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1. Introduction

In studying automorphism groups of projective varieties, it is a basic problem
to understand its induced action on the cohomology groups, say, with ratio-
nal coefficients. More explicitly, for a complex smooth projective variety X,
the action of the automorphism group Aut(X) on the cohomology with ratio-
nal cohomology is the group homomorphism ψ : Aut(X) → Aut(H∗(X,Q))
such that ψ(σ) = (σ−1)∗ for any σ ∈ Aut(X). We denote ker(ψ) by AutQ(X)
and call its elements the numerically trivial automorphisms of X. In this pa-
per, we are interested in the size of AutQ(X).

Obviously, the identity component Aut0(X) of Aut(X) is contained in
AutQ(X). It is proved by Lieberman [35] that the index [AutQ(X) : Aut0(X)]
is finite. The question is how large [AutQ(X) : Aut0(X)] can be.

If dimX = 1, then X is a curve and AutQ(X) = Aut0(X) holds by the
explicit description of Aut0(X) and an easy application of the Riemann–
Hurwitz formula.

From dimension two on, the situation becomes very delicate. It is part of
the package of the Torelli theorem that Aut(X) acts faithfully on H∗(X,Q)
(or equivalently, on H2(X,Q)) for K3 surfaces [5, 47].1 In relation to the
Torelli type problem in arbitrary dimension, AutQ(X) is shown to be trivial
for the following classes of varieties: generalized Kummer manifolds ([41]),
smooth cubic threefolds and fourfolds as well as their Fano varieties of lines
([42]), and complete intersections X ⊂ Pn such that degX ≥ 3, dimX ≥ 2
and X is not of type (2, 2) ([16]).

However, examples of elliptic surfaces with nontrivial AutQ(X) were
found around 1980 by several authors ([2, 18, 40, 45, 46]). Mukai–Namikawa
[40] obtained the optimal inequality |AutQ(X)| ≤ 4 for Enriques surfaces.2

By a recent work of Catanese and the second author ([12]), [AutQ(X) :
Aut0(X)] ≤ 12 holds for surfaces with Kodaira dimension 0, but the index
can be arbitrarily large for the class of smooth projective surfaces with
Kodaira dimension −∞ and 1.

If X is a surface of general type, as for all smooth projective vari-
eties of general type, the identity component Aut0(X) is trvial, and hence
[AutQ(X) : Aut0(X)] = |AutQ(X)|. Some restrictions on the invariants of
X with nontrivial AutQ(X) were found by Peters [46] under the condition

1For K3 surfaces in positive characteristics, Aut(X) acts faithfully on the second
l-adic étale cohomology group H2

ét
(X,Ql) by [30, Theorem 1.4].

2We refer to [19–21] for numerically trivial automorphisms of Enriques surfaces
in positive characteristics.
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that the canonical linear system |KX | is base point free. Cai [6] used the
Bogomolov–Miyaoka–Yau inequality to show that |AutQ(X)| is uniformly
bounded; in fact, |Aut(X)| ≤ 4 as soon as χ(X,OX) ≥ 189. For irregular
surfaces of general type, the results are quite complete by now:

1) If q(X) ≥ 3, then AutQ(X) is trivial ([8, 11]).

2) If q(X) = 2, then |AutQ(X)| ≤ 2, and there is a complete classification
of the equality case: they are certain surfaces isogenous to a product
of curves of unmixed type ([9, 11, 36]).

3) If q(X) = 1 then |AutQ(X)| ≤ 4, and again equality holds only if X
is isogenous to a product of curves of unmixed type. Moreover, there
are infinite serie of such surfaces with AutQ(X) = 4 ([10]).

For regular surfaces of general type, it follows from [7] that AutQ(X) is
trivial if X has a genus 2 fibration and χ(X,OX) ≥ 5.

Not much is known about AutQ(X) for higher dimensional general type
varieties. Unlike the surface case, one easily constructs smooth threefolds
of general type with AutQ(X) nontrivial and q(X) arbitrarily large: Just
take X = S × C, where S is a smooth projective surface of general type
with nontrivial AutQ(S) and C be a smooth projective curve with g(C) ≥
2; then AutQ(X), containing AutQ(S)× {idC}, is nontrivial, and q(X) =
q(S) + g(C) can be arbitrarily large.

Nevertheless, we have the following question about the boundedness of
AutQ(X) for smooth projective varieties of general type:

Question 1.1. Given a positive integer n, does there exist a constantM(n),
depending on n, such that |AutQ(X)| ≤M(n) for any n-dimensional smooth
projective variety X of general type?

In this paper we give a confirmative partial answer to Question 1.1 in
dimension 3.

Theorem 1.2. There is a positive constant M such that, for any smooth
projective threefold of general type satisfying one of the following conditions:

(i) q(X) ≥ 3.

(ii) X has a Gorenstein minimal model.

the inequality |AutQ(X)| ≤M holds.
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Curiously, the smoothness condition in Theorem 1.2 cannot be weakened
to, say, the condition of having terminal singularities: There exist projective
threefolds X with terminal singularities and maximal Albanese dimension
such that |AutQ(X)| can be arbitrarily large ([52, Example 6.3]). We ob-
serve that the numerically trivial automorphism σ appearing there induces
a nontrivial translation of the Albanese variety AX . This cannot happen if
X were smooth; see Lemma 2.6.

For smooth threefolds with maximal Albanese dimension, we have a
more precise statement.

Theorem 1.3 (= Corollary 3.2). If X is smooth projective threefold of
general type with maximal Albanese dimension, then |AutQ(X)| ≤ 4, and in
the equality case we have AutQ(X) ∼= (Z/2Z)2 and q(X) = 3.

This generalizes and refines the effective boundedness results of [52].
Thanks to [52, Example 6.1], the bound of Theorem 1.3 is optimal.

By the Hodge decomposition of H∗(X,C), AutQ(X) acts trivially on
H i(X,OX) andH i(X,ωX) for each i. It is this condition we are mainly using
in the arguments, and it already yields the boundedness we are searching
for. Theorems 1.2 and 1.3 are consequences of the following more technical
theorem; see also Corollaries 3.2, 3.4, 3.7. Here we allow mild singularities.

Theorem 1.4. There is a constant M > 0 satisfying the following. Let
X be a projective threefold of general type with canonical singularities.
Let AutO(X) < Aut(X) be the group of automophisms acting trivially on
H i(X,OX) (or, equivalently, H i(X,ωX)) for i ≥ 0, and let AutA(X) <
Aut(X) the group of automorphisms preserving each fiber of the Albanese
map aX : X → AX . If X satisfies one of the following conditions:

(i) X has maximal Albanese dimension, that is, dim aX(X) = 3;

(ii) X has Albanese dimension two and either q(X) ≥ 3 or AX is a simple
abelian surface;

(iii) X has Albanese dimension one and q(X) ≥ 2;

(iv) X has a Gorenstein minimal model;

then |AutO(X) ∩AutA(X)| ≤M . In case (i), we have |AutO(X) ∩
AutA(X)| ≤ 4, and if the equality holds then AutQ(X) ∼= (Z/2Z)2 and
q(X) = 3.
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The third author [52] proved the inequality |AutO(X)| ≤ 6 for three-
folds of general type satisfying the conditions (i) and (iv) simultaneously;
the proof was a straightforward application of the Noether–Severi type in-
equality and the Miyaoka–Yau inequality bounding the volume of KX in
terms of χ(X,ωX) from below and from above respectively.

In dealing with the case (iv) of Theorem 1.4, we take a similar approach,
but the required Noether type inequality in this more general setting is not
readily available. For that reason, we prove in the appendix of the paper the
existence of a Noether type inequality for log canonical pairs with coefficients
from a given subset C ⊂ (0, 1] such that C ∪ {1} attains the minimum. This
result is of independent interest.

In the case (i) of Theorem 1.4, we use the eventual paracanonical maps
[1, 25] to obtain the effective bound |AutO(X) ∩AutA(X)| ≤ 4. The point is
that the eventual paracanonical map φX : X 99K Z factors through the quo-
tient map π : X → X/G, where G = AutO(X) ∩AutA(X). It follows that
|G| ≤ degφX . We can then draw on the explicit description of the cases
with degφX ≥ 2 by [25].

In general, there is a factorization of the Albanese map aX : X
π
−→ Y

aY−−→
AX , where Y = X/G with G = AutO(X) ∩AutA(X) and π : X → Y is the
quotient map. If dim aX(X) < 3 ≤ q(X), we use the Chen–Jiang decompo-
sition of aX∗ωX and aY ∗ωY to bound the difference between the ranks of
aX∗ωX and aY ∗ωY , which in turn gives the required bound on |G|. The case
with q(X) = 2 and AX a simple abelian surface requires a more involved
application of the Chen–Jiang decomposition, but the idea is similar.

2. Preliminaries

We work over the complex numbers throughout the paper.
In this section we recall the notion of Albanese morphisms for nor-

mal projective varieties X as well as the Chen–Jiang decomposition on
abelian varieties, and prove some basic properties of numerically trivial au-
tomorphisms in relation to their induced actions on the cohomology groups
H∗(X,OX), H∗(X,ωX) as well as the Albanese variety.

2.1. The Albanese morphism

Let X be a normal projective variety. Then there exists a morphism aX :
X → AX to an abelian variety AX such that any morphism from X to an
abelian variety factors through aX ([48, Théorème 5]). This morphism is



✐

✐

“5-Jiang” — 2024/6/7 — 14:19 — page 1756 — #6
✐

✐

✐

✐

✐

✐

1756 Z. Jiang, W. Liu, and H. Zhao

unique up to translations on AX . We call AX the Albanese variety of X and
aX : X → AX the Albanese morphism.

When X is a smooth projective variety, it is well known that dimAX =
q(X) := h1(X,OX) and AX is dual to the Picard variety Pic0(X). In gen-
eral, if X is singular, then the Albanese morphism a

X̃
of X̃ may not factor

through ρ, where ρ : X̃ → X is a desingularization. But when X has rational
singularities, then a

X̃
factors through ρ and AX

∼= A
X̃

(see for instance [29,
Lemma 8.1]).

Let X be a normal projective variety, and aX : X → AX the Albanese
map with respect to a base point. We call the number dim aX(X) the Al-
banese dimension of X; if dim aX(X) = X then X is said to be of maximal
Albanese dimension. Let X → S

aS−→ AX be the Stein factorization of aX .
By the universal property of the Albanese morphisms, it is easy to check
that AS = AX , and the morphism aS : S → AX is indeed the Albanese mor-
phism of S. For any σ ∈ Aut(X), by the universal properties of the Albanese
morphisms and of the Stein factorization, there are induced automorphisms
σS ∈ Aut(S) and σA ∈ Aut(AX) such that the following diagram is commu-
tative

X S AX

X S AX

f

σ

aS

σS σA

f aS

In this way, we obtain group homomorphisms

(2.1)
ψS : Aut(X) → Aut(S), σ 7→ σS ,

and ψA : Aut(X) → Aut(AX), σ 7→ σA.

In other words, Aut(X) acts on S and AX such that the morphisms f and
aS are Aut(X)-equivariant.

2.2. The Chen–Jiang decomposition

An important ingredient of the proofs of the main results on irregular three-
folds is the Chen–Jiang decomposition theorem. We briefly recall this result.

Let A be an abelian variety. For a coherent sheaf F on A, we define the
i-th cohomological support loci for integer i ≥ 0 to be the following closed
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subset of Pic0(A) with the reduced scheme structure:

V i(F) := {P ∈ Pic0(A) | H i(A,F ⊗ P ) ̸= 0}.

We say that F is GV if codimPic0(A) V
i(F) ≥ i for each i ≥ 1 and we say

that F is M-regular if codimPic0(A) V
i(F) > i for each i ≥ 1. These two def-

initions were introduced respectively by Hacon [23] and by Pareschi–Popa
[43]. GV sheaves have certain positivity properties. Hacon proved in [23]
that if 0 ̸= F is GV, then V 0(F) ̸= ∅, that is, there exists P ∈ Pic0(A)
such that H0(A,F ⊗ P ) ̸= 0. M-regular sheaves have stronger positivity
properties. Pareschi and Popa proved in [43] that if F is M-regular, then
V 0(F) = Pic0(A) and, roughly speaking, F can be generated by the twisted
global sections.

Given a morphism f : X → A from a smooth projective variety to an
abelian variety, the main result of [23] states that Rif∗ωX is a GV-sheaf for
each i ≥ 0. The following improvement of Hacon’s theorem, which was first
proved when f is generically finite in [14] and later proved for f general in
[44], is now called the Chen–Jiang decomposition theorem.

Theorem 2.1. Let f : X → A be a morphism from a smooth projective
variety to an abelian variety. For each integer k ≥ 0, there exist finitely
many quotient maps pI : A→ BI between abelian varieties with connected
fibers, and, for each index I, an M-regular sheaf FI on BI and a torsion
line bundle QI ∈ Pic0(A) such that

Rkf∗ωX
∼=

⊕

I

p∗IFI ⊗QI .

Remark 2.2. We remark that under the assumption of Theorem 2.1, for
any torsion line bundle Q ∈ Pic0(X), Rkf∗(ωX ⊗Q) also has the Chen–
Jiang decomposition (see for instance [44, Note on page 2449]). Moreover,
any direct summand of Rkf∗(ωX) has the Chen–Jiang decomposition (see
[37, Proposition 3.6]). Similar decompositions also hold for varieties with klt
singularities, see for instance [26] and [38].

2.3. Some basic properties of numerically trivial automorphisms

Let X be a normal projective variety, and aX : X → AX the Albanese mor-
phism. We are interested in various normal subgroups of the automorphism
group Aut(X) of X, defined as follows:
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• the group of numerically trivial automorphisms

AutQ(X) := {σ ∈ Aut(X) | σ|H∗(X,Q) = idH∗(X,Q)},

• the group of O-cohomologically trivial automorphisms

AutO(X) :=
{
σ ∈ Aut(X) | σ|H∗(X,OX) = idH∗(X,OX)

}
,

• the group of A-trivial automorphisms

AutA(X) := {σ ∈ Aut(X) | σ|AX
= idAX

},

where σ|H∗(X,Q), σ|H∗(X,OX) and σ|AX
denote the induced actions of σ on

H∗(X,Q) :=
⊕

iH
i(X,Q), H∗(X,OX) :=

⊕
iH

i(X,OX) and AX respec-
tively.

IfX is Cohen–Macaulay, then by Serre duality, AutO(X) acts trivially on
H i(X,ωX) for each i ≥ 0. This is the case when X has rational singularities.
The following Lemma 2.3 implies that AutQ(X) < AutO(X), provided that
there is an effective R-divisor ∆ such that (X,∆) is a log canonical pair.
We will see in Proposition 2.6 that AutQ(X) < AutA(X) if X is a smooth
projective threefold of general type.

Lemma 2.3. Let X be a normal projective variety.

(i) If there is an effective R-divisor ∆ on X such that (X,∆) is log canon-
ical, then AutQ(X) acts trivially on H i(X,OX) for all i ≥ 0.

(ii) If X is smooth, then AutQ(X) acts trivially on H i(X,Ωj
X) for all 0 ≤

i, j ≤ dimX.

Proof. Note that AutQ(X) acts trivially on H∗(X,C) = H∗(X,Q)⊗Q C. If
(X,∆) is log canonical then the homomorphism H i(X,C) → H i(X,OX)
induced by the inclusion of sheaves C ⊂ OX is surjective ([33]). It follows
that AutQ(X) acts trivially on H i(X,OX). If X is smooth, AutQ(X) acts
trivially on its direct summands H i(X,Ωj

X) of H i+j(X,C) in the Hodge
decomposition. □

Lemma 2.4. Let X be a normal projective variety with rational singulari-
ties. Suppose that σ ∈ Aut(X) induces a trivial action on H1(X,OX). Then
the following holds.

(i) The induced automorphism σA ∈ Aut(AX) is a translation.
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(ii) If σ is of finite order and σA ̸= idAX
, then χ(X,ωX) =

(−1)dimXχ(X,OX) = 0 and e(X) = 0.

Proof. (i) Suppose that σ ∈ Aut(X) induces the trivial action on
H1(X,OX). Since a∗X : H1(A,OA) → H1(X,OX) is an isomorphism satis-
fying

σ∗ ◦ a∗X = a∗X ◦ σ∗A : H1(AX ,OAX
) → H1(X,OX)

and σ∗ is the identity map of H1(X,C), we infer that σ∗A is the identity map
of H1(AX ,OAX

). It follows that σA is a translation of AX .
(ii) If σA ̸= idAX

, then it is a nontrivial translation by (i) and hence has
no fixed points. It follows that σ does not fix any point either. We then
conclude by the topological Lefschetz fixed point theorem that e(X) = 0.

For the vanishing of χ(X,OX), we take a σ-equivariant resolution
ρ : X̃ → X ([22]). Since X has rational singularities, we have aX ◦ ρ = aX
and χ(X,OX) = χ(X̃,O

X̃
). Let σ̃ ∈ Aut(X̃) be the lift of σ. Then σ̃ has

no fixed points either. By the holomorphic Lefschetz fixed point theorem,
applied to σ̃, we obtain χ(X,OX) = χ(X̃,O

X̃
) = 0. □

We refer to [34] for the notions appearing in Lemma 2.5.

Lemma 2.5. Let (X,∆) be a projective log canonical pair, and φR : X → Y
the contraction with respect to a (KX +∆)-negative extremal ray R of the
Kleiman–Mori cone of (X,∆). Then any numerically trivial automorphism
σ ∈ AutQ(X) induces an automorphism σY ∈ Aut(Y ). Moreover, the follow-
ing holds.

(i) If Y has rational singularities, then σY is O-cohomologically trivial,
that is, σY ∈ AutO(Y ).

(ii) If X and Y are smooth, then σY is numerically trivial, that is, σY ∈
AutQ(Y ).

Proof. By the contraction theorem, there is a line bundle L on X such
that L = φ∗

RLY for some ample line bundle LY on Y . Since σ acts trivially
on H2(X,Q), it preserves the cohomology class of L in H2(X,Q). Note
that homological euqivalence coincides with algebraic equivalence for Cartier
divisors, we infer that σ∗L is numerically equivalent to L. For any curve C
whose numerical class generates the extremal ray R, using the projection
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formula,

LY · (φR ◦ σ)∗(C) = L · σ∗(C) = (σ∗L) · C = 0,

we get that C is contracted by φR ◦ σ. By the rigidity of birational contrac-
tions, there exists a morphism σY : Y → Y such that the following diagram
is commutative

X X

Y Y

σ

ϕR ϕR

σY

Since σ is an isomorphism, we conclude that σY is an isomorphism of Y .
(i) If Y has rational singularities, then we have isomorphisms

H i(X,OX) ∼= H i(Y,OY )

for each i ≥ 0 which is compatible with induced actions of σ and σY on
H i(X,OX) and H i(Y,OY ) respectively. Since σ ∈ AutO(X), we infer that
σY ∈ AutO(Y ).

(ii) By the decomposition theorem for resolutions ([17]), φ∗
R :

H∗(Y,C) → H∗(X,C) is injective. Thus the numerical triviality of σ implies
that of σY . □

Proposition 2.6. Let X be a smooth projective threefold of general type.
Then AutQ(X) acts trivially on AX .

Proof. The statement is trivial when q(X) = 0. We can thus assume that
q(X) > 0.

Take σ ∈ AutQ(X) and let σA ∈ AutQ(AX) be the induced automor-
phism of AX . Then σA is a translation of AX by Lemmas 2.3 and 2.4.
If X has a smooth minimal model, then the Miyaoka–Yau inequality,
vol(KX) ≤ 72χ(OX) implies that χ(OX) > 0. By Lemma 2.4, σA is trivial.

Now we assume that the minimal models of X are singular. In order to
show that σA = idAX

, it suffices to show that σA fixes a point. Consider a
minimal model program

X = X0 X1 X2 · · · Xn
ρ0 ρ1 ρ2 ρn−1

where for 0 ≤ i ≤ n, Xi has terminal singularities, the ρi are either diviso-
rial extremal contractions or flips, and KXn

is nef. As we have explained
in last section, the induced maps ai : Xi 99K AX are indeed the correspond-
ing Albanese morphisms of Xi and the above minimal model program is
over AX .
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By assumption, X0 = X is smooth and Xn is singular, so we there is an
index i0 such thatXi0 is smooth andXi0+1 is singular. By the classification of
extremal contractions in dimension three ([39]; see also [34, Theorem1.32]),
the birational maps ρi : Xi 99K Xi+1 are divisorial contractions for i ≤ i0
and, moreover, ρi0 : Xi0 → Xi0+1 is a morphism contracting a divisor E ⊂
Xi0 to a point p ∈ Xi0+1. By Lemma 2.5, σ descends to a numerically trivial
automorphism σi0 ∈ AutQ(Xi0). In particular, σi0 preserves the exceptional
locus Exc(ρi0), and this implies that the induced automorphism σA fixes the
point ai0(E) = ai0+1(p) ∈ AX . □

3. Irregular threefolds of general type

In this section, we prove Theorem 1.4, cases (i)-(iii). Let X be an irreg-
ular projective threefold of general type with canonical singularities and
aX : X → AX its Albanese map with respect to a base point.

We proceed according to the Albanese dimension dim aX(X).

3.1. The case dim aX(X) = 3

In this subsection we assume that dim aX(X) = 3, so X is of maximal Al-
banese dimension.

Theorem 3.1. Let X be a projective threefold of general type with canon-
ical singularities and of maximal Albanese dimension. Then |AutO(X) ∩
AutA(X)| ≤ 4, and if the equality holds then AutO(X) ∩AutA(X) ∼=
(Z/2Z)2 and q(X) = 3.

Proof. Let G := AutO(X) ∩AutA(X). Then the Albanese morphism aX fac-
tors through the quotient morphism π : X → Y := X/G.

If χ(X,ωX) = 0, then aX is birationally an (Z/2Z)2-cover by [13]. Thus
G is an (abelian) subgroup of (Z/2Z)2.

If χ(X,ωX) > 0, then χ(X,ωX) = χ(Y, ωY ) > 0. By [25], the eventual
paracanonical map φX : X 99K Z factors through the quotient map as
φX : X

π
−→ Y 99K Z, where Y 99K Z is the eventual paracanonical map φY

of Y ([25, Proposition 1.5]). Note that, degφX ≤ 8 by [25, Theorem 1.7],
and hence

(3.1) |G| = deg π = degφX/ degφY ≤
8

degφY
.
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If degφY ≥ 2, then either |G| ≤ 3 or |G| = 4 and degφX = 8. In the latter
case, φX is birationally a (Z/2Z)3-cover by [25, Theorem 1.7]. If degφY = 1,
then φY is birational and hence

χ(Z, ωZ) = χ(Y, ωY ) = χ(X,ωX) > 0.

By [25, Theorem 1.7] again, φX induces a Galois field extenstion C(X)/C(Z)
with Galois group Z/2Z or Z/3Z, or (Z/2Z)2. In conclusion, we have |G| ≤ 4,
and if the equality holds then G ∼= (Z/2Z)2.

In the case G ∼= (Z/2Z)2, we will show that q(X) = 3. When χ(X,ωX) =
0, we automatically have q(X) = 3 by [13]. We can thus assume that
χ(X,ωX) = χ(Y, ωY ) > 0. If q(X) > 3, we are in the situation of [25, Subsec-
tion 4.1, Case 1]. By [25, Proposition 4.4], the quotient map π is birationally
equivalent to the eventual paracanonical map of X. Let V := aX(X) be the
Albanese image of X with the reduced scheme structure. Since dimAX > 3,
V is fibred by an abelian subvariety K such that the quotient V/K is not
fibred by any positive dimensional abelian subvariety of AX/K and any
desingularization of V/K is of general type (see [49, Theorem 10.9]). Let
B := A/K and VB := V/K. We have the following picture:

X

f
''

π
// Y

h

  

// V

��

� �
// AX

��

VB
� �

// B.

Let t ∈ VB be a general point and let Xt and Yt be the fibers of f and h
over t respectively. We remark that Xt and Yt may be reducible and each
component of Xt or Yt is of general type. Fix a general torsion line bundle
Q ∈ Pic0(AX). Note that AX is the Albanese variety of both X and Y . We
can simply regard Q as a general torsion line bundle on X or on Y . By
generic vanishing,

h0(X,ωX ⊗Q) = χ(X,ωX ⊗Q) = χ(X,ωX)

= χ(Y, ωY ) = χ(Y, ωY ⊗Q) = h0(Y, ωY ⊗Q).

Moreover, since Q is general, we also have hi(Xt, ωXt
⊗Q) = hi(Yt, ωYt

⊗
Q) = 0. Thus both Rif∗(ωX ⊗Q) and Rih∗(ωY ⊗Q) are supported on a
proper subset of VB. However, by the main theorem of [31], these sheaves
are torsion-free on VB if they are not zero. Thus,Rif∗(ωX ⊗Q) = Rih∗(ωY ⊗
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Q) = 0 for i ≥ 1. Therefore, for Q′ ∈ Pic0(B) general,

(3.2) h0(VB, f∗(ωX ⊗Q)⊗Q′) = χ(X,ωX ⊗Q⊗Q′)

= χ(Y, ωY ⊗Q⊗Q′) = h0(VB, h∗(ωY ⊗Q)⊗Q′).

We claim that the inclusion of coherent sheaves h∗(ωY ⊗Q) ⊂ f∗(ωX ⊗
Q) is an isomorphism. Assume the contrary, and let Q be the nonzero
quotient sheaf. Then V 0(Q) is a proper subset of Pic0(B) by (3.2). On
the other hand, by [31], these two sheaves are torsion-free and since VB is
not fibred by positive dimensional abelian subvariety, using the Chen–Jiang
decomposition for h∗(ωY ⊗Q) and f∗(ωX ⊗Q) (see 2.1 and Remark 2.2),
both of them are M-regular. It follows that Q is also M-regular and hence
V 0(Q) = Pic0(B), which is a contradiction.

The equality h∗(ωY ⊗Q) = f∗(ωX ⊗Q) implies that χ(Xt, ωXt
) =

χ(Yt, ωYt
). Note that πt : Xt → Yt is again of degree 4. The case dimXt = 1 is

impossible by Riemann–Roch. The remaining case dimXt = 2 is impossible
by [25, Theorem 1.6] or [1, Proposition 3.3]. □

Corollary 3.2. Let X be any smooth projective threefold of general type
with maximal Albanese dimension. Then |AutQ(X)| ≤ 4, and if the equality
holds then AutQ(X) ∼= (Z/2Z)2 and q(X) = 3.

Proof. By Lemmas 2.3 and 2.6, we know that AutQ(X) is contained in the
group AutO(X) ∩AutA(X) of Theorem 3.1. □

Note that the case AutQ(X) ∼= (Z/2Z)2 is realized by an unbounded series
of threefolds by [52, Example 6.1].

3.2. The case dim aX(X) < 3

In this subsection we deal with irregular threefolds of general type which are
not of maximal Albanese dimension. We will denote by G := AutO(X) the
O-cohomologically trivial automorphism subgroup, and π : X → Y := X/G
the quotient morphism.

Lemma 3.3. There is a positive constant M1 such that the following holds.
Let f : X → B be a fibration from a smooth projective threefold of general
type onto a smooth projective curve B with g(B) ≥ 2. Then |AutO(X)| ≤
M1.
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Proof. Since f∗ : H1(B,OB) → H1(X,OX) is injective and G := AutO(X)
acts trivially on H1(X,OX), G induces a trivial action on H1(B,OB). Since
g(B) ≥ 2, G acts trivially on B, that is, G ⊂ AutB(X), the group of auto-
morphisms preserving each fiber of f .

Let F be a general fiber of f . Then G acts on F via the injec-
tive homomorphism G →֒ Aut(F ), σ 7→ σ|F . Let π : X → Y := X/G and
πF : F → F ′ := F/G be the quotient morphisms. Since B is of general type,
by Theorem 2.1 or [27, Lemma 2.1], both aX∗ωX and aY ∗ωY are M-regular.
Moreover, pg(X) = pg(Y ), thus aY ∗ωY = aX∗ωX . Hence pg(F ) = pg(F

′).
By [3, Propositions 2.1 and 4.1], if χ(F,OF ) ≥ 31, then the canonical

map φF of F is either of degree ≤ 9 or is a fibration such that the genus g
of a general fiber is ≤ 5. Thus in this case we obtain

|G| ≤

{
degφF ≤ 9 if φF is generically finite

84(g − 1) ≤ 336 if φF is composed with a pencil

where the inequality in second case follows from the Hurwitz bound of the
full automorphism group of a curve with genus g ≥ 2. On the other hand,
surfaces F with χ(F,OF ) < 31 form a birationally bounded family and thus
the order of their automorphism groups are bounded by a constant. As a
conclusion, there exists a constant M1 such that |G| ≤M1. □

Corollary 3.4. The inequality |AutO(X)| ≤M1 holds for any smooth pro-
jective threefold X of general type with q(X) ≥ 2 and dim aX(X) = 1.

Proof. Since q(X) ≥ 2 and dim aX(X) = 1, we infer that the Albanese image

of X factors as aX : X
f
−→ C →֒ AX , where g(C) = q(X) and f is a fibration.

Now apply Lemma 3.3. □

Remark 3.5. We can indeed work out an explicit bound for M1. Note
that in the proof of Lemma 3.3, when χ(F,OF ) < 31, we have vol(KF ) ≤
9χ(F,OF ) ≤ 180 by the Bogomolov–Miyaoka–Yau inequality. Thus |G| ≤
422vol(KF ) ≤ 317520 by [51], and we may take M1 = 317520.

Proposition 3.6. Let X be a smooth threefold of general type with q(X) ≥
3 and dim aX(X) = 2. Then |AutO(X)| ≤M1.

Proof. Since aX is not surjective, the image Z of the Albanese morphism
(or rather its desingularization) has Kodaira dimension ≥ 1.
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Let H be the image of AutO(X) in Aut(AX); see (2.1). By Lemma 2.4,
H acts on AX by translations. Thus the quotient morphism AX → AX/H
is étale.

Consider the commutative diagram

X
π

//

aX

��

��

Y

��

aY

��

Z //
� _

��

Z/H
� _

��

AX
// AX/H

where Y = X/G and π : X → Y is the quotient map. Since the morphism
Z → Z/H is étale, the Kodaira dimension of the desingularization of Z/H
is the same as the Kodaira dimension of the desingularization of Z.

If Z is of general type, then so is Z/H. Hence aY ∗ωY and aY ∗π∗ωX

are M-regular sheaves supported on Z/H by Theorem 2.1. By the trace
map, we write π∗ωX = ωY ⊕M. Suppose that G is non-trivial. Then,
since the general fibers of aY are curves, the rank of aY ∗π∗ωX is strictly
larger than that of aY ∗ωY . Hence aY ∗M is non-zero and, being M-regular,
has a non-zero global section. But then pg(X) = h0(AX/H, aY ∗π∗ωX) >
h0(AX/H, aY ∗ωY ) = pg(Y ), which is a contradiction.

If Z has Kodaira dimension 1, then it is an elliptic fiber bundle over a
curve C with genus g(C) ≥ 2, by [49, Theorem 10.9]. Therefore, the Stein
factorizationX → C̃ of the natural mapX → C is a fibration with g(C̃) ≥ 2.
It follows that |G| ≤M1, where M1 is as in Lemma 3.3. □

Using the same argument for Corollary 3.2, we obtain

Corollary 3.7. Let X be a smooth projective threefold of general type such
that dim aX(X) = 2 and q(X) ≥ 3. Then |AutQ(X)| ≤M1, where M1 is the
constant appearing in Lemma 3.3.

The rest of this section is devoted to the proof of the following

Proposition 3.8. There is a positive constant M2 such that the following
holds. Let X be a smooth threefold of general type with q(X) = dim aX(X) =
2 such that its Albanese variety AX is a simple abelian surface. Then
|AutO(X)| ≤M2.
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We need some preparations for the proof.
Assume that X is as in Proposition 3.8. Since X is of general type,

V 0(aX∗ωX) generates Pic0(AX) by [28]. By the simplicity of Pic0(AX), we
conclude that

(3.3) V 0(aX∗ωX) = Pic0(AX)

In particular, pg(X) > 0.
Let f : X → S be the Stein factorization of aX : X → AX . Then S is

a normal projective surface which is finite over the simple abelian surface
AX . Consider G := AutO(X) and its images ψS(G) ⊂ Aut(S) and ψA(G) ⊂
Aut(AX). Then we have the following commutative diagram

(3.4)

X S AX

Y T B

f

π

aX

πS

aS

πA

h

aY

aT

where Y = X/G, T = S/ψS(G), B = AX/ψA(G) are the quotient varieties,
and π, πS , πA are the quotient maps. One can check that the morphism
Y → B is indeed the Albanese morphism of Y .

Lemma 3.9. ψA : G→ Aut(AX) is trivial, so B = AX and the quotient
map πA is the identity.

Proof. Assume on the contrary that ψA(G) is nontrivial. Note that ψA(G)
consists of translations of AX , so π : AX → B = AX/ψA(G) is étale. Let
Y ′ ∼= X/ ker(ψA). Then Y = Y ′/Ḡ, where Ḡ = G/ ker(ψA), and we have a
commutative diagram:

X
π′

//

aX

��

Y ′ π′′

//

aY ′

��

Y

aY

��

AX AX
πA

// B.

where π′ : X → Y ′ and π′′ : Y ′ → Y are the quotient maps. By the universal
property of fiber products, one sees easily that Y ′ = Y ×B AX , and π′ : Y ′ →
Y and aY ′ : Y ′ → AX are the projections under this identification. Since
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πA∗OA =
⊕

P∈kerπ∗

A

P , where π∗A : Pic0(B) → Pic0(AX) is the pull-back, we

have

(3.5) π′′∗ωY ′ =
⊕

P∈kerπ∗

A

(ωY ⊗ P ).

Since G acts trivially on H0(X,ωX), we have

H0(X,ωX) ∼= H0(Y ′, ωY ′) ∼= H0(Y, ωY ).

Thus this implies that for P non-trivial in (3.5), H0(Y, ωY ⊗ P ) = 0. Thus
V 0(aY ∗ωY ) is a proper subset of Pic0(B). Since AX and hence B is simple,
so are Pic0(AX) and Pic0(B). Thus V 0(aY ∗ωY ) consists of finitely many
points. By Theorem 2.1,

(3.6) aY ∗ωY =
⊕

i

Qi,

where Qi ∈ Pic0(B) are torsion line bundles on B.
On the other hand, as a consequence of (3.3), we have pg(Y ) = pg(X) >

0. It follows that some Qi in the decomposition (3.6) must be OB. By the
Leray spectral sequence, q(Y )− q(B) is the number of trivial line bundles
in (3.6), and hence

q(Y ) = q(B) + (q(Y )− q(B)) > 2

which contradicts the assumption that q(Y ) = q(X) = 2. □

By Lemma 3.9, the commutative diagram (3.4) simplifies to

(3.7)

X S

Y T AX

f

π

aX

πS

aS

h

aY

aT

Note that every variety in (3.7) have AX as its Albanese variety.
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Lemma 3.10. Let π∗ωX = ωY ⊕M be the splitting induced by the trace
map. Then the following holds.

(i) H i(Y,M) = 0 and H i(AX , R
jaY ∗M) = 0 for all i, j ≥ 0.

(ii) RjaY ∗M =
⊕

kQ
j
k, where Q

j
k ∈ Pic0(AX) are nontrivial torsion line

bundles on AX for j ≥ 0.

Proof. SinceG acts trivially onH i(X,ωX), we haveH i(X,ωX) ∼= H i(Y, ωY ),
hence H i(Y,M) = 0 for all i ≥ 0. Pushing the decomposition π∗ωX = ωY ⊕
M forward to AX by aY ∗, we obtain

(3.8) aX∗ωX = aY ∗ωY ⊕ aY ∗M.

Note that H0(A, aY ∗M) = H0(Y,M) = 0. By Theorem 2.1 and Re-
mark 2.2, taking the simplicity of AX into account, we infer that

aY ∗M =
⊕

k

Qk

where Qk ∈ Pic0(A) are nontrivial torsion line bundles on AX . This implies
that ([23, Corollary 3.2])

H i(AX , aY ∗M) =
⊕

k

H i(AX , Qk) = 0 for all i ≥ 0.

Now it follows from the Leray spectral sequences for H i(Y,M) that

H i(AX , R
1aY ∗M) = 0

for all i ≥ 0. Using the Chen–Jiang decomposition of R1aY ∗M and the sim-
plicity of AX , we obtain

R1aY ∗M =
⊕

k

Q1
k

where the Q1
k are all nontrivial torsion line bundles on AX .

Finally, we remark that RjaY ∗M ⊂ RjaY ∗ωY = 0 for j ≥ 2 by [31, The-
orem 2.1]. □

Lemma 3.11. The homomorphism ψS : G→ Aut(S) is trivial, or equiva-
lently, the quotient morphism πS : S → T = S/ψS(G) in (3.7) is an isomor-
phism.
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Proof. If κ(S) = 0, then S is an abelian surface and S → AX is an isomor-
phism by the universal properties of the Stein factorization and the Albanese
morphism. As a consequence, S = T .

If κ(S) = 1 then there is a pencil of (possibly singular) elliptic curves
on S, whose image in AX is necessarily again a pencil of elliptic curves,
contradicting the simplicity of AX .

Suppose now κ(S) = 2. Since πS is finite, in order to show that πS is an
isomorphism, it suffices to show that πS is birational. For this purpose, we
may pass to smooth higher birational models X ′, Y ′, S′, T ′ of X,Y, S and T
respectively, and by abuse of notation, assume that S and T are themselves
smooth. We will show that χ(S, ωS) = χ(T, ωT ). Grant this for the moment.
Then, since the eventual paracanonical map of S factors through S → T
by [25, Proposition 1.5], we can apply [25, Theorem 1.6] to conclude that
πS : S → T is birational.

It remains to show that χ(S, ωS) = χ(T, ωT ). By [31, Proposition 7.6],
we have R1f∗ωX = ωS and R1h∗ωY = ωT . Therefore,

(3.9)
χ(X,ωX) = χ(S, f∗ωX)− χ(S, ωS)

and χ(Y, ωY ) = χ(T, h∗ωY )− χ(T, ωT ).

As in Lemma 3.10, we have a splitting π∗ωX = ωY ⊕M such that

(3.10) H i(AX , aY ∗M) = 0 for any i ≥ 0

Since aS∗f∗ωX = aX∗
ωX = aY ∗ωY ⊕ aY ∗M = aT∗h∗ωY ⊕ aY ∗M, we obtain

χ(S, f∗ωX) = χ(AX , aS∗f∗ωX)(3.11)

= χ(AX , aT∗h∗ωY ) + χ(AX , aY ∗M)

= χ(AX , aT∗h∗ωY ) = χ(T, h∗ωY )

where the first and the last equalities are due to the vanishing of
R1aS∗(f∗ωX) and R1aT∗(h∗ωY ) by [32, Theorem 3.4 (iii)] and the third
equality is by (3.10). Moreover, since hi(X,ωX) = hi(Y, ωY ) for each i ≥ 0,
we have χ(X,ωX) = χ(Y, ωY ). Combining this with (3.9) and (3.11), we
obtain χ(T, ωT ) = χ(S, ωS). □
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By Lemma 3.11, the commutative diagram (3.7) further simplifies to

(3.12)

X

Y S AX

f
π

aX

h

aY

aS

Proof of Proposition 3.8. In the diagram (3.12), the general fiber C of f is
preserved by the action of G. Let D = π(C) be the fiber of h over the point
f(C) ∈ S. Then D ∼= C/G and π|C : C → D is the quotient map under the
action of G. By the Riemann–Hurwitz formula, we have

(3.13) 2g(C)− 2 = |G|(2g(D)− 2) + δ

where δ is the degree of the ramification divisor of π|C : C → D. Also, we
have

rk(aY ∗M) = rk(aS∗h∗M) = (deg aS) · rk(h∗M) = (deg aS)(g(C)− g(D)),

where rk(·) denotes the rank of a sheaf. One has pg(Y ) = pg(X) > 0 by (3.3)
and hence g(D) ≥ 1.

By Lemma 3.10, there is an abelian étale cover µ : ÃX → AX such that
µ∗(R1aY ∗M) is a direct sum of trivial line bundles. Consider the base change
of X → Y → S → AX by µ : ÃX → AX ,

X̃ Ỹ S̃ ÃX

X Y S AX

π̃

µX

f̃

h̃

µY

ãS

µS µ

π

f

h aS

where X̃ = X ×AX
ÃX , Ỹ ×AX

ÃX and S̃ = S ×AX
ÃX , and the squares are

those of fiber products.
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By [32, Corollary 3.2], we have

H2(X̃, ω
X̃
) ∼= H1(S̃, R1f̃∗ωX̃

)⊕H2(S̃, f̃∗ωX̃
)

∼= H1(S̃, ω
S̃
)⊕H2(ÃX , µ

∗(aX∗ωX)),

so q
f̃
:= q(X̃)− q(S̃) = h2(ÃX , µ

∗(aX∗ωX)). Since aY ∗M is a direct sum-

mand of aX∗ωX , µ∗(aY ∗M) is a direct sum of µ∗(aX∗ωX) and we conclude
that

h2(ÃX , µ
∗(aX∗ωX)) ≥ h2(ÃX , µ

∗(aY ∗M))

= rk(aY ∗M) = (deg aS)(g(C)− g(D)),

where the second equality is because µ∗(aY ∗M) is a direct sum of copies of
O

ÃX
by construction.

Let B be a general hyperplane section of S̃ and X̃B = f̃−1(B). Let
f̃B : X̃B → B be the restriction of f̃ over B.

Claim 3.12. h0(B,R1f̃B∗OX̃B
) = h0(S̃, R1f̃∗OX̃

)

Proof of the claim. Applying f̃∗ to the short exact sequence of sheaves on X̃:

0 → O
X̃
(−f̃∗B) → O

X̃
→ O

X̃B
→ 0

we obtain an exact sequence of sheaves on S̃:

f∗OX̃B
→ (R1f̃∗OX̃

)(−B) → R1f̃∗OX̃
→ R1f̃B∗OX̃B

→ (R2f̃∗OX̃
)(−B)

For a general hyperplane B ⊂ S̃, one deduces

0 → (R1f̃∗OX̃
)(−B) → R1f̃∗OX̃

→ R1f̃B∗OX̃B
→ 0

Since we have H0(S̃, (R1f̃∗OX̃
)(−B)) = 0 and H1(S̃, (R1f̃∗OX̃

)(−B)) = 0

for a sufficiently ample hypersurface B on S̃, the induced exact sequence of
cohomology groups gives the desired isomorphism:

H0(S̃, R1f̃∗OX̃
) ∼= H0(B,R1f̃B∗OX̃B

).

□
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By Claim 3.12, we obtain

q
f̃B

= h0(B,R1f̃B∗OX̃B
) = h0(S̃, R1f̃∗OX̃

) = q
f̃

(3.14)

≥ (deg aS)(g(C)− g(D)).

Suppose that g(D) = 1. If g(C) ≥ 8 then q
f̃B

≥ g(C)− 1 ≥ 5g(C)+1
6 , and

hence f̃B is birationally trivial by Xiao’s result [50]. Since B ⊂ S̃ is a general
hypersurface, π1(B) → π1(S̃) is surjective and the birational triviality of
f̃B : X̃B → B implies that of f̃ : X̃ → S̃. Therefore, X̃ is birational to S̃ × C
and Ỹ is birational to S̃ ×D. By the fact that

χ(X̃, ω
X̃
) = (degµ)χ(X,ωX) = (deg µ)χ(Y, ωY ) = χ(Ỹ , ω

Ỹ
),

we infer that C = D, which is absurd. Thus in this case g(C) ≤ 7 and hence
|G| ≤ |Aut(C)| ≤ 84× (7− 1) = 504, where the second inequality is Hur-
witz’s bound of the full automorphism group of a curve.

If g(D) ≥ 2, then by (3.13) and (3.14)

q
f̃B

≥ (deg aS)(g(C)− g(D)) = (deg aS)

(
δ

2
+ (|G| − 1)(g(D)− 1)

)
.

where δ is as in (3.13). By a simple calculation, if g(C) ≥ 8 and |G| ≥ 13,

then q
f̃B
> 5g(C)+1

6 and by Xiao’s result [50], f̃B and hence f̃ is bira-
tionally trivial, and we draw a contradiction by the same argument as in
the last paragraph. Thus either |G| ≤ 12 or g(C) ≤ 7, in which case |G| ≤
g(C)−1
g(D)−1 ≤ 6. □

4. Threefolds of general type with Gorenstein

minimal models

Theorem 4.1. There is a constant M such that the following holds. Let
X be a projective threefold of general type with canonical singularities such
that its minimal models are Gorenstein. Then |AutO(X)| < M .

Proof. Since X has a Gorenstein minimal model, the Miyaoka–Yau inequal-
ity gives

vol(KX) ≤ 72χ(X,ωX) = 72(pg(X)− h1(X,ωX) + q(X)− 1)(4.1)

≤ 72(pg(X) + q(X)− 1)

In particular, χ(X,ωX) > 0.
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By Lemma 2.4, AutO(X) = AutO(X) ∩AutA(X). If q(X) ≥ 3 then
|AutO(X)| is uniformly bounded by Theorem 3.1.

In the following we can assume that q(X) ≤ 2. Let Y = X/AutO(X)
be the quotient variety and π : X → Y the quotient morphism. Then there
is an effective divisor B, which is supported on the branched divisor of
π and with coefficients from the set C2 := {1− 1

n
| n ∈ Z>0}, such that

KX = π∗(KY +∆). Obviously,KY +∆ is big and, by [34, Proposition 5.20],
the pair (Y,∆) is klt. Since AutO(X) acts trivially on H0(X,KX), one has
pg(X) = pg(Y,∆).

By Theorem A.2, there are some positive constants a and b such that

(4.2) vol(KX) = |AutO(X)| vol(KY +∆) ≥ |AutO(X)|(apg(X)− b).

Combining the inequalities (4.1) and (4.2), we obtain

|AutO(X)|(apg(X)− b) ≤ 72(pg(X) + 1).

Now one sees easily that, there is a sufficiently large integer N such that
|AutO(X)| ≤ ⌈72

a
+ 1⌉ holds if pg(X) > N . On the other hand, if pg(X) ≤ N

then, by (4.1), we have vol(KX) ≤ 72(N + 1), which implies that this class
of threefolds of general type are bounded. It follows that there is a constant
M ′ > 0 such that |Aut(X)| ≤M ′, provided pg(X) ≤ N .

Then M = max{⌈72
a
+ 1⌉,M ′} is the bound we wanted. □

Corollary 4.2. Let X be a projective threefold of general type with
canonical singularities such that its minimal models are Gorenstein. Then
|AutQ(X)| ≤M , where M is as in Theorem 4.1.

Proof. By Lemma 2.3, AutQ(X) is contained in the group AutO(X). □

Recall that a smooth projective variety is isogenous to a product of
curves if it admits the product of smooth projective curves as an étale cover.

Corollary 4.3. Let X be a projective threefold of general type isogenous to
a product of curves. Then |AutQ(X)| ≤M , where M is as in Theorem 4.1.

Proof. Since X is isogenous to a product of curves, it is smooth with ample
KX . Now apply Corollary 4.2. □
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Appendix A. Noether type inequalities for log canonical

pairs of general type

Let C ⊂ (0, 1] be a subset, possibly empty. Define Pn(C) to be the set of
n-dimensional projective log canonical pairs (X,∆) such that C∆ ⊂ C and
KX +∆ is big, where C∆ denotes the set of nonzero coefficients appearing
in ∆. Furthermore, set

P+
n (C) := {(X,∆) ∈ Pn(C) | pg(X,∆) > 0},

where pg(X,∆) := h0(X,KX + ⌊∆⌋), and

V+
n (C) := {vol(KX +∆) | (X,∆) ∈ P+

n (C)} and v+n (C) := infV+
n (C).

Remark A.1. If C satisfies the descending chain condition, then the set

Vn(C) := {vol(KX +∆) | (X,∆) ∈ Pn(C)}

also satisfies the descending chain condition ([24, Theorem 1.3]). In partic-
ular, any nonempty subset of Vn(C) attains its minimum.

Now we state the main result of this appendix.

Theorem A.2. Let n be a positive integer and C ⊂ (0, 1] a subset such
that C ∪ {1} attains the minimum, denoted by c. Then there exist positive
numbers an(C) and bn(C), depending on n and c, such that for any (X,∆) ∈
Pn(C) the following inequality holds

vol(KX +∆) ≥ an(C)pg(X,∆)− bn(C)

We make some preparation before proving Theorem A.2. First we prove
a lemma on the extension of pluri-log-canonical sections:

Lemma A.3. Let (X,∆+H) be a divisorial log terminal pair with Q-
coefficients such that ⌊∆⌋ = 0 and H is a reduced smooth divisor. Suppose
that KX +∆+H is big and no component of H is contained in the stable
base locus of KX +∆+H. Then the natural restriction map

rm : H0(X,m(KX +∆+H)) → H0(H,m(KH +∆H))

is surjective for any sufficiently divisible positive integer m ≥ 2, where ∆H =
∆|H be restriction of ∆ to H.
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Proof. The proof is similar to the one sketched in [15, Remark 2.5]. Since
KX +∆+H is big and H is not contained in the stable base locus of KX +
∆+H, there are an ample Q-divisor A and an effective Q-divisor B such
that KX +∆+H ∼Q A+B and H is not contained in the support of B.
For 0 < ϵ1 ≪ ϵ2 ≪ 1, we may choose an effective Q-divisor

D ∼Q (1− ϵ1)(∆ +H) + (ϵ1(∆ +H) + ϵ2A) + ϵ2B

so that (X,D) is klt. By [4], there is a minimal model program yielding a
birational contraction π : (X,D) 99K (X̄, D̄) onto a minimal model (X̄, D̄)
of (X,D).

Now observe that KX +D ∼Q (1 + ϵ2)(KX +∆+H), so π yields also
a (divisorial log terminal) minimal model (X̄, ∆̄ + H̄) of (X,∆+H), where
∆̄ = π∗∆ and H̄ = π∗H; see [34, 3.31].

We claim that no component ofH is contracted by π. Otherwise, suppose
that a component Hi of H is contracted by π. Then the discrepancy of Hi

with respect to (X̄, ∆̄ + H̄) is larger than −1. It follows that Hi is contained
in the stable base locus of KX +∆+H, which is a contradiction to the
assumption.

The Kawamata–Viehweg vanishing theorem, applied to the big and nef
divisor (m− 1)(KX̄ + ∆̄ + H̄) on the Kawamata log terminal pair (X̄, ∆̄),
gives the vanishing H1(X,m(KX̄ + ∆̄ + H̄)− H̄) = 0 for any positive inte-
ger m ≥ 2 such that m(KX̄ + ∆̄ + H̄) is Cartier. By the long exact sequence
of cohomology groups, the natural restriction map r̄m : H0(X̄,m(KX̄ + ∆̄ +
H̄)) → H0(H̄,m(KH̄ + ∆̄H̄)) is surjective, where ∆̄H̄ := ∆̄|H̄ .

By going to a common log resolution of (X,∆+H) and (X̄, ∆̄ + H̄),
one sees easily that there is a commutative diagram

H0(X̄,m(KX̄ + ∆̄ + H̄)) H0(H̄,m(KH̄ + ∆̄H̄))

H0(X,m(KX +∆+H)) H0(H,m(KH +∆H))

r̄m

∼= ∼=

rm

where the vertical arrows are isomorphisms induced by π : X 99K X̄ and
π|H : H 99K H̄. Now the surjectivity of rm follows from that of r̄m. □

Lemma A.4. Let (X,∆) be a projective log canonical pair of dimension n
such that X is smooth and KX +∆ is big. Suppose that the linear system
|KX + ⌊∆⌋| has positive dimension and its movable part Mov|KX + ⌊∆⌋| is
base point free. Let H ∈ Mov|KX + ⌊∆⌋| be a general element, and ∆H :=
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∆|H the restriction of ∆ to H. Then

vol(KX +∆) ≥ 21−n vol(KH +∆H).

Proof. Since Mov|KX + ⌊∆⌋| is a positive dimensional base-point-free linear
system, its general element H is a (nonzero) smooth divisor by the Bertini
theorem.

Since (X,∆) is a projective log canonical pair such that X is smooth
and KX +∆ is big, we can decrease the coefficients of ∆ slightly to obtain
a Q-divisor ∆(s) for each positive integer s such that the following holds.

1) (KX ,∆
(s) +H) is a divisorial log terminal pair withQ-coefficients such

that ⌊∆(s)⌋ = 0.

2) KX +∆(s) is big, and KX +∆(s) − (1− 1
s
)H is Q-linearly equivalent

to an effective Q-divisor.

3) lims→∞∆(s) = ∆.

By [4], there is a minimal model program yielding a birational contraction

πs : (X,∆
(s) +H) 99K (Xs,∆s +Hs),

where ∆s = πs∗∆
(s) and Hs = πs∗H, such that (Xs,∆s +Hs) is a minimal

model of (X,∆(s) +H) with divisorial log terminal singularities. Resolving
the indeterminacy of πs, we obtain the following commutative diagram of
birational maps:

X̃s

X Xs

ps qs

πs

where ps and qs are log resolutions of (X,∆(s) +H) and (Xs,∆s +Hs) re-
spectively.

Denote by H̃s be the strict transform of H on X̃s. There is a uniquely
determined divisor ∆̃s on X̃s such that p∗s(KX +∆(s) +H) = K

X̃s
+ ∆̃s +

H̃s and ps∗∆̃s = ∆(s). Let ∆
H̃s

be the restriction of ∆̃>0
s to H̃s, and ∆

(s)
H

the restriction of ∆(s) to H. We claim that

(A.1) vol
(
KH +∆

(s)
H

)
= vol(K

H̃s
+∆

H̃s
).
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In fact, since ps∗∆H̃s
= ∆

(s)
H , one has vol(KH +∆

(s)
H ) ≥ vol(K

H̃s
+∆

H̃s
). On

the other hand,

p∗s(KH +∆
(s)
H ) = p∗s(KX +H +∆(s))|

H̃s
= (K

X̃s
+ H̃s + ∆̃s)|H̃s

≤ (K
X̃s

+ H̃s + ∆̃>0
s )|

H̃s
= K

H̃s
+∆

H̃s

and thus vol(KH +∆
(s)
H ) = vol(p∗s(KH +∆

(s)
H )) ≤ vol(K

H̃s
+∆

H̃s
).

For sufficiently large and divisible integer m, consider the commutative
diagram

(A.2)

H0(X̃s,mq
∗
s(KXs

+∆s+Hs)) H0(H̃s,mq
∗
s(KXs

+∆s+Hs)|H̃s
)

H0(X̃s,m(K
X̃s

+∆̃>0
s +H̃s)) H0(H̃s,m(K

X̃s
+∆̃>0

s +H̃s)|H̃s
)

r′s,m

∼= ϕs,m λs,m

rs,m

where the horizontal arrows are restriction maps and the vertical maps are
induced by inclusions of sheaves and hence injective. Since (Xs,∆s +Hs)
is a minimal model of (X̃s, ∆̃

>0
s + H̃s), the map φs,m is an isomorphism;

the restriction map rs,m is surjective by Lemma A.3. It follows that λs,m is
surjective and hence an isomorphism. Letting m go to infinity, we obtain

vol(K
H̃s

+∆
H̃s

) = vol((K
X̃s

+ ∆̃>0
s + H̃s)|H̃s

)(A.3)

= vol(q∗s(KXs
+∆s +Hs)|H̃s

)

= q∗s(KXs
+∆s +Hs)

n−1 · H̃s

where the second equality is due to the isomorphisms λs,m and the last
equality is because of the nefness of q∗s(KXs

+∆s +Hs)|H̃s
.

Since KX +∆ ≥ H and KX +∆ ≥ KX +∆(s) by construction, we have

(A.4) 2(KX +∆) ≥ KX +∆(s) +H

Also, since KX +∆(s) ≥ (1− 1
s
)H, we have

KXs
+∆s +Hs = πs∗(KX +∆(s) +H)(A.5)

≥

(
2−

1

s

)
πs∗H =

(
2−

1

s

)
Hs.
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Now we can compute the volume

2n vol(KX +∆) = vol(2(KX +∆))

≥ vol(KX +∆(s) +H) (by (A.4))

= vol(KXs
+∆s +Hs)

= (KXs
+∆s +Hs)

n (since KXs
+∆s +Hs is nef)

≥ (KXs
+∆s +Hs)

n−1 ·

(
2−

1

s

)
Hs (by (A.5))

=

(
2−

1

s

)
(q∗s(KXs

+∆s +Hs))
n−1 · q∗sHs

≥

(
2−

1

s

)
(q∗s(KXs

+∆s +Hs))
n−1 · H̃s (since q∗sHs ≥ H̃s)

=

(
2−

1

s

)
vol(K

H̃s
+∆

H̃s
) (by (A.3))

=

(
2−

1

s

)
vol(KH +∆

(s)
H ) (by (A.1))

Since lims→∞∆
(s)
H = ∆H , we obtain

vol(KX +∆) ≥ 2−n lim
s→∞

(
2−

1

s

)
vol

(
KH +∆

(s)
H

)
≥ 21−n vol(KH +∆H).

□

Proof of Theorem A.2. By ensuring that bn(C) ≥ an(C), the inequality of
the theorem is trivially true in the case pg(X,∆) ≤ 1. We can thus assume
that pg(X,∆) ≥ 2.

We proceed by induction on the dimension n.
If n = 1 then X is a smooth projective curve, and, using the Riemann–

Roch theorem,

vol(KX +∆) = deg(KX +∆) ≥ deg(KX + ⌊∆⌋) ≥ h0(X,KX + ⌊∆⌋)− 1

where the last inequality is an equality if and only if g(X) = 0. Thus we can
take a1(C) = b1(C) = 1 for any C ⊂ (0, 1].

From now on, we assume that n ≥ 2 and that the theorem has been
proven in lower dimensions. Let (X,∆) be an n-dimensional projective log
canonical pair of general type with coefficients of ∆ belonging to C.

First we assume that 1 ∈ C. Let ρ : X̃ → X be a log resolution of (X,∆)
such that the movable part Mov|K

X̃
+ ⌊∆̃>0⌋| of the linear system |K

X̃
+
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⌊∆̃>0⌋| is base point free, where ∆̃ is the divisor on X̃ satisfying K
X̃
+ ∆̃ =

ρ∗(KX +∆) and ρ∗∆̃ = ∆, and ∆̃>0 denotes the effective part of ∆̃. Let
∆̃′ be the divisor on X̃, obtained from ∆̃>0 by raising the coefficients not
in C to 1 and then decreasing those coefficients in C ∩ (0, 1) (if any) to
c = min(C ∪ {1}). Then (X̃, ∆̃′) ∈ Pn({c, 1}), and one sees easily that

0 < vol(K
X̃
+ ∆̃′) ≤ vol(KX +∆) and pg(X̃, ∆̃

′) = pg(X,∆).

Replacing (X,∆) with (X̃, ∆̃′), we can assume that X is smooth, ∆
is a simple normal crossing divisor with coefficients lying in {c, 1}, and
Mov|KX + ⌊∆⌋| is base point free.

Let H ∈ Mov|KX + ⌊∆⌋| be a general member. Then H is smooth and
H +∆ is simple normal crossing by the Bertini theorem. Let ∆H be the
restriction of ∆ to H.

Let f : X → Ppg−1 denote the morphism defined by |KX + ⌊∆⌋|, where
pg = pg(X,∆). In order to bound vol(KX +∆) from below in terms of
pg(X,∆), we have to distinguish two cases depending on dim f(X).

Case dim f(X) ≥ 2. In this case, H is connected. Then (H,∆H) ∈
Pn−1({c, 1}) ⊂ Pn−1(C), and hence by induction there are constants an−1(C)
and bn−1(C) such that

(A.6) vol(KH +∆H) ≥ an−1(C)pg(H,∆H)− bn−1(C)

Since pg(H,∆H) ≥ pg(X,∆)− 1, we have by Lemma A.4 and (A.6):

vol(KX +∆) ≥ 21−n vol(KH +∆H)(A.7)

≥ 21−n (an−1(C)(pg(X,∆)− 1)− bn−1(C))

= 21−nan−1(C)pg(X,∆)− 21−n (an−1(C) + bn−1(C))

Case dim f(X) = 1. In this case, the number k of connected components
of H is deg f(X) ≥ pg(X,∆)− 1. Let H1, . . . , Hk be the connected compo-
nents of H. For each 1 ≤ i ≤ k, let ∆Hi

be the restriction of ∆ to Hi. Then
(Hi,∆Hi

) ∈ P+
n−1({c, 1}), and vol(KHi

+∆Hi
) is independent of i. We have

thus

(A.8) vol(KH +∆H) = k vol(KHi
+∆Hi

) ≥ v+n−1({c, 1})(pg(X,∆)− 1).

Combining this with Lemma A.4, we obtain

(A.9) vol(KX +∆) ≥ 21−nv+n−1({c, 1})(pg(X,∆)− 1).
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By (A.7) and (A.9), if we set

an(C) = 21−nmin{an−1(C), v
+
n−1({c, 1})},

bn(C) = 21−nmax{an−1(C) + bn−1(C), v
+
n−1({c, 1})}.

then the inequality vol(KX +∆) ≥ an(C)pg(X,∆)− bn(C) is valid in both
cases.

In general, if 1 /∈ C, since Pn(C) ⊂ Pn(C ∪ {1}), we can simply set
an(C) := an(C ∪ {1}) and bn(C) := bn(C ∪ {1}). □

Remark A.5. The choices of an(C) and bn(C) in the proof of Theorem A.2
are not optimal, but are computable. If the following Question A.6 admits
a positive answer, then one can see by induction that, for n ≥ 2,

an(C) =
1

2n−1
v+n−1({c, 1})

and

bn = an−1 + an−2 + · · ·+ a1 + b1 = 2 +
∑

1≤i≤n−1

1

2i−1
v+i−1({c, 1}).

Question A.6. For n ≥ 2 and c ∈ (0, 1], is it true that v+n ({c, 1}) ≤
1

2n−1 v
+
n−1({c, 1})?
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