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Moduli spaces of semistable pairs on
projective Deligne-Mumford stacks

Y1IE LIN

We generalize the construction of a moduli space of semistable
pairs parametrizing isomorphism classes of morphisms from a fixed
coherent sheaf to any sheaf with fixed Hilbert polynomial under
a notion of stability to the case of projective Deligne-Mumford
stacks. We study the deformation and obstruction theories of stable
pairs, and then prove the existence of virtual fundamental classes
for some cases of dimension two and three. This leads to a definition
of Pandharipande-Thomas invariants on three-dimensional smooth
projective Deligne-Mumford stacks.
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1. Introduction

Gromov-Witten theory, Donaldson-Thomas theory and Pandharipande-
Thomas theory are three important approaches to curve counting in enu-
merative geometry via intersection theories on moduli spaces of stable
maps, ideal sheaves and stable pairs respectively. It is interesting that
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these theories are conjectured to be related to each other. The conjec-
ture of Gromov-Witten/Donaldson-Thomas correspondence was proposed
by MNOP in [37, 38], which predicted that the partition function of GW
theory can be equated with the one of DT theory by a change of variables
for smooth projective 3-folds. The GW /DT correspondence has been proved
in several cases (e.g., [14), B37H40] [46]) with a formal reduced theory for DT
side. In [53], the authors developed a PT theory providing a geometric in-
terpretation of the reduced DT theory, and the DT/PT correspondence for
Calabi-Yau 3-folds was proposed to be viewed as a wall-crossing formula in
the derived category. This DT/PT correspondence has been proved in sev-
eral approaches [10],[62], [64]. On the other hand, the GW/PT correspondence
has also been treated in [42] [45] 511 52].

As a generalization of the above mainfold cases, the orbifold GW the-
ory and orbifold DT theory for smooth projective Deligne-Mumford stacks
have been investigated in [2, [I5] and [13] 20} [68] respectively. The orbifold
GW/DT correspondence was proved in some cases (e.g. [56H58, (70, [71]). It is
natural and expected to have an orbifold PT theory together with the orb-
ifold GW/PT or DT/PT correspondence. In [7], the authors follow Toda’s
method [64] of applying the notion of a torsion pair to obtain a stacky ver-
sion of PT stable pairs, and then combine the motivic Hall algebra (cf. [11])
and Behrend’s constructible function [§] to define orbifold PT invariants for
smooth projective Calabi-Yau 3-orbifolds. The orbifold DT/PT correspon-
dence are proved there for some special cases. However, without Calabi-Yau
condition, it is well known that one may construct a perfect obstruction
theory on some moduli space to define a virtual fundamental class [9] [34],
which can be integrated to obtain orbifold PT invariants. For this purpose,
we shall first aim to provide an alternative construction of moduli spaces of
PT stable pairs in the stacky sense.

To achieve this goal, there is a need for another way to generalize the
notion of PT stable pairs to the stacky case. Now we begin with the notion of
stable pairs for the case of a smooth projective variety X. Based on the work
of Le Potier [32], Pandharipande and Thomas [53] define a stable pair (F, s)
where F' is a pure sheaf of dimension one and the section s: Ox — F' has
cokernel with 0-dimensional support. In a more general setting, the author
in [67] defines a J-semistable pair (F, ) consisting of a coherent sheaf F
on X and a morphism ¢ : Fy — F' under a notion of stability depending
on some choice of a parameter § € Q[m]| where Fj is any fixed coherent
sheaf. It is shown in [36] that the notion of J-stable pairs (F,¢) defined
in [67] actually generalizes the one of PT stable pairs for the case when
deg § > deg P =1 where P is the Hilbert polynomial of F'. Therefore, it is
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natural to generalize the notion of stability [36] 67] to the case of projective
Deligne-Mumford stacks to obtain the stacky PT stable pairs.

Observe that the stability condition used in [36] 67] is different from
the one defined in [22, 23] due to the different framing, where the latter
has been naturally generalized to the stacky case [12] using the modified
Hilbert polynomial defined in [43]. In order to construct moduli spaces of
the stacky PT stable pairs, we generalize the construction of moduli spaces
of §-(semi)stable pairs in [36] [67] to the case of projective Deligne-Mumford
stacks by means of techniques developed in [12] 23] 43]. We state this result
explicitly as follows. Let X be a projective Deligne-Mumford stack of dimen-
sion d over an algebraically closed field k of characteristic zero with a moduli
scheme 7 : X — X and a polarization (£, Ox (1)), see Definition 2.9. Assume
Fo is any fixed coherent sheaf on X. Let § be any given stability parameter
which is zero or a rational polynomial with positive leading coefficient and P
any given polynomial of degree deg P < d. We have a contravariant functor

MG (Fo, P,8) : (Sch/k)° — (Sets)

where if S is a k-scheme of finite type, M(;)/Z(fo,P, 9)(S) is the set of
isomorphism classes of flat families of d-(semi)stable pairs (F, ) on X with
modified Hilbert polynomial P parametrized by S, see Definition 4.8. A
central result for the existence of (fine) moduli space for this moduli functor
is obtained in the following

Theorem 1.1 (see Theorem 4.10 and Theorem 4.24). There is
a projective scheme M?*® = Mjfs/k(Fg,P, d) which is a moduli space for
the moduli functor M35, (Fo, P,0). Moreover, there is an open subscheme
M5 = Mj’(/k(fo,P, d) of M** which is a fine moduli space for the moduli
functor va/k(}'o, P,§).

This theorem provides a moduli space M) of 0-(semi)stable pairs on
X with modified Hilbert polynomial P and implies that the quasi-projective
scheme M? has equipped with a universal family. Given a coherent sheaf
Fo and a polynomial P, moduli spaces M ®)s of 0-(semi)stable pairs depend
on the stability parameter . As in [67, Section 5] for the case of smooth
projective varieties, we have a chamber structure of the stability parameter
for the variation of moduli spaces M ()5
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Theorem 1.2 (see Theorem 4.26). There are finitely many critical val-
ues 8, --- 8t € Q[m)] satisfying
O =0<dt< - <ot <o i= 400

such that we have the chamber structure of the stability parameter as follows:

M;(\)f/]g(f07p’6) Mﬁ(/k—(F(thé)
M3, (Fo, P6%) My, (Fo, Pot) - - My, (Fo, oY) M3, (Fo, P,o"*)

whe@ va/k(fo,P, 0) = Mi,s/k(fo,P, 0) = Mf\,/k(}"o,P, 0) for some 0 €
(64,64, i=0,--- ,t.

Since the moduli space M*® contains as a special case the moduli space of
stacky PT stable pairs mentioned above, in order to construct a perfect ob-
struction theory, we next consider the deformation and obstruction theory of
stable pairs in M?. Suppose that X is a smooth projective Deligne-Mumford
stack. Let [(F, ¢)] be a point in Mj’(/k(}"o, P, ) where ¢ : Fo — F. Suppose
that Arty is the category of Artinian local k-algebras with residue field k.
For A, A" € ObArty and let the short exact sequence

0>I—>A—>A-0

be a small extension, that is, ma./ = 0. Assume @4 : Fo®r A — F4 is a
morphism over X4 := & Xgpeck Spec A extending ¢, where F4 is a coherent
sheaf flat over A. Let I® := {Fy = F} and I% := {Fo @ A 22 F4} be the
complexes concentrated in degree 0 and 1. Then we have I, ® k =1I°. As
obtained in [36, Theorem 1.2] for the deformation and obstruction theory of
stable pairs on smooth projective varieties, we generalize this result to our
stacky case.

Theorem 1.3 (see Theorem 5.1). For a given small extension 0 — I —
A" % A — 0, there is a class

ob(¢a,0) € Ext'(I*, F® I)

such that there exists a flat extension of pa over Xa if and only if

ob(¢a,0) =0. If ob(pa,0) =0, the space of extensions is a torsor under
Hom(I*, F ® I).
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With this result, one can show the existence of virtual fundamental
classes for the 2-dimensional case which is a generalization of [36, Theo-
rem 1.3].

Theorem 1.4 (see Theorem 5.12). Let X be a smooth projective
Deligne-Mumford stack of dimension 2 over C. Let Fy be a torsion free
sheaf and deg 6 > deg P = 1. Then the moduli space Mi,/(c(]:o, P,6) of §-
stable pairs admits a virtual fundamental class.

While for the case of dimension three, it is unsuitable to apply Theo-
rem 5.1 to obtain some two-term complex for the obstruction theory (cf.
Lemma 5.13 and Remark 5.14). Alternatively, we follow Inaba’s approach
to the deformation and obstruction theory in [27, Section 2]. Explicitly, we
derive a stacky version of [27, Proposition 2.3] as follows.

Theorem 1.5 (see Theorem 5.5). For a given small extension 0 — I —
A%y A — 0, there is an element

w(I%) € Ext?*(I°,I° ® I)

such that there exists a flat extension of pa over Xa if and only if
w(I%) =0. If w(I%) = 0, then the space of extensions form a torsor under
Ext!(I*,1°* ® I).

The similar result as above also holds in the case of a square zero exten-
sion (cf. Theorem 5.6). As an application, we study the case when dim X’ = 3,
Fo = Oyx and polynomials J, P satisfying deg § > deg P = 1. The corre-
sponding moduli space M~ := M > /C((’) x, P, ) parametrizes orbifold PT sta-
ble pairs (cf. Lemma 2.26 and Remark 2.27). Furtherly, we consider the
subfunctor M}/C((’)X, B,9) of M}/(C(OX, P, ), which associates for any C-
scheme S of finite type with the set of isomorphism classes of flat families
of §-(semi)stable pairs (F, ) with the fixed numerical class § € N<1(X)
parametrized by S where Pg(f) = P, see Section 5.3 for more details. Sim-
ilarly, there is a projective scheme MZ = M;/C(OX,B,é) (C MS), Whi(ih
is a fine moduli space for M}/C((’);{,B,é), see Theorem 5.20. Assume I°
and Eé are the universal complexes on X x M’ and X x M; respectively.
Let Ty : X x M — M, Ta: X x M — X, T : X x My — Mp, and
Ty : X X M; — X be the projections. To assert the existence of virtual
fundamental classes of M~ and MZ, we construct the perfect obstruction
theories with fixed determinant for these moduli spaces in the sense of [9].
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Theorem 1.6 (see Theorem 5.17, Corollary 5.18 and Theo-
rem 5.21). Let X be a 3-dimensional smooth projective Deligne-Mumford
stack over C. Assume that polynomials § and P satisfy deg § > deg P = 1.
The maps

®: E* := Rrgp, (RHom(I°,1°)p ® Tywax)[2] — Lz
and
Pp: Ef = Rﬁm*(Rﬂom(ﬁg, I%)o ® Trwx)[2] — Lz -

are perfect obstruction theories for M° and MZ respectively. And there
exist wvirtual fundamental classes M’ € Aygim, (M) and [M;]Vir €
Avdim, (MZ) where vdim; = rk(E®) and Virsng = ri(f?é) Here, Ly and
LM; are truncated cotangent complexes of M~ and Mg respectively.

By integrations against virtual fundamental classes of MZ, one can de-
fine the orbifold descendent PT theory (cf. Definition 5.23) for 3-dimensional
smooth projective Deligne-Mumford stacks. In particular, when X is a
Calabi-Yau 3-orbifold, our definition of orbifold PT invariants of X" is corre-
sponding to the one in [7] (cf. Definition 5.25 and Remark 5.26) by applying
[8, Theorem 4.18] for some moduli space with a symmetric perfect obstruc-
tion theory.

It is also natural to study the stacky version of higher rank PT sta-
ble pairs [61] if dim X = 3, Fy = Ox(—n)®" and polynomials §, P satisfying
deg § > deg P = 1. As the orbifold PT invariants defined here is absolute,
we will explore the relative orbifold PT theory and its degeneration formula
elsewhere based on the work of [33, [42] as in the case of relative DT theory
[68]. One may study the issue of rationality for the partition function of orb-
ifold PT invariants (cf. Definition 5.23) as in [10, 48H50] [64], and furtherly
investigate the conjecture of orbifold GW/PT or DT/PT correspondence as
in [7, 69, [70], or more generally the stacky version of GW/PT or DT/PT
correspondence proved in [10, [42] 45| 51, [64].

This paper is organized as follows. In Section 2, we recall the definitions
of projective Deligne-Mumford stacks with polarizations and the modified
Hilbert polynomial together with some relevant facts, and then generalize
the notion of semistable pairs and some related results in [36, [67] to the
stacky case. And we recollect the definition of set-theoretic families of co-
herent sheaves and several boundedness results in [43] and give the notion
of flat families of pairs. We devote Section 3 to prove the boundedness of



Moduli spaces of semistable pairs 1137

families of J-(semi)stable pairs on projective Deligne-Mumford stacks. In
Section 4, we prove Theorem 1.1 generalizing the construction of moduli
spaces of 0-(semi)stable pairs in [36] [67] and then describe the variation
of moduli spaces along of the change of the stability parameter §. In Sec-
tion 5, we present two deformation and obstruction theories of stable pairs
which are useful for proving the existence of virtual fundamental classes in
some 2-dimensional and 3-dimensional cases respectively, and then provide
a definition of orbifold Pandharipande-Thomas invariants.

2. Semistable pairs on projective Deligne-Mumford stacks

In this section, we first recollect some preliminaries of projective Deligne-
Mumford stacks and properties of coherent sheaves on them, and then recall
the definition of the modified Hilbert polynomial and generalize the notion of
stability in [36} [67] to give the definition of §-(semi)stable pairs and some re-
lated properties. We also recollect some boundedness results for set-theoretic
families of coherent sheaves and introduce the definition of flat families of
pairs used in the rest sections. For the theory of stacks, one may refer to
[18, 31l [66] for more details.

2.1. Preliminaries on projective Deligne-Mumford stacks

In this subsection, we recall the definition of projective Deligne-Mumford
stacks and some relevant properties of coherent sheaves on them (see
13, [, 28] B30, 43|, [47]). We first make some convention as in [12, 43] here
as follows. Let k be an algebraically closed field of characteristic zero. All
schemes are assumed to be noetherian over k, and every variety is a re-
duced separated scheme of finite type over k. Denote by S the generic base
scheme of finite type over k. For a Deligne-Mumford S-stack and its related
properties, one may refer to [18] or [66, Appendix|. Every Deligne-Mumford
S-stack is assumed to be a separated noetherian Deligne-Mumford stack of
finite type over S, and when S = Spec k, it is called a Deligne-Mumford stack
(over k). Let p : X — S be the structure morphism of X'. By an orbifold we
mean a smooth Deligne-Mumford stack of finite type over k with generically
trivial stabilizer. By [28, Corollary 1.3 (1)] for a Deligne-Mumford S-stack
X, we have a separated algebraic space X and a morphism 7 : X — X. More
explicitly, the following properties are stated in [4, Theorem 2.2.1]:

(i) The morphism 7 : X — X is proper and quasi-finite.
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(ii) If  is an algebraically closed field, the map X(f)/Isom — X(f) is a
bijection.

(iii) If S — S is a flat morphism of schemes, and suppose that ¥ — S is
an algebraic space and X Xs S 5 Yi is a morphism, then X xg SY
factors uniquely as X xg S X X g SY.

(iv) m.Ox = Ox.
Here, we call X a coarse moduli space (or moduli space) of X' , and
when X is a scheme, we call it a moduli scheme.

It is shown in [3] that Deligne-Mumford S-stacks with the above con-
vention are tame. This implies three useful properties: (i) the functor
s : QCoh(X) — QCoh(X) is exact and carries coherent sheaves to coher-
ent sheaves by [4, Lemma 2.3.4]; (ii) 7. F is flat over S if F € QCoh(X) is a
flat sheaf over S by [43], Corollary 1.3 (3)]; (iii) for any quasi-coherent sheaf
F, we have H*(X,F) = H*(X,n.F) by [43, Remark 1.4 (3)]. Here, QCoh
denotes the category of quasi-coherent sheaves.

To begin with, we introduce the following

Definition 2.1. ([{3, Definitions 2.4 and 2.6]/) Let X be a Deligne-
Mumford S-stack with moduli space m: X — X. Let £ be a locally free sheaf
on X. Define two functors

Fe : QCoh(X) — QCoh(X), Fw— mHomp, (E,F);
Ge : QCoh(X) — QCoh(X), F—n"F®E.
A locally free sheaf £ is said to be a generator for the quasi-coherent sheaf

F if the left adjoint of the identity w.(F @ EV) d, T (FREY), i.e.,

Oc(F) : Ge o Fe(F) = n*mHomo,, (E,F) @ E = F

is surjective. It is a generating sheaf for X if it is a generator for every
quasicoherent sheaf on X.

Obviously the functor Fy is exact since two functors Hom(&, -) and , are
exact. It is shown in [43] Remark 2.5 (1)] that Gg¢ is exact if the morphism 7
is flat. And this holds when X is a flat gerbe over a scheme or a root stack.
Compared with g, one can also define the right adjoint of the identity

W*F®EEJ—>W*F®5 as

pe(F): F = mHom(E,m*F &) = Fe(Ge(F)) = F @ mlndo, (€)
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where the last equality is obtained by the projection formula in the following
lemma. Thus ¢ is the map given by tensoring a section with the identity
endomorphism, which implies that ¢¢ is injective.

Lemma 2.2. Let F be a quasi-coherent sheaf on X and M a quasi-coherent
sheaf on X. Then we have a projection formula

Te(mT"M @ F) = M @ m,. F.

Moreover, it is functorial that if ¢ : F — F' is a morphism of quasi-coherent

sheaves on X and v : M — M’ is a morphism of quasi-coherent sheaves on
X, then

T (T Y ® @) = Y @ T,

Proof. See the proofs in [47, Corollary 5.4] and [43, Lemma 2.8]. O

Next, we recall some more results in [47, Section 5]. We start with the
following

Proposition 2.3. ([{7, Theorem 5.2]) A locally free sheaf £ on X is a gen-
erating sheaf if and only if for each geometric point of X, the representation
of the stabilizer group at that point on the fiber contains every irreducible
representation.

Definition 2.4. ([19, Definition 2.9]) Let X be a stack of finite type over a
base scheme S. We say X is a global quotient stack over S if it is isomorphic
to a stack [Z/G] where Z is an algebraic space of finite type over S and G is
a flat group scheme over S which is a subgroup scheme of the general linear
group scheme GL,, g for some n.

Theorem 2.5. Let X be a Deligne-Mumford S-stack which is a global quo-
tient stack over S, we have

(i) there is a locally free sheaf & over X which is a generating sheaf for X';

(ii) letm: X — X be the moduli space of X and f : X' — X a morphism of
algebraic spaces, then X' is the moduli space of X' := X x x X'. More-

over, let p : X' — X be the natural projection, then p*E is a generating
sheaf for X'.

Proof. See [47, Proposition 5.3] for the proof of (i), and use [3, Corollary 3.3
(a)] and [47, Lemma 1.3 and Theorem 5.5] for the second part. O
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Now, we present the definitions of projective Deligne-Mumford stacks and a
family of projective stacks as follows.

Definition 2.6. (see [30, Definition 5.5] and [{3, Definition 2.23]) A
Deligne-Mumford stack X over k is a (quasi-)projective stack if X admits a
(locally) closed embedding into a smooth proper Deligne-Mumford stack and
has a projective moduli scheme.

Let p: X — S be a Deligne-Mumford S-stack which is a global quotient
stack over S with a moduli scheme X. We callp : X — S a family of projec-
tive stacks if p factorizes as w: X — X followed by a projective morphism
p: X —=>S.

The notion of projective Deligne-Mumford stacks has some equivalent
definitions.

Proposition 2.7 ([30, Theorem 5.3]). Let X be a Deligne-Mumford
stack over k. The following are equivalent:

(i) X is (quasi-)projective.

(ii) X has a (quasi-)projective moduli scheme and possesses a generating
sheaf.

(iii) X s global quotient stack over k with a moduli space which is a (quasi-
)projective scheme.

Remark 2.8. Proposition 2.7 shows that Theorem 2.5 holds for any pro-
jective Deligne-Mumford stack and every family of projective stacks. In par-
ticular, if p: X :=[Z/G] — S is a family of projective stacks, then for any
geometric point s € S, we have

(i) the fibre X5 = [Zs/Gs| is a projective Deligne-Mumford stack with a
moduli scheme Xg which is the fibre of p: X — S over s;

(ii) there is a generating sheaf &€ for the family of projective stacks p :
X — S, and hence & which is the fibre of £ over s is a generating
sheaf for X.

To conclude this subsection, we introduce the notion of polarizations
for projective Deligne-Mumford stacks and the family of projective stacks
[12, 43].

Definition 2.9. Let X be a projective Deligne-Mumford stack over k with
a moduli scheme X. A polarization of X is a pair (£,0x(1)) where & is
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a generating sheaf for X and Ox (1) is a very ample invertible sheaf on X
relative to Speck.

Let p: X — S be a family of projective stacks. A relative polarization
of p: X = S is a pair (£,0x(1)) where € is a generating sheaf for X and
Ox (1) is a very ample invertible sheaf on X relative to S.

2.2. The modified Hilbert polynomial

In this subsection, we recall some properties of coherent sheaves on a pro-
jective Deligne-Mumford stack, and then present the definition of the mod-
ified Hilbert polynomial and its related stability [43]. Let X be a projective
Deligne-Mumford stack over k with a moduli scheme 7 : X — X and a po-
larization (£,0x(1)).

Definition 2.10 (|24, Definitions 1.1.1 and 1.1.2]). Let F be a coherent
sheaf on X. The support of F, denoted by Supp(F), is defined by the closed
substack associated to the ideal I:

0—=>7Z— Ox — Endo, (F).

The dimension of F is defined as the dimension of its support. F is called
pure of dimension d if dim(G) = d for every nonzero subsheaf G C F.

As in |24, Definition 1.1.4], there is a unique torsion filtration of any
coherent sheaf F:

0CTy(F) € CTa(F) =F

where d = dim(F) and T;(F) is the maximal subsheaf of F of dimension
< i. Hence T;(F)/T;—1(F) is zero or pure of dimension i. And F is pure if
and only if Ty_1(F) = 0.

Definition 2.11. ([2{, Definition 1.1.5]) The saturation of a subsheaf
F' C F is the minimal subsheaf F' containing F' such that F/F' is pure
of dimension dim(F) or zero.

Remark 2.12. As in [2])], the saturation of F' is also defined to be the
kernel of the surjection

F = FJF = (F/F) [Tamr-1 (F/F) -

Now we have the following properties of coherent sheaves on X.
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Lemma 2.13 (see [43, Lemma 3.4 and Proposition 3.6] and [12],
Proposition 2.22]). Let F be a coherent sheaf on X. Then we have

(i) w(Supp(F)) = m(Supp(F @ £)) 2 Supp(Fe(F)).
(ii) Fe(F) is zero if and only if F is zero.
(iii) If F is pure of dimension d, then Fg(F) is pure of the same dimension.

Moreover, F is pure if and only if Fg(F) is pure.

Lemma 2.14 ([43, Corollary 3.7 and 3.8]). Let F be a coherent sheaf
on X of dimension d. Then the functor Fg sends the torsion filtration
0CTo(F) C--- CTy(F)=F of F to the torsion filtration of Fg(F), i.e.,
Fe(Ty(F)) = T( £(F)) for 0 <i < d. Moreover, if F is pure, then we have
7(Supp(F)) = Supp(Fe(F)).

Next, we have the following definition of the modified Hilbert polyno-
mial.

Definition 2.15 ([43, Definition 3.10]). Let F be a coherent sheaf of
dimension d on X. The modified Hilbert polynomial of F is defined as

Pe(F)(m) = x(X, F @& @n*O0x(m))
= X(X, Fe(F)(m)) = P(Fe(F)(m)).

Since dim Fg(F) =dimF =d by Lemma 2.13, the modified Hilbert
polynomial can be written as

d m
= Z agi(F)—r
=0
The multiplicity of Fg(F) is defined by

r(Fe(F)) = ag a(F).

As in [24] Definition 1.2.2], if dim F = d = dim X, the rank of Fg¢(F) is
defined by

agq(F)
aq(Ox)’

where aq(Ox) is the leading coefficient of Hilbert polynomial x(Ox(m)) =
i
7!

Zz 0 al(OX)

rk(Fg(F)) =



Moduli spaces of semistable pairs 1143

Definition 2.16 ([43, Definition 3.12 and 3.13]). Define the reduced
Hilbert polynomial of a coherent sheaf F of dimension d as

Pe(F)
F) = )
pf( ) (X&d(./_")
and its slope as
R agd-1(F)
F)=———-.
pe(F) ag a(F)

Then we have the following definition of stabilities with respect to pg
and fig.

Definition 2.17. ([24, Definition 1.2.4]) A coherent sheaf F is pg-
semistable (respectively fig-semistable) if F is pure and for every proper sub-
sheaf F' C F one has pg(F') < pg(F) (respectively fig(F') < fig(F)), and it
is pg-stable (respectively fig-stable) if it is pg-semistable (respectively fig-
semistable) and the corresponding inequality is strict.

As in [24, Theorem 1.6.7], for a pure sheaf F, there is a unique Harder-
Narasimhan filtration with respect to the fic-stability:

0=FRCACHRS CR=F
such that the factors F;/F;—1 for i =1,--- |l are fig-semistable and
ﬂg,max('/r) = /lS(Fl) > /:LS(FQ/Fl) > > /:LE(JTZ/J:Z—I) = /lg,min(F)-

Similarly, one also has a unique Harder-Narasimhan filtration with respect
to the pg-stability.

2.3. Semistable pairs

We generalize the notion of semistable pairs on smooth projective varieties
[36L 67] to the case of projective Deligne-Mumford stacks in this subsection.
Let X be a projective Deligne-Mumford stack over k with a moduli scheme
m: X — X and a polarization (£,Ox(1)). Let Fy be a fixed coherent sheaf
on X and § € Q[m] be 0 or a polynomial with positive leading coefficient.

Definition 2.18. A pair (F, ) on X consists of a coherent sheaf F and a
morphism ¢ : Fo — F. A morphism of pairs ¢ : (F,p) — (G,v) is a mor-
phism of sheaves ¢ : F — G such that there is an element A € k making the
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following diagram commute

Aid
Fo = Fo

S
F
—5 g

A subpair (F',¢') of (F,p) consists of a coherent subsheaf F' C F and a
morphism ¢’ : Fo — F' satisfying i o @' = ¢ if imp C F', and ¢’ = 0 other-
wise, where i denotes the inclusion F' — F. A quotient pair (F",¢") con-
sists of a coherent quotient sheaf q: F — F' and a morpism ¢" = qop:
Fo — F.

A pair (F, ) is said to be of dimension d if dim F = d. We say a pair
(F, ) is pure if F is pure. Let P be a polynomial of degree d, we call a pair
(F, @) of type P if Pg(F) = P.

Lemma 2.19 ([23, Lemma 1.5]). The set Hom((F, ), (G,¥)) of mor-
phisms of pairs is a linear subspace of Hom(F,G). If ¢ : (F,p) — (G, ) is
an isomorphism, the factor \ in the definition satisfies A € k*. In particular,
the isomorphism ¢og = A\~ 1¢ satisfies ¢g o o = 1).

Remark 2.20. As in [12, Remark 3.5], we have the cartesian diagram

w k

l w

Hom(F,G) — > Hom(Fo, )

and

e {Hom((f, ?), (G, ), if 0,
| Hom((F, ), (G,%)) x k, otherwise.

Define the Hilbert polynomial of a pair (F,¢) as
Pr ) = Pe(F) +e(p)d

and the reduced Hilbert polynomial of this pair by

e(p)d
P(F.p) = Pe(F) + 7%
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where

1, if 0;
e(so)z{ o7

0, otherwise.

Remark 2.21. As in [36], a short exact sequence of pairs,
0= (F,¢) = (Fog) 5 (F'.¢") =+ 0

consists of a short exact sequence of sheaves 0 — F — F — F" — 0 such
that (F',¢") is a subpair and (F",¢") is the corresponding quotient pair.
Here, F' = F|F', ¢" =qo if ¢ =0, and ¢’ =0 if imp C F'. Since the
modified Hilbert polynomial is additive in a short exact sequence of coherent
sheaves [{3, Remark 3.11 (2)] and () = €(¢') + €(¢"), it is obviously that
the Hilbert polynomial is also additive in a short exact sequence of pairs.

We present a definition of 0-(semi)stable pairs on a projective Deligne-
Mumford stack.

Definition 2.22. A pair (F, ) is 6-semistable if F is pure and pr o) <
P(F.,p) Jor every proper subpair (F',¢"). We call (F,¢) a -stable pair if it
s §-semistable and the inequality is strict.

Remark 2.23. As in [2], Proposition 1.2.6], Definition 2.22 can be shown
to be equivalent to the statement: a pair (F,) is 0-(semi)stable if and only
if F is pure and p(r» o (2)p(F,s) for every proper purely quotient pair
(F",¢") of dimension dim F.

Notice that when ¢ = 0 or 6 = 0, the J-(semi)stablility of a pair (F, ¢) is
equivalent to pg-(semi)stablility of the coherent sheaf F. We say a pair (F, ¢)
is nondegenerate if ¢ # 0 as in [36]. Since most of the following results in
this subsection are straightforward generalizations of those in [36], Section 2],
some proofs are omitted.

Lemma 2.24. When degd > deg P, every nondegenerate §-semistable pair
of type P is §-stable.

Lemma 2.25. Let F be a pure coherent sheaf of dimension d with the mod-
ified Hilbert polynomial Pg(F) = P, and assume degd > deg P = d. Then a
pair (F, @) is §-stable if and only if for every proper subpair (F',¢'),

Pe(F') - Pe(F)
2r(Fe(F) —e(¢) ~ 2r(Fe(F)) —e(p)
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Lemma 2.26. If degd > deg P, then a nondegenerate pair (F,¢) of type
P is §-stable if and only if F is pure and dim cokeryp < deg P.

Remark 2.27. Lemma 2.26 implies that when Fo = Oy and deg P =1 <
deg 0, a nondegenerate §-sable pair (F,¢) of type P is a stable pair in the
sense of Pandharipande-Thomas [53, Lemma 1.5].

Lemma 2.28. Suppose ¢ : (F,p) — (G, 1)) is a nonzero morphism of pairs.
If (F,¢) and (G,1) are d-semistable pairs of dimension d, then pr ,) <
D(G.w)- Suppose (F,p) and (G,v) are 6-stable with the same reduced Hilbert
polynomial, then ¢ induces an isomorphism between F and G. In particular,

we have End((F,¢)) = k for a d-stable pair (F, ).

Proposition 2.29 (Harder-Narasimhan filtration). Let (F,¢) be a
pair and F be pure of dimension d. Then there exists a unique filtration by
subpairs

0 ; (g1,§01) g (g27§02) ; ; (gl790l) = (]:»SO)

such that the factors gr; = (Gi, i)/ (Gi—1,pi—1) for i=1,---,1, are 6-
semistable pair of dimension d with the reduced Hilbert polynomials pg;,
satisfying

Pgr, > -+ > Dgr,-

Proof. Given a pair (F, ), any subpair (F',¢) is actually determined by
the subsheaf 7’ C F since ¢’ is determined by the given morphism ¢ and
comparing F' with imy by definition of a subpair. With this point of view,
the proof is completed by using the similar argument in the proof of |24,
Theorem 1.3.4] with the (reduced) Hilbert polynomial of pairs and the mul-
tiplicity of Fg(G) for any subsheaf G of F. Alternatively, one may refer to
the similar argument in the proof of [60, Theorem 1] for a pure sheaf as in
[36, Proposition 2.12]. O

Remark 2.30. For a nondegenerate pair (F, ), let gr; := (gr;F, grye) for
t=1,---,1, it is obviously that there is only one nonzero gr;p by the def-
inition of subpairs and quotient pairs. When degd > d, only grip = 1 is
nONZero.
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Proposition 2.31 (Jordan-Hoélder filtration). Let (F,p) be a 6-
semistable pair. There is a filtration

0G (Fi,01) G (Foo02) G-+ G (Fio01) = (Fo )

such that all factors gr; = (Fi, i)/ (Fi—1,i-1) fori=1,--- 1, are d-stable
with the same reduced Hilbert polynomial p(r . Here, gr(F, @) = ®;gr; does
not depend on the choice of filtration.

Remark 2.32. As in [67], Jordan-Holder filtration induces a homomor-
phism gr(yp) : Fo — gr(F, ) which is nontrivial for a nondegenerate pair
(F, ) and its image is contained in exactly one summand of gr(F, ).

Definition 2.33. Two 0-semistable pair (Fi,p1) and (Fa,p2) with the
same reduced Hilbert polynomial are called S-equivalent if gr(Fi,¢1) =

gr(Fa, p2).
2.4. Families of coherent sheaves and pairs

We first recall the definition of a set-theoretic family of coherent sheaves as
in [29, Section 1.12] and its relevant boundedness results in [43], Section 4],
and then give the notion of flat families of pairs. Let p : X — S be a family
of projective stacks with a relative polarization (£, Ox(1)). Suppose s € S
and K is a field extension of residue field k(s), a coherent sheaf on a fiber of
p is defined to be a coherent sheaf Fx on Xx := X xg Spec K. Given two
extensions K; and Ky, two coherent sheaves Fg, and Fg, are equivalent if
there are k(s)-homomorphisms of Kj, K» to a third extension K3 such that
Fr, Qr(s) K3 and Fg, ®y(s) K3 are isomorphic.

Definition 2.34 (|29, Section 1.12] or [43, Definitions 4.9 and 4.10]).
A set-theoretic family of coherent sheaves on p: X — S is a set of coher-
ent sheaves defined on the fibers of p. A set-theoretic family § of coherent
sheaves on X is bounded if there is an S-scheme T of finite type and a co-
herent sheaf G on Xp := X xXg T such that every sheaf in § is contained in

{g|X><SSpeC k(t) |t S T}

Definition 2.35 (see [24, Definition 1.7.1 and 1.7.3] and [43|, Defi-
nition 4.2]). Let X be a projective scheme over k with a very ample line
bundle Ox(1). A coherent sheaf F' on X is said to be m-regular if for every
i > 0 we have HY(X, F(m —i)) = 0. The Mumford-Castelnuovo reqularity of
F is defined to be the least integer m such that F is m-regqular. Let X be a
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projective Deligne-Mumford stack over k with a polarization (£,0x(1)). A
coherent sheaf F on X is defined to be m-regular if F¢(F) on X is m-regular.
Denote by rege(F) the Mumford-Castelnuovo regularity of Fg(F).

A criterion for boundedness of a set-theoretic family of coherent sheaves
is Kleiman criterion for stacks [43, Theorem 4.12]. It implies that if a set-
theoretic family § is bounded, then the set of modified Hilbert polynomials
Pe, (Fk) for Fix € § is finite, and there exists an integer m > 0 such that
every coherent sheaf Fy is m-regular. Kleiman criterion for stacks is also
used in proving the following stacky version of Grothendieck lemma.

Lemma 2.36 ([43, Lemma 4.13 and Remark 4.14]). Let X be a pro-
jective Deligne-Mumford stack over k with a moduli scheme m: X — X and
a polarization (£,0x(1)). Let P be an polynomial of degree d € [0, dim(X)]
and p an integer. There exists a constant C' = C(P, p) such that if F is a co-
herent sheaf of dimension d on X with Pg(F) = P and rege(F) < p, then for
every purely d-dimensional quotient F', we have jig(F') > C. Moreover, the
family of purely d-dimensional quotients F, i € I (for some set of indices
I) with fig(F]) bounded from above is bounded.

The similar statement as above is true, that is, for every purely satu-
rated subsheaf F', the slope fig(F') is bounded from above, and the family
of pure subsheaves F, C F, i € I with fig(F]) bounded from below such that
the quotient F|F] is pure of dimension d, is bounded.

Boundedness of a family of coherent sheaves on projective Deligne-
Mumford stacks is proved to be equivalent to boundedness of the one on
projective schemes under some conditions in the following

Proposition 2.37. ([}3, Corollary 4.17]) Let p : X — S be a family of pro-
jective stacks with a relative polarization (£,Ox(1)). Let § be a set-theoretic
family of coherent sheaves on the fibers of p. Then the family § is bounded
if and only if Fe(F) is bounded.

Here is a useful boundedness result as follows.

Theorem 2.38 ([43, Theorem 4.27 (1)]). Letp: X — S be a family of
projective stacks with a relative polarization (£,0x(1)). Let P be a polyno-
mial of degree d and ug a real number. Every set-theoretic family F;, i € I (I
is a set) of purely d-dimensional sheaves on the fiber of p with fixred modified
Hilbert polynomial P such that fimax(Fe(F;)) < po is bounded.
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The following bound of the number of global sections will be used in
Section 3.

Lemma 2.39 ([43, Proposition 4.24 and Corollary 4.30]). Let X' be
a projective Deligne-Mumford stack over k with a moduli schemew : X — X
and a polarization (€, Ox(1)). For any fig-semistable sheaf F of dimension
d on X, we have

T(ﬂs(f) + i deg(Ox (1)) + 12 + f(r) + d2—1>
d )
0 v
WX, FoeY)< Ao (Fe(F)) > % 2

0, otherwise

where fimax(Fe(F)) < fie(F) + deg(Ox (1)), r = r(Fe(F)), f(r) = 1+
S°I_1 L, and i is the integer making that m.Endo, (€)(M) is generated by
global sections.

Now, as in [36, [67], we introduce the notion of a flat family of pairs.

Definition 2.40. A flat family (F, @) of pairs parametrized by a scheme S
consists of a coherent sheaf F on X x S which is flat over S and a morphism
g :myFo — F, where my : X x § — X is the natural projection. Two fami-
lies (F, @) and (G,) are isomorphic if there is an isomorphism ® : F — G
such that ® o p = 1.

Remark 2.41. In Definition 2.40, the implicit A-scaling of ©hFo as in
Definition 2.18 for the isomorphism of two families has been absorbed in
® as in Lemma 2.19. Compared with the notion of a flat family of framed
sheaves defined in [12, Definition 3.16], one may alternatively define a flat
family of pairs as follows. A flat family (F, Lx, ¢F) of pairs parameterized by
a scheme S consists of a coherent sheaf F on X x S which is flat over S, a
line bundle Ly on S, and a morphism ¢ : Ly — wgsHom(nFo,F), where
g : X xS — S is the projection. Two families (F, Lxr,¢r) and (G, Lg,g)
are isomorphic if there are isomorphisms ® : F — G and V : Ly — Lg such
that

YgoW =2ogpr
where

D - g Hom(my Fo, F) — mgs Hom(myFo, G)
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is the isomorphism induced by ®. For this definition, one can impose the
A-scaling on w3 Fo for two isomorpic families which is also absorbed in P.
As in [12, Remark 3.17], the morphism ¢r : Ly — wg  Hom(n%Fo, F) may
be taken as a nowhere vanishing morphism, i.e., the composition as follows

gLy @ myFo — mgms Hom(myFo, F) @ myFo
— Hom(myFo, F) @ myFo — F.

When Lx is trivial, the morphism ¢F may be viewed as @ in Definition 2.40.
However, we will adopt the notion of a flat family of pairs in Definition 2.40
(see Remark 4.23 for the reason).

3. Boundedness of the family of semistable pairs

One important step in constructing moduli spaces of semistable pairs is to
prove the boundedness of the family of semistable pairs. Given a polynomial
P € Q[m] and a stability parameter 6 € Q[m] which is zero or a polynomial
with positive leading coefficient, we will prove in this section that the family
of §-semistable pairs of type P is bounded. In fact, we will generalize the
boundedness results on smooth projective varieties in [67, Section 3] when
degd < deg P and those in [36], Section 3] when degd > deg P to the case of
projective Deligne-Mumford stacks. Let X be a projective Deligne-Mumford
stack over k with a moduli scheme 7 : X — X and a polarization (£, Ox(1)).
We start with the case when degd < deg P.

Lemma 3.1. When degd < deg P. Suppose that (F,¢) is a nondegener-
ate d-semistable pair with the modified Hilbert polynomial Pg(F) = P. Then
fimax (Fg(F)) is bounded above by a constant depending on P, Fy and X.

Proof. We combine the arguments in the proofs of [67, Proposition 2.1] and
[43, Proposition 4.24]. Suppose that F is pure of dimension d, and let ﬁ
be the coefficient of § in degree d — 1. The assumption of ¢ implies that §; >
0. Let (F',¢') be a subpair of (F, ) satisfying im¢ C F'. By assumption
we have

. 0
< fie(F) + o

- 1
pelr e ()

(Fe(F"))

Then fig(F') < ig(F) since the exactness of the functor Fg implies
r(Fe(F')) < r(Fg(F)). Now, let F' C F be any subsheaf. Set H = F' + imyp
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and G = img/(F Nimy). Then G is a quotient of Fy and we have a short
exact sequence

0—>F —-H—>G—0.

Note that H C F and imy C H, then (H,i o ¢) is a subpair of (F, ¢), where
i denotes the inclusion H — F. As above, we have jig(H) < fig(F). Since
Fe(G) is a quotient of Fg(Fp), we have fimin(Fe(Fo)) < f1g(G). Since the
modified Hilbert polynomial Pg(-) is additive in a short exact sequence, we
have

_ fre(H)r(Fe(H)) — pe(9G)r(Fe(9))
r(Fe(F))

< Pe(F)r(Fe(H)) — fomin(Fe(F0))7 (Fe(9))

- r(Fe(F"))

= fig(F) + (fie (F) — fimin(Fe(Fo)))

fie(F')

r(Fe(9))
r(Fe(F))

where 7' and H are of dimension d, and r(Fg(G)) = ag 4(G) > 0 (it is zero
if dim(Fe(G)) < d). Set

C = max{fig(F), fie (F) + (fre (F) — frmin(Fe(Fo))) - r(Fe(F))}

which is a constant depending on P and Fy. Then fig(F') < C for any
subsheaf 7' C F.

By Serre’s vanishing theorem, one can choose an integer m large
enough such that m.Endp, (£)(m) is generated by global sections. Set N =
hO(X, meEndo, (€)(m)). Let F be the maximal destabilizing sheaf of Fg(F)
with respect to ordinary fi-stability. Then f(F) = fimax(Fe(F)). As in the
argument of [43, Proposition 4.24], one has a surjection F @ Ox(—m)®" —
Fg(F), where F is a subsheaf of F associated to I by some transformation.

Since F ® Ox(—m)® is also ji-semistable, then
A(F(=m)) = il(F ® Ox (=m)*N) < j(Fg(F)) = he(F) < C.

The above inequality implies that fimax(Fe(F)) < C, where C := C+
mdeg(Ox(1)) is a constant depending on P, Fy and X. O

The remaining case is

Lemma 3.2. When degd > deg P. Suppose that (F,¢) is a nondegener-
ate §-semistable pair with the modified Hilbert polynomial Pg(F) = P. Then
fimin (Fe(F)) is bounded below by a constant depending on P, Fy and X .
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Proof. Since the functor Fg is exact, from the short exact sequence

0 — imy — F — cokerp — 0

we have Fg(cokerp) = Fg(F)/Fe(imyp). By Lemma 2.24 and Lemma 2.26,
dim cokerp < deg P = dimF. Then dimFg(cokery) < degP = dimFg(F) by
Lemma 2.13 and Lemma 2.14. The exactness of Fg implies Fg(p) : Fe(Fo) —
Fe(imyp) <= Fe(F) and im Fg(p) = Fg(img). The proof is completed by
applying the argument about (Ejy, E) in the proof of [36, Lemma 3.1] to
(Fe(Fo), Fe(F)). O

As the modified Hilbert polynomial is additive in a short exact sequence
and Pg(F) = P is fixed, bounding fiy,in from below is equivalent to bounding
[lmax from above. Hence the constant C' can be chosen to be independent
of § such that fimax is bounded above by C by Lemma 3.1 and Lemma 3.2.
Using these two lemmas and Theorem 2.38 with S = Spec k, we have

Proposition 3.3. Fiz a modified Hilbert polynomial P and some 6. The
set-theoretic family

{F(F,) is a nondegenerate §-semistable pair of type P}
of coherent sheaves on X is bounded.

Next, in order to apply GIT machinery, one may relate the semista-
bility condition to the number of global sections of subsheaves as in [24,
Theorem 4.4.1]. We need the following estimate for the number of global
sections.

Lemma 3.4. Let X be a projective Deligne-Mumford stack over k with a
polarization (€,0x(1)). Let F be a pure coherent sheaf of dimension d on
X, then

(X, Fe(F)(m)) RhY(X, F@r*Ox(m)®E&Y)

r r

<7 ; 1 [(ﬂmax(Fg(}';) +m+0ﬂ+
+% [(ﬂ(Fg(f))derJrC)L
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where 1 =7r(Fg(F)) and C:=mdeg(Ox (1)) +7r%+ f(r)+ %5t Here,
[2]+ := max{0,z} for any x € R, f(r)=—1+>"_, 3 and the integer m
is the same as in Lemma 2.59.

Proof. For a pure coherent sheaf F of dimension d, we have the following
Harder-Narasimhan filtration with repect to fig-stability

0=FSGHhASRSG  -CHhR=F

such that the factors F;/F;_1 for i = 1,--- |l are jig-semistable of dimension
d and

(1) [(Fe(F1)) > (Fe(Fo/Fr)) > -+ > p(Fe(Fi/Fi-1)).

For any ¢ = 1,--- , [, we have a short exact sequence

0— Fi_1 — E — Fi/JT:i—l — 0.

Tensor with 7*Ox(m) and apply the exact functor Fg, we obtain the fol-
lowing exact sequence

0 — Fe(Fi—1)(m) = Fe(F;)(m) — Fe(F;/Fi—1)(m) — 0.
Then for any i = 1,--- ,I, we have

r(Fe(Fi/Fi-1)(m)) = r(Fe(Fi)(m)) — r(Fe(Fi-1)(m)),
h(X, Fe(F;)(m)) — hO(X, Fg(Fi1)(m)) < h*(X, Fe(Fi/Fi-1)(m)).

This implies that

r(Fe(F)(m)) = p_r(Fe(Fi/ Fia)(m)),

M-

=1

l
WO(X, Fe(F Z (X, Fe(Fi/ Fier)(m)).

By a simple computation, we have for any pure coherent sheaf G,

r(Fe(G)(m)) = r(Fe(9));
fe(G @ Ox (m)) = (Fe(G)(m)) = p(Fe(9)) + m.
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Let r; =: r(Fg(F;/Fi—1)) for i = 1,--- 1. Since for each 1 < i <[, the sheaf
Fi/Fi—1 is fig-semistable of dimension d, (F;/F;—1) @ 7*Ox(m) is also fig-
semistable of dimension d. By Lemma 2.39, we have for each ¢ = 1,--- ,1,

h(X, Fe(F;/Fie1)(m))  hO(X, (Fi/Fic1) @ 7 Ox(m) @ EY)

< K&i&(ﬂm_l)) +m+ mde§<oxﬁ>> +rf 4 fr) + %1> ] )

Since Fg(F1) < Fe(F), we have
[L(Fg(]‘—l)) < ﬂmax(Fc‘:(]:l)) < ﬂmax(FE(]:))'

Combining with (), we have A(Fg(F;/Fi-1)) < fimax(Fe(F)) for i=
L.+, l=1and a(Fe(Fi/Fi-1)) < f(Fe(F)). Then
WX Fe(F)m) g 13 K, Fe(Fy/ Ficy)(m)
=1

r

T T

IN

i1 Kﬂmaxwg(fc;) +m+ 0)} +

[(ﬂ(Fs(}')) +m A+ C)L

S

- d

where C := mdeg(Ox (1)) + 7%+ f(r) + L.

Now, we begin with the first case when degd < deg P.

Lemma 3.5. Let X be a projective Deligne-Mumford stack over k with a
polarization (£,0x(1)). Assume that degd < deg P. Then there is an integer
mo > 0, such that for any integer m > mg and any nondegenerate pair (F, @)
satisfying that F is a pure coherent sheaf of dimension d on X with Pg(F) =
P and r = r(Fg(F)), the following properties are equivalent.

(i) The pair (F,p) is d-(semi)stable.

(ii) P(m) < h%(Fe(F)(m)) and for any subpair (F',¢') with r(Fe(F')) =
r’ satisfying 0 <r’ <r,

/

WO (Fe(F')(m)) + 6(@’)5(m)(§)%(P(m) +€e(p)d(m)).
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(iii) For any quotient pair (G, ¢") with r(Fg(G)) = r" satisfying 0 < r”" < r,

'f'//

—(P(m) + (9)d(m)) ()R (Fe(G)(m)) + e(¢")3 (m).

Proof. We will deal with the J-stable case, the d-semistable case can be
proved similarly.

(1) = (i1): By Proposition 3.3, the set-theoretic family of coherent sheaves
on X underlying §-semistable pairs with fixed modified Hilbert polynomial P
is bounded. By Kleiman criterion for stacks, there is an integer mg > 0 such
that for any F underlying a d-stable pair (F, ¢), we have H(Fg(F)(m)) =0
for all i > 0, and hence P(m) = h°(Fg(F)(m)). Since the pair (F,¢) is 6-
stable, by Lemma 3.1, there is a constant pg depending on P, Fyp and X
such that fimax(Fe(F)) < po. As (F',¢') is a subpair of (F,¢), we have
fimax(Fe(F")) < fimax(Fe(F)) < po. By Lemma 3.4 and the inequality 0 <
r’ < r, there is a constant C' depending on r and d such that

(2) hO(Fg(:'/f’)(m)) < T;l Kuo+z’t+0>]+
+1 |:<[1,(Fg(f/)2l+m+c>:| .
r +

We distinguish two cases:
(a) A(Fe(F)) =7 p(Fe(F)) = (r—1) - po — - (C = 5 + 1),
(b) A(Fe(F)) <r-i(Fe(F)) = (r—1) - po —r- (C — 552 + 1),

where ﬁ is the coefficient of § in degree d — 1. Then §; > 0. In order to
show (ii), we assume that F' is saturated in F since by Remark 2.12 the sat-
uration ' O F implies that 7(Fg(F')) = r(Fe(F’)) and h®(Fg(F')(m)) <
hO(Fe(F")(m)). The set-theoretic family of purely saturated subsheaves F’
of type (a) is bounded by Grothendieck’s Lemma 2.36. By Kleiman criterion
for stacks, the set of modified Hilbert polynomials are finite and enlarging
my if necessary, for m > myg, we have h'(Fg(F')(m)) = Pg(F')(m) and by
d-stability of (F, ),

Pe(F) +e()o < (P + (o))

= Pe(F')(m) +e(¢)d(m) < T;(P(m) + e(p)d(m)).



1156 Yijie Lin

For the subsheaves F' of type (b), enlarging myq if necessary, it follows

from
hO(Fe(F')(m)) < r—11[{po+m+C
r/ -7 d "
+1 rfl(Fe(F) = (r=1)-po—7-(C— 4B +6)+m+C
r d n
ma md—1 r—1 d—1 1 .
d—3 d—1
—(r—l)-,uo—r-(C—2+51)+C—2>> +
m mi-1
—J‘FW(M(FS(}—))—&—D*‘“‘
where --- denotes for some polynomial in m of degree < d — 2 with coeffi-
cients independent of F'. Since
/
i(FeF) 01+ sy <y + s,

by enlarging my if necessary, we have

WO (Fe(F)(m)) + e(@)d(m) _ P(m) + e(¢)d(m)

r! T

for any m > my.
(i4) = (i4i): For any quotient pair (G, ") with multiplicity r(Fe(G)) =r
satisfying 0 < 7’ < r, we have a short exact sequence

7

0= (F,¢) = (F.p) = (G,¢") = 0.

Since the functor Fg is exact, we have h%(Fg(G)(m)) > hO(Fg(F)(m)) —
hO(Fe(F')(m)). Set 7' =r(Fg(F')), we have r =1'+7". Also, we have
(o) = €(¢') + €(¢"). By (ii), we have
h(Fe(G)(m)) + e(¢")é(m)
> hY(Fg(F)(m)) + e(p)d(m) — h(Fe(F')(m)) — e(¢)d(m)

= (P(m) + e(¢)3(m)

= (P(m) + e(p)d(m)).

~

> P(m) + e(p)d(m)
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(i7i) = (i): Fix a pair (F, ¢) with modified Hilbert polynomial Pg(F) = P.
Let (G, ¢") be any purely quotient pair of (F, ¢) with 0 < r(Fg(G)) = r" < r,
we distinguish all sheaves G into two cases:

(@) f(Fe(9)) > fa(Fe(F)) + %,
(b) u(Fe(G)) < u(Fe(F)) + %,

where ﬁ is the coefficient of § in degree d — 1. For the case (a), we

have p(r ) < pg,)- For the case (l;), the set-theoretic family of purely
d-dimensional quotient G with fig(G) bounded from above is bounded by
Grothendieck’s Lemma 2.36. By Kleiman criterion for stacks, for large m we
have h%(Fg(G)(m)) = Pg(G)(m), and by (4ii) we have

7,,//

— (P(m) + e(¢)d(m)) < Pe(G)(m) + e(¢")d(m) < p(rp) < P(g.07)

Then the pair (F, ¢) is 0-stable by Remark 2.23. Thus all pairs (F, ¢) satisfy-
ing (7i7) for large m are §-stable pairs with fixed modified Hilbert polynomial
Pg(F) = P, and hence the set-theoretic family of sheaves F underlying pairs
(F, ) satisfying (7ii) for large m is bounded by Proposition 3.3. O

The remaining case when deg§ > deg P is presented in the following
Lemma 3.6. Let X be a projective Deligne-Mumford stack over k with a
polarization (£,0x(1)). Assume that deg é > deg P. Then there is an integer
mo > 0, such that for any integer m > mgy and any nondegenerate pair (F, @)

satisfying that F is a pure coherent sheaf of dimension d on X with Pg(F) =
P and r =r(Fg(F)), the following properties are equivalent.

(i) The pair (F, ) is d-stable.
(ii) P(m) < hY(Fg(F)(m)) and for any subpair (F',¢') with r(Fg(F')) =
v’ satisfying 0 < r’ <,

B(EE(F)m) _ WO (Fe(F)(m)

21" — e(¢’) 2r —e(p)
(iii) For any quotient pair (G, ¢") with r(Fg(G)
P(m) _ WO(Fe(G)(m)
2r — e(¢) 21" —e(p")

Proof. (i) = (i7): Using the same argument in the proof of Lemma 3.5 with
the same notation ug and C, we have P(m) = h?(Fg(F)(m)) for m > mg and

=" satisfying 0 < r”" < r,

~—_ =
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fmax(Fe(F")) < fimax(Fe(F)) < po by Lemma 3.2. Then we also have the
inequality (2). And all sheaves 7' underlying subpairs (F’,¢’) are divided
into the following two cases:

(a) f(Fe(F")) =71+ f(Fe(F)) — (r—1) - pg — - (C — %52),
(b) A(Fe(F")) <1 i(Fe(F)) = (r—1)-po — 7+ (C — 53).

For type (a), one uses Grothendieck’s Lemma 2.36, Kleiman criterion for

stacks and Lemma 2.25 to derive the desired inequality. For type (b), it is
h”(Fs(f')(m)) < hO(Fs(Tf)(WL))

@ (see [36, Lemma 2.9 (2-1)]) to complete this part of proof.

(73) = (i4i): Follow the similar arguemnt in [36, Lemma 3.5].

(73i) = (7): Fix a nondegenerate pair (F, ¢). As in [36, Lemma 3.5], let gr; :=

(gr;F, gr;e) be the last factor of Harder-Narasimhan filtration for (F, ¢) by

Proposition 2.29, by (iii) we have

and then use the inequality E(TLiI) <

easy to show

hO(Fe(gr, F)(m)) . P(m)
2r(Fe(grF)) —e(grp) = 2r—1°

For large m, we have h%(Fg(gr,F)(m)) = Pe(gr;F)(m) and hence

Pe(gr, F)(m) P(m) Pe(gr, F) P
2r(Fe(grF)) —elgrp) =~ 2r—1 = 2r(Fe(gr F)) — e(gryp) T o1

Since both polynomials TPS (en?) - and % have the same leading coefficient,

(Fe(gr, 7))
we have #g’r‘f)f)) > 1. Then €(gr;) = 1, which implies [ = 1 by Remark
2.30. Thus (F,¢) is a nondegenerate d-semistable pair, and hence it is J-
stable by Lemma 2.24. Thus all pairs (F, ¢) satisfying (iii) for large m are
d-stable pairs with fixed modified Hilbert polynomial P¢(F) = P, and hence
the set-theoretic family of sheaves F underlying pairs (F, ) satisfying (i)

for large m is bounded by Proposition 3.3. O

4. Construction of moduli spaces of semistable pairs

In this section, given a polynomial P € Q[m] and a stability parameter
d € Q[m] which is zero or a polynomial with positive leading coefficient,
we will construct a moduli space of 0-(semi)stable pairs of type P on a pro-
jective Deligne-Mumford stack X over k with a moduli scheme 7 : X — X
and a polarization (£, Ox(1)). We will only consider the case of nondegen-
erate 0-(semi)stable pairs since otherwise these are the moduli spaces of
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(semi)stable sheaves which have been constructed in [43, Section 6]. Actu-
ally, we generalize the construction of moduli spaces on smooth projective
varieties in [36, [67] to the case of projective Deligne-Mumford stacks. We also
give a description of variation of moduli spaces when the stability parameter
6 changes.

4.1. The parameter space, group actions and linearizations

We first recall some notation and results in [24, 43, 47). If p: X — S is a

family of projective stacks with a moduli scheme X 5 X 2, § and a rela-
tive polarization (£,Ox(1)). Let H be a coherent sheaf on X. Denote by
Quot ,, /S(H, P) the functor of quotients of H with modified Hilbert poly-
nomial P. It is shown in [43| Proposition 4.20] or [47, Proposition 6.2], the
natural transformation Fg which maps Quot ¥/ S(’H, P) to the ordinary Quot

functor Quot ., . (Fg(H), P) is relatively representable by schemes and is a

X/S ©
closed immersion. And this implies that Q := Quot y,4(#, ) which repre-
sents Quot ,, S(H,P) is a closed immersion of the ordinary Quot scheme

Q := Quotx,g(Fz(H), P) which represents QuotX/S(Fg(’H),P), and hence

Q is a projective scheme. Let 1 @ — @ be the closed immersion. Lgt Z/A{ be
the universal quotient sheaf of Q, that is, the morphism O@ ® H — U is the

universal quotient parameterized by @ And let U be the universal quotient
sheaf of Q. As in the proof of [24, Proposition 2.2.5], for sufficiently large [,
we have a closed immersion

Quot x/s(Fe(H), P) < Grasss (b, Fe(H)(1), P(1)
and a Plucker embedding of the Grassmannian
Grasss (. Fe (H) (1), P(1)) & P := P(APD (5, Fe (H)(1)).
Then we have a class of very ample line bundles on Q:
G Op(1) = det(pox(U(1)))-
where pg: Xg:= X XgQ — Q is the natural projection. Then by [43|

Proposition 6.2], a class of very ample line bundles on Q is constructed
as follows

Ly = det(pg, (Fpye(U)(1))) = "G & O5(1)
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where ﬁé : X@ =X xg Q — @ and py : X Xg Q — X are the natural pro-
jections. In this section, we will consider the case when S = Speck and
H:=V®ERgT*Ox(—m).

Using the boundedness results in Section 3, there exists an integer m > 0
such that for every integer m > m, we have

(a) Fg(Fp) is m-regular (by Serre vanishing theorem) and §(m) > 0 unless
§=0.

(b) For any d-semistable pair (F,¢) of type P, the coherent sheaf F is
m-regular (by Proposition 3.3).

(¢) Equivalent properties in both Lemma 3.5 and Lemma 3.6 hold.

Now, we fix such an integer m, then for any d-semistable pair (F, ¢) of type
P, the sheaf Fe(F) is globally generated and h°(Fg(F)(m)) = P(m). Let
V = k®P(™)_ Then we have an isomorphism p : V — H(Fg(F)(m)), which
induces the following quotient p = ev o (p ® id):

V ® Ox(—m) 22% HO(Fe(F)(m)) @ Ox(—m) <% Fe(F).

Since Gg is a right exact functor and the morphism 6¢(F) is surjective, we
have the following quotient q := 0g(F) o Gg(p):

Ge(p)

V©EerOx(—m) = Ge(V ® Ox(—m)) <22 Gg o Fp(F) L5

F.

This defines a point [g] in Quoty /,(V ® £ ® 7*Ox(—m), P). On the other
hand, given a point in Quoty,,(V ® & ® 7*Ox(—m), P) which is repre-
sented by a quotient V ® £ ® m*Ox(—m) & F, we have the composition
0 := Fe(0)ope(V ®Ox(—m)) as follows:

£ 14 OX —m Fg o
V@ Ox(—m) ZVEXC), po Ge(v @ Ox (—m) =D Fe(F)
which induces a morphism in cohomology H%(G(m)): V —

HO(X,Fg(F)(m)). Define Q to be the set of points [o] of
Quoty/p(V ® & @m*Ox(—m),P) such that the induced morphism
H°(5(m)) is an isomorphism where 7 := Fg(0) o pg(V ® Ox(—m)). The
proof in [43] Theorem 5.1] shows Q is an open subscheme of the projective
scheme Quoty,(V ® € @ *Ox(—m), P).

Given a d-semistable pair (F,¢), consider the morphism ¢ : Fy — F,
by applying the functor Fg, tensoring with Ox(m), and then applying the
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global section functor, we get
H(Fg(p)(m)) : H(Fe(Fo)(m)) — H"(Fe(F)(m))
Composing with p=1 : HO(Fg(F)(m)) — V, we have
a:=p~t o H(Fe(p)(m)) : H(Fg(Fo)(m)) =V
Then we have the commutative diagram

HO(Fg(Fo)(m)) ® Ox (—m) —— Fg(Fo)

al lFS(SO)

V®Ox(—m) Fe(F)

F

where ev is the evaluation map, a on the left column denotes a ® id and
p:=evo (p®id). By applying the functor G¢ and then using the natural
transformation ¢, we have the commutative diagram

HO(Fg(Fo)(m)) @ € @ 7 Ox (—m) —~ Fy

| iw

V®ERT0x(—m) F

where a again denotes a ® id, ¢ := 0g(F) o Ge(p) and ev := Og(Fy) o Ge(ev).
Notice that a = 0 if and only if ¢ = 0. Then a # 0 since the pair (F,¢) is
nondegenerate.

Define

Q= Quoty (V& & @ 7" Ox (—m), P),
P := P(Hom(H(Fe(Fo)(m)),V)).

Since the morphism ev is surjective, assume that Iy is its kernel, then we
have a short exact sequence:

0= Ko 4 HO(Fe(Fo)(m)) ® €@ n*Ox(—m) < Fo — 0.

As in [67, Proposition 3.4], the composition q o a factor through ev if and
only if goa ot =0, and there is a closed subscheme Z C P x Q such that
([a],[q]) € Z if and only if goa o= 0. In particular, a point ([a],[q]) € Z
corresponds to a pair (F,¢) induced by ¢ o a factoring through ev.
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Remark 4.1. As in [I2, Section 4.1], one has a flat family of pairs pa-
rameterized by Z C P x Q as follows. From now on, we make the conven-
tion that the notation pe , denotes the natural projection from e to x. Let
i:Z = PxQ be the inclusion. Let §: p}xé,X(V ® E@m*Ox(—m)) = F

be the universal quotient family parameterized by Q. Then there is a quo-
tient morphism

(V® & Ox(—m)) F

* ook *
prPxé,Xx@q'prPx@,X —>pX><]P>><§,X><§

The universal quotient family parameterized by P is
Hom(V @ Op, H*(Fe(Fo)(m)) ® Op) — Op(1),
or
HO(Fe(Fo)(m)) ® Op % V @ Op(1).

Then we have

(H(Fe(Fo)(m)) ® €@ m*Ox (—m))

(e@m*0x (-m)®OPy, 5, 5 pd

* *
prPxé,X ®pX><IP’><@,]P’OP
id

*
pr]Fx @,X

VeE&en Ox(—m)) Op(1)

t3 X
prPxé,X( ®p2(x1pxé,1p

and

(HO(Fg(Fo)(m)) ® & @ m*Ox (—m)) Fo.

* 3 * *
~ AN ~ ~
Pyupxd,x " Pxypxdx _>pX><]P’><Q,X

Combined with the definition of Z, we have a morphism

PrxzaxFo = ([dax X0)'Dy b 5 F0

= (idx X )Py 5 xxa” @ (ida x 1) Op(1)

prIP’x é,]P
which is obviously a flat family of pairs parameterized by Z in the sense of
Definition 2.40. In the sense of [12, Definition 3.16] (see also Remark 2.41),
the flat family of pairs is given as

<(idX X i)*p}xPxé,Xxé’F’ i*p;’xé,POP(_l)’ ¢]—~')

where

G5 1Py, 5pO0P(—1) = Drxz,ziHom (p}xg,;y]‘—m (idy x i)*p}wxév)(x@}_) :
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The subset of Z in which every point ([a],[g]) satisfying [¢] € Q and
F=q(V®E@m*Ox(—m)) is pure forms an open subset. In fact, the first
condition is an open condition mentioned above. With the notation in Re-
mark 4.1, consider the universal quotient family parameterized by Z:

p*XxZ,X(V RE® 71-*OX(_WL)) - (idX X;)*p*XXPX@,Xx@f

The second condition is equivalent to the requirement that (idy x

i) pXX]Px@,XX@F is pure, which is an open condition by using [24, Proposi-

tion 2.3.1] for the sheaf F,. _ ¢ ((idX XZ)*pf\’xEx@,Xxé]?> being of pure

dimension (if and only if (idy x 7)*p}xpxé Xxé}— is pure by Lemma 2.13),
together with Grothendieck’s Lemma 2.36 and [43, Proposition 4.20]. Let
Z' be the closure of this open subset in Z. We call Z’ the parameter space.
Obviously, Z’ is a projective scheme. N

Next, we will consider a GL(V')-action on Z' C P x Q, which is induced
by GL(V)-actions on P and Q. We recall these actions in [24, Section 4.3]
and [12, Section 4.1] as follows. Let 7:V @ Ogrv) — V ® Ogr,v) be the
universal automorphism of V' parameterized by GL(V'). By the universal
property of @, we have a classifying morphism 7 : Q x GL(V) — Q which
is the right action by composition [q] - g := [g o g], such that the following
diagram commute

(ldx ><7]1)*q“

L VoE@mOx(-m) (idy x m)*F

*
pr@xGL(V)

p;CXQXGL(V),GL(V)Ti Ay

q ~
*

pr@xGL(V),XX@]:

Prvs 5
XXOXGL(V),XXQ

p;(x@xGL(V),X (VeE®nrOx(-m))

where ¢ is defined in Remark 4.1 and Alz(id;\gxm)*}:%

p}x FxGL(V). X x é]: is an isomorphism. In Remark 4.1, the universal

quotient family parameterized by P is given as
HO(Fg(fo)(m)) ® Op i) V ® Op(1).
Then we have the following surjective composition

PpycL(v),pd
ey

HO(Fg(Fo)(m)) ® Opxarv) V & Ppyarvy,pOr(1)

PhyaLvy,eLiv)T
——— V@) pOr(l)
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which induces a classifying morphism 79 : P x GL(V) — P, where 7 is the
action by composition [a] - ¢ = [g 0 a]. Then we have an isomorphism As :
nsOp(1) — pl’ngL(v)yp(’)p(l) such that we have the following commutative
diagram

HY(Fg(Fo)(m)) @ OpxaLv)

p];’xGL(V),Pé‘l

V @n30p(1)

lpD;XGL(V),GL(V)T(gA?

PhxcL(v),cL(v)T

V & PpyaronpOr(l) V'@ Ppyar) pOr(l)-
Using the stacky version of the G-linearization of a coherent sheaf in [55,
Example 4.3], it can be verified that A; is a GL(V')-linearization for F and
Ag is a GL(V)-linearization for Op(1). N

Two morphisms 71 and 72 induce a GL(V')-action 1 : P x @ x GL(V) —
P x Q and hence induces a natural SL(V)-action on P x Q pointwise as
follows

(lal,la]) - g = (lg~ " e al[gog])

where g € SL(V) and ([a],[q]) € P x Q. This is a right SL(V)-action. Ob-
viously, Z and Z’ are invariant under this action. For [ sufficiently
large, it is shown in [43] Lemma 6.3], the class of very ample invertible
:CXQ,XS(.%)(Z))> carries a natural GL(V)-
linearization which induces a SL(V')-linearization. Notice that Ag induces
a SL(V)-linearization for Op(1). Then for any two positive integers n; and
ng, we have the very ample line bundles

sheaves L; := det (pr@ 5+ (Fp

Oz (n1,n2) := Op(n1) W L™ = Ppy5p0r(m) @15, 5 5L

which again carry natural SL(V')-linearizations.
4.2. GIT-stability and d-stability

We have obtained SL(V')-linearized very ample line bundles Oz (n1,ns) for
sufficiently large and any two integers n1, no, the next step is to consider the
GIT (semi)stable points of Z’ and compare with d-stability condition for the
corresponding pairs. In this subsection, we first generalize the results which
relate GIT-stability condition with d-stability condition in [67, Section 4]
when deg d < deg P and then those in [36, section 4] when degd > deg P to
the case of projective Deligne-Mumford stacks.
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We recall the relation between linear subspaces of V' and subsheaves
of F in [3, Remark 6.14], which is useful for the argument below.
Given a quotient ¢: V ® E @ m*Ox(—m) — F and any linear subspace
V' C V', we have the induced subsheaf 7' :=q(V' ® € @ 7*Ox(—m)) C F.
On the other hand, given a subsheaf 7' C F, we have a injective mor-
phism Fg(F')(m) < Fe(F)(m) and hence an inclusion HO(Fg(F')(m)) <
HY(Fg(F)(m)). Since we have the following composition ¢ := Fg(q)(m) o
pe(V @ Ox) = (Fe(q) o pe(V @ Ox(=m))) (m):

e (VOOx)

Veox ZYE) b Ge(v @ 0x) O,

Fe(F)(m),
then we have the following cartesian diagram:

V N HO(Fg(F')(m)) —= HO(Fg(F')(m))

o !

V—————— H(Fe(F)(m))

where we use the notation V. N HO(Fg(F')(m)) for H(q) " (H°(Fe(F')(m)))
as in [24, Lemma 4.4.6]. We call V' := V N H°(Fg(F')(m)) the linear space
induced by F'. If 7' is induced by V' C V, then V' C V N H(Fg(F")(m)).
And if 7' C F is an arbitrary subsheaf and V' =V N H(F¢(F')(m)), then
the subsheaf induced by V' is contained in F’.

Since the parameter space Z’ is a closed set, we have to consider the
more general class of sheaves in the following

Lemma 4.2. If a pair (F,¢) on X of dimension d can be deformed to a
pure pair, then there is a pure sheaf H with a morphism v : F — H satisfying
keryp = Ty_1(F) and Pe(F) = Pe(H).

Proof. Since (F,p) can be deformed to a pure pair, there is a smooth
connected curve C and a flat family (F¢, pc) on Xo := X x C such that
(Fo, po) = (F, ) for some closed point 0 € C' and (Fy, ¢¢) is pure for any
point ¢ # 0. This implies that F deforms into a pure sheaf. The proof is
completed by [43, Lemma 6.10]. O

Now, we consider the case when degd < deg P. In this case, as in [67, sec-
tion 3], two positive integers nj,ng are chosen to satisfy

(3) m _ PQ)-6(m) (1) - P(m).

N9 P(m) + §(m)
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Proposition 4.3. Assume the equality holds. Let ([a],[q]) € 2’ be a
point with the corresponding pair (F, ). For 1 sufficiently large, ([a], [q]) is
GIT-(semi)stable with respect to Oz/(n1,n2) if and only if for any nonzero
proper subsheaf F' and the induced subspace V' :=V N HY(Fe(F')(m)), we
have an inequality of polynomials in :

P (dim V' + e(¢")6(m)) + 6 - (dim V' — (") P(m)) (<) Pe (F) - (P(m) + 6(m)).
where (F',¢') is the induced subpair of (F, ).

Proof. Let ([a], [q]) € 2’ be represented by morphisms a : H(Fe(Fo)(m)) —
Vand ¢:V®E@71*Ox(—m) — F. Let ¢: Fy— F be the correspond-
ing pair. For any [¢] € Q, we have a point [Fg(q)] in Quoty,(V ®
m.Endo, (€)(—m), P) and hence the set-theoretic family {Fe(F)|[q] € Q}
with fixed Hilbert polynomial P is bounded. Then we can choose an in-
teger [(> m) sufficiently large such that Fg(F) and m.&ndo, (€)(—m) are
both [-regular for any g € Q. Using the same argument in the proof of [67,
Proposition 4.1], the Hilbert-Mumford criterion shows the following:

([a], [q]) is GIT-(semi)stable with respect to Oz (ni,n2) if and only if
for any nontrivial subspace U C V we have

(4)  dimU - (naP(l) — n1)(L)P(m) - (dim(q' (U @ W))ng — e(U)ny).

where W := H)(m.Endo, (E)(1—m)), ¢ :=H'(Fe(q)(1)): VW —
HO(Fe(F)(1) and €(U) = 1 if ima € U and 0 otherwise.

It is shown in the proof of [43] Lemma 6.15], for a fixed ¢, the family of
subsheaves Fiy C F induced by a linear subspace U C V is bounded since
exact sequences of linear spaces split which implies that any subsheaf Fi;
has the same regularity as F. By Kleiman criterion for stacks, for [ suffi-
ciently large, all the subsheaves Fy are [-regular, that is, all Fg(Fy) are
l-regular, and then we have Pg(Fy)(l) = h%(Fg(Fy)(1)) = dim(¢' (U @ W))
for any Fy. Using the similar argument in the proofs of [67, Propositions 4.3
and 4.4] and the equality (3, the criterion for GIT-(semi)stability above can
be restated as:

([a], [q]) is GIT-(semi)stable with respect to Oz (ni,ne) if and only if
for any nontrivial proper subspace U C V' and the induced sheaf Fy :=
(U ® £ @m*Ox(—m)), we have an inequality of polynomials in [:

P (dimU + €(p|r)d(m)) + 6 - (dimU — e(plv) P(m))(<) Pe(Fu) - (P(m) 4 6(m)).

where ¢|y = ¢ if imp C Fy and ¢|y = 0 otherwise.
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The proof is completed by using the similar argument in the proof of [67,
Theorem 4.5] to drop the restriction to subsheaves Fi; induced by subspaces
U C V in the last statement of the criterion but instead use any subsheave
F' with the induced subpace V' :=V N HY(Fg(F')(m)). O

Theorem 4.4. Assume degd < deg P and the equality holds. For 1
sufficiently large, a point ([al,[q]) € 2’ is GIT-(semi)stable with respect to
Oz (n1,n2) if and only if the corresponding pair (F, @) is 6-(semi)stable and
the map H°(q) : V — HO(Fe(F)(m)) induced by q is an isomorphism.

Proof. Let ([a],[q]) € Z’ be a GIT-semistable point. Let U C V be the ker-
nel of HY(q):V — HY(Fg(F)(m)), then it is shown in the proof of [43]
Lemma 6.16] that

Fo=qU®E@m*Ox(—m)) =0.

In fact, if iy # 0, we have Fe(Fy) # 0. Then U C V N HY(Fg(Fy)(m)) and
the cartesian diagram

V N HO(Fe(Fy)(m)) — HO(Fg(Fu)(m))

| e !

4 HO (Fg(F)(m))

shows that the map U — HY(Fg(Fy)(m)) is zero. Since Fy # 0, we have a
nonzero morphism U ® Oy — Fy @ €Y @ m*Ox(m) and hence U @ Ox —
Fe(Fy)(m) is nonzero by applying the exact functor .. This produces a
contradiction. Thus, for [ sufficiently large, ¢'(U ® W) = 0. By the inequal-
ity () and P(l) > 4, one has U = 0. Then H%(q) : V — H°(Fg(F)(m)) is
injective.

The proof is completed by following the similar argument in the proofs
of [67, Theorems 4.5 and 4.7] together with the corresponding Lemma 3.5,
Lemma 4.2 and Proposition 4.3. O

Next is the case when degd > deg P where as in [36], Section 4] we set

(5) m _ P()

N9 2r

Applying the proof of Proposition 4.7 with the equality , we have
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Proposition 4.5. Assume the equality holds. Let ([a],[q]) € 2’ be a
point with the corresponding pair (F, ). For 1 sufficiently large, ([a], [q]) is
GIT-(semi)stable with respect to Oz/(n1,n2) if and only if for any nonzero
proper subsheaf F' and the induced subspace V' :=V N HY(Fe(F')(m)), we
have an inequality of polynomials in :

P-((2r —1)dim V' + P(m)e(@")) (L) Pe(F') - (2r - P(m))
where (F',¢') is the induced subpair of (F, ).

Theorem 4.6. Assume degd > deg P and the equality holds. For 1
sufficiently large, a point ([a],[q]) € 2’ is GIT-(semi)stable with respect to
Oz (n1,n2) if and only if the corresponding pair (F, @) is §-(semi)stable and
the map H(q) : V — HY(Fe(F)(m)) induced by q is an isomorphism.

Proof. The proof follows from the similar argument in Theorem 4.4, but
together with Lemma 3.6 and Proposition 4.5. (]

Remark 4.7. By Lemma 2.2/, the statement in Theorem 4.6 actually prove
that a GIT-stable point corresponds to a d-stable pair.

4.3. Moduli spaces of §-(semi)stable pairs

In this subsection, we introduce a moduli functor of J-(semi)stable pairs,
and then prove that there is a moduli space for this functor. These results
generalize the ones in [67, Theorem 3.8 and [36, Theorem 1.1] to the case of
projective Deligne-Mumford stacks. We will adopt the techniques and ideas
in [12], Section 4], most of which can be traced back to the theory for the case
of projective schemes in [24, Chapter 4] (see also [22, 23]). Different from
the definition of a flat family of pairs [12], Definition 3.16], we take Definition
2.40 for our families. With this notion of families, as in [24], Section 4.1], we
give

Definition 4.8. Define a functor
M (Fo, P, 0) : (Sch/k)® — (Sets)
as follows. If S is a k-scheme of finite type, let ./\/lf’\f/k(fo,P, 0)(S) be the

set of isomorphism classes of flat families of 6-semistable pairs (F, ) with
modified Hilbert polynomial P parametrized by S, that is, such a flat family
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(F, ) satisfies that for each point s € S, the pair (Fs, |+ 7,),) i a 0-
semistable pair with modified Hilbert polynomial Pﬁ:g(Fs) = P where wy :
X xS —= X and s : X x Spec(k(s)) = X are the projections. And for every
morphism of k-schemes f : S" — S, we obtain a map

Mj;g/k(F07P7 5)(f) : S/X;S/k(fmpﬂ 6)(5) — Mf\f/k(Fo,P, 5)(‘3/)

via pulling back F and ¢ by idy x f. If we take families of §-stable pairs,
we denote the corresponding subfunctor by va/k(fo, P,0).

Remark 4.9. By [/3, Proposition 1.5] and Theorem 2.5, we have
Froe(F)s = Frg(Fs). Then one has P(Frve(F)s(m)) = Preg(Fs)(m) =
P(m) for each point s € S in the above definition.

Recall that a scheme M is called a (coarse) moduli space for the functor
M if it correpresents the functor M and called a fine moduli space for M
if it represents M. One can refer to [24, Sections 2.2, 4.1 and 4.6] for more
details. In order to apply GIT to prove the existence of moduli spaces for
functors /\/l(/‘f)/‘;C (Fo, P,d), we will consider the GIT-(semi)stable points.

Define R(*)* C 2/ C Z to be the subset of GIT-(semi)stable points
([a], [q]) corresponding to d-(semi)stable pairs by Theorem 4.4 and Theorem
4.6. As in [24, Section 4.2], the sets R® and R*® are open SL(V')-invariant
subset of Z’. In particular, R® is an open subset of R*. In Remark 4.1,
we have obtained a flat family (.7:"95X z,Pxxz) of pairs parametrized by Z,
where

Frxz = (idy x D) Pspedaxa” @ (da X 0 b 5,08(1)

and Pyxz :p}xz,x}-() — Frxz. As in [12, Proposition 4.2], the scheme
Z' has the universal property due to the ones of P and Q. By pulling
back the flat family (Fyxz,Pxxz) to RS we get the universal family
(Frxrs, Prxr:) of d-semistable pairs with modified Hilbert polynomial

P parameterized by R(9)* where the morphism @y g is

@XXR(S)S :pjgc'x’]z(S)s’XJT"O — fXXR(s)s
= (idy X i(S)S)*pj\’x]Px @,XX@'F® (idy x i(S)S)*p}xPx@,POP(l)
and 7(3)3 : R(5)5 s P x Q are the inclusions.

Since SL(V')-linearized ample line bundles Oz (n1, n2) depend on choices
of two positive integers n; and no, we make the convention that they are
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chosen to satisfy the equality when degd < deg P and the equality
if degd > deg P. By [24, Theorem 4.2.10], we have

Theorem 4.10. There is a projective scheme M** := M3, (Fo, P,0) and
a morphism © :R% — M?®% such that © s a universal good quotient
for the SL(V)-action on R**. And there is an open subscheme M?® :=
M)S(/k(]:g,P, §) € M*® such that R® = ©~Y(M?*) and © : R® — M?® is a uni-
versal geometric quotient. Moreover, there is a positive integeri and a very
ample line bundle M on M** such that Oz (ni,ns)®|g. = 0*(M).

To obtain the similar results in [24, Theorem 4.3.3], we need the following
semicontinuous result for the Hom group of pairs. The proof of this result
is mainly based on the argument in that of [23] Lemma 3.4]. We will adopt
the slightly modified proof of [12], Proposition A.2] as follows.

Lemma 4.11. Let X be a projective Deligne-Mumford stack over k with a
polarization (£,0x(1)). Let (F,¢) and (G,v) be two flat families of pairs
over Xp := X x T parametrized by a scheme T of finite type over k. Then
the function

t — dimyy) HomXX{t}((]:t, ©t), (G, t))

is an upper semicontinuous function on T'.

Proof. Tt suffices to prove the case when T' = Spec A where A is a k-algebra
of finite type. Since pp : X x T'— T is a family of projective stacks, we have
the following locally free resolutions (see also the argument in Section 5.1):

P (&) @ pi o T Ox (—m1) — pi(E)®N2 @ py 0 T Ox (—ma) — F — 0,
Pr(E)*N @ ply o T Ox (=) —= i (E)*™ @ ply o T Ox (=a) — piFo — 0,
where py : X x T'— X is the natural projection, N;, NZ are positive integers,

and m;, m; are positive integers large enough for ¢ = 1,2. Then we have the
exact sequences for any A-module M

0 — Hom(F,G @4 M) — M2 @4 M — M3 @4 M,
0 — Hom(p5F0,G ®a M) — M% ®a M — My, ®4 M,
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where

M = HY(X X T, Fye, 5)(9) "™ (),
Mg, = HY(X X T, Fye,5)(9) "™ (1)),
and A-module M}, M}O are free for ¢ = 1,2 by the similar argument in the

proof of [43, Lemma 6.18]. Define the follwoing complexes of free A-modules
concentrated in degree 0 and 1:

M$%:0— M#? — My — 0,
My, :0— Mz, — Mz, — 0.

Then we have for any A-module M

Hom(F,G ®4 M) =2 H' (M} ®4 M),

Hom(p%Fo,G ®4 M) = HO(M%, @4 M).
The morphism ¢ : p53Fo — F induces a morphism of complexes, denoted
again by ¢ : M3 — M3 . Denote by A® the complex such that A = A and
A? =0 for i #0, then the morphism % : p%Fy — G induces a morphism
Y1 A* — M3 . Therefore, we have a morphism V¥ := (¢, —¢) : Mz & A® —
M3, . Let Cone(¥)*® be the mapping cone of W, we have a short exact se-
quence

0 — M3z — Cone(V)* — M3z @ A*[1] — 0.
Then we obtain the following long exact sequence

0— lfl(Cone(\Il)‘ ®4 M)
— Hom(F,G ®4 M) ® M — Hom(pFo,G @4 M) — - - .

For any t € T and M = k(t), we have the following cartesian diagram

h=(Cone(¥)® @4 k(t)) ———— k()

| -

Hom(F, Gt) o Hom(Fo, Gt)

[e]
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By Remark 2.20, we have

dimk(t) HOHlXx{t}((]'—u ©t), (G, ¥r))
= dimy,() h ™" (Cone(¥)® ®4 k(1)) — 1+ e(ty).

The proof is completed by using the fact that e(¢y) is either zero
for all t €T or never zero by assumption of flatness and the func-
tion t — dimh~!(Cone(¥)® ®4 k(t)) is upper semicontinuous by [12
Lemma A.1]. O

As in [36, Section 4], we call a J-semistable pair J-polystable if it is iso-
morphic to the direct sum of J-stable pair with the same reduced Hilbert
polynomial. Notice that the assumption of nondegerateness is not imposed
on every summand of a nondegenerate §-polystable pair. Using the similar
argument in the proof of [23| Proposition 3.3] and Lemma 4.11, we have

Lemma 4.12. Two points ([a1], [q1]) and ([az2], [g2]) are mapped to the same
point in M** if and only if their corresponding §-semistable pairs (Fi,¢1)
and (Fa,p2) are S-equivalent. The orbit of a point ([a], [q]) is closed in R**®
if and only if the corresponding pair (F,¢) is d-polystable.

Remark 4.13. Since © : R** — M*° is a good quotient for the SL(V)-
action on R, the statement that two points ([a1],[q1]) and ([a2],[q2]) are
mapped to the same point in M*° is equivalent to the one that the closure of
orbits of two points ([a1], [q1]) and ([az2], [q2]) in R*® intersect.

Next, we shall show that the projective scheme M®® is a moduli space
for the functor M% Ik (Fo, P, 6) and the quasi-projective scheme M* is a fine
moduli space for the functor MSX/k(]:O’ P, 0). Following the method in [12,
Section 4.2], we first recall the definition of good moduli space [5] as follows.

Definition 4.14. ([3, Section 2]) Let S be a scheme and (Sch/S)gt a cat-
egory of schemes over S with the global étale topology. An algebraic space
over S is a sheaf of sets X on (Sch/S)gt such that
(1) Ax/s: X — X Xg X 1s representable by schemes and quasi-compact.
(13) There exists an étale, surjective map U — X, where U is a scheme.
An Artin stack over S is a stack X over (Sch/S)gy such that
(1) Axss: X — X xg X is representable, separated and quasi-compact.
(13) There exists a smooth, surjective map X — X, where X is an alge-
braic space.
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Remark 4.15. An Artin stack X here is referred as an algebraic stack in
[31, Definition 4.1]. It is a Deligne-Mumford stack over S when there exists
an étale, surjective map from an algebraic space.

Definition 4.16. ([5, Definition 3.1/) A morphism f:X — Y of Artin
stacks over S is cohomologically affine if [ is quasi-compact and the functor
[+ : QCoh(X) — QCoh(Y) is ezxact.

Definition 4.17. ([5, Definition 4.1]) Let X be an Artin stack and Y be
an algebraic space over S. We say that a morphism f: X —Y is a good
moduli space if the following conditions are satisfied:

(i) f is cohomologically affine.

(ii) The natural morphism Oy — f.Ox is an isomorphism.

Definition 4.18. ([5, Definiton 7.1]) We call f: X =Y a tame moduli
space if

(i) f is a good moduli space,

(1) for all geometric points Speck — S, the map [X (k)] — Y (k) is a
bijection of sets, where [X (k)] denotes the set of isomorphism classes of
objects of X (k).

We introduce the following Artin stacks of finite type:

Gm(s)s — [Rs(s)/SL(V)], 9{(5)5 — [Rs(s)/GL(V)]v
PROS — (R /PGL(V)],

where PRE) is well-defined due to Lemma 4.21. Using the rigidification
of a stack in [I, Section 5], it is easy to show that R(®)* is G,,-gerbe on
PRE® and SRE® is pu(V)-gerbe on PRE* where (V) C SL(V) denotes
the group of the product of dim(V)-roots of unity and the identity ma-
trix. Since Oz (n1,n2)|r=: is a SL(V)-linearization on R*®, we denote by
O(ni,n2) the corresponding line bundle on &R*. Combing with Theo-
rem 4.10, an analogue of GIT in [5, Theorem 13.6] shows

Theorem 4.19. There is a good moduli space Og : GR* — M with
O(n1,n2)® = ©5 (M) and the morphism Og : GR® — M? is a tame moduli
space.
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As in [I2, Section 4.2], the morphism Og : GR** — M** induces the
commutative diagram

SKr)s PR R(s)s
on i@m/
M(s)s

and morphisms O¢ and O also satisfy assertions stated in Theorem 4.19.
Following [12} Section 4.2], we define [R(*)*] to be the contravariant functor
such that for any scheme S of finite type, [R()*](S) is the set of isomorphism
classes of objects of 9:(*)*(S). An object in [3(¥)%](S) is an isomorphism class
[(G: P — S,¢: P— RO where g: P — S is a GL(V)-torsor over S and
¢ is a GL(V)-equivariant morphism. Here, (§: P — S, ¢ : P — R()%) and
(@ : P - S, ¢ : P - R()%) are called isomorphic objects if we have the
following commutative diagram

~

P—=

Q|
N
<l

n

S ids
where ¢ is an isomorphism of GL(V')-torsors compatible with ¢ and ¢’. Now,
we have

Theorem 4.20. The functor ngﬁ(}"o,P, §) is isomorphic to [R)9].
Proof. Use the similar argument in the proof of [12, Theorem 4.12] with our
notion of flat families of pairs in Definition 4.8 (see also Definition 2.40)
and the universal family (Fyyrs, Pxxres) of d-(semi)stable pairs with
modified Hilbert polynomial P parameterized by R()s, [l

Since the morphism O : R(®)® — M) factors through 55 — [RE)s],

we have the morphism Mg\f)/jg(}"o,P, §) — M5 by Theorem 4.20. By the

Yoneda Lemma, we may take the scheme M(®)5 as a functor Mor(—, M(s)s)

and the mophism M(;)/i(FQ,P, 5) = M (5)s as a natural transformation

M(;}z(}"o, P,§) — Mor(—, M®)%). We need the following lemmas which are
useful for proving the existence of a fine moduli space for M5, /k(}'o, P,9).

First, as in [12 Lemma 4.5], we have
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Lemma 4.21. Let ([a],[q]) € Z CP x Q be a closed point corresponding
to a pair (F,¢) such that Fg(F)(m) is globally generated and H(q) : V —
HO(Fg(F)(m)) induced by q : V @ € @ 7*Ox(—m) — F is an isomorphism.
Then there exists a natural injective homomorphism Aut(F, ) — GL(V)
whose image is precisely the stabilizer group GL(V)q)1q) of the point

([a], [q])-

[a],lq

Proof. Notice morphisms of pairs in Definition 2.18 and use the similar ar-
gument in the proof of [24] Lemma 4.3.2]. O

Corresponding to [12, Proposition 4.14], we have

Lemma 4.22. Let (]:'XXRS, PxxRre) be the universal family of 6-semistable
pairs with modified Hilbert polynomial P parameterized by R°. Then Fyxrs
is invariant with respect to the action of the center G, of GL(V).

Proof. Since the assumption of Lemma 4.21 is satisfied on R* by Theo-
rem 4.4 and Theorem 4.6, the center G, of GL(V') acts trivially on R®. This
implies that the restriction of n: P x Q@ x GL(V) —» P X QtoR* x Gy is a
trivial action where 7 is induced by GL(V')-actions 7y : @ x GL(V) — Q and
n2 : P x GL(V) — P. Denote by ig,, : G, — GL(V) the inclusion. Then we
have the following identities:

Paspxd.xxd © (Ida X is) © pxuRrexG,, X xR
= (idx xm) O PxxPx OxGL(V),Xx OxGL(V) © (idy x is X ig,,)

= PaxOxGL(V),xx3 © PxpxOxGL(V),xxdxcL(v) © (dx X is X ig,,)

and

Dy«pxgp° (idx X is) © P¥xRsxG,,, A xRS

=112 © Ppy 5xar(v) pxGrv) © (is X 0G,,) © PAXR %G, R xC,p

= PPxGL(V),P © Ppy 5x GL(V),PxGL(V) © (is X 1G,,) © PAXREXGyp R X G -
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(V),Xxé]: and As :

n50p(1) = pp, GL(V) pOp(1) induces the following isomorphisms

Then two isomorphisms Aj : (idy x m )*F — p*XxéxGL

N . TNk, ok
A1 prxrexg,, xxre (idy X is) prPxé,Xx@]:

= (idx x 45 X 7g,,) prPxéxGL(V),XxéxGL(V)(idX X ) F

= . ~ . * % *
— (idx x is X ig,,) pXXpX@XGL(V),XXéxGL(V)pXXQXGL(V),XXéf
= p*XXRSXGm7XXRS (ldX X Z.S)*p*XXPXé,XXéF

and

As DX xR x G xR (1 X;S)*p:‘(x]pxé7pop<]‘)
= PiexRexG RexC,, (Is X Z'Gm)*pf;x@XGL(V)PXcL(V)"?;OP(U
= PXXR*X G /R* X G (Zs X Z'Gm)*pf;x@XGL(V)JP;XGL(V)p];xGL(V),POP(l)
= P xR %Gy, X xRe (1 X 75)*p}XPXé,]pOP(1)

such that the following diagram commute

* *
prR-*‘XGm,X}_O prRsxGm,erO

" N . ; _
prRSXGm.XXRSLPXXRSl lpxxRSxGm,Xst%"Xxﬁé

* T * T
DX AR xG,y X xRT XXR pXXRSxGm,XxRS]:XXR“

7\1 ®1~\2
where

Paxre  Dyxre xF0 = Faxrs
= (idy x is)*p*XXpXQXXéf@ (idy x is)*p}xpx@,POP(l)'

Using the similar argument in the proof of [I2, Proposition 4.14], one can
show that both A; and As are the identity morphisms. This implies Fyxgrs
is invariant with respect to the action of the center G, of GL(V). 0

Remark 4.23. In the proof of [12, Proposition 4.1}/, the assumption of
irreducibility of X is used to assert that their universal family of framed
sheaves parameterized by R® can be PGL(V)-linearized in order to show
that moduli spaces of d-stable framed sheaves are fine. While in our setting,
the universal family (Fyxps, @xxre) of 6-stable pairs is PGL(V)-linearized
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without this assumption since Fyxrs is invariant with respect to the action
of the center Gy, of GL(V) by Lemma 4.22.

Now, we have

Theorem 4.24. Let X be a projective Deligne-Mumford stack of dimension
d over k with a moduli scheme 7 : X — X and a polarization (£,0x(1)).
Let Fy be any fized coherent sheaf on X, and let § be any given stabil-
ity parameter which is a rational polynomial with positive leading coeffi-
cient and P any given polynomial of degree deg P < d. Then the projec-
tive scheme M*® .= Mj’(s/k(fo, P,6) is a moduli space for the moduli functor
M}g/k(}"o,P, ) and the quasi-projective scheme M?® := Mjf/k(.Fo,P, ) is a
fine moduli space for the moduli functor MSX/k,(]:o, P,6). Moreover, the Artin
stack R® is a Gp,-gerbe over its moduli scheme M?.

Proof. The proof is completed by following the similar argument in [12]
Theorem 4.15] but with our notion of universal families (Fy y g, @x xR()s)-
The last statement is true since R®* — M?® can be shown to be a PGL(V)-
torsor. 0

Remark 4.25. One may consider the construction of relative moduli spaces
of 0-(semi)stable pairs by using [5, [59] for GIT construction in relative case
and obtaining the relative version of [{3, Proposition 4.24], Lemma 2.36
and Lemma 2.89 for the boundedness results. We will investigate this issue
elsewhere which is essential to the study of relative orbifold PT theory and
its degeneration formula.

4.4. Variation of moduli spaces

For a given polynomial P and a fixed coherent sheaf Fy on X, as in [67,
Section 5], we will investigate the variation of moduli spaces M jf/k(fo, P,9)
when one changes the stability parameter § € Q[m]. To indicate the depen-
dence on J, we denote by R(9)*(§) the subset of GIT-(semi)stable points
([a], [q]) € Z’ corresponding to d-(semi)stable pairs. We generalize [67, The-
orem 5.5] to the case of projective Deligne-Mumford stacks as follows.

Theorem 4.26. Let X be a projective Deligne-Mumford stack over k with a
moduli scheme m: X — X and a polarization (€,0x(1)). There are finitely
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many critical values §',--- 8" € Q[m] satisfying
Vi=0< < <8t <6 i= 4o

such that we have the following properties:
(i) Fori=0,---,t and 6,8 € (6°,6°t1), one has R)3(5) = R()3(8).
(ii) Fori=0,---,t and § € (6°,5'"Y), we have

RSS((S) C RSS((SI) ORSS((SH_I), Rs((;) ) RS((S@) URS((sH_l).
(iii) Fori=0,---,t and § € (§°,6°1), one has
Mjfs/k(fO’Pv 5) = Mg{/k(FO)Pu 6)

Moreover, we have the chamber structure of the stability parameter as fol-
lows:

M3, . (Fo, P,6) My . (Fo, P,0)
M3 (Fo, P00 M3 (Fo, oY) - - My, (Fo, Po') M3 (Fo, PoM)
where Mgg/k(]:o, P,6) := M)S(S/k(]:o, P,0) for some § € (6,61, i=0,--- ,t.

Proof. With the notation in Remark 4.1, we have the following universal
morphism

(H°(Fe(Fo)(m)) ® € ® 7 Ox (~m)) Op

>k *
Pxxpxd,x ®p2(x19>xé,1p

* T *
= prIP’xé,Xxé]: ®prIP>x@,PO]P’(1)'

As in [67, Lemma 5.1], one can show that the set-theoretic family of sub-
sheaves imep from d-semistable pairs (F, ) for all 4 is bounded. Using this
result together with Grothendieck’s Lemma 2.36 and Kleiman criterion for
stacks, and following the similar argument in the proof of [67, Proposi-
tion 5.2], one has the following result:
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There exists a rational polynomial dpax of degree (deg P — 1) such that
for each 0 > dymax and each pair (F, ), we have

(F, ) is 0-semistable <= F is pure and dim cokery < dim F.

It is easy to verify that those § satisfying degd > dim &' (or more generally
deg 0 > deg P) are also allowed in the inequality § > dpax-

The proof of [67, Lemma 5.3 and Corollary 5.4] also holds in our stacky
version. We complete the proof by using the results above, Theorem 4.4 and
Theorem 4.6. 0

Remark 4.27. Notice that a critical value is defined to be a value such
that when ¢ crosses it, the moduli space Mjf/k(fo, P,0) changes. As in [67],
the maps in the chamber structure above are determined by the property (ii)
in Theorem 4.26 and the universal properties of the universal good quotient
in Theorem 4.10. In addition, we have dmax > 0°. One can choose Omax to
be §'. By the properties (i), (iii) and Theorem 4.10, for any two parameters
§',8" > 6, one has Mj’(/k(}"o,P, §) = Mj’(s/k(.Fo,P, §) = Mjfs/k(./.“[),P, §") =
Mj’(/k(}"o,P, 8"). This implies that as is pointed out in the introduction of

[36], one can choose a stability parameter 5 of degree (deg P — 1) with 6>
Omax Such that the construction of moduli space Mjf/k(]:o,P, 0) implies the
eristence of Mjf/k(.i’-'o,P, 0) for any 0 satisfying deg 0 > deg P. Furtherly,
it is interesting to study the explicit wall-crossing behavior for variation of
moduli spaces.

5. Deformation-obstruction theories and virtual
fundamental classes

We generalize the deformation and obstruction theory of d-stable pairs for
smooth projective varieties in [36, Theorem 1.2] and the existence of virtual
fundamental classes of moduli spaces of §-stable pairs for a smooth projec-
tive surface in [36, Theorem 1.3] to the case of smooth projective Deligne-
Mumford stacks. We will generalize the deformation and obstruction theory
developed in [27] to our case as an alternative approach, which is useful for
proving the existence of virtual fundamental classes as in [25 53] for the
case of dimension three. Finally, we give a definition of a stacky version of
Pandharipande-Thomas invariants.
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5.1. Deformation and obstruction theories

It is proved in [30), Section 5| that the resolution property holds for a projec-
tive Deligne-Mumford stack X', that is, any coherent sheaf admits a surjec-
tive morphism from a locally free coherent sheaf of finite rank. By inductive
use of this property, every coherent sheaf on X’ has a locally free resolution.
It is interesting to know whether the locally free resolution is of finite length
or not. It is shown in [I2, Appendix B| that a smooth projective Deligne-
Mumford stack is of the form [Z/G] where Z is a smooth quasi-projective
variety and G is a linear algebraic group, and hence any coherent sheaf on a
smooth projective stack X admits a finite resolution by locally free sheaves
of finite rank by using [17, Proposition 5.1.28 and Theorem 5.1.30] and the
fact that the category of coherent sheaves on X = [Z/G] is equivalent to the
category of coherent G-equivariant sheaves on Z (see [12, Remark 2.17]). In
this section, we will consider smooth projective Deligne-Mumford stacks.

Let X be a smooth projective Deligne-Mumford stack over k£ with a mod-
uli scheme 7 : X — X and a polarization (£, Ox(1)). Since £ is a generating
sheaf for X', the morphism

™ (msHomo, (E,G)) ®o, € — G

is surjective for any coherent sheaf G. As m,Homoe, (€,G) is a coherent sheaf
on the projective scheme X, then we can take a positive integer n; > m
large enough such that m. Homoe, (€,G)(n1) is generated by global sections
where m is the integer chosen in the Section 4. Then we have the following
surjective morphism

HO(ﬂ'*'Homox (€,6)(n1)) ® Ox(—n1) — mHomo, (€,G) — 0.

Thus, we have the following surjective morphism

HO(TF*'HOTHOX (€,6)(n)) @ O0x(—n1) ®E
— (e Homo, (£,G)) ®E — G — 0.
Denote by W; = H°(m,Homo, (£,G)(n1)), we have a surjection from a
locally free sheaf W7 ® € @ m*Ox(—n1) - G — 0. Let G =ker(W; ® E®

m™*Ox(—n1) = G). Applying the same process above to Gi, one can get

Wo® & ®7T*OX(—TLQ) — g1 — Wy ®5®W*OX(_TL1) —- G
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or a locally free resolution
Wo®@ERm Ox(—n2) = W1 @ERTOx(—n1) -G —0

where ni,ng > m are positive integers large enough and Wiy, Wy are vec-
tor spaces. The next step is again applying the same process to Go =
ker(Wy ® € @ m*Ox(—ng) = W1 ® € @ 7*Ox(—n1)). By induction and the
finite resolution property in [I12, Lemma B.3], we construct a finite locally
free resolution of G (see also Lemma 5.9):

= Wi Wi = =2 W =G =0

where W; =W, @ £ @ m*Ox(—n;) with n; > m large enough and W; is a
vector space for any ¢ > 1.

Let Arty be the category of Artinian local k-algebras with residue field
k. For A, A’ € ObArt, and let the short exact sequence

0>I—-A —5A-0

be a small extension, that is, mya.I = 0. Let Fy be any fixed coherent sheaf on
X, and let § be any rational polynomial with positive leading coefficient and
P any given polynomial of degree deg P < d. Let [(F, )] be a point in the
moduli space M}/k(}'o,P, ). Suppose @4 : Fo®@ A — Fq over Xy =X X
Spec A is a flat extension of (F, ) where F4 is flat over A. Let I* := {Fp 2,
Fland I% :={Fo® A A F A} be the complexes concentrated in degree 0
and 1. Since X4 — Spec A is a family of projective stacks by Theorem 2.5,
the morphism

(m x idgpec 4)* ((m X idspec 4)« Hom(pk, x&,Fa)) @ P, x€ = Fa

is surjective. Since any coherent sheaf on X4 has a locally free resolution,
together with using the finite resolution property for any fiber of X4 —
Spec A, the similar argument as above shows that there exists a finite locally
free resolution of Fjy:

e W W s o WY = Fa— 0

where W/ = W* ® P, x€ @Dy, x7 Ox(—n;) with n; > m large enough
and W' is a vector space for any i < 0. Again, we take a finite locally free
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resolution of Fy as follows:
e Y N VA Yy
where V! = Vi ® € ® 7 Ox(—m;) with m; > m large enough and V* is a
vector space for any ¢ < 0. As in [36, Section 5A], lifting @4 : Fo @ A — Fa

to a morphism of complexes ¢% : V* ® A — W9, we have the commutative
diagram as follows

dy’®A dy'®A
G B Y1 A B o g Fo® A 0
lsb; i@% Ba
d=2 d=t
T wy! A Wy Fa 0.

Notice that n;, m; > m, one has

H'(X, F® &' @n*Ox(ny)) = H' (X, Fg(F)(n;)) =0,
Hi(X,]:®5v @ 1 Ox(mj)) = Hi(Xu Fe(F)(mj)) =0,

foralli > 0 and j <O0.
With these preparations, by the similar argument in [36, Section 5], we
have the following straightforward generalization of [36, Theorem 1.2].

Theorem 5.1. Let [(F, )| be a point in the moduli space Mj(/k(]:o, P,0).
Let ¢4 : Fo @ A — Fa be a morphism over X4 = X Xgpeck, Spec A extend-
ing @, where Fa is a coherent sheaf flat over A. Then for a given small
extension 0 — I — A’ 5 A — 0, there is a class

ob(¢a,0) € Ext!(I*, F® I)

such that there exists a flat extension of pa over Xa if and only if
ob(¢a,0) =0. If ob(pa,0) =0, the space of extensions is a torsor under
Hom(I*, F ® I).

Remark 5.2. The deformation and obstruction theory in [36, Theorem 1.2]
is analogous to the one in [61, Theorem 4.2] (see also [26, IV 3.2.12]) for any
small extension 0 — I — A" — A — 0 when we view the 2-term complex as a
mapping cone. Actually Theorem 5.1 provides a deformation and obstruction
theory for the stacky version of higher rank Pandharipande-Thomas stable
pairs [61)].



Moduli spaces of semistable pairs 1183

The deformation and obstruction theory in Theorem 5.1 is suitable for
showing the existence of virtual fundamental classes for the case of dimension
two in the next subsection, but it seems difficult to deal with 3-dimensional
case (see Lemma 5.13 and Remark 5.14). Now, we take another approach
to give a stacky version of the deformation and obstruction theory in [27]
Section 2]. We start with

Lemma 5.3. Suppose B € ObArty, and let F* be a bounded complex
of coherent sheaves over Xp := X x Spec B where each F’ is flat over
B. Then there are a complex V* = (V' di.) where V' = L; ® P, € ®
Pk, 2™ Ox(—m;) and a quasi-isomorphism ¢* : V* — F* such that (V* —
F*,V*) satisfies the following two conditions:

(i) H¢(Xp, F/ ® P, € @Dk, x7 Ox(m;)) = 0 for any i, j and any c >
0.

(ii) Let U®:=F*@®V*[1] be the mapping cone of ¢* and set
Wi :=ker(U' — U). Then the map H°(Xp, U7~} @ P, €7 ®
Py 2™ Ox(my))) = H(Xp, WI @ pl, vEY @ pY, 7" Ox(my)) s
surjective for any j and H¢(Xp, W’ ®p}B7X€V ® P, 27 Ox(mi)) =
0 fori<j and c> 0.

Here, L; is a vector space and m; is a sufficiently large integer for any .

Proof. We follow the similar argument in the poofs of [27, Proposition 1.1
and Remark 2.2]. Choose an integer [ such that 77 = 0 if j > [. By Theo-
rem 2.5, the sheaf p% & is a generating sheaf for Xp. Then we have the
surjective morphism

(71' X idSpecB)*(F’p g(fl)) ®p§(B1X£ — ]:l'

.
Xp,X

Choose a positive integer m; sufficiently large such that Fp}B‘xf(‘FZ) ®
Px,. +Ox(my) is generated by global sections, and then we have the fol-
lowing surjective morphism

Vii= HY (X, By, e (F1) © P, xOx (1)) @ D, € @ P, " Ox (=)
— F!

where Xp := X x Spec B. Set Ly := HO(Xp, Fp, e(F) @ pk, xOx(m1)),
Whi=F' and W' :=ker(F' @ V! —» W'). Inductively define V' :=
L; ® py, 1€ ® pl, x7 Ox(—m;) and Wit = ker(F~1 @ Vi — W) where
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L, := HO(XB,FP;(B:Xg(W") ®p§(B,XOX(mi)) and m; is a positive integer
sufficiently large. Notice that for any coherent sheaf G on X and any 1, j, we
have

HY(XpB,G @ ply, € @ Pk, 27 Ox(m;))
= H(Xp, Fy,_£(9) @k, xOx(m)).

Actually one can inductively choose m; sufficiently large to satisfy the con-
dition () and

HC(XB,Wj ® P, € @y, x7 Ox(m;)) =0, fori<jandc>0.

The similar argument in the proof of [27, Proposition 1.1] shows one can
define the complex V* with V=0 for i > and di,, : VI — W — Vitl
such that there is a quasi-isomorphism ¢® : V* — F*. It is easy to verify that
Wi =W?:=ker(U’ — U*!). Then we have the surjection U/~! = Fi~l @
VJ — W for any j which implies the surjectivity in the condition (ii) by
the definition of V°. O

Remark 5.4. Using the similar argument in the proof of [27, Lemma 2.1],
the condition (i) in Lemma 5.8 corresponding to the condition (x) in [27,
Lemma 2.1] implies that there are bijective canonical homorphisms for any
¢ >0 as follows

H¢(Hom®*(V*, F*)) — Ext&, (V*, F*).

And the condition (it) in Lemma 5.3 corresponding to the condition (Lg) in
[27, Lemma 2.1] shows that the canonical homomorphisms

H¢(Hom®*(V*,V*®)) — H°(Hom®*(V*, F*))
are surjective for ¢ > 0 and bijective for ¢ > 0.
Then, we have

Theorem 5.5. Let [(F, )| be a point in the moduli space M3 1.(Fo, P, J).
Let ¢4 : Fo @) A — Fa be a morphism over Xy = X Xgpeck Spec A extend-
ing ¢, where Fa is a coherent sheaf flat over A. Let I® = {Fo 2, F} and
I ={Foxr A RN Fa} be the complexes concentrated in degree 0 and 1.
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Then for a given small extension 0 — I — A’ 5 A — 0, there is an element

w(I%) € Ext?(I°,I° ® I)

such that there exists a flat extension of pa over Xa if and only if
w(I%) =0. If w(I%) =0, then the space of extensions form a torsor under
Ext!(I°,I°* ® I).

Proof. Notice that the bounded complex we consider here is a two-term
complex I% with I* =1I% ® k from a stable pair (F4,®4) and the isomor-
phic relations in Definition 2.40 is contained in the equivalent relations in [27]
Definition 0.1]. Following the similar argument in the proof of [27, Propo-
sition 2.3] and using Lemma 5.3 and Remark 5.4 to show that the space of
extensions is pseudo-torsor under Ext!(I*,I® ® I). The proof is completed
by using the similar argument in the proof of [25, Corollary 3.4] or [35]
Corollary 3.2.12] to show it is actually a torsor under Ext!(I*,I1*® I). O

Actually, the above result can be generalized to the case of a square zero
extension as follows.

Theorem 5.6. Let [(F, )] be a point in the moduli space M;/k(fo, P,0).
Let 94 : Fo @i A — Fa be a morphism over Xy = X Xgpeck Spec A extend-
ing @, where F4 is a coherent sheaf flat over A. Let 1% = {Fo @ A RN Fa}
be the complex concentrated on degree 0 and 1. Then for a given square zero
extension 0 — I — A" — A — 0, there is an element

w(I%) € Ext?(I%,1% @ I)

such that there exists a flat extension of pa over Xa if and only if
w(I%) =0. If w(I%) = 0, then the space of extensions form a torsor under
Ext!'(I%,I4 ® ).

Proof. Notice that since I? =0, we have a quasi-isomorphism V*® — I
such that (V*® I — I% ® I,V*) satisfies conditions (¢) and (i¢) in Lemma
5.3 (with B replaced by A), which will be used to replace the case of
the restriction to the closed fiber in the proof of [27, Proposition 2.3] in
the following argument. By Remark 5.4, we have H'(Hom®*(V*,V® ® I)) &
Ext!(I3, 14 ® I) for i > 1. Let di. : Li ® ply, 1€ @ Py, 4™ Ox(—m;) —
Lit1 ®@pk,, x€ ®p%,, 7" Ox(—mit1) be a lift of morphism dy. : L; ®
P, x€ @Dy, 2™ Ox(=mi) = Lit1 @ phy, 1€ @ pl, x™ Ox(—mit1). Since
Ve =(V® d,.) is a complex and I? =0, the image of o' := d"fl ocﬁ,,
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is in (Lit2 ®py,, x€ @ Pk, x7 Ox(—mit2)) ® I. This yields an element
w(Iy) € H*(Hom®*(V*,V* @ I)) = Ext*(1%,I% ® I). Again, the proof is
completed by following the similar argument in the proof of [27, Propo-
sition 2.3] for the pseudo-torsor result and then using the one of |25, Corol-
lary 3.4] or [35, Corollary 3.2.12] for the torsor result. O

Remark 5.7. The first order or infinitesimal deformation theory of the
complex I* is governed by Hom(I®, F) and Ext'(I*, F) by Theorem 5.1, or
Ext!(I*,1I*) and Ext*(I*,1*) by Theorem 5.5. As in [53, Section 2.1], there
is a map fori=10,1

Ext!(I*, F) — Ext'™}(I°,1°)

obtained by applying the functor Hom(I®,-) to the following distinguished
triangle

Fl-1] =-I* - Fy — F.

5.2. Virtual fundamental classes

In this subsection, assume that Fy is torsion free and polynomials §, P satisfy
deg 0 > deg P = 1. Assume that k£ = C. In order to prove the existence of
virtual fundamental classes, it suffices to provide a perfect obstruction theory
in the sense of [9, B4]. We will consider some cases of dimension two and
three. We begin with the following result.

Lemma 5.8. Let X be a smooth projective Deligne-Mumford stack of di-
mension 2 over C. Let [(F, )] be a point in the moduli space M3 )¢ (Fo, P, 9)

and I* = {Fo Rt F} be the complex concentrated in degree 0 and 1. Then we
have

Ext!(I*, F) =0, ifi#0,1.

Proof. Follow the similar argument in the proof of [36, Lemma 6.1] and
apply Serre duality in [12, Theorem B.7]. O

Let M* := Mi,/c(fo,P, ) be the moduli space of d-stable pairs. By The-
orem 4.24, there is a universal §-stable pair which determines a universal
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complex
I* = {0, y. — F} € D?(X x M*)

where F is flat over M?. Let T+ X X M$ — M* and Ty XX MS — X
be the natural projections. As in [36, Section 6], due to Theorem 5.1, we
will consider computing the following complex

Rr . RHom(I°,IF)

to obtain the deformation sheaf Def and the obstruction sheaf Obs. To
resolve [* by a finite complex of locally free sheaves, we need the following
generalization of [12, Lemma B.3].

Lemma 5.9. Let X be a smooth projective Deligne-Mumford stack of di-
mension d over C with a moduli scheme m: X — X and a polarization
(€,0x(1)). For any bounded complex N'* of coherent sheaves on X, there
is a bounded complex W* of locally free sheaves of finite rank, which s
of the form Wi =W; ® € @ 1 Ox(—m;), such that W* — N* is a quasi-
isomorphism where W; is a vector space and m; is an integer sufficiently
large for any i € Z.

Proof. We combine the argument in the proof of [27, Proposition 1.1] with
the finite resolution property in [12l Lemma B.3|. Let [; and Iy be inte-
gers such that A" =0 for i > Iy and i < Iy where {1 > ly. Choose an inte-
ger my, sufficiently large such that Wh = T/Vl ®E@m*Ox(—my,) — Nh
is surjective where T/Vl = HO(X mHome, (E,N1)(my,)). Set Kll = Nh
and K'~1:=ker(N"~1 @ Wh — A1), then we have the following quasi-
1s0morphlsm of complexes

(NE = N B iy
SNt s N VB Ay

Suppose that K* and Wit are defined for i >c. For K we choose
a sufficiently large integer m. such that We .= W€ ®7T*(9X(—mc) —
K¢ is surjective where W, = HO(X, mHomo, (€, K°)(mc)). Set KC

ker(N¢ 1 @ We— K ¢). By induction, we have the complex we = (WZ d’ )

defined by Wi=W, i ®E@m*Ox(—m;) for i <l and Wi=0fori i>h Wlth
dl Wi — K — Wi+l Then we have a quasi-isomorphism W* — A/®.
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Since NP =0 for i < lp, we have K’ = ker(Wi*! — Ki+1) and then there
is a locally free resolution for K1 as follows

ce s W2 Wkl o g,

Since K>~ is a coherent sheaf on the smooth projective Deligne-Mumford
stack X, then there exists an integer I3 <ly —1 such that Kl~!.=

15

o d3,
ker(W's % Wht1) is locally free of finite rank by [I2, Lemma B.3] or
[I7, Theorem 5.1.30]. Then we have a quasi-isomorphism

(-0 KT Wh 5 5 Wh 50-. 3 SN

Since the morphism K%' ® &Y @ 1*Ox (my,) — /I/I7l3 ® Ox of locally free
sheaves is injective, one can choose a vector space Wj,_; such that K ls—1 o
Wi,—1® & @m*Ox(—my,). The proof is completed by setting

Wh=l =W, ® E@ 1 Ox(—my,);
W= Wi, if I3 <i<ly; W= 0, otherwise.

O

The locally free resolution for any bounded complex of coherent sheaves in
Lemma 5.9 is called very negative if each m; is chosen very large. We show
the following results generalizing [12, Lemmas B.4, B.5 and Proposition B.6]
and Serre duality in [I2, Theorem B.7], which are useful in our arguments.

Lemma 5.10. Let X be a smooth projective Deligne-Mumford stack of di-
mension d over C. Let M®, N* and H® be bounded complezes of coherent
sheaves on X. Then we have the following functorial isomorphisms

RHom%(M®,N°*®) é@?—l' ~ RHom% (M® N*® é?—[')

RHomS%(M*® & H®,N®) = RHom% (M®, RHom% (H*,N'*))

Hommpy (o) (M* S(H*) . A'*) = Homps () (M®, A @ H?)

Hommpy (o) (M* & H*, ™) 2 Hommpy() (M, N* @ (H*)")
where (H*)Y = RHomS% (H®, Ox) satisfying (H®)VY = H°.

Proof. The proof follows from Lemma 5.9 and the techniques used in the
proofs of [6, Propositions A.86, A.87, A.88|. O
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Lemma 5.11. Letp: X — SpecC be a smooth projective Delinge- Mumford
stack of dimension d. Let M® and N® be bounded complexes of coherent
sheaves on X. Then we have

Ext/(M®*,N*) = Ext" (N, M®* @ wx)".
where wy is the canonical line bundle of X .

Proof. 1t follows from the similar argument in the proof of [12], Theorem B.7]
by using Serre duality for Deligne-Mumford stacks in [43], Corollary 2.10 and
Theorem 2.22] and Lemma 5.10. O

Since M* = Mjf/(c(fo,P, d) is a projective scheme by Theorem 4.24
and Lemma 2.24, one can resolve F and I* by finite complexes P*® and
J*® of locally free sheaves respectively by Lemma 5.9, and hence G*® :=
RHom(RHom(I*,FF), O, ) is a bounded complex of coherent sheaves.
Again we take a finite complex Q°® of very negative locally free sheaves re-
solving G*® by Lemma 5.9, then by Lemma 5.10 we have

R’/TMS*R'HOTR(H.,IF) = RWMS*(Q.>V = WMS*(Q.)V

which is a finite complex of locally free sheaves since ()°® is very negative.
Denote this complex by D®. Together with Lemma 5.8, following the similar
argument in [36], Section 6], one has a short exact sequence on M*

0—>Def—>bv0—>l71—>(’)bs—>0.

where DO and D! are locally free sheaves. This implies the obstruction theory
is perfect in the sense of [9, [34]. Then we have the following stacky version
of [36, Theorem 1.3].

Theorem 5.12. Let X be a smooth projective Deligne-Mumford stack of
dimension 2 over C. Let Fy be a torsion free sheaf and deg 6 > deg P =
1. Then the moduli space M;/C(.FO,P, 0) of 0-stable pairs admits a virtual
fundamental class.

Next, we will concentrate on investigating the existence of virtual fun-
damental classes for some special case of dimension three. We start with the
following

Lemma 5.13. Let X be a smooth projective Deligne-Mumford stack of di-
mension 3 over C. Let [(F, ¢)] be a point in the moduli space Mj(/c(}—o’ P,0)
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and I* = {Fo R F} be the complex concentrated in degree 0 and 1. Then we
have

Ext'(I*,F) =0, ifi+#0,1,2.
Proof. Follow the similar argument in the proof of Lemma 5.8. O

Remark 5.14. The Ext group Ext?(I*, F) fits into the following short exact
sequence

- — Ext!(ker ¢, F) — Ext3(cokeryp, F)
— Ext?(I°, F) — Ext?(ker ¢, F) — Ext*(cokeryp, F) = 0.

It seems difficult to prove the vanishness of Ext*(I®, F) even when Foy = Ox.

Due to Remark 5.14, in order to define a perfect (two-term) obstruction
theory for the moduli space of d-stable pairs, we will take the deformation
and obstruction theories obtained in Theorem 5.5 and Theorem 5.6 as an
alternative approach. Assume in addition Fy = Oy. In this case, the moduli
space of d-stable pairs parametrizes the stacky version of PT stable pairs by
Remark 2.27.

Lemma 5.15. Let X be a 3-dimensional smooth projective Deligne-
Mumford stack over C. Assume that [(F, )] is a point in the moduli space
M= Mf\,/(c(OX,P, §) and I* := {Oy 2, F} is a complex concentrated in
degree 0 and 1. Then we have

Ext=7II1%) = 0= Ext="1(I°,0x) and
Hom(I°,1I°) = Ox = Hom(I*, Ox).

Proof. Notice that for 1-dimensional pure sheaf F, we have

Hom(F,Ox) @ wy = Hom(F,wx) =0 and
Ext!(F,0x) @ wy = Ext'(F,wx) =0

by [12, Proposition C.1 and Lemma B.4]. Then Hom(F,Ox)=0=
Ext'(F,Ox). And the proof is completed by following the similar argument
in the proofs of [53, Lemma 1.15 and Lemma 1.20]. O
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The similar argument for the proof of [53, Proposition 1.21] shows that a
point [(F, )] in M° can be taken as an object I* = {Ox 2 F} in Db(X).
It follows from Lemma 5.15 and the local-to-global spectral sequence that

Ext='(I°,1) =0 and Hom(I*,I*) = C.

By Remark 5.7, the first order or infinitesimal deformation theory of the
complex I* is governed by Ext!(I®,I°) and Ext?(I*,I*). Now, we have the
following result on traceless Ext groups Ext®(I*,I*)q (see [63, Section 3] for
the definition of the trace map).

Lemma 5.16. Let X be a S-dimensional smooth projective Deligne-
Mumford stack over C. Assume that [(F, )] is a point in the moduli space
M’ andI* = {Ox Rt F}is a complex concentrated in degree 0 and 1. Then
we have

Ext/(T*,1°)o =0 ifi #1,2.

Proof. Tt remains to show that Ext3(I*,I*)g =0. By Lemma 5.15 and
Lemma 5.10, we have

Extg_l(r,i' RQuwy)=0; Hom(I*, I*@wy) £ wx
Using the local-to-global spectral sequence, we have
Hom(I*,I* ® wy) = H(wy)
By Lemma 5.11, we have
Ext3(I°,1°) = H3(Oy)
which implies Ext3(I*,I%)g = 0. O
Next, we follow the similar argument in [20, 25, 53 68] to construct a perfect
obstruction theory with fixed determinant for M?. Since M" is a fine moduli
space, there is a universal complex
I* = {Oy, 577 — F} € DP(X x M°).

where F is flat over M". Let T XX M M and Ty : X x M — X
be the projections. Since M is a projective scheme by Theorem 4.24 and
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Lemma 2.24, we take a finite complex of locally free sheaves A® resolving I®
such that

RHom(I*,1°) = (A°)Y @ A* = O 17  ((A°%)Y ® A*),.

As in [53} Section 2.3] or [25] Section 4.2], we have RHom(I*,1°) 2 O, 77° @
RHom(I*,1*)y and RHom(I*,1°)y == ((A®*)Y ® A®)o. Let L, 57+ be the trun-
cated cotangent complex (two-term complex quasi-isomorphic to the trun-

cation Tz_lL:YXMS of Illusie’s cotangent complex L:YXMS, see also [25] Def-

inition 2.1]), we have the truncated Atiyah class of I*
AL(I®) € Bxt (I, 1* © Ly -7)

Composing the map I®* —I* ® L, 7¢[1] with the projection L 57+ —
T Laze and restricting to the traceless part of RHom(I% I°), we have a
class in

Ext!(RHom(I*,1*%), e Lgpe)-

Tensoring the map RHom(I*, 1)y — gLz [1] with Thwy, together with
smooth Serre duality in [43, Theorem 2.22], we have

RHom(I*,1°)o ® Tywx — Tip:Lap ® Tywa[l] = T Lz [2].
By Serre duality for Deligne-Mumford stacks in [43, Corollary 2.10], we have
®: E* := Rgp, (RHom(I°,1%)p ® Tywx)[2] = L.

Theorem 5.17. In the notation of [9], the map ® is a perfect obstruction
theory for M".

Proof. We combine the argument in the proof of [25, Theorem 4.1] and
the one in [68, Theorem 6.2]. Let T'— T be an extension of k-schemes with
ideal sheaf J such that J2 =0 and g : T — M be a morphism of k-schemes.
An element w(g) € Extl(g*]LMs, J) is given by composing the natural map
9" g7+ — Lp with the truncated Kodaira-Spencer class of T' C T

w(T/T) € Ext*(Lr, J).
The composition of w(g) with g*® gives an element

d*w(g) € Ext!(g*E®, J).
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By the argument in the proof of [0, Theorem 4.5], to show that ® is an
obstruction theory, we should prove that the obstruction ®*w(g) vanishes if
and only if an extension g of g to T exists, and when ®*w(g) = 0 the space
of extensions form a torsor under Ext’(g*E®, J).

Set G:=idy x g: X XT — X x M andletp: X xT — X and g : X x
T — T be the natural projections. Then we have

g* (Rgpe,(RHom(I°,1°)p ® Tywx)) = R (RHom(g* 1%, 5*1°)o @ p*wx).
Using Serre duality in [43, Corollary 2.10] for the map ¢, we have

P*w(g) € Extl(Rq>k (RHom(g*1*, §*1*)o ® p*wx)[2], J)
= Bx T, T ©.4° )

and

Exto(g*E', J) = ExtO(Rq*(R”Hom(g*ﬂ', i*1*)0 @ p*wy)[2], J)
=~ Ext!(§*T*, §*I° @ ¢*J)o.

Then the obstruction ®*w(g) is the traceless part of the obstruction class
which is a product of a truncated Atiyah class At(g*I*) in Ext!(§*I*, *I°* ®
¢*LL7) and a truncated Kodaira-Spencer class ¢*#(T/T) in Ext'(¢*Lr, ¢*J),
that is,

®*w(g) = ((idy ® ¢*r(T/T)) 0 AX(G'T")),

As in the argument of the proof in [9, Theorem 4.5], to prove that ® is an
obstruction theory we only need to consider the case when both 7" and T are
affine. The similar argument in [25, Section 3] shows that the obstruction
class to extending §*I® from X x T to X x T defined as a square of the
differential in the proof of Theorem 5.6 (see also [35], Section 3.3]) up to a sign
is exactly the obstruction class which is the product of a truncated Atiyah
class and a truncated Kodaira-Spencer class. Using Lemma 5.9 to resolve the
extension of g*I® on X x T (flat over T') and its restriction ¢*I® on X x T, the
similar argument in the proof of [63, Theorem 3.23] shows that the traceless
part is the deformation and obstruction with fixed determinant det(g*I*). By
Theorem 5.6, ®*w(g) = 0 if and only if there is an extension of the complex
G*I* from X x T to X x T, and in that case the space of extensions with
fixed determinant forms a torsor under Ext!(§*I*, §*I* ® ¢*.J)o. Since M" is
a fine moduli space and I® is a universal complex, then an extension g of g
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to T exists if and only if §*I® extends from X x T to X x T. Thus ® is an
obstruction theory by [9, Theorem 4.5].

Next, we will show that the complex RWMS*RHom(E’,E')O is quasi-
isomorphic to a perfect 2-term complex of locally free sheaves with ampli-
tude contained in [1,2]. Since RHom(I*,1*)o = ((A®*)Y ® A®)o is a bounded
complex of coherent sheaves, as in the 2-dimensional case, one can take
a finite very negative locally free resolution B® of the bounded complex
RHom(RHom(I*,1°)g, O, 57°). Then

Ry RHom(I*, 1) 2 Rirgpe, (B*)Y = 7y, (B*)"

is a finite complex of locally free sheaves. Denoted this complex by N°®. By
cohomology and base change theorem (cf. [21]) and Lemma 5.16, the complex
N* has cohomology only in degree 1 and 2. By the standard argument in the
proof of [53] Lemma 2.1] or [25, Lemma 4.2] for triming the complex N*®, one
can show that RﬁMS*RHom(ﬁ',ﬁ')o is quasi-isomorphic to 2-term complex
of locally free sheaves concentrated only in degree 1 and 2. This implies that
Rz (RHom(I*,I°)g ® Thwa)[2] is perfect of perfect amplitude contained
in [—1,0] in the notation of [9]. Then ® is perfect. O

Corollary 5.18. Let X be a 3-dimensional smooth projective Deligne-
Mumford stack over C. Assume that polynomials 6 and P sat-
isfy deg § > deg P =1. Then there exists a wvirtual fundamental class
[M°]™ € Avqim(M) of virtual dimension vdim = rk(E*®) where M =
M;/C(OX,P, d) and E® := Ry (RHom(I*,1%)o ® Thwx)[2].

Remark 5.19. Since M is a projective scheme, then it is proper and
—s = 7rS

[M]Y'" can be integrated. By Remark 2.27, the intersection theory on [M" "
actually produces a stacky version of Pandharipande-Thomas theory.

5.3. Orbifold Pandharipande-Thomas theory

In [7], the authors give a definition of orbifold Pandharipande-Thomas in-
variants for Calabi-Yau 3-orbifolds, which are smooth projective Deligne-
Mumford stacks ) with generically trivial stabilizer groups satisfying
wy =2 Oy and H'(Y,0y) = 0. Compared with their definition empolying
Behrend’s weighted Euler characteristic [8], our apparoach here is to take
integrations against virtual fundamental classes for more general cases. Let
X be a smooth projective Deligne-Mumford stack of dimension 3 over C
with a moduli scheme 7: X — X and a polarization (£, Ox(1)). We first
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recall some notation in [7, Section 2]. Let Perf(&X’) be the subcategory of
Db(X ) with objects being perfect complexes, that is, those locally isomor-
phic to a bounded complex of locally free sheaves. By Lemma 5.9, we have
Perf(X) = D?(X). Define the Euler pairing

X(F*,G*) = (~1)" dim Hom(F*, G*[i))

%

for any F'® € Perf(X) and G* € D°(X). The complex G*® is called numer-
ically trivial if x(F*®,G*) =0 for all F'* € Perf(X). Denote by K(&X)=
K(Db(X)) = K(Coh(X)) the Grothendieck group of X. The numerical
Grothendieck group N(X) is define to be the quotient of K (X') by the sub-
group generated by numerically trivial complexes. Let Coh<4(X) C Coh(X)
be the subcategory of sheaves supported in dimension at most d. De-
fine N<4(X) C N(X) as the subgroup generated by classes of sheaves in
Coh<4(X). Set Ng(X) = N<q(X)/N<4—1(X). One can choose a splitting of
N<i(X) as follows

N<1(X) =2 Ni(X) @ No(X).

Given a class § = (01, fo) € N<1(X) with a sheaf F € Coh<;(X) satisfying
[F] = 8 where 8; € N;(X) for i = 0, 1, then the modified Hilbert polynomial
of F is

Pe(F)(m) = x(X, F@ &Y @ m*Ox(m)) := I(F) - m + deg(F).

where deg F = x(Fe(F)). By the definition of numerical Grothendieck
group, Pg(F)(m) is independent of the choice of representative F in [F].
Thus Pg(5)(m), [(B) and deg(B) (or x(Fe(B))) are well defined for any class
B € N<i(X) and we have Pg(B)(m) = 1(5) - m + deg(5).

Notice that the sheaf F underlying a d-stable pair (F,¢) is pure of di-
mension one. Consider any fixed nonzero class 3 € N<1(X), we have the
corresponding degree one polynomial Pg(/3)(m) = P(m). For such a poly-
nomial P, and let 6 be a rational polynomial with positive leading co-
efficient and deg 6 > 1 = deg P, we have the subfunctor M(;)/fc((’)x,ﬂ,é)

of Mgi)/fc(OX,P, ) defined as follows. For any C-scheme S of finite type,

M(;)/‘?C((’)X,B,(S)(S) is the set of isomorphism classes of flat families of
nondegenerate 0-(semi)stable pairs (F, ) with the fixed numerical class
parametrized by a scheme S, that is, such a flat family (F,¢) satisfies that
for each point s € S, the pair (Fs, p|r0,),) 15 a 6-(semi)stable pair with
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[Fs] = B (hence with the modified Hilbert polynomial Pk-¢(Fs) = P where
7ts : X x Spec(k(s)) — X is the projection). See Definition 4.8 for more de-
tails.

Following the same argument in Section 3 and Section 4 for the func-
tor M(;)/‘Zj(ox,ﬁ, ) and the corresponding J-(semi)stable pairs with fixed
numerical class 3, and noticing Lemma 2.24, one has

Theorem 5.20. Let X be a 3-dimensional smooth projective Deligne-
Mumford stack over C with a moduli scheme m: X — X and a polarization
(€,0x(1)). Assume 0 # B € N<1(X) and the rational polynomial 6 satisfy
deg § > 1. Then there is a projective scheme M; = M;/C((’);{, B,9), which
is a fine moduli space for the moduli functor MSX/(C(OX,ﬁ, J).

Let ﬁﬁz XX M; — M; and 7y : X X M; — X be the projections.
Denote by EZ; = {OXxM; — F} € D(X x M;) the universal complex where
F is the universal sheaf on X x M% It follows from the same argument in
Section 5.1 and Section 5.2 for the moduli space M% that

Theorem 5.21. In the sense of [9], the map

g B = Rﬁﬂz*(R’Hom(ﬂ;;,ﬂ;j)o ® Tywy)[2] — Loz
is a perfect obstruction theory for M; = Mi/c((’);(, B,9). And there exists a

virtual fundamental class [MZ]VH € Avdim(ﬂg) of virtual dimension vdim =
rk(EY).
B

Set
Sps =A{B=1[F]:[(F,¢)] € My ,c(Ox,P,6)}.

Then we have the following decomposition as a disjoint union

M3 c(Ox, P6) = [ M3 c(Ox,B,9).
BESP,s

Next, we will follow the similar definition of Donaldson-Thomas invari-
ants in [68, Section 6] to give a stacky version of Pandharipande-Thomas
invariants. We briefly recall some notation and definitions in [65, Section 2
and Appendix A] to define certain Chern character. Let IX be the iner-
tia stack, which is defined to be the fiber product IX := X XA xxx A X
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where A : X — X x X is the diagonal map. Its underlying category has ob-
jects of the form Ob(IX) = {(z, g)|x € Ob(X),g € Auty(z)}. Then there
is a natural projection my: IX — X with the map mo((z,9)) =« on the
level of objects and we have a decomposition of IX as a disjoint union
I1X .= Hz‘e 7 X; for some index set J. We also have a canonical involu-
tion ¢: IX — IX with the map ¢((x,g)) = (2,97') on objects. For any

(z,9) € &i, one has a decomposition of tangent space T X = o<, U®

< 2
T :
Define age; := % Zogt <, t-dimc U (), Similarly, for any vector bundle W
on I X, there exists a decomposition of W as follows

W = @W(C)
¢

where U® is an eigenspace with eigenvalue C}fi, 0 <t<r;and ¢, = exp(

where W(©) is an eigenbundle with the eigenvalue C.

Definition 5.22. The map p: K(IX) — K(IX)c is defined to be

p(W):=> (W e K(Ix)c.
¢

Define ch : K(X) — A*(IX)c to be
ch(V) = ch(p(m3V))
where ch is the usual Chern character.

The orbifold or Chen-Ruan cohomology of X (cf. [2 Section 7.3]) is
defined as

sin(X) = @ AT ()
where age; is the degree shift number. Define orbifold Chern character c~horb :
K(X) = A%, (X) as

~ orb

Chk’

= Chk—agei
X

X;

For any v € A' | (X), define the operators

~ orb

chy () : A*(MZ’) — A**kJrl*l(M;)
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to be

~ orb

32 (N(E) 1= T (A1) - *iy N 75

where [ is the universal complex on X x M; and the maps m, my are
the natural projections from IX x Mg to the first and second factor re-

spectively. The operator &12?2(7) has the degree changed as above due
to the identity age; + age,;) = dimc X — dimc &; (cf. [I6, Lemma 3.2.1]).
To follow the similar definition of Pandharipande-Thomas invariants on
nonsingular projective 3-folds in [54, Section 0.5], we use the notation
Miﬁ = M)S(/(C(OX, n, 3,9) to denote M;, which is the moduli space of orb-
ifold PT stable pairs with [F] = 8 = (51, o) € N<1(X) and x(Fg(F)) =n
by Remark 2.27.

Definition  5.23. Given ;€ Af (X), 1<i<r, define the
Pandharipande- Thomas invariants with descendents as

T X r b
~or
(o) = | Lt
i=1 n,B3 [M;/C(Ox,n,ﬁ 5)]” i=1

)

~ orb

= / HChk +2 fY’L MX/(C(OXan /87 )]Vir)

X/C(Ox,nﬁ 6 ’L 1

The partition function is defined to be

Zpr 5, (ﬁ Th: (%’)) = zn: < zllek (%‘)>;qn

=1

Remark 5.24. In the proof of Lemma 3.2, we have a short exact sequence
0 — Fe(imyp) — Fe(F) — Fg(coker ) — 0, where coker ¢ and Fg(coker ¢)
are 0-dimensional. Then we have

= X(Fe(F)) = x(Fe(imyp)) + x(Fg(coker @) = x(Fe(imgp)).

For a fized 51, we have no idea wheather Miﬂ is empty for n very neg-
ative. If one can show the boundedness of x(Fe(imep)) from below, then
Zpr g, (ITi—1 7. (7i)) is a Laurent series in q and hence one can further
study its rationality as the one of PT stable pair invariants (e.g., [10, 48~
50, [67]). Alternatively, one can define the partition function as in [7].

To conclude this section, we consider some special cases as follows. If X is
a 3-dimensional smooth projective Deligne-Mumford stack over C satisfying
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wyx = Oyx. In this case, using Serre duality for Deligne-Mumford stacks, we
have two isomorphisms

B S BV By BV

satisfying 0V[1] = 6 and 0[1] = 0. This shows that two perfect obstruction
theories are symmetric in the sense of [8]. Then we have rk(E®) = rk(E}) =
0. Then [M;/C(OX,P, 0)]¥'"" and [M;/C(OX,B,(S)]V“ are O-cycles. Let vy
and vir, be the Behrend’s constructible functions in [§] on M;S(/C(OX, P,0)
and M)S(/(C((’)X, B, 0) respectively. Since M)S(/(C((’)X, P,¢) and Mj(/(c((’)x, B,9)
are proper, by [8, Theorem 4.18], we have the following

Definition 5.25. Let X be a smooth projective Deligne-Mumford stack of
dimension 3 satisfying wy = Oyx. We define Pandharipande-Thomas invari-
ants of X corresponding to P and B as follows

PT(OX7P, 5) = X(M;/C(Ox,P, (5),VMS) = deg([Mfy/(c(Ox,P, 5)]vir)7
PT(Ox, 8,0) i= X(Myc(Ox, 5, ), var;) = deg([M e (O, 6, 9)™).

8

Remark 5.26. When X is a 3-dimensional Calabi- Yau orbifold, the invari-
ant PT(Ox, B, 9) in the above definition is corresponding to PT(X)s defined
in [7, Section 1 (1.4)].
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