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An ordinary rank-two case of local-global
compatibility for automorphic

representations of arbitrary
weight over CM fields

YuJi YANG

We prove a rank-two potential automorphy theorem for mod [ rep-
resentations satisfying an ordinary condition. Combined with an
ordinary automorphy lifting theorem from [I], we prove a rank-
two, p # [ case of local-global compatibility for regular algebraic
cuspidal automorphic representations of arbitrary weight over CM
fields that is ¢-ordinary for some ¢ : Q; = C.

1. Introduction

The goal of this work is to prove a new case of local-global compatibility
for automorphic Galois representations, which we will introduce in a general
sense below.

Let F be a number field. Let 7 = ®/ 7, be an algebraic cuspidal automor-
phic representation of GL,(Af), where 7, is an irreducible representation
of GL,(F,) for each place v in F. Let [ be a rational prime and fix an iso-
morphism ¢ : Q; = C. For each v the local Langlands correspondence gives
a bijection

recp, : Irr(GLy, (Fy)) — WDrep,,(WE,),

normalized as in [I1], where Irr(GL,,(F},)) is the set of isomorphism classes
of irreducible smooth admissible representations of GL,,(F,) over C, and
WDrep,,(WE,) is the set of isomorphism classes of n-dimensional Frobenius
semisimple Weil-Deligne representations of Wy, over C. Recall that a Weil-
Deligne representation is a pair (r, N), where r is a representation of the
Weil group Wg, of F;, and N is a nilpotent endomorphism of the repre-
sentation space that intertwines with r. We can apply the local Langlands
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correspondence map to a twist of m, to get

1—n

recy, (m, @ |det |2 ),

a Weil-Deligne representation of W, over C.

Conjecturally there exists a continuous semisimple Galois representation
r.(7) : G — GL,(Q;) attached to 7 and ¢. This restricts to G, and if v {
I, by Grothendieck’s [-adic monodromy theorem the restriction determines
a Weil-Deligne representation WD(r,(7)|q,, ). We can take its Frobenius
semisimplification (recall that the Frobenius semisimplification (r, N)F$ =
(r%, N)) and then base change to C to get

WD(r.(7) ey, )" @, C,

another Weil-Deligne representation of W, over C.
The local-global compatibility conjecture says that these two objects are
isomorphic:

Conjecture 1.1 (Local-global compatibility). For all finite place v of
F, we have

WD(r,(m)|,. )™ @, C = recy, (m, @ |det | 2).

Remark 1.2. We only defined WD when v t1. We call it the p # [ case,
assuming that p is the residue characteristic of F,. We can also define a
Weil-Deligne representation in the p = [ case.

From now on we will focus on the case where F' is a CM field and p # [.
Fix a rational prime / and an isomorphism ¢ : Q; = C as above. Let 7 be
a regular algebraic cuspidal automorphic representation of GL,,(Ag). If 7
is polarizable, local-global compatibility has been proved by Caraiani [5]
(and by Taylor—Yoshida in less generality [I8]). For non-polarizable 7, we
mention the following two remarkable results. In [10], Harris-Lan-Taylor—
Thorne showed the existence of r, (7). Moreover, if the other prime p satisfies
some unramified conditions, then local-global compatibility holds at any
finite place v | p in F. In [19], Varma showed that for any finite place v {
[, local-global compatibility holds up to semisimplification (recall that the
semisimplification (r, N)* = (r%,0)). The question is then how to deal with
the monodromy.

The work of Allen-Newton [2, Theorem 4.1] addresses the question when
7 is of weight 0 in the GLy case. They prove that there is set of primes [ of
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Dirichlet density one such that local-global compatibility holds for all finite
places v t I in F. The strategy of proof is to combine an automorphy lifting
theorem with Taylor’s potential automorphy method. The idea to approach
the local-global compatibility conjecture using the automorphy lifting the-
orems is inspired by [13]. The proof of [2, Theorem 4.1] uses the Fontaine—
Laffaille automorphy lifting theorem [Il, Theorem 6.1.1], which does not allow
a change of weights, and Taylor’s potential automorphy method gives an in-
put of weight 0, so they together require 7 to be of weight 0. However, the
authors mentioned that the weight 0 condition might be removed if we use
the ordinary automorphy lifting theorem [I, Theorem 6.1.2] instead, at the
cost of imposing some ordinary assumptions on 7 at [. Here we investigate
this question. We will prove the following result.

Theorem 1.3. Let F' be a CM field and let m be a reqular algebraic cuspidal
automorphic representation of GLa(Ar). Suppose that

1) 1 is an odd prime,
2) 7 is t-ordinary for some ¢ : @ =C

3) 7,(m) is decomposed generic,

7 (7 )( ¢)) is enormous, and there is a
o € Gp — Gp(,) such that 7,(r)

(o) is a scalar.

Then for any finite place v {1 in F, we have
WD(TL<7T)|GFU )F-SS ®, C= Trecr, (7T'U & ‘ det |71/2),

The idea of proof is similar to that of [2] Theorem 4.1]. By the main result
of [19], it suffices to show that when 7, is special (i.e. a twist of Steinberg),
7.(7)|ay, has nontrivial monodromy. Assume the monodromy is trivial. After
a base change we may assume that 7, is an unramified twist of Steinberg.
We then want to find an automorphic representation m; that is unramified
at v, such that 7,(m) 2 7,(m) after some restriction. This step is done by
a potential automorphy theorem [2, Theorem 3.9]. Then the automorphy
lifting theorem will give an automorphic representation IT with r,(IT) = r, ()
after some restriction, from which we can deduce a contradiction with the
unramified local-global compatibility known from [10} 19].

However, since we use the ordinary automorphy lifting theorem instead
of the Fontaine—Laffaille one, there are some major differences. First, the
ordinary automorphy lifting theorem does not specify the weights of the in-
put automorphic representations 7 and 71, so we are able to handle regular
algebraic cuspidal automorphic representations of arbitrary weight. Also, we
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need to prove an ordinary version of potential automorphy theorem (Theo-
rem|3.2| proved below) to construct the automorphic representation m; which
in some sense inherits ordinariness. More precisely, we impose an ordinary
condition (Definition below) on the Galois representation and we show
that the automorphic representation we construct is t-ordinary. Finally, since
we are not in the Fontaine—Laffaille case, we allow the prime [ to ramify in F'.

Notations. Let F be a CM field. Let I be an odd prime and let v be a
prime of F' over [. Let k/F; be a finite field. Let O be a discrete valuation
ring finite over W (k) with residue field k. Let Dy /7, denote the different.
Let [ be a uniformiser in O. Let ¢; be the [-adic cyclotomic character. We
normalize our Hodge—Tate weights such that ¢; has all labelled Hodge—Tate
weights equal to —1.

Let M be a totally real field. We recall the definition of M-Hilbert—
Blumenthal abelian varieties (M-HBAV in short). Let S be a scheme and
let A be an abelian scheme over S equipped with a given embedding of
rings (real multiplication) ¢ : Oy < End(A/S). Let M 4 be the polarization
module of A, i.e., the module of Oy-linear symmetric homomorphisms A —
AV, and let M:{ be the positive cone of polarizations. An M-HBAV is an
abelian scheme with real multiplication (A4,:) such that the natural map
A®p,, My — A is an isomorphism. Let ¢ be a nonzero fractional ideal of
M and let ¢ be the totally positive elements in ¢. A ¢-polarization of A is
an isomorphism j : ¢ = M4 of Op-modules such that j(c¢T) = M7 See [7]
for more details.

By a divisible O-module over a scheme S we mean an [-divisible group
G/S with a ring homomorphism O — EndgG. Let K be a local field with
residue characteristic [. We say a divisible O-module G/Ok is ordinary if
there is an embedding =~ ®z O < Gon.

Finally we recall the definition of a Galois representation being ordi-
nary of some weight. Let Z' be the set of n-tuples with coordinates in
decreasing order. Take a continuous representation p : Gp — GL,(Q;) and
let A € (Z7)Hom(FQ) We say that p is ordinary of weight \ if for each v |
in F'
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where foreach 1 <i <n,¢; : Gp, — @ZX is a continuous character such that

Vi(Artp, (0)) = H (o)~ Crn-iati=1)

T:F,—Q,

for all o in some open subgroup of (’)}X;v.

2. An Important Lemma

In this section we prove a lemma constructing certain [-divisible groups that
is important for our potential automorphy result (Theorem [3.2). We first
make the following definition to simplify our statement.

Definition 2.1. Let 7 : Gg, — GLa(k) be a continuous representation. We
say T is good ordinary if
o[ va T
T = —1
0 9

f702r some gramiﬁed character ¢ and extension class ¢, such that either
" #1or =1 and ¢is peu ramifié ([I5], §2.4]).

Now we state our important lemma, which can be viewed as an ordinary
version of [2 Lemma 3.8]. Since we allow [ to ramify in F', we use Breuil-
Kisin theory instead of Fontaine—Laffaille theory.

Lemma 2.2. Let 7: Gp, — GLa(k) be a continuous representation such
that:

e det7T =€,

o there is a crystalline lift v : Gp, — GLa(O) with labelled Hodge—Tate
weights all equal to {—1,0}.

Let V& be the underlying étale k-vector space scheme over F, of T. Let | be
a uniformiser in O. Then there exists a divisible O-module G over OFf, of
height 2O : Zi], equipped with an O-linear symmetric isomorphism X\ : G =
GY ®Doyz,, and an isomorphism i : Vy = G[l|p, such that i¥ o N[[|g, o is
the isomorphism induced by the standard symplectic pairing on Vi.
Moreover, if T is good ordinary, then G can be chosen to be ordinary.



1968 Yuji Yang

Proof. Step 1: Reduction. By assumption we have 7 : Gp, — GLa(k) such
that det™ =€, with a crystalline lift r: Ggp, — GL2(O) with all labelled
Hodge-Tate weights in {—1,0}, so det 7|7, = €. Then there is an unramified
character 1 : G, — O given by 92 = (detr) !¢, such that r’' := r ® ¢ has
detr’ = ¢ and it is another crystalline lift of 7 satisfying the assumptions.
Thus we may assume without loss of generality that detr = ¢.

Step 2: Construction. The existence of the [-divisible group G over OF,
follows from [I4, Corollary 6.2.3]. For a constructive proof we use Breuil-
Kisin theory and refer to [12, Lemma 2.1.15 and Corollary 2.2.6]. Also see
[4, Lemma 11.2.10 and Theorem 12.3.2]. From the construction [12, Corol-
lary 2.2.6] or [4, Theorem 12.3.2] we know that there is a natural isomor-
phism of lattices r = T;(G).

Step 3: Properties. We finally check that G meets all the conditions we
demand. First of all, there is an obvious O-action on the representation
space ©? and by functoriality this gives the O@-action on G; in other words,
we get

O — Endg.

The height of G is equal to the Z;-rank of T;(G), which is 2[O : Z;]. Next, we
compute that

V? = ‘/7‘ mod [ = Tl(g) mod [ = g[[]Fu (Fv)

It remains to produce . Take T = 0? with Gp, -action given by r. We
have the (Galois equivariant) standard symplectic pairing (-,-) : 0% x O? —
O(1), so T'=Homp(T,0O(1)). The trace pairing from O to Z; gives
Homp(T,0(1)) ® D(S}Zl =~ Homg, (T,7;(1)), and hence there is an isomor-
phism of Tate modules

T)(9) = Ti(G") ® Doyz, = TI(G" ® Doyz,)-

Hence by the main result of [16] we get an isomorphism of [-divisible groups
GGV 2Dy /z,- The compatibility with the standard symplectic pairing on
V& follows by construction.

Now we let 7 be good ordinary. We first point out that it is a stronger
assumption: obviously det(7) = €, and [3|, Lemma 6.1.6] implies that there
is a potentially crystalline lift of 7 with labelled Hodge—Tate weights all
equal to {—1,0}. Note that we normalize the representation differently, but
the lemma still holds since the proof only cares about the quotient of the
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diagonal characters. Moreover, by Definition we are in Case 1 or Case
2b in the proof of [3, Lemma 6.1.6], where we have some control on the lifts
of the diagonal characters. Since we further demand the character 9 to be
unramified in Definition we can guarantee that the lifts of the characters
are unramified instead of potentially unramified, and hence deduce that
there is a crystalline lift of 7 (rather than potentially crystalline).

Therefore it remains to show that G can be chosen to be ordinary. We
know from [3, Lemma 6.1.6] that the lift = is of the form

r%(¢5l wc_l),

which is ordinary, and hence we know 7|7, has a subrepresentation ¢ ®z O.
Note that r = T;(G) and Tj(u=) = €. By the main result of [16] we get an
embedding iy~ ®z O < Gowr , which means that G is ordinary. O

3. Potential Automorphy
We first state an ordinary version of [2, Proposition 3.6].

Proposition 3.1. Let k be an algebraically closed field of characteristic [.
Let M be a totally real field and let | be a prime in M over l. Suppose that
(G, A) is a divisible Opr,i-module over k of height 2[My : Q] equipped with an
O i-linear symmetric isomorphism A : G = GY ® Do, /7.

Then there exists an M-HBAV (A, ,j) over k with D;j -polarization and
an isomorphism i : A[l*°] = G compatible with Oy -actions on both sides
such that i¥ o Xoi = j(1).

Moreover, if G is ordinary, then A can be chosen to be ordinary.

Proof. We hope to adjust the polarization so that we can apply [2, Propo-
sition 3.6]. Since the isomorphism class of the polarization only depends
on its image in the strict class group, we may take a totally positive ele-
ment r € (’)j\% such that for any I'| [, » has the same I-adic valuation as
Dy Then for each I'| [, multiplication by r~! induces an isomorphism
Do, vz = Onrp. In particular, X = X ®r~! would be an isomorphism
G—GY.

Let ¢ = TD]T/[I. By our choice of r, ¢ is a fractional ideal of M that
contains Op; and is coprime to [. Applying [2 Proposition 3.6], we get
an M-HBAV with c-polarization (4,:,5’) and an Oy -equivariant isomor-
phism i : A[I*°] = G such that iV o)X oi=j/(1). Here j':¢— My gives
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the c¢-polarization, and hence j = j or: D]T/Il — M4 is the desired DJT/}—
polarization. We can check that j(1) =i¥ o XN oior=i"o(Nor)oi=1"o
Ao since i is Oy -equivariant.

It remains to show the ordinary statement. In the proof of [2, Proposi-
tion 3.6] they obtain a D]T;-polarized M-HBAV A such that Ap[l*] =g,
and in order to apply Dieudonné theory to Ap[l*°], they set G, =G x
[T zi Ao[l™]. Now since G is ordinary, we have that Ao[[*°] is ordinary,
and we demand Ag[l'*] to be ordinary for all I | I, I' # [. This will yield an
ordinary M-HBAV A with desired properties. O

We then state our potential automorphy theorem, which is an ordinary
version of [2, Theorem 3.9].

Theorem 3.2. Suppose that F is a CM field, | is an odd prime and k/F,
finite. Let O be a discrete valuation ring finite over W (k) with residue field
k. Letp : Gp — GLa(k) be a continuous absolutely irreducible representation
such that

o det(p) =¢';

e for each v |1, pla,, admits a crystalline lift p, : Gr, — GLa(O) with
all labelled Hodge—Tate weights equal to {0,1}.

Suppose moreover that F*™°/F is q finite extension. Then we can find

e a finite CM extension Fy/F that is linearly disjoint from F®° oyer
F, such that if v |l in F, then v is unramified in F;

e o reqular algebraic cuspidal automorphic representation w for
GLa(AF,) of weight 0, unramified at places above I;

e an isomorphism t : Q; = C such that (composing p with some embed-
ding k — F;)
() = Play, -
Moreover, we can ensure the following:

1) If vo 11 is a finite place of F*, then we can moreover find Fy and w
as above with m unramified above vy.

2) If for each v |1, pY|q,, is good ordinary, then m is furthermore t-
ordinary.
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Proof. Choose a totally real field M and a prime [ of M over [, such that
Owr, =2 O and the residue field Oy, /IOn, = ki is isomorphic to k. Fix an
isomorphism k = ky and view p as a representation over k.

Choose a non-CM elliptic curve E/Q with good reduction at [ and the
rational prime ¢ under 7. Choose a rational prime p # [ such that

e p > b5 splits completely in F'M,

e SLy(F,) C 7rp(GF), E has good reduction at p and p is unramified at
places over p.

There are a positive density of primes satisfying the first condition by the
Chebotarev density theorem, and all but finitely many primes satisfy the
second condition, so such p exists. We fix a prime p of M over p.

Let Vﬁv be the ki-vector space scheme over F' underlying p¥ and fix
the standard symplectic pairing on it, which by assumption is preserved
by ¥ up to multiplier €. Also we have the kp-vector space scheme E[p] &
(E ®z Our)lp] over F, equipped with the Weil pairing.

Let D71 = DK; be the inverse different of M. We consider the scheme
Y over F classifying tuples (A, j, a5, ap) where

e Ais an M-HBAV with D~!-polarization j,

o ap: All] = V) and ap : Alp] — Ep] are isomorphisms of vector space
schemes compatible with the fixed symplectic pairings on the right
hand sides and with the pairings A[l] x A[l] — (Op/1)(1) and Alp] x
Alp] = (Oa/p)(1) on the left hand sides.

We know by [17] that Y/F is a smooth and geometrically connected va-
riety. Let X = Resp/p+ Y. Then X /FT is also smooth and geometrically
connected.

Applying [I, Theorem 7.2.4] with £ = {l,p} and L#*°'¢ the normal clo-
sure of F' a"Oidfker(pwE’p) over Q, we get a finite Galois extension L%"Oid /Q
linearly disjoint from L#V°'d over Q and a finite totally real Galois extension
[suffices /) unramified above p and [ and linearly disjoint from Ljveid faveid
over Q, such that for any finite totally real extension Lo/L5fi which is
linearly disjoint from L%"Oid over QQ, there is a regular algebraic cuspidal auto-
morphic representation o of GLa(Ap,) of weight 0 such that for any rational
prime p’ and any isomorphism ¢, : @p/ = C, we have r, ,(0) = 7%,;)/|GL2-

We then apply a theorem of Moret-Bailly in the form stated in [2, The-
orem 3.1] to X with

o [ — F+, Sl — {5 | lp}, SQ — {EO}’ Lavoid —_ inwoidL%voidLsufﬁces’
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e for v|lp, Qp C X((E)™) = [Tz Y(F)7) is the subset given by
abelian varieties A with good reduction at v, and furthermore with
ordinary reduction at v if ﬁV]GFv is good ordinary,

o (O, C X (Fgg) = Hvoﬁo Y (F',,) is the subset given by abelian varieties
A with good reduction at vg.

We need to check that all the assumptions of Moret—Bailly. Real places
case is trivial since for each real place v of F'*, v is the unique complex place
of F extending 7, and X (F.) = Y(F,) = Y(C) is clearly non-empty.

For v | pin F, the subset Q is open because having good reduction at v
is an open condition and it is Galois invariant because the Galois conjugate
of an abelian variety with good reduction at v still has good reduction at v, so
we only need to show that the subset is nonempty. The two representations
p and Tg; over k; which are unramified at v can be trivialized by passing
to some power. More precisely, we choose a positive integer f such that
p(Frob,)~/ and 7, (Frob,)’ are trivial. Now let A be the base change of
E ® Oy to the unramified degree f extension of F),, and let j be induced
by the Weil pairing on E. By construction of A we know that j is a D~!-
polarization. We have isomorphisms over this extension of F,,, a5 : A[l] — Vﬁv
since both representations are trivial and ag : A[p] — E|p| since p splits
completely in M. It is easy to check compatibility with pairings on both
sides. A similar argument shows that (5, is nonempty.

The only thing new here is to check that Q7 is nonempty when v | [.
Applying Lemma to ﬁV|GFU, we get a divisible O-module G over Op,
with an isomorphism of [-divisible groups A\ : G = GV ® Dy sz, and an iso-
morphism of finite flat group schemes i: V3’ = G[l]r, such that A induces
the standard symplectic pairing on V. Moreover, G is ordinary if p"|q,,
is good ordinary. Now consider an integral model J/OpF, of Y, classifying
tuples (A, j, a5, ap), where

e A/S (S an Op, -scheme) is an M-HBAV with D~ !-polarization j,

e o : A[l] — G[l] is an isomorphism of vector space schemes, compatible
with the isomorphisms A[l] = A[l]Y ® Dy, induced by j and G[I] =
G]Y ® Doz, induced by A,

e ap: Alp] — E[p] is an isomorphism of vector space schemes, compat-
ible with the isomorphisms A[p] = A[p]¥ induced by j (Do,,,/z, s
trivial since p splits in M) and E[p] & E[p]Y (E has good reduction at
[ so E[p] extends to a vector space scheme over Op, with the above
canonical isomorphism).
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We need to show that Y(O% ) is nonempty. By Greenberg’s approximation
theorem [9, Corollary 2], it suffices to show that J(O) is nonempty, where
O is the l-adic completion of O%F . Applying Proposition to G, , where
ky, = OF /v is an algebraically closed field, we get an M-HBAV A, /k, with
D~ 1—polarlzatlon j1 such that A;[I*°] =2 G and j1(1) coincides with Ay, :
Gk, = Qk ® Do,, /z, under this isomorphism. Moreover, A; is ordinary if
Gk, is ordmary By Serre-Tate deformation theory, (since naturally we can
define G over (’)) we can lift 47 to A1 over O with D~ L_polarization j;
such that A;[[®] = G» and 71(1) coincides with Ao 90 =65 @ Do, /2,
under this isomorphism. By taking [-torsion we get oy : Al[] = G»ll] and
this isomorphism is compatible with the induced pairings on both sides.
Finally we let ag : Aj[p] = E[p] be the isomorphism between two trivial
vector space schemes compatible with the pairings on both sides.

Now we checked the assumptions of Moret—Bailly, and hence obtain a fi-
nite Galois totally real extension Fy,” /F'* and a point (A, j, g, ag) of X (F")
such that

e Fyf/F* is linearly disjoint from Ljvoid [avoid psuffices gyep ot
e [ and p are unramified in F",
e A has good reduction above Tylp,

o if for each v | I, p¥|q,, is good ordinary, then A has ordinary reduction
at v.

Set I = F(T [suffices p o Then F 1/F is a CM extension unramified above
p and v | I. By [2, Theorem 3.2], since Fj" /L5 is a finite totally real
extension that is linearly disjoint from L;"Oid over QQ, there exists a regu-
lar algebraic conjugate self-dual cuspidal automorphic representation o of
GL2(AF,) of weight 0 (initially of GLa(Ap+), and it extends by solvable
base change), such that 7, (o) = 7 _|g,, for any ¢, : Q, = C. Moreover o is
unramified above Tylp (since E has good reduction above wylp). Since F} is
linearly disjoint from L4 over F, SL2(F,) C Tr,(Gr,) (since p is chosen
to satisfy SLa(FF,) C TEp(GF)).

Now we fix a choice of ¢, and apply the automorphy lifting theorem [I]
Theorem 6.1.1] to po = 7Y, (so pg = Alp] = E[p]). Then there is a regular
algebraic cuspidal automorphic representation 7 of GLy(Af, ) of weight 0,
unramified above Tylp, such that T‘Xp =, (m). Since the representations
{ra,q}tq (q ranges over places of M) coming from an abelian variety form
a compatible system, if we fix ¢ : Q; =2 C we have TXJ = r,(m), and hence
7% = 7,(m). This finishes the proof since we have o : A[l] = V.
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Finally we use the Hecke eigenvalue description to show that the au-
tomorphic representation m is t-ordinary: say A has ordinary reduction at
some v | [, and the characteristic polynomial of rxyp (Frob,) (which has co-
efficients in Oyy) has roots «, g, then by [6, §2 and §7] we know that one of
t~Ya), t71(pB) is an l-adic unit. By taking an appropriate v-stabilization, we
can find a U,-eigenvector in the Iwahori invariants of ', with eigenvalue
being an l-adic unit, and hence by [8, Definition 4.1.2] we know that  is
t-ordinary at v. O

4. Local-Global Compatibility

We first prove the following property of t-ordinariness.

Theorem 4.1. Let F' be a CM field and let 7 be a reqular algebraic cuspidal
automorphic representation of GLa(Afp) of weight 1\, where 1 : Q, — C is a
fixed isomorphism. Assume that

o 7, () is absolutely irreducible and decomposed generic,
® T is L-ordinary.

Then r,(m) is ordinary of weight X.

Proof. Fix w | l. Replacing F with a finite solvable extension in which [
splits, we may assume that F' = F*F, with F'T # Q totally real and Fy an
imaginary quadratic field in which [ splits. By [I, Theorem 5.5.1], we know
that there exists a Hecke algebra-valued lift py,, of 7,(7) such that

1) For any g € GF,, the characteristic polynomial of py,(g) equals

(X - X)\,w,l(g))(X - X)\,w,Z(g))v

2) For any g1,92 € Gr,, (Pm(91) = Xow,1(91))(Pm(92) — X2 w,2(92)) = 0,

where X i is a Hecke algebra-valued character such that

Xow,i(Artg, (0)) = H (o) et =D idiag(1,.. ., 0,...,1))
T:Fw%@l

(o in the i-th place) for o € OIX*L' Passing to the Hecke eigenvalue on 7, the
image of the diamond operator (diag(1,...,0,...,1)) is of finite order, so we
can choose an open subgroup of (’)}X,-,w such that it is trivialized. Therefore the
@Q;-valued representation r,(m) corresponding to pn satisfies the properties
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that are analogous to conditions [If and [2| above, with the characters X i
replaced by Q;-valued characters 1y i, such that

d})\,w,i(ArtFw (0')) = H T(O-)_(Ar,n—i+1+i—1)

7:F,—Q,

for all o in some open subgroup of (’); By Lemma below we know that
r.(7)|G,, is conjugate to an upper triangular matrix with (ordered) diagonal
entries Y 4.1, ¥aw,2. This implies the ordinariness of (). O

Lemma 4.2. Let G be a group and let K be an algebraically closed field of
characteristic 0. Fiz two characters x1, x2. Suppose that p : G — GLy(K) is
a representation satisfying

e For any g € G, the characteristic polynomial of p(g) equals (X —
x1(9)(X = x2(9)),

e For any g1,92 € G, (p(91) — x1(91))(p(92) — x2(92)) = 0.

Then p s conjugate to ( %1 : ) for some k.
2

Proof. The semisimplification of p has the same characteristic polynomial
as the semisimple representation x1 @ x2. By the Brauer-Nesbitt theorem
they are isomorphic, so p is conjugate to an upper triangular matrix with
(unordered) diagonal entries x1, x2. To show that they are put in the right

%2 " ) If x1 = x2 or p is split
1

then we are done. If y; # x2 and p is nonsplit, then H = image(p) is non-
abelian (otherwise under some basis every element of H is diagonal). We
can find g1, g2 € G such that (p(g1) — x1(91))(p(g2) — x2(g2)) is nonzero,
which contradicts the second condition. Indeed, we choose g; such that
x1(91) = x2(g1) = 1 and k(g1) # 0, and choose g2 such that x1(g2) # Xx2(g2)-
Such g; exists since otherwise the intersection of H and the unipotent sub-
group U of the upper triangular Borel B is trivial and hence H embeds into
the quotient B/U, which is abelian. We can verify that the top right entry

of the matrix (p(g1) — x1(91))(p(92) — x2(g2)) is nonzero. O

order, suppose that p is conjugate to

Now we are ready to prove our main result.

Proof of Theorem 1.53. Fix a prime p # [ for which 7,(7) is decomposed
generic. By the main result of [19], it suffices to show that if v{l is a
finite place at which 7 is special (i.e., m, is a twist of Steinberg), then
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WD(r,(7)|q,,) has nontrivial monodromy. Let N be the monodromy op-
erator. To show that NV is nontrivial it suffices to do so after restricting to a
finite extension. In particular, we may go to a solvable base change that is

—=ker (7, (7))

disjoint from F in which p splits, and assume that

e 7, is an unramified twist of Steinberg,

e 7,(m) is unramified at v and v°.

Now assume that N = 0. By the main result of [I9] we have that
r(m)|a., = X ® xg for some unramified character x : G, — Q,°. We then
apply Theorem with p = 7,(7) and F*° equal to the Galois closure of

—ker

F (h(ﬂ))(g)/(@, to get a CM Galois extension Fj/F linearly disjoint from
Favoid gyer F, such that 7.(m)|Gr, = T.(m1) for some weight 0 automorphic
representation 71 that is unramified above v and [ and is ¢t-ordinary.

We wish to apply the automorphy lifting theorem [I, Theorem 6.1.2]. To
do so, we check the following assumptions:

1) r.(m)|Gy, is unramified almost everywhere. We know that r, () is un-
ramified almost everywhere by the main result of [10] and so is the
restriction.

2) For any wy | lin Fy, ry(m)|y,, is ordinary (of some weight A if 7 is of
weight ¢\). This is by Theorem

3) Tu(m)|ay, is absolutely irreducible (encoded in the definition of enor-
mous image) and decomposed generic (by a similar argument in [2
Theorem 4.1]). The image of 7,(7)|G,,, is enormous (by our choice
of Favoid).

4) There exists 0 € G, — G, (¢,) such that r,(7)(0) is a scalar. This is
still by our choice of Faveid,

5) There exists a regular algebraic cuspidal automorphic representation
71 of GLa(Ap) and an isomorphism ¢: @Q; = C such that m is ¢
ordinary and 7,(m) = 7,(7)|g,, - This is by Theorem

The automorphy lifting theorem gives an t-ordinary cuspidal automor-
phic representation Il of GL2(Ap ) such that 7, (II) = r (7)|g, and I,
is unramified at all v1 [v in Fy. Then for any v1 [v in Fy, r,(I)|g,, =
XlGr, . @ XlGr, . €, and II,, is an unramified principal series. By local-
global compatibility at unramified places [10] and [I9, Theorem 1], this

contradicts the genericity of II. O
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