

Notice that the first integral in the first equality is zero: Indeed, if & = ®¢
is an e-geodesic, then

\\
(—e—) Adov(mae) A (wyw + dd°d))
xw"

- /X FUAv) (), (d°0), — 2mpse) (ww + dd°®) I+

A . . Vv —1ldr A d7 [+
— e/A F{(dv)(mee), (d°¥) — QmRic(w)> <7er +— >
X 2|7

)

since @€\, ® in C1! topology, passing to the limit as € — 0, yields

]
(=) Adov(ma) A (w + dd“®)] = 0.
Xw
It follows that,
<ddC’Hglaf> :/A fV(mq))ddc\I] A (Thew + ddC(I))["}
X
X

Combining the above equality with completes the proof. O

Following [7], we consider the following modified version of the (v, w)-
Mabuchi functional

(32) MYy = HY — 268 4 g

Notice that for ¥ := log(w + dd“¢,)™ we have M;I{W = My w.
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Corollary 5. Under the hypothesis of Lemmal8, if ¥ is only locally bounded
and dd°V > 0 as a current, then

dd°MY () = /X v(me)dd°U A (rw + dd°®) ",

in the weak sense of currents.

Proof. Let ¥; be a sequence of uniformly bounded, G-invariant smooth func-
tions on X such that ¥; — ¥ almost everywhere on X and everywhere on
A. Using Lemma [§| we have

dd° MY (¢,) = /X v(me)dd°U; A (Tw + dd°®) ™.

By the dominated convergence theorem (notice that v(mg) is uniformly
bounded), we can pass to the limit when j — oo (see e.g. |22, Proposition
3.2]). O

Now, we can use the arguments of Berman—Berndtsson in [7] to deduce
the weak convexity of the (v, w)-Mabuchi energy along weak geodesic seg-
ments. We will need the following regularization result which is the main
ingredient in the proof of Berman—Berndtsson for the weak convexity of the
Mabuchi energy [7, Theorem 3.3].

Proposition 1 ([7]). Let (¢1)ie01] € KM(X,w)" be a weak geodesic seg-
ment, and ® the corresponding weak solution of @D Let U := log(mjw +
dded)".

(i) There exist a family of locally bounded G-invariant functions (U A)as0
on X, such that dd°U 4 > 0 in the weak sense of currents, and Wy \ V¥
as A — oo.

(ii) For fized A >0, there exist a family of G-invariant functions
(¥ a)a>0 on X with continuous dependence on T € A, such that the
currents Ty = dd“VUy 4 A (Tiw + dd°®)" are positive and Vi 4 —
W 4 pointwise almost everywhere on X and everywhere on T as k — oo.

Using the above proposition together with Corollary [p, we get the fol-
lowing

Theorem 4. Let (¢t)ic)o, e KM(X,w)T be a weak geodesic segment.
The function T — My w(¢;) is weakly subharmonic on A. In particular,
My w(¢t) is weakly convex along the weak geodesic (¢y).
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Proof. By Corollary |5, since the function ¥4 from in Proposition |1} is
locally bounded, we obtain

(33) i MY (0) = [ vma)Ta.
b's
where Ty 1= dd“V 4 N\ (5w + dd°®)". Now using the fact that v(me)Tar >
0 are positive Radon measures which converge weakly to v(me)T4 as k — oc.
It follows that dd“My4(¢-) > 0. On the other hand we have MY 4 (¢,) —
M, w(¢pr) as A — oo. Thus, dd°My w(¢-) > 0 in the weak sense of currents.
U

To get the pointwise convexity of ¢ — M, w(gbt), we have to show that it is
contlnuous For the energy part t — 2€Rlc(w (p1) + Ew(r), it is clear from
and ( . ) that it is a continuous function, since t — ¢, is a continuous
famﬂy. As in the case when v = 1 on P, (see [7]), it is not a priori clear that
the entropy part ¢ — Hy(¢;) is continuous.

Theorem 5. The (v,w)-Mabuchi energy My v is continuous along weak
geodesics and therefore convex in the pointwise sense.

Proof. The argument is very similar to the one of Berman—Berndtsson in [7]
Theorem 3.4], the only difference is in the calculation of the second variation
of the entropy term involving the weighted measure v(mg, )w ) n]

Let ke(s) be a sequence of strictly convex functions such that kL(s) >1
and kc(s) = s as € = 0. Let (; be a partition of unity subordinate to an
open cover of X. We consider the following modification of the entropy term

\I/A k \IIA k( ) [n]
V€ (¢r) = / Cjke log( ))V(m¢7)w¢Ta

where W 4 5, is given in Proposition (see also [7, Theorem 3.3] for more
details). From the calculations in the proof of Lemma |8 we have

\I’A,k
—)) A (Txw + dd°®) "

ddH, 4" (¢r) = / ¢jv(meg, )dde /ie(log(

\I’A,k \I/A,k
:/ ¢v(me, )d /@’5(10g( ))dC log( o )) A (myw + dd°®)"

WAk
/ ¢v(my,) log( ))ddclog(e ) A (ww + dd°®)l

/CJ v(mg, )i (log (— k))dlog(em)

A d€log (ewn

) A (mhw + dd° @),
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It follows that,

WAk

ddc’Hg’;;’“(@) =/ CjV(mm)"éé(lOg(ewn

))Tak

: ))WXRIC( ) A (mhew 4 dd°®)™

)

+2 C] m¢ log (

/Cg v(meg, )i ( 10%(

) A (mhw + dd°®)|

(34) Vs

))dlog(ew

A dclog(

where Ty 1= dd“VU 4, A (Thw + dd°®)!"l. Now we introduce the following
modified version of the (v, w)-Mabuchi energy:

MEak g Par _ggh ,

V,W,7,€ Vv,7,€ V]

where 0; := (jRic(w). Combining with and (27), we obtain

eVak

A MY (00) = [ Gvime n(log () T
eYak

+2/ [l—ﬁ(log(
/CJ v(mg, k¢ log(

) A (miw + dd°®)m.

)>:| ij(m¢T)7T;(RiC(w) A (ﬂ'}}w + ddC(I))[n]

ePak
)

))dlog(

A dclog(

Since k. is strictly convex, the integral in the last line is positive, and using
that x.(s) > 1, together with T4 > 0, it is also clear that the integral in
the first line is positive. For the remaining integral we can bound it from

below by —C¢ ngzAdT for some C¢; > 0. Thus,

v =1dt NdT

v
c Ak > .
dd°M (¢’r) = CEJ 2’7_‘2

V,W,j,€
It follows that the function ¢ MEJ;‘V’; (¢7) + Cc jt? (where 7 = e711%%) is

weakly convex. On the other hand 7+— M Tar (¢;) is continuous since
Wy, is continuous in 7 € A, by Pr0p031t10n i. It follows that ¢~
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ng wie(dt) + C. jt* is convex in the pointwise sense. Using the equation,

My w(pr) — Ew(dr) = hm ZM&';‘V’; () + CﬁtQ,

where C, = Z Cj.e, we infer that t — My (¢:) — Ew(¢¢) is convex in the
pointwise sense, thus continuous. By . the function t — Hy () is lower
semicontinuous, then it is continuous on [0, 1]. This, completes the proof. [

4. Proof of Corollary

Lemma 9. Given a weak geodesic segment (¢t)ejo) € KVHX,w)T con-
necting ¢o, ¢1 € K(X,w)", we have the following inequalities

. /Hv - Hv ~ i . . n—
Ji A0 O] /X ¥(mi, ) (Ric(ws,) — Ric(w)) Awl "
- /X<(d‘7) (m¢0)7 mRic(w¢O) - mRic(w)>(Z'$w([;:]
~ [ 60 ma )]
X

where ¢ = % o- and v :=

v
vol(X,v(m., )wt™) "

Proof. By convexity of the entropy with respect to the affine structure on
the space of probability measures (see e.g. [7, 23]) and using (20)), we get
Hy(Pr) — Hy(¢o) _ Enty, (pv(¢r)) — Enty, (pv(¢0))

¢ t
> /X log (“V/Efo)> p () . pv (d0)

/xlog ( - )uv(qﬁt) t v (¢0)
+/ 10g(‘~/(m¢0))l‘v(¢t) — pv (o)
X

t
/Xlog < £ )uv(qbt) t fiv (o)
o (10g<v<m¢o>> T, Joly) —10g(3(m,)) (g, )l

/Xlog < - )m(@) t fv (d0)

+ /X % (log(v(mg,)) —log(¥(mg,))) 6(m¢t)w<[f
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where /1y (¢¢) is the probability measure and we have used the fact that

/X log(¥(my,))¥(mg, Jll) = /X log(¥(mg,))¥(mg, Jwll) = const

is a constant independent of t. We thus compute

o Ha(00) = P (60)

t—0+ t
. w? .
> — / f/(m%)dqb/\dclog( ‘ff) Aol 4 / $dde(7(mg,)) Awl "
X X
o

= [ é(attma . aiog (222)) o]
+ /X (m¢0)¢ddclog< %) Aol / $dde (7(mg,)) A wy
== [ ¥(ma)b (Ric(u) =~ Ric(e)) Awl !
= [ @ ma) i = ]
/ Py, (F(myg,)) }-

Now we are in position to give the proof of Corollary

Proof of Corollary[1. Let (¢y) te[o'ﬂ‘] € KH(X,w)T be a weak geodesic seg-
ment connecting ¢g, ¢1 € K(X,w)" . We suppose that v : m =

v. We have
. 5W(¢t) (Z)O [n]
t£r€+ t / O (mg, )
Ric(w) _ oRic(w)
i & (@) =& (o)
t—0+ t

- /X & (v(mg, Ric(w) Awl™ + ((dv)(mg,), Mpicg))wly)

By Lemma [0 and Theorem [3] we get
Mv,w(¢t) - Mv,w(¢0) >/
t T x

lim
t—0+

(—~Scaly(¢o) + w(mg,))dw!!
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Using the sub-slop inequality for the convex function My  (¢;) we get

MV,W(¢t> - MV,W(¢O)
t

> [ (Seal) + wlme, )il

MV,W(¢1) - MV,W(¢0) 2 tlil(l)%*'

By Cauchy-Schwartz inequality we obtain

My w(d1) = My w(do) > —d(1, ¢o) || Scaly(do) — W(m%) ||L2(X,,u,¢0) .

For the general case where v # v, we apply the above formula to the
(v, m)—l\/{a‘buchi energy. 0O

5. Uniqueness of weighted cscK metrics

This section is devoted to establish Theorem 2 from the introduction. We will
generalise the approach of [7) [I7] to the weighted setting. Our proof is closer
to the method used by Chen—Paun—Zeng [I7], based on a generalisation of
the bifurcation technique of Bando—Mabuchi [5].

Proposition 2. Let X be a compact Kdhler manifold with Kdhler class
a, T C Autyeq(X) a real torus with momentum polytope P, C t* and v €
C®(Pq,Rsp), and w € C°(P4,R<0) a non vanishing function on P,. If
w € a is a T-invariant Kihler metric, and po € K(X,w)T such that wy, € a
a (v, w)-extremal metric. Then, there exist wg, in the orbit of w,, under the
action of the group G := Aut’. (X)°, and a smooth function ¢ : [0,¢) x X —
R, such that ¢; := ¢(t,-) € K(X,w)T satisfies the equation

(35)  Scaly(¢y) — t(v(mqgt)A@w + <(dv)(m¢t), mw>) = lext (Mg, )W (Mg, )

where Ayw is the trace of w with respect to wy and lexy is the (v, w)-extremal
affine linear function of (o, T, v, w).

The proof follows from an application of the inverse function theorem as
in [17]. To this end we need to find the Kéahler metric wg, in the G-orbit of
the (v, lext - W) metric wy,, as stated in the theorem.

Let l@(X ,w)T denote the space of T-invariant Kihler potentials ¢ €
K(X,w)T normalized by [y ¢w(my,)wl" =0, and K° := Isom" (X, w,,)° NG
the connected component of identity of the group of Hamiltonian isome-
tries of (X,wy,) commuting with T. As we suppose by definition that
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Scaly (o) /W (my,) = Lext(my,) is the Killing potential of a vector field in
t, by [31, Corollary B.1] K° is a maximal connected compact subgroup of
G. Following [17], we consider the map

T 0= K(X,w)T,

defined on the homogeneous manifold O := G/K° by ¥*¥(0) := ¢, where
bo € K(X,w)T is the unique potential such that

(36) o'w=w+ dd¢p,-.

In the case when w is (v, w)-extremal metric, [31, Theorem B.1] yields the
following result, which is a straightforward generalization of [I7, Proposition
4.3] describing (7T,9*)(T,0O) the image of the differential of ¥ in o € O.

Lemma 10. [I7, Proposition 4.3 If w is a (v, w)-extremal metric, then the
image (T,Y*)(T50) is given by real holomorphic vector fields

€ = Jgrad,, (f) € &,
where ¢ := Lie(K°), ¢, = V¥(0) and f € C*(X,R).

By a result due to Mabuchi [34], any real holomorphic vector field
¢ € (T, ¥%)(T,0), gives rise to a smooth geodesic ray (¢)er € K(X,w)T,
defined by ¢; := ¥ (exp(tf)). Using, strict convexity of the functional &7
along weak geodesics (see Corollary |4) and the fact that exp : TO — O is
onto, we obtain

Lemma 11. [17, Lemma 2] If w is a (v, w)-extremal metric, then for any
T-invariant Kdhler form 6 on X, the functional 53 o« : O — R is proper.
In particular 83 admits a unique minimum point on the orbit ¥ (O).

Now we are in position to give a sketch for the proof of Proposition
which is not materially different than [I7, Theorem 1.2].

Proof of Proposition[3. Since wy, is a (v, w)-extremal metric, we can take
$o € ¥*¥#0(O) be the unique minimiser of £ (we take § = w in Lemma [11)).
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Using Lemma (10| and , we have
(B (wlmg) T (v(mgg) Agw + ((dV) (mg,);mu)), £y, 5, = O,

for any f € €4, in the space of wg,-Killing potentials of elements of Lie(K) :=
€, where (-, )yw.¢, is the weighted inner product

(38) (fs h)w,go = /X Jhw(mg, wg,.

Let K2*+4(X,w)T be the open set of T-invariant w-Kihler potentials with
L2F+4 regularity. We consider the map:

Fow : KEFHY(X, )T x [0,1] — L2*(X,R)T x [0, 1],
defined by
‘FV,W<¢7 t) = (FV,W(¢7 t)7 t)a

(39)  Fuw(ht) = Scaly(¢) — t(V(m¢)szz>7S:S))+ ((dv)(mg),mu))

— gext (m¢) .

We have F w(¢0,0) = 0. Using [31, Lemma B.1], we can calculate the dif-
ferential at (¢o,0) of Fy v is given by

Tigo0)Fomw : LFH(X,R)T x R = L2 (X, R)T x R,
(Tg0,0)Fv,w) (@, C) = ((T(%,O)FV,W)@, o), C) 7

. D} v(mg,) Dy, d
Tig.0) Foe) (6, ¢) = ——2
(T 9,0 Fv.w)(9,C) (g

¢ [v(m%)A%w + <(dV)(m¢0),mw>]

w(me,)

where D%(;'S = 2(V% dqﬁ)* is the J-anti-invariant part of the tensor V% dg,
with V% the g,,-Levi-Civita connection, and Dy, is the formal adjoint
of D¢o .

Notice that Ly v := (W(md)o))*179(“;)0v(m¢0)D¢0 is a fourth order (-, -)w, ¢,-
self adjoint T-invariant elliptic linear operator. By standard elliptic theory
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we have the following (-, )y ¢,-orthogonal decomposition
(40) L2*(X,R)T = Ker(Ly ) ® Im(Ly ).

We have Ker(Ly ) = €4, since K is a maximal compact subgroup of G,
and Im(Ly ) = Lik(X, R)™ . Using (40), it’s clear that the linearization is
neither injective nor surjective. Let Ily, 4, the (-, ) q4,-orthogonal projection
on £4,.

We consider the following modification of the map F

Fow : KFFFYX )T 5 [0,1] = £, x L2F(X,R)T x [0, 1]
defined by

Fow(fs00,1) = (f, (I = Ty 4,) © Fow(f +10,1), ).

where f € tg, and ¢ € LY¥(X,R)T such that ¢ := f + ¢ € K24 (X, w)T.
Let ¢ := fo + 1o be the orthogonal decomposition of ¢g in . The deriva-
tive of Fy w in (fo,%0,0), is given by

(T(f07w070)fvvw)(fv 1/}7 C)
= (f, *Lv,w(¢) - Cw(m¢0)_1 (v(m¢0)A¢0w + <(dv) (m¢0), mw>) , C) .

The decomposition and the equation show that T(fo7wo,0)'7}vvw is
bijective. By the inverse function theorem we obtain a path

(41) O(f,t) := [ +(f,1) € KX, w)T,
for 0 <t < eand f €&y, such that
(42) (I - Hw,qbo) © Fv,w(qb(fa t)a t) =0

for || f— 1 ||L2,k+4< €.
Now we introduce the functional Gy v : €5, X (0,€) — £4,, defined by

gv,w(fa t) = Hw,(bo © FV,W(¢(f7 t)a t)?

where ¢(f,t) is given by . To complete the proof we need to solve the
equation

gv,w(f(t)vt) =0,
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for t € (0,€) and f(t) € t4,. However, its not possible to apply the implicit
function theorem. Indeed,

agv w ; 8FV w o 61,0 ¢
’ (f) =My, © —7 [+ 57 (f))=0
OF 100 of Lmﬁ)( Of (5,09 )
since, by differentiating with respect to f, we get
oY :
(43) e )
OF 1500

To solve this problem, one can consider the map [I7]:

Genlfi) if £ #0,

~ t
gv,w(f) t) = 9Gy ift=0.

ot

(£,0)

which is continuous on &4, x [0,1]. We want to apply the implicit function
theorem to solve the equation

Guw(f(t),1) = 0.

So we have to check that the derivative

0Gy w
(44) Qv,w = . 5
of
(fo,o)
is invertible. To simplify notations we denote the derivative with respect to
t of by
) o
o(f) = N :
(£,0)

By differentiating (42)) with respect to t, we get

(45) (D, v(1mp,) Do, ) (S fo)) +V(mg,)Apew + ((dV)(myg, ), mu) = 0.

A straightforward calculation yields

Ge(£,0) = = Ty g, © Guow (),
Drv(mg)D, ] v(meg)Agw dv)(mg), my
Con(f) = 220 ¢<¢<f>>+;(nfi)¢ + {(dv)(mg),m.)

)
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where ¢ := ¢(f,0). For f €ty we denote f.:= fo+ef and ¢. = fo +
Y(fe,t), we then have

Qo= [ (&
d

T de

Gv,w(fsa 0)) Jéw(m%)wg}u}

e=0

/ I ¢, [GV,W(fE)}fW(m%)w([;Z]

e=0JX

d ; [n]
va e)]W
B /X wlfo) fwo(meg, wg:

 de

W [ G
d

(w(mg, i)
e=0

. /X G (fo) fw(mg, )wl!  (using (@) Gy (fo) = 0)
| (o) (Do (61£).Ps. ),

+ [V(mg, ) Agw + ((dv)(my,), me )] )l

e=0

Using the following variational formulas,

d [n] oy, )

—| Wy, = =D (flw

df': 8:0 ¢s ¢O

¢

d o

2 e = S valma) (@)
e=0 i=1

d £ .

a2 | av)(mg,),me) = D vii(me ) (d ) (E)mE,
e=0 ij=1

d .

el Ar w = —(dde

de . ¢Ew (dd f,w)¢0,

d . .

e Dy . f = —D%]df@o (see Lemma [12| below),
e=0

and the following calculation from the proof of [31, Lemma 4]

d
de

vttt ((d)0me ), m) )
= /Xv(m%)(w, df A dcf)%wgz]

— /X (A¢0w + <(dV)(m¢o)’mw>) ’dﬂiow};}]’



Uniqueness of weighted extremal metrics 569

we compute from :

(Quw(f), Pw.o :L(DZOV(W%)D%)(é(fo))Idf@owgl]
- /X v(me, ) (w, df A d°f)g,wf)
+ / (Agow + ((dv)(mg, ), m)) |df 3, wh!
X
T /X v(mg,)(w, df A d°f) gl

where we used for the second equality. It follows that @ . is bijec-
tive on £4,. Therefore, by the implicit function theorem, there exist a path

(f(t)ic(o,e) € g0 f(0) = fo such that Gy (f(t),t) = 0. From (42), we ob-

tain
FV,W(¢(f(t>v t), t) =0,
for any t € (0, €), which completes the proof. O

Lemma 12. We have

(47)

d . .
—|  Dy.f = —Dgldf)> .

de —o ¢sf ¢0’ f|¢0

Proof. Using [27, Lemma 1.23.2], and the fact that f is a Killing potential
we obtain,

d : V2 d :
de Dy f =— TW%((EVJ)'»') where V' := e Ogradgba(f)

e=0 e=
2
= — \é»(vd)ovb)_’

(48)

where the musical isomorphism used in 1% is with respect to the metric wg,.
Using the equation wy, (grady (f),-) = Jdf, we obtain

V = (dd°f)(Jgrady, (f),)
= Ejgradd) (j)dcf - d((dcf)(Jgradd)o (f))) by Cartan formula,

=0—d|df \3,0 since Jgrad, ( f) is real holomorphic.

Substituting the above expression of V back into , the expression
follows. O
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Now we are in position to prove Theorem

Proof of Theorem[d. Using Proposition [2] the proof of Theorem [2] is very
similar to [I7, Corollary 1.3]. We give the argument for the sake of clar-
ity. Suppose that ¢, g € K(X,w)", such that wy,,ws, are two T-invariant
(v,w)-extremal metrics in the Kéahler class «. Using Proposition [2] ' we
get two paths ¢: [0,€) x X - R and ¢: [0,€) x X = R in K(X,w)T such
that ¢ (resp. qgo) is in the G-orbit of ¢g (resp. ¢p) and ¢; (resp. gZ;t)
solves . Notice that ¢; and gi)t are crltlcal points of the functional

M, = M, + 8% Indeed, by ([7) and (), we have
(dM(v Loxt w))¢(¢) =
Scaly (@) — t(v(me)Aw,w + ((dv)(mg), my, ) .
_/ ( ( ) < é >) _fext(m¢))¢W(m¢)w([b}‘
X (m¢)

By convexity of Mrel = My s...w) along weak geodesics Theorem |} and
strict convexity of 5“ along weak geodesics Corollary [4] it follows that the
functional /\/l( W) is strictly convex on weak geodesics. Thus, ¢ = qS on
(0,€) x X. Ase%Oweobtamgpo—fgpo,forsomefEG O

Remark 2. By [31] Corollary B.1], a (v, w)-extremal metric w is always in-
variant under the action of a maximal torus in Aut,eq(X). We can thus take
in Theorem [2 I T to be a maximal torus. In this case G = Aut_ (X)° = T¢
the complixified torus. Indeedﬂ by [31, Theorem B1] the group G is a reduc-
tive Lie group (at the level of Lie algebras we have Lie(G) = ¢ & J€ where
£ is the Lie algebra of the compact group K := Isom” (X, w) N Aut,eq(X) =
Isom™(X,w)NG). As T C K is simultaneously central and maximal, it fol-
lows that ¢ =t, and thus K° =T and G = T¢. Thus, when T is maximal,
any two (v, w)-extremal metrics wy,ws € a, there exist f € T¢ such that

= f*wl.
6. Action of the Weyl group

As before, let (X, ) be a compact Kéahler manifold and T a maximal real
torus inside the connected Lie group Aut,eq(X) of reduced automorphisms
of X, see Remark [2l We denote by Aut,eq(X)r the normalizer of T in-
side Autyeq(X). By [27, Lemma 4.14.2] we have the equality Aut,eq(X)7 =

!Thanks to V. Apostolov for this argument.
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Autlred(X )° between the corresponding connected components of identity,
hence the following group

(49) W = Attyeq(X)r/Autt 4(X)°

is discrete. We refere to W as the Weyl group of Aut,eq(X), see Remark
below. The group Aut,eq(X)r naturally acts on the space of T-invariant
Kahler metrics in «. The material in this section was suggested to us by
the anonymous referee and aims to study the induced action of a certain
subgroup of Auteq(X)r on the space of (v, w)-extremal Kéahler metrics. We
shall show that for suitable weight functions, the group W may induce finite
order elements inside the group K = Isom™ (X, w) N Aut,eq(X) of isometries
of any T-invariant (v, w)-extremal Kéhler metric in . Such a phenomenon
can also lead to a stronger coercivity property of the weighted Mabuchi en-
ergy, for instance through computation of o and ¢ invariants on T-invariant
functions preserved by these further symmetries, as demonstrated in the
work of Batyrev and Selivanova in the toric Fano case [6].

For every element o € Aut,eq(X)r the restriction of the differential of o
to t defines a linear transformation 7, : t — t by

d
&) = g 7 o exp(i) 0 o .

Notice that T, preserves the lattice A C t of circle subgroups of T, since
a circle generator £ € A defines a circle subgroup o o exp(t£) oo~ whose
generator is T, (), so T,(&) € A.

Lemma 13. Let P, be a fited momentum polytope for the T action
on (X,a) and let 0 € Autyed(X)r with T) : t* — t* the dual map of the
linear transformation T, : t — t. There exist a, € t* such that the affine
transformation Ay, =T + a, of t* preserves the momentum polytope i.e.

Py = As(Py).

Proof. As o € Autyeq(X)r C Autyeq(X) and Autyeq(X) acts trivially on
Hc21R(X ), o preserves the class a. Furthermore, since Autyeq(X)r preseves
T-invariance, if w € « is a T-invartiant Kahler form with normalized momen-
tum map m,, : X — P, then 6*w € « is a T-invariant Kahler form with nor-
malized momentum map mgy=«, : X — P,. By the momentum map property
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for all £ € t we have

_d<mo*wa €> = gJ(U*w) =0 ((U*g)Jw)
= —d (0" (my,0.&)) = —d ({(c"my,, T5(£))) ,

hence d ((mg+, — T3 (0%my),€)) = 0, and thus there exists an a, € t* such
that

(50) Mo+ = Ty (0 "my) + ae = As(0"my,)

It follows that A, (P,) = P, for the affine transformation A, = T} + a, of t*.
O

Given two weight functions v,w € C*°(P,,R), we define the subgroup
Ny w C Autyed(X)T of elements o € Autyeq(X )T such that the corresponding
affine map A, of Lemma [13|fixes the weights (v, w),

Ny w = {0 € Auteq(X)7 | A5 (v, w) = (v,w)}.

We have Aut. (X)° C Autl (X) C Ny, so we can introduce the group
W, w as follows

W = Nygw/Authy (X)° € W,
where W is the Weyl group .

Lemma 14. Letv,w € C*(P,,R<q) be two weight functions and w € « be
a T-invariant (v, w)-extremal Kihler metric. We denote K = Isom" (X, w) N
Autyeq(X). Then there exists an injective morphism p: Wy — K/T. In
particular, Wy  is finite and K contains a subgroup which is an extension

of Wy w by T.
Proof. For any o € Ny y, using we get
V(mo-w) = v(As(07my)) = 0™ ((Agv)(my)) = o7 (v(my)).

Hence, Scaly(0*w) = o™ (Scal,(w)) and the affine (v, w)-extremal function
lext 1s also preserved by A, since A, preserves (P,,v,w) and ley is de-
termined by the latter. It follows that o*w is also (v,w)-extremal. By
Remark Aut® ((X)° =T¢ and using Theorem there exist f e T¢
such that f*w = o*w. If we have a pair of elements fi, fo € T° such that
fiw = fiw = 0w, then fyo f1_1 € Isom™ (X, w) NT¢. We write foo fl_l =



Uniqueness of weighted extremal metrics 573

exp(§ + J(¢) € T¢ for £, ¢ € t and consider the segment of normalized po-
tentials (¢¢)e0,1] € K(X,w)" induced from the family of Kahler metrics
w == exp(t(§ + J())*w = exp(tJ()*w by

wy — w = dd ;.

By [27, Proposition 4.6.3]) (¢t)icpo,1) is a smooth geodesic. On the other
hand since fo o f; ' € IsomT(X,w) then ¢y = ¢; = 0. By uniqueness of the
geodesic segments [13] it follows that ¢ = 0 and thus fo o f;{* = exp(£) € T.
Hence, we get a group morphism p : Wy — K/T defined by p([o]) = [0 o
f_l]. If oo f'=ucTthen 0 =uo f € T showing that p is injective.

The group Wy y is finite since p is injective, K is compact and K° =T
by Remark [2| The subgroup H := 7~ (p(Wy.w)) C K, where 7 : K — K/T
is the canonical projection, fits into the following exact sequence

1= T HS p(Wyyw) =Wy — 1.
Hence H defines an extension of W, y by T. O

Remark 3. In the case of a polarized variety (X, L), the group Aut,eq(X)
is identified with the group Aut(X,L)° of automorphisms preserving the
polarization (see [27, Proposition 8.1.2]). The latter is a linear algebraic
group (see e.g. [II, Theorem 2.16]). In this case, for any maximal torus
T C Autyeq(X) it is well-known that Autl,(X) = AutL,(X)° is connected,
and W = Autyeq(X)7/Auts(X) is the Weyl group (which is also known
to be a finite group). Taking v = w = 1, we thus obtain the invariance of a
T-invariant extremal Kéhler metric in 27¢; (L) under the extension of the
Weyl group by T.

Note also that in the case of a Fano variety, it is now known (see e.g.
[18, 21]) that a Kahler-Einstein metric must be, in fact, invariant under a
maximal compact subgroup of Autyeq(X).
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