Math. Res. Lett.
Volume 30, Number 6, 1639-1655, 2023

Uniqueness of equivariant harmonic maps
to symmetric spaces and buildings

GEORGIOS DASKALOPOULOS AND CHIKAKO MESE

We prove uniqueness of equivariant harmonic maps into irreducible
symmetric spaces of non-compact type and Bruhat-Tits buildings
associated to isometric actions by Zariski dense subgroups.

1. Introduction

Assume that M and N are Riemannian manifolds, M has finite volume and
N has non-positive sectional curvature. Hartman [Ha] proved the follow-
ing uniqueness result for harmonic maps: Let u : M — N be a finite energy
harmonic map of rank greater at 1 at some point p € M. If N has negative
sectional curvature at u(p), then u is the only harmonic map in its homotopy
class (cf. [Hal, Corollary following (H)]). The second author [Me] generalized
Hartman’s uniqueness result to the case when the target space is a geodesic
metric space X with curvature < 0 in the sense of Alexandrov. On the other
hand, if there exists a 2-plane in T, N with sectional curvature 0 for all
p € M, then uniqueness fails. For example in the extreme case, when N
is a flat torus, then there exists a family of harmonic maps obtained by
translations of a given harmonic map.

Analogous uniqueness statements hold for equivariant harmonic maps.
More precisely, let p : 1 (M) — lsom(X) be a homomorphism into the isom-
etry group of an NPC space X and f be a p-equivariant map (cf. Defini-
tion . Using the same principle as in the homotopy problem, a finite
energy p-equivariant harmonic map @ : M — X is unique provided @ has
rank greater than 1 at some point p € M and X has negative curvature at
u(p).

In this note, we study uniqueness for equivariant harmonic maps into ir-
reducible symmetric spaces of non-compact type and Bruhat-Tits buildings.
Bruhat-Tits buildings are locally finite simplicial complexes. However, we
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conjecture that a similar uniqueness result holds in the case of non-locally
finite thick Euclidean buildings with transitive isometry groups (cf. Re-
mark . The importance of the latter case is that limits of symmetric
spaces of non-compact type are such Euclidean buildings (cf. [KL1, Theorem
5.2.1]). This is important in the study of the compactification of character
varieties and higher Teichmiiller theory.

Symmetric spaces of non-compact type (resp. Euclidean buildings) are
examples of Riemannian manifolds of non-positive sectional curvature (resp.
NPC spaces or complete CAT(0) spaces). Harmonic maps into Riemannian
manifolds of non-positive sectional curvature and NPC spaces have been
important in the study of geometric rigidity problems (e.g. [Si], [Col], [GS],
[JY], [MSY], [IDMV] among many others). The uniqueness of harmonic maps
into symmetric spaces (resp. Euclidean buildings) does not follow from [Hal
(resp. [Me]) unless X has rank 1 (resp. X is a R-tree). Indeed, every point P
in a rank n symmetric space X (resp. n-dimensional Euclidean building) is
contained in a convex, isometric embedding of R™. The novelty of this paper
is that the uniqueness is proven, not with the assumption on the curvature
bound as in [Ha] and [Me], but with an assumption on the homomorphism
p (M) = Isom(X).

The main theorem of this paper is the following:

Theorem 1.1 (Existence and Uniqueness). Let M be a Riemannian
manifold with finite volume, X be an irreducible symmetric space of non-

compact type, and p : w1 (M) — Isom(X) a homomorphism. Assume:
(i) The subgroup p(mi(M)) does not fix a point at infinity.
(ii) There exists a finite energy p-equivariant map f M — X.

Then there exists a unique finite energy p-equivariant harmonic map U :
M— X.

The same conclusion holds if X is an irreducible Bruhat-Tits building
with the additional assumption that the action of p(mi(M)) does not fix a
non-empty closed convex strict subset of X.

The existence results for harmonic maps is contained in (e.g. [L], [Dd],
[Coll, [GS], ], [KS2], [KS3]). Thus, the goal of this paper is to prove the
uniqueness assertion in Theorem

The assumptions on the subgroup p(71(M)) in Theorem [1.1] are related
to the notion of Zariski dense. Indeed, in either the case when X is a sym-
metric space of non-compact type or a Bruhat-Tits building, if the action of

the subgroup I" of Isom(X) neither fixes a point at infinity nor a non-empty
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closed convex strict subset, then I' is Zariski dense (cf. [CaMol Proposi-
tion 2.8]). The converse also holds if X is a symmetric spaces of non-compact

type and rank(X) > 2 (cf. [KL2, Theorem 4.1]), but there exist Zariski dense

subgroups that fix a non-empty closed convex strict subset if rank(X) =1
(cf. [Cal, Section 4]).

Remark 1.2. For the case when X = G/K is a symmetric space, Theo-
rem may be deduced from the gauge theoretic approach due to Donald-
son [Dd] and Corlette [Co2]. Indeed, harmonic maps to symmetric spaces
can be thought of as a solution to Hitchin’s equations and uniqueness follows
along the lines of [Co2, Proposition 2.3]. The point of this paper is to provide
a simple geometric proof of the uniqueness of harmonic maps that works for
Bruhat-Tits buildings as well.

2. Preliminaries

We start with some definitions. We will assume that X is a complete metric
space.

Definition 2.1. A geodesic o: I — X is a map from an interval I C R
such that d(o(s),o(s +t)) = [t| for all s,t € I. A geodesic line, geodesic ray
and geodesic segment are geodesics with domain R, [0, 00) and closed interval
[a, b] respectively.

Definition 2.2. Geodesics o : I — X and & : I — X are said to be parallel
if there exists a constant C > 0 such that

d(o(s),a(s))=C, Vsel.

Remark 2.3. Two geodesic rays o : [0,00) — X and & : [0,00) = X are
asymptotic if there exists a constant C' > 0 such that

d(o(s),a(s)) <C, Vs € R (resp. Vs € [0,00)).

By [BH, 11.2.13], the terms parallel geodesic rays and asymptotic geodesic
rays are equivalent.

Definition 2.4. A point at infinity is an asymptotic class of geodesic rays.
We denote by [o] the asymptotic class containing the geodesic ray o.
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Definition 2.5. A symmetric space X is a Riemannian manifold such that,
for any P € X, there exists Sp € Isom(f() such that P is an isolated fixed
point of Sp and Sp o Sp is the identity map. The isometry Sp is called an
inversion symmetry at P.

Definition 2.6. Given a geodesic line 0 : R — X and s € R, the composi-
tion
Ts = So(3) © 5o (0)

=
2

is called a transvection along o. We have that

Ters' =Ts0Ty

and {Ts} forms a one-parameter subgroup of Isom(X) that act as parallel
transports along o (cf. [Eb, 2.1.1]).

Definition 2.7 (cf. [BH] Definition 10A.1). A Euclidean building of
dimension n is a piecewise Euclidean simplicial complex X such that:

(1) X s the union of a collection A of subcomplezes A, called apartments,
such that the intrinsic metric da on A makes (A,d4) isometric to the
Euclidean space R™ and induces the given Fuclidean metric on each
simple.

(2) Any two simplices B and B’ of X are contained in at least one apart-
ment.

(3) Given two apartments A and A’ containing both simplices B and B’,
there is a simplicial isometry from (A,da) to (A',da) which leaves
both B and B’ pointwise fixed.

Furthermore, will assume

(4) X is an irreducible Bruhat-Tits building.

Definition 2.8. A symmetric space of non-compact type X (resp. a Eu-
clidean building) is said to be irreducible if it is not isometric to a non-trivial
product Xl X 5(2 of two symmetric spaces of non-compact type (resp. Eu-
clidean buildings).
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Notation 2.9. Given P,Q € X and s € R, we denote
(1-5)P+sQ

to be the geodesic interpolation between P and Q; i.e. (1 — s)P + sQ = 7 (Js)
where § = d(P,Q) and 7 :[0,0] = X is a geodesic segment with &(0)
and (0) = Q.

Definition 2.10. Let Isom(X) be the group of isometries of X and p:
T (M) — Isom(X) be a homomorphism from the fundamental group of a
Riemannian manifold M. Let w1 (M) act on the universal cover M of M by
deck transformations. A map f: M — X is said to be p-equivariant if

fow) =p()f(p), Vyem(M), peM

where we write gP for g € 1s(X) and P € X instead of g(P) for simplicity.

If X is a Riemannian manifold, then |d f 2 is the norm of the differen-
tial df : TM — TX. If X is a NPC space, then |df|? is the energy density
function in the sense of [KSI]. Either way, if f is p-equivariant, then |df|?
is invariant under the action of p(7) for any v € 71 (M), and the energy of

f is defined to be
Bl = / |df|2dvolyy.
M
3. Proof of Theorem [1.1]

The existence results for harmonic maps is contained in (e.g. [L], [Da], [Col],
IGS], ], [KS2], [KS3]). Thus, we need to only prove the uniqueness assertion.

3.1. Geodesic interpolation

We assume on the contrary that there exist two distinct p-equivariant har-
monic maps

ﬂg:M—>X and&yM—)X.
Using Notation define the geodesic interpolation of @y and u1; i.e.

s : M — X, s(q) = (1 — s)ig(q) + sii1(q).
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Since 4y and 1 are p-equivariant, s is also p-equivariant. By the convexity
of energy (cf. [KS1l (2.2vi)]),

F% < (1 —s)E% 4+ sE% — 5(1 — s)/ |Vd(ig, i1 )|2dvol
M

Lemma 3.1. Scaling if necessary, assume d(fio(po),@1(po)) =1 for some
point pg € M. Then, for ug defined above, we have the following:

o d(as(p), i (p)) =1—s, Ype M

o 1(8)-(V)2(p) = |(70). (V) (2), for 5 €[0,1], ac. pe M, ae. Ve

T,M.

Proof. Since g and % are energy minimizing, we conclude

(3.1) 0 = /de(ao,a1)|2dvolM
M

(3.2) E% = FE% Vsel0,1]

First, (3.1) implies that Vd(ig, @) = 0 a.e. in M. Hence, d(ig, 1) is
constant; i.e.

(3.3) d(@io, 1) = 1.

Note that equality (3.2]) implies that
(3.4) . .
|(s)+ (V)2 (p) = |(120) (V) |*(p), for s € [0,1],a.e. p € M,a.e. V € T,M.

Indeed, for {P,Q, R,S} C X, the quadrilateral comparison for NPC spaces
implies

d*(Py,Qs) < (1= 5)d*(P,Q) + sd*(R,S) — s(1 - 5)(d(P,Q) — d(R, 5))*

where Py = (1—s)P+sS and Qs = (1—s)Q + sR. Applying the above
inequality with P =dg(p), S=11(p), R=1ti(exp,(tV)) and Q=
tig(exp,(tV)) where t >0 and V € TpM, dividing by #? and letting t — 0,
we obtain (cf. [KS1, Theorem 1.9.6])

(@)« (V)2 (p) < (1 = 8)|(i0)(V)[*(p) + sl (@)« (V) [*(p)
= 5(1 = )(|(@0)«(V)[(p) — [(@1)(V)|(p))?,
ae.peM,Ve TpM.
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Combining this with (3.2]), we conclude
[(@s)«(V)[? = (1 = )[(0) (V)] + s](@1)(V)?

which in turn implies (3.4)). U

For each ¢ € M, define the geodesic segment
(3.5) aq:10,1] — X, aq(s) = us(q).

Note that up to this point, we have only used the fact that X is an
NPC space. We will now specialize to the two cases: (i) X is an irreducible

symmetric space of non-compact type and (ii) X is an irreducible Bruhat-
Tits building.

3.2. Symmetric spaces

Throughout this subsection X is an irreducible symmetric space of non-
compact type. For each ¢ € M, extend the geodesic segment &, of 1' to
a geodesic line

(3.6) o, R— X.
Let
F:MxR—= X, F(qs)=0,s).
Let VI be the induced connection on the vector bundle
(3.7) (T*(M x R)®** @ F7'TX — M x R.
For each s € [0, 1], let V% ' be the induced connection on the vector bundle
(3.8) (T*M)** @ a;'TX — M.

Use the inclusion M — M x {s} and the identity F(-,s) = i(-) to identify
(13.8) as a subbundle of ([3.7)).
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Let s, 05 denote the standard coordinate and coordinate vector on R.
Let (Eu,..., Ey,) denote a local orthonormal frame of M. Set

V=dF (0s), Xq=dF (E,) fora=1,...,n

as sections of F~'TX. Applying the usual second variation formula of the
energy (e.g. [ES], [Sc]), we obtain
d2 - n -
B =2 [ Y (IVE VIE - (R (V.X0) V. X))
M a=1

ﬁ dvol Wi
S

s=t
s=t

for any t € [0,1] where R is the Riemannian curvature operator of X.
By (3.2)), the left hand side of the above equality is equal to 0. The integrand
on the right hand side is non-positive by the assumption of non-positive

curvature. Thus, we conclude that for any o = 1,...,n,
(3.9) VE V=0
(3.10) <RX (V,Xa)V, Xa> = 0.

From the above, we conclude

(3.11) V5 (diis(Ea)) = VE X0 =0
and
(3.12) Vi VE =VE Vg ve=1,...n

Since Vy Eo = Vy, Eg = 0, we have

(V5™ d, ) (Ba, Eg)

=V (V5 dy(Ea, Bp)) = V™ dity (Vo, Ba, Bg) = V' dity( B, Vo, Ep)
= V5 (Vi (Wi (Bp)) - dis(V e, Es) )

= Vi (V5 (di(B))) - V5 dis(Vi, Eg) (by (1)

=0 (by B11)).

More generally, we can inductively use (3.12)) multiple times to switch the
order of differentiation and apply (3.11)) to conclude

(3.13) Vi (vﬂ? . vﬁ?das) —0.
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Claim 1. Fiz a pointp € M and let T, € Isom(X) be the transvection along
op as in Definition [2.6 Then

us = Tstg, Vs € [0,1].
Proof. For s € [0,1], define a harmonic map

bs: M — X, o5 = Tyiio.
Define

d:Mx[0,1] =X, ®(q,5) =0s(q).
Since Ty is a transvection along the geodesic o0,
F(p,s) = ts(p) = 0p(s) = Ts0p(0) = Tstio(p) = vs(p) = ®(p; 5)-

Furthermore, T defines a parallel transport along ,, and thus

(3.14) Vi (dvs(Ea)) = Vi (dT(dio(Ea))) = 0 at (p,s), Vs € (0,1).

By (3.11]) and (3.14)), the vector fields dius(F,) and dos(E,) are both parallel
along o,(s). Since dug(Eq) = dvg(Eq) at p, we conclude

diis(Ey) = dis(Ey) at p € M, Vs € [0,1].
Next, since T is an isometry,
VY (dig(Es)) = Vi (dT o ditg(Eg))

= vglszodﬁo(Ea) (de © daO(Eﬁ))
= T, (Vi )i ()
— T, (V32 diig(Eg))

Thus,

V' by (Ea, Bg) = Vi, (d5,(Eg)) — db, (V. Es)
— dT, (v;{ ldao(Eﬁ)) —dT, (dao(vﬂE{ Eﬁ)> .

Since T defines a parallel transport along ,(s), both vector fields on the
right hand side are parallel along o, (s). Thus,

Ve (9 dy(Ea, Bp)) = 0.
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Continuing inductively, we can prove
v (Vv ) <o,

Combined with (3.13]) and the fact that @y = 79, we conclude

VOV i, = V-V dig at p, Vs € [0,1].
In other words, us and ¥4 agree up to infinitely high order at p which in turn
implies that @5 = 95 = Tstp by [Sa, Theorem 1]. O

Claim 2. Let p be the point fized in C’laim and let the geodesic ray oy :
[0,00) = X be the restriction of the geodesic line defined in . Then

d(oq(s),op(s)) = 0pg, Vg€ M, se€ [0, 00)

where 9, 4 := d(04(0),0,(0)). In particular, o, is the unique geodesic ray
parallel to o, with value at s =0 equal to 1o(q).

Proof. As above, let T, be the transvection along o,. By Claim [l} u4(q) =
Tsup(q) for s € [0, 1]. Since

13
2727

Tyiola) = (Ty 0 To_y)io(a) = Tyoy(s = 3), Vs € |

1
2

the restriction of s — Ttig(q) to [%, %] is a geodesic segment. Using an analo-
gous argument, we can inductively show that for any n € N, the restriction to
(2,2 + 1] of the map s — Tsiig(q) = (Té o Ts_%)ﬂg (q) is a geodesic segment.
Thus, we conclude that s — Tt(q) is a geodesic ray with Tstg(q) = o4(s)
for s € [0, 1]. Since the two geodesic rays s — Tstp(q) and s — o4(s) agree

on [0,1], they are the same geodesic ray. Since T is an isometry,

d(oq(s),0p(s)) = d(Tsto(q), Tsto(p)) = d(to(q), to(p)) = d(oo(q), o0(p))-
O

For Q = 1ip(q), let 09 = 0,. By Claim [2] there exists map from (M)
to a family of pairwise parallel geodesic lines given by

Q— o%.
Since 0@ = o4 and oP(MQ = 0.4 are extensions of 5, and 7,4, and

p('Y)Uq(S) - p(’y)ﬂs(q) = as('ﬂ]) = 6"/q(3)7 Vs € [07 1]7
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we have
p(1)o? = o9, Wy € m (M),

Since 6@ and ¢?(M€ are parallel geodesic rays, we conclude that that

p(V)log) = log], v € m(M).

In other words, p(m(M)) fixes a point at infinity, contradicting assump-
tion (i).

3.3. Euclidean buildings

Throughout this subsection, X is an irreducible Bruhat-Tits building of
dimension n. An open n-dimensional simplex of X will be referred to as a
chamber. An apartment of X is a convex isometric embedding of R” in X.

Let s be the geodesic interpolation maps defined in The regular
set R(us) is the set of all points q € M with the following property: There
exists a neighborhood Uy of ¢ such that (i) is contained in an apartment
Ay of X.

Theorem 3.2 ([GS] Theorem 6.4). The singular set S(tus), i.e. the com-
plement of R(us), is a closed set of Hausdorff codimension at least 2.

Let R*(tus) be the set of points ¢ in R(us) such that

(3.15) 3 e > 0 and a chamber C* such that @,(B,(e)) C C*.

After identifying A ~ R", @y, is a harmonic map into Euclidean space, and
it follows that the set U, \R*(1s) is a closed set of dimension at most 1.

For each g € M, let G,(s) = i5(q) (cf. ) and denote by R, the set of
all points s € [0, 1] such that

(3.16) Je > 0 and a chamber C such that 5,((s —¢,s +¢€)) C C.

The complement of R, in [0, 1] is a finite set. Thus, the complement of R** =
{(q,8) : ¢ € R*(@1s),s € Ry} in M x [0,1] is an closed set of measure 0.

Fix (¢, s) € R* and let C', C* be the chamber as in , respec-
tively. Let (z!,...,2™) be local coordinates in a neighborhood U, of ¢ € R*
with coordinate vector fields (01, ..., 0dy). Let A be the apartment containing
us(Uy) for all s € [0,1]. After isometrically identifying A with R™, let (-, )
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be the usual inner product defined on A ~ R". Thus, (3.4) with V = 9,,
implies at qg

S+ Ous Ot \ _ constant in [0, 1]
ox®’ 9z ) T

We can differentiate this twice with respect to s to obtain

o PO 0N\ 0 0 dwN [ 0 95 0 o
982 \ 9z’ dxx ) 0z 0s2’ Oz« Oz 0s’ 0z Os /|~

. — . . 021,
Since Ogy 15 @ geodesm, D52

(q0) = ¢ (s) = 0. Thus,

da’(s) 0 0u
a = 2 5 (g0) = 0.
ox?® q=qo ox® Js (QO)
Since the choice of a € {1,...,n} is arbitrary and R* is of full measure in

M x [0,1], we conclude that the geodesic segments 7, and &, are parallel
for any p,q € M; i.e.

(3.17) d(op(s),d4(8)) =: 0pq, Vs € [0,1]

where 6, 4 := d(5,4(0),5,(0)) = d(iio(q), To(p))-
Next note the following:

e (Existence of a geodesic extension) Given a geodesic segment, property
(2) of Definition implies that there exists an apartment containing
its endpoints and hence its image. We can thus extend the geodesic
segment to a geodesic line in this apartment.

e (Non-uniqueness of a geodesic extension) Unlike symmetric spaces, the
geodesic extensions are not necessarily unique in a Euclidean building.
Indeed, there may be many apartments containing the endpoints of a
given geodesic segment.

Because of the non-uniqueness of geodesic extensions, the proof for the build-
ing case is slightly different from the symmetric space case as we see below.
We define the sets

(3.18) Co,Cy,....Ch

inductively follows. First, let Cy = @ig(M), and then let C, be the union
of the images of all geodesic segments connecting points of C,_1. The

p(m1(M))-invariance of Cjy implies the p(m1 (M ))-invariance of C,,.
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To each Q =iig(q) € Co, we assign a geodesic segment 5% =g,
(cf. ) By , {69} gec, is a family of pairwise parallel geodesic
segments. Since i is p-equivariant, the assignment Q ~ &% is p(m (M))-
equivariant; i.e. p(7)7%9 = 79 for any Q € Cy and v € p(m(M)).

For n € N, we inductively define a p(m (M ))-equivariant map from C,
to a family of pairwise parallel geodesic segments as follows: For any pair of
points Qo, Q1 € C,—1, apply the Flat Quadrilateral Theorem (cf. [BH] 2.11])
with vertices Qq, Q1, Py := %' (1), Py := 9°(1) to define a one-parameter
family of parallel geodesic segments % :[0,1] — X with initial point
Q: = (1—t)Qo +tQ1 and terminal point P, = (1 —t)Py+tP; (cf. (2.9)).
The inductive hypothesis implies that the map Q — 9 defined on C,
is also p(m1(M))-equivariant. The above construction defines a p(m(M))-
equivariant map

Qa9

from X to a family of pairwise geodesic segments. Indeed, we are assuming
that the action of p(m1(M)) does not fix a non-empty closed convex strict
subset of X. Thus,

(3.19) X = G Ch
n=0

since the right hand side is the convex hull of Cy = uo(M) and each C,, is
invariant under the action of p(m(M)).

Claim 3. There ezists a p(m(M))-equivariant map

Qr o%:[0,00) = X

from f( into a family of pairwise parallel rays; i.e. p(y)o® = oM for all
Qe X,yem(M) and d(op(s),04(s)) = 0pq for all s € [0,00).

Proof. For Q € X, we inductively construct a sequence {Q;} of points in X
by first setting Qo = Q and then defining Q; = ¥~ (%) Next, let

0
1=0

where I9 = 5?i([0,1]). Therefore, L? is a union of pairwise parallel
geodesic segments. Thus, {LQ}Q€ ¢ is a family of pairwise parallel geodesic
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rays. Moreover, the p(mi(M))-equivariance of the map Q ~ &% implies
p(7)5%-1(3) = 5PQi-1(3). Thus, if {Q;} is the sequence constructed start-
ing with Qo = @, then {p(7)Q;} is the sequence constructed starting with
p(7)Qo = p(v)Q. We thus conclude

(e 9]

p(7)L° = U )19 = U 71PNQi — 1p(MQ

1=0

We are done by letting the geodesic ray 09 : [0,00) — X be the extension
of the geodesic segment 59 : [0,1] — X parameterizing L%, O

Claim [3| implies that p(m1(M)) fixes the point [0%] at infinity. This con-
tradicts assumption (i) and completes the proof.

Remark 3.3 (Generalization to thick Euclidean buildings with
transitive isometry groups). In a forthcoming paper [BDM] by Breiner,
Dees and the second author, we generalize Theorem to the cases when
X is a Buclidean building, not necessarily locally finite. From this, we con-
jecture that we can generalize Theorem [1.1]
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