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The integral K-theoretic Novikov conjecture for
geometrically finite groups

Lizhen Ji

Abstract

In this note, we prove the integral K-theoretic Novikov conjecture for
geometrically finite discrete subgroups of semisimple Lie groups of rank 1,
in particular geometrically finite Kleinian groups.

1 Introduction

An important conjecture in topology is the Novikov conjecture on (oriented) ho-
motopy invariance of the higher signatures, which can be formulated equivalently
as the rational injectivity of the assembly map in algebraic surgery theory, i.e.,
L-theory (see [FRR]). The injectivity of the assembly map is called the integral
Novikov conjecture in L-theory. There are also assembly maps in algebraic K-
theory and the theory of C∗-algebras, and the rational injectivity of each assembly
map is called the Novikov conjecture, and the injectivity of the assembly map
the integral Novikov conjecture in the corresponding theory.

For torsion free discrete subgroups of Lie groups, the integral Novikov con-
jecture in C∗-algebras was proved by Kasparov in [Ka]. For torsion free discrete
subgroups of linear Lie groups, the integral Novikov conjecture in L-theory was
proved by Ferry-Weinberger [FW] and Farrell-Jones [FJ]. On the other hand,
among the family of discrete subgroups of Lie groups, the integral K-theoretic
Novikov conjecture was only known for cocompact discrete subgroups [Ca] and
arithmetic subgroups of linear algebraic groups [J] [Gol1]-[Gol3].
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For semisimple Lie groups G of rank 1, in particular the (connected) group of
isometries SO(n, 1) of the real hyperbolic space Hn

R, another important class of
discrete subgroups consists of geometrically finite discrete subgroups. They have
played a crucial role in the theory of Kleinian groups [Ma], conformal analysis and
low dimensional hyperbolic geometry [Ap1], and harmonic analysis and spectral
theory [FHP1] [FHP2] [BO1] [BO2] [Co]. This class of discrete groups is rich, and
there are many methods to construct them [Ma] [Ap1]. Arithmetic groups are
geometrically finite. In fact, any co-finite discrete subgroup is geometrically finite.
But there are many non-cofinite but geometrically finite discrete subgroups, for
example, the convex co-compact Kleinian groups, and many groups constructed
from the combination methods in [Ma] are not co-finite. We will show that
the integral K-theoretic Novikov conjecture holds for these geometrically finite
discrete subgroups of rank 1 semisimple Lie groups.

This note is simple and based on an observation in [J] on asymptotic dimension
and some basic results on geometrically finite groups in [AX]. Probably the point
of this note is to relate this important class of geometrically finite groups to
problems around the Novikov conjectures. In fact, this connection occurred to
the author during a lecture by U.Bunke at Oberwolfach in October, 2003, on
spectral theory of such groups. Another motivation is that the list of groups
which have both finite asymptotic dimension and finite classifying spaces is quite
limited, and geometrically finite groups provide another natural class of groups
which has both finiteness properties.

When Γ is an arithmetic subgroup of a linear semisimple algebraic group G,
there is a well-known compactification Γ\XBS

of the associated locally symmet-
ric space Γ\X in [BS], called the Borel-Serre compactification, where X = G/K,
G = G(R) and K ⊂ G is a maximal compact subgroup of G. The compactifica-
tion Γ\XBS

has played an important role in analysis, geometry and topology of
Γ. It turns out that when Γ is geometrically finite, there is an analogous com-
pactification of the associated locally symmetric space in [AX] (see Proposition
3.5 below), which is crucial for this note. Another purpose of this note is to
explain this compactification and to make it better known.

The rest of this note is organized as follows. In §2, we recall the definition
of geometrically finite groups Γ and their basic properties. In §3, we recall a
compactification of the associated locally symmetric space Γ\X in [AX] and use
it to prove the Novikov conjecture.



The integral K-theoretic Novikov conjecture 167

2 Geometrically finite groups

Let G be a connected semisimple Lie group of rank 1, K ⊂ G a maximal com-
pact subgroup. Then X = G/K with any G-invariant Riemannian metric is a
Riemannian symmetric space of noncompact type of rank 1. It is known that X
is a hyperbolic space Hn

K , where (1) K is the field of real numbers R and n ≥ 2,
(2) K is the field of complex numbers C and n ≥ 2, (3) K is the quaternion
algebra and n ≥ 2, and (4) K is the algebra of octonions and n = 2. (See [Mo,
§19] for more details). When X is the real hyperbolic space Hn

R, we can take
G = SO(n, 1) and K = SO(n).

Let Γ ⊂ G be a discrete subgroup of G. If Γ is finitely generated, then it is
known by the so-called Selberg Lemma that Γ admits a torsion free subgroup of
finite index. In the following, we always assume that Γ is torsion free, and hence
that Γ\X is a manifold.

Let X(∞) be the set of equivalence classes of geodesics in X, the so-called
sphere at infinity, and X ∪ X(∞) the geodesic compactification. Then the iso-
metric action of G on X extends continuously to X ∪X(∞). Since the rank of
X is equal to 1, X ∪X(∞) is isomorphic to the maximal Satake compactification
and hence is a real analytic manifold with boundary (see [BS] [BJ, §1.18]), and
the extended action of G on X ∪X(∞) is real analytic.

An element g ∈ Γ is called parabolic if the extended action of g on X ∪X(∞)
has a unique fixed point in X(∞). A point p ∈ X(∞) is called a parabolic fixed
point of Γ if there exists a parabolic element of Γ which fixes p. A subgroup of Γ
is called a parabolic subgroup if it consists of only parabolic elements and hence
fixes a unique point in X(∞). Then it is known that for any parabolic fixed
point p, the stabilizer Γp = {γ ∈ Γ | γp = p} consists of only parabolic elements
(together with the identity element) and is a maximal parabolic subgroup of Γ.

Remark 2.1 In the above discussions, we follow the definition of parabolic sub-
groups in the theory of Kleinian groups, which is different from the notion in
theories of Lie groups and linear algebraic groups. The latter will also be used in
this note.

Let Λ(Γ) ⊂ X(∞) be the set of limit points of Γ, i.e., the set of accumulation
points of any orbit Γ · x in X ∪X(∞), where x ∈ X. The complement Ω(Γ) =
X(∞)−Λ(Γ) is called the domain of discontinuity, and Γ acts properly on Ω(Γ).

When X = H3
R, the real hyperbolic space of dimension 3, X(∞) can be iden-

tified with the completed complex plane S2 = C ∪ {∞}, and Γ acts conformally
on S2. In this case, if Ω(Γ) 6= ∅, Γ is called a Kleinian group in complex analysis.
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For general X, Γ is also called a Kleinian group if Ω(Γ) 6= ∅. If Γ is an arithmetic
subgroup or more generally a co-finite subgroup, then Λ(Γ) = X(∞), and hence
Γ is not a Kleinian group.

Since X ∪ Ω(Γ) is a real analytic manifold with boundary and Γ acts real
analytically, freely and properly on X ∪ Ω(Γ), the quotient Γ\X ∪ Ω(Γ) is a real
analytic manifold with boundary.

Definition 2.2 A discrete subgroup Γ ⊂ G is called geometrically finite if Γ\X∪
Ω(Γ) has finitely many ends, each of which corresponds to a Γ-orbit of parabolic
fixed points and hence to a Γ-conjugacy class of maximal parabolic subgroups
of Γ, and each end is isomorphic to the standard end of a maximal parabolic
subgroup of Γ.

More precisely, let p ∈ X(∞) be a parabolic fixed point of Γ and Γp its
stabilizer. Then Γp\X ∪ Ω(Γp) has only one end, called the standard end asso-
ciated with the parabolic subgroup Γp. Neighborhoods of the standard end will
be described explicitly below and are called cusp regions.

Assume that Γ is geometrically finite, and let Γp1 , · · · ,Γpm be a set of rep-
resentatives of Γ-conjugacy classes of maximal parabolic subgroups of Γ, and
Cp1 , · · · , Cpm the cusp regions of Γp1 , · · · ,Γpm respectively. When they are suffi-
ciently small, Cp1 , · · · , Cpm can be identified with disjoint subsets of Γ\ ∪Ω(Γp),
and the complement Γ\X ∪ Ω(Γ)− ∪m

i=1Cpi is compact.

By the reduction theory for cofinite discrete groups in a semisimple Lie group
G of rank 1 in [GR], when Γ is such a cofinite discrete subgroup, Γ\X has finitely
many ends, and each end is the product of [0,+∞) and a compact nilmanifold.
Hence any cofinite discrete subgroup of a rank 1 semisimple Lie group Γ is geo-
metrically finite.

Another example is given by convex cocompact subgroups Γ. Briefly, let
CH(Γ) be the convex hull of Λ(Γ) in X∪X(∞). Then Γ is called convex cocompact
if the quotient Γ\CH(Γ) ∩ X is compact, which is called the convex core of
Γ\X ∪Ω(Γ). Equivalently, Γ is convex cocompact if Γ is geometrically finite and
does not contain any parabolic element, and hence Γ\X ∪ Ω(Γ) is a compact
manifold with boundary. One simple example of convex cocompact subgroups is
a Fuchsian group acting on S2 which does not contain any parabolic element but
considered as a discrete subgroup acting isometrically on H3

R.

A basic result in [Bow2] is the following.

Proposition 2.3 If Γ is geometrically finite, then Γ is finitely generated.
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If X = Hn
R, it was proved further in [Bow1] that Γ is finitely presented. For

other X, it was proved in [AX, Corollary 6.6] that geometrically finite Γ are
also finitely presented, which follows from [AX, Theorem 6.5] recalled below in
Proposition 3.5.

Remark 2.4 There are several equivalent definitions of geometrically finite groups
in the theory of Kleinian group theory. For Fuchsian groups acting on H2

R and
Kleinian groups acting on H3

R, geometrically finite groups were first defined as
discrete subgroups which admit covex (Dirichlet) fundamental domains bounded
by finitely many totally geodesic hypersurfaces. It is known that in these two
cases, finite generation of Γ implies that Γ is geometrically finite. This fact was
used crucially to study the limit set Λ(Γ). But this conclusion does not hold for
Hn
R in dimension n ≥ 4. Because of this, for Hn

R, n ≥ 4, convex fundamental
domains are replaced by a union of finitely many polyhedrons each of which has
finitely many sides. For other hyperbolic (i.e., rank-1 symmetric) spaces, there
are no totally geodesic hypersurfaces, and geometrically finite groups are defined
either in terms of the end structures of Γ\X ∪Ω(Γ) as in Definition 2.2 above, or
in terms of how points in the orbit Γ ·x approach the points in the limit set Λ(Γ),
or in terms of compactness of the thick part of the convex core Γ\CH(Γ)∩X or
finite volume of any ε-neighborhood of the convex core. For detailed discussions
of the history and equivalence of these different definitions, see [Bow1] [Bow2]
[Ap1] [Ap2] [Ma].

Remark 2.5 There are several methods of constructing geometrically finite groups
starting from simpler geometrically finite groups via the combination methods,
which correspond to free products, amalgated products, and HNN-extensions
[Ma] [Ap2]. Since free groups and Fuchsian groups are geometrically finite, many
examples of geometrically finite groups can be constructed. For the real hyper-
bolic space Hn

R, suitable polyhedrons generate geometrically groups [Ma] [Ap1].
It is also conjectured (see [Bow1]) that any finitely generated discrete groups
acting on Hn

R are also algebraic limits of geometrically finite groups. Many im-
portant conjectures and problems about hyperbolic manifolds have been solved
first for geometrically finite groups, and the study of geometrically finite groups
has been crucial in low dimensional topology [Ap1] [Ap2] [Ma]. Therefore, the
class of geometrically finite discrete groups is a very natural and important one.

3 Compactification and the Novikov conjecture

In this section, we prove the main result in this note.
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Theorem 3.1 Let X be any noncompact symmetric space of rank 1. If Γ is a
torsion free geometrically finite group acting isometrically on X, then the integral
K-theoretic Novikov conjecture holds for Γ.

We first recall an approach in [Yu] [Ba] [CG] to prove the Novikov conjecture.
Then we recall an observation on asymptotic dimension in [J] and a suitable
compactification of Γ\X in [AX] to show that the conditions in this approach are
satisfied.

For any metric space (M, d), Gromov introduced an asymptotic dimension
asdim(M) in [Gro]. The asymptotic dimension asdim(Γ) of a finitely generated
group Γ is defined to be the asymptotic dimension of the Cayley graph Cay(Γ, S)
of Γ associated to any finite symmetric set S of generators (or equivalently the
asymptotic dimension of Γ with the associated word metric dS), which can be
shown to be independent of the choice of the set S of the generators. A group
Γ is said to have a finite classifying space (or K(Γ, 1)) if there is a K(Γ, 1)-space
homotopically equivalent to a finite CW-complex.

Motivated by an important result in [Yu] on the Novikov conjecture in C∗-
algebras, Bartels [Ba] and Carlsson-Goldfarb [CG] proved the following.

Proposition 3.2 If a finitely generated torsion free group Γ has finite asymptotic
dimension and a finite classifying space, then the integral Novikov conjecture in
algebraic K-theory holds for Γ.

For a geometrically finite discrete subgroup Γ, the finiteness of the asymptotic
dimension follows from an observation in [J, Proposition 2.3] stated in the next
result (Proposition 3.3), and the finiteness of a classifying space follows from the
existence of a suitable compactification of Γ\X ∪ Ω(Γ) in [AX].

Proposition 3.3 If X is a proper metric space, in particular a complete Rie-
mannian manifold, and a group Γ acts properly on X, then asdim(Γ) ≤ asdim(X).

Proof. For completeness, we include the simple proof. Let S be a finite symmet-
ric set of generators of Γ, and dS the associated word metric on Γ (or its Cayley
graph Cay(Γ, S)). Let d be the distance function on X. The idea is to show
that for any point x0 ∈ X, the map (Γ, dS) → Γ · x0 ⊂ X, g 7→ gx0, is a coarse
equivalence to the orbit Γ · x0.

First we note that there exists a constant C > 0 such that for any γ, δ ∈ Γ,

d(γx0, δx0) ≤ CdS(γ, δ).
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Write γ−1δ = g1 · · · gn, where g1, · · · , gn ∈ S, and n = dS(γ, δ). Then

d(γx0, δx0) = d(x0, γ
−1δx0) = d(x0, g1 · · · gnx0)

≤ d(x0, g1x0) + d(g1x0, g1g2x0) + · · ·+ d(g1 · · · gn−1x0, g1 · · · gnx0)
= d(x0, g1x0) + d(x0, g2x0) + · · ·+ d(x0, gnx0)
≤ Cn = CdS(γ, δ),

where C = max{d(x0, gx0) | g ∈ S}.
On the other hand, since (X, d) is a proper metric space, for any r ≥ 0,

the ball B(x0, r) = {x ∈ X | d(x, x0) ≤ r} is compact. By assumption, Γ acts
properly on X, and hence the set

Ir = {γ ∈ Γ | d(γx0, x0) ≤ r} = {γ ∈ Γ | γ{x0} ∩B(x0, r) 6= ∅}

is finite. Define
f(r) = 1 + max{dS(γ, e) | γ ∈ Ir}.

Clearly f(r) is a finite positive increasing function. We claim that for any γ, δ ∈ Γ,

dS(γ, δ) ≤ f(d(γx0, δx0)).

In fact, let r = d(γx0, δx0). Then d(δ−1γx0, x0) = r, and hence δ−1γ ∈ Ir. By
definition, dS(δ−1γ, e) ≤ f(r), which is equivalent to

dS(γ, δ) ≤ f(d(γx0, δx0)).

Since the map Γ → Γx0 is proper, this proves that the map (Γ, dS) → (Γx0, d) is
a coarse equivalence. Hence asdimΓ = asdim(Γx0, d) ≤ asdimM .

Corollary 3.4 For any symmetric space X of noncompact type of rank 1, if Γ
acts properly on X, in particular if Γ is geometrically finite, then asdim(Γ) ≤
dimX.

Proof. Since X has strictly negative sectional curvature, by [Gro, Example
1.E′

1], asdim(X) = dim X. By Proposition 3.3, asdim(Γ) ≤ asdim(X) = dim(X).

To prove Theorem 3.1, it remains to construct a finite classifying space of Γ.
Since Γ is torsion free and X is contractible, Γ\X is a K(Γ, 1)-space.

If Γ\X is compact, then it is a compact (real analytic) manifold and hence
admits a finite triangulation and is a finite classifying space of Γ.
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Assume that Γ\X is not compact. If we can construct a compactification Γ\X
of Γ\X which is a compact manifold with corners with interior equal to Γ\X,
then the inclusion Γ\X → Γ\X is a homotopy equivalence. Since a compact
manifold with corners admits a finite triangulation, the compactification Γ\X is
a finite classifying space of Γ. This will complete the proof of Theorem 3.1.

Proposition 3.5 Let Γ be a torsion free geometrically finite group as above.
Assume that Γ\X is noncompact. Then Γ\X admits a compactification Γ\X
which is a real analytic manifold with corners whose interior is equal to Γ\X.

This result is proved in [AX, Theorem 6.5]. In fact, the result in [AX] deals
with a more general class of quotients of pinched Hadamard manifolds hav-
ing N-property, though symmetric spaces of rank 1 are the main examples of
pinched Hadamard manifolds having N-property. It is stated in [AX] that the
compactification Γ\X is a compact manifold with boundary which is obtained
from Γ\X ∪ Ω(Γ) by adding a virtually nilpotent manifold Γp\NΓp to the end
corresponding to the maximal parabolic subgroup Γp. Actually, we need to add a
manifold with boundary which is a fiber bundle over Γp\NΓp with the fiber being
a compact manifold with boundary, and hence the resulting compactification is
a manifold with corners instead of a manifold with boundary.

Remark 3.6 Presumably, by a manifold in [AP], it means a differential (C∞)
manifold. The reason for getting a real analytic manifold with corners is sug-
gested by the Borel-Serre compactification of quotients of symmetric spaces by
arithmetic groups, which is a real analytic manifold with corners (see [BS] [BJ,
§3.5, §3.9]) and has played an important role in the study of cohomology of arith-
metic groups. A natural question is to construct a similar compactification of
Γ\X for geometrically finite Γ. When Γ is co-finite, the compactification Γ\X in
the above proposition is the same as the Borel-Serre compactification, and hence
Γ\X is a natural generalization of the Borel-Serre compactification.

Remark 3.7 According to Proposition 3.2, a natural class of groups consists of
those having both finite asymptotic dimension and finite classifying spaces. A lot
of work has been done to understand groups with finite asymptotic dimension (See
[Dr] [Be] [BD1] [BD2]). On the other hand, less is understood which groups have
finite classifying spaces. An important difference between these two finiteness
properties is that the finiteness of asymptotic dimension is preserved after passing
to a finitely generated subgroup, but the finiteness of the classifying space is not.

Remarks 3.8 When X = H3
R, a different compactification of Γ\X or Γ\X∪Ω(Γ)

was constructed in [FHP1, p. 298] by adding a circle to each end of Γ\X ∪Ω(Γ),
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and is useful for spectral theory of Γ\X. This compactification is a quotient of
the compactification Γ\X in the above proposition in the sense that there is a
continuous, surjective map from Γ\X to it extending the identity map on Γ\X.

Other useful compactifications of Γ\X are also obtained by adding suitable
curves to each end of Γ\X ∪ Ω(Γ) so that the resulting compactifications are
smooth manifolds [Ma, p. 128-130].

Remark 3.9 For a compactification M of a noncompact manifold M , the in-
clusion M ⊂ M is not necessarily a homotopy equivalence if the interior of M
strictly contains M . For example, M = R can be compactified to R∪{∞} ∼= S1.

Remark 3.10 According to [Ap2, Theorem 7.59, p. 302], any three dimensional
geometrically tame hyperbolic manifold M admits a compactification which is a
topological manifold with corners whose interior is equal to M . Since geomet-
rically finite groups are geometrically tame, this also implies that Theorem 3.1
holds for this more general class of Kleinian groups acting on H3

R.

The rest of this note is to prove Proposition 3.5 and hence Theorem 3.1. For
completeness, we recall the proof from [AX] with more details and comment how
the corner structure arises and how the real analytic structure of Γ\X can be
extended to the compactification Γ\X.

If Γ does not contain any parabolic element, i.e., Γ is convex cocompact,
then Γ\X ∪ Ω(Γ) is a compact real analytic manifold with boundary, a desired
compactification of Γ\X. In fact, we note that since Γ is torsion free, Γ acts freely
on X. It also acts freely on Ω(Γ) since it does not contain any parabolic element.
Furthermore, as pointed out at the beginning of §2, X ∪ Ω(Γ) is a real analytic
manifold with boundary, and the Γ-action on X extends to a real analytic action
on X ∪ Ω(Γ).

Otherwise, Γ contains parabolic elements, and we need to construct a com-
pactification of Γ\X ∪Ω(Γ) and hence a compactification of Γ\X. By the defini-
tion of geometrical finiteness, the ends of Γ\X ∪Ω(Γ) are given by the standard
end of Γp\X∪Ω(Γpi), where Γpi , i = 1, · · · ,m, are representatives of Γ-conjugacy
classes of maximal parabolic subgroups of Γ. Therefore, it suffices to construct a
compactification of Γpi\X ∪ Ω(Γpi) for each Γpi . For simplicity, we denote pi by
p.

Since the case X = Hn
R is the simplest and most important, we discuss it first.

In the upper half space model,

Hn
R = {(x1, · · · , xn) | x1, · · · , xn−1 ∈ R, xn > 0}.
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Assume that the parabolic fixed point p is equal to ∞. Then the horospheres
of p are given by N(xn,0) = {(x1, · · · , xn) | x1, · · · , xn−1 ∈ R, xn = xn,0}, where
xn,0 is any fixed positive number, and the parabolic subgroup Γp, also denoted
by Γ∞, preserves each horosphere. Identify N(xn,0) with Rn−1. Then Γ∞ acts
isometrically on Rn−1 with respect to the standard Euclidean metric.

By the Bieberbach Theorem [Ap1, Theorem 3.4] [Bow1, Theorem 2.2.5, Propo-
sition 2.2.6], there is a subspace V of Rn−1 which is invariant under Γ∞ and the
quotient Γ∞\V is compact. Let d be the distance function on Rn with respect to
the standard Euclidean metric. Identify

Hn
R ∼= Rn−1 × R>0, Hn

R ∪ (Hn
R(∞)− {∞}) ∼= Rn−1 × R≥0,

and
Rn−1 ∼= Rn−1 × {0} ⊂ Rn−1 × R≥0.

For any r > 0, define

C∞(V, r) = {x = (x1, · · · , xn) ∈ Hn
R ∪ (Hn

R(∞)− {∞}) | d(x, V ) > r}.

Then C∞(V, r) is invariant under Γ∞, and the quotient Γ∞\C∞(V, r) is a standard
cusp region of the unique end of Γ∞\X ∪ Ω(Γ∞).

If dim V = n − 1, i.e., Γ∞ is a parabolic subgroup of full rank, then C(V, r)
is a half-space, and Γ∞\C∞(V, r) is the product of a (virtual) torus Γ\Rn−1 and
(r,+∞). Otherwise, Γ∞\C∞(V, r) is virtually the product of a torus and a vector
space.

For any R > r, define

S∞(V, R) = {x ∈ C∞(V, r) | d(x, V ) = R}.

Clearly, S∞(V, R) is a real analytic manifold with boundary, and for different
values of R, S∞(V, R) are real analytically diffeomorphic to each other. Fix any
R0 > r. Then C∞(V, r) is real analytically diffeomorphic to S∞(V, R0)×(r,+∞).
Define

C∞(V, r) ∼= S∞(V, R0)× (r,+∞].

Since the Γp-action on C∞(V, r) preserves each of both factors S∞(V, R) and
(0,+∞) in the product, it extends to a real analytic free action on C∞(V, r).
The quotient Γ∞\C∞(V, r) is a real analytic manifold with corners and can be
used to compactify Γ∞\X ∪ Ω(Γ∞) into a real analytic manifold with corners.
Clearly the interior of Γ\X is equal to Γ\X and hence the inclusion Γ\X ⊂ Γ\X
is a homotopy equivalence. This proves Proposition 3.5 for the case of X = Hn

R.
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In general, for a noncompact symmetric space X = G/K of rank 1 and any
parabolic fixed point p ∈ X(∞), the stabilizer Gp of p is a parabolic subgroup
of the Lie group G. Let N be the unipotent radical of Gp. Then N acts simply
transitively on each of the horospheres of p. Identifying these horospheres of p
with N , we obtain a horospherical decomposition X = N ×R>0, a generalization
of the upper space model of Hn

R.

Since Γp is not necessarily contained in N , we need a group theoretical in-
terpretation of the horospherical decomposition. Let g be the Lie algebra of G,
k the Lie algebra of K. Let g = k ⊕ p be the Cartan decomposition associated
with K. Let a ⊂ p be a maximal abelian subalgebra contained in the Lie algebra
p of Gp. By the rank 1 assumption on X, dim a = 1. Then A = exp a is the
split component of Gp. Let M be the centralizer of A in K. Then the parabolic
subgroup Gp admits the Langlands decomposition Gp = NAM . Identify a ∼= R
and A ∼= R>0. Since Gp acts transitively on X, the Langlands decomposition of
Gp gives the horospherical decomposition of X:

X = NAx0
∼= N ×A ∼= N × R>0 = N × (0,+∞),

where x0 = K is a basepoint.

In the following, we identify N with the orbit Nx0 in X and endow it with the
invariant Riemannian metric induced from X. (The distance function induced
from this invariant Riemannian metric on N is written down explicitly in [AX,
§2]). Then NM acts isometrically on N . Since the parabolic subgroup Γp of Γ is
contained in NM , it also acts isometrically on N .

Since the rank of X is equal to 1, X(∞)−{p} can be naturally identified with
N . Combined with the horospherical decomposition, we obtain the identification

X ∪ (X(∞)− {p}) ∼= N × [0,+∞),

a real analytic diffeomorphism. The action of NM on X ∪ X(∞) preserves
X ∪ (X(∞) − {∞}) and the product structure in the above equation. Since M
commutes with A, it leaves the factor in [0,+∞) invariant.

Take the standard distance function on [0,+∞). Then its product with the
distance of N induced from the invariant Riemannian metric defines a distance
function, denoted by d, on X ∪ (X(∞)− {p}) which is invariant under NM and
hence Γp.

By a generalization of the Bieberbach Theorem in [AX, Theorem 4.1], there
exists a subgroup N ′ of N (or rather an orbit of N ′ in N) which is invariant
under Γp and the quotient Γp\N ′ is compact.
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Identify N with the subset N×{0} in N× [0,+∞). Then N ′ is also identified
with a subset of N × [0,+∞). For any r > 0, define

Cp(N ′, r) = {x ∈ X ∪ (X(∞)− {p}) | d(x,N ′) > r}.
Since N ′ and d are invariant under Γp, Cp(N ′, r) is invariant under Γp. The
quotient Γp\Cp(N ′, r) is a neighborhood of the unique end of Γp\X ∪ Ω(Γp).

For any R > r, let

Sp(N ′, R) = {x ∈ Cp(N ′, r) | d(x,N ′) = R}.
Since the distance d is the product of the invariant distance function of N and
the standard Euclidean one on [0,+∞), d(x, y) is analytic in x, y with non-zero
gradient when x 6= y, and Sp(N ′, R) is a real analytic manifold with boundary.
Therefore, for different values of R, Sp(N ′, R) are real analytically diffeomorphic
to each other. This implies that for any fixed R0 > r,

Cp(N ′, r) ∼= S(N ′, R0)× (r,+∞)

as real analytic manifolds. Adding S(N ′, R0) at infinity, we obtain a real analytic
manifold with corners

Cp(N ′, r) ∼= S(N ′, R0)× (r,+∞].

As in the case of X = Hn
R, the free real analytic action of Γp on Cp(N ′, r) extends

to a free real analytic action on Cp(N ′, r). The quotient Γp\Cp(N ′, r) is a real
analytic manifold with corners, and can be used to compactify Γp\X∪Ω(Γp) into
a real analytic manifold with corners. The interior of Γ\X is clearly equal to
Γ\X. This completes the proof of Proposition 3.5 and hence Theorem 3.1.
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