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A geometric trapping approach to global

regularity for 2D Navier-Stokes
on manifolds

AYNUR BurLuT AND MANH KHANG HUYNH

In this paper, we use frequency decomposition techniques to give
a direct proof of global existence and regularity for the Navier-
Stokes equations on two-dimensional Riemannian manifolds with-
out boundary. Our techniques are inspired by an approach of Mat-
tingly and Sinai [I5] which was developed in the context of periodic
boundary conditions on a flat background, and which is based on
a maximum principle for Fourier coeflicients.

The extension to general manifolds requires several new ideas,
connected to the less favorable spectral localization properties in
our setting. Our arguments make use of frequency projection op-
erators, multilinear estimates that originated in the study of the
non-linear Schrédinger equation, and ideas from microlocal analy-
sis.
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1. Introduction

Let (M, g) be a closed, oriented, connected, smooth two-dimensional Rie-
mannian manifold, and let X(M) denote the space of smooth vector fields
on M. We consider the incompressible Navier-Stokes equations on M, with
viscosity coefficient v > 0,

(1) U +div(UeU) —vAyU = —gradp in M
divU =0 in M’

with initial data
Uy € %(M),

where I C R is an open interval, and where U : I — X(M) and p: I x M —
R represent the velocity and pressure of the fluid, respectively. Here, the op-
erator Ay is any choice of Laplacian defined on vector fields on M, discussed
below.

The theory of two-dimensional fluid flows on flat spaces is well-developed,
and a variety of global regularity results are well-known. This includes results
on the whole space R?, on smooth bounded domains  C R?, and on the
square (0, 1)? with periodic boundary conditions, which corresponds to the
flat torus T2. Important results in this direction are due to Ladyzhenskaya
[13], and Fujita-Kato [8], with the latter analysis being based on estimates
for the heat semigroup.

In [I5], Mattingly and Sinai give an elementary proof of regularity (and
in fact analyticity) for the periodic setting — see also the references cited
in [I5] for a summary of other related results. The technique in [I5] works
directly with sequences of Fourier coefficients. They establish a priori bounds
for the two-dimensional flow by appealing to a Galerkin method and invoking
a variant of the maximum principle applied to the system of ODEs for the
Fourier coefficients.

In this paper, we develop and extend this geometric trapping method
to the case of the Navier-Stokes system posed on a general manifold M
satisfying conditions as above.

The study of fluid equations such as posed on manifolds has a long
history. In addition to the physical motivation, where fluid models posed
on surfaces such as the sphere emerge naturally as we consider atmospheric
models of the Earth, the PDEs of fluids are intimately tied to geometry.
The interplay between geometry and analysis arising in the study of fluid
dynamics has inspired new developments in many directions. This includes
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applications to Hodge theory, the Euler-Arnold equation, Leray’s sheaf the-
ory, Killing vector fields, and other areas. We refer interested readers to
[T, BH7, (1), 12) 16, 20] and the references contained in these works.

Before proceeding, we elaborate on the choice of the vector Laplacian
Ajpr. Due to the influence of curvature, there are essentially three canonical
choices for the vector Laplacian,

e the Hodge-Laplacian Ay = — (dd + dd), which is defined on differen-
tial forms, and then extended to vector fields by the musical isomor-
phism,

e the connection Laplacian (or Bochner Laplacian) ApT := tr (V?T) =
V;V'T for any tensor T (note that, by the Weitzenbock formula,
which we recall in Appendix A, we have ApX = Ay X + Ric(X) for
all smooth vector fields X on M), and

e the deformation Laplacian ApX = —2Def* Def X = 2divDef X
where

(Def X)" = % (VX7 4+ V/X)

for X € X(M). Then, for all smooth vector fields X, ApX = Ay X +
2 Ric(X) + grad div X. Since divU = 0 in the Navier-Stokes equation,
we can treat Ap as Ay + 2Ric for the incompressible Navier-Stokes
equation.

Each of the operators Ay, Ap, and Ap have the same principal symbol
(or leading terms), and so our treatment is largely indepedent of the specific
choice of Ajpy. In the context of fluid models on manifolds, the Hodge Lapla-
cian was used in [5 [12], while the deformation Laplacian was preferred in
more recent works such as [3} [16] (17, [20]. We use the convention that all three
operators are negative definite, to be consistent with the scalar Laplacian
(that is, the Laplace-Beltrami operator Af = Ay f = divgrad f = ViV, f).

We are now ready to state our main result.

Theorem 1. Let (M,g) be a closed, oriented, connected, smooth two-
dimensional Riemannian manifold, and let Aps be any of the vector Lapla-
cian operators Ag, Ap, or Ap on M.

Suppose that Uy € X(M). Then there exists a unique smooth solution
U:[0,00) = X(M) to with U(0) = Up.

As we mentioned above, to prove Theorem 1, we will extend and de-
velop the geometric trapping ideas that originated in the setting of the
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two-dimensional torus in [I5]. In fact, our methods give sharper information
about the regularity of solutions than what we have stated; we choose to
state the basic smoothness claim to focus on the essential aspects of the
argument.

In our setting, a number of subtleties arise that require new ideas be-
yond the treatment in [I5], even in the case of the sphere S? C R3. To
illustrate this, one can ask whether replacing ¢2™%#) with spherical har-
monics (the eigenfunctions on the sphere) would extend the result to the
sphere. However, such an approach will not work directly. This is be-
cause of the poor spectral localization of products on the sphere (unlike
e12m(1,2) gi2m(kz,2) 2m(ki+k2,2) for the torus). At most, the resulting fre-
quency will lie in a region defined by triangle inequalities. Moreoxlfer, the L?
estimate of the product suffers from an extra factor min (k1, k2)*, which is
essentially sharp on the sphere. This will lead to an unacceptable loss of
decay in summing the frequencies.

Instead, we follow a different approach. We will group eigenfunctions
with the same eigenvalue together, and work with eigenspace projections
instead of Fourier coefficients. We will also replace the non-optimal use of
Hoélder’s inequality in the bounds by multilinear estimates from the theory of
non-linear Schrédinger equations [2]. Combining this with a few additional
technical tools, we gain enough decay to obtain geometric trapping in the
case when M is the sphere S? C R3.

For general compact manifolds, the situation is even more complicated.
The spectral localization of products is poorer (with no triangle inequalities),
the Ricci tensor is no longer constant, and there can be non-trivial harmonic
1-forms. To handle the non-triangle regions, we extend some estimates from
[9], generalizing the argument to handle more derivatives as needed in our
setting.

To handle the extra terms coming from the Ricci tensor, we use an in-
tegration by parts argument as in the method of stationary phase. To avoid
dealing with the distribution of eigenvalues on manifolds, we use frequency
cutoffs as defined by the functional calculus of the Laplacian. The passage
between eigenspace projections and frequency cutoffs for multilinear esti-
mates is made possible by a Fourier decomposition technique.

=€

Outline of the paper

In Section 2, we recall our notation and give a preliminary derivation of the
precise formulation of the Navier-Stokes system that we will use in our
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analysis, including the construction of a sequence of Galerkin projections,
for which we will establish a priori bounds.

The global regularity results of Theorem 1 will follow from a priori
bounds for this system (independent of the projection); we establish these
in Section 3, where we formulate the geometric trapping construction, and
Section 4, which contains the main estimates that allow us to take full ad-
vantage of the diffusive effect of the viscosity term.

2. Notation and preliminaries

In this section, we establish our notation, and derive the main formulation
of the Navier-Stokes system (posed on the manifold M) that we will use
in our analysis. In particular, after recalling our notation and introducing
a relevant class of frequency cutoff and projection operators in Sections 2.1
and 2.2, we formulate the system in terms of an equation for the vortic-
ity (see Section 2.4), and introduce a sequence of Galerkin projections (see
Section 2.5), along with some preliminary analysis of the relevant a priori
estimates for the system.

2.1. Geometric notation & review

Unless mentioned otherwise, the metric g is the Riemannian metric, and
the connection V is the Levi-Civita connection. We write (-,-) to denote
the Riemannian fiber metric for tensor fields on M. We also define the dot
product

((0,0)) = /M (0,0) vol

where o and 6 are tensor fields of the same type, while vol is the Riemannian
volume form. When there is no possible confusion, we will omit writing vol.

Let Q!(M) denote the space of 1-forms on M. As usual, for any
smooth vector field X € X(M), we define X” € Q'(M), also denoted by
bX, by setting X°(Y) := (X,Y) for Y € ¥(M). This is the so-called mu-
sical isomorphism, which identifies X(M) with Q!(M). Similarly, we define
(oY) = a(Y) for any a € Q' (M) and Y € X(M).

As in [11], we will often use Penrose abstract index notation (cf. [21]
Section 2.4]), where the indices do not correspond to any preferred coordi-
nate system, but only indicate the types of tensors and how they contract.
This should not be confused with the similar-looking Einstein notation for
local coordinates, or the similar-sounding Penrose graphical notation. We
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collect the usual identities in differential geometry (proved in [I4] and [21]),
expressed in Penrose notation, in Appendix A.

We conclude this section by recalling some conventions and common
notation used throughout the rest of this paper. We will write A S, -, B
for A < CB, where C is a positive constant depending on x and not y.
Similarly, A ~g -y B means A S,y B and B S, -y A. We will omit the
explicit dependence when it is either not essential or obvious by context.

With QF(M), k > 1, denoting the space of k-forms on M, we recall the
usual Hodge star operator % : QF(M) == Q"~*(M), the exterior derivative
d: QF(M) — QFF1(M), the codifferential § : QF (M) — QF~1(M), and the
Hodge Laplacian A = —(dd + dd) (cf. [19, Section 2.10] and [I8, Defini-
tion 1.2.2]). We note that d is the operator that appears in Stokes’ theorem,
and remark that § is the L2-adjoint of d; moreover, §(X”) = — div, X for
X e X(M).

Throughout the paper, we will use the notation DF as a “schematic” for
a spatial differential operator of order k, with coefficients bounded in the
C™ topology for all time. In each setting where this appears, results from
microlocal analysis (or just straight calculations) then give the schematic
identities

[Dkv Dl] - Dk—H_la

when the symbols ¢(D¥) and o(D') satisfy o(D¥) o o(D') = o(D') o o(D¥)
(e.g., when DF is a Laplace-type operator), and

(o)) = ({6-0"))

for smooth tensor fields ¢ and .

2.2. Frequency cutoff and projection operators

As the Laplace-Beltrami operator A is self-adjoint, we can define its func-
tional calculus by the spectral theorem (see [19, Section A.8]). For any
s€ o (vV—-A), define my : D' (M) — C°°(M) as the continuous eigenspace
projection mapping into the space of eigenfunctions corresponding to s. So
(—=A) 7 = 5?15 on D' (M). In particular, the image of 7 is the space of
constant functions.

We also define the frequency cutoff projections

Py =1y 541) (V —A) = Z ms, k>0,
s€o(V=RA)N[kk+1)
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and, for k,m € Ny, we define

Py H™QF (M) — d (Hm“szk—l(M)) ,

Py s H™QF (M) — 6 (Hm“Qk“(M)) ,
and
P3 = Py : D'QF (M) — QF (M),

as the continuous Hodge projections, where Hka(M), k,m € Ng, denotes
the Sobolev space of order m defined on the space QF(M) of k-forms on
M via local coordinates. As in [I1], we have 1 = Py + Py + P3, and remark
that

P:=Py+P3

is the classical Leray projection operator.

Note that the range of Py is finite-dimensional (with Py = 7y on
Q0 (M)), which is essentially the frequency zero. The foundational result
of Hodge theory is that for any m € Ny and k € Ny, Ay is bijective from
(1 —Py) H™20F (M) to (1 —Py) H™QF (M). Tt follows from this that
(=Ag)~ " is well-defined on

(1 —Py) H™QF (M) .

We also easily see that Py*x = xPy.

We can extend Py, P1, Py to vector fields via the musical isomorphism
on 1-forms. We can also define the frequency cutoffs Pj on differential forms
(and vector fields) by invoking the functional calculus of Ay (indeed, for
s € o(v/—Apg) one has m1sAy X = —s?X for any vector field X, from which
the definition for Py proceeds similarly). For comments on how the choice
of vector Laplacian affects the resulting arguments, we refer the reader to
Section 2.3 below.

Then Pkd = de, Pké = (5Pk, PkAH = AHPk, and Pk* = *Pk. MOI‘GOVGI‘,
recalling the explicit form of the operators P;, i = 1,2, 3, a direct calculation
gives

PP = PiP

for i = 1,2, 3. In particular, P,Py = 0 for any k > 0.
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Let A\ denote the smallest nonzero mode; that is,
(2) A= A(M) = min(o(v/=Ap) \ {0}),
where Apy is treated as an unbounded operator on
L*Q(M) := @2_ L*Q*(M).
Then, for all m € Ny, we can replace the H" norm on forms by

101z = POl e + [[E™ [ Pebl 2 |2 (ng+20)
~ 1Pu6I| e + | (=Am)™ (L = Pr)b 12

2.3. The vector Laplacian operator

We now make a few remarks related to the choice of the Laplacian operator
Ay as either the Hodge Laplacian Ap, the connection (Bochner) Laplacian
Ap, or the deformation Laplacian Ap.

The choice of this operator in the Navier-Stokes system affects the
class of initial data that one can consider to obtain global results by per-
turbing the classical flat background theory. For instance, if we choose the
Hodge-Laplacian, the “global existence for small data” result on flat spaces
will generalize to initial data near the space of harmonic vector fields (satis-
fying Ay X = 0). On the other hand, if we choose the deformation Laplacian,
then, as proved in [17], the flat background small data theory leads to results
for initial data in small neighborhoods of the space of Killing vector fields,
which satisfy the equation ApX = 0. Both spaces are finite-dimensional and
algebraically rigid, leading to their own respective theories.

Nevertheless, for the results of this paper, we may take Aj,s to be any of
these three choices. Indeed, our arguments will rely on the following prop-
erties, which are valid for all three operators:

(i) Ayy = Ag + F where F is a differential operator of order 0 (with
smooth coefficients),

(ii) Ay is self-adjoint on L2X (M), and
(iif) Ay < 0.

Note that condition (iii) amounts to a choice of convention for signs, and
corresponds to the physical dissipation of energy.
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2.4. The vorticity equation

Consider the Navier-Stokes equation as in (I)). For f € C*°(M), define
curl f = — (*df)ﬂ. Because we are in two spatial dimensions, we have that
the vector field U satisfies dU® = wvol for some w € C™ (M). The vorticity
w is then defined by setting

w = xdbU = xdPopU.

The advantage of working in two spatial dimensions is that the
vorticity can be identified with a scalar function, and we can con-
trol its L? norm (via the enstrophy estimate). It is trivial to check
that d : PoQY (M) — P1Q2 (M) is bijective with inverse Ry = 6 (~Ag) ™! =
(=A) 16, s0 PobU =6 (—Ap) ' vw = —+d(—A)"w. Moreover, mow =
0, and, since U = PU,

(1 =Py)U =PoU = curl (-A) ' w.

We use these identities to reformulate the system in terms of w. For
this, we begin with a lemma relating the Lie derivative and the musical
isomorphism.

Lemma 2. Let X be a smooth vector field on M. Then

2
LxX’=VxX’+d <’X2‘> .

Proof. We compute, for any smooth vector field Y € X(M),

(EXXb) (V) = Ly (X,Y) — (X,[X,Y])
= (VxX,Y) + (X,VyY — [X,Y])
= (VxX,Y> + <X, VyX>

_ (VXX") .Y+d<’X22> Y.

This completes the proof of the lemma. O

We apply the musical isomorphism to the Navier-Stokes equation. In
view of Lemma 2, this gives

2
O:&tUb+EUUb—V(AH+F)Ub+d<p—|U;).
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Now, an application of the exterior derivative leads to
0 = dw vol + (Lyw) vol +w(div U) vol —v (Aw vol +dFbU) ,
which, using divU = 0, becomes

0= 0w + (U,Vw) — vAw — v+ dFHhU
= 0w + <curl (-A)tw, Vw> + (PnU, Vw)
—vAw — v *dFb (curl (=A)tw+ PHU) .

Because w only governs (1 — Py) U, we cannot completely remove the
coupling with the velocity equation. Fortunately, ||U]|;. stays bounded (in
view of the energy inequality), so ||PyU|cm Sm |U|| L2 stays bounded for
all m € Ng. This means that the harmonic part is relatively easy to control.

Collecting these arguments, we have arrived at the following equivalent
formulation of the Navier-Stokes system:

U =Pyl +curl(-A) tw

0 =dw+ <curl (-A)tw, Vw> + (PyU, Vw)
+vD? (—A) " w+ vD'PyU — vAw

0 =0PyU + PyVyU + vPy DU

We note that the condition divU = 0 is already implied, and operators im-
plied within D?, D', D° can be explicitly written out.

2.5. Galerkin approximation and a priori estimates

Let A1 be the smallest nonzero mode as in , and let Z C Ny + A1 be a
finite subset selecting the modes included in the Galerkin approximation

wy = Z P.wy.

keZ
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Then the truncated equation is

Uy = PyUz + curl (=A) ™' S Pwy,

keZ
0=0Pwz+ >, P <curl (—A)f1 P wz, VPlsz>
l1,l.eZ
(4) + ¥ Py (PuUs, VPwy) + X vPD? (—A) " Puy
lez lez

+vP,D'Py Uy — vAPwy, Vke€ Z,
0=0PyUz+PyVuy, Uz + I/PHDOUz.

A more explicit form, without D?, D!, DY, is

Uy = PulUyz + curl (=A)  wy,
(5) 0= 0wy + szUZwZ —vPy *dAMbUz,
0=0PyUz + PuVu,Uz — vPy AUz,

where Pz := 3, P.

Selecting a finite basis for Range (Py) and Range (Py) for each k, we
obtain a smooth finite-dimensional ODE system (with the unknowns being
an analogue of the sequence of Fourier coefficients, depending only on time).

This system has a smooth solution on [0,7%) for some Tz € (0, 00| (by
Picard’s theorem). Standard Hodge theory now shows that the solution Uy
solves a truncated form of the Navier-Stokes equation.

Lemma 3. Let Z C Ng+ A1 be a finite set. Suppose that Uy solves (@
Then Uy is also a solution to the equation

(6) 6tUz+(7DH+PZ'PQ) Vu,Uz —V(PH+P2P2) AyUz = 0.
Proof. We have wy = xdbU and

—0, Uy = —0,PuUz — curl (—=A) ' 9wy
=PuVuy, Uz — vPyA MUz
+ curl (—A)il (PZVUZwZ —vPyz x dAMbUz) .

In view of this, we want to show

Py (PzVy, Uz — vPzANUZ) = curl (=A) ™ (P, wy — vPz « dAyHU )
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We showed above that curl (—A) ™ : PoQ0 — PoX is bijective with inverse
*db. Also dPy = d, so now we only need to show

*db (PZVUZUZ — szAMUz) = szUZwZ — I/PZ *dAMbUZ
For this, note that by Lemma 2, we have

*xdvPzVy, Uz = Pz xdLy,bUy
= PZ * £UZ dbUZ
= Pz x Ly, (wz vol)
= Pz * ((Vy,wz) vol)
= PzVy,wz,

which completes the proof. [l

We aim to take the limit Z 1 Ny + Aq. In order to obtain convergence,
we will need a priori estimates that are independent of the truncation set
Z. The first such estimate is the energy inequality,

1Uz(®)]| 2 < 1Uz (0)| 2

which follows from @ and the fact that Ay < 0. In particular, the energy
estimate implies that Py Uz(t) stays bounded in the C*° topology.
The second a priori estimate we will use is the enstrophy estimate,

(7) lwz (Ol g2 S~z (lwz ()2 + Uz (0)] ) ",

which we will show holds for some C' depending only on M, not Z. Indeed,
observe that

0= ((Owz,wz)) + ((Vu,wz,wz)) — v ((xd (A + F)bUz,wz))

=, (””5‘@) — v {((xdApbU7,*doUz)) — v {{D'Uz,wz))

2
— 8, (”“f”?) + v ((ApdUyz, ApdUy)) — v {({D'Uz,wz)),

and thus 0 (HWZHg) Svllwzlls [|Uz] 2. But, by the Poincare inequality
111,

Uzl ~ar [PrUzl2 + 100Uz |y + [|dbUz|y S 1UZ 0)]]y + [lwzll2 -
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So we have

0 (Ilwz 0I5 + U2 0)113) S v (lwz @]y + Uz (0)])*
~ v (llwz ()13 + U2 (0)]3)

An application of Gronwall’s inequality now gives the enstrophy estimate ([7)).

Remark 4. As a particular consequence, note that by Picard’s theorem
and the fact that modes are finite, the above bounds show that Tz = co and
that Uy exists globally in time.

Note that the enstrophy is non-increasing when Ay = Ay (F = 0). This
is the case for flat spaces.

The main a priori estimate for smooth convergence we establish in this
paper is the following theorem.

Theorem 5. If for some Ag € (0,00) and r > 1,

A
Uz (0)]l, < Ao and || Pwz (0], < ﬁ Vk € Z,
then
A*(t
| Pz (8)]]4 < IkT) Vt>0,Vk e Z

for some smooth A*(t) depending on r,v, M, Ay and not Z.

Note that the hypotheses of Theorem 5 implicitly yield

lwz (0)]l; < Ao S-z Aop.

k" 2

We prove Theorem 5 in Section 3 and Section 4 below; indeed, this is
the main task of the rest of this paper.

Assume that we have established Theorem 5. We now show how to con-
clude the proof of our Theorem 1, our main result on global regularity for
solutions to the Navier-Stokes system on M. To leverage the a priori
bounds of Theorem 5, we begin with a short uniqueness lemma, for the class
of smooth solutions.

Lemma 6. Any smooth solution to Navier-Stokes must be unique.
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Proof. Let U and U 4+ V be 2 smooth solutions with the same initial data
(i.e. V(0)=0). Then 0 =0,V +P(VyU + VysvV) —vApV, which im-
plies

2
N ( |V2||) = (VU)o (AT VY < [VIEVUL

As V(0) = 0, by Gronwall V' = 0. O
We now complete the proof of Theorem 1.

Proof of Theorem 1. Suppose Uy is smooth. Then, choosing any r > 1, we
may apply Theorem 5 to see that the sequence (Uz) remains bounded in
CilocHy® as the truncation set Z expands to Ny + Ap.

Using the usual exchange of one time derivative for spatial derivatives in
our Navier-Stokes system, we therefore obtain uniform bounds in Cy, . H:°.
By the Sobolev embedding, it follows that there is a subsequence (’Uzi)izo
converging to a smooth solution U (as Py is a contraction on all H™).

This shows that there exists a global smooth solution with initial data
Up. In view of the uniqueness result for solutions of this class given in Lemma

6, the proof of the global regularity result is complete. U

3. Geometric trapping

In this section and Section 4, we prove Theorem 5. As described in the intro-
duction, the argument follows the general pattern of the geometric trapping
method of [15]. In our setting, this requires several additional ideas, due to
the less well-behaved spectral properties of the manifold M.

Assume the hypotheses in Theorem 5 are satisfied. Fix 7' > 0. We want
to show that there is a positive constant A% > 1 (depending on 7, v, M, Ay,
and T, but not on Z) such that

A*
(8) | Pewz (£)||5 < # vt €[0,T],Vk € Z.

By the enstrophy estimate, there is £, > 1, which may depend on v, Ay,
M, and T, but does not depend on Z C Ny + A1, such that

loz @)IIZ: + Uz (t)]l3 < € for t € 0,7].
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This means that for any Ko > A1, setting

A
Al:_(K5+1)< 0 +1>+/\1,

Ve

we have

Ay /EE
| Pwz (8], < % for t € [0,7] and k € (No + A1) N [A1, Ko ,

with A9 < A1,/&7. This estimate handles the contribution of low frequen-
cies. We also have

Pwwz =0Vk € (Ng+ 1) \Z.

Pick Ky large (to be chosen later). We will show that
([Pswz (D)ll2) pen,+a, Temains trapped in the set

A\ /EF
S (KO) = {(ak)kENo-i-)\l tap < m«? Vk € Ny + )\1}

Note that (||Pswz (0)|ls)pen, 42, € © (Ko). The idea is that if

(I1Pewz Dl 2) ken, 4,

were to exit the set & (Kj) for some ¢t > 0, it would have to go through

A&
Gy (Ko) = { (@) peny o, © Ok < 1|/.c|7" T Wk € No + A1,

A\ /EX ~
ap = 1’\/,,? for some k € (N0+A1)0(K0700)}
k

In other words, for some k > Ky, || Pywz (t)||, must reach and then ex-

AN/ A&

ceed —pf—. If we can show that when | Prwyz (t)]5 = —r—» We have

o (I1Pwz (1)) <.

then the evolution cannot exit the confining set S(Kj).
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To show this, we aim to show that the diffusion AP,wz in is the
dominant term. Since

A1/ EX
|APwz(t)||y ~ |k’,«,2T,

our goal is to show bounds which yield a stronger decay rate than | klr ——. In

particular, we reduce the proof of Theorem 5 to the following lemma, which
we will prove in Section 4.

Lemma 7 (Viscous domination). Let r, Ay and &} be as above. Let
Ky > A1 4+ 10 be arbitrary and set

A= (Kj+1) (\1/427+1)+)\1(M).
T

Assume at time t € [0,T], we have |Pwz (t)||, < A |}|/TT VI € Nog + Ar.
Then for any k € (Ng + A1) N (Ko, 00), we have

HPk<cur1(—A)_1Plle( ), VB, wz(t >H
l,l.eZ

+ ) 1P (PrUZ(t), VPwz (1))

1eZ
2/ A1
+ZVHPI<;D (—A) lez(t)H2
ez
A&
+ v ||PeDPuU () ||y SvMrmz,-1-Ks |k|1T‘Y;'

To conclude this section, we give the proof of Theorem 5 under the
assumption that we have already shown Lemma 7.

Proof of Theorem 5. Fit T > 0, choose K large, and let A; be as defined
above. Then if 0 < t < T is such that

A1 EX
HPka (t)H2 - ’k‘r T

and

Ay JEF
1Pz ()], < 1|z| for all I € Ng + Ay,
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it follows that we have

Powy (1) A &r
Oy (W) = Oy M r~2,~T~K, < - z | Prwz (t )”2)

k|
v {((APgwz(t), Prwz (t))) -

Observe that ((APgwz(t), Prwz (t))) < 0 and

A1/ EF

|{((APywz(t), Prwz ()| ~M ~z,~T~K, NG —

L (|Pewz (£)]], -

N

In particular, we can choose Ky so that K <Ly, M,r—2,~T,—K, 1, thereby

2
o (w) <o

Then (|| Pywz (t)]5) € & (Ko) for all t € [0,T7], and the desired bound (§ .
follows by setting A} = A1\/&7.

obtaining

4. Viscous domination

In this section, we prove Lemma 7. To frame our techniques, we recall a
classical result used in the study of the nonlinear Schrodinger equation.

Proposition 8. For any f,g € L?> (M) and I1,ls > M\ (M) and a,b € N,
we have

|V Pup) « (VPPLF)|| Sar min (0, )7 8 1Py A1l 8 1P £

where (V2P f) * (VbPlzf) is schematic for any contraction of the two ten-
s0TS.

Proof. Let x € S(R) such that xy =1 on [0,1]. Define x) = x(vV—A — \).
Then x;, P, f = B, f, and we can use [9, Equation 7.13][| O

We will make use of a variant of this result, adapted to the frequency
cutoff operators defined in Section 2.2.

!The statement in [9] contains a slight typo [10]. The correct factor min (I, lg)%
was originally given in [2].
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Since we want to avoid relying on facts about the distribution of eigen-
values, we will use a Fourier decomposition technique, decomposing the mul-
tilinear symbols into linear pieces (see, e.g. [4, Lemma 2.10] or [9, Propo-
sition 7.5]). This strategy, which we will refer to in the rest of this paper
as the “Fourier trick,” allows us to pass between frequency cutoffs P, and
eigenspace projections .

Lemma 9 (Bilinear estimate). For any f,g € L?>(M) and Iy, >
A1 (M) and a,b,c € Ny, we have

(7P (V9 (=) Pug) || Sar min (1,27 8 1P £ 1572 | Prgll

where (V2P f) * (VbPlzg) is schematic for any contraction of the two ten-
s0r8.

The main intuition underlying the connection between Proposition 8
and Lemma 9 is that (—A)™° P, is almost like I; %P, (but not quite, as
frequency cutoffs are a bit different from eigenspace projections).

Proof of Lemma 9. Let h € L? (M) such that ||h]|, < 1. We want to show

(7P ) # (VP (=2) Pug) k)
(9) = 0 (min (11, 1) 1§ |12, 1, 7% |1 Prgll,)
Observe that, using eigenspace projections and standard commutation

properties as described in Section 2.2, the left-hand side of @ can be rewrit-
ten as

S e (Priag) 1)

2c
zi€lo,)N(o(vV=2)—1;) (l2 + 22)
j=1,2

Set ¢ (21, 22) = W for z1, zo € [0, 1]. Simple calculations show that

1
1l (o,112) Sxn e
2

We can easily extend 1 to a C? function 1, supported in (-2, 2)2 such
that |[¢1]|ce S |9l Then we can treat 11 as a C? periodic function on
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[—2,2]2 and apply Fourier inversion: 1 (21, 22) = >0, 0,2 U1 (61, 05) €270

with

1
Sl S llen S 7
5(2) 2
4

¢

LS| e

1
5(2) ’<9>2

We can then rewrite the left-hand side of @ as

>3 G0 (0000) (Vo msn f2m ) s (Vom s, ge 70 ) ) )

?1,%2 017926%

= > G006) (VP fo) < (V' PLgn) b))

Z
0:,0.€2

where the outer sum on the left hand side is over the index set
{(z1,22) 1 25 €[0,1)N (a (\/—A) - lj) for j = 1,2},
and where we’ve set

f91 = Z T4z fei27F2191
21€[0,1)N(o(V=2)-1)

and

1272202

gez = Z 7T12+229€
ZQE[O,l)ﬁ(O’('\/ 7A)7l2)

The crucial point is that the L? norm is modulation-independent, and the
eigen-spaces are mutually orthogonal, so || P, fo, ||y = [P, fll9: [|Pige,lls =

1P,gll5-
Applying Proposition 8 and noting that

S 61 (61,62) Omg, i, (min (1, 12) 65 [ Py S5 1Pl

Z
9179262

= O (|||, min (1. 12)7 85 1P 71215 1 Prgls)

the desired conclusion follows. O

While the estimate established in Lemma 9 is good enough for the so-
called “triangle regions” in our analysis (see Claim A in Section 4), we
will also need another estimate to treat the “distant regions” of frequency
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interactions. In [9], Hani showed that for any f,g,h € L? (M) and I; > I >
I3 > A1(M) such that I} = lo + Kl3 + 2 for K > 1, one has

[ D R ()] St 15 1Pl gl P

for all J € Ny.

We generalize this result to the following lemma.
Lemma 10 (Trilinear estimate). For any f1, f2, f3 € L> (M); a1, by, as,

by a3, bs,J € Ng and Iy > 1o > I3 > A\ (M) such that Iy = lo + Kl3 + 2 for
K > 1, we have

‘ | (v blPlfl)*(v%(—A)*"%fQ)*(v%(—A)*”Sstfg)

ST M,y -l KJ Hl%_% |23, £ |,

The proof of Lemma 10 is given in Appendix B. The ideas involved are
similar to the tools used in the proof of Lemma 9 above.

We now proceed to the proof of Lemma 7. To make the argument easier
to follow, we note that it suffices to establish the following self-contained
statement. This formulation makes it clear that there is no dependence on
Ky, T,Z in Lemma 7.

Lemma 7’ (Viscous domination, restated). Let w € C®(M) and
u€ PyX(M). Let A,B>1 and k € Ng+ A\ +10. Let r > 1. Assume that
mow =0 and ||[Pwl|, < ﬁ for all 1 € Ng+ A\i. Assume also that ||w]|, +
lelly = [R50l 2 gy s,y + ll2 < B-

Then

Hpk<cur1(—A)—1Phw,VP,2w>H + S 1P (Pru, VRw),
l],l2€N0+>\1 2 ZENO+>\1

+ Y |[Pep?ew (-2) 7 P +||PD P, S
1eNg+A 2 |k’ 4

AB

We will split this problem into smaller claims, handling the contribu-
tion of each term. This is the content of the next three subsections, the
combination of which together establish Lemma 7’.
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4.1. The convective term

The main tools we will use are Lemma 9 and Lemma 10. We also note that
for p € [1,00] and a € R:
« < Oé-‘ri o
o ||l ”lfgzgk <k for ap > —1.

—L_ for ap > 1.

by, ~

Claim A. Firstly, we will show

N

Z HPk <cur1(—A)_l Pllw,VPle>H2

l1,loENg+Ay
[l —l2| <k<ly+l>

Remark. These “triangle regions” are all we need to complete the
proof of Lemma 7’ (and its original formulation Lemma 7), and thus
also of Theorem 1, in the case when M is the sphere S? C R3. In-
deed, on the sphere, we have Ric(X)= X and Py = 0. In this case, we
are therefore justified in setting Ajy; = Ay + ¢ where ¢ € R is a con-
stant, which is easy to handle as ¢ ||Pywz||y Si, [|APwwz||y. Also, we have

Py <cur1 (=A) "t PLwz(t), VPlsz(t)> = 0if (k,ly,12) does not obey the tri-
angle inequalities; see [5, Equation (26)].
Proof of Claim A. Let

T ={(1,l2) : l1,lo e Ng+ A1 and |ly —lo| <k <l +12}.

We write T = 71 U T3 U T3, where the sets 7; are defined by

k
Ti={(l,l)eT: 1 < 5},

To=A{(1,l) e T: g <l <2k},

and

T3 ={(li,l2) € T : L1 > 2k}.
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T3

Figure 1: The triangle regions.

We begin by estimating the contribution of 7;. In this case, we have
Iy <ls ~ k, and the contribution of terms from 77 is bounded by

A
10 z”‘L Powl, kP <N Py, k=
(10) ZZ | Pwlly & | zzwbwzl: 1P wlly o

1 2

where to obtain the last inequality we have noted that for each [1, there are
at most 2[; choices of l5. The Hélder inequality now gives the bound

A AB
< 1.3/4
'I' KY°B ko = Jr—7/4

We now estimate the contribution from 7. Here we have lo < k ~ ;.
The contribution is then bounded by

Zkal/Zli ||Pl1w||2l2 ||H2wH2 SJ Zk‘.l/47 ||B1wH2 k B
I lo

(11) Z kr— 3/4
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where the Holder inequality is used in passing from left to right in the first
line. Recalling that there are at most O(k) choices for the value of I in the
summation for this contribution, we obtain the bound

AB
1' S T

It remains to estimate the 73 contribution. For this, we have k <[y ~
lo, and we note that, for each fixed [y, the number of choices for [y is at
most O(k). Making the change of variable ly =1y + j, where |j| <k, the
contribution of 73 is bounded by

1/41 , A
230 IRl (4 D Pl § D237 57 Pl
Joh

J L "1
A
S B
J
AB
~ fr=7/4’

where we used the Holder inequality to pass from the first to second lines.
Note that in this calculation we needed 2 (r — i) > 1. O

As we oberved above, this completes the proof in the case of the sphere
M = S?. To treat more general manifolds, we will invoke the trilinear es-
timate in Lemma 10 to estimate the contribution of the “distant regions”
(where max(k,l1,l2) is far bigger than the rest). In addition, between the
triangle regions and the distant regions, there are “intermediate regions”
where we require more ad-hoc arguments.

Claim B. With k € Ny + A\ + 10, set
A= {(ll,lg) : ll,lg € No + A1 and ’ll — lg’ > k},
and
B = {(ll,lz):ll,lg eENg+XMand 1 + 1 < k‘}
Then
AB

2 k
(l] ,lz)EAUB

4
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ly
Azp
Asa
Ay
Zm
Asa A

B2y, As

B

Baa Bi, Asp
Bia By, ll

Figure 2: The non-triangle regions. Shaded regions indicate where the tri-
linear estimate of Lemma 10 is used.

Proof. In using Lemma 10, we will set J as large as necessary.
We split A = {|l; — l2| > k} into smaller regions

A ={li <k}nA,

Ay = {ll >k,ly > k‘}ﬂ.A,
and
As = {ll >k >l2}ﬂ¢4.

We begin by estimating the contribution of A4;. For this, we consider the
contribution

Aig ={li <k<lpa<k+2L +2}NA,
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for which Iy <ly ~ k, and for each fixed [y, there are at most O(l;) choices
for the index lo. The contribution is then bounded by

1 4
ZD / o 1P wlly Pl

A
S Zﬂ“ualwrbk—

A

< k3/4B- T

To handle the contribution
.Au,:{ll §k<k+2l1+2<l2}ﬂ./4,

where k + 201 + 2 ~ k, we invoke Lemma 10, to bound the contribution by

J/4 1
PBLS iﬁrmlwnmnmwu?
ll 2

12 <N PLw
(12) Z 1Py sz“lg—k >

Now, choose p € (1,00) and J € Ny such that (r—1)p > 1, Jp’ > 1, and

1 3 1 1
2= - )=2(==2)>-1.
p 4 4 p

The condition r > 1 ensures that this choice is possible. Using the Holder
inequality in the summation over Iy to bound by the KZ and éi norms, we
then have

J—3/4
<S>0h / 1Py wlly A—————+
n Kl
A 5o
= lef | P, wl[
2

A gt

4

~ r—1-1/p ’

where we have used the Holder inequality again to obtain the last inequality.
This completes the estimate of the A; contribution.



994 A. Bulut and M. K. Huynh

To estimate the contribution of Ay, we again subdivide into further cases.
We first consider the contribution from

Aga:{k’< |l1—l2| <2]€—|—2}ﬂ.,42.

Here, we have k < I1 ~ Iy, and we invoke the change of variable lo = [ + 7,
where |j| < k. The contribution is bounded by

1/4 A
> St IR wly B sswly < 3030 S 1wl
J L J Iy 1

A AB
S Z kT73/4B = Er—7/47
J

where the last line follows from the Holder inequality, and where we have
used 2 (r —1/4) > 1.
The remaining contribution from 4s is the contribution of

Aoy = {2](5 +2< |l1 — l2|} N As.

Here, we have k>1+A;, and thus |[|l1 —lo| —2|~ |l1 —l3]. Using
Lemma 10, the contribution is bounded by

J
1/a k 1
SN Wt B wlly b || Pywll,
A lo = L[l

1 1 1
(13) <ARTY Pl Y
L h o 2 =Ll Ly

Choosing J and p such that Jp > 1,(r —1)p’ > 1 (this is possible, since
r > 1), and using the Holder inequality to estimate the summation in I by
appropriate EZ and Ei norms, we obtain

1 1 1
J
S Ak Z l?,ﬁ HPllez kJ-1/p  fr—1-1/p’
.4
1 1
=A-= > B [P wlly
1 1

S At

where the last line follows from another application of the Holder inequality.
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We now address the contribution of As. This further splits into:

(14) Aga:{k+212+2>l12k>lg}ﬂ¢43
and
(15) Agb:{llZk+2l2+22k>l2}ﬂ¢43.

To handle the contribution of , note that in this case ls < k ~ [1, and
that for each lo, the number of choices of I; contributing to the sum is O(l3).
The contribution is thus bounded by

zzz% 1Py wlly 2 | Pyw]),
5/4
<ZZ kml/ 1P,

9/4
< Zz Pl

~ g = /A

where, in passing from the second to third lines, we’ve used the bound on
the number of terms in the summation over /1, and in passing to the last
line, we’ve used the Holder inequality.

We now turn to the contribution of . Here k + 2l5 + 2 ~ k. Using
Lemma 10, this contribution is bounded by

/4 1
22 iygrxalw||2z2|rﬂ2w\\2
5”5/4 A

I L
2 1

zJ+5/4 A

2
S ZH,—WW |Pwll,
lo "2
A AB

9/4 —
S k kr+1/ZB T gr=T/4e

where we have used the Hélder inequality in the last two lines.
We similarly divide B = {l; + l2 < k} into smaller regions. The first of
these is By = {l; > lo}, which we subdivide into two further sets of indices.
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The first contribution is that of
k
Bio={k>1+2la+2;l; < 5}051-

Here, because k> 10, we have kK —1y —2 ~ k, and the contribution is
bounded by

1/a 13
§j§jz/;” | Prywlly o [Pyl
1 J+
SQZwaﬁmwz
SkJZl lT+l

AB
J+I-r AB = ——
N ka kr=7/47

where we have again used the Holder inequality to pass from the second
to third lines, and where we have used J + % —r—1>—1 (which holds
trivially).

The two remaining subdivisions of the index set {l; > [y} are

k
Blb:{k2l1+2l2+2;l1>§}mb’1 and Blcz{l1+2l2+2>k‘}ﬂ[3’1.

In both cases, I; ~ k, and the contribution is bounded by

1
> u IRl Pl
o L
o A 5/4
lo L

A 5/4
sz;Ejg/wzwm

2

A AB
< =
~ k?“k 1B = kr—7/4

where in passing from the second to third lines we have used that for each
I there are at most O(k) choices of index [; contributing to the summation,
and in passing to the last line, we’ve use the Holder inequality.
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The second region contributing to Bis By = {l; < l2}. This again further
splits into several parts. The first such contribution is that of

k
Qa:{k22l1+lg+2;12§§}ﬁ32.

Here, because k > 10, we have k—1Ily —2 ~ k, and the contribution is
bounded by

yali
ZZWQN%WM%W

o b

S;ZZHWWMH
SkJZZZ Z lr 1

AB
L J43/4—r41 _
N ka BA= Er—T/4

where in passing from the second to third lines we have used the Holder
inequality, and where we have used J+ 3 —r > —1 and 2(J —3/4) > —1
(which hold trivially) to bound the sums.

The next contribution comes from

k
ng:{/{?22l1+l2+2;l2>5}(782.

For these terms, we have Iy ~ k, and the contribution is bounded by

1/4 {
Zzl ey HBlwllzklleQng

J 3/4
skHZZ g 1Pl
lJ 3/4
%ﬂzﬂlmm

~ k kr 1r—7/4"°

where we’ve again used the Holder inequality in passing to the last line.
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It remains to estimate the contribution from
Boe = {201 +1la+2 >k} N Bo.

Here, I3 ~ k.

/41
DD h Bl k(1P

lg ll

A 1
< r—1 Z Z lgﬁ | P, wly

Lok
A 1/4
< pmr IRl
L
N kr—lk B= Lr—7/4

where in passing from the second line to the third line we have observed
that, since ly < k — [1, for each fixed I there are at most O(l;) choices for
the index [, and in passing to the last line, we’ve used the Holder inequality.

The proof of the claim is now complete. O

4.2. The harmonic term
We note that for all m € Ny,
D Pr| o S IPrttll promss Sim [Prully S B.
We also observe that
1D Prt| o ~t [|m0 D Preuf|, + [ (1 = 70) D Pyl g

~ HWODlPHuHQ + HAlePH“HQ

~ |lmo D Pruly + [[[| k™™ D Pogul|y [l i, 2, -
As a consequence, for all k € Ng + A\; and m € Ny, we have

B

HP]CD:LP’HU/H SM,’/TL ]{;27771

Choosing m = m (r) large enough then leads to

AB

HPle’PHUHQ SMor pryre
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4.3. The linear terms

All the remaining terms can be can be summarized by the following estimate,
which can be proved by a stationary phase argument.

Claim C. Let a,b € Ny such that a — 2b < 1. We write D% as a schematic
for a spatial differential operator of order k, such that any local coefficients
c(x) of D% satisfy

le(@)lcm Sm-~B B
Then for all k£ € Ng + Ay + 10,

o _ AB
leNoz;r/\1 Hpk <DB (=4) bplw) H2 Sabiok kT4

Proof. This is equivalent to proving that for any (v;);cy 4y, Where [[vy][ 12, <
1 for all I, we have the bound

5 [ (onsr) )
- S (P8 A n))

1EN+X

AB

To show , fix ee€ (07 %) Handling the “critical region”
[k — k%, k + k°] (where [ ~. k) is simple:

Z ’<<DQB (—A)™ PlW,kaz>>‘
le[k—ke k+ke]
<> M B | P,
l

AB
Se Z,(T
l

< AB
~ pr—at2b— ig’

where the last inequality follows from the observation that there are at most
O(k?) choices of | contributing to the summation. For the region away from
k, we employ integration by parts to get arbitrary decay, as in the method
of stationary phase.
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Fix m = m (e, r,a) € Ny such that e(m — 1) > r + a. Observe that when
|l — k| > k°, we can employ the Fourier trick:

<<D73 (—A) ™ P, kal>>

1
= Z ﬁ <<D%7Tl+zlw,ﬂ'k+22vl>>
zle[o,l)m(g(m)_l) ( +Zl)
2€[0,)N(o(V=2)—k)

1 a
- ¥ e s D)

21,22

1 1 a
(17) = Z (l n Zl)2b : (k‘ I 22)2 _ (l T 21)2 <<7Tl+z1wv [DBv *A] 7Tk+22vl>> :

21,22

An induction argument now shows that

™ <<’/Tl+zlw, D%+m7Tk+zQUl>> .

B 1 . 1
- Z (e+ zl)z)b ((k +2)? = (I + 21)2)

1 1
((l-l—zl)z)b ((k+z2)2_(l+Z1)2)m

As in the proof of Lemma 9, we let U (21, 22) =

and observe that

1 1 1
||‘P||C2([071]2) S)\l l% : (kg _ lg)m S)q,b (k‘2 — l2)m

So by the Fourier trick and Lemma 9, we conclude

(oo )|
1 1 m+a
SMom -k W’“ [ Piwlly k™ || Prvill, B

km+a+l/4
San 5——om AB.
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We observe that, setting z :=1 — k,
km+a+1/4 km+a+1/4
2 (k2 —12)™ 5/ ekt
1¢[k—ke k+ke] |z|>k
ka+1/4
S / ——m dz
|z|>k= ’Z’

Lot1/4

S e (m—1)

Because of the way we picked m, we conclude

) ’<<Da (-2)™" leapkvl>>) SMyrab,k kjufﬂ,
¢ [k—ke k+ke]

which completes the proof of the claim. O
Appendix A. Review of differential geometry

In this appendix we recall our conventions for some standard notation from
differential geometry which we use throughout the paper. For any tensor
Ta,...an (VT)ial...ak = ViTla,..a and dng T =V'Ti,..q,-

Moreover,

(dw) =(k+1) ﬁ[bwalmak} Yw € Qk(M),

bal...ak

where V is any torsion-free connection,

(0w) = —wabalmak_l = —(divgw)q,..ap_ ,Yw € Qk(M),

aj...ar—1

and

(VaVi = VVa) Ty = —Rape T 11 — Rape? T 1y
+ Rapk’ T 1 + Rap" T 15,

for any tensor T%;;, where R is the Riemann curvature tensor and V the
Levi-Civita connection.

Similar identities hold for other types of tensors. When we do not
care about the exact indices and how they contract, we can just write the
schematic identity (V,Vy — VyV,) T = R+ T. As R is bounded on com-
pact M, interchanging derivatives is a zeroth-order operation on M.
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For any tensor field 7% %, ; (and vector field X), the Lie derivative
is given by

ai...a k  mai...c... i
(LX) g oy = XV Ty — S5 Ty, Ve X

Then we have Lx (A® B) = LxA® B+ A® LxB for any tensor fields
A, B.

Because V is metric and torsion-free, we have
Lx (Y, Z)=(VxY,Z)+(Y,VxZ),

and
VxY - VyX =[XY]=LxY.

We also have

d> =0, dAy=Apd, A=Ay, Lxd=dLy,

as well as
Lx vol = div X vol, %1 =vol,xvol =1,
and
dx = (—1)" % 6,
ox = (=11 xq,
ok — (_1)]6(27]6)
on QF (M).

For tensor T}, . 4, , define the Weitzenbock curvature operator by writing

k
RiC(T)alak = 2 Z v[ivaj]Tal...aj,liaj+1...ak

Jj=1

— E g _ § n o

- Raj Tal...aj,laajJrl...ak Raj a; Tal...a...u...ak
J J#

where Ry, = Ry07 is the Ricci tensor. Then we have the Weitzenbock for-
mula,

Apgw = V;V'w — Ric(w)

for all w € QF(M), where V;Viw = tr(V2w) is also called the connection
Laplacian, which differs from the Hodge Laplacian by a zeroth-order term.
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The geometry of M and differential forms are more easily handled by the
Hodge Laplacian, while the connection Laplacian is more useful in calcula-
tions with tensors and the Penrose notation.

For tensors Tg, . 4, and Qq,. q,, the tensor inner product is given by

<T> Q> = Tal...ak Qalmak .

However, for w,n € QF(M), there is another dot product, called the Hodge
inner product, where

(w0, = 77 (w,7)

So |wly = \/g|w| . We then define

({w,m)) = /M (w,17) vol

and

({w,m)p = /M (w,m) , vol.

Recall that w Axn = (w,n), vol for all w,ne QF(M). Also, for all w e
QOF(M) and n € Q¥F1(M), we have

((dw,m))p = ({w,0m)) -

Lastly,
Vx(w) =*(Vxw),
and
[xwly = lwly
for any w € QF(M), X € X(M).

We remark that the signs of Ric and Ay in the literature can differ
according to various conventions commonly in use.

Appendix B. Trilinear estimate

In this appendix, we give the proof of Lemma 10. The arguments extend
and generalize the proof of related results in [9]. We sketch the details for
completeness. We begin with an integration-by-parts lemma.
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Lemma 11. For i=1,2,3,4, let e; € C®° (M) be eigenfunctions where
(=A)e; = n?ei, and assume ny > ng > ng > ng > 0 and n% =+ n% + n% + ”421-
Set/\/ = W

g Then, for any a1, as,as,as € Ng and m € Ny, we

have the schematic iden%ity

/ (V%e1) * (V®2eq) x (V™e3) x (Vey)
M

=N E / Vey x V@tb2ey 5 YW Hbs ey g y0atbig,
M

ba+bs+bs=2m
0<bs,b3,b4<m

+ Nm E / Tm01620364 * Vclel * VCZeg * VC?’€3 * Vc4e4
M

> 6>, a;+2m—2
0<c;<a;+m—1Vj#l
c1<ay

for some smooth tensors T, cocse,- We note that besides N, there is no
dependence on any n;.

Proof. Recall that Af = V,V®f for any function f (« is an abstract index,
not a natural number). Also recall that for any tensor 7, V,V® x VKT =
VE % Vo VAT + V¥ (R*T), where R is the Riemann curvature tensor and
VE(R*T) =¥ VIR« VFIT.

We then observe that

n%/ Ve x V®2eq x V®3e3 x V¥ey
M
= / V4 (=A)er * V¥2eq % V%eg x V¥ey
M
= / Veéey x (=VoVY) (V%2eq % V¥eg x V¥ey)
M
+ / v (R * 61) * Va262 * V“363 * V“4e4
M
= (n% + ng + ni) / Ve x V®eq x VBeg x Vey
M

+ E / Ve s V@Hb2ey x YW tbse, 4 yathag,
M

bo+-b3+bs=2
ba,b3,b4<1

+ E / Tercocscs * Vel x V©2eg x V@Pes x Vey
M

Cj Saj VJ
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This yields
/ Valel * va262 * va363 * Va464
M

=N E / Valel * V‘“*b? €9 * Va3+b3 €3 * V‘“““ €4
M

bo+b3+bs=2
ba,b3,b4<1

(B.1) + N Z / Ty,erencs * VEer % Ve x Vg % Viiey
M

Cj §aj VJ

On the other hand, for any smooth tensor 7', we have
n%/ TxV»e x V¥2eq x VBe3 x V™ey
M
= / T x V" (—=A) e x V2eg x V¥ez x V¥ey
M

= (n3 4+ n3 +nj) / T Ve« V2ey % V&eg x Viey
M
+ g / T010203c4 * VCIel * VQ@Q * VCSGS * VC4647
M

Ej Cj SZ] a;+2
c;<a;+1Vj#l
c1<ay

which gives
/ T V‘“el * va262 * Va3€3 * Va464
M

(B.2) =N E / Tercocses * Vel x V©2eg x V@Pes x Vey.
M
Zj C.jSZ]' a;+2
¢;<a;+1Vj#l
c1<a1
Fix a1, a9,as3,aq4. We now use induction. To simplify notation, we write

A(s,t) for

E / Ve % V2eq ¥ VBeg x Vey.
Catc3tca=s M
max(ca—az,c3—a3z,ca—aq)<t
€2202,C3>03,C4>04

Similarly, we write B(s,t) for any linear combination of terms
fMT x VClep x V2eg x Veg x Vey where s >c1+co+c3+ceq —ag, t2>
max (co — ag,c3 — as,cq — aq), ¢1 < a; and T is a smooth tensor.
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Then (B.1) implies A(s,t) = NA(s+2,t+ 1) + N B(s,t), while (B.2)
implies B(s,t) = NB(s+2,t+1). A straightforward induction argument
then gives

A(s,0) = N"A(s+ 2m,m) + N"B(s +2m — 2,m — 1),

which was the desired claim. O

Remark 12. Lemma 11 generalizes to an arbitrary number of functions. In
fact, we only need the case of three functions (making e, = 1). In this case,
the first term on the right hand side naturally simplifies to N™ |’ v Viter x
V@tme, s VT Meq.

We are ready to prove Lemma 10.

Proof of Lemma 10. Let f1, fo, f3 € L?> (M); ay,b1, as, be,as, b3, J € Ng and
ll 2 l2 Z lg Z /\1(M) be such that ll = lg +Klg +2 for K > 1.
We pass to eigenspace projections, obtaining

/M (va1 ()™ thl) * (Va2 (—A)~" PleQ) * <V“3 (—A) stfg)

1
- Z [ T \2h,
z€[0,)N(o(V=2)-1;) =123 (i + 2)

7j=1,23

(B.3)
. (/ valﬂ-llJer f1 * va27”2+22 f2 * vagﬂ-ls+z3'f3) :| '
M

Invoking Lemma 11, and setting

1 1
W (a,20,2) = | ]] (I; + 21) % ) ) N
i=1,2,3 \"? t <<ll + 2’1) — (lg + 22) — (lg + 2’3) >
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we see that the right-hand side of (B.3]) is equal to

> (21, 22, 23)

Zje[071)m(g(\/—A)—lj)
j=1,2,3

' </M VTt 1 % VO i fo e VO i L fs
+ Z /M TJ010203 * vmﬁll-{—z] fl * v627"-l2+22f2 * VC37713+23f3))
(c1,¢2,c3)EE
where
E:= {(01,62,63) :ch < Zaj +2J -2,
J J

0<c¢j<aj+J—-1Vj#1, andclgal}.

Now, note that

B—(lo+1)? = (I3+1)%= (K2 = 1) 13+ 2+ 2Klol3 + 2> + (4K — 2) 13
> max (I; +1).
i=1,2,3

As a consequence,
1 1
1] c2(j0,177) S H = | Y-
(01 =123 (Klols)

By the Fourier trick and Proposition 8, we bound the right-hand side of

(B.3) by

1 1 1 1 4 2 3
1 =) Gt 1P filly 14055 | Py folly 157 (1P £
i=1,2,3 i 203

where we have used the fact that

IV Py fills S 1 il e
~ a2 R

~u 1Bl -
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This completes the proof of the lemma. O
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