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On vanishing and torsion-freeness results

for adjoint pairs

Fanjun Meng

We prove some vanishing and torsion-freeness results for higher
direct images of adjoint pairs satisfying relative abundance and
nefness conditions. These are applied to generic vanishing and weak
positivity.

1. Introduction

In this paper, we prove some vanishing and torsion-freeness results in the
style of [17], for higher direct images of adjoint pairs satisfying relative abun-
dance and nefness conditions and give some examples and applications. We
work over C.

One of our original motivations was the question of whether
f∗OX(mKX + L) is a GV-sheaf, where f is a morphism from a smooth
projective variety X to an abelian variety A, m is a positive integer and
L is a nef Cartier divisor. It is known that f∗OX(mKX) is a GV-sheaf by
[10, 11, 30] in increasing generality, and OX(KX + L) satisfies a certain GV-
property by [27]. However, it is unclear that whether f∗OX(mKX + L) is a
GV-sheaf for arbitrary L. We discover that assuming that L is f -abundant
makes it true by proving some Kollár-type vanishing results in this case.

Vanishing and torsion-freeness theorems are proved for canonical bundles
in [17], for klt pairs in [6, 18] and for log canonical pairs in [1, 7]. Similar
type results are proved for adjoint pairs satisfying abundance and nefness
conditions in [6] and twisted multiplier ideals in [5] and obtained in the
analytic setting in [9, 22].

We prove a similar type vanishing result in the following theorem as-
suming only relative abundance instead of global abundance. Let a be a
nonzero ideal sheaf and c > 0 a rational number. If L⊗ a

c is nef and abun-
dant, this theorem is known by [6, Corollary 6.17] and [5, Theorem 3.2]. For
the definition of L⊗ a

c being f -abundant, f -nef or nef, see Definition 2.3.
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Theorem 1.1. Let f be a surjective morphism from a klt pair (X,∆) to a
normal projective variety Y , L a Q-Cartier Q-divisor on X and a a nonzero
ideal sheaf such that L⊗ a

c is nef and f -abundant, where c > 0 is a rational
number. Let D be a Cartier divisor on X such that D ≡ KX +∆+ L+ f∗N ,
where N is a nef and big Q-Cartier Q-divisor on Y . For i > 0 and j ≥ 0,
we have

H i
(

Y,Rjf∗
(

OX(D)⊗ J
(

(X,∆); ac
)))

= 0.

The sheaf J
(

(X,∆); ac
)

is the multiplier ideal associated to the nonzero
ideal sheaf a and the rational number c > 0 on the klt pair (X,∆). There are
situations where L⊗ a

c is f -abundant but not abundant. One example is
given in Section 4, see Example 4.3 for details. Note that Theorem 1.1 is not
true if we only assume L⊗ a

c is f -nef and f -abundant (cf. Example 3.2).
However, the torsion-freeness result still holds if we only assume relative
nefness, which is the next theorem. If M ⊗ a

c is nef and abundant, this
theorem is known by [5, Theorem 3.2].

Theorem 1.2. Let f be a surjective morphism from a klt pair (X,∆) to
a normal projective variety Y , M a Q-Cartier Q-divisor on X and a a
nonzero ideal sheaf such that M ⊗ a

c is f -nef and f -abundant, where c > 0
is a rational number. Let D be a Cartier divisor on X such that D ≡ KX +
∆+M . Then

Rjf∗
(

OX(D)⊗ J
(

(X,∆); ac
))

is torsion-free for j ≥ 0.

Our proofs of the two theorems above rely on the characterization of
relatively abundant divisors in [16] and [24], see Proposition 2.2 for details.
It also relies on the use of the vanishing and torsion-freeness theorems for
klt pairs in [18].

Based on Theorem 1.1, we deduce a Kollár-type vanishing result for the
pluricanonical case following the strategy used in [30, Theorem 1.7]. When
L is nef and f -big, this theorem is known by [30, Variant 1.5].

Theorem 1.3. Let f be a morphism from a klt pair (X,∆) to a projective
variety Y of dimension n, L a nef and f -abundant Q-Cartier Q-divisor on
X and H a Cartier divisor on Y such that OY (H) is ample and globally
generated. Let D be a Cartier divisor on X such that D ≡ m(KX +∆+
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L) + lf∗H, where m ≥ 1 and l > (m− 1)(n+ 1) are rational numbers. Then

H i(Y, f∗OX(D)) = 0

for i > 0. If l > (m− 1)(n+ 1) + n, f∗OX(D) is 0-regular with respect to
OY (H) and thus globally generated.

In Section 4, we discuss several applications based on our technical theo-
rems. We give the adjoint pair analogue of Viehweg’s result on weak positiv-
ity, see Corollary 4.6. In a different direction, we consider the GV-property of
pushforwards of adjoint pairs satisfying nefness and relative abundance con-
ditions under morphisms to abelian varieties, addressing the motivational
question at the beginning of the introduction. This theorem is known when
m = 1 and L = 0 by [10, 11] and when m ≥ 1 and L is nef and f -big by [30,
Variant 5.6].

Theorem 1.4. Let f be a morphism from a klt pair (X,∆) to an abelian
variety A, L a nef and f -abundant Q-Cartier Q-divisor on X and D a
Cartier divisor on X such that D ≡ m(KX +∆+ L), where m ≥ 1 is a
rational number. Then f∗OX(D) is a GV-sheaf.

It is known that pushforwards of pluricanonical bundles under mor-
phisms to abelian varieties satisfy an even stronger property: namely they
have the Chen–Jiang decomposition by [3, 21, 29] in increasing generality,
while f∗OX(D) where D ∼Q m(KX +∆) has the Chen–Jiang decomposi-
tion, as proved independently in [14] and [23]. It is therefore natural to ask
whether f∗OX(D) has the Chen–Jiang decomposition under the hypotheses
of Theorem 1.4. This turns out to be false; we give a counterexample in Ex-
ample 4.3 in which f∗OX(D) does not have a Chen–Jiang decomposition for
any rational number m ≥ 1 and any Cartier divisor D ≡ m(KX +∆+ L).
To ensure that there exists a Cartier divisor D which is numerically equiva-
lent to m(KX +∆+ L) such that f∗OX(D) has the Chen–Jiang decompo-
sition, it seems that we may additionally need to assume that KX +∆ is
pseudo-effective.

2. Preliminaries

We work over C and all varieties are projective throughout the paper. A
fibration is a projective surjective morphism with connected fibers. For the
definitions and basic results on the singularities of pairs we refer to [19].
We always ask the boundary ∆ in a pair (X,∆) to be effective. For the
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definitions and basic results on multiplier ideals and asymptotic multiplier
ideals we refer to [20, Chapters 9 and 11].

First, we give the definition for the generic fiber of a morphism which is
not necessarily surjective.

Definition 2.1. Let f be a morphism from a normal projective variety X
to a projective variety Y . The Stein factorization of f gives a decomposition
of f as g ◦ h, where h is a fibration and g is a finite morphism. The generic
fiber of f is defined as the generic fiber of h.

Let X be a normal projective variety, L a Q-Cartier Q-divisor on X and
f a morphism from X to a projective variety Y . We denote the numerical
equivalence by the symbol ≡. We denote the Kodaira dimension of L by
κ(X,L) and the numerical dimension of L by κσ(X,L), see [25, Chapter
V] and [15]. The Q-Cartier Q-divisor L is said to be f -nef if L · C ≥ 0
for any curve C ⊂ X contracted by f . It is said to be f -big if it is big
after being restricted to the generic fiber of f . It is said to be abundant if
κ(X,L) = κσ(X,L) ≥ 0. It is said to be f -abundant if it is abundant after
being restricted to the generic fiber of f .

We will need a result about the characterization of a relatively nef
and relatively abundant divisor which is [16, Proposition 6-1-3] and [24,
Lemma 6].

Proposition 2.2. Let X be a normal variety with a proper morphism
f : X → Y onto a variety Y and D a f -nef and f -abundant Q-Cartier Q-
divisor on X. Then there exists a commutative diagram

X ′

X Z

Y

µ g

f h

which satisfies the following conditions:

(i) µ, g and h are projective morphisms,

(ii) X ′ and Z are smooth varieties,

(iii) µ is a birational morphism and g is a fibration,
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(iv) There exists a h-nef and h-big Q-Cartier Q-divisor B on Z such that
µ∗L ∼Q g

∗B.

Definition 2.3. Let f be a morphism from a normal projective variety X
to a projective variety Y , c > 0 a rational number, L a Q-Cartier Q-divisor
on X and a a nonzero ideal sheaf. We say that L⊗ a

c is nef, f -nef or f -
abundant if there exists a log resolution of a denoted by φ : W → X such
that a · OW = OW (−F ) where F is an effective divisor and φ∗L− cF is nef,
(f ◦ φ)-nef or (f ◦ φ)-abundant respectively.

It is easy to see that Definition 2.3 does not depend on the choice of the
log resolution φ and coincides with the usual notions of (relative) nefness
and abundance for Q-Cartier Q-divisors when a = OX .

Next, we define the asymptotic multiplier ideals forQ-Cartier Q-divisors.

Definition 2.4. Let f be a surjective morphism from a klt pair (X,∆) to
a projective variety Y and M a Q-Cartier Q-divisor on X. The asymptotic
multiplier ideal J

(

(X,∆); f, ||M ||
)

is defined as the usual multiplier ideal
J
(

(X,∆); f, 1p |pM |
)

, where p > 0 is an integer sufficiently big and divisible
such that pM is a Cartier divisor. For the definition of the latter, see [20,
Generalization 9.2.21].

It is easy to see that Definition 2.4 does not depend on the choice of the
sufficiently big and divisible integer p > 0 and coincides with the definition
of the usual asymptotic multiplier ideals when M is a Cartier divisor.

3. Vanishing and torsion-freeness results

We first prove Theorem 1.1, as statement (i) of the following theorem. State-
ment (ii) is used in the proof of Theorem 1.2.

Theorem 3.1. Let f be a surjective morphism from a klt pair (X,∆) to a
normal projective variety Y , L a Q-Cartier Q-divisor on X and a a nonzero
ideal sheaf such that L⊗ a

c is nef and f -abundant, where c > 0 is a rational
number. Let M be a Q-Cartier Q-divisor on X and D a Cartier divisor on
X such that D ≡ KX +∆+ L+M . Then:

(i) Assume that M ≡ f∗N , where N is a nef and big Q-Cartier Q-divisor
on Y . For i > 0 and j ≥ 0, we have

H i
(

Y,Rjf∗
(

OX(D)⊗ J
(

(X,∆); ac
)))

= 0.



✐

✐

“9-Meng” — 2024/3/21 — 0:08 — page 1238 — #6
✐

✐

✐

✐

✐

✐

1238 Fanjun Meng

(ii) Assume thatM ≡M ′, whereM ′ is a f -semiample Q-Cartier Q-divisor
on X. Then

Rjf∗
(

OX(D)⊗ J
(

(X,∆); ac
))

is torsion-free for j ≥ 0.

Proof. We can take a log resolution of (X,∆) and a denoted by φ : W → X

such that a · OW = OW (−F ) and

KW ∼Q φ
∗(KX +∆) + EW ,

where the Q-divisor EW + qF has simple normal crossings support for every
q ∈ Q. Since L⊗ a

c is nef and f -abundant, the Q-divisor φ∗L− cF is nef
and (f ◦ φ)-abundant by definition. We deduce

φ∗D + ⌈EW − cF ⌉ ≡ KW − EW + ⌈EW − cF ⌉+ φ∗L+ φ∗M

≡ KW + ⌈EW − cF ⌉ − (EW − cF ) + φ∗L− cF + φ∗M.

The pair (W, ⌈EW − cF ⌉ − (EW − cF )) is klt since EW − cF has simple
normal crossings support. By [18, Theorem 10.19], we deduce that

Rjφ∗OW (φ∗D + ⌈EW − cF ⌉) = 0

for j > 0 since φ∗L− cF + φ∗M is φ-nef and φ is birational. Then we deduce
that for j ≥ 0

Rj(f ◦ φ)∗OW (φ∗D + ⌈EW − cF ⌉) ∼= Rjf∗(φ∗OW (φ∗D + ⌈EW − cF ⌉))

∼= Rjf∗
(

OX(D)⊗ J
(

(X,∆); ac
))

by Grothendieck spectral sequence and the definition of J
(

(X,∆); ac
)

. Thus
we can assume a = OX and L is nef and f -abundant from the start.

We prove statement (i) first. Since L is f -nef and f -abundant, we have
the following commutative diagram by Proposition 2.2.

X ′

X Z

Y

µ g

f h
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The morphisms µ, g and h are projective and thus the varieties X ′ and Z are
projective. The varieties X ′ and Z are smooth, µ is a birational morphism,
g is a fibration and there exists a h-nef and h-big Q-divisor B on Z such
that µ∗L ∼Q g

∗B. We can choose µ such that it is a log resolution of (X,∆).
Then we have

KX′ +∆X′ ∼Q µ
∗(KX +∆) + E,

where the Q-divisors ∆X′ and E are effective and have no common compo-
nents and E is µ-exceptional. Since B is h-nef and h-big and N is nef and
big, we have that

B ∼Q EB +HB and N ∼Q EN +HN ,

whereHB,HN , EB ≥ 0 and EN ≥ 0 areQ-CartierQ-divisors,HB is h-ample
and HN is ample. We deduce

µ∗D + ⌈E⌉ ≡ KX′ +∆X′ + ⌈E⌉ − E + µ∗L+ µ∗M

≡ KX′ +∆X′ + ⌈E⌉ − E + g∗B + g∗h∗N.

We define an effective divisor T as ∆X′ + ⌈E⌉ − E and thus (X ′, T ) is klt
by the definition of ∆X′ and E. By the same argument as above, we have
that

Rj(h ◦ g)∗OX′(µ∗D + ⌈E⌉) ∼= Rj(f ◦ µ)∗OX′(µ∗D + ⌈E⌉)

∼= Rjf∗µ∗OX′(µ∗D + ⌈E⌉) ∼= Rjf∗OX(D)

for every j ∈ N. We can choose two rational numbers ε > 0 and δ > 0 which
are sufficiently small such that (X ′, T ′ := T + εδg∗EB + δg∗h∗EN ) is klt and
εHB + h∗HN is ample since HB is h-ample and HN is ample. We deduce
that

µ∗D + ⌈E⌉ −KX′ ≡ T + (1− εδ)g∗B + εδg∗B + δg∗h∗N + (1− δ)g∗h∗N

≡ T + (1− εδ)g∗B + εδg∗(EB +HB) + δg∗h∗(EN +HN ) + (1− δ)g∗h∗N

≡ T ′ + g∗((1− εδ)B + δ(εHB + h∗HN )) + (1− δ)g∗h∗N.

Since L is nef, we deduce that B is nef and (1− εδ)B + δ(εHB + h∗HN )
is ample. Thus we can choose an effective Q-divisor E′ ∼Q g

∗((1− εδ)B +
δ(εHB + h∗HN )) such that the pair (X ′, T ′ + E′) is still klt. Since µ∗D +
⌈E⌉ ≡ KX′ + T ′ + E′ + (1− δ)g∗h∗N , we deduce that

H i(Y,Rjf∗OX(D)) ∼= H i(Y,Rj(h ◦ g)∗OX′(µ∗D + ⌈E⌉)) = 0

for i > 0 and j ≥ 0 by [18, Theorem 10.19].
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Next, we prove statement (ii). Note that Rjf∗OX(D) is torsion-free for
j ≥ 0 under the hypotheses of statement (i) by the proof as above. Since M ′

is f -semiample, we can choose an integer N > 0 sufficiently big and divisible
such that the natural morphism f∗f∗OX(NM

′) → OX(NM
′) is surjective.

Then we can take a Cartier divisor H on Y which is sufficiently ample such
that f∗OX(NM

′)⊗OY (H) is globally generated. Thus OX(NM
′ + f∗H) is

globally generated and we can choose an effective Q-divisor E ∼Q NM
′ +

f∗H such that (X,∆+ E
N ) is klt. Then we have

D + f∗H ≡ KX +∆+ L+M ′ +
1

N
f∗H + (1−

1

N
)f∗H

≡ KX +∆+
E

N
+ L+ (1−

1

N
)f∗H.

The proof of statement (i) implies that Rjf∗OX(D)⊗OY (H) is torsion-
free for j ≥ 0 and thus Rjf∗OX(D) is torsion-free for j ≥ 0 since OY (H) is
locally free. □

The following simple example shows that Theorem 1.1 does not hold if
we only assume that L⊗ a

c is f -nef and f -abundant.

Example 3.2. Let Y be an elliptic curve and H an ample Cartier divisor
on Y . Define X := P(OY ⊕OY (−H)) and let f : X → Y be the projection.
We consider the line bundle OX(1) and fix the unique section C of f such
that OX(C) ∼= OX(1). Then 3C is f -ample but it is not nef since C2 =
− degH < 0. We have that KX ∼ −2C − f∗H by [12, Lemma 2.10]. We
define a Cartier divisor D := KX + 3C + f∗H ∼ C and

H1(Y, f∗OX(D)) ∼= H1(Y,OY ⊕OY (−H)) ̸= 0

since Y is an elliptic curve.

Next, we prove two technical results which are used in the proof of
Theorem 1.2.

Lemma 3.3. Let f be a surjective morphism from a klt pair (X,∆) to a
normal projective variety Y , L a nef and f -abundant Q-Cartier Q-divisor
on X and M a Q-Cartier Q-divisor on X. Let D be a Cartier divisor on X
such that D ≡ KX +∆+ L+M . Then

Rjf∗
(

OX(D)⊗ J
(

(X,∆); f, ||M ||
))

is torsion-free for j ≥ 0.
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Proof. If J
(

(X,∆); f, ||M ||
)

= 0, the conclusion is trivial, so we assume that
J
(

(X,∆); f, ||M ||
)

̸= 0 from the start. We can choose an integer p suffi-
ciently big and divisible such that pM is Cartier and J

(

(X,∆); f, ||M ||
)

=
J
(

(X,∆); f, 1p |pM |
)

. We consider the following adjoint morphism

f∗f∗OX(pM) → OX(pM).

The image of this morphism is OX(pM)⊗ Ip, where Ip is the relative base
ideal of the linear series |pM |. We can take a log resolution of (X,∆) and
Ip denoted by φ : W → X such that Ip · OW = OW (−Fp) and

KW ∼Q φ
∗(KX +∆) + EW ,

where the Q-divisor EW + qFp has simple normal crossings support for every
q ∈ Q. The image of the new adjoint morphism

φ∗f∗f∗OX(pM) → OW (φ∗(pM))

is OW (φ∗(pM)− Fp). We can take a Cartier divisor H which is sufficiently
ample such that f∗OX(pM)⊗OY (H) is globally generated. Then we deduce
that OW (φ∗(pM)− Fp + φ∗f∗H) is globally generated and thus φ∗M − 1

pFp
is (f ◦ φ)-semiample. We have

φ∗D + ⌈EW −
1

p
Fp⌉ ≡ KW − EW + ⌈EW −

1

p
Fp⌉+ φ∗L+ φ∗M

≡ KW + ⌈EW −
1

p
Fp⌉ − (EW −

1

p
Fp) + φ∗L+ φ∗M −

1

p
Fp.

The pair (W, ⌈EW − 1
pFp⌉ − (EW − 1

pFp)) is klt since EW − 1
pFp has sim-

ple normal crossings support. Since φ∗L is nef and (f ◦ φ)-abundant and
φ∗M − 1

pFp is (f ◦ φ)-semiample, we deduce that Rj(f ◦ φ)∗OW (φ∗D +

⌈EW − 1
pFp⌉) is torsion-free for j ≥ 0 by Theorem 3.1. Since φ∗L+ φ∗M −

1
pFp is φ-nef and φ is birational, we deduce that

Rj(f ◦ φ)∗OW (φ∗D + ⌈EW −
1

p
Fp⌉) ∼= Rjf∗

(

OX(D)⊗ J
(

(X,∆); f, ||M ||
))

for j ≥ 0 by the same argument as in Theorem 3.1 and this finishes the
proof. □

Proposition 3.4. Let f be a surjective morphism from a klt pair (X,∆) to
a projective variety Y and M a f -nef and f -abundant Q-Cartier Q-divisor
on X. Then J

(

(X,∆); f, ||M ||
)

= OX .
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Proof. By Proposition 2.2 and the proof of [6, Lemma 5.11], we deduce
that there exist a birational morphism µ : W → X where W is smooth and
projective and an effective divisor F on W such that µ∗M − εF is (f ◦ µ)-
semiample for any rational number ε > 0 sufficiently small. We can choose
µ such that it is also a log resolution of (X,∆). Then we have

KW +∆W ∼Q µ
∗(KX +∆) + E,

where the Q-divisors ∆W and E are effective and have no common compo-
nents and E is µ-exceptional. We can choose a rational number ε > 0 suffi-
ciently small such that µ∗M − εF is (f ◦ µ)-semiample and (W,∆W + εF )
is klt since (W,∆W ) is klt. We fix this ε. We can choose an integer p suf-
ficiently big and divisible such that p(µ∗M − εF ) and pεF are Cartier,
J
(

(X,∆); f, ||M ||
)

= J
(

(X,∆); f, 1p |pM |
)

and the following adjoint mor-
phism

(f ◦ µ)∗(f ◦ µ)∗OW (p(µ∗M − εF )) → OW (p(µ∗M − εF ))

is surjective. We consider the following adjoint morphism

(f ◦ µ)∗f∗OX(pM) → OW (µ∗(pM)).

The image of this morphism is OW (µ∗(pM))⊗ Ip, where Ip is the relative
base ideal of the linear series |µ∗(pM)|. We can take a log resolution of
(W,∆W + εF ) and Ip denoted by ν : V →W such that µ ◦ ν is a log resolu-
tion of (X,∆) and the relative base ideal of the linear series |pM |. We have
that Ip · OV = OV (−Fp) and

KV ∼Q ν
∗(KW +∆W + εF ) + E′.

Then we deduce that

KV ∼Q ν
∗(KW +∆W ) + ν∗(εF ) + E′

∼Q ν
∗µ∗(KX +∆) + ν∗E + ν∗(εF ) + E′.

We consider the following commutative diagram.

(f ◦ µ ◦ ν)∗(f ◦ µ)∗OW (p(µ∗M − εF )) ν∗OW (p(µ∗M − εF ))

(f ◦ µ ◦ ν)∗f∗OX(pM) OV (ν
∗µ∗(pM))

a

b
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Since a is surjective and the image of b is OV (ν
∗µ∗(pM)− Fp), we de-

duce that OV (ν
∗µ∗(pM)− Fp) contains OV (ν

∗µ∗(pM)− ν∗(pεF )) and thus
ν∗(pεF ) ≥ Fp. By our choices of ν and µ, we have that

J
(

(X,∆); f, ||M ||
)

= µ∗ν∗OV (⌈ν
∗E + ν∗(εF ) + E′ −

Fp

p
⌉).

Since E is effective and ν∗(pεF ) ≥ Fp, we deduce that

⌈ν∗E + ν∗(εF ) + E′ −
Fp

p
⌉ ≥ ⌈ν∗E + E′⌉ ≥ ⌈E′⌉.

Since (W,∆W + εF ) is klt, we deduce that ν∗OV (⌈E
′⌉) = OW and thus

J
(

(X,∆); f, ||M ||
)

= OX . □

Proof of Theorem 1.2. By the same argument as in Theorem 3.1, we can
assume that a = OX and M is f -nef and f -abundant. Then the conclusion
is a direct corollary of Lemma 3.3 and Proposition 3.4 by choosing L = 0 in
Lemma 3.3. □

Next, we prove Theorem 1.3 based on Theorem 1.1. It is used to give
several applications in Section 4.

Proof of Theorem 1.3. If m = 1, this is a direct corollary of Theorem 1.1 by
taking a Stein factorization of f .

In general, we can take a log resolution of (X,∆) and the relative base
ideal of the linear series |D| denoted by µ such that

KW +∆W ∼Q µ
∗(KX +∆) + E

and the image of µ∗f∗f∗OX(D) → µ∗OX(D) is a line bundle denoted by
OW (µ∗D − F ), where the Q-divisors ∆W and E are effective and have no
common components, E is µ-exceptional, F is an effective Cartier divisor
and ∆W + E + F has simple normal crossings support. Then we have

µ∗D + ⌈mE⌉ ≡ mµ∗(KX +∆+ L) + ⌈mE⌉+ lµ∗f∗H

≡ m(KW +∆W +
1

m
(⌈mE⌉ −mE) + µ∗L) + lµ∗f∗H.

Since m ≥ 1, we deduce that (W,∆W + 1
m(⌈mE⌉ −mE)) is klt. We have

µ∗L is nef and (f ◦ µ)-abundant since L is nef and f -abundant. Since ⌈mE⌉
is µ-exceptional, we have µ∗OW (µ∗D + ⌈mE⌉) ∼= OX(D). Thus we can as-
sume from the start that (X,∆) is log smooth and the image of the adjoint
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morphism f∗f∗OX(D) → OX(D) is a line bundle denoted by OX(D − F ),
where F is an effective Cartier divisor such that ∆ + F has simple normal
crossings support.

Since H is ample, there exists a smallest integer k ≥ −l such that
f∗OX(D)⊗OY (kH) is globally generated. Since f∗f∗OX(D) → OX(D − F )
is surjective, we deduce thatOX(D + kf∗H − F ) is globally generated. Thus
we can choose a smooth divisor B ∼ D + kf∗H − F such that B and ∆ + F

have no common components and ∆ + F +B has simple normal crossings
support. We define an effective divisor T as ⌊∆+ m−1

m F ⌋. We deduce that

D − T ≡ KX +∆+ L+ (m− 1)(KX +∆+ L) + lf∗H − T

≡ KX +∆+ L+
m− 1

m
(D − lf∗H) + lf∗H − T

≡ KX +∆+ L+
m− 1

m
(B + F − (k + l)f∗H) + lf∗H − T

≡ KX +∆+
m− 1

m
F − T +

m− 1

m
B + L

+ (l −
(m− 1)(k + l)

m
)f∗H.

Since B and ∆ + F have no common components and ∆ + F +B has sim-
ple normal crossings support, (X,∆+ m−1

m F − T + m−1
m B) is klt. Since the

coefficients of ∆ are smaller than 1, we deduce that T ≤ F . We have that
f∗OX(D − F ′) ∼= f∗OX(D) for any effective divisor F ′ ≤ F since we can fac-
tor the adjoint morphism as

f∗f∗OX(D) → OX(D − F ) →֒ OX(D − F ′) →֒ OX(D)

and the morphism induced from pushforwards

f∗OX(D) → f∗OX(D − F ) →֒ f∗OX(D − F ′) →֒ f∗OX(D)

is identity. Thus we have f∗OX(D − T ) ∼= f∗OX(D). Since we have proved
the theorem when m = 1, we deduce that

H i(Y, f∗OX(D)⊗OY (bH)) ∼= H i(Y, f∗OX(D − T )⊗OY (bH)) = 0

for every i > 0 and every integer b >
(m−1)(k+l)

m − l. We deduce that
f∗OX(D)⊗OY (bH) is 0-regular with respect to OY (H) and thus globally

generated for every integer b > (m−1)(k+l)
m + n− l ≥ −l. By the definition of
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k, we have

k ≤
(m− 1)(k + l)

m
+ 1 + n− l,

which is the same as k ≤ m+mn− l. We deduce

H i(Y, f∗OX(D)⊗OY (bH)) = 0

for every i > 0 and every integer b > (m−1)(m+mn−l+l)
m − l = (m− 1)(n+

1)− l. Since l > (m− 1)(n+ 1), we can choose b = 0 and this finishes the
proof. □

4. Applications

First, we give an application towards the GV-property of sheaves on abelian
varieties by proving Theorem 1.4. For the notions of GV-sheaves, M-regular
sheaves and sheaves satisfying IT0, we refer to [23, Definition 2.4].

Proof of Theorem 1.4. Let M = H⊗l, where l > (m− 1)(dimA+ 1) is an
integer which can be chosen sufficiently big and H is an ample and globally
generated line bundle on Â which is the dual abelian variety of A. Let φM :
Â→ A be the isogeny induced by M . We have the following base change
diagram.

X ′ X

Â A

ψ

f ′
f

ϕM

By [11, Corollary 3.1], we only need to prove that

H i(Â, φ∗

Mf∗OX(D)⊗M) ∼= H i(Â, f ′∗OX′(ψ∗D)⊗H⊗l)

vanishes for i > 0. We define a Q-divisor ∆′ by KX′ +∆′ = ψ∗(KX +∆).
Since ψ is an étale morphism, ∆′ is effective and (X ′,∆′) is klt. Since L is nef
and f -abundant, ψ∗L is nef and f ′-abundant by the definition of relatively
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abundant divisors. We deduce that

ψ∗D ≡ ψ∗(m(KX +∆+ L)) ≡ m(KX′ +∆′ + ψ∗L).

By Theorem 1.3, we deduce that

H i(Â, f ′∗OX′(ψ∗D)⊗H⊗l) = 0

for every i > 0 and every l > (m− 1)(dimA+ 1) and this finishes the proof.
□

We remark that we can also prove Rjf∗OX(D) is a GV-sheaf for j ≥ 0 if
m = 1 under the hypotheses of Theorem 1.4 by the same method as above
and Theorem 1.1. Note that Theorem 1.4 is not true if we only assume L
is f -nef and f -abundant. For example, f∗OX(D) in Example 3.2 is not a
GV-sheaf since GV-sheaves are nef by [28, Theorem 4.1], while f∗OX(D) is
not nef.

The following corollary is a standard consequence of Theorem 1.4.

Corollary 4.1. Let f be a morphism from a klt pair (X,∆) to an abelian
variety A, L a nef and f -abundant Q-Cartier Q-divisor on X and D a
Cartier divisor on X such that D ≡ m(KX +∆+ L), where m ≥ 1 is a
rational number. Let H be an ample line bundle on A. Then:

(i) f∗OX(D) is a nef sheaf.

(ii) H i(A, f∗OX(D)⊗H) = 0 for i > 0.

(iii) f∗OX(D)⊗H⊗2 is globally generated.

Proof. By [28, Theorem 4.1], every GV-sheaf is nef. Then statement (i) fol-
lows from Theorem 1.4. The tensor product of a locally free sheaf satisfying
IT0 and a GV-sheaf satisfies IT0 by [28, Proposition 3.1] and this proves
statement (ii). Statement (iii) follows from [26, Theorem 2.4] since coherent
sheaves satisfying IT0 are M-regular. □

We recall the definition of the Chen–Jiang decomposition, which is in-
tended to model the behavior of pushforwards of canonical bundles in [3].

Definition 4.2. Let F be a coherent sheaf on an abelian variety A. The
sheaf F is said to have the Chen–Jiang decomposition if F admits a finite
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direct sum decomposition

F ∼=
⊕

i∈I

(αi ⊗ p∗iFi),

where each Ai is an abelian variety, each pi : A→ Ai is a fibration, each
Fi is a nonzero M-regular coherent sheaf on Ai, and each αi ∈ Pic0(A) is a
torsion line bundle.

We have that the sheaf f∗OX(D) addressed in Theorem 1.4 is a GV-
sheaf. However, there are situations when f∗OX(D) does not have a Chen–
Jiang decomposition under the hypotheses of Theorem 1.4 for any rational
number m ≥ 1 and any Cartier divisor D ≡ m(KX +∆+ L). We will show
that [31, Example 1.1] satisfies this property in the following.

Example 4.3. Let Y be an elliptic curve and E a rank 2 vector bundle on
Y which is the unique non-split extension

0 → OY → E → OY → 0.

Define X := P(E) and let f : X → Y be the projection. We consider the line
bundle OX(1) and fix the unique section C of f such that OX(C) ∼= OX(1).
By [31, Example 1.1], if there exists a curve C ′ on X such that C ′ ≡ mC

for some rational number m, then m is a positive integer and C ′ = mC. It
implies that κ(X,C) = 0. We know C is f -abundant and C2 = 0. We deduce
that C is nef and κσ(X,C) = 1 ̸= κ(X,C). Thus C is not abundant.

We have that KX ∼ −2C by [12, Lemma 2.10]. We define L := 3C which
is nef and f -abundant. If f∗OX(D) has the Chen–Jiang decomposition for
some rational number m ≥ 1 and some Cartier divisor D ≡ m(KX + L), we
deduce that the continuous evaluation morphism

S =
⊕

α∈Pic0(Y )

torsion

H0(Y, f∗OX(D)⊗ α)⊗ α−1 → f∗OX(D)

is surjective by [21, Theorem 5.1] and [23, Lemma 2.9]. Since D ≡ m(KX +
L) ≡ mC, we deduce that m is an integer and OX(D) ∼= OX(mC)⊗ f∗P

for some P ∈ Pic0(Y ) by [12, Proposition 2.3]. We know that f∗OX(mC) ∼=
SmE has a filtration whose successive quotients are OY by the definition
of E, where SmE is the m-th symmetric product of E. We deduce that
f∗OX(mC)⊗Q has a filtration whose successive quotients are Q for every
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Q ∈ Pic0(Y ) and thus

H i(Y, f∗OX(mC)⊗Q) = 0

for every i ≥ 0 and every nontrivial Q ∈ Pic0(Y ). If

H0(Y, f∗OX(D)⊗ α) ∼= H0(Y, f∗OX(mC)⊗ P ⊗ α) ̸= 0,

we deduce that P is a torsion element and α ∼= P−1. We know

H0(Y, f∗OX(mC)) ∼= C

since κ(X,C) = 0. Since the rank of S is at most 1 and the rank of
f∗OX(D) is m+ 1 ≥ 2, the continuous evaluation morphism cannot be sur-
jective, which is a contradiction. Thus f∗OX(D) does not have a Chen–
Jiang decomposition for any rational number m ≥ 1 and any Cartier divisor
D ≡ m(KX + L) in this example.

Next, we give several applications to weak positivity based on Theo-
rem 1.3. We omit the proofs since they follow from well-known strategies
which rely on Viehweg’s fiber product trick, see [32, Theorem III], [2, Theo-
rem 4.13], [13, Theorem 3.30], [30, Theorems 1.8 and 4.4], [8, Theorem 1.1]
and [4, Theorems D and E] for details. We recall the definition of weak
positivity.

Definition 4.4 (cf. [32]). A torsion-free coherent sheaf F on a projective
variety X is said to be weakly positive on a nonempty open set U ⊆ X if for
every ample line bundle H on X and every a ∈ N, the sheaf S[ab]F ⊗H⊗b is
generated by global sections at each point of U for b sufficiently big, where
S[ab]F is the reflexive hull of the ab-th symmetric product SabF . We say F
is weakly positive if it is weakly positive on some open set U .

If X is smooth, ∆ = 0 and L is nef and f -big, the following theorem
is known by [30, Theorem 4.4]. If (X,∆) is log canonical and L = 0, it is
known by [4, Theorem E].

Theorem 4.5. Let f be a fibration from a klt pair (X,∆) to a smooth
projective variety Y of dimension n, L a nef and f -abundant Q-Cartier Q-
divisor on X, H an ample and globally generated line bundle on Y and A =
ωY ⊗H⊗n+1. Let D be a Cartier divisor on X such that D ≡ m(KX/Y +
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∆ + L), where m ≥ 1 is an integer. Then there exists a nonempty open set
U ⊆ Y such that

(f∗OX(D))[s] ⊗A⊗l

is generated by global sections on U for every s ≥ 1 and l ≥ m, where
(f∗OX(D))[s] is the reflexive hull of (f∗OX(D))⊗s.

As a standard consequence, we obtain the following corollary.

Corollary 4.6. Let f be a fibration from a klt pair (X,∆) to a smooth
projective variety Y , L a nef and f -abundant Q-Cartier Q-divisor on X and
D a Cartier divisor on X such that D ≡ m(KX/Y +∆+ L), where m ≥ 1
is an integer. Then f∗OX(D) is weakly positive.

It was first proved in [32, Theorem III] for pushforwards of relative pluri-
canonical bundles. If X is smooth, ∆ = 0 and L is nef and f -big, it is known
by [13, Theorem 3.30] when m = 1 and by [30, Theorem 1.8] when m ≥ 1.
If (X,∆) is log canonical and L = 0, it is known by [2, Theorem 4.13], [8,
Theorem 1.1] and [4, Theorem D].
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