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The Space of Complete Quotients

Yi Hu and Yijun Shao

Abstract: We introduce complete quotients over the projective line and
prove that they form smooth projective varieties. The resulting parame-
ter spaces coincide with the varieties constructed in [HLS11] and [Shaoll].
Hence they provide modular smooth compactifications with normal crossing
boundaries of the spaces of algebraic maps from the projective line to Grass-
mannian varieties, resolving the singularities of the boundaries of the Quot
scheme compactifications.
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1. INTRODUCTION

We work throughout over an algebraically closed field k of characteristic O.

Fix the Grassmannian Gr(k, V) of k-dimensional subspace in a vector space
V = k™ The set Mory(P!,Gr(k,V)) of degree d algebraic maps from P! to
Gr(k,V) has a natural structure of a smooth quasi-projective variety. It comes
with a natural compactification, the Grothendieck Quot scheme @4 := Quot%’i?ﬁl Jk
parametrizing all equivalence classes [Vp1 — F] of quotients of degree d and rank

n — k, where Vp1 := V ®g Op1. The subset
Qa = {[Vpr — F] € Qq| F is locally free}
is open in Q4 and can be identified with the variety Mory(P!, Gr(k, V)).
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The compactification Q4 is smooth but the boundary Qg4 \ C}d has rather intri-

cate singularities. It comes equipped with a natural filtration by closed subsets

Zao C Zg1 C - C Zgg1=Qq\ Qu

where Z;, = {[Vpr — F] € Qq|the torsion of F' has degree > d — r}, r =
0,...,d—1. The subsets Zg, admit natural subscheme structures (cf. Section 3,
[Shaoll]).

Theorem 1.1 ([HLS11, Shaoll]). The singularities of the subscheme Zg, can
be resolved by repeatedly blowing up Zqo, Za1, -+ ,Zir—1. Consequently, by it-
eratively blowing-up the Quot scheme Qq along Zq0, Zq1,-- -, Zd,d—1, we obtain
a smooth compactification de such that the boundary de \ @d s a simple normal

crossing divisor.

The authors of [HLS11] proved the case when k£ = 1. In his Ph.D thesis
[Shaoll], the second named author proved it for all Grassmannians Gr(k,V),
k>1.

The main purpose of this paper is to provide de the following modular inter-
pretation.

For any coherent sheaf X over P!, we let X* denote the torsion subsheaf of X
and XT = X/X* denote the free part of X. For any coherent sheaves A and B on
P!, an extension of A by B is a short exact sequence 0 - B — X — A — 0, which
will also be shorthanded by B — X — A. Two extensions B — X; — A and
B — Xy — A differ by a scalar multiple A if there is an isomorphism X; ~ Xo
such that the following diagram

0 —B—X; —A—0

ro 1=

0 —B—X9—A4A—0

commutes, where A- stands for the multiplication by the scalar \. We use [B ~—
X — A] to denote the equivalence class of the extension B — X — A modulo
scalar multiplication.

Definition 1.2. A complete quotient of Vp1 of degree d and rank n — k on P! is

either

e a quotient [Vp1 — X1] € Qg such that X1 is locally free; or,
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e a sequence ([Vpr — X1],[Xf — Xo — XT),...,[XE — X1 — XY))
with m > 1 such that [Vpr — X1] € Qq, for every 1 < i <m, X;41 is a
non-split extension of Xt by Xif, and further, the last sheaf X1 is the

unique one that is locally free.

It follows from the definition that all the sheaves Xi,..., X;,+1 are coherent
and have degree d and rank n — k.

The main theorem of this paper is

Theorem 1.3. The projective variety C~2d parameterizes all complete quotients of
Vp1 of degree d and rank n — k.

To prove this theorem, we calculate the normal bundle of the blowup center
in each blowup of Q; — Qg as presented in [HLS11, Shaoll], and modularly
interpret the points in the normal bundle as the desired extensions.

This work is the genus zero case of a larger project. The higher genus case will
appear in forthcoming papers.

Acknowledgement. While this paper being prepared, the first named author
was partially supported by NSF DMS 0901136. He would also like to dedicate
this work to the memory of Andrey Todorov who passed away in Jerusalem in
the spring of 2012.

The notations in this paper closely follow those in [Shaoll] with occasional

modifications.

2. THE SPACE OF RELATIVE EXTENSIONS

2.1. The space of non-split extensions. Let F' and T be two coherent sheaves
over P! with F being locally free and T torsion. The vector space E = ExtllP,l (T, F)
can be identified with the set of all (isomorphism classes of) extensions F —
X — T of T by F. The zero element corresponds to the split extension F' —
F & T — T while the remainders correspond to non-split ones. Therefore the
projective space P(E) := Proj(Sym*(E")), where EV is the linear dual of the
vector space F, parametrizes the set of all non-split extensions of T' by F' up to
scalar multiplication. Here again, as in the introduction, two extensions F' r—
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X1 — T and F — X9 — T differ by a nonzero scalar multiple X if and only if
there is an isomorphism X; ~ X, that makes the following diagram commute:

0 —F —X1 —T—0

»o 1=

0 —F —=Xo—T—0

where \- is the scalar multiplication by A. We denote by [F' ~— X — T the point
of P(FE) corresponding to a non-split extension F' — X —» T. One checks that
an extension F' ~— X —» T splits if and only if deg X* = degT'. For a discussion
on universal extensions, see Example 2.1.12, [HLI7] .

We need to introduce a relative version of the space of non-split extensions.

For this, we begin with a lemma.

Lemma 2.1. Let S be a noetherian scheme, 0 — & — & — T — 0 a short
exact sequence of coherent sheaves on S with T torsion and &y and &1 locally free,

and F a coherent torsion-free sheaf on S. Then
(1) HO(S, &t (T, F)) = Ext'(T, F);
(2) for any morphism f: R — S, f*Ents(T,F) = Eath(f*T, [*F).

Proof. (1) Since T is torsion and F is torsion-free, we have Hom(7,F) = 0
and Hom(T,F) = 0. Applying Hom(—, F) and Hom(—, F) to the locally free

presentation of 7, we obtain a long exact sequence
0 — Hom(&y, F) — Hom(&1, F) — Ext!(T, F) = Ext!(&, F) — Ext}(&, F)
and a short exact sequence
0 — Hom(Ey, F) — Hom(Ey, F) — Ext* (T, F) = 0

Taking global sections of the above short exact sequence, we obtain a long exact

sequence:

0 — H(Hom(&y, F)) — H(Hom (&, F)) — H°(Ext (T, F))
— HY(Hom (&, F)) — HY (Hom (&1, F))
We have identifications

Hom(&;, F) = H (Hom(&;, F)), i=0,1
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and a natural homomorphism
Ext! (T, F) — H (&t (T, F))

Using the Grothendieck spectral sequence for the composition of the two functors
HY and Homl(&-, —), we obtain exact sequences of low degrees:

0 — HY(Hom(&;, F)) — Ext (&, F) — H(Ext* (&, F)) — -+, i=0,1.

Since &; are locally free, we have HO(Ext!(&;, F)) = 0. Therefore we obtain
identifications:

HY(Hom(&;, F)) = Ext} (&, F), i=0,1

Thus we have a commutative diagram

Hom(&y, F) — Hom(&y, F) — Ext! (T, F) —

H | !

HO(Hom(Ey, F)) — HO(Hom(Er, F)) — HO(&xt' (T, F)) —

Eth(go,}—) E— Eth(gl, F)

HY(Hom(Ey, F)) — HY (Hom (&1, F))
By the Five Lemma, we obtain the identification
H(&Ext! (T, F)) = Ext! (T, F)

The proof of (2) is parallel to that of [Shaoll], Proposition 2.3. So, we omit the
details. g

2.2. The space of relative non-split extensions. To proceed, we fix a set of

notations.
Notation. For any k-schemes R and S,

(1) we denote the projection P! x R — R by r or simply w;

(2) for any coherent sheaf H over R, denote by H" the dual sheaf Homgr(H, OR);

(3) for any coherent sheaf F on P! x R, we set F, := .F‘Plx{x} for any point
x € R;

(4) for any morphism f: R — S, we set f:=1x f:P' x R — P! x S.
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We now introduce a relative version of the space of non-split extensions. Let
S be a noetherian scheme over k and let F and 7 be two coherent sheaves on
P! x S, both flat over S, with F locally free and 7 torsion (i.e., having rank 0).
Let mg : P! x S — S be the projection, and set

& = mgy Extpr, o(T, F).

As in [Shaol1], Proposition 2.4 (1), one checks that Ext!(T, F) is a torsion sheaf
and is flat over S. By Cohomology and Base Change, we can show & is locally
free and for any point s € S,

Els = HY (&t (T, F)s) = HY(Eut™ (T, Fs)) = ExtH(Ts, Fo).

where the second equality holds by Lemma 2.1 (2) and the third holds by Lemma
2.1 (1). So the projective bundle

P(€) := Proj(Sym*(£Y))

over S is a family of spaces of non-split extensions: for each point s € .S, the fiber
of P(€) over s is P(&]s) = P(Ext!(T;, Fs)).

2.3. The universal extension.

Notation. For any coherent sheaf H on P* x P(£), we denote by H(m,n) the
sheaf

H ® p*Op1(m) @ mp(£)Op(e)(n)
where p : Pt x P(€) = P! and mp(ey : P x P(E) — P(E) are the two projections.

Let a : P(£) — S be the structure morphism. The space P(E€) comes equipped
with a universal quotient a*£Y — Op(gy(1). Dualizing the universal quotient and
tensoring the result with Opg)(1), we obtain a line subbundle

Op(ey = a*E ® Op(g)(1) = mp(e)pa” Ext' (T, F) @ Op(ey(1) =
Wp(g)*(&:tl(a*T, a*F)(0,1)) = Tp(€)x Extl(&*'T, a*F(0,1))

Here the first equality holds because the morphism a is flat, and the second holds

by Lemma 2.1 (2). This line subbundle corresponds to a nonzero element of
I'(P(E), mp(e)« Eat' (@*T,a* F(0,1))) = (P! x P(E), &t (a*T,a* F(0,1)))
= Ext!(a*T,a*F(0,1))
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where the second equality holds by Lemma 2.1 (1). We can write this element as

an extension
(2.1) 0—a*F0,1) = X —a*T — 0.

which we call the universal extension. Note that the universal extension is
nowhere-split, which means that, for each k-point s € S and each k-point x €
a~'({s}) = P(Ext!(T;, Fs)), the extension

(2.2) 0= Fs—> X, —Ts—0
obtained by pulling back the universal extension to P! x {z} ~ P! is non-split.

Conversely, the universal quotient can be recovered from the universal exten-
sion by reversing the above process. In fact, the universal extension itself is a

nonzero element of
Ext!(@*T,a*F(0,1)) = T(P! x P(&), &t (a*T,a* F(0,1))
=D(P(E), mp(ey. Ext (@™ T, a* F(0,1))) = T(P(E),a*E(1))
hence determines a line subbundle Op(g) < a*E(1). Tensoring the line subbundle

with Op(g)(—1) and taking the dual, we obtain the universal quotient.

Thus, based on the universal property of the universal quotient, we have

Theorem 2.2. Let R be an S-scheme with structure morphism p : R — S, L
a line bundle on R. If 0 — p*F @ mxL — Y — p*T — 0 is a nowhere-split
extension on P' x R, then there is a unique S-morphism f : R — P(E) such
that there are isomorphisms L £ f*O]p(g)(l), y é f*X that make the following
diagram commute:

0 ——— p"FRmiL y T 0
1®7r}}gi: hl: ‘
0— fra*F @i f*Opg)(1) — [*X — f*a*T — 0

where the second row is the pullback of the universal extension via f.

3. A FLATTENING STRATIFICATION

In this section, we continue to follow the previous notations, and we impose

an additional assumption on the sheaf F of Theorem 2.2 (also Lemma 2.1):

(3.1) Rlmsu(F @ p"Opi (~1)) = 0,
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where p : P! x § — P! is the projection.

We also need the following notation (cf. Introduction).

Notation. For any coherent sheaf H on P!, we denote by H® the torsion subsheaf
of H. The quotient H/H?* is locally free and we will denote it by Hf. Since
H~ H*® HY on P!, we call H* and HE the torsion part and the locally free part
of H, respectively.

Let dy and dg2 be the relative degrees of F and T over S, respectively. Then
the universal extention X’ (see (2.1)) is of relative degree d := dy + da over S.
The set

P(€) := {z € P(E) | X, is locally free}

is an open subset of P(£). Its complement P(£) \ P(€) has a sequence of nested
closed subsets:

@ =Yy CYg11 C-- CYq1 =P(€) \Iﬁ)(f)
where d is the relative degree of T over .S, and
Y, ={z €P&)| deg((X)") >d—r}, r=dy,...,d—1.

Note that an extension 0 — Fs — X — T; — 0 is split if and only if the torsion
part of X is of degree da. Hence Yy, = @.

For m > 0, applying Hom(—, O(m)) to the extension (2.2), we obtain an exact

sequence
5.1‘ m

0 — Hom(X,, O(m)) — Hom(Fs, O(m)) =" Ext!(T;, O(m)) — Ext! (&, O(m)) — 0

where 9, ,, denotes the connecting homomorphism. Then we have

Proposition 3.1. rank §, ,, = da — deg(X;)® for any m > d.

Proof. Suppose F; has rank k. Then X, has rank k£ as well. We have non-
canonical isomorphisms

where ! a; = dy and Y ._; b; = d — deg(X,)*. By the assumption (3.1), we
have HY(P!, F4(—1)) = 0 and also H*(P!, X,(—1)) = 0. It follows that a; > 0
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and b; > 0 for all 7. Hence we have a; < dy < d and b; < d for all 7. So

k
Hom(Fs, O(m @Hom O(m)) = @HO(O(m —a;)), and
k
Hom(X,, O(m @Hom O(m)) = @HO(O(m —bi)).
=1

For m > d, we have a; < m and b; < m, therefore

rank d; , = dim Hom(F,, O(m)) — dim Hom(X,, O(m))

Z —a;+1)—(m—b;+1)

k
Z Z = d — deg(X,)® — di = dy — deg(X,)"
=1 =1
O

Corollary 3.2. For any integers m,r with m > d and di < r < d, we have
deg(X;)* > d —r if and only if rank &, <7 — dy.

Notation. For any scheme R and any coherent sheaf H on R, we will use the

following abbreviations:

HE = Eath(H, OR)

Corollary 3.2 suggests us that we can define the scheme structure of Y,. in the
following way. Let m > 0. Applying Hom(—, Op1p(g)(m,1)) to the universal
extension (2.1) to obtain an exact sequence

0= XV(m,1) = a*F¥(m,0) 28 a*T=(m,1) — X5(m,1) = 0

where 0, is the connecting homomorphism. Next, applying 7p(g), to dp, and

using identifications
(@ FY(m,0)) = ma* (FY(m)) = a*(m.F¥(m)),
m (@' T (m, 1)) = ma™ (T7(m))(1) = a*(m T (m))(1)

we obtain a nowhere-vanishing homomorphism

(3.2) T+ a*(meFY (m)) = a*(m T (m)) (1)
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Note that both 7, FY(m) and 7, 7¢(m) are locally free sheaves on S for m > 0.
Applying the exterior power A" (I > 0) to 7,8,,, we obtain

I+1 I+1 I+1
N 7o N\ @ (mFY(m) = )\ a* (@ T (m)(I + 1)

By Corollary 3.2, Y, 4 is exactly the (set-theoretic) zero locus of A\

4O, for

each [ with 0 <[ < ds. The section /\l+ T+0m induces a homomorphism

+1 +1 \Y
Hom ( N\ @ (mFY (m)), \ a* (m.T=(m)) (I + 1)) — Op(g)

The image, which we denote by I ,,, is an ideal sheaf. In a similar way as in
[Shaoll], Proposition 3.4, we can prove that

Proposition 3.3. There exists an integer N > 0 such that I;,, = I} y as sub-
sheaves of Opg) for all m > N and for all I with 0 <1 < da.

Obviously, the subscheme defined by the ideal I;  is supported on the closed
subset Yy, ;. For simplicity, we denote this subscheme still by Yy, 1, that is,
(3.3)

Y, = the closed subscheme defined by the ideal I,_4,+1,n, 7=d1+1,...,d—1

In addition, we set Yr =Y, \ Y, for d; <r < d. Note that ffdlﬂ = Yy, 41 since
Yy =2.

Again, in a similar way as in [Shaoll], Theorem 3.5, we can prove that

Proposition 3.4. The locally closed subschemes Y4, 41, fflerQ, cee }Q/d,l of P(€)
form the flattening stratification of P(E) by the sheaf X¢, which means that, for
any noetherian k-scheme R and any morphism f : R — P(E), the sheaf f*X¢ on
P! x R is flat over R with relative degree d — r if and only if f factors through
the inclusion Y, — P(£). In particular, the restriction of X¢ to P! x Y, is flat
over Y, with relative degree d — .

4. THE NORMAL BUNDLES: A FIRST CASE

Let V' be a vector space of dimension n over k, and Gr(k,V’) be the Grass-
mannian parametrizing all the k-dimensional subspaces of V. For any d > 0, the
space Morg(P!, Gr(k,V)) of degree d maps from P! to Gr(k,V) is a nonsingu-
lar quasi-projective variety. A smooth compactification of Mory (P!, Gr(k,V)) is
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n—k,d
Vp1 /P /K
degree-d quotients Vp1 — F of the trivial vector bundle Vp1 of rank n on P'. It

given by the Quot scheme Qg := Quot parametrizing all rank-(n — k),

comes with a universal exact sequence of sheaves on P! x Qg:
0— & — Vpiyg, = Fa—0

Here Fy is flat over Q4 with rank n — k and relative degree d. It follows that &y
is locally free with rank k and relative degree —d over )4. The open subvariety
Qg = {x € Qq|(Fq)z is locally free} coincides with Mory(P!, Gr(k,V)).

Recall from the introduction that for any d > r > 0, we have the closed
subscheme

Zgr={[Vpr — F] € Qq| deg(F*) >d—r}.

We refer the reader to Section 3 in [Shaoll] for the details on the subscheme
structure of Z;,. These are the subschemes that are blown up to yield the

variety Qq. Below we analyze the normal bundle of the locally closed subsets
Zd,r = Zd,r \ Zd,r—l-

The subscheme Zj;, is closely related to the following relative Quot scheme

over QQy:
0,d—
Qar = Quotglp, o, g,

If a point of @), is represented by the exact sequence F — Vp1 — F', then the
fiber of (), over the point consists of points represented by the quotient £ — T’
with T" torsion of degree d —r. Let 04, : Qq, — @, be the structure morphism.
(Note that the notation for this morphism is simply 6 in [Shaoll]. We add
sub-index in this paper because we will deal with multiple Qg ,’s together with
their structure morphisms simultaneously. The same reason applies to the other
similar situations below.) In [Shaoll], we showed that Qg , is relatively smooth
over (., hence is a nonsingular variety. It comes equipped with a universal exact
sequence on P! x Qa,r:

(4.1) 0= Eap — 03,.E — Tap — 0

Here 74, is flat over QQq, with rank 0 and relative degree d — r. Since HZ‘M& is
locally free of rank k and of relative degree —r over Qg ., it follows that &y, is
locally free of rank k£ and of relative degree —d over Qg,. We set Qod,r = 9;%(@,,)
and write Hodﬂn : Qdﬂa — @, for the restriction of 64, on Qd,r-
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We form a commutative diagram on P! x Qar:

(4.2) 0 0

l l

0— Egr — 05,8 —— Ty — 0

0—&ipr — Vpled,T — Fgr — 0
L
HZ’T}"T — 9277,}}
l 1
0 0

where the middle column is the pullback of the universal exact sequence of @), via
gdﬂn, and F, is defined to be the cokernel of the composite map &z, — é;vré} —
Vpixo i One checks that F,, is flat over (Qq, of rank n — k and relative degree
d. By the universal property of g, the middle row determines a morphism
bdr : Qdr — Qg (it is denoted by ¢ in [Shaoll]) such that the following diagram

commutes:

(4.3) 0— iy — Vpixq,, — Far —0

H | I~

0— Ggfz,rgd — &Z,TVIP”XQd — J’fl,r}—d — 0

The morphism ¢4, maps Qg, onto Zg, (cf. Proposition 4.6 of [Shaoll]). We
denote by éd,r : Qod,r — @Qq the restriction of ¢4, on @dﬂ«. Note that qoﬁd’o = ¢d,0
since Qd,o = Qa,0. We showed that <Z>d7r maps C}d7r into Zodm C Qq in [Shaoll],
where Zodvr = Zigy\Zgr—1,and we set Zyg _1 := &. We denote by ¢q, : der — ZodJ
the map obtained by restricting the codomain of gio)d,,« to Zod,r. In [Shaoll], we
showed that ¢g, : Qdﬂq — Zod,r is in fact an isomorphism of schemes, hence
<Z>d7r : Qd,r — (g is an embedding. (cf. Proposition 4.8, [Shaoll])

Proposition 4.1 ([Str87], Theorem 7.1). The tangent bundle Tg, of Qq is natu-
rally isomorphic to m. Hom(Eq, Fq). The relative tangent bundle 722(“/@ of Qar

over Q, is naturally isomorphic to w, Hom(Eqy, Tar)-

Proof. The first assertion is proved in [Str87], Theorem 7.1. The second, which
is a relative version of the first, can be proved by slightly modifying the proof of
[Str87], Theorem 7.1. We omit the details. O
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The tangent bundle 7q, , of Qg fits into the following exact sequence
(4.4) 0— TQd,T/Qr = TQa, — 9;}7,“7@ -0

The morphism qobdm : Qdﬂq — Qg is an embedding and is factored as
R ‘ﬁd,r R
Qa0 — Zar — Qq

(cf. Proposition 4.8 of [Shaoll]). Let N@d /@, denote the normal sheaf of Qodp
in Qq. Since Qq,, is nonsingular, NQd ey is locally free.

Proposition 4.2. We have a natural identification

NQd,r/Qd = e &ctl('ﬁi’h ész’FT) ‘Qod,r.

In particular, letting r = 0, we have N, 0/Qq = T 5$t1(72170, 5;70]-"0).

Proof. Since Our/Qu is locally free, we have the following exact sequence of
sheaves on @dmi
o o* o
0— %d,r - qbdﬂ’TQd - NQd,r/Qd —0
Note that the restriction of the exact sequence (4.4) to der gives an exact se-
quence
)k
0— TQd,T/Qr — TQM — 03, 7q, — 0.
Combining the above two sequences, we can form a commutative diagram of

sheaves on @) g,,:

0 0
0 - Téd,r/ér ,@d,r 0277‘TQT 0

| !

00— Téd,r/ér — qbfiﬂ“’TQd — Ty ’Hom(é’d,T, é27rfr)|éd,'r — 0

l H

N

Qd,r/Qa Qd,r/Qa
1 1
0 0
where the middle row comes from the natural identifications
TQOd,T/QBT = T« ,Hom(gd”r’ 7:177.) ’édﬂ"

00 TQu = 03,7 Hom(Ea, Fa) = m Hom (v Far)l gy,
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by Proposition 4.1 and the exact sequence
0 = 7 Hom(Ear, Tar) — T Hom(Eqr, Far) — T Hom(Eq,p, 52,7“7-}) —0

obtained by applying . Hom(Eq,, —) to the third column of the diagram (4.2).
The dotted arrows in the third column are induced maps on the quotients. Since
all rows and the middle column are exact, the third column is forced to be exact

as well.

Using the identification

é;,rmr = é:l,rﬂ-* Hom(gﬁ ‘7:7“) = T /Hﬂm(éjl,rgm g:(l,r‘FT”ch ”

and comparing the third column with the short exact sequence
0 — m Hom(0),.Er, 0, F) — m Hom(Eqy, 05, Fr) = i Ext (Tay, 05, F) — 0

obtained by applying 7, Hom(—, 0} ,Fo) to the exact sequence (4.1), we obtain a
natural identification

NQd,r/Qd = T« &Etl(%”"’ 5277"]:7") |C}d,r'

5. THE NORMAL BUNDLES: THE GENERAL CASE

In this technical section, we introduce and analyze the properties of a set of
auxiliary schemes. These will be used in the final section to identify with and to
derive the desired modular properties of the exceptional divisors created in the
sequence of blowups de — Qq.

5.1. The schemes (Q;,; and morphisms v,,;. Let d > r > 1 > 0, and we
consider Qg1 := Qar XQ, Qri- Let Y,y Qary — Qar and gy @ Qary —
Qr; be the two projections. (Here the underscored subscript [ in the map g,
indicates that the subscript [ shows up in the source (Qq,,;) but not in the target
(Qar). Ditto for d, and for r below.) First of all, we see that Q4,; is smooth
over Q,; because g, is smooth over @Q,. It follows that Q)4 ,; is a nonsingular
variety. Next, we will define a finite morphism ¢4, ; : Qa1 — @4 based on the
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morphisms in the following diagram

(5.1) Qr

er,l B d,r,l - ¢d,'r
@ )
Qi Vdr1 Qa
T Qay ’

The parallelogram (D) is commutative by the definition of Qg,;. On P! x Qari

we have two short exact sequences:

0— w;,r,lgﬁl - w;,r,lg;:lgl — w;,r,lﬁvl —0

0— w;,rigdﬂ“ - w;,r,lez,ré’T — w:l,r,!];lﬂ" -0

which are pullbacks of the universal exact sequences of @,; and Qg , via &dml
and @dml respectively. Note that @;rléjl Er = ﬁgrl@l(‘i’r = 1/7147,1,157"’1. Putting
the two sequences together, we can form a commutative diagram as follows:

(5.2) 0 0

| !

0— T/;é,r,;fd,r — @27717187% ? 1/;277317&,7" — 0
0— J}:l,r,igdﬂ’ — 1;277,719_:7151 T 0
@émlﬁ,l = @,rﬂ%z

1 s
0 0

where T = Coker(&;},r’lé’d,r — 1/712777157,71 — @Z;‘lmléjylé’l), and the dotted arrows are
the induced maps on qﬁotients. Since the up;per two rows and the middle column
are exact, the last column are forced to be exact as well. Note that lﬁ;mﬂ}’r
and J);,r,lﬁvl are both flat over Qg ,; with rank 0 but with relative degree d—r
and 7 — | respectively. Hence 7 is flat over Qq,; as well and is of rank 0 and
of relative degree d — [. Thus the quotient 1/713,7"7l07:7l51 —» T from the middle row
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determines a Q;-morphism

Y Qdrt = Qdyl

such that the pullback of the universal exact sequence of (Q4; is the middle row
of (5.2), i.e., we have the following identifications:

(5.3) 0— &;,T,Lgdf — &;mléj’l& — T ——0

0— @,K,zgd,l - %Ll 72,551 - 1/7’:1,357:&1 —0
In particular, the identification 7 = @Z:l 1T, allows us to rewrite the third column
of the diagram (5.2) as
(54) 0— 7752,7“,17&,7‘ - 1/_}2,£,l7;l,l — &E,r,l,ﬁ“:l —0

By the definition of 14, ;, the parallelogram @) in the diagram (5.1) automatically
commutes. We also have

Proposition 5.1. The parallelogram @) in diagram (5.1) commutes.

Proof. We need to show ¢q,1ari = ¢a1ar1. Because both ¢q 14,1 and ¢ itar
map into @, by the universal property of the Quot scheme @ (see [Shaoll],
Theorem 2.1), it suffices to show that there is an isomorphism (@q,1d.;)* Fa =~
(baibari)* Fa that makes the following diagram commute:

VB Qars = (@drart) Verxg, — (Pdrtar) Fa

VerxQu,y = (Pai¥dr) Verxg, — (Pditari)* Fa
By the diagram (4.3), we have an exact sequence
0= & = Vpixg,, — GrFa — 0
Replacing r with [, we obtain another one
0= €41 = Vpixg,, = ¢q1Fa—0

Applying &; ,; and 1/?3 »; to the above two exact sequences respectively, we obtain
two exact sequences
0 — 1/7}:[7r,£8d,7' - VPIXQd,T,l - QE;’TJ&;’TFCI - 0

K K Tk
0 = g, i€at = Vpixqy,, = Yari®aiFa =0
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Using the identification ¢ . ,E4, = ¥, €4, from the diagram (5.3), we obtain a

commutative diagram
0 — 05, i€dr — Verxgu,, — ViP5, Fa—0

0 — g, €a1 — Vpixq,,, — Vari9a,Fd —0

which induces an isomorphism 1[_)2T lq_ﬁjl Fd 152 . l(;—ﬁz Fa in the third column.
This isomorphism is the desired one. O

The map 14, is both proper and quasi-finite, hence it is a finite morphism.

Notation. For any integer m > 1, let ¥, be the set of all strictly decreasing

sequences of nonnegative integers of length m:
Em:{(rla"' ,T'm)‘rl > e >Tm}

and let X2 be the set of all strictly decreasing sequences of nonnegative integers of

any finite length:
o0
Y= U Yo
m=1

For any sequence o = (r1, - ,rm) € X, the first term 11 is called the leading
term and is denoted as 1t(o). For any integer r > lt(o), by (r,0) we mean the
new sequence (r,r1,--+ ,Tm). The length of a sequence o is denoted by |o|.

When we use a sequence of ¥ as sub-index, we would omit the parentheses. For
example, if o = (8,5,3,1,0), 7 = (5,3,1,0) and X\ = (3,1,0), then the notations
QU, Qgﬂ— and QS,S,)\ all mean the same thing: Q8,5,3,1,0-

5.2. The schemes P, and their properties. We now introduce a set of spaces
P, together with a set of coherent sheaves X, on P! x P,, indexed by o € ¥. We
will need a set of auxiliary spaces R, indexed by ¢ € ¥ with |o| > 2. First, we
define P, for o € ¥1. Suppose o = (d). In this case, we set

Po=Py:=Q4 Pr=Pi:=Quq X,=2X4:=7Fy

We will denote by z‘:’d the restriction of X; on P! x fo’d. We know that z‘é'd is locally
free.
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Next we define P, for o € ¥y. Suppose o = (d,r), d > r. We set

Ray = Qar XQ, Pry  Rar = Qar XqQ, Pr C Ray

Since P, = @, and b = COQT, we actually have Rq, = (4, and }?dﬂﬂ = @d7r. Let
g4, and pg, be the projections from Ry, to Qg , and to P, respectively, and let
da,r and pg, be the projections from ]iZd,T to Qg and to ]—9’7«, respectively. We
define Py, to be a (relative) space of non-split extensions:

Pd,’l’ = P(ﬂ-* gxtl(éz,r%,mﬁ;r-)&r»

and let aq, : Py, — Rdm be the structure morphism. We denote the universal
extension on P! x Py, by

0 = (ay,Pg,X%)(0,1) = Xy — @y, Gy, Tar — 0

Let Igdyr C P4, be the open subset defined as

IODd,T = {x € Py, | (Xgyr)s is locally free}
We denote by -)éd,r the restriction of Xy, to P! x IBd,T. Then ')éd,r is locally free, and
P, can be considered as a ()4-scheme through the composition Py, — Io%d,r —
Qdr — Qg4. So we have defined P,, X;, R, etc., for any o € ¥ with |o| = 2. In
the following, we will define P,, X, etc., for any o € ¥ with |o| > 3 inductively.

Assume that, for each o € X, for some m > 2, the space P, of non-split
extensions is defined and the sheaf X, is the middle term from the universal
extension on P! x P, . Assume also that a morphism P, — @; (I = 1t(c)) has
been specified so that P, can be considered as a ();-scheme.

Let 0 € ¥41, d = lt(0), 7 be the sequence formed from o by removing
the leading term d, and r = lt(7). So o = (d,7) = (d,r,---). By induction
hypothesis, the space P, of non-split extensions is defined and is a @,-scheme.

We set
R, := Qd,r XQr P, Ijﬁo = Qd,r XQr ﬁTCRJ

Let ¢, and p, be the two projections from R, to @4, and to P, respectively,
and let ¢, and p, be the two projections from R, to Qa4 and to IODT, respectively.
We define P, = P, to be a space of non-split extensions over R, by

Py :=P(m, Ext (5 T PuXy))
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and let a, : P, — }OEU be the structure morphism. We denote the universal

extension on P! x P, by
0— (a Jpaé’c' )(0,1) = X, — @sqoTar — 0

P, can be considered as a (Q4-scheme through P, — }O%U — Qar — Qq. We define
the open subset J—E’g C P, as

P, :={x € P, |(X,); is locally free}

Then, /'ﬁ,, the restriction of X, on P! x ]50 is locally free. By induction, we have
defined P,, X,, R, etc., for all 0 € X.

Lemma 5.2. For each o,

(1) X, is flat over P, with relative degree 1t(o).
(2) R'm.(X,(—1)) = 0.

The closed subset P, \ é, of P, has a sequence of nested closed subschemes
g = Yd,r,T C Yd,rJrl,‘r c--C Yd,dfl,r =P, \ Py

where Y., = {z € P,| deg((X,)!) > d — e} and the subscheme structure on

Yier is defined by (3.3). We set ffd@.r =Yger\Yie—1,fore=r+1,--- d—1.
That is, Yy, = {z € P, | deg((X,)8) = d — e}.

Lemma 5.3. The space P, is nonsingular for any o € X.

Proof. We prove it by induction on |o|. When |o| = 1, say o = (d) for some d, we
have P, = P; = Q4. So this case is obvious since Q4 is nonsingular. Assume that
the statement holds true for all o € ¥, for some m. Let ¢ € ¥,,+1 and suppose
o = (d,7) where 7 € ¥,,. By definition, P, = P, is a projective bundle over
Qdr X, P, where r = 1t(7). Hence P, is smooth over Qg , XQ, P,. We know that
Qa,r is smooth over @, hence Qd,,« XQ, P is smooth over P Since smoothness
is transitive, P, is smooth over P By induction hypothesis, P, is nonsingular,
and so is P- and hence P, is nonsingular. This completes the proof. O
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Let 0 € ¥, l =1t(0) and let d > r > [. We define a morphism ¢g 5 : Ryro —
P, , using the following commutative diagram

Pd,r,o ¢d,r,o
(5.5) Py ¢«—————— Qar %@, Pro =Ripo > Pg
a'r,ol IXQT’UJ/ J/adyg
o Ya,r1x1 . Ya,rix1

Qri X0, Py —"—— Qur X, Qri X0, By ———— Qa1 xq, Ps

qor,ﬂl 1X5T,UJ/ Jf;d,a
Yd,r,l Y,

Qr — Qar XQ, Qry — Qay

By the base change property, Rq . is a projective bundle over Qg , Xg, }027”70
Qd,'r XQ. Qr,l XQ PO‘

Rd,r,a = (Qd,r XQn ér,a) Xér’a Pr,a = P((wd,r,l X 1)*7T* gxtl(qg:,g’];,hﬁ:,gx‘a))

with Og,, (1) = pj,,Op,, (1) and structure morphism 1 X a,,. On P! X Ry o,

we have a commutative diagram of sheaves

(5.6)
0 0
qz;’nglnl,r —_— *‘qora *wdrlﬁr
! !
0 — (aro Pl P, e o) (0, 1) X o Py " a0 T — 0

0— 152,7«,0(( rapr O’X )(0,1)) — 13277‘70'X7"70' O ]3277"70@:’05:707;,1 — 0

! !

0 0

where

o for short notations, we have set ‘a,, =1 X a0, ‘Gro := 1 X gr 0, d)(,i,z,l =
Yars X 1,

e the last row is the pullback of the universal extension of P, via pg o :

' Riyo — P x Py,

e the last column is the pullback of the exact sequence of torsion sheaves
via mm Pl x Riro — P! x (Qar %@, Qr1), and

e X is the fiber product (pj, ,X0) X Bl Tod) (m*d’é@z *GroTd)
in the category of coherent sheaves.
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Recall that the universal extension of P, is the exact sequence
(5.7) 0 = (5,0 Bi.0 %) (0,1) = Xag = 5503, Tas — 0
on P! x P;,. By Theorem 2.2, the middle row determines a (Q4; X¢, 130)—
morphism
(z)d,r,a : Rd,r,cr — Pd,o

such that there are isomorphisms Og, (1) ~ ¢4, Op, (1) and X ~ ¢} Xy,
that make the following diagram commute:

0 — (arg "Wl *Paeia)(0,1) X “ro Uy, a0 Tar — 0

|~ |~ [

0— qgrl,r,a((ajl,UEZ,UXU)(O’ 1)) - qz_b’ckl,r,a‘)(dvg - éz,r,aaz,aéganyl —0

where the first row is the middle row of diagram (5.6) and the second row is the
pullback of the universal extension (5.7) of P, via &d,ng :P'x Ryyo — P x Py

For simplicity, we make identifications
(5.8) ORypo (1) = 01460P,, (1), X =y o Xao-

Let édmg : ]%dmg — Py, be the restriction of ¢g, , to ]fidmg. The restriction
of the middle column of diagram (5.6) to P! x ﬁ’d,r,g is the exact sequence

(59) 0— éz,r,cr%ﬂ" - qul,r,a‘)(d,!f - 52,7‘,0‘)(7“70 —0

Proposition 5.4. The map qzobdmg factors through the inclusion }o/dmg — Py,

Proof. Taking the dual of the sequence (5.9), we obtain ((;ESZ,nUXd’U)s o~ (52,7“,0’7&77’)6'
Since (5277”70/\.’(170)5 = qZZ‘lma(Xia), we have that gZ;*l’T’U(XiU) is flat over éd,r,a with
relative degree d — r. By Proposition 3.4, the map qoﬁdma factors through the
inclusion )D/dmg — Pyo. O

We denote by @0 : J%dmg — lofd,m, the map factored out from gZd,m.
Proposition 5.5. The morphism ¢q,.q : ]Eidmg — )Q/d’m. is an isomorphism.
Proof. We prove by constructing an inverse of ¢4, ,. Let i : }c}d,,n,o. — Py be the

inclusion map. The pullback of the universal extension (5.7) via ¢ is the exact
sequence

0— %*((agﬁﬁ;ga?a)(o, 1)) = " Xyo — 18] 5445 Ta1 — 0
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on P! x }Ofdma. Taking dual, we obtain a long exact sequence

0 = (i"Xao)" = (I (@50 Pa0Xo) (0, 1)) = (60,0 Tag)* — (" Xao)* — 0

We break it into two short exact sequences

0= (" Xyo)" = (I*((@hPaXe)(0,1))Y = T =0

0= T = (i) 4G40 Ta1)" = (" Xye)® =0

We have (i*Xy0)° = i*(X5,) and ("8} ,4q,Ta1)° = i@} .40, (T5;)- By Propo-
sition 3.4, i*(X i ) is flat over }O’dmg with relative degree d —r. Since 77, is also
flat over QQq; with relative degree d — [, we have T is flat over }Ofdma with relative
degree r — . We also know that both (5*&;05;07&,1)5 and (i*Xy,)° are torsion,
hence T is also torsion. Since the middle term of the first sequence is locally free
and the last term is flat over lofdm(,, the first term, (E*Xdp)v, is locally free as
well.

Now dualizing both of the above sequences, we obtain another two exact se-

quences
(5.10) 0 = * (@) 0 hy.eXe)(0,1)) = (¥ Xyo)"Y — T =0
(5.11) 0— (i*Xy0) — i*a;;vgé;}’g%,l =T =0

The Quot scheme Qg; has a universal quotient éZJEZ — Tq;. Applying f*(i(’;, 05270
to this quotient, we obtain a quotient 5*&2,0(527052,181 —» 5*6270527072171. Its com-
position with the quotient Z*ELZ’J%J%J — T¢ from the sequence (5.11) yields a
quotient

We form a commutative diagram

0 0
0 —d*ay ,qqoCar 3 & iy (¥ X 5 )?€ — 0

0— E*d;acﬁ,aé'dl — 5*&2705270527@ — E*d;ﬁz,gﬁz,z — 0
l l
’TE - ’TE

0 0
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where the last column is the sequence (5.11), the middle row is the pullback of
the universal exact sequence of g, via §d70dd,gf (Pl x ffd,r’g — Plx Qa,, and € is
defined to be the kernel of the composition E*ag’oét’;,(,éj;’ &1 E*&Z’Uquﬂfi,l — TE.
The dotted arrows in the first row are the induced maps. Since 7°¢ is torsion
and flat over lofd,,«’g with relative degree r — [, the quotient 5*&27 U(ﬁ’aézyl& — T¢
from the middle column induces a @;-morphism A : Yy, , — @,; such that the

pullback of the universal exact sequence of Q,; via A is the same as the middle

column:
(5.12) 0 — NEy —— N5 & —— NTy — 0
N
0 — & — "y ,4q,0,,61 — T — 0
We have a morphism ¢,; : Q,; — @, and an identification &,; = qgjflé’r as in

diagram (4.3). Thus we have an identification
E=NEy =N} &,
and we can rewrite the first row as
0 = 05 o Gg.o€a1 = N O & — ((* Xy 0)™ = 0

Since (1* X, )¢ is torsion and flat over }O/dmg with relative degree d —r, the above
sequence induces a morphism pu : ffdmg — Qqr such that the pullback of the
universal exact sequence of (g, via fi is the same as the above sequence:

0 —— @€y — 705, & —— 7" Tay — 0

0— E*C_Lz’gqu,ang — S\*QE:’ZZ‘:T — (E*Xdﬁ)aa — 0
Using the identification 7°¢ = 5\*7271 from sequence (5.12), we can rewrite the
sequence (5.10) as
0 = (@) ;Do Xe) (0,1)) = (" Xgg)" = Xy — 0

By Theorem 2.2, the above exact sequence determines a morphism v : }Ofdmg —
P, » such that the pullback of the universal extension of P, is the same as the
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above sequence:

o

0— D*((a:pﬁ:p;\fg)(o, 1) — "Xy — ﬂ*a;t,g(jjj’gﬁ,l —0

0 — i*((a] ,Br.oXo)(0,1)) — (I*Xge)"Y —— X Ty —— 0

But because the middle term (i*X; )"V is locally free, the map v actually maps
}D/dmg into ﬁr,U. So we obtain a morphism
nXxXve Yd,r,cr - Qd,r XQr PT,O’ = Rd,r,o’

It is now routine to check that p x v is the inverse of Y4, : Rir o — Yy,0, and

this complete the proof. O

The above proposition shows that ggdvrvg is an embedding. So we can identify
}?d’r,a with theisubscheme }O/dmg of Py, and identify (f)dmg with the inclusion map.
We also have (ﬁg rotXde = Xp . So the exact sequence (5.9) can be rewritten
as:

¥ O Sk °
0— qd,r,anﬂ“ - ¢d,r,on,U - pd,T,O'XT7U —0

Since R4, , and P;, are both nonsingular, we can talk about their tangent
bundles as well as the normal bundle of the embedding (Z)d,r,a : ]O%d,m, — Pyo.

Proposition 5.6. The normal bundle N]jzd /P, of the embedding gio)dma : ]ildmg —

. . ok ok ¥
Py, is isomorphic to Extl(qdmg’ﬁivr,pdmaX,,va).

Proof. Since Py, is a projective bundle over ]-Oidﬂ, the relative cotangent bundle

Q Py fits into the following exact sequence
0— QPdYG/ID%dJ - (az,aﬂ-* gxt1(52707;l7l75270‘){0))\/(_1) - OPd,o‘ —0

Pulling the sequence back to Ry, , via ¢4, We obtain an exact sequence
(5.13)

0= $irop, iy, — (Gl oT €t (@6 Tt Bie o) (—1) = 65, 50p,, = 0
We can rewrite ¢ . ,ay ,mx &Utl((ﬁJ%J, 5270220) as
B0 o €0t (@5 Tats B o Xor)
= T €0t (85105, Q0 Tl DO s Ditr o)

= . Eot (0, Tt " Xo)
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where
f = (1 X erﬂ)(l X aT,O)a g = ﬁd,o‘ad,a¢d,r,a-

Set QQP := Qq, XqQ, @r1 Xq, P,. Since R, is a projective bundle over QQP,

the relative cotangent bundle Q25 im0 /QQP fits into the following exact sequence
(5.14)

0= Qgr, . 00p = (1xare) (Yarx1) T E2t (G5 oty r o Xo)) ¥ (1) = OR,,, — 0

We have
(1 X o) (Yarg ¥ 1)1y Et' () 5 Trts PrgXo) = 70 ot (F¥195 11 Trt, 37 Xo)

based on the equalities Grq(Vgr; X 1)(1 X @) = g1 f and pro(thg i x 1)(1 x
arg) = 9.
We make a diagram
(5.15)
0 0
K — (. &t ([0}, Tar 7 %)) (—1)
0= &5, o Qp o, — (et (95, Tar. §°%) Y (=1) — &5, ,0p,, — 0
. l @ H

0— Qp, . jaop — (&t (05, T, 5* o))V (-1) — Og,,, — 0

! !

0 0

where

e the last row is the exact sequence (5.13),

o the middle row is the exact sequence (5.14), and

e the middle column is obtained by applying 7, &xt!(f*(—), g*z‘ég) to the
exact sequence (5.4), then taking dual, and lastly twisting by Og,, ,(—1).

The commutativity of the rectangle (D) in the diagram (5.15) follows from diagram
(5.6) and the identifications (5.8). Thus, we have induced maps (the dotted
arrows) in the first column and the first column is exact. Restricting the first

column to Ry, ., we obtain an exact sequence

0—K— ¢jl,r,oQPd,g/1°%d,g - Qéd,r,a/QQP —+0
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where K := K| . We have

K = (m &t (F95, Tar 97 X)) (—1)

where f and g are the restrictions of f and g to }(’zdm.

Recall that vg,; : Qqr1 — Qg is a finite morphism. Since k is assumed to
be of characteristic 0, the function field extension K (Qq1)/K(Qq,) is separable.
Therefore, we have an exact sequence of relative cotangent sheaves

0— w;,ﬁ,lQQd,l - QQd,r,z - QQd,r,l/Qd,l -0

where both (g, , and €Qq, ., are locally free of the same rank while g, /g, is
torsion.

We form the following diagram

0

|

wé,r,ZG:,ZQQl 0 0 —— (ﬂ-* Hom(z/jz,rigd,m &2,7"717;,1))\/

~. | | !

0 ’ w:l,z,lgz,lQQl — w;kl,[,lQQd,l ’ wz,g,lQQd,l/Qz 0

l ! !

0 ¢27T7ZQQTJ Qdervl QQd,T‘,l/Q‘r‘,l O

! l |

w;r,lQQr,z/Qz """ ’ QQd,r,l/Qd,l 0
l {
0 0

Applying the Snake Lemma to the third row and the fourth row of the above
diagram, we obtain an exact sequence by connecting the second row with the last

TOW:

0— (77* %Om(@z}:lmigdﬂ“? T/_’Z,nzﬁul))v - ¢2,T,ZQQT,1/Q1 - QQd,r,l/Qd,l —0
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This sequence fits into the following commutative diagram

0 0

| l

(e Hom (0], 1€, 03y Tri))Y = (i Hom (9, 1€y ) Tr))Y

| l

VariQ, /@ = (s Hom(@,r,z&,l v%,r,zﬁ,l))v
! l

QQy0/Qay e (e ot (0 Tas 0 Trt) )
1 !
0 0

where the identification in the second row follows from the canonical identifica-
tion Tg,,/Q, = T Hom(&znlé'd,r, &s,r,lﬂ,l)- So we obtain an identification of the
quotients

QQd,r,l/Qd,l = (s gxtl(djg,riﬁl’“ 7*Zg;kl,r,l,ﬁ",l))g

Since Qg is smooth over ), QQP = Qa1 X, l’?’(7 is smooth over 155. The
morphism ¢g,; X 1 : QQP — ]-gidﬂ is obtained from 4,; by the base change
dd,o : ]o%dp — (4,1, hence we have the following commutative diagram

0 —= (Warg x 1) Qp,  ——— Qoop ————— Qoop/,, *0

0— (1 X qodﬂ)*wZ,LZQQd,l - (1 X deyU)*QQd,r,l - (1 X qod,U)*QQd,r,l/Qd’l — 0
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The conormal bundle N’ }% /P fits into the following commutative diagram
d,r,o d,o

0

!

0——— NY "
J{ Rd,r,a/Pd,o'

1

7% * i 7% 7% 3
0— ¢d,r,0ad,oQRd70 > Py oSlPy, — ¢d,r,aQdea/Rdyo —0

l l l

— X —o

0 — (1 xare)* Qoop — Qg  —— Q. 0gp 0
f*QQd,r,l/Qd,l —0 0
l
0

Applying the Snake Lemma to the third and fourth rows, we obtain an exact
sequence by connecting the second row with the fifth row:

v . ”
0— Nlﬂ%d,r,[,/Pd,U — K= f QQd,r,l/Qd,l —0

The above sequence fits into the following commutative diagram

0 0
N p, o &t (P05, T By g dro))

! |

K ——— (m. &t (f*0 ., Tar, 5" Xs)) Y (—1)

| o

J?*QQ,,W/QM — (m &t (S5 Tars f*&é,T,lﬁ,l))g

! l

0 0

where the second column is obtained as follows: first we can rewrite the last row
of diagram (5.6) as

0— (g*Xa')(Oa 1) — ﬁ§7r7g-Xr,a — f*qz)d,r,lﬁ,l — 0;
next the restriction to P! x RMJ is

0— (5*/'%0)(0, 1) — 527T,U‘XO‘T,O' — fo*@z@,r,lﬁ,l — 0;
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o

and next applying 7. Hom(f *1;2 1 Td.r» —) to the above sequence, and lastly tak-
ing dual, we obtain the second column in the diagram. Thus there is an induced
identification as in the first row, which gives the natural identification

1 - = o 1,3 <. o
Nf’%d,r,a/Pdﬁ = T« Eut (f*wz,r,[]:iyﬂpz,r,o‘)(ﬁff) = Tx Ext (qz,r,oﬁ,mpz,r,ak‘rﬂ)

6. THE MODULAR INTERPRETATION

The compactification @d is obtained by successively blowing up the Quot

scheme Qg along Zgo,---,Zqq—1. We illustrate the process in the following
diagram
d—1 d—1 d—1 d—1 -1 _ A
Zao  Za1 Zgas 0 Zga1CQq =Q
ool ! L« along Z3%,
LooL | L+ along Z,
Zé,o Zc%,l Zc%,Q c-C Zc%,dfl - Qy
ool Il L« along 29,
Zg,o Z3,1 - Z3,2 C-- C Zg,d—l - Q4
vooL | L« along Zyg

Zao C Zg1 C Zgo C--+ CZgq—1C Qa

Here, inductively, Zio, e ,Zé ; are the exceptional divisors created by the se-
quence of blowups Qfl — Qq (0 < j < d—1); the nested subschemes Zg j+1 C
- C Zi 4—1 are the proper transforms of the subschemes Zé;}rl C---C Zé;il_l
(respectively); these are the subschemes lining up to be blown-up in the next
steps. Below, we will provide modular meanings to the points of ZJ ,--- ,ijj
for all j. Thus every intermediate space Qil, j=0,...,d—1, also compactifica-
tion of @4, admits parameter space interpretation (Proposition. 6.4). The case

Qg_l is our final space C~2d (Corollary 6.5).

To proceed, we introduce the following

A o] ifr=1 o -
VAN e . Zh =Zb \NZY . r=1+1,...,d—1
dir {Z}“, ifl<r<d ar = Zag \ Lo
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Let d > r > 0. For each subsequence o C [r] := (r,r —1,--- ,1,0) € X, we set
Eg,o = m Zg,i\ U Zg,i'
i€o i€[r]\o

Then there is a stratification of Q:
Qr=@\ U ziou || Eio = (Qa\Zas)u || Bl
i€]r] oC|r] oC|r]

Lemma 6.1. Let 7 € ¥, t =1t(7). We have

(1) EéT :EQ”T\ZC%, for any m and j witht <m < j <d.
(2) ifl >t and o = (I,7), then EY  is the exceptional divisor of the blowup
of Eé’T \ ZAéylfl along EQ,T N Z()é,l.

Proof. (1) Consider the composite blowup b : QJ — Qm, m < j. We have
b=N(Z],) = Zy,; for i =0,...,m, and b~ (Z};) = Z:m+1 Zdl Moreover, b is an
isomorphism away from ZZI’Z- These facts give us identifications

INOTHZE) = QE\ Zyy, and Z \bTH(ZYY) = Zi\ 2y, fori=0,...,m

Therefore
. . . ] .
m-Nan U 4= (040 U 4)\ U 2,
€T [II\T €T i€[m|\7 i=m+1
( ﬂ chl i \ U ) Zdj)
ieT ie[m]\r

-(Nzzn U zn)\zz = mp 2

i€T i€lm|\7
(2) By definition,

l
By, =2\ U Zi=2Zyn(zu\ U 2.
i€o i€[l]\o €T i€[l]\o
We know qu is the exceptional divisor of the blowup Qil — Qil_l, which is
along Zé*ll. Since ((;c, me. \ Uieno Zé,i) C QL is exactly the preimage of
ﬂiET \UZE[Z]\J Zl ! Qld_l under the blowup, we have that Eﬁlﬂ is the



The Space of Complete Quotients 185

exceptional divisor of the (mduced) blowup of ),
-1 -1
Zdl N mlET Z \ Uze[l]\o' d,i - Note that

-1
Nzt Uz =0z (U 260 U 20) = e U 28

€T i€[l]\o 1ET i€[t]\7 1=t+1 1=t+1

1 -1
ier Zai \ Uie[l]\a Zy; along

If ] —1 = t, then Efi,g is the exceptional divisor of the blowup of Efl’T along
Zfl ++1, and we are done. Now suppose [ — 1 > ¢. Then under the identification
Qil W\ Uz £+l Zé;l Q4 \ Z},_,, we have identifications El I\ U i1 [lzzl =
Efl; \ Zd,zq and

-1 -1 __ 7t t __ ot
Zgy \ U Zgi =Zag\Zgi-1 = Zqy-
i=t+1

Proposition 6.2. There is a collection of isomorphisms
ot Pis = B,
one for each o € ¥ with | :=1t(0) < d, such that the following properties hold:
(1) ige maps Yq, o onto EfLU N chl,r forallr, I <r <d;;

(2) ige maps }C}d,T,o isomorphically onto Eéﬂ N ZD(ILT forallr,l <r<d;
(3) The following diagram commutes:

id,a 1
Pd,U ~ Ed,a
o ~ ° ~ t o t
Rd7l77- delvT id Ed,T m Zd,l

where o = (I,7) and t = 1t(7);
4) Let eqy : Piy < QY be the embedding obtained through the composition
( : : d g g p

Py s = E(lia — ij Then the following diagram commutes

1xer,s

er XQ. P’I‘O'C—> er XQr Ql

(bd,T‘,UJ/ lgbld,r

Pd,aC - Qil,o

forallr,l <r<d.
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Proof. We prove by constructing the isomorphisms i4 , explicitly, and this is done
by induction on the length of . We first deal with the base case: o € ¥ or
o = (I). In this case, we construct isomorphisms

~ ! !
Py S Ey =2\ |J Zi
0<i<i—1

which map Yy ,; onto Eil,l N Zém and map f’dﬂnJ isomorphically onto Eé N Zé -
for all d, r and [ such that [ < r < d.

Recall that Zé,z is the exceptional divisor in the blowup b : Qld — Qld_l along
chl_ll. We have b_l(Z(lj_Z.l) = ch“. fori=0,...,1 — 1, hence

-1 -1
b\ Zh — Qi \ 2!
1=0 =0

is the blowup along Zé;l \ Ui;(l) Zé;l with exceptional divisor qu \ Ué;(l] le“ =
_ - _ _ I— _

EY,. Note that Q7" \ UiZy Z5;" = Qa\ Zay—1 and Z;" \ UiZo 205" = Zay \

Zgj—1 = Zq,. Therefore E(ljl is the projective bundle IP’(NZ°d Z/Qd) over Zg ;. Since

ZodJ ~ @d,l and by Proposition 4.2

NQd,l/Qd = Tx gxtl(,]:l,la g:;,l]:l”QdJ = Ty gxtl(q?;lﬁ,laﬁal‘)(l)a

we know Eﬁl,l is isomorphic to the projective bundle
Pay = P(m. Eat' (45, Ta Diy X))
over @471. So we obtain an embedding eq; : Py; < Qil through the composition
Py = By — Q4
For each r with [ < r < d, we have a commtative diagram

1><e,~’l

Qd,r XQr Pr,l(—> Qd,r XQ., an

¢d,r,ll Jfﬁfw

!
Py © Qq

We have that Im(¢q,1) = Y, that Im(1 X e,;) = Qqr Xq, E! and that gbldﬂ”

0

maps Qdr XQ, Ef,’l onto Eﬁl,l N chl,r' It follows that e;; maps Yy ., onto Eé,l ﬂZfLr.
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Next, we show that eq; : Py; — in maps 1°’d7r,l isomorphically onto Eﬁl’l N Zotl“

for I < r < d. We have a commutative diagram

o lxer,l r=1 _
Qar %@, Pt Qay xq, (QL\ 2!, ) == Qay xq, (@7'\ |J 211
=141
¢d,r,l (j)ld’r \[(ﬁgml
€d,l ! l r—1 T r—1
Py \ Y1, Qq\ Z, 4 '\ U Za;
i=l+1

We see that e,; maps P,; isomorphically onto Ef,J \ZL, 1 imQL\Z, Ef,J \
Z%,_,, which can be identified with E/; ' € Q7' \UiZ},; Z;;" (by Lemma 6.1),
and qﬁg;l maps Q4. XQ, E:Jl isomorphically onto Eg;l ﬂZg;l, which is identified
with E(lu N ZO(ILT. On the other hand, ¢g,; maps Qq, X, ]5,«,[ isomorphically onto
f/dml C Py \Yg,—1,. It follows that eq; maps ffdml isomorphically onto Eil’lﬂZoém.
Thus the case that ¢ € ¥ is constructed.

Suppose we have constructed the isomorphisms for all ¢ € ¥, for some m.
We now construct the isomorphisms for o € ¥,,41. Now write 0 = (I,7) and
let t = 1t(7). By induction hypothesis, for any d > ¢, we have an isomorphism
Py, 5 E(’;’T which maps Yy, , onto E(’;’T N Z(’;’T and maps }o’me isomorphically
onto Ejj N Zoém. Let d > [. By Lemma 6.1, Ef:l,(7 is the exceptional divisor of
the blowup of EQ?T \ 23,1—1 along E(ti,T N Zofu. Since the isomorphism Py, — Ej .

maps Yy - isomorphically onto EY, N ZY,, we have an isomorphism
~ t o\ ot
Blf/d,l,‘r (PdﬁT \ Ydﬁl_LT) - BIE}; TﬂZ°§ . (Ed,T \ Zd,l—l)

which maps the exceptional divisor Eéh , of the blowup Bl | T(PdvT \Yai—1,) i
somorphically onto the exceptional divisor Eél, , of Bl B 2 ;(Efli \ Zé,l—l)' On
the other hand, the exceptional divisor of Blf,dw (Pir \ Yg;-1,-) is isomorphic
to the projective normal bundle of }O/d7l,7' in Py, \ Yy—1, or just in Py.. We
know that ¢q;, : Qa; xX@, Pi,r — Par maps Qq; X, 103177 isomorphically on-
to }D/d,lﬁ, and by Proposition 5.6 the normal bundle of Qq; xg, ]—9’1’7 in Py, is
s &Utl(5;,“7;,1,]53,”2‘0([77). Hence the projective normal bundle of ffd’“ in Py,
is isomorphic to P(m. Sxtl(cﬁhﬂé’l,ﬁ;“)&ﬁ)) = Py = Py,. Thus we obtain
an isomorphism Py, = Eﬁlﬂ. Next we show that this isomorphism maps Yy, »

onto th N chl,r and maps lo/d,T,U isomorphically onto Eg s N Zocllvr.
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Let eqo : Pyo < in denote the embedding obtained from the composition
Py, = Eclla — ina for each d > [. Let d > r > [. Then we have a commutative
diagram

1xer o

er XQr PTO'C—) Qd?“ XQn Ql

¢d,r,ol l(bil,r

Pd,O'C : Qld,a

We have that Im(¢4, ) = Yare, that Im(1 X e,5) = Qar XQ, E”,, and that
qbfh maps Qg XQ, Evl“,o onto Eéa N Z(lir' It follows that eq, maps Yy, , onto
Ey,NZ},.

Next, we show that eq, : Py, — in maps }Ofdmg isomorphically onto EéﬁﬁZo (l“
for any r, | < r < d. We have a commutative diagram

° IXET,O- 1 r—1 r— ]_
Qd,r XQr PT‘,O'C—> Qd,?‘ XQr (Qr \ rr 1) er Qr Q \ U Z
i=l+1
(z)d,r,cr ¢fi,7‘ \[(z)gﬂ'l
s ) r—1 .
Pd,a \ YVd,?"—l,UC—> Qil \ chl,rfl QZ? \ U Z5;
i=l+1

We see that e,., maps P,, isomorphically onto El \ f,T L in QL \ Z£7r_1, that
EL_\ Z,l,ﬂﬂ_1 can be identified with E/ ;! c Qi \ UZ 14120 ! (by Lemma 6.1),
and that (;52;1 maps Qd, XQ, E:;l isomorphically onto EdJ N Zg;l, which is
identified with Eﬁl,l ﬁZoéﬂ,. On the other hand, ¢4, , maps Qq,, XQ, IODT’U in isomor-
phically onto lc/'dma C Pis\Yar—1,0. It follows that eq , maps }O/d,,a,g isomorphically
onto Efw N Zofiﬂ_. Thus the case that o € ¥;,, 1 is constructed. O

Proposition 6.3. Let 0 € X.. Then for any d and I, d > 1 > 1t(0), there is an
isomorphism Py \Yq 1 » = Eﬁl » Which maps ffdma isomorphically onto Eé aﬂZoé -
foranyr, l <r <d;

Proof. The case that [ = 1t(o) is proved in the above proposition. We now prove
the case that [ > lt(o). Let ¢ = 1t(c). Then by the above proposition, we have
an isomorphism Py ; 5 Ectl,cr which maps Yy, , onto Ezti,o N Zé,l for each r. This
isomorphism restricts to an isomorphism Py, \ Yq, = Efl, o\ qu. Under the
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identification Q¥ \ Zf” =Q}\ UZ 41 Zéz, EZG \ Zél is identified with Ed »» and
Eda N Zdr is identified with Eda N Zdr for any r, I < r < d. Hence we obtain an
isomorphism Py, \ Yy = Eil,a which maps lofdﬂm isomorphically onto Eé’aﬂZo é’r

for any r, [ <r < d. a
Let 0 = (L, ,l1) € ¥ and d > [,. We have the following commutative
diagram
Eym
Puo Bl N2yt s Bt
Rap»—— Par B O sl
e Puigi1 d2l2 n N Z¢li2l Eifzg I
éd,13,12,11(—> Py Eillll Z(lill2(—> Eéllll
éd,l2,11<—> Py, Zod,l1(—> Qa
éd,llcﬂ—) Py
bd, iy
where 7 = (-1, ,1,lp). Thus we obtain a sequence of canonical identifica-
tions:

: 3 l g lo l l
Raiy = Zagy, Pagy = Ed?lov Raj 1o = Ed o Zdozlv Fio = Edr,ré-

)

Recall that Q4 parametrizes quotient of the form Vpi1 — X; with deg X1 = d,
and the subset Zod’ll of Qg parametrizes such quotients with deg X* =d — ;.

Let 21 = [Vp1 — X4] € ZodJ1 = }O?d,ll. Using the identification,
A 3 3 ¥
Ed A= Pd,ll = ]P)(”T* 5$t1(qz,11771,l17]02,11 Xll))a

we see that the fiber of Eizl,ll — ZodJl over r is P(Extl((§;7l7ﬁ,l)xl, (ﬁ;lé\,’l)m))
On the other hand, we have an exact sequence

ok 7% % ¥
0= qgg, Tay, — ba,Xa — Pag, X, — 0
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whose restriction to P! x {z1},
0— (5;,117&,11%31 — (¢§,11 Xd)xl — (52,11‘)@1)11 —0

is also an exact sequence. Since (;()Sd,ll is an inclusion map, we have that (ng,ll X))z =
X1. Hence (q?jz,ll%,h)m = X% and (52}7112&1)331 = Xf, and the fiber over z; is
P(Ext! (X, X)), which parametrizes non-split extensions of the form [Xf
X5 — X*t]. Thus Eﬁll,ll parametrizes sequences of the form

(Ve — X1, [X] — Xz — X7)).
with deg X¥ = d — [ and deg Xt < d — [;. Using the identification
Rappas = Yan = By, 0 24,

we see that Eélll N Zocllll2 parametrizes such sequences with deg X* = d — [; and
deg X& = d — Iy, by the definition of Yy, , .

Let 5 = ([Vpr — X1],[XT — Xo - X¥]) € B}, N2}, = Ray,y,. Using the
. . . [ ok Tk °
identification Ef) ; = Pap1, = P(Sxtl(qdhllﬁl,b,pdyl%lleQ’ll)), we have that
the fiber of Eff’b’ll — Eill,ll N Zill,lg over the point xy is

1//0% ok ¥
P(Ext (G101, Tl )z Pain 1y Mo 1y )2))-
On the other hand, we have an exact sequence
Sk e Sk °
0 = Gay 1, Tdis = Pt Xdly = Pajs 1, Xty — 0
whose restriction to P! x {zs},
Sk O Sk 5
0 = (Qatyi, Tatn)zs = (Dapya, Xty )ee = (P ty1y Xinyty )z — 0
Is also an exact sequence. Since ¢g, ; is an inclusion map, we have
F* .
(d)d,lg,thJl)zQ - XQ‘

Hence ((32,12’1173712)902 = Xt (]52,12,11?(12,11)@ = X£I and the fiber over z is
P(Ext! (X3, X£)), which parametrizes non-split extensions of the form [X§
X3 — X3]. Thus Effb ;, barametrizes sequences of the form:

([Ver — Xu], [XT — X — X{],[X5 — X5 — X3)).
with deg Xt =d — [, deg X§ = d — Iy and deg Xt < d — l5. Since

o B o _ l2 0l2
Ry 00 = Yd s o0, = Ed,l%ll N Zd,lg’
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by the definition of ffd,lg’l%ll, Effl2 N Zoé2l3 parametrizes such sequences with
deg Xt =d — 1, deg X = d — Iy and deg Xt = d — 5.

Continuing this argument, we eventually obtain the parameter-space interpre-
tation for Eﬁ[";: Eﬁ[’; parametrizes sequences of the form
([Vpr — Xu], [X] = Xo = X{], -+, [Xg = X1 = XJ))

with deg X} =d —1;, (i = 1,--- ,m) and dengnH < d —l,,. For any r with
d>1r > lny, Efi”; N Z(ll"; parametrizes such sequences with deg X! = d — [;,
(i=1,---,m) and deg X}, ., =d—r.

Next, we deal with the modular interpretation of EJ,  for any r, d > r > [,.
By the lemma before, we have Ej = = Eﬁl”; \ Z(l[";. Since Z(li'; = Uiz, +1 Zﬁf;,
we know that Elli"; N ch[f; parametrizes sequences as above with deg XZ»t =d—1;,
(i=1,---,m) and deg XTth > d —r. Therefore, E, , which equals E(lf; \ chl";,,
parametrizes such sequences with deg X} = d—1;, (i = 1,--- ,m) and deg Xrtnﬂ <
d—r.

In summary, we have

Proposition 6.4. Let d > r. For any 0 = (L, -+ ,l2,l1) € ¥ with 1, < r, the
stratum EY;  of QU parametrizes the sequences of the form

([Vpr — Xu], [X] — Xo — X, -+, [ X5 = Ximy1 — XJ])
with deg Xf =d —1;, (i=1,---,m) and deg X}, <d—r.

Corollary 6.5. The boundary @d\éd comes equipped with a natural stratification
with strata E4, indexed by o = (I, -+ ,l2,l1) withd > I, > --- > 11 >0,. The
stratum Eq , parametrizes the sequences of the form

(Ver — Xu], [XT — Xo — X{],---, [X7, — X1 — X))

such that deg Xf =d —1;, i = 1,--- ,m, and the last sheaf Xy+1 is the unique

one that is locally free.

This proves Theorem 1.3.
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