Math. Res. Lett.
Volume 30, Number 5, 1299-1333, 2023

H? bounds for the derivative nonlinear
Schrodinger equation

HAJER BAHOURI, TREVOR M. LESLIE, AND GALINA PERELMAN

We study the derivative nonlinear Schrédinger equation on the real
line and obtain global-in-time bounds on high order Sobolev norms.

(1__Introduction| 1299
2 Proof of the main resultl 1305
3__Proof of Lemma 2.1 1312
[Acknowledgements| 1330
[References| 1330

1. Introduction

We consider the Cauchy problem for the derivative nonlinear Schrédinger
equation (DNLS) on the real line R:

i0pu + 02u = —i0,(|ul?u),
(1)

u}t:O =ug € H*(R), s >

N[

We remark right away that the DNLS is L? critical, as it is invariant under
the scaling

(2) u(t, ) = uy(t, ) = /pu(p’t, pz), > 0.

The DNLS equation was introduced by Mio-Ogino-Minami-Takeda and
Mjolhus [21), 22] as a model for studying magnetohydrodynamics, and it
has received a great deal of attention from the mathematics community
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after being shown to be completely integrable by Kaup-Newell [14]. The
infinitely many conserved quantities admitted by the DNLS equation play
an important role in the wellposedness theory. The first three—the mass,
momentum, and energy—are as follows.

(3) M) = [ fuda,
(4) —Im/uuxdx—l— /|u|4d1:

(5) B(u) = / uaf? = 3 Im(JufPuty) + 3 |ul®) d

Before stating our main result, let us give a very brief review of what
is known about the wellposedness of the DNLS equation. More detailed
overviews can be found, for example, in the introductions of [2], [15], and
[9]. Local wellposedness in H*(R) for s > I was proven by Takaoka [27],
improving earlier work [23] by Ozawa. On the other hand, for s < %, the
uniform continuity of the data-to-solution map fails in H*(R) [3] 28]. One
can, however, close the %—derivative gap between the H > threshold and the
critical space L?(R) by working in more general Fourier-Lebesgue spaces,
c.f. Griinrock [6] and references therein.

A line of results, due to Hayashi-Ozawa [8], Colliander-Keel-Staffilani-
Takaoka-Tao [4], Wu [30], and Guo-Wu [7], establishes global well-posedness
of the DNLS equation in H*(R) for s > 1, for initial data having mass less
than 47. Another line (Pelinovsky-Saalmann-Shimabukuro [24], Pelinovsky-
Shimabukuro [25], and Jenkins-Liu-Perry-Sulem [I1HI3]) uses inverse scat-
tering techniques to establish global wellposedness under stronger regularity
and decay assumptions on the initial data, but without a smallness require-
ment on the mass.

The first and third authors proved in [2] that the DNLS equation is glob-
ally well-posed in H*(R) for s > % and that solutions generated from H 3
initial data remain bounded in H 2 (R) for all time. There have also been some
recent works below the aforementioned s = % threshold of uniform H*® conti-
nuity with respect to initial data [3, 28]. Klaus-Schippa [18] gave H® a priori
estimates for 0 < s < 1 in the case of small mass, Killip-Ntekoume-Visan [17]
improved the small mass assumptlon to 47r and furthermore proved a global
wellposedness result in H S(R), 5<s< 2, for initial data with mass less
than 47. Very recently, Harrop-Griffiths, Killip, and Vigan [10] have removed
the small mass assumption both from their H® a priori bounds, 0 < s < 3

f

as well as from their global wellposedness result in H*(R) with % <s<3
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Finally, during the review period of the present paper, Harrop-Griffiths, Kil-
lip, Ntekoume, and Visan [9] have established wellposedness of the DNLS in
L?*(R), and consequently in H*(R) for all s > 0.

In this paper, we are concerned with the global-in-time boundedness of
solutions to the DNLS equation in H® spaces, s > %, our goal being to prop-
agate the lower regularity bounds mentioned above to higher regularities.
Our main result is:

Theorem 1.1. Suppose u is a solution to the DNLS equation with initial
data up € H*(R), with s > % There exists a finite positive constant C' =

C(s, luoll ), such thaf]
sup [[u(t)|| @) < C(s, [luollm-w))-
teR

The main idea is to take advantage of the complete integrability of the
equation and to exhibit conserved quantities behaving at leading order as
Nlu(t)||%, ®) which, together with the low regularity bounds of [10], allow to

control the higher Sobolev norms. As in [2], [I0], the present work relies
heavily on the conservation of the transmission coefficient for the spectral
problem associated to the DNLS equation. This property has already been
used in many other works; of particular relevance to us are the papers of
Gérard [5], Killip-Vigan-Zhang [17], Killip-Visan [16], and Koch-Tataru [19],
on the cubic NLS and KdV equations.

Note that by continuity of the flow, and the preservation of the Schwartz
class under the flow, we lose nothing by restricting attention to the Schwartz
class; we will thus work exclusively with Schwartz functions for the remain-
der of the manuscript. We will also suppress the time dependence when it
does not play a role.

One can easily prove Theorem 1.1 in the special case s = 1, using the
conserved quantity E(u). Indeed, simply rearranging yields

1

3
2 _ 6 2, —
ey = B) = ey + 5 [ Ton(luPu) o

Clearly, the last term can be bounded above in absolute value by

%Hquql ®) —i—C’HuHGLG(R), whence the desired bound follows for example,
from the embedding Hs(R) < LS(R) and the estimate Hu(t)HH%(R) <
Cuol 3 ) of [10]

'Let us mention that in the case of s = % this uniform bound can be also deduced
from the analysis of [2].
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The higher-order Sobolev norms of integer order can be dealt with sim-
ilarly, once we have a formula for the corresponding higher-order conserved
quantities. We will show that for any nonnegative integer ¢, one of the con-
served quantities is equal to a constant multiple of ||u||§{[ v Plus terms
which are of lower order. For noninteger s, we will use a sort of ‘generalized
energy’, comparable to Hu||§1 gy that will be defined in terms of the trans-
mission coefficient of the DNLS spectral problem. We sketch presently the
background necessary to define these objects precisely; for more details, see,
for example, [II, TTHI4, 20l 25] 29].

The DNLS equation can be obtained as a compatibility condition of the
following system [14]:

©) Db = T\

Here A € C is a spectral parameter, independent of ¢ and z, and ¥ =
¥(t, x, ) is C2valued. The operators U(\) and Y () are defined by

UN) = —ioz(A\2 +i\U),
T(\) = —i(2\* = N {u}) o3

+ 0 223U — Aul?u + i\,
=223 + Aul?u + i\t 0 ’

1 0 0 u
o= 5) v=(i %)

To be more specific about the sense in which the DNLS is a compatibility
condition, we note that u satisfies the DNLS equation if and only if i/ and T
satisfy the so-called ‘zero-curvature’ representation

where

U oY
M I iy =o.
o o THTI=0

The first equation of @ can be written in the form
(8) Lo\ = (1030, — X2 —iAU)y = 0,
which defines the scattering transform associated to the DNLS. Let us denote

Q4 :={\€C:ImA\* > 0}.
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Then given u € S(R) and X € Q, there are unique solutions to (8) (the
“Jost solutions”) exhibiting the following behavior at foo:

o) U7 (2,0) = e” e [((1)) + 0(1)] . asa— —oo,
U () = eNe K?) + 0(1)] . asz— +oo.

Finally, we denote by a,(\) the Wronskian of the Jo6st solutions defined
abovef?]

(10) ay(A) = det(¢y (2, A), 95 (2, X))

Using the second equation in (6)), it can be shown that a,()) is time-
independent if u is a solution of . Furthermore, a, is a holomorphic
function of A in €4, and one may determine the behavior of a, at infinity
by transforming into a Zakharov-Shabat spectral problem, linear with
respect to the spectral parameter, c.f. [I4], [24]. The equivalence between
the two problems allows us to write

(11) lim . au()\) = e_%”uHi?(R)'
[A] =00, AeQ L

For fixed u, we can thus define the logarithm so that

(12) lim  Inay(A) = —olul2. -
|A| =00, AE0, 2

This determines a unique branch for |A| > 1, which is sufficient for our pur-
poses. Moreover, Ina,(A) admits an asymptotic expansion of the following
form:

> E. _
(13) Ina,(\) = Z ig?) as |[A] = 00, A € Q.
j=0

Since a,(A) is time-independent, the quantities Ej(u) are conservation
laws. They are all polynomial in u, u, and their derivatives. Furthermore,
the Ej(u)’s inherit scaling properties from a, (). That is, for © > 0, the fact

that a,, (\) = au(ﬁ) implies that E;(u,) = w/ Ej(u), for each j € N. The

2The transmission coefficient mentioned earlier is the inverse of a, ().
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first several of the E;(u)’s are (up to multiplicative constants) the conserved
quantities f mentioned earlier:

EAﬂu% Eﬂu)zéJKUL Exu%=féEOO-

1
Eo(u) = *§||U”%2(R) =3 1

For each ¢ € N*, the quantity Fq(u) can be used to control ||ul| . Let

2
HY(R)
us define, for p positive sufficiently large and L € N,

(14) oL(u,p) =Tm |Inay(v/ip) =

j=

o
—~
~
e
~—
<.

If u is a solution of the DNLS equation, then ¢y (u, p) is time-independent,
being a sum of time-independent quantities.

In order to establish bounds on the H® norm of u, for s >
show that for large enough R > 0, the quantity [ p**~!
the H*® seminorm of u, in a sense to be made precise later. Here and below,
we use [s] to denote the integer part of a real number s.

Our proof of Theorem 1.1 relies on a good understanding of the structure
of the remainder associated to the expansion . Note that when \? = ip,
the imaginary part of this remainder (which is what we really use) is sim-
ply ¢r(u, p). In Section 2, we will introduce a determinant characterization
of a,(\); we use this characterization to formulate a technical statement
(Lemma 2.1 below) on the size of the remainder. Assuming the result of
Lemma 2.1, we will prove Theorem 1.1 at the end of Section 2. Then, in
Section 3, we will prove our technical Lemma, completing the circle of ideas.
Most of the work is contained in this last section.

Before moving on, let us establish a few notational conventions that we
wish to add to the ones introduced above. First of all, we use the following
normalization for the Fourier transform:

~ 1

= —— [ e f(2) da.
flo) = o= [ ety

1
29
(s (u, p)dp controls

we will

The symbol N will denote the nonnegative integers, and N* = N\{0}. We
will use || -||2 to denote the Hilbert-Schmidt norm, and || - | will denote
the operator norm on L?(R). And we will use the following shorthand for
derivatives:

D= —id,,  Lo=io30,.

Whenever 2 < p < oo, we will use s*(p) to denote the Sobolev exponent

s*(p) =% — % such that the embedding H* " (R) — LP(R) holds.
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Finally, we set notation for the following subset of 24:
Is={\cQy:0<arg\}) <m—d}

This notation will be useful in some of the intermediate steps we use to
prove Theorem 1.1, as our estimates will frequently depend on % (which

is < C(0) on I's). However, the value of 6 > 0 will be inconsequential for
our final steps, where we will take A? to be pure imaginary. Therefore, for
simplicity of presentation, we will fiz § > 0 once and for all and suppress
dependence on ¢ in all bounds below.

2. Proof of the main result
2.1. The determinant characterization of a, ()

An important property of a,(\) is the fact that it can be realized as a
perturbation determinant, c.f. [10] (see also [26]):

(15) au(N)? = det(I — T, (N)?),
where
Tu(\) =iXLo — N)7'U, AeQy.
The operator T, () is Hilbert-Schmidt, with

o AP 2
(16) TNz = WHUHB(R)'

As a consequence of , we may writeE|

(17) Ina,(A) =— 3
k=1

Tr(Tu(N)*) .
T? if HTu(A)H <L

This series will converge whenever A € I's has large enough modulus; indeed,
using the explicit kernel of (Lo — A?)~!, it can easily be shown that for

3This series expansion of Ina,()\) is consistent with the definition .
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any p > 2, we have

Al 2o (m)

(18) IO S NeQ, ue I(R).

In particular®, we can find Ry = RU(H“”H%(R)) such that | T,(\)| < 1 for

all A € T'5 satisfying |\|? > Rg. We will fix the notation Ry for use below.
As we shall see later, each term of the series can be expanded in
powers of \~2:

(19) _Tr(Tu(A)Zk) i ijk(u) )

According to and , the E;(u)’s should then satisfy
j+1

(20) Ej(u) =) pin(w).
k=1

We will use the following notation for the remainders after truncation of the

expansions and :

2L+2 2%
Tr(Ty (A
(21) Ina,(\) = — Z 1"(25{7)) + 77 (u, A), LeN;
k=1
2L+1
— Tr(Tu()‘)zk) _ Mﬁk(u) k( \)
(22) ok e TTE A,
j=k—1

ke{l,...,2L+2}, LeN.

The primary difficulty of the proof of Theorem 1.1—and indeed, the subject
of Lemma 2.1—is the understanding of the size and structure of the remain-
der terms 7F(u, ), and to a lesser extent, the 11 (u)’s. On the other hand,
for A € I's with large enough modulus, it is easy to bound the 7} (u, A)’s. For

4The choice of the H3-norm here is essentially arbitrary; one can use any H*-
norm with 0 < s < %
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1

example, if || T,,(A)|| < %, then for 2 < p < oo and s*(p) = 1 — 1%’ we have

2L+2 ok
* T T2
o, )| = 1

nay(A) + Y o

k=1

[ee]
(23) < > ITIPFITO
k=2L+3
[l 32 ey 1l
< AL+4 2 - »(®) 1 U L2 (R)

The following table summarizes the various relationships among the
quantities introduced above and will be helpful to keep track of the nu-
merology. More precise information about the p1;(u)’s and 75 (u, A)’s will
be provided below.

i) T\ TeTp(N) T2 () TRt
2 4 6 AL+ 2 4L +4
po,1 () Eo(u)
P11 (w) p,2(w) Ei(u)
A2 A2 A2
2,1 () p22(u) pa,3(u) Es(u)
24 A4 2 24
pora(uw)  pora(u)  pors(u) por,20+1 () Esr(u)
AL AL AL \AL \AL
H2r41,1 (U) M2L+1,2(U) ,U2L+1,3(U) H2L+1,2L+1 (U) M2L+1,2L+2(u) Ear 1 (u)
/\4L+2 )\4L+2 )\4L+2 /\4L+2 )\4L+2 )\4L+2
Ti(u, A) Tg(u, A) Tf(u, A) TEL“(U, A) TEL“(u, A) 77 (u, A)

2.2. Structure of the traces

In this section, we record all the information about the traces that we need in
order to prove our main result. We deal first with the easy case of Tr T,,(\)?,
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about which we need more explicit information. A straightforward compu-
tation gives us

20\y _ ony2 [ GO
(24) TrTy () = 2i\ R§+2)\2dc.

We determine the expansion of TrT?2()\) by simply substituting into
the identity

2L+1 1
22 :i RS SR SR S S
¢+ 2)\2 = 2)2 C+2X2 \ 222 ’ ’

to obtain (for all L € N)

TrT2()) 1 i g 2
I S Z )@j‘(—Z)jH/RC]‘u(C)’ dg¢
§=0
(25) =:pz(u)
i S (91
~ 4LA1)\AL+2 ek C+2X2

=7} (u,\)

ac.

Now we state our main Lemma, which describes the structure of the
other 11 (u)’s and 75 (u, A)’s.

Lemma 2.1. For any k € N*, L € N, the traces TrT2*(\) admit the de-
composition . The pjr(u)’s and 7% (u, ) ’s satisfy the properties below,
where for any n € N we denote o(n) = max{n, £ }.

o Each pji(u) is a homogeneous polynomial of degree 2k in u, @, and
their derivatives; it is homogeneous with respect to the natural scaling.

We have
|2e2(u)] S HUH?{n(ﬂ—l)(R)||U||H£(R), ¢ e N*,
(26) ’M?E,k(u)‘ < HUHHa(e D (R)? le N*, ke {3, ey 20 + 1},

’Mg”l,k(u)‘ < HUHH"(]R { e N*, ke {2, C ,2£+ 2}.
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e For |A\|? > Ry, A € T's, we have the following bounds:

[l ooy gy el v ry
(27) |T[2/(u7 A)’ Sa |)\|4(1L)+2+2a ) LGN, 0§O[< 1,

k HUH%?L(R)
(28) |mL(u, NS

’NW’ LEN*,I{IG{3,,2L+2}

We postpone the proof of the Lemma until Section 3.
2.3. Proof of Theorem 1.1

In this section, we will prove Theorem 1.1, assuming the result of
Lemma 2.1. For s € N*| the conclusion follows easily from Lemma 2.1, to-
gether with , , and an induction argument; we provide the details
presently. Actually, the case s = 1 was already proved in the Introduction.
Therefore, let us turn to our inductive hypothesis. For k =1,...,¢ — 1, we
assume that the following bound holds.

(29) Sup [[u(®) |+ m) < C R, [luoll ey )-

We will prove that the same bound holds with &k = /¢ > 2.
First of all, for any integer £ > 2, and any time ¢, we have

Hu(t)H?qe(R) = C(E),u%,l(u(t)) by
2041
=C(0) | Ex(u Z p2e,k (U by

< C(0) Eg(uo) + §HU( Wiy + C& lluoll e (my)-
To pass to the last line, we used time-independence of Eo(u(t)), the bounds
, and our inductive hypothesis (with £ = ¢ — 1). Finally, using that

20+1
E(u) Z pi2ek(uo) < C(L, [Juollmre(w)),

we get

sup [[u(t)| ey < O lJuoll e m)),
teR

which finishes the induction argument, and thus the proof of Theorem 1.1
for s € N*.
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It remains to consider the situation where s ¢ N*. We start by recording
the characterization of ¢, (u, p) in terms of the remainders 75 (u, v/ip), and
we also set notation for the quadratic part of ¢ (u,p). We also note that
the case L = 0 is included in the definition.

2L+1

(30)  or(u,p) =Im |Ina,(y/ip) — Z %/E;LJ)
=0
r2L+2
=Im Z 71 (u, \/Z'ip)—l—Tz(u, ﬁ)] 7 LeN,
L k=1

| . (=" [ GEPaEQ)P
(31) (pL,O(uu P) = ImTL(u7 @) = 22L+1p2L R <2 +4/)2 dC) LeN

The conclusion of Theorem 1.1 for noninteger s > % will be deduced from
the following two Lemmas.

Lemma 2.2. Suppose u € S(R), s >0, s ¢ N*, and R > 0. Then the fol-
lowing comparison holds.

62 [ oot pldp Sl

R4

SS/R P> epsgo(us p)ldp + BT [l o)

Proof. Let us define the function f, :R — R, for 0 <v <1, by f,(2)=
‘ili;;. Note that f, € L*(R) for this range of v.

We make a direct substitution of the formula into the integral
fgop%_l\go[sm(u?p)\dp, then we switch the order of integration. Continu-

ing the computation yields

et . gi2 ) oopZ(sf[s])fld d
| ool lde = gy [ R [ o dpa

225+1/|C|28| |2/ S [s] dZdC

1<l

1 2 el
= pralfwl@llg - 5 L[5 @OF [© e asac
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We estimate the second term on the right by means of the trivial replace-

ment 1+ — < 1:
1 fer
; L5 fucpa () d=dg
C 28 2 e —[s])—1
s | (D1 qzd¢
- R2(s—[s]) | IIUIIE[S](R)
os— 4] glsl+1
The comparison follows. 0

Lemma 2.3. Suppose ue€S(R), s>0, s¢N*. Denoting [=

max{[s], Sttt

s D) 1}, we have

C s, l[ull o )
(33) Ioi(us) = @il )| < —— Tl (ullegey + 1), o = Fo

where Ry = Ro(||u|| ,,1,..) is defined as in Section 2.1.

H3 (R)

Proof. Choose p > 2 to solve 2([s] +1)(1— %) =s+[s]+1. (Note that

s*(p) = ([[}}H) for this choice of p.) Then for p > Ry, we have

2[s]+2
1) (s p) = e 0(us P < Iy (u, Vip)| + [y (us V/ip)] by (30), (31)
k=2
s . 4[s]+4
N S Sy I

HlsI(R) H“HH (p)(R)H ||L 2(R)
e T o a— > A T ERei ) by [27). 28). @3)

k=3

C(s, HUHHﬁ(R))

< W(H ull ey + 1)-

In the second line, we understand the sum over k to be empty if [s] = 0. O
The conclusion of Theorem 1.1 for noninteger s > % follows from Lem-

mas 2.2 and 2.3, the time-independence of the quantity ¢4 (u, p) for solutions
of the DNLS equation, and the bound

(34) sup lu@)l 7er) < CB, [|uoll s (r))
(S
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where 3 = max{[s], ZZF[S[]S]SI, 3} is as in the statement of Lemma 2.3. The

bound ((34] . ) follows from our induction argument if s > 1 and from the result
of Harrop-Griffiths, Killip, and Visan [10] if 1 5 <s<1.

Let us give the remaining details of the proof of Theorem 1.1 presently.
We choose Rg = Ro(||uoll,;3 R)) as in Section 2.1, so that [T, (A)|| < 3
for all A € I's with |A\|2 > Ry, for all ¢ > 0. The fact that we may take R to
be independent of time is once again a consequence of the a priori bounds
from [10] (in particular, the uniform bound on the H s norm). Now, for any
t € R, we have

> s— 2(s—|s
a1 g Ss /R P> pgo(u(t), p)ldp + Bo® ™ u(®) 3 e)
< C(S)/R P Hopp (u(t), p)ldp + C (s, Ro, [|u(t) || o my) (1) |- ) + 1)
<) [ lerguo. p)dp + Co ol o) ) ey + 1
1

< 5”“@)”?{5(}1&) + C (s, |luoll s r))
which establishes the desired conclusion. Note that the first line in the cal-
culation above is simply the upper bound in Lemma 2.2. To pass from the
first line to the second, we use Lemma 2.3, followed by the lower bound of

Lemma 2.2. We use and the time independence of ) (u(t), p) to pass
to the third line. Finally, we justify the last line by noting that

/R P> g (o, p)ldp Ss C (s, lluollwy),

which follows from an application of Lemma 2.3, followed by the lower bound
in Lemma 2.2.

3. Proof of Lemma 2.1
3.1. Outline of the proof

In this section, we expand each Tr(7'2%()\)) in powers of A2, up to a specified
order, and we establish bounds on the remainders, in order to prove our key
Lemma 2.1. In Section 3.2, we consider the case L = 0, which is easy to
treat explicitly but does not fit naturally into our argument for the other
cases. When L > 1, we follow the strategy of [5], deducing the expansions
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of the traces from the expansion of the resolvent L, (\)~!. The relationship
between Ty (\) and L, (\) is the following;:

(35) Ly(X) = (Lo = X)(I = Tu(N)).
Therefore,
LN = (I = Tu(N) (Lo — X))~

(36) = iTu(A)”(ﬁo -7 T < L
n=0 :?7%”

The point is that
(37) T2 (\) = iARop_1U.

Thus, the part of L, '(\) that is of relevance to us is Rop_1, i.e., the term in
the expansion that is homogeneous of degree 2k — 1 in u, . In partic-
ular, we seek an expansion of ARo,_; in powers of A2, up to order \*+2
for a given L € N*, and a good understanding of the remainder term.

Our strategy will be to examine the symbol R(x,() of the pseudod-
ifferential operator L,(A)~!. In Section 3.3, we will expand the diagonal
and antidiagonal parts R%(z,¢) and R%(z,¢) of R(x,¢) in powers of A72,
determining recursively the form of each term of the expansion. Homogene-
ity considerations will then give us the desired expansion of ARgr_1 (and
thus of Tr 72%(\)) in powers of A~2. In Section 3.4, we identify the ;. (u)’s
from and separate them from the remainder term. In Section 3.5 we
estimate the remainder term, finishing the proof of the Lemma. The final
Section 3.6 consists of the proof by induction of a technical result stated in
Section 3.3.1, on the form of the terms of the expansions for R¢ and R®.

3.2. Case L=0
Let us note first of all that the desired decomposition in the case L = 0 reads

nay(A) = (o, (u) + X211 (u) + 75 (u, A)]
=—1TrT2(\)
+ N2 (w) + 18 (u, N)] + 75 (1, ).

_ 1
=—3 Tr TN
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(See the table in Section 2.1.) As we have already treated TrT2(\) and
73 (u, A), it remains to understand the term —1 Tr T#()). Recall first of all
that the formula for u; 2(u) can be read off from the known expression for
Ei(u) = £P(u). In particular, 1 2(u) must be equal to 8\\u]]L4(R) the part
of F1(u) which is quartic in u. Next, we decompose T:+(\) more explicitly, in
order to identify and estimate 73 (u, ). A computation (the details of which
are contained, for instance, in [2]) tells us that

Tr T2 (\) = i(2)2)? / u(z) (D + 2/\2)71u(x))2(D — 22037 (x) da.
R

Then, making a few simple manipulations, we can bring the right side of the
equation above into the following form.

7
—2)\2

TrTA()\) = / a(x) [u(z) —(D+ 2>\2)1Du(az)} i

x [u(z) — (D — 2X*)" ' Du(z)]dx

_ W[/m |t da — /|u2 w(@)(D — 2)2) ! Du(z) dz
—2/|u|2 )(D 4 2X2) " Du(z) dz

- 2/ lu(z)|>(D + 223" Du(z) (D — 2X?) "' Du(z) dz
/R (D +2)2)~! Du())2a(x)? dz
— /Ru(x)((D +2X2) "1 Du(x)2((D — 22?1 Du(z)) d=
() — 47, ).

To estimate 72 (u, \), we use the following simple Lemma, the proof of
which we omit.

Lemma 3.1. The following estimates hold, for A € T's.

o I[f0<a; <as <1, then

Yue Ho(R).

[l g7
2y-1 ' < 2(R)
(38) H(D :l: 2)\ ) DUHHQI(R) ~Q2—0 (2 Im(>\2))a270‘1 ’
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e [f2<p< oo, then

39)  ||(D+2X*)"

R) Sp lullgeo @), Vu€ H* P(R).

We estimate one of the terms defining Tg(u, A) explicitly; the others can
be dealt with in an entirely similar way.

e / w()((D +2X%) 7 Du(x))2(D - 2X%) " Du(z)) da

mrallull o) 1D + 2X%) 7 Dul| Zo(gy 1D — 2X%) 7 Dt 2w
MI ®

4l

~a ’ Y ‘ 24+2c

H“HH&(R)

We conclude that 72(u,\) satisfies the required bound, finishing the
case L = 0.

3.3. Expanding the resolvent

3.3.1. Formal expansion of R* and R®. As stated above, for L > 1
we seek an expansion of the symbol of L;()), in powers of A2, That is,
we seek to understand R(z,() in the expression

~

(40) LA / d¢e™S R(x, ¢) f(¢).

u

T Von
The identity L, (\)R(xz, D) = I implies

(41) i030, R(x,¢) — (Cos + A*)R(x,¢) — iU (z)R(z, () = 1.
Introducing the new variable p = )\2, this reads

(42) io30, R(z,¢) — N (pos + 1) R(z, ¢) — i\U (z)R(z,¢) = 1.

We split R into its diagonal and antidiagonal parts R? and R®, respec-
tively,

R(x,() = R(z,¢) + R*(x,¢).
and we also split equation accordingly:

(43) 030, RY(x,¢) — N(pos + 1)RY(z, ¢) — i\U (2)R*(z,¢) = 1
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(44)  i030,R*(x,¢) — A2 (pog + 1) Rz, ¢) — AU (z)R%(z, ¢) = 0.

Next, we expan R, and thus R? and R®, in inverse powers of \2:

1 a 1 a
k>0 k>0

We rewrite (43) and in expanded form:

>, io30,Ri_, — (po3 + 1)R{ — iURE_
(45) T=—(pos+1)RY+ Y 2tk (bos + 1B k-1,

22k
k=1
W X i030,R¢_, — (po3 + 1)R} — iU RY
(46) 0= —(pos+1)Rf —iURG+Y ol o k k.
k=1
We thus obtain the recursive system f below.
d _ _poz—1 iU
(47) RO(:Eap) - _]927_17 RS(ZE,])) - _p2 1
1
d _ - a . d
(48) Rk(xvp) - p2 1 [ - ZURk—I(xvp) + Zaka_l(iU,p)O'g} (p03 - 1)’
k>1

I I,
R (z,p) = ) [zURZ(m,p) + 0, R}, (z,p)os] (pos + 1)
1
(49) =1 [U*R}_(w,p) — UdyR{_(x,p)os

+ 0 Ry (x,p)os(pos+1)],

k> 1.

We used the formula for Rg(a:, p) to pass to the second line in the formula
for R} (x,p). We also used several times the fact that 034 = —Ao3 for any
antidiagonal matrix.

We use the computations above to clarify the form of the Rz’s and Rj’s;
the precise statement is contained in the following Lemma.

SWe refer to [5] for the semiclassical interpretation of these expansions.
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Lemma 3.2. The Ri ‘s and R{’s take the following form:

k

(50) Ri(z,p) =Y Ri.(x,p), k>1,
r=1
k

(51) Ri(z,p) =Y R}, (z.p), k>0,

where the entries of the Rd 's and Ry, ’s are homogeneous polynomials of
degrees 2r and 2r + 1, respectwely, inu, u and their derivatives. More specif-
ically, setting ), = (971U -00"U, for v € N, we have

(52) Rk r($ p) k+1 Z Q’Y ID|7| )(pO'g - 1))

~yEN?"
|y|=k—r

(53) R%,r(wap) 2 k+1 Z Q’Y "Y‘ )

6N27 —+1
hl k—r

Here and below we use the notation P, to denote any diagonal matrix whose
diagonal entries are polynomials in p having degree at most n.

We postpone the proof of this Lemma until Section 3.6, so as not to
interrupt the flow of ideas.

3.3.2. The truncated expansion, and a formula for Rs,,_1. Fora
fixed N € N*, we set the following notation. (Later we will set N = 2L.)

N N-1 .,
R(N)(.T )_ Rg(x,p) k(mvp)
P) = A2k \3+2k
k=0 k=0
54 =Ry (@) =R (p)
( ) R $p N N Rd N—-1N-— lRa
S\ )
20 Amk +> > Amk
w—/ r=1 k=r r=0 k=r
—. R (4 —
=R, (%,p) ::Rfj{\i)(%p) =2R¢(12,Vr)(33,p)

The symbol R™V)(z,p) is a truncated expansion of R(z,p) in inverse

(N) (V)

powers of A\, having diagonal and antidiagonal parts Iz , respectively.

The point of this definition is that, using Lemma 3.2, we know that Rg\;)
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is homogeneous of degree 2r in wu, @, and their derivatives, while Ré{i) is

homogeneous of degree 2r + 1 in these quantities. Expanding RY) according

to and applying the recursive identities 7, we see that RWY) (x,p)
satisfies

lio30, — AN (pos + 1) — AU ()] RN (2, p) = I + YN (2, p),

where YY) (z,p) = Yd(N) (z,p) + Ya(N) (z,p),

N 1 .
Vi (@,p) = Sorawios(0: R (. p),

1 a
YN (z,p) = —yieen Bn (@, p)(pos — 1).
This implies
(55) L7'(A) = RN (2, A72D) — LYY M) (2, A72D).

Recall that Ro,,_1 is the term in the expansion which is homoge-
neous of order 2m — 1 in wu, u, and their derivatives. On the other hand,
the portion of R™N) which is of this homogeneity is precisely jo,\;z—r Com-
bining these considerations with , we see that Ro,,—1 is the difference
between Ré{\g_l and the part of L, '(\)Y ™) (2, \=2D) that is homogeneous
of degree 2m — 1 in u, w, and their derivatives. Using the expansion (36 to
isolate this part, we obtain:

RQm—l - R(N) (‘Ta >‘72D)

a,m—1
1
w2 LML= M) (LR, ) (@, A D)
(56) Kob 12N
1
— ey O T (Lo — )T RR . (2, AT D) (A Lo + 1),

k+r'=m—1
k>0, 0<r'<N
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3.4. Extracting the p;,,(u)’s

Combining with , , and pulling out inverse powers of A, we easily
find the following formula for Tr 72™(\) with m > 2, truncated at N = 2L.

(57)

2L—1
2m —2

Tr (772 = ) A2j+2 Tr[iURS,, 1 (z, A2D)]
j=m—1
(-1 -2 2%+2 —2

+ Z NAL+412k Tr [(U()\ Lo—1)7" (£0R2Lr)(337/\ D)]

kég,rfgnZ;%L

i(—1)kt1 _ B . B B
+ Z A(ZMZ% Tr [(UA Lo — 1) )P Ry, (2, A2D)(A\ Lo + 1)].

+r=
k>0 0<7‘<2L

We will refer to the three sums above as I, 11, and 111, respectively.

We now identify the coefficients p;.,(u)’s and verify that they satisfy
the properties claimed in Lemma 2.1. The claimed homogeneity properties
will be clear from the formulas that we derive below; we will just need to
verify the bounds . The latter are also straightforward to verify but will
require us to use the structure of the R%,T’s and RZW’S from f.

The first sum has the form

N ()
7,m
—2m Z 22
j=m—1
with
(58)
/Lj,m(u) = - 2m)\2 [UR?,m—l(xa )‘_QD)]
_ i P\v\(%) d¢
= Z Tr /U(w)QW(a:) da:/((c)2 - 1)j+1ﬁ .
'YENQm_l AZ
[v]=7—(m—1)

Note that ‘Tr’ denotes an operator trace in the first line, whereas it
refers to the 2 x 2 matrix trace in the second and third lines. We will use
the notation ‘Tr’ similarly in what follows without further comment.
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Since A is presumed to lie in I's, a comparison of the degrees in the
numerator and denominator ensures that the integrals over ¢ are finite and
their values are independent of .

The integrals over x are all of the form

/U@;IU---ﬁgz”‘lde, with [y| =7 — (m —1).

Integrating by parts repeatedly allows us to bring each of these into a form
where as few derivatives as possible fall on any single U, namely

> cn/aglU--.agszdx,

n€N27n
Inl=j—(m=1)

where ¢, = 0 unless

—

—
S .
L

)
|
—_
~—
~—

if j —(m —1) is even,

max{ni,..., <
{m Nom } { (m—1)+1), otherwise.

D= N[

Using this form of the integral over z, we now establish bounds on g, (u)
according to m and the parity of j. In each case below, £ is a strictly positive
integer.

o If j =2/ is even and m = 2, then there are 2¢ — 1 derivatives; thus

l2e2(w)| < Hu”HZ(R)HUH‘?—[”(FI)(R)?

where we recall the notation o(n) = max{n, ;}.

o If j =2( is even and m > 3, then there are at most 2(¢ — 1) total
derivatives. This establishes the following bounds

s ()] Sl -

ot ()] S [l e €22, me{3,...,20+1}.

o If j =2+ 1 is odd and m > 2, then there are at most 2¢ derivatives,
so that we have |popt1m(u)| S HUH%I”}(R).

Let us remark that the formula determines 1, (u) for all m > 2
and all j > m — 1, not just for those p;,,(u)’s that appear in the sum I.
Therefore, the above bounds on the fi;,,(u)’s complete our proof of the
estimates . However, in order to determine the remainders 77" (u, A), we
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still need to extract por, m(u) and por1,m(uw) from the sums I7 and I11. To
this end, we remove the parts of IT and III which are of order A=*~ and
A~4L=2: these will correspond to por,m(u) and por41,m(u), respectively. We
deal first with por m(u); the only term expected to be relevant is the k = 0
term in /11, namely

)

(59)  —jare

Tr [UN Lo — 1) 'Ry o1 (2, A2D) (N2 Lo + 1)].

To extract the part of this expression that is really of order A=, we com-
mute the operator (A"2Lg — 1)~! with RSy 1 (, A72D). We will have to do
something similar several times below, so let us pause to write down a more
general formula. Let A denote an antidiagonal operator with symbol A(z, ()
and similarly let B denote a diagonal operator with symbol B(z, (). Then a
simple application of the product rule gives the following operator identities.

(60)  A(Lo+A) "' =—(Lo—N)TTA+ (Lo — A) TN (LoA) (Lo + M)
(61) B(Lo—X)"1= (Lo—=M)'B+(Lo—A)"NLoB)(Lo — N*)~L.

Using with A = Rghmfl, the expression becomes

—4L
*QmﬂzL,m)\

7 a B
(62) NALT2 Tr [URSL 11 (2, A2D))]
7

T AL+ Tr [U(A?Lo — 1) (LoRS 1) (2, A7°D)].

To extract u2L+17m(u), we need to determine the part of 11 and I11 that
is of order 2L + 1 in A™2. There are three quantities we need to consider:

e The second term in :

(63) Tr [U(A Lo — 1) (LoRS, 1) (2, A72D)]

7
T \AL+H4
e The k=0 term in II:

(64) Tr [(U(A*Lo = 1)) *(LoRSL m-1)(x, A"*D)]

\4L+4

e The k=1termin III:

(65) Tr [(UA Lo — 1) 1)? RSy oz, A2D) (A 2Lo + 1)].

7
2\4L+4
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We deal with each of these in turn, denoting their contributions to p2r+1,m

by Ng/;)+1 mo :“gL)+1 my and :“gL)+1 m» respectively. To put (63) in the desired

form, we sunply apply . ) again, this time with A = £0R2 Lim—1- The result
is

! — —
NALT4 Tr [U(LoRS, 1) (2, A~ ZDY(A Lo + 1) 1]

Z
© \AL+6

(66)
Tr [UA 2Ly — 1) Y (D*R3y 1) (@, A2D) (A2 Lo + 1) 7.

Thus

1 i “ _ _ _
NéL)H m T omA2 Tr [U(EORQL,m—l)(xa A QD)()\ 2£0 +1) 1]-

Next, we look at . We perform two commutations, using A =U
in (with A? replaced by —A?), then B = U? in (61)), to obtain

[U()\—QEO )—1]2 _ —()\_4D2 _ 1)_1U2
(67) FATZAT2L0 4+ 1) (LoU) (A 2L — 1) TTUN 2Ly — 1)
—AT2NTID2 — D)L U (A2 Ly — 1)

Substituting this into yields

(68)

T ML+ Tr [U*(Lo RSy, 1) (2, A2 D)(A™*D? — 1)71]
+ #Tr [<)\_2£0 + 1)_1(£0U)<)\_2/:,0 _ 1)_1U

\4L+6
X ()‘_2[’0 - 1)_1(£0R§lL,m—1)(x7 )‘_QD)]

1 _ _ _ _ _
— arre T [0 = ) THLUP) (AP Ly — 1) (LoRS 1) (. A2 D)].
We take
1 —_ —_ —
W51 = gy T [UH(L0RSL ) (@ A2D)(AAD? = 1)71].
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Finally, we look at . Proceeding as in but commuting one more
time, we get

A 2Ly + D[UN 2L — 1)
=D -1)"tud
+ A2 LoU)YAN 2Ly — D)TIUN 2Ly — D) UM 2Ly — 1)
ALy — 1) HLoUP)Y (V2L — 1)U (N 2Ly — 1)
—AT2ATID? - )TN LoUBY (A 2L — 1)
Substituting the above into yields

(69)
1 . _ _ B
sarrs T [UP RS o(2, A2D)(AT1D? — 1) 7]
7: - - —_ —
+ sz T (Lo (A 2Lo = D)T'UN Lo - 1)U
x (A\™2Lo — 1) Ry, 1y _o(2, A72D)]
—ﬁT r[(A2Lo — 1) (LUP)(A Lo — 1)U
x (A\2Lo — 1) Ry, 1 _o(z, A 2D)]
—ﬁT v [(AT1D? — 1) 7Y (LoUP)(A2Lo — 1) RS, _o(2, AT2D)].
Thus

H5D i1 = —grys T [UPRSL o A2D) (D = 1)),

In view of , we have

RSy 41(2, A72D) = (LoRSy)(w, A D)Y(A 2Ly + 1)
+iU(LoRY,) (2, A 2D)(A\4D? — 1) !
+ U?RS; (2, A 2D)(A D% — 1)1,

and therefore,
gL+1,mfl<x7 )‘72D) = ([’ORgL m— 1)(%, )‘72D)()‘72£0 + 1)71

+iU(LoRYp 1) (x, AT2D)(AD? — 1)~
+U?RS , o(z, A 2D)(N'D? = 1)1,
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which confirms that

1) (2) (3) _
Holitm T Marq1m T Harg1m = H2L+1,m

with por41,m, defined in (58).
3.5. Estimating the remainder

The final step of the proof is to estimate the remainder terms, which we
group together into 77" (u, A). This expression is a sum of the following terms:

e The k£ > 1 terms of I1 and the k > 2 terms of I11, where Il and I1]
denote (as above) the second and third sums in the decomposition ((57)).
We refer to these as the ‘Type 1’ remainder terms. Note that our
assumptions on k force m to be at least 3 for all Type 1 terms.

e The terms in , , and where A™*~6 appears (six terms

total). We refer to these as the ‘Type 2’ remainder terms.

3.5.1. Type 1 remainder terms. We begin with the two sums. We want
to show that the following expression is bounded by ||ul|37% ®)

(70)
—1)k
Z ()\22 Tr [(U()\_zco _ 1)_1)2k+2(£0RSL,7«)($7 )\_2D)]
k+r=m-—1
k>1,1<r<2L
+ Z MT{' [(U(A_QE _ 1)—1)2]€+1Ra (.’I] )\_2D)()\_2£ + 1)]
A\2(k—1) 0 20,7\ 0 .
kﬁirag"ﬁgéL

By virtue of , we can write

(CoRfy)ep) = oo 2 Q@)

’YGNQT
|v|=2L—r+1

Thus, the traces in the first sum in ((70) may be written as a sum of terms
of the form

(71) Tr[(UOA2Lo = 1)) Qs (2) Pop—rsn A2 D) (A D? — 1) 7271

with v € N*", |y| = 2L — r + 1 < 2L. Integrating by parts repeatedly in the
above expression until no derivative of order larger than L falls on any
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single U, we rewrite the expression (71)) as a sum of terms of the form

Tr [0 U)(x)(AN2Lo — 1)~ 1. (0P 2U) (x) (AN 2Ly — 1)1 Q4(2)
X Pop—py1(AT2D)(AT1D? — 1) 721

with 7= (91,... n2k42) € N*¥2 9 = (y1,...,72,) € N¥ Satisfying In| +
|y =2L —r+1 and max(np,fyq) < L. Thus, the expression can be

bounded by \)\\QHuH%”}( r)» and therefore the first sum in (70]) by HuHHL (®)"
We deal with the second sum in in essentially the same way. Invok-

ing , we may write
gL,T ($, )‘72D)()‘72£0 + 1)

= Y Q@R (D)D)l
’YEN2T+1
[y[=2L—r
Thus
Tr [(UA2Lo — 1)) RS, (2, A72D)(A2Lo + 1)

is a sum of terms of the form
(72) Tr[(UMA2Lo = 1)~ Q, (@) Por—ria(A2D)Y(AD? — 1) 7271

where v € N>+ with |y| = 2L — r < 2L. As before, we integrate by parts
repeatedly to rewrite the expression as a sum of terms of the form

Tr (02 U)(2)(A2Lo — 1) ... (@ U) () (A~2Lo — 1)1 Qs ()
X Pap—r1(N2D)(ATID? — 1) 72

withn = (91, ... noxr1) € NPTy = (91,...,92,41) € N? 1 satisfying || +
|y| =2L —r and max(np,yq) < L. This allows us to bound (72) by
P

APl 57 > thus completing the desired estimates on the Type 1 remainder
terms.

3.5.2. Type 2 remainder terms. We now deal with the Type 2 re-
mainder terms (the terms in , , and where \=4=6 appears).
When m > 3, the total number of derivatives falling on the U’s is 2L; there-
fore we can bound all these terms by \)\\*4L*4HUH%}’LL(R) by arguing exactly
as we did for the Type 1 terms. To complete the proof of Lemma 2.1, it thus
remains to consider the Type 2 remainder terms with m = 2. In this case,
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some of the U’s appear to be overloaded with derivatives, and we need an ad-
ditional estimate. We state the following Lemma in terms of the ‘overloaded’
part of the Type 2 remainder term from , but the same manipulations
will yield the bound we need for the other Type 2 remainders.

Lemma 3.3. The following estimate holds, for any j € N and all a € [0, 1].
(73)  [I(Lo+ )T DTFIU(Lo — N°) Iz < CLa)N T2 ]l v ) -

Proof. Denoting T' = (Lo + A\2) "1 DITIU(Ly — A?)~L, we readily compute as
follows:

|DITu(¢ — G) 2
”TH% //’ )\2’2|<—2 2)\2|2dC1dC2

. d¢:
/'Cl' D) (| o =g =) €

[T ‘Dju G) ‘2 —2—da)|, 1|2
T Im /\2 / e e d¢1 < C(a)|A| HUHHH«N(R)-

This completes the proof. O

With the above Lemma at our disposal, we now return to the estimation
of the Type 2 remainder terms for m = 2; we deal first with the one that ap-
pears in . Omitting the prefactor yiz%, the quantity under consideration
is

Tr [UA 2Ly — 1)1 (D*R3 ) (2, ATPD)YA Lo+ 1),

which we write as
(74) Tr [(A72Lo + 1) (D*U) (A Lo — 1) RSy 1 (x, A72D)].

Proceeding as we did for the Type 1 terms, we rewrite this expression as a
sum of terms of the form

(75) Tr[(A\2Lo + 1)1 (D"2U)(A 2L — 1) ' Q4 (2)
X Por1(AT?D)(AT'D? — 1)

with neNa 7:(717727’73) €N37 77+‘7| :2L_17 WSL—L and
max(v1,7v2,73) < L. The expression can be bounded by

1A 2Lo + 1) (DTPUY ALy — 1) o
X Q4 (2) Por1 (A2 D)ATAD? = 1) 271,
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By virtue of Lemma 3.3, the above can bounded in turn by

C(a)\)\\‘l*%‘HUHHHa(R)”UH?}IL(RV

for any a € [0, 1].
The next quantity we treat is the third term in ; we want to estimate

Tr [(A72Lo — 1) (LoU?) (A2 Lo — 1) (LoRSy 1) (2, A2 DY (A2 Lo+ 1) 7.
After an integration by parts we are left with the expression
—Tr [(A2Lo — 1) 1 (DPU?) (AN 2Ly — 1) 'Ry 1 (2, A 2D) (AN 2 Lo + 1) 7.

that can be treated in exactly the same way as . We note only the
modification to Lemma 3.3 that we use, namely

(Lo = X*)"HD M U?) (Lo = X*) 2 Sa N 72U | presery
Sa N7l rese ) 1wl e ) -
We next consider the second term in :

Tr [(A2Lo + 1) (LoU)(N2Lo — 1) T'UN Lo — 1) M (LoR3L 1) (z, A 2D)],

where as usual we have suppressed the prefactor \™4~6. We start by rewrit-
ing it as the sum

—Tr [(A\ 2Ly + 1)—1( D2U)(X —2,50 -1 u
x (A 2Ly —1)7! 2L 1(z,A7%D)]

+Tr [(A Lo+ 1)~ (EOU)()\ 2£0 — 1) (Lol)
x (\2Lo — 1) ' R34 (z,A2D)].

(76)

For the first term here we proceed exactly as before: substituting and
integrating by parts we rewrite it as a sum of expressions of the form

Tr (A 2Ly + 1)1 (DM P2U) (N 2Lo — 1)1 (D™U)(A Lo — 1) 'Q4(2)
X Py (AT2D)(A\"4D?% — 1)1
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with n = (n1,72) € N?, v = (31,72) € N?, [n| + |y| = 2L — 1, max(n1,72) <
L — 1, and max(y1,72) < L. We estimate the above by

I(A2Lo + 1)"H DM P2U) A2 Lo — )72 [(DRU) (A2 Lo — 1) 71|
% [|Qy () Par (A 2D)(ATID? — 1) 72,

which can in turn be bounded by

Ca) A2 [l e @y [l 3o gy -

To treat the second term in we distinguish the cases L =1 and
L > 2. In the case of L =1 we estimate this expression by

I(AT2Lo +1)7H(LoU)l2[(A™2Lo = 1)™H(LoU) |
< [((A™2Lo = 1) 7' RYL 1 (2, A2 D)l2
S ’)‘|2+;HUHHl(R)HDuHLP(R)a 2<p<oo.

Putting o = § € [0, %[ and choosing p such that o = % - %, we get the bound

P72 Nl G ey el e gy < M2l oy e e ey -

If L > 2, we can proceed as for the Type 1 remainder terms and bound
the second term in (76) by |A[?||ul%;: (r)- This finishes our considerations of
Type 2 remainder terms coming from .

The last group of Type 2 remainder terms comes from . Omitting
the common prefactor, the quantity of interest is

Tr [(LoU)(A Lo — 1) T'UN 2Ly — 1)U
x (A72Lo — 1) ' RS o (2, A2 D)]
(77) —Tr[(A\ 2Ly — 1)~ (ﬁ U\ 2Lo— 1)U
X (A72Lo — 1) RS (2, A72D)]
—Tr [(A1D? = 1)1 (LoU?)(A?Lo — 1) Ry (2, A"*D)],

where RY; o(z,p) = 022U (z) Por(p) (p? — 1) ~2E~1. No new ideas are involved
in the estimation of these terms; we simply integrate by parts L — 1 times to
keep L + 1 derivatives on U coming from R5; o and then apply Lemma 3.3.
We omit the remaining details for these terms. Having now established the
required bounds on the remainder |7}*(u, )|, we have completed the proof
of Lemma 2.1, modulo the proof of Lemma 3.2 below.
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3.6. Proof of Lemma 3.2

We argue by induction. The base cases are easy to verify explicitly:

RG(z,p) = -U(—i) = R o(z,p)

p*—1

: 2 U?-(=1) - (pos — 1) = R‘il(:v,p).

Ri(z,p) = W

Using f along with our inductive hypothesis, we may write,
for k > 1,

k—1
RZ(%Z)) = (p2_11)k+1 [Zo Z —z'UQW(a:)P|7|(p)

yEN2H1
y|=(k—1)—r
k—1
+3 D i0:Q4(2) Py (p) (pos — 1)os| (pos — 1).
r=1 yEN2"
yl=(k—1)—r

We check that the inner sums (together with the common factors (p? —

1)~%=! and (po3 — 1)) can be absorbed into R{ r41(z,p) and R (z,p),
respectively.

e When v € N1 and |y| = (k — 1) — 7, the term iUQ+(x)P},(p) can
be absorbed into Rgmﬂ(x,p):
— First, UQ, = Q(0,y), With (0,7) € N2+ and |(0,7)| = [y| = &k —

(r+1).

— Second, deg P (p) < (k—1) —r =k — (r+1).

e When v€N?" and |y|=(k—1)—r, the term 9,Q(z)P.(p)(pos—1)o3
can be absorbed into R¢ (z,p):
— First, 0,Q~ is a sum of Q+’s, with |7/| = |y[+ 1=k —r;
— Second, deg P(p)(pos —1) < [(k—1) —7r]+ 1=k —r.

The formula for R{(x,p) may be verified in exactly the same way. We
write
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a 1
Ri(x,p) = W

k—1
x [Z > UPQy(2) Py (p) + i0:Q~ () Py (p)os(pos + 1)

r=0 ~eN2r+l
M*(k )—r

_Z Z U0,Qy(x) Py (p)(po3 — 1)o3 .
QA

As above, we perform the routine verifications of the numerology as follows.

e When v € N**t and |y| = (k — 1) — r, the term U?Q ()P (z) can
be absorbed into R . ,(z,p):

— First,we note that U2Q, = Q) with (0,0,7) e N2(r+1)+1
10,0, M) =yl =k = (r+1);
— Second, deg P |(p) < (k—1) —r =k — (r+1).

e When v € N2+l and v =(k—-1)—r, the
term i0,Q(x) P (p)os(pos +1) can be absorbed into R}, (z,p).
When n€N? and |g|=(k—1)—r, the same is true
of U8, Q) By (9) (ps — o,

— First, 0,Q, and U8,Q, are sums of Q.’s, with o/ € N* !
and || =k —r.

— Second, P},|(p)os(pos +1) and B (p)(pos — 1)o3 have degree at
most k — 7.
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