Math. Res. Lett.
Volume 30, Number 4, 1081-1112, 2023

Planar boundaries and parabolic
subgroups

G. CHRISTOPHER HRUSKA AND GENEVIEVE S. WALSH

We study the Bowditch boundaries of relatively hyperbolic group
pairs, focusing on the case where there are no cut points. We show
that if (G,P) is a rigid relatively hyperbolic group pair whose
boundary embeds in S2, then the action on the boundary extends
to a convergence group action on S2. More generally, if the bound-
ary is connected and planar with no cut points, we show that every
element of P is virtually a surface group. This conclusion is consis-
tent with the conjecture that such a group G is virtually Kleinian.
We give numerous examples to show the necessity of our assump-
tions.
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1. Introduction

Relatively hyperbolic groups generalize the notion of geometrically finite
Kleinian groups acting on real hyperbolic space H? to groups acting simi-
larly on other d—hyperbolic spaces [11]. Convergence groups were introduced
by Gehring-Martin [23] for actions on S? = 9H? and were related to bound-
aries of d—hyperbolic spaces by Tukia and Freden [20] [54]. In this article,
we study geometrically finite convergence groups, which are precisely the
boundary actions associated to relatively hyperbolic group pairs by [24] [57].
We are motivated by the following general question: What conditions on a
relatively hyperbolic pair (G, P) with planar Bowditch boundary are suf-
ficient to ensure that G is a Kleinian group? Notice that if a group has a
planar boundary, the action of the group on its boundary might not extend
to an action on S2.

It is easy to construct examples of relatively hyperbolic groups with pla-
nar boundary that are not virtually fundamental groups of 3—manifolds. We
discuss one such construction, in Proposition 4.2, which is general enough
that the peripheral subgroups can be any arbitrary non-torsion group. A sec-
ond, cautionary example in Proposition 4.3 has peripheral subgroups equal
to Z ® Z, yet is still not a virtual 3—manifold group. These two construc-
tions produce groups whose Bowditch boundaries have cut points. For these
groups, the action on the Bowditch boundary does not extend to an action
on S2.

However, we prove that, for rigid group pairs, the action on the Bowditch
boundary does extend to a geometrically finite convergence group action on
S2. A relatively hyperbolic group pair (G, P) is rigid if G has no elementary
splittings relative to P. See Definition 2.10 for more explanation.

Theorem 8.7. Suppose G is one ended and (G, P) is relatively hyperbolic.
If (G,P) is rigid and M = 9(G,P) topologically embeds in S?, then the
action of G on M extends to an action on S? by homeomorphisms.

In studying the Kleinian question mentioned above, it would be useful to
determine which subgroups may arise as peripheral subgroups of a relatively
hyperbolic group with planar boundary having no cut points. Note that
groups with no cut points in the boundary are not necessarily rigid, nor
does the action always extend to S2. This is shown explicitly in [38, 39].

Using Theorem 8.7, we characterize the peripheral subgroups in the one-
ended case, even though the action may not extend to S2. This result is
consistent with the conjecture that such groups are virtually Kleinian. A
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surface group is either the fundamental group of a closed surface or a finitely
generated free group.

Theorem 8.1. Suppose G is one ended, and suppose (G, P) is relatively
hyperbolic such that the boundary O(G,P) is planar and without cut points.
Then each P € P is virtually a surface group.

We note that if (G, P) is relatively hyperbolic and 9(G, P) is connected
with no cut points, then G must be finitely generated (see Theorem 2.4).
There are relatively hyperbolic group pairs satisfying the hypotheses such
that the peripheral groups are higher genus surface groups.

Theorem 8.1 would be more straightforward if one knew that the action
of G on the Bowditch boundary extends to an action on S?, which is clear in
several special cases previously studied: when the boundary is the 2—sphere
itself or the Sierpinski carpet [I5, Thm. 0.3] or a Schottky set [34]. The
main difficulty in the proof of Theorem 8.1 is reducing to a case in which
the action of a suitable subgroup of G extends to S2.

Theorem 8.1 provides evidence for the following conjecture, which ex-
tends the Cannon Conjecture [12].

Conjecture 1.1. Suppose G is one ended and (G, P) is relatively hyper-
bolic. If O(G,P) is planar with no cut points, then G is virtually a Kleinian

group.

The case when the boundary is a 2—sphere is the Relative Cannon Con-
jecture [27, 52], and the case when the boundary is a Sierpinski carpet is
a conjecture due to Kapovich-Kleiner [39]. The word “virtually” may be
dropped in the case of the 2—sphere or the Sierpinski carpet—provided that
one interprets “Kleinian group” to mean a group acting properly and iso-
metrically on H?. However examples of Kapovich-Kleiner [39] and Hruska—
Stark—Tran [38] illustrate that groups with planar boundary as in the con-
jecture need not be Kleinian (even in the hyperbolic setting) so a virtual
assumption is necessary. A key special case of Conjecture 1.1 is proved by
Haissinsky in [32], the case when G is a hyperbolic group such that 0G does
not contain a Sierpinski carpet and GG has no 2-torsion.

A related conjecture of Martin—Skora [42, Conj. 6.2] states that any
convergence group acting on S? is covered by a Kleinian group. This conjec-
ture would not directly imply Conjecture 1.1 since the action of a relatively
hyperbolic group on its planar boundary may not extend to an action on S2.
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To prove Theorem 8.7, we first need a complete understanding of all cut
pairs in the boundary of a relatively hyperbolic group, in order to conclude
that rigid groups do not have cut pairs.

Bowditch and Dasgupta—Hruska’s proof that the Bowditch boundary is
locally connected involves a general classification of the cut points of the
boundary. A major ingredient in the proof is the theorem that a cut point
must always be the fixed point of a parabolic subgroup [8| [17].

When considering cut pairs, work of Haulmark-Hruska [36] shows that
the inseparable, loxodromic cut pairs of the boundary are closely related
to splittings over 2—ended groups. A cut pair {z,y} of a Peano continuum
is inseparable if x and y cannot be separated by any other cut pair. It is
loxodromic if z and y are the fixed points of a loxodromic group element. By
analogy with the case of cut points, one might conjecture that inseparable
cut pairs must always be loxodromic. A theorem of Haulmark [35] reduces
this conjecture to showing that the boundary does not contain an inseparable
parabolic cut pair, i.e., an inseparable cut pair consisting of two parabolic
points.

We were surprised to discover (many) relatively hyperbolic groups with
planar boundaries that do contain inseparable parabolic cut pairs. We dis-
cuss examples of inseparable parabolic cut pairs in Bowditch boundaries in
Section 4. Then we show in Section 6 that this pathology can occur only if
G splits over a finite group.

Corollary 6.5. Suppose (G, P) is relatively hyperbolic and M = 0(G,P)
is connected with no cut points. If G is one ended, then all inseparable cut
pairs of M are lozodromic.

The corollary does not involve planarity, but rather applies broadly, far
beyond the low-dimensional setting of Conjecture 1.1. This corollary plays a
key role in the proof of Theorem 8.1, allowing us to deduce that rigid pieces
have no cut pairs. This conclusion allows us to establish that the action on
the planar boundary extends to an action on S2.

In Section 2 we discuss background on convergence groups, relatively hy-
perbolic groups, properties of their boundaries, and some special subgroups.
In Section 3, we review why proper actions by homeomorphisms on the
plane are tame. Section 4 is dedicated to the examples discussed above. In
Section 5 we constrict a simplicial tree dual to the family of all inseparable
cut pairs in the boundary. This tree is a key tool for relating inseparable
parabolic cut pairs to splittings over finite groups in Section 6. We further
develop this connection in Section 7, where we show in Theorem 7.1 that
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rigid one-ended relatively hyperbolic group boundaries (which are not S*)
do not have cut pairs. Finally, in Section 8, we prove Theorems 8.1 and 8.7.

2. Preliminaries
This section collects various background results from the literature.

Definition 2.1. A convergence group action of a countable group G on a
metrizable compactum M is an action by homeomorphisms such that for
any sequence (g;) of distinct elements in G there is a subsequence (g,,,) such
that there exist points (,& € M such that

uniformly on compact sets. Such a subsequence is a collapsing subsequence.
A point ¢ € M is a conical limit point if there exists a sequence (g;) in
G and a pair of distinct points £y # &1 € M such that

g|(M\{¢}) =& and  g(¢) — &

A point n € M is bounded parabolic if its stabilizer acts properly and cocom-
pactly on M \ {n}. A convergence group acting on M is geometrically finite
if every point of M is either a conical limit point or a bounded parabolic
point. The stabilizers of the bounded parabolic points are called mazimal
parabolic subgroups.

Definition 2.2 (Relatively hyperbolic). A group pair consists of a
group G and a family P of infinite subgroups that is closed under conjuga-
tion. A group pair (G, P) is relatively hyperbolic if G admits a geometrically
finite convergence group action on a metrizable compactum M such that P
is the set of maximal parabolic subgroups. If the pair (G, P) is relatively
hyperbolic, the family P is a peripheral structure and the subgroups P € P
are peripheral subgroups of (G, P).

Any two compacta M and M’ as above are G—equivariantly homeo-
morphic by the combined work of Yaman and Bowditch [11, 57] when
G is finitely generated and by Gerasimov—Potyagailo [25] in general. The
Bowditch boundary of a relatively hyperbolic pair (G, P) is defined to be
any metrizable compactum M admitting a geometrically finite action as
above.
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Definition 2.3. Assume (G, P) is relatively hyperbolic. A subgroup H < G
is elementary if the limit set AH of H in O(G, P) has fewer than three points.
A subgroup H < G is relatively quasiconvez if H is elementary or if the ac-
tion of H on its limit set is a geometrically finite convergence action. A
relatively quasiconvex subgroup H inherits a natural relatively hyperbolic
structure (H, Py) where Pp is the set of all infinite subgroups of the form
H NP for P € P. Furthermore, the Bowditch boundary of (H,Py) is the
limit set of H in (G, P). See Dahmani [14] and Hruska [37] for more infor-
mation.

A Peano continuum is a connected, locally connected compact metriz-
able space. A cut point of a connected space X is a point x € X such that
X \ z is not connected. A local cut point is a point that is a cut point of
some connected open subset of X.

The following result was established by Bowditch [8] under hypotheses
on the peripheral groups and by Dasgupta and Hruska [16] [I7] in the general
case.

Theorem 2.4 (Splittings and the boundary). Let (G, P) be relatively
hyperbolic. The boundary M = O(G,P) is connected if and only if G is one
ended relative to P; i.e., G does not split relative to P over a finite subgroup
(see Definition 2.6).

Suppose M is connected. Then M is a Peano continuum. Furthermore,
M has no cut point if and only if G does not split relative to P over a
parabolic subgroup, in which case G is finitely generated.

Remark 2.5 (Changing the peripheral structure). If (G,P) is rela-
tively hyperbolic, one can add finitely many conjugacy classes of maximal,
nonparabolic two-ended subgroups to P to form a new group pair (G, P’)
that is again relatively hyperbolic (see Dahmani and Osin [14, [46]). Con-
versely, if (G, P’) is relatively hyperbolic, and P is formed from P’ by re-
moving finitely many conjugacy classes of two-ended subgroups then (G, P)
is relatively hyperbolic. For a proof, see Drutu-Sapir [19] if G is finitely
generated and Matsuda—Oguni-Yamagata [43] in general.

The Bowditch boundary does change when one changes the peripheral
structure, as shown in a general setting by Wen-yuan Yang [58]. For in-
stance, if one adds finitely many conjugacy classes of maximal two-ended
nonparabolic subgroups to P, then the new boundary 9(G,P’) is obtained
from O(G,P) by identifying the limit set of each P € P’ \ P in (G, P) to a
point. See Dahmani [14] for related results.
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Definition 2.6. Suppose (G, P) is relatively hyperbolic. A splitting relative
to P is an action of G on a simplicial tree T" without inversions such that
each peripheral subgroup P € P stabilizes a vertex of T

Let £ be a set of subgroups of G. An E-splitting relative to P is a
splitting of G relative to P where each edge stabilizer is in £. An elementary
splitting relative to P is the case where £ is the family of all elementary
subgroups.

Definition 2.7 (Pinched peripheral structure). If G, is a vertex sta-
bilizer of an elementary splitting relative to P, there is a natural peripheral
structure obtained by adding the edge stabilizers of incident edges in the
splitting. Since all edge groups are elementary, and hence relatively quasi-
convex, each vertex stabilizer G, is also relatively quasiconvex (see Bigdely—
Wise [0, Lem. 4.9] or Guirardel-Levitt [29, Prop. 3.4]). Each vertex stabilizer
H = G, has a natural peripheral structure Py described above, which we
denote here by P,. Adding the finite and 2-ended nonparabolic groups that
stabilize edges incident to v produces a new relatively hyperbolic structure
Q, by Remark 2.5. Since the Bowditch boundary of (G,, Q,) is obtained
from the boundary of (G, P,) by pinching, we call this new peripheral
structure the pinched peripheral structure of G,,.

Definition 2.8 (Quadratically hanging). A vertex stabilizer G, of such
a splitting is quadratically hanging if it is an extension

1=>F =Gy, —»m(¥) =1,

where ¥ is a complete, finite area hyperbolic 2—orbifold (possibly with geo-
desic boundary and cusps) and F' is an arbitrary finite group called the
fiber. We also require that each peripheral subgroup of the pinched periph-
eral structure Q, is contained in the pre-image in GG, of a boundary or cusp
subgroup of m(%).

Lemma 2.9. Let (G, P) be relatively hyperbolic with connected boundary.
Let G, be a vertex stabilizer of an elementary splitting relative to P. Then G,
1 quadratically hanging with finite fiber if and only if the pinched boundary
(G, Qy) is homeomorphic to a circle S'.

Proof. By Theorem 2.4, the group G does not split relative to P over any
finite subgroup. Therefore, if G, is quadratically hanging with finite fiber,
every boundary component of ¥ is used; in other words, by Guirardel-Levitt
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[30, Lem. 5.16] the lift to G,, of each boundary subgroup of 71 (X) is parabolic
in the pinched peripheral structure 9,,. It follows that with this peripheral
structure, the Fuchsian group 71(X) has finite covolume, so the boundary
9(Gy, Q,) is homeomorphic to S*.

For the converse, assume the pinched boundary is a circle. Then G, has
a geometrically finite convergence group action on S' such that Q, is a set of
representatives of the maximal parabolic subgroups. If F' is the finite kernel
of the action, then G, /F is a faithful convergence group on S' with limit
set S'. By the classification of convergence groups on the circle [I3, 21}, 53],
the action on S! extends to an isometric action on H2. Thus, G,/F is a
geometrically finite Fuchsian group of the first kind; i.e., it acts on H? with
finite covolume so that the subgroups in Q, are parabolic (see, for instance,
Beardon [3, Chap. 10]). O

Definition 2.10 (Rigid). A relatively hyperbolic pair (G, P) is rigid if G
has no elementary splittings relative to P.

If (G, P) is relatively hyperbolic, a vertex stabilizer G, of an elementary
splitting relative to P is called rigid if (G, Qy) is rigid in the above sense,
where Q, is the corresponding pinched peripheral structure.

Let M be a Peano continuum. A cut pair is a pair of distinct points
{z,y} in M such that M \ {z,y} is disconnected, but neither x nor y is a
cut point of M. A cut pair {z,y} is inseparable if its points are not separated
by any other cut pair. Let z be a local cut point that is not a cut point of
M. The valence of x in M is the number of ends of M \ z. Such a cut pair
{z,y} in M is ezact if the number of components of M \ {z,y} is equal to
the valence of both x and y.

The following result combines work of Guirardel-Levitt and Haulmark—
Hruska.

Theorem 2.11 ([28, B86]). Let (G,P) be relatively hyperbolic with M =
O(G,P) connected. For any elementary splitting of G relative to P, the vertex
and edge stabilizers are relatively quasiconvex. There exists an elementary
splitting of G relative to P, called the JSJ decomposition, such that each
vertex stabilizer is exactly one of the following types:

1) a nonparabolic maximal 2—ended subgroup whose limit set is an exact
inseparable cut pair of M,

2) a peripheral subgroup whose limit set is a single point that is a cut
point of M,
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3) a quadratically hanging subgroup with finite fiber, or

4) a rigid subgroup whose limit set is not separated by any cut point or
exact cut pair of M.

The JSJ decomposition T is canonically determined by the topology of M.
Every homeomorphism of M induces a type-preserving automorphism of T'.

Vertex stabilizers that are quadratically hanging with finite fiber can
also be rigid according to the definitions above (see, for example, Guirardel—
Levitt [30, §5]). However, if a rigid subgroup G, has the property that its
limit set is not separated by any exact cut pair, then every finite-index
subgroup of G, also has this property. Therefore, any quadratically hanging
subgroup has its limit set separated by an exact cut pair.

3. Proper group actions on surfaces

The action of a relatively hyperbolic group on its Bowditch boundary is a
topological action. It is well known that the theory of topological surfaces
is essentially equivalent to the theory of smooth surfaces. In particular, a
folk theorem states that a topological surface does not admit “wild” proper
actions by homeomorphisms. We sketch a proof of this result below for the
sake of completeness.

Theorem 3.1. Suppose a group G acts properly by homeomorphisms on a
connected surface X. Then X admits a complete metric of constant curva-
ture modeled on either S?, E2, or H? such that the action is isometric.

By convention, all surfaces here are second countable and Hausdorff. An
action is proper if each compact set meets only finitely many of its translates.

Proof. 1t suffices to prove the result when G acts faithfully. Each = € X has
a neighborhood basis of Stab(xz)-invariant closed discs (see, for instance,
Kolev [40]). By properness, the quotient X/G is Hausdorff and for each
r we may choose such an invariant disc A so that A N gA is nonempty
only when g € Stab(z). A theorem of Kerékjarté implies that the action of
Stab(z) on A is topologically conjugate to an orthogonal action (see [40]
for a proof). By a theorem of Newman [1§], the fixed set of the finite group
Stab(z) is nowhere dense, so the action of Stab(z) on A is faithful. Thus,
X/G is a locally linear good orbifold whose underlying space is a surface.
First consider the case that X/G is orientable. Every orientable triangu-
lated surface admits a complex structure by a construction of Ahlfors—Sario
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[1, IL.5E]. A complex structure on X /G lifts via the branched covering to a
complex structure on the universal cover X of X as in [I, IL4B]. The exis-
tence of a geometric structure then follows from the Uniformization Theorem
in the usual way. The argument is analogous in the nonorientable case using
orbifold coverings, Riemann surfaces without orientation, and the class of
directly and indirectly conformal mappings. O

Using a recent result of Haissinsky—Lecuire, one concludes that any group
acting properly—but not necessarily faithfully—on the plane is a virtual
surface group, as follows.

Corollary 3.2. If G is a finitely generated group acting properly on R?
then G is linear and has a finite-index surface subgroup.

Proof. If the action of G on R? is faithful, then G is a finitely generated
linear group, and the result follows from Selberg’s Lemma. The general case
is a consequence of the following result of Haissinsky—Lecuire: Let G be a
group extension with finite kernel and with quotient the fundamental group
of a compact surface. Then G is linear and has a finite-index torsion-free
subgroup [33, Thm. 1.3]. O

4. Examples

This section focuses on examples illustrating two phenomena which are rel-
evant for the hypotheses in our main theorem and in our conjecture. The
first is that there exist relatively hyperbolic group pairs (G, P) with planar,
connected boundary M = 9(G,P) such that G is not virtually the funda-
mental group of a 3—manifold. All such known examples occur when M has
cut points, in other words (G, P) admits a nontrivial peripheral splitting.

The second phenomenon of interest is that the Bowditch boundary may
contain parabolic cut pairs, even when (G, P) does not split over a 2—ended
group relative to P. A parabolic cut pair is a cut pair consisting of two
parabolic points. In Corollary 6.5, we show that if the boundary is connected
with no cut points, then inseparable parabolic cut pairs can only exist if G
splits over a finite group.

Definition 4.1 (Trees of circles). Let M be a Peano continuum. A subset
C is a cyclic element if C' consists of a single cut point or contains a non-
cutpoint p and all points ¢ that are not separated from p by any cut point
of M. Each Peano continuum is the union of its cyclic elements, and each
pair of cyclic elements intersects in at most one point that is a cut point of
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M (see Wilder [56, §II1.3]). A tree of circles is a Peano continuum whose
nontrivial cyclic elements are homeomorphic to the circle S'. Any tree of
circles admits a planar embedding by a classical theorem of Ayres [2].

Proposition 4.2 (Hide stuff in the peripheral). For any finitely gen-
erated group P with an infinite order element, there exists a relatively hyper-
bolic group pair (G, P) with each peripheral subgroup isomorphic to P and
with Bowditch boundary planar and homeomorphic to a tree of circles.

In particular, if P is not virtually the fundamental group of a 3—manifold,
then neither is G.

For example, one could choose P to be any group that does not coarsely
embed in R? or any incoherent group.

Proof. The proof is an elaboration of a simple idea due to Dahmani [I5]
Prop. 2.1]. Suppose P contains an infinite cyclic subgroup Q. Let F' be
the fundamental group of a torus with one boundary component. Consider
the free product with amalgamation G = F' *xz P, where the copy of Z in F'
corresponds to the boundary curve and the copy of Z in P is the subgroup Q.
By Dahmani’s combination theorem [14] the group pair (G, P) is relatively
hyperbolic, where P is the set of all conjugates of P in G, and the boundary
(G, P) is a tree of circles, since (F,Z) = S'. In particular, the boundary
is planar. O

In the previous result, the peripheral subgroup is the obstruction to
being a 3—manifold group. In the following result, we show that a relatively
hyperbolic group can fail to be a virtual 3—manifold group, even when all
peripheral subgroups are virtually abelian.

Proposition 4.3 (Three slopes in the torus). There exists a group
that is hyperbolic relative to free abelian groups of rank two with a planar
Bowditch boundary homeomorphic to a tree of circles but which is not vir-
tually the fundamental group of any 3—manifold.

Proof. Let T? be a 2-dimensional flat torus, and let a, b, and ¢ be three
essential simple closed geodesics with slopes 0, 1, and oo with respect to
a standard basis for Z2. Let F,, F}, and F, be three orientable hyperbolic
surfaces each of genus one and each with one geodesic boundary component.
Form a locally CAT(0) space X from the torus 7?2 by gluing the boundary
curve of each surface F,, Fj and F, to the curves a, b, and ¢ respectively. We
assume that the initial metrics are chosen so that the lengths of glued curves
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agree. Then the fundamental group G = 71 (X) naturally splits as a graph
of groups with four vertex groups, corresponding to the given decomposition
of X. The universal cover X is a CAT(0) space with isolated flats on which
G acts properly, cocompactly, and isometrically. But the visual boundary
X of this CAT(0) space contains an embedded copy of K3 3. Indeed, there
is a K33 consisting of a circle that is the boundary of a flat T2 and arcs
determined by the surfaces Fy, Fj, and F,. which connect the endpoints of
a, b, and c on this circle. By the path-connectedness theorem of Ben-Zvi
[4], such paths exist in the complement of the given circle, even though the
visual boundary of X is not locally connected by Mihalik-Ruane [44].

Therefore, G does not coarsely embed in any contractible 3—manifold
by Bestvina—Kapovich—Kleiner [5]. Since G is one ended, it follows that G
does not contain a finite-index subgroup that is the fundamental group of a
3—manifold.

Now we let P be the set of all conjugates of 71(72). The group pair
(G, P) is relatively hyperbolic by Dahmani’s combination theorem [14]. The
Bowditch boundary (G, P)—which is not the same as the visual boundary
0X by Tran [51]—is again a tree of circles as above. O

Because the examples above have boundaries with cut points, we will
mainly examine relatively hyperbolic groups whose boundaries have no cut
points. The exact cut pairs, which are the endpoints of loxodromic axes,
are well understood and correspond to splittings over two-ended subgroups.
However, cut pairs where both local cut points are parabolic are not well
understood. These examples were new to us, so we include them here. We
show in Theorem 7.1 that in any rigid relatively hyperbolic group pair (no
elementary splittings relative to P) with boundary not a circle, the existence
of a parabolic cut pair in 9(G,P) implies that G splits over a finite group.

Proposition 4.4. There exists a relatively hyperbolic group pair (G,P)
that is rigid in the sense that G does not split over any elementary subgroup
relative to P and such that O(G,P) has parabolic cut pairs.

First proof. The first example acts on a hyperbolic building and was con-
structed by Gaboriau-Paulin (see [22], §3.4, Example 1). Let G = Ax B« C
for A= B =C =17Z/3Z, and let P be the set of all conjugates of the sub-
groups Ax B, B+ C, and A *x C. We note that G is virtually free. In partic-
ular, G is not one ended. On the other hand, G does not split relative to P
by Serre’s Lemma: if G is generated by a finite set {s;} and acts on a tree
such that each s; and each s;s; has a fixed point, then G has a fixed point
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[50, §1.6.5, Cor. 2]. Gaboriau—Paulin show that (G,P) is relatively hyper-
bolic. We review their construction so that we may examine the associated
Bowditch boundary.

Let T3 3 be a bipartite tree with vertex set V LI WV such that all vertices
of either type have valence 3. Form a CAT(—1) space X as follows: Start
with one ideal triangle of H? for each vertex of V and one copy of the real
line for each vertex of W. For each vertex of V identify the three sides of the
corresponding ideal triangle isometrically with the three adjacent lines. We
choose these isometries so that, for each vertex of W corresponding to a line
£, the union of the three triangles glued along ¢ admits an isometry of order
three fixing ¢ pointwise that cyclically permutes the adjacent triangles.

Observe that G = A x B x C acts properly and isometrically on X with
quotient a single ideal triangle. (The quotient object can be viewed as a
complex of groups with Z/3Z labels on the edges.) The stabilizers of the lines
of W are the conjugates of A, B, and C, while each ideal triangle of V has
trivial stabilizer. By Bowditch [I1], the action of G on 90X is a geometrically
finite convergence group action. The maximal parabolic subgroups of this
action are the family P of conjugates of A x B, B x C, and A x C. Cutting X
along any line ¢ of W splits X into three pieces. Therefore the two parabolic
points at the ends of ¢ form a cut pair in the boundary 0X = 9(G,P). O

We now discuss a different construction that is much more flexible and
shows that groups with parabolic cut pairs are abundant.

Second proof. Start with two one-ended rigid hyperbolic groups G and G»
(not splitting over a virtually cyclic subgroup). Let A; and B; be distinct
infinite cyclic subgroups of G; that are each maximal 2-ended in G;. Let
G = G * G5 and let P consist of all conjugates of the subgroups A; * Ay and
Bj * Bs. Then (G, P) is relatively hyperbolic by a theorem of Bowditch [11],
Thm. 7.11], since P is an almost malnormal family of quasiconvex subgroups.

We will show that its boundary has parabolic cut pairs by examining the
geometry of an associated cusped space. Let (X, x;) be a finite 2—complex
with basepoint such that m1 (X, x;) = G;. Glue an interval I from x; to zs.
The resulting space X has fundamental group G. The cusped space Y of
Groves-Manning [26] is formed from the universal cover X by gluing com-
binatorial horoballs along the left cosets of A; * Ao and By * Bs. Each lift
of I to X is an interval that separates X. But in YV exactly two horoballs
have been attached along this interval, one corresponding to a conjugate
of Ay % Ao and one corresponding to a conjugate by the same element of
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By % Bs. Thus the pair of parabolic points corresponding to those periph-
eral subgroups disconnects the boundary. (The pair is the limit set of the
suspension of a conjugate of I which disconnects Y.) ([

5. A simplicial inseparable cut pair tree

This section explores properties of Peano continua without cut points and
the structure of their cut pairs. We prove Proposition 5.9, which provides a
simplicial tree dual to the set of all inseparable cut pairs. The structure of
cut pairs and other finite separating sets of a Peano continuum is studied
in much greater generality in Papasoglu-Swenson [49, Thm. 6.6]. A related
result is also proved by Guralnik in [3T, Thm. 3.15]. The proof here is self-
contained and significantly shorter than the proof of [49] Thm. 6.6], as it is
tailored to the specific case of cut pairs.

Recall that a Peano continuum is a compact, connected, locally con-
nected, metrizable space. Several well-known properties of Peano continua
are summarized in the following remark (see Wilder [56] for proofs).

Remark 5.1 (Properties of Peano continua). A Peano continuum M
is uniformly locally connected in the following sense: for each € > 0 there
exists § > 0 such that any two points of M with distance less than § are
contained in a connected subset of M of diameter less than e.

In a locally connected space, the components of any open set are open.
Moreover, every connected open subset U of a Peano continuum M is arcwise
connected. A closed set S C M separates points a and b of M \ S if @ and b
are in different components of M \ S. It follows that a closed set S separates
a from b if and only if every path in M from a to b intersects S.

Let M be a Peano continuum. A cut pair is a pair of distinct points
{z,y} in M such that M \ {z,y} is disconnected, but neither = nor y is a
cut point of M. A cut pair {x, y} is inseparable if its points are not separated
by any other cut pair.

The following definition was extensively studied by Bowditch [9].

Definition 5.2 (Pretrees). Let V be a set with a ternary relation R C
YV xVxV.If (A B,C) € R we say that “B is between A and C.” If A, B €
V, the open interval (A, B) between A and B is the set of all members of V
lying between A and B. The closed interval [A, B] is the set (A, B) U {A, B}.

We say that (V, R) is a pretree if it satisfies the following four conditions:

1) [A, 4] = {A},
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2) [A,B] = [B, 4],
) If B € (A,C) then C ¢ (A, B), and
4) [A,C) C [A, B)U[B,C).

Betweenness has been studied in various settings. The following notion
of betweenness for inseparable cut pairs that are not necessarily disjoint was
introduced by Papasoglu-Swenson [48] (c¢f. Guralnik [31]).

Definition 5.3 (Betweenness). Let M be a Peano continuum. Let Vi be
the set of all inseparable cut pairs of M. We define a “betweenness” ternary
relation on Vy as follows: An inseparable cut pair C is between inseparable
cut pairs A and B if the set C separates at least one point of A from at
least one point of B. We note that, by inseparability, C' separates all points
of A\ C from all points of B\ C. Equivalently C' is between A and B if and
only if every path from A\ C to B\ C intersects C.

Lemma 5.4. For any Peano continuum M, the betweenness relation de-
fined above gives the set of inseparable cut pairs Vi the structure of a pretree.

Proof. Conditions (1) and (2) are immediate from the definition. To see (3),
suppose B € (A, C). Then the connected component U of M \ B containing
A\ B is disjoint from C. Note that each point of B lies in the closure U,
since otherwise B would contain a cut point of M. Therefore U U (B \ C)
is a connected set in the complement of C' that intersects both A and B. In
particular C' ¢ (A, B).

For (4), suppose D € (A, C) and let B be any inseparable cut pair. Sup-
pose by way of contradiction that there exist paths ¢; from A\ D to B\ D
and co from B\ D to C'\ D that both avoid D. If ¢;(1) = c2(0) then the
concatenation c¢jcy provides a contradiction. If not then B\ D contains two
distinct points; i.e., the pairs B and D are disjoint. Since B is insepara-
ble there is a path c3 from ¢;(1) to c2(0) in the complement of D. The
concatenation cjcgco provides the desired contradiction. O

As explained by Bowditch [9], in a pretree each interval (A, B) is linearly
ordered by the separation order given by X <Y if Y € (X, B).

Lemma 5.5. Let M be a Peano continuum, and A, B be inseparable cut
pairs in M. Suppose X, Y, and Z are three inseparable cut pairs in (A, B).
If X <Y < Z, then'Y is between X and Z.
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Proof. Since X <Y < Z, every path from X to B meets Y, and every path
from Y to B meets Z. We claim that every path from X to Z meets Y.
Indeed, since Z is not less than Y, there is a path p from Z to B that does
not meet Y. Let ¢ be any path from X to Z. The path ¢ followed by the
path p is a path from X to B. Since X < Y, this path meets Y. Since p does
not meet Y, the arbitrary path ¢ from X to Z meets Y. O

We say that a sequence of cut pairs (X;) converges to a point xo if every
neighborhood of x4, contains all but finitely many of the cut pairs Xj.

Lemma 5.6. Let M be a Peano continuum without cut points, and let
A, B C M be inseparable cut pairs. Suppose X1 < Xo < --- < X; < --- 1is
a monotonic sequence of inseparable cut pairs in the interval (A, B). Then
diam(X;) — 0, and the sets X; have a subsequence that converges to a point.

Proof. Suppose by way of contradiction that diam(X;) does not limit to
zero. Then after passing to a subsequence, we may assume that diam(X;) is
bounded away from zero. In this circumstance, we will show that M is not
locally connected, contradicting the fact that M is a Peano continuum.
Let I be closure of the component of M \ X; which contains all the X
with j > I. Note that a component containing all such X; must exist, since
the given sequence of cut pairs is a nested sequence. Similarly, let I be the
closure of the component of M \ X that contains all X; with j < I. Let Uy

be the intersection
— r
Ur=1—-1Nn1+1,

which is a closed set containing X;. We claim that X; = {x, ys} is contained
in a single component of Uy. If not, then every connected set containing
X1 either meets both points of X;_; or meets both points of Xy ;. But
then {x;_1,z74+1} is a cut pair that separates z; from ys, contradicting
inseparability of the cut pair X7.

Suppose diam(X;) is bounded below by a positive number ¢ as i — oc.
Let (a;) be a sequence of points in M such that

1) a; € U;
2) d(a;, z;) > ¢/4 and d(a;, y;) > ¢/4

Such points a; must exist once i is sufficiently large, since d(x;,y;) > d and
there is a connected subset of U; containing x; and y;.

If the compactum M were locally connected then for each ¢ > 0 there
would exist & > 0 as in the definition of uniformly locally connected. Observe
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that if 7 # j, any connected set containing both a; and a; must have diameter
at least ¢/4. Therefore for any € < ¢/4, no corresponding ¢ exists, since (a;)
has a Cauchy subsequence. It follows that M is not locally connected. Since
M is a Peano continuum, we have reached a contradiction. O

Lemma 5.7. Let M be a Peano continuum, and let A, B C M be insepara-
ble cut pairs. Suppose (X;)5°, is a sequence of inseparable cut pairs contained
in the interval (A, B). If the sets X; converge to a single point Too, then Too
s a cut point of M.

Proof. Let Z be the closure of the component of M \ A containing B\ A,
and let § be the closure of the component of M \ B containing A\ B.
Choose points v and v in the open sets M \ Z and M \ B respectively.
Then every path from u to v intersects both A and B. It follows that every
path from w to v intersects each cut pair X; of the given sequence. Since a
path is a closed set, each path from u to v also must intersect the limit point

Too- Observe that z, lies in the closed set Z N B, which contains neither
u nor v. Thus z is distinct from each of v and v. Therefore x, is a cut
point of M separating u from wv. O

Proposition 5.8 (Discreteness). Let M be a Peano continuum without
cut points. Let A and B be inseparable cut pairs of M. Then the interval
(A, B) is finite.

Proof. Suppose by way of contradiction that the interval (A, B) contains
infinitely many inseparable cut pairs. By a bisection argument, we will show
that there is a monotonic sequence with respect to the order < (or its reverse
order obtained by switching the roles of A and B). Choose a cut pair X; from
the interval (A, B). By Lemma 5.5, one of the intervals (A4, X;) or (X, B)
also contains infinitely many inseparable cut pairs. Let (A4, B1) denote this
new interval. Continuing recursively, we produce an infinite sequence of dis-
tinct intervals (A;, B;) each containing infinitely many inseparable cut pairs.
Furthermore these intervals are nested in the sense that

A <Ay < <A<

and
Bi1>By>--->B;>---

Since the intervals (A;, B;) for i = 1,2, 3, ... are pairwise distinct, there are
either infinitely many distinct left endpoints or infinitely many distinct right
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endpoints. In either case (possibly by switching the roles of A and B) there
exists a monotonic sequence of inseparable cut pairs contained in the original
interval (A, B). By Lemma 5.6, these cut pairs converge to a single point,
which must be a cut point by Lemma 5.7, contradicting the assumption that
M has no cut points. Therefore all intervals (A, B) are finite. (]

Let M be a Peano continuum without cut points. Recall that V; is the
set of all inseparable cut pairs in M. A star is a maximal subset S C V;
with the property that for each A, B € S the interval (A, B) is empty. Let
W be the set of all stars. We define a bipartite graph Tj; with vertex set
Vi U W such that two vertices V € Vy and W € W are joined by an edge in
Tasr whenever V € W.

Proposition 5.9 (Inseparable cut pair tree). Let M be a Peano con-
tinuum without cut points. Then the graph Ty defined above, the inseparable
cut pair tree, is a simplicial tree.

Proof. By Proposition 5.8, the set of inseparable cut pairs is a discrete pre-
tree in the sense of Bowditch. In [10, §3], Bowditch shows that the above
construction produces a simplicial tree when applied to any discrete pre-
tree. ]

6. Inseparable cut pairs are loxodromic

This section examines the case of a Peano continuum without cut points
that arises as a Bowditch boundary of a relatively hyperbolic group. In this
setting, the existence of a convergence group action allows us to establish
stronger properties of the inseparable cut pair tree.

The following proposition is the main result of this section and will be
used in the proof of the stronger theorem asserting no cut pairs, which is
Theorem 7.1 below.

Proposition 6.1. Let G be one ended. Suppose (G, P) is relatively hyper-
bolic and M = O(G, P) is not homeomorphic to the circle S*. Assume (G, P)
has no elementary splittings relative to P. Then M is a Peano continuum
without cut points and without inseparable cut pairs, such that all local cut
points are parabolic.

The proof involves combining the following three lemmas.
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Lemma 6.2. Suppose (G, P) is relatively hyperbolic with boundary M =
(G, P) not homeomorphic to the circle S'. Assume (G,P) has no elemen-
tary splittings relative to P. Then M is a Peano continuum without cut
points such that all local cut points are parabolic.

Proof. The conclusion that M is a Peano continuum with no cut points is
the conclusion of Theorem 2.4. Furthermore, since M # S!, all local cut
points of M are parabolic by a theorem of Haulmark [35]. O

Recall the inseparable cut pair tree for T}y, defined just above Proposi-
tion 5.9.

Lemma 6.3. Let (G, P) be relatively hyperbolic, and suppose M = O(M,P)
is a Peano continuum without cut points. Then G acts minimally on the
inseparable cut pair tree Tas.

Proof. We first show that 7a; does not contain vertices of valence one. Recall
that Ty is bipartite with vertex set V; LI W. We first consider the valence of
an inseparable-cut-pair vertex A € V7. The convergence action of G on M
is minimal in the sense that M does not contain a nonempty G—invariant
closed proper subset. Since each component of M \ A is open in M, each
component U contains an inseparable cut pair (even in the orbit of A). By
Proposition 5.8, for each U there is a cut pair B C U, such that the interval
(A, B) is empty. By Zorn’s Lemma, the set {A, B} is a subset of a star,
i.e., a maximal set of cut pairs. This star is a W-vertex adjacent to the
Vi—vertex A. Indeed, neighbors of A are in one-to-one correspondence with
the components of M \ A. Therefore the inseparable-cut-pair vertex A € Vy
does not have valence one.

The argument in the preceding paragraph implies that each star contains
more than one inseparable cut pair. So a star vertex W € W also cannot
have valence one.

Now we claim that G acts minimally on 7T3;. Suppose by way of con-
tradiction that G stabilizes a proper subtree T”. Then there is an edge that
separates 7" from its complement. Since there are no valence one vertices,
there are vertices of type Vr on either side of this edge. This edge goes be-
tween an inseparable cut pair A an a star S which contains it. Since the
orbit of A contains cut pairs in each component of M \ A, (since each of
these components is open in M and the orbit is dense) neither of the pieces
cut off by this edge are G—invariant. O
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Lemma 6.4. Suppose (G, P) is relatively hyperbolic and M = 9(G,P) is
a Peano continuum without cut points. If G is one ended, then each insep-
arable cut pair of M consists of the endpoints of a loxodromic element. In
particular, all inseparable cut pairs are exact.

Proof. By Lemma 6.3, the action of G on the inseparable cut pair tree Ty is
minimal. Since G is one ended, it follows from Stallings’ Theorem that every
edge of Tjs has an infinite stabilizer. In particular, each inseparable cut pair
C has an infinite stabilizer H. Without loss of generality, assume each point
of C is fixed by H (passing to an index two subgroup if necessary). Every
fixed point of H is contained in the limit set A(H), so that C C A(H). By
a result of Tukia [54, Thm. 28], if a subgroup H of a convergence group has
at least one fixed point then A(H) contains at most two points. Therefore
C = A(H). By Tukia [54, Thm. 2R}, the two points of C' are the fixed points
of a loxodromic element of H, establishing the claim.

That loxodromic cut pairs are exact follows from Haulmark-Hruska [36),
Lem. 4.1], which is a minor variation of Bowditch [7, Lem. 5.6]. O

Corollary 6.5. Suppose (G, P) is relatively hyperbolic and M = 9(G,P)
is a Peano continuum without cut points. If G is one ended, then there are
no inseparable parabolic cut pairs.

The proof of Proposition 6.1 now follows by combining the lemmas
above.

Proof of Proposition 6.1. We have shown in Lemma 6.2 that M has no
cut points and all local cut points are parabolic. Since Tj; is minimal by
Lemma 6.3, the existence of an inseparable cut pair will imply that Ty is
nontrivial. By Lemma 6.4, all inseparable cut pairs of M are loxodromic.
Then (G, P) splits over a 2—ended group since it acts on a simplicial tree with
loxodromic edge stabilizers. Thus there are no inseparable cut pairs. O

7. One-ended rigid groups have no cut pairs
The main purpose of this section is to prove the following theorem.

Theorem 7.1. Suppose G is one ended and (G, P) is relatively hyperbolic
with no elementary splittings relative to P. If M = 0(G,P) is not homeo-
morphic to the circle S*, then M is a Peano continuum with no cut points
and no cut pairs.
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Since there are no inseparable cut pairs in this situation by Proposi-
tion 6.1, we will study the separable cut pairs, which we will see have a
natural cyclic order. To describe this cyclic order, we introduce the notion
of a cyclic decomposition and a cyclic set. The structure of cyclic sets dis-
cussed in this section closely follows work of Papasoglu-Swenson [48] from
the more general setting of continua that are not necessarily locally con-
nected. We get slightly stronger conclusions here in the presence of local
connectedness.

Definition 7.2. A finite set of local cut points So = {s1,...,s,} withn >3
is cyclic if there exist closed connected subsets My, ..., M, of M such that
M = LJ2 M; and M; " M1 =s;, Mp,NM; =s, and M; N Mj = & other-
wise. Such a family of sets M1, ..., M, is a cyclic decomposition correspond-
ing to the cyclic set Sy.

Definition 7.3. A necklace is a maximal set N with |N| > 2 such that
every finite subset with more than one point is either a cut pair or a cyclic
set.

Definition 7.4. Let N be a necklace. We define an equivalence relation
on M\ N such that x ~y y if = is not separated from y by any cut pair
contained in N. A ~y—equivalence class is called a gap of N.

Proposition 7.5. Suppose (G, P) is relatively hyperbolic and M = 0(G, P)
1s a Peano continuum with no cut points that is not homeomorphic to the
circle S*. If M has a cut pair, then M contains an inseparable cut pair.

The proposition is an immediate consequence of the following lemma.
Lemma 7.6. Let M be a Peano continuum without cut points that is not
homeomorphic to the circle S*. Then the following hold.

1) Ewvery separable cut pair of M is in a necklace.
2) Ewvery necklace in M has a gap.
3) If G is a gap of a necklace S in M, then GN S is an inseparable cut

pair.

Proof. The first assertion follows from Papasoglu-Swenson [48] Lems. 15
and 17] using Zorn’s lemma, as explained in [48, p. 1769]. To see the second
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assertion, observe that a necklace S with no gaps would contain no insep-
arable cut pairs. Furthermore, we would then have M = S. By Papasoglu—
Swenson [48, Cor. 21], it follows that M is homeomorphic to S*.

We now consider the third assertion. Consider a gap G of the necklace
S. Choose a cyclic decomposition M7, My, M3 corresponding to three points
$1, 82, s3 in 5. Label the points so that G C Ms. Let X = M \ {s3}. Form a
new space M which is a two point compactification of X by adjoining two
new points a and b such that a compactifies M; \ {s3} and b compactifies
Ms3 \ {s3}. Note that every point of S\ {s3} is a cut point of M. Two points
of M are separated by a point s of S\ {s3} if and only if they are separated
in M by the cut pair {s, s3}. Therefore the gap G is an equivalence class of
points of M not separated by any cut point of M that is also an element of
S\{ss} B

Note that M does not contain an embedded arc that intersects G only
in its endpoints. Indeed, if there were such an arc A, it contains a point
that is separated from M by a point of S\ {s3}. All paths from z to M
must pass through this cut point, contradicting that A is an embedded arc.
Therefore S\ {s3} contains unique points a’ and b such that every path
from a to G enters G at the point o’ and similarly every path from b to G
enters G at b'. Note that a’ # b/, since if they were equal they would give a
cut point of M. (It would separate s3 from G.) We claim that (a’, ') form
an inseparable cut pair of M. We first note that they are a cut pair, since
any path from s3 to G must pass through either a’ or ¥'. Suppose that a’
and b’ are separated by some other pair (z,y). Then by Papasoglu—Swenson
[48, Lem. 15] this cut pair is included in our necklace S. Since a’ and V' are
in the closure of the gap, there are points of the gap that are separated by
x and y. This is a contradiction to the definition of gap. Note that a’ and
b are the only element of S in G, as G is contained in some M; for every
cyclic subset. O

In the case that G is one-ended, we get the stronger conclusion of 7.1:

Proof of Theorem 7.1. By Proposition 6.1, we know that M has no cut point
and no inseparable cut pairs. If M had any cut pair, it would contain an
inseparable cut pair by Proposition 7.5, a contradiction. [l

8. Peripheral subgroups

In this section, we prove the following theorem.
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Theorem 8.1. Suppose the finitely generated group G is one ended, the
pair (G, P) is relatively hyperbolic, and G does not split relative to P over a
parabolic subgroup. If the boundary M = O(G, P) is planar then each member
of P is virtually the fundamental group of a compact surface.

The proof of Theorem 8.1 uses the following result.

Proposition 8.2. Let G be finitely generated and one ended. Suppose
(G, P) is relatively hyperbolic and G does not split relative to P over a
parabolic subgroup. Let Gz be a nonelementary vertex group of the JSJ de-
composition of (G, P) over elementary subgroups. Let Q7 = Py U Ey be the
pinched peripheral structure of Gz as in Definition 2.7. If the pinched bound-
ary Mz = 0(G z, Q) is not homeomorphic to the circle, then My is a Peano
continuum with no cut points and no cut pairs.

We note that Gz might not be one ended, so Theorem 7.1 will not apply
in all cases. As shown by Proposition 4.4, the conclusion of Theorem 7.1 need
not hold when the rigid group in question is not one ended. Nevertheless, we
show that the pinched boundary of Gz cannot have cut pairs since it arises
as a vertex group of a splitting of G.

Proof. If Gz is a one-ended group, we apply Theorem 7.1. In general, as-
sume that the pinched boundary Mz is not a circle. Then Gz is a rigid
vertex group by Lemma 2.9, so Gz has no elementary splittings relative to
Q7. According to Lemma 6.2, the pinched boundary is a Peano continuum
without cut points such that all local cut points are parabolic.

By way of contradiction, suppose My contains a cut pair. Then by Prop-
osition 7.5, it contains an inseparable cut pair {a,b} such that a and b are
parabolic points. The strategy is to show that there is also a parabolic insep-
arable cut pair {a’,b'} in M. This conclusion would contradict Corollary 6.5
since GG is one ended and M is a Peano continuum without cut points by
Theorem 2.4.

Observe that the pinched boundary My can be obtained from the con-
nected space M by collapsing to a point each component of the closure of
M\ 9(Gz,Pz). One component will be collapsed for each edge adjacent to
Z. The proof has two cases, depending on whether the map M — My is
injective on the preimage of {a,b} or not.

If each of a and b have exactly one preimage in M then the preimage
of {a,b} is a cut pair of M consisting of two parabolic points a’ and t/. We
claim that this cut pair is inseparable in M. Note that no cut pair in M
has the property that one point is in the limit set of Gz and the other is
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not, by inseparability of the limit sets of the edge stabilizers. Let {¢/,d'} be
any other cut pair of M. We claim it does not link with {a’,b'}. If the pair
{c/,d'} is inseparable then it does not link with {a’,b'}, so we assume {¢/, d'}
is separable. If {¢/,d’'} in the same vertex stabilizer, it is not the limit set of
any edge stabilizer, so the image M — M is injective on the pair {¢,d'}
and maps it to a cut pair in Mz which links with {a, b}, contradicting that
{a,b} is inseparable. Therefore {¢/,d’'} is not in the limit set of Gz in M.
Since it is not contained in the limit set of Gy, this pair {¢/,d’} must be
separated from the limit set of Gz by an inseparable cut pair. But then
{a’,b'} does not link with {¢/,d'}. Since {a, 0’} does not link with any other
cut pair, it is inseparable, so it is also parabolic. We are done in this case.
Now assume that one of a or b, say a, was obtained by collapsing the limit
set of some edge group in £z. Then a has valence 2, and Mz \ {a} has two
ends. Since Mz has no cut point, each cut point of Mz \ {a} separates these
two ends, and the two-point end compactification of My \ {a} has a linear
separation ordering on its cut points. Therefore since the Gz—stabilizer of
a acts cocompactly on My \ {a}, there exists a cut point of My \ {a} to
the left of b and one to the right of b. These two points form a cut pair
of Mz which separates a from b. So {a,b} is not an inseparable cut pair,
contradicting our hypothesis. It follows that My has no cut pairs. O

Lemma 8.3. Let G and Gz be as in Proposition 8.2. If the boundary M
is planar then so is the pinched boundary M.

Proof. We follow a strategy similar to the proof of Haissinsky [32, Lem. 6.5].
We produce an embedding Mz — S? by composing the given embedding
0(Gz,Pz) — S? with a quotient S? — S? obtained using Moore’s Theorem:
If A is a null family of pairwise disjoint closed, connected, nonseparating sets
of S2, then the quotient S?/A formed by collapsing each member of A to a
point is homeomorphic to S? (see, for instance, Kuratowski [41], §61.1V]). A
family of subsets is null if for each € > 0 only finitely many members of the
family have diameter greater than e.

For each cut pair associated to an edge emanating from Z, construct
an embedded arc connecting the endpoints of the associated loxodromic in
K = 9(Gz, Pz) in a path-connected complementary component of K. Call
this collection of arcs A. Note that K separates M and the complementary
components are attached along cut pairs. The set of these components is a
null family by Lemma 8.4, proved below. The union of K with this collection
of arcs is planar, as the union embeds in M. Now let ¢: S? — S? be the
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quotient obtained by collapsing each arc in this collection to a point. The
image of K under this quotient is an embedded copy of M in S2. g

Lemma 8.4. Let M be a Peano continuum, and let K be a compact subset
such that for each component U of M \ K the frontier U \ U contains exactly
two points. Then the closures U of components of M\ K are a null family
of Peano subcontinua.

Proof. Since each component U is locally connected and has a discrete fron-
tier, U is also locally connected. If the family of components is not null,
there exists € > 0 and an infinite family of components U of M \ K each
containing a point py with d(py, K) > e. If U and U’ are two such com-
ponents, any connected set containing py and pyr has diameter at least e.
However, by compactness, the distance d(py, py) may be chosen arbitrarily
close to zero, contradicting the local connectedness of M. O

The following result characterizes the complementary components of cer-
tain planar Peano continua.

Theorem 8.5. Let M C S? be a nontrivial planar Peano continuum. Then
we have the following:

1) The components of S*\ M are a null family.

2) Suppose M has no cut points. For each component U of S2\ M, the
boundary OU is a Jordan curve and the closure U is a closed disc.

3) Suppose M has no cut points and no cut pairs. Let Uy and Uy be
components of St \ M. Then the Jordan curves OU;y and OU; intersect
m at most one point.

The first two assertions are classical results of planar topology. Asser-
tion (1) is due to Schonflies (see Wilder [56, IV.7.7]). Assertion (2) is a result
of Torhorst; see Wilder [56, IV.6.12] for a topological proof and Milnor [45]
§17] for a complex analytic proof. We provide a short proof of Assertion (3).

Proof of Theorem 8.5(3). Suppose by way of contradiction that Ui NUs
contains distinct points x # y. For each ¢ = 1,2 let ¢; be a properly embed-
ded arc in U; joining  and v; in other words, an embedding I — U; such
that I maps to {x,y} and the preimage of OU; equals 0I. Then ¢; U ¢y is a
Jordan curve c that meets M only in the points z and y. This Jordan curve
divides the sphere into two components such that at least one component of
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M\ {z,y} lies inside the circle and at least one lies outside. Indeed OU; C M
for each i as M is closed. Thus {z, y} is a cut pair of M, a contradiction. O

The following proposition was previously known to hold for the Sierpin-
ski carpet [39], 55]. We extend it to the setting of planar Peano continua.

Proposition 8.6. Let M C S? be a planar Peano continuum with no cut
points and no cut pairs. Then each homeomorphism of M extends to a home-
omorphism of S%. Furthermore any convergence group action of a group G
on M extends to a convergence group action on S with limit set contained
in M.

Proof. According to Theorem 8.5, the closure of each complementary region
U of $%\ M is homeomorphic to a closed disc whose boundary dU is a Jor-
dan curve and each pair of these discs intersects in at most one point. Since
M C S?, any embedded circle in M that does not bound a complementary
component of M in S? must separate M. We will show conversely that any
circle U that bounds a complementary region U does not separate M.

Fix a complementary region U. We will see that M \ U is path con-
nected. The Jordan curve U separates S? into U and a disc U containing
M \ OU. Choose a subset F' C S? containing one point gy for each compo-
nent U’ of S? \ M as follows. Let gy be the unique point in U N U if such
a point exists, and otherwise let gy be any point of U’. Points of the first
type lie in OU, while points of the second type lie in U. Since F is countable,
U \ F' is path connected.

We now show that U \ I retracts onto M \ OU = M N U. Note that U \
F is obtained from M N U by adding a countable number of punctured discs
U \ {qu'} of two types. If U is a complementary component 1ntersect1ng
U in the point gr then gy lies on the boundary of U and U’ \ {qu'} is
homeomorphic to R x [O 00). But if U is disjoint from U then ¢y is in
the interior of U’ and U \ {qu+} is homeomorphic to S 1'% [0,00). In either
case the punctured disc or boundary punctured disc U \ {qu'} retracts onto
oU'\ {qu'}, a subset of M N U. The retraction r: U \ F — M N U is defined
piecewise; on M N U it equals the identity function and on each punctured
disc U\ {qu'} it is a retraction onto the boundary of the punctured disc.
By Theorem 8.5(1), this retraction is continuous. Since U \ F' retracts onto
M \ 0U, the latter space is path connected. In particular, we have shown
that OU does not separate M.

Any homeomorphism h of M leaves its family of nonseparating circles
invariant. Therefore, it permutes the boundary circles of the complementary
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regions in S$2. Any homeomorphism of the circle extends to a homeomor-
phism of the disc, establishing the first claim. Extending the action of G on
M to a convergence group action on S? requires a bit more care. Choose
a representative U from each orbit of nonseparating circles. For each such
U, the stabilizer Hy is a convergence group acting on dU = S'. By the
classification of convergence groups on the circle [I3] 21} 53], there exists a
Fuchsian action of Hy on the hyperbolic plane whose boundary action is
topologically conjugate to the given action on OU. We extend the action of
Hy; on OU to U by identifying U with A°. Note that the action of Hy on
U is a convergence group whose limit set is contained in OU. The action of
G on M then extends equivariantly to all discs in the complement of M.
By Theorem 8.5(1), each extension is continuous. The action on S? satisfies
the convergence property of Definition 2.1, since any collapsing sequence
for the action on M is also a collapsing sequence for the action on S2. By
construction, the limit set of this action is contained in M. O

The following is an immediate consequence of Theorem 7.1 and Propo-
sition 8.6.

Theorem 8.7. Suppose G is one ended and (G, P) is relatively hyperbolic.
If (G, P) is rigid and M = O(G,P) topologically embeds in S?, the action of

G on M extends to a convergence group action on S with limit set M. O

The following result generalizes Theorem 8.7, and follows immediately
from Proposition 8.2, Lemma 8.3, and Proposition 8.6.

Theorem 8.8. Suppose G is one ended, and (G, P) is relatively hyperbolic
with boundary M = 0(G,P) a planar Peano continuum with no cut points.
Let Gz be a rigid piece of the JSJ decomposition over 2—ended subgroups.
Every homeomorphism of My = 0(Gz,Qz) extends to a homeomorphism of
S2. Furthermore the extension can be chosen so that the minimal conver-
gence action of Gz on My extends to a convergence group action on S* with
limit set equal to M. O

Proof of Theorem 8.1. We claim that any peripheral subgroup is contained
in a vertex stabilizer of the JSJ decomposition. Indeed, the JSJ decompo-
sition is relative to P (see Section 2) and any homeomorphism of 9(G,P)
preserves this decomposition, see Theorem 2.11. Since the boundary does
not contain a cut point, any peripheral subgroup is either a cusp group of
a virtually Fuchsian subgroup (so two ended) or contained in a rigid vertex
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group that is not separated by any exact inseparable cut pair. As two-ended
groups are virtual surface groups, it suffices to consider the rigid case.

By Theorem 8.8, the parabolic action of the group P on Mz extends to a
parabolic action on S?. Therefore P also acts properly on the plane S? \ {a}.
Every peripheral subgroup P of a finitely generated relatively hyperbolic
group is itself finitely generated by Osin [47, Prop. 2.29]. Therefore P is
virtually a surface group, by Corollary 3.2. (]
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