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The Space of Complete Quotients

Yi Hu and Yijun Shao

Abstract: We introduce complete quotients over the projective line and

prove that they form smooth projective varieties. The resulting parame-

ter spaces coincide with the varieties constructed in [HLS11] and [Shao11].

Hence they provide modular smooth compactifications with normal crossing

boundaries of the spaces of algebraic maps from the projective line to Grass-

mannian varieties, resolving the singularities of the boundaries of the Quot

scheme compactifications.
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1. Introduction

We work throughout over an algebraically closed field k of characteristic 0.

Fix the Grassmannian Gr(k, V ) of k-dimensional subspace in a vector space

V ∼= k
n. The set Mord(P

1,Gr(k, V )) of degree d algebraic maps from P
1 to

Gr(k, V ) has a natural structure of a smooth quasi-projective variety. It comes

with a natural compactification, the Grothendieck Quot schemeQd := Quotd,n−k
V
P1/P

1/k
,

parametrizing all equivalence classes [VP1 � F ] of quotients of degree d and rank

n− k, where VP1 := V ⊗k OP1 . The subset

Q̊d := {[VP1 � F ] ∈ Qd |F is locally free}

is open in Qd and can be identified with the variety Mord(P
1,Gr(k, V )).
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The compactification Qd is smooth but the boundary Qd \ Q̊d has rather intri-
cate singularities. It comes equipped with a natural filtration by closed subsets

Zd,0 ⊂ Zd,1 ⊂ · · · ⊂ Zd,d−1 = Qd \ Q̊d

where Zd,r = {[VP1 � F ] ∈ Qd | the torsion of F has degree ≥ d − r}, r =

0, . . . , d− 1. The subsets Zd,r admit natural subscheme structures (cf. Section 3,
[Shao11]).

Theorem 1.1 ([HLS11, Shao11]). The singularities of the subscheme Zd,r can

be resolved by repeatedly blowing up Zd,0, Zd,1, · · · , Zd,r−1. Consequently, by it-

eratively blowing-up the Quot scheme Qd along Zd,0, Zd,1, · · · , Zd,d−1, we obtain

a smooth compactification Q̃d such that the boundary Q̃d \ Q̊d is a simple normal

crossing divisor.

The authors of [HLS11] proved the case when k = 1. In his Ph.D thesis

[Shao11], the second named author proved it for all Grassmannians Gr(k, V ),

k ≥ 1.

The main purpose of this paper is to provide Q̃d the following modular inter-

pretation.

For any coherent sheaf X over P1, we let Xt denote the torsion subsheaf of X

and Xf = X/Xt denote the free part of X. For any coherent sheaves A and B on

P
1, an extension of A by B is a short exact sequence 0→ B → X → A→ 0, which

will also be shorthanded by B � X � A. Two extensions B � X1 � A and

B � X2 � A differ by a scalar multiple λ if there is an isomorphism X1 � X2

such that the following diagram

0 �� B ��

λ· ��

X1
��

�
��

A �� 0

0 �� B �� X2
�� A �� 0

commutes, where λ· stands for the multiplication by the scalar λ. We use [B �
X � A] to denote the equivalence class of the extension B � X � A modulo

scalar multiplication.

Definition 1.2. A complete quotient of VP1 of degree d and rank n− k on P
1 is

either

• a quotient [VP1 � X1] ∈ Qd such that X1 is locally free; or,
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• a sequence ([VP1 � X1], [X
f
1 � X2 � Xt

1 ], . . . , [X
f
m � Xm+1 � Xt

m])

with m ≥ 1 such that [VP1 � X1] ∈ Qd, for every 1 ≤ i ≤ m, Xi+1 is a

non-split extension of Xt
i by Xf

i , and further, the last sheaf Xm+1 is the

unique one that is locally free.

It follows from the definition that all the sheaves X1, . . . , Xm+1 are coherent

and have degree d and rank n− k.

The main theorem of this paper is

Theorem 1.3. The projective variety Q̃d parameterizes all complete quotients of

VP1 of degree d and rank n− k.

To prove this theorem, we calculate the normal bundle of the blowup center

in each blowup of Q̃d −→ Qd as presented in [HLS11, Shao11], and modularly

interpret the points in the normal bundle as the desired extensions.

This work is the genus zero case of a larger project. The higher genus case will

appear in forthcoming papers.

Acknowledgement. While this paper being prepared, the first named author

was partially supported by NSF DMS 0901136. He would also like to dedicate

this work to the memory of Andrey Todorov who passed away in Jerusalem in

the spring of 2012.

The notations in this paper closely follow those in [Shao11] with occasional

modifications.

2. The space of relative extensions

2.1. The space of non-split extensions. Let F and T be two coherent sheaves

over P1 with F being locally free and T torsion. The vector space E = Ext1
P1(T, F )

can be identified with the set of all (isomorphism classes of) extensions F �
X � T of T by F . The zero element corresponds to the split extension F �
F ⊕ T � T while the remainders correspond to non-split ones. Therefore the

projective space P(E) := Proj(Sym∗(E∨)), where E∨ is the linear dual of the

vector space E, parametrizes the set of all non-split extensions of T by F up to

scalar multiplication. Here again, as in the introduction, two extensions F �



158 Yi Hu and Yijun Shao

X1 � T and F � X2 � T differ by a nonzero scalar multiple λ if and only if

there is an isomorphism X1 � X2 that makes the following diagram commute:

0 �� F ��

λ· ��

X1
��

�
��

T �� 0

0 �� F �� X2
�� T �� 0

where λ· is the scalar multiplication by λ. We denote by [F � X � T ] the point

of P(E) corresponding to a non-split extension F � X � T . One checks that

an extension F � X � T splits if and only if degXt = deg T . For a discussion

on universal extensions, see Example 2.1.12, [HL97] .

We need to introduce a relative version of the space of non-split extensions.

For this, we begin with a lemma.

Lemma 2.1. Let S be a noetherian scheme, 0 → E1 → E0 → T → 0 a short

exact sequence of coherent sheaves on S with T torsion and E0 and E1 locally free,

and F a coherent torsion-free sheaf on S. Then

(1) H0(S, Ext1(T ,F)) = Ext1(T ,F);
(2) for any morphism f : R→ S, f∗ Ext1S(T ,F) = Ext1R(f∗T , f∗F).

Proof. (1) Since T is torsion and F is torsion-free, we have Hom(T ,F) = 0

and Hom(T ,F) = 0. Applying Hom(−,F) and Hom(−,F) to the locally free

presentation of T , we obtain a long exact sequence

0→ Hom(E0,F)→ Hom(E1,F)→ Ext1(T ,F)→ Ext1(E0,F)→ Ext1(E1,F)

and a short exact sequence

0→ Hom(E0,F)→ Hom(E1,F)→ Ext1(T ,F)→ 0

Taking global sections of the above short exact sequence, we obtain a long exact

sequence:

0→ H0(Hom(E0,F))→ H0(Hom(E1,F))→ H0(Ext1(T ,F))
→ H1(Hom(E0,F))→ H1(Hom(E1,F))

We have identifications

Hom(Ei,F) = H0(Hom(Ei,F)), i = 0, 1
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and a natural homomorphism

Ext1(T ,F)→ H0(Ext1(T ,F))

Using the Grothendieck spectral sequence for the composition of the two functors

H0 and Hom1(Ei,−), we obtain exact sequences of low degrees:

0→ H1(Hom(Ei,F))→ Ext1(Ei,F)→ H0(Ext1(Ei,F))→ · · · , i = 0, 1.

Since Ei are locally free, we have H0(Ext1(Ei,F)) = 0. Therefore we obtain

identifications:

H1(Hom(Ei,F)) = Ext1(Ei,F), i = 0, 1

Thus we have a commutative diagram

Hom(E0,F) �� Hom(E1,F) �� Ext1(T ,F) ��

��

H0(Hom(E0,F)) �� H0(Hom(E1,F)) �� H0(Ext1(T ,F)) ��

Ext1(E0,F) �� Ext1(E1,F)

H1(Hom(E0,F)) �� H1(Hom(E1,F))

By the Five Lemma, we obtain the identification

H0(Ext1(T ,F)) = Ext1(T ,F)

The proof of (2) is parallel to that of [Shao11], Proposition 2.3. So, we omit the

details. �

2.2. The space of relative non-split extensions. To proceed, we fix a set of

notations.

Notation. For any k-schemes R and S,

(1) we denote the projection P
1 ×R→ R by πR or simply π;

(2) for any coherent sheaf H over R, denote by H∨ the dual sheaf HomR(H,OR);
(3) for any coherent sheaf F on P

1 ×R, we set Fx := F|P1×{x} for any point

x ∈ R;
(4) for any morphism f : R→ S, we set f̄ := 1× f : P1 ×R→ P

1 × S.
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We now introduce a relative version of the space of non-split extensions. Let

S be a noetherian scheme over k and let F and T be two coherent sheaves on

P
1 × S, both flat over S, with F locally free and T torsion (i.e., having rank 0).

Let πS : P
1 × S → S be the projection, and set

E := πS∗ Ext1P1×S(T ,F).

As in [Shao11], Proposition 2.4 (1), one checks that Ext1(T ,F) is a torsion sheaf
and is flat over S. By Cohomology and Base Change, we can show E is locally

free and for any point s ∈ S,

E|s = H0(Ext1(T ,F)s) = H0(Ext1(Ts,Fs)) = Ext1(Ts,Fs).

where the second equality holds by Lemma 2.1 (2) and the third holds by Lemma

2.1 (1). So the projective bundle

P(E) := Proj(Sym∗(E∨))

over S is a family of spaces of non-split extensions: for each point s ∈ S, the fiber
of P(E) over s is P(E|s) = P(Ext1(Ts,Fs)).

2.3. The universal extension.

Notation. For any coherent sheaf H on P
1 × P(E), we denote by H(m,n) the

sheaf

H ⊗ p∗OP1(m)⊗ π∗
P(E)OP(E)(n)

where p : P1 × P(E)→ P
1 and πP(E) : P

1 × P(E)→ P(E) are the two projections.

Let a : P(E)→ S be the structure morphism. The space P(E) comes equipped
with a universal quotient a∗E∨ � OP(E)(1). Dualizing the universal quotient and

tensoring the result with OP(E)(1), we obtain a line subbundle

OP(E) ↪→ a∗E ⊗ OP(E)(1) = πP(E)∗ā
∗ Ext1(T ,F)⊗OP(E)(1) =

πP(E)∗(Ext1(ā∗T , ā∗F)(0, 1)) = πP(E)∗ Ext1(ā∗T , ā∗F(0, 1))

Here the first equality holds because the morphism a is flat, and the second holds

by Lemma 2.1 (2). This line subbundle corresponds to a nonzero element of

Γ(P(E), πP(E)∗ Ext1(ā∗T , ā∗F(0, 1))) = Γ(P1 × P(E), Ext1(ā∗T , ā∗F(0, 1)))
= Ext1(ā∗T , ā∗F(0, 1))
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where the second equality holds by Lemma 2.1 (1). We can write this element as

an extension

(2.1) 0→ ā∗F(0, 1)→ X → ā∗T → 0.

which we call the universal extension. Note that the universal extension is

nowhere-split, which means that, for each k-point s ∈ S and each k-point x ∈
a−1({s}) = P(Ext1(Ts,Fs)), the extension

(2.2) 0→ Fs → Xx → Ts → 0

obtained by pulling back the universal extension to P
1 × {x} � P

1 is non-split.

Conversely, the universal quotient can be recovered from the universal exten-

sion by reversing the above process. In fact, the universal extension itself is a

nonzero element of

Ext1(ā∗T , ā∗F(0, 1)) = Γ(P1 × P(E), Ext1(ā∗T , ā∗F(0, 1))
= Γ(P(E), πP(E)∗ Ext1(ā∗T , ā∗F(0, 1))) = Γ(P(E), a∗E(1))

hence determines a line subbundle OP(E) ↪→ a∗E(1). Tensoring the line subbundle
with OP(E)(−1) and taking the dual, we obtain the universal quotient.

Thus, based on the universal property of the universal quotient, we have

Theorem 2.2. Let R be an S-scheme with structure morphism ρ : R → S, L

a line bundle on R. If 0 → ρ̄∗F ⊗ π∗RL → Y → ρ̄∗T → 0 is a nowhere-split

extension on P
1 × R, then there is a unique S-morphism f : R → P(E) such

that there are isomorphisms L
g� f∗OP(E)(1), Y

h� f̄∗X that make the following

diagram commute:

0 �� ρ̄∗F ⊗ π∗RL ��

�1⊗π∗
Rg ��

Y ��

�h ��

r̄∗T �� 0

0 �� f̄∗ā∗F ⊗ π∗Rf∗OP(E)(1) �� f̄∗X �� f̄∗ā∗T �� 0

where the second row is the pullback of the universal extension via f̄ .

3. A flattening stratification

In this section, we continue to follow the previous notations, and we impose

an additional assumption on the sheaf F of Theorem 2.2 (also Lemma 2.1):

(3.1) R1πS∗(F ⊗ p∗OP1(−1)) = 0,
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where p : P1 × S → P
1 is the projection.

We also need the following notation (cf. Introduction).

Notation. For any coherent sheaf H on P
1, we denote by Ht the torsion subsheaf

of H. The quotient H/Ht is locally free and we will denote it by Hf . Since

H � Ht⊕Hf on P
1, we call Ht and H f the torsion part and the locally free part

of H, respectively.

Let d1 and d2 be the relative degrees of F and T over S, respectively. Then

the universal extention X (see (2.1)) is of relative degree d := d1 + d2 over S.

The set

P̊(E) := {x ∈ P(E) | Xx is locally free}
is an open subset of P(E). Its complement P(E) \ P̊(E) has a sequence of nested
closed subsets:

∅ = Yd1 ⊂ Yd1+1 ⊂ · · · ⊂ Yd−1 = P(E) \ P̊(E)

where d is the relative degree of T over S, and

Yr = {x ∈ P(E) | deg((Xx)t) ≥ d− r}, r = d1, . . . , d− 1.

Note that an extension 0→ Fs → X → Ts → 0 is split if and only if the torsion

part of X is of degree d2. Hence Yd1 = ∅.

For m ≥ 0, applying Hom(−,O(m)) to the extension (2.2), we obtain an exact

sequence

0→ Hom(Xx,O(m))→ Hom(Fs,O(m))
δx,m→ Ext1(Ts,O(m))→ Ext1(Xx,O(m))→ 0

where δx,m denotes the connecting homomorphism. Then we have

Proposition 3.1. rank δx,m = d2 − deg(Xx)t for any m ≥ d.

Proof. Suppose Fs has rank k. Then Xx has rank k as well. We have non-

canonical isomorphisms

Fs �
r⊕
i=1

O(ai), Xx � (Xx)t ⊕
r⊕
i=1

O(bi)

where
∑r

i=1 ai = d1 and
∑r

i=1 bi = d − deg(Xx)t. By the assumption (3.1), we

have H1(P1,Fs(−1)) = 0 and also H1(P1,Xx(−1)) = 0. It follows that ai ≥ 0



The Space of Complete Quotients 163

and bi ≥ 0 for all i. Hence we have ai ≤ d1 < d and bi ≤ d for all i. So

Hom(Fs,O(m)) �
k⊕
i=1

Hom(O(ai),O(m)) =
k⊕
i=1

H0(O(m− ai)), and

Hom(Xx,O(m)) �
k⊕
i=1

Hom(O(bi),O(m)) =
k⊕
i=1

H0(O(m− bi)).

For m ≥ d, we have ai ≤ m and bi ≤ m, therefore

rank δx,m = dimHom(Fs,O(m))− dimHom(Xx,O(m))

=

k∑
i=1

(m− ai + 1)− (m− bi + 1)

=

k∑
i=1

bi −
k∑
i=1

ai = d− deg(Xx)t − d1 = d2 − deg(Xx)t

�

Corollary 3.2. For any integers m, r with m ≥ d and d1 ≤ r ≤ d, we have

deg(Xx)t ≥ d− r if and only if rank δx,m ≤ r − d1.

Notation. For any scheme R and any coherent sheaf H on R, we will use the

following abbreviations:

Hε := Ext1R(H,OR)

Corollary 3.2 suggests us that we can define the scheme structure of Yr in the

following way. Let m � 0. Applying Hom(−,OP1×P(E)(m, 1)) to the universal

extension (2.1) to obtain an exact sequence

0→ X∨(m, 1)→ ā∗F∨(m, 0) δm→ ā∗T ε(m, 1)→ X ε(m, 1)→ 0

where δm is the connecting homomorphism. Next, applying πP(E)∗ to δm and

using identifications

π∗(ā
∗F∨(m, 0)) = π∗ā

∗(F∨(m)) = a∗(π∗F∨(m)),
π∗(ā

∗T ε(m, 1)) = π∗ā
∗(T ε(m))(1) = a∗(π∗T ε(m))(1)

we obtain a nowhere-vanishing homomorphism

(3.2) π∗δm : a∗(π∗F∨(m))→ a∗(π∗T ε(m))(1)
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Note that both π∗F∨(m) and π∗T ε(m) are locally free sheaves on S for m� 0.

Applying the exterior power
∧l+1 (l ≥ 0) to π∗δm, we obtain

l+1∧
π∗δm :

l+1∧
a∗(π∗F∨(m))→

l+1∧
a∗(π∗T ε(m))(l + 1)

By Corollary 3.2, Yd1+l is exactly the (set-theoretic) zero locus of
∧l+1 π∗δm, for

each l with 0 ≤ l < d2. The section
∧l+1 π∗δm induces a homomorphism

Hom
( l+1∧

a∗(π∗F∨(m)),
l+1∧

a∗(π∗T ε(m))(l + 1)

)∨
→ OP(E)

The image, which we denote by Il,m, is an ideal sheaf. In a similar way as in

[Shao11], Proposition 3.4, we can prove that

Proposition 3.3. There exists an integer N > 0 such that Il,m = Il,N as sub-

sheaves of OP(E) for all m > N and for all l with 0 ≤ l < d2.

Obviously, the subscheme defined by the ideal Il,N is supported on the closed

subset Yd1+l. For simplicity, we denote this subscheme still by Yd1+l, that is,

(3.3)

Yr = the closed subscheme defined by the ideal Ir−d1+1,N , r = d1+1, . . . , d−1

In addition, we set Y̊r := Yr \Yr−1 for d1 < r < d. Note that Y̊d1+1 = Yd1+1 since

Yd1 = ∅.

Again, in a similar way as in [Shao11], Theorem 3.5, we can prove that

Proposition 3.4. The locally closed subschemes Yd1+1, Y̊d1+2, · · · , Y̊d−1 of P(E)
form the flattening stratification of P(E) by the sheaf X ε, which means that, for

any noetherian k-scheme R and any morphism f : R→ P(E), the sheaf f̄∗X ε on

P
1 × R is flat over R with relative degree d − r if and only if f factors through

the inclusion Y̊r ↪→ P(E). In particular, the restriction of X ε to P
1 × Y̊r is flat

over Y̊r with relative degree d− r.

4. The normal bundles: a first case

Let V be a vector space of dimension n over k, and Gr(k, V ) be the Grass-

mannian parametrizing all the k-dimensional subspaces of V . For any d ≥ 0, the

space Mord(P
1,Gr(k, V )) of degree d maps from P

1 to Gr(k, V ) is a nonsingu-

lar quasi-projective variety. A smooth compactification of Mord(P
1,Gr(k, V )) is
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given by the Quot scheme Qd := Quotn−k,d
V
P1/P

1/k
, parametrizing all rank-(n − k),

degree-d quotients VP1 � F of the trivial vector bundle VP1 of rank n on P
1. It

comes with a universal exact sequence of sheaves on P
1 ×Qd:

0→ Ed → VP1×Qd
→ Fd → 0

Here Fd is flat over Qd with rank n− k and relative degree d. It follows that Ed
is locally free with rank k and relative degree −d over Qd. The open subvariety
Q̊d := {x ∈ Qd | (Fd)x is locally free} coincides with Mord(P1,Gr(k, V )).

Recall from the introduction that for any d > r ≥ 0, we have the closed

subscheme

Zd,r = {[VP1 � F ] ∈ Qd | deg(F t) ≥ d− r}.

We refer the reader to Section 3 in [Shao11] for the details on the subscheme

structure of Zd,r. These are the subschemes that are blown up to yield the

variety Q̃d. Below we analyze the normal bundle of the locally closed subsets

Z̊d,r := Zd,r \ Zd,r−1.

The subscheme Zd,r is closely related to the following relative Quot scheme

over Qr:

Qd,r := Quot0,d−rEr/P1×Qr/Qr

If a point of Qr is represented by the exact sequence E � VP1 � F , then the

fiber of Qd,r over the point consists of points represented by the quotient E � T

with T torsion of degree d− r. Let θd,r : Qd,r → Qr be the structure morphism.

(Note that the notation for this morphism is simply θ in [Shao11]. We add

sub-index in this paper because we will deal with multiple Qd,r’s together with

their structure morphisms simultaneously. The same reason applies to the other

similar situations below.) In [Shao11], we showed that Qd,r is relatively smooth

over Qr, hence is a nonsingular variety. It comes equipped with a universal exact

sequence on P
1 ×Qd,r:

(4.1) 0→ Ed,r → θ∗d,rEr → Td,r → 0

Here Td,r is flat over Qd,r with rank 0 and relative degree d − r. Since θ∗d,rEr is
locally free of rank k and of relative degree −r over Qd,r, it follows that Ed,r is
locally free of rank k and of relative degree −d over Qd,r. We set Q̊d,r := θ−1d,r(Q̊r)

and write θ̊d,r : Q̊d,r → Qr for the restriction of θd,r on Q̊d,r.
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We form a commutative diagram on P
1 ×Qd,r:

(4.2) 0

��

0

��

0 �� Ed,r �� θ̄∗d,rEr ��

��

Td,r ��

��

0

0 �� Ed,r �� VP1×Qd,r
��

��

Fd,r ��

��

0

θ̄∗d,rFr
��

θ̄∗d,rFr
��

0 0

where the middle column is the pullback of the universal exact sequence of Qr via

θ̄d,r, and Fd,r is defined to be the cokernel of the composite map Ed,r → θ̄∗d,rEr →
VP1×Qd,r

. One checks that Fd,r is flat over Qd,r of rank n− k and relative degree
d. By the universal property of Qd, the middle row determines a morphism

φd,r : Qd,r → Qd (it is denoted by φ in [Shao11]) such that the following diagram

commutes:

(4.3) 0 �� Ed,r �� VP1×Qd,r
�� Fd,r ��

�
��

0

0 �� φ̄∗d,rEd �� φ̄∗d,rVP1×Qd
�� φ̄∗d,rFd �� 0

The morphism φd,r maps Qd,r onto Zd,r (cf. Proposition 4.6 of [Shao11]). We

denote by φ̊d,r : Q̊d,r → Qd the restriction of φd,r on Q̊d,r. Note that φ̊d,0 = φd,0

since Q̊d,0 = Qd,0. We showed that φ̊d,r maps Q̊d,r into Z̊d,r ⊂ Qd in [Shao11],

where Z̊d,r = Zd,r\Zd,r−1, and we set Zd,−1 := ∅. We denote by ϕ̊d,r : Q̊d,r → Z̊d,r

the map obtained by restricting the codomain of φ̊d,r to Z̊d,r. In [Shao11], we

showed that ϕ̊d,r : Q̊d,r → Z̊d,r is in fact an isomorphism of schemes, hence

φ̊d,r : Q̊d,r → Qd is an embedding. (cf. Proposition 4.8, [Shao11])

Proposition 4.1 ([Str87], Theorem 7.1). The tangent bundle TQd
of Qd is natu-

rally isomorphic to π∗Hom(Ed,Fd). The relative tangent bundle TQd,r/Qr
of Qd,r

over Qr is naturally isomorphic to π∗Hom(Ed,r, Td,r).

Proof. The first assertion is proved in [Str87], Theorem 7.1. The second, which

is a relative version of the first, can be proved by slightly modifying the proof of

[Str87], Theorem 7.1. We omit the details. �
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The tangent bundle TQd,r
of Qd,r fits into the following exact sequence

(4.4) 0→ TQd,r/Qr
→ TQd,r

→ θ∗d,rTQr → 0

The morphism φ̊d,r : Q̊d,r → Qd is an embedding and is factored as

Q̊d,0

ϕ̊d,r
∼→ Z̊d,r ↪→ Qd

(cf. Proposition 4.8 of [Shao11]). Let NQ̊d,r/Qd
denote the normal sheaf of Q̊d,0

in Qd. Since Qd,r is nonsingular, NQ̊d,r/Qd
is locally free.

Proposition 4.2. We have a natural identification

NQ̊d,r/Qd
= π∗ Ext1(Td,r, θ̄∗d,rFr)|Q̊d,r

.

In particular, letting r = 0, we have NQd,0/Qd
= π∗ Ext1(Td,0, θ̄∗d,0F0).

Proof. Since NQ̊d,r/Qd
is locally free, we have the following exact sequence of

sheaves on Q̊d,r:

0→ TQ̊d,r
→ φ̊∗d,rTQd

→ NQ̊d,r/Qd
→ 0

Note that the restriction of the exact sequence (4.4) to Q̊d,r gives an exact se-

quence

0→ TQ̊d,r/Q̊r
→ TQ̊d,r

→ θ̊∗d,rTQr → 0.

Combining the above two sequences, we can form a commutative diagram of

sheaves on Q̊d,r:

0

��

0

��

0 �� TQ̊d,r/Q̊r

�� TQ̊d,r

��

��

θ̊∗d,rTQr
��

��

0

0 �� TQ̊d,r/Q̊r

�� φ̊∗d,rTQd
��

��

π∗Hom(Ed,r, θ̄∗d,rFr)|Q̊d,r

��

��

0

NQ̊d,r/Qd

��

NQ̊d,r/Qd

��

0 0

where the middle row comes from the natural identifications

TQ̊d,r/Q̊r
= π∗Hom(Ed,r, Td,r)|Q̊d,r

,

φ̊∗d,rTQd
= φ̊∗d,rπ∗Hom(Ed,Fd) = π∗Hom(Ed,r,Fd,r)|Q̊d,r
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by Proposition 4.1 and the exact sequence

0→ π∗Hom(Ed,r, Td,r)→ π∗Hom(Ed,r,Fd,r)→ π∗Hom(Ed,r, θ̄∗d,rFr)→ 0

obtained by applying π∗Hom(Ed,r,−) to the third column of the diagram (4.2).

The dotted arrows in the third column are induced maps on the quotients. Since

all rows and the middle column are exact, the third column is forced to be exact

as well.

Using the identification

θ̊∗d,rTQr = θ̊∗d,rπ∗Hom(Er,Fr) = π∗Hom(θ̄∗d,rEr, θ̄∗d,rFr)|Q̊d,r

and comparing the third column with the short exact sequence

0→ π∗Hom(θ̄∗d,rEr, θ̄∗d,rFr)→ π∗Hom(Ed,r, θ̄∗d,rFr)→ π∗ Ext1(Td,r, θ̄∗d,rFr)→ 0

obtained by applying π∗Hom(−, θ̄∗d,0F0) to the exact sequence (4.1), we obtain a

natural identification

NQ̊d,r/Qd
= π∗ Ext1(Td,r, θ̄∗d,rFr)|Q̊d,r

.

�

5. The normal bundles: the general case

In this technical section, we introduce and analyze the properties of a set of

auxiliary schemes. These will be used in the final section to identify with and to

derive the desired modular properties of the exceptional divisors created in the

sequence of blowups Q̃d → Qd.

5.1. The schemes Qd,r,l and morphisms ψd,r,l. Let d > r > l ≥ 0, and we

consider Qd,r,l := Qd,r ×Qr Qr,l. Let ψd,r,l : Qd,r,l → Qd,r and ψd,r,l : Qd,r,l →
Qr,l be the two projections. (Here the underscored subscript l in the map ψd,r,l

indicates that the subscript l shows up in the source (Qd,r,l) but not in the target

(Qd,r). Ditto for d, and for r below.) First of all, we see that Qd,r,l is smooth

over Qr,l because Qd,r is smooth over Qr. It follows that Qd,r,l is a nonsingular

variety. Next, we will define a finite morphism ψd,r,l : Qd,r,l → Qd,l based on the
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morphisms in the following diagram

(5.1) Qr

1©Qr,l

φr,l ���������

θr,l

����

Qd,r

θd,r�����������

φd,r

��

Qd,r,l
ψd,r,l

����������
ψd,r,l

��������

ψd,r,l

��

Ql

2©
Qd

3©

Qd,l
θd,l

�����������
φd,l

���������

The parallelogram 1© is commutative by the definition of Qd,r,l. On P
1 × Qd,r,l

we have two short exact sequences:

0→ ψ̄∗d,r,lEr,l → ψ̄∗d,r,lθ̄
∗
r,lEl → ψ̄∗d,r,lTr,l → 0

0→ ψ̄∗d,r,lEd,r → ψ̄∗d,r,lθ̄
∗
d,rEr → ψ̄∗d,r,lTd,r → 0

which are pullbacks of the universal exact sequences of Qr,l and Qd,r via ψ̄d,r,l

and ψ̄d,r,l respectively. Note that ψ̄
∗
d,r,lθ̄

∗
d,rEr = ψ̄∗d,r,lφ̄

∗
r,lEr = ψ̄d,r,lEr,l. Putting

the two sequences together, we can form a commutative diagram as follows:

(5.2) 0

��

0

��

0 �� ψ̄∗d,r,lEd,r �� ψ̄∗d,r,lEr,l ��

��

ψ̄∗d,r,lTd,r ��

��

0

0 �� ψ̄∗d,r,lEd,r �� ψ̄∗d,r,lθ̄
∗
r,lEl ��

��

T ��

��

0

ψ̄∗d,r,lTr,l
��

ψ̄∗d,r,lTr,l
��

0 0

where T = Coker(ψ̄∗d,r,lEd,r → ψ̄∗d,r,lEr,l → ψ̄∗d,r,lθ̄
∗
r,lEl), and the dotted arrows are

the induced maps on quotients. Since the upper two rows and the middle column

are exact, the last column are forced to be exact as well. Note that ψ̄∗d,r,lTd,r
and ψ̄∗d,r,lTr,l are both flat over Qd,r,l with rank 0 but with relative degree d − r

and r − l respectively. Hence T is flat over Qd,r,l as well and is of rank 0 and

of relative degree d − l. Thus the quotient ψ̄∗d,r,lθ̄
∗
r,lEl � T from the middle row
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determines a Ql-morphism

ψd,r,l : Qd,r,l → Qd,l

such that the pullback of the universal exact sequence of Qd,l is the middle row

of (5.2), i.e., we have the following identifications:

(5.3) 0 �� ψ̄∗d,r,lEd,r �� ψ̄∗d,r,lθ̄
∗
r,lEl �� T �� 0

0 �� ψ̄∗d,r,lEd,l �� ψ̄∗d,r,lθ̄
∗
d,lEl �� ψ̄∗d,r,lTd,l �� 0

In particular, the identification T = ψ̄∗d,r,lTd,l allows us to rewrite the third column
of the diagram (5.2) as

(5.4) 0→ ψ̄∗d,r,lTd,r → ψ̄∗d,r,lTd,l → ψ̄∗d,r,lTr,l → 0

By the definition of ψd,r,l, the parallelogram 2© in the diagram (5.1) automatically

commutes. We also have

Proposition 5.1. The parallelogram 3© in diagram (5.1) commutes.

Proof. We need to show φd,rψd,r,l = φd,lψd,r,l. Because both φd,rψd,r,l and φd,lψd,r,l

map into Qd, by the universal property of the Quot scheme Qd (see [Shao11],

Theorem 2.1), it suffices to show that there is an isomorphism (φd,rψd,r,l)
∗Fd �

(φd,lψd,r,l)
∗Fd that makes the following diagram commute:

VP1×Qd,r,l
(φd,rψd,r,l)

∗VP1×Qd
�� (φd,rψd,r,l)

∗Fd
�
��

VP1×Qd,r,l
(φd,lψd,r,l)

∗VP1×Qd
�� (φd,lψd,r,l)

∗Fd

By the diagram (4.3), we have an exact sequence

0→ Ed,r → VP1×Qd,r
→ φ̄∗d,rFd → 0

Replacing r with l, we obtain another one

0→ Ed,l → VP1×Qd,l
→ φ̄∗d,lFd → 0

Applying ψ̄∗d,r,l and ψ̄
∗
d,r,l to the above two exact sequences respectively, we obtain

two exact sequences

0→ ψ̄∗d,r,lEd,r → VP1×Qd,r,l
→ ψ̄∗d,r,lφ̄

∗
d,rFd → 0

0→ ψ̄∗d,r,lEd,l → VP1×Qd,r,l
→ ψ̄∗d,r,lφ̄

∗
d,lFd → 0
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Using the identification ψ̄∗d,r,lEd,r = ψ̄∗d,r,lEd,l from the diagram (5.3), we obtain a

commutative diagram

0 �� ψ̄∗d,r,lEd,r �� VP1×Qd,r,l
�� ψ̄∗d,r,lφ̄

∗
d,rFd ��

�
��

0

0 �� ψ̄∗d,r,lEd,l �� VP1×Qd,r,l
�� ψ̄∗d,r,lφ̄

∗
d,lFd �� 0

which induces an isomorphism ψ̄∗d,r,lφ̄
∗
d,rFd � ψ̄∗d,r,lφ̄

∗
d,lFd in the third column.

This isomorphism is the desired one. �

The map ψd,r,l is both proper and quasi-finite, hence it is a finite morphism.

Notation. For any integer m ≥ 1, let Σm be the set of all strictly decreasing

sequences of nonnegative integers of length m:

Σm = {(r1, · · · , rm) | r1 > · · · > rm}

and let Σ be the set of all strictly decreasing sequences of nonnegative integers of

any finite length:

Σ =
∞⋃
m=1

Σm

For any sequence σ = (r1, · · · , rm) ∈ Σ, the first term r1 is called the leading

term and is denoted as lt(σ). For any integer r > lt(σ), by (r, σ) we mean the

new sequence (r, r1, · · · , rm). The length of a sequence σ is denoted by |σ|.

When we use a sequence of Σ as sub-index, we would omit the parentheses. For

example, if σ = (8, 5, 3, 1, 0), τ = (5, 3, 1, 0) and λ = (3, 1, 0), then the notations

Qσ, Q8,τ and Q8,5,λ all mean the same thing: Q8,5,3,1,0.

5.2. The schemes Pσ and their properties. We now introduce a set of spaces

Pσ together with a set of coherent sheaves Xσ on P
1×Pσ, indexed by σ ∈ Σ. We

will need a set of auxiliary spaces Rσ indexed by σ ∈ Σ with |σ| ≥ 2. First, we

define Pσ for σ ∈ Σ1. Suppose σ = (d). In this case, we set

Pσ = Pd := Qd, P̊σ = P̊d := Q̊d, Xσ = Xd := Fd

We will denote by X̊d the restriction of Xd on P
1× P̊d. We know that X̊d is locally

free.
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Next we define Pσ for σ ∈ Σ2. Suppose σ = (d, r), d > r. We set

Rd,r := Qd,r ×Qr Pr, R̊d,r := Qd,r ×Qr P̊r ⊂ Rd,r

Since Pr = Qr and P̊r = Q̊r, we actually have Rd,r = Qd,r and R̊d,r = Q̊d,r. Let

qd,r and pd,r be the projections from Rd,r to Qd,r and to Pr, respectively, and let

q̊d,r and p̊d,r be the projections from R̊d,r to Qd,r and to P̊r, respectively. We

define Pd,r to be a (relative) space of non-split extensions:

Pd,r = P(π∗ Ext1(¯̊q∗d,rTd,r, ¯̊p
∗
d,rX̊r))

and let ad,r : Pd,r → R̊d,r be the structure morphism. We denote the universal

extension on P
1 × Pd,r by

0→ (ā∗d,r ¯̊p
∗
d,rX̊r)(0, 1)→ Xd,r → ā∗d,r ¯̊q

∗
d,rTd,r → 0

Let P̊d,r ⊂ Pd,r be the open subset defined as

P̊d,r := {x ∈ Pd,r | (Xd,r)x is locally free}

We denote by X̊d,r the restriction of Xd,r to P1×P̊d,r. Then X̊d,r is locally free, and
Pd,r can be considered as a Qd-scheme through the composition Pd,r → R̊d,r →
Qd,r → Qd. So we have defined Pσ, Xσ, Rσ, etc., for any σ ∈ Σ with |σ| = 2. In

the following, we will define Pσ, Xσ, etc., for any σ ∈ Σ with |σ| ≥ 3 inductively.

Assume that, for each σ ∈ Σm for some m ≥ 2, the space Pσ of non-split

extensions is defined and the sheaf Xσ is the middle term from the universal

extension on P
1 × Pσ . Assume also that a morphism Pσ → Ql (l = lt(σ)) has

been specified so that Pσ can be considered as a Ql-scheme.

Let σ ∈ Σm+1, d = lt(σ), τ be the sequence formed from σ by removing

the leading term d, and r = lt(τ). So σ = (d, τ) = (d, r, · · · ). By induction

hypothesis, the space Pτ of non-split extensions is defined and is a Qr-scheme.

We set

Rσ := Qd,r ×Qr Pτ , R̊σ := Qd,r ×Qr P̊τ ⊂ Rσ

Let qσ and pσ be the two projections from Rσ to Qd,r and to Pτ , respectively,

and let q̊σ and p̊σ be the two projections from R̊σ to Qd,r and to P̊τ , respectively.

We define Pσ = Pd,τ to be a space of non-split extensions over R̊σ by

Pσ := P(π∗ Ext1(¯̊q∗σTd,r, ¯̊p
∗
σX̊τ ))
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and let aσ : Pσ → R̊σ be the structure morphism. We denote the universal

extension on P
1 × Pσ by

0→ (ā∗σ ¯̊p
∗
σX̊τ )(0, 1)→ Xσ → ā∗σ ¯̊q

∗
σTd,r → 0

Pσ can be considered as a Qd-scheme through Pσ → R̊σ → Qd,r → Qd. We define

the open subset P̊σ ⊂ Pσ as

P̊σ := {x ∈ Pσ | (Xσ)x is locally free}

Then, X̊σ, the restriction of Xσ on P
1 × P̊σ is locally free. By induction, we have

defined Pσ, Xσ, Rσ, etc., for all σ ∈ Σ.

Lemma 5.2. For each σ,

(1) Xσ is flat over Pσ with relative degree lt(σ).

(2) R1π∗(Xσ(−1)) = 0.

The closed subset Pσ \ P̊σ of Pσ has a sequence of nested closed subschemes

∅ = Yd,r,τ ⊂ Yd,r+1,τ ⊂ · · · ⊂ Yd,d−1,τ = Pσ \ P̊σ

where Yd,e,τ = {x ∈ Pσ | deg((Xσ)tx) ≥ d − e} and the subscheme structure on

Yd,e,τ is defined by (3.3). We set Y̊d,e,τ := Yd,e,τ \ Yd,e−1,τ for e = r+1, · · · , d− 1.
That is, Y̊d,e,τ = {x ∈ Pσ | deg((Xσ)tx) = d− e}.

Lemma 5.3. The space Pσ is nonsingular for any σ ∈ Σ.

Proof. We prove it by induction on |σ|. When |σ| = 1, say σ = (d) for some d, we

have Pσ = Pd = Qd. So this case is obvious since Qd is nonsingular. Assume that

the statement holds true for all σ ∈ Σm for some m. Let σ ∈ Σm+1 and suppose

σ = (d, τ) where τ ∈ Σm. By definition, Pσ = Pd,τ is a projective bundle over

Qd,r×Qr P̊τ where r = lt(τ). Hence Pσ is smooth over Qd,r×Qr P̊τ . We know that

Qd,r is smooth over Qr, hence Qd,r ×Qr P̊τ is smooth over P̊τ . Since smoothness

is transitive, Pσ is smooth over P̊τ . By induction hypothesis, Pτ is nonsingular,

and so is P̊τ and hence Pσ is nonsingular. This completes the proof. �
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Let σ ∈ Σ, l = lt(σ) and let d > r > l. We define a morphism φd,r,σ : Rd,r,σ →
Pd,σ using the following commutative diagram

(5.5) Pr,σ

ar,σ
��

Qd,r ×Qr Pr,σ = Rd,r,σ
pd,r,σ

��
φd,r,σ

��

1×ar,σ
��

Pd,σ

ad,σ
��

Qr,l ×Ql
P̊σ

q̊r,σ

��

Qd,r ×Qr Qr,l ×Ql
P̊σ

ψd,r,l×1
��

ψd,r,l×1
��

1×q̊r,σ
��

Qd,l ×Ql
P̊σ

q̊d,σ

��

Qr,l Qd,r ×Qr Qr,l
ψd,r,l

��
ψd,r,l

�� Qd,l

By the base change property, Rd,r,σ is a projective bundle over Qd,r ×Qr R̊r,σ =

Qd,r ×Qr Qr,l ×Ql
P̊σ

Rd,r,σ = (Qd,r ×Qr R̊r,σ)×R̊r,σ
Pr,σ = P((ψd,r,l × 1)∗π∗ Ext1(¯̊q∗r,σTr,l, ¯̊p

∗
r,σX̊σ))

with ORd,r,σ
(1) = p∗d,r,σOPr,σ(1) and structure morphism 1× ar,σ. On P

1×Rd,r,σ,
we have a commutative diagram of sheaves

(5.6)

0

��

0

��

q̄∗d,r,σTd,r

��

‘ar,σ
∗ ‘̊qr,σ ∗ψ̄∗d,r,lTd,r

��

0 �� (‘ar,σ
∗ψ′d,r,l

∗ ¯̊p∗d,σX̊σ)(0, 1) �� X ��

��

‘ar,σ
∗ψ′d,r,l

∗ ¯̊q∗d,σTd,l ��

��

0

0 �� p̄∗d,r,σ((ā
∗
r,σ
¯̊p
∗
r,σX̊σ)(0, 1)) �� p̄∗d,r,σXr,σ ��

��

p̄∗d,r,σā
∗
r,σ
¯̊q
∗
r,σTr,l ��

��

0

0 0

where

• for short notations, we have set ‘ar,σ := 1× ar,σ, ‘̊qr,σ := 1× qr,σ, ψ′d,r,l :=
ψd,r,l × 1,

• the last row is the pullback of the universal extension of Pr,σ via p̄d,r,σ :

P
1 ×Rd,r,σ → P

1 × Pr,σ,
• the last column is the pullback of the exact sequence of torsion sheaves

via ‘ar,σ ‘̊qr,σ : P
1 ×Rd,r,σ → P

1 × (Qd,r ×Qr Qr,l), and

• X is the fiber product (p̄∗d,r,σXr,σ) ×(p̄∗d,r,σ ā∗r,σ ¯̊q
∗
r,σTr,l) (‘ar,σ

∗ψ′d,r,l
∗ ¯̊q∗r,σTd,l)

in the category of coherent sheaves.
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Recall that the universal extension of Pd,σ is the exact sequence

(5.7) 0→ (ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1)→ Xd,σ → ā∗d,σ ¯̊q

∗
d,σTd,l → 0

on P
1 × Pd,σ. By Theorem 2.2, the middle row determines a (Qd,l ×Ql

P̊σ)-

morphism

φd,r,σ : Rd,r,σ → Pd,σ

such that there are isomorphisms ORd,r,σ
(1) � φ∗d,r,σOPd,σ

(1) and X � φ̄∗d,r,σXd,σ
that make the following diagram commute:

0 �� (‘ar,σ
∗ψ′d,r,l

∗ ¯̊p∗d,σX̊σ)(0, 1) ��

�
��

X ��

�
��

‘ar,σ
∗ψ′d,r,l

∗ ¯̊q∗d,σTd,l �� 0

0 �� φ̄∗d,r,σ((ā
∗
d,σ
¯̊p
∗
d,σX̊σ)(0, 1)) �� φ̄∗d,r,σXd,σ �� φ̄∗d,r,σā

∗
d,σ
¯̊q
∗
d,σTd,l �� 0

where the first row is the middle row of diagram (5.6) and the second row is the

pullback of the universal extension (5.7) of Pd,σ via φ̄d,r,σ : P
1×Rd,r,σ → P

1×Pd,σ.
For simplicity, we make identifications

(5.8) ORd,r,σ
(1) = φ∗d,r,σOPd,σ

(1), X = φ̄∗d,r,σXd,σ.

Let φ̊d,r,σ : R̊d,r,σ → Pd,σ be the restriction of φd,r,σ to R̊d,r,σ. The restriction

of the middle column of diagram (5.6) to P
1 × R̊d,r,σ is the exact sequence

(5.9) 0→ ¯̊q
∗
d,r,σTd,r →

¯̊
φ∗d,r,σXd,σ → ¯̊p

∗
d,r,σX̊r,σ → 0

Proposition 5.4. The map φ̊d,r,σ factors through the inclusion Y̊d,r,σ ↪→ Pd,σ.

Proof. Taking the dual of the sequence (5.9), we obtain (
¯̊
φ∗d,r,σXd,σ)ε � (¯̊q

∗
d,r,σTd,r)ε.

Since (
¯̊
φ∗d,r,σXd,σ)ε =

¯̊
φ∗d,r,σ(X ε

d,σ), we have that
¯̊
φ∗d,r,σ(X ε

d,σ) is flat over R̊d,r,σ with

relative degree d − r. By Proposition 3.4, the map φ̊d,r,σ factors through the

inclusion Y̊d,r,σ ↪→ Pd,σ. �

We denote by ϕ̊d,r,σ : R̊d,r,σ → Y̊d,r,σ the map factored out from φ̊d,r,σ.

Proposition 5.5. The morphism ϕ̊d,r,σ : R̊d,r,σ → Y̊d,r,σ is an isomorphism.

Proof. We prove by constructing an inverse of ϕ̊d,r,σ. Let i : Y̊d,r,σ ↪→ Pd,σ be the

inclusion map. The pullback of the universal extension (5.7) via i is the exact

sequence

0→ ī∗((ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1))→ ī∗Xd,σ → ī∗ā∗d,σ ¯̊q

∗
d,σTd,l → 0
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on P
1 × Y̊d,r,σ. Taking dual, we obtain a long exact sequence

0→ (̄i∗Xd,σ)∨ → (̄i∗((ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1)))∨ → (̄i∗ā∗d,σ ¯̊q

∗
d,σTd,l)ε → (̄i∗Xd,σ)ε → 0

We break it into two short exact sequences

0→ (̄i∗Xd,σ)∨ → (̄i∗((ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1)))∨ → T → 0

0→ T → (̄i∗ā∗d,σ ¯̊q
∗
d,σTd,l)ε → (̄i∗Xd,σ)ε → 0

We have (̄i∗Xd,σ)ε = ī∗(X ε
d,σ) and (̄i

∗ā∗d,σ
¯̊q
∗
d,σTd,l)ε = ī∗ā∗d,σ

¯̊q
∗
d,σ(T εd,l). By Propo-

sition 3.4, ī∗(X ε
d,σ) is flat over Y̊d,r,σ with relative degree d− r. Since T εd,l is also

flat over Qd,l with relative degree d− l, we have T is flat over Y̊d,r,σ with relative

degree r − l. We also know that both (̄i∗ā∗d,σ
¯̊q
∗
d,σTd,l)ε and (̄i∗Xd,σ)ε are torsion,

hence T is also torsion. Since the middle term of the first sequence is locally free

and the last term is flat over Y̊d,r,σ, the first term, (̄i
∗Xd,σ)∨, is locally free as

well.

Now dualizing both of the above sequences, we obtain another two exact se-

quences

(5.10) 0→ ī∗((ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1))→ (̄i∗Xd,σ)∨∨ → T ε → 0

(5.11) 0→ (̄i∗Xd,σ)εε → ī∗ā∗d,σ ¯̊q
∗
d,σTd,l → T ε → 0

The Quot scheme Qd,l has a universal quotient θ̄
∗
d,lEl � Td,l. Applying ī∗ā∗d,σ ¯̊q

∗
d,σ

to this quotient, we obtain a quotient ī∗ā∗d,σ
¯̊q
∗
d,σ θ̄

∗
d,lEl � ī∗ā∗d,σ

¯̊q
∗
d,σTd,l. Its com-

position with the quotient ī∗ā∗d,σ
¯̊q
∗
d,σTd,l � T ε from the sequence (5.11) yields a

quotient

We form a commutative diagram

0

��

0

��

0 �� ī∗ā∗d,σ
¯̊q
∗
d,σEd,l �� E ��

��

(̄i∗Xd,σ)εε ��

��

0

0 �� ī∗ā∗d,σ
¯̊q
∗
d,σEd,l �� ī∗ā∗d,σ

¯̊q
∗
d,σ θ̄

∗
d,lEl ��

��

ī∗ā∗d,σ
¯̊q
∗
d,σTd,l ��

��

0

T ε
��

T ε
��

0 0



The Space of Complete Quotients 177

where the last column is the sequence (5.11), the middle row is the pullback of

the universal exact sequence of Qd,l via ¯̊qd,σād,σ ī : P
1× Y̊d,r,σ → P

1×Qd,l, and E is
defined to be the kernel of the composition ī∗ā∗d,σ

¯̊q
∗
d,σ θ̄

∗
d,lEl � ī∗ā∗d,σ

¯̊q
∗
d,σTd,l � T ε.

The dotted arrows in the first row are the induced maps. Since T ε is torsion
and flat over Y̊d,r,σ with relative degree r − l, the quotient ī∗ā∗d,σ

¯̊q
∗
d,σ θ̄

∗
d,lEl � T ε

from the middle column induces a Ql-morphism λ : Y̊d,r,σ → Qr,l such that the

pullback of the universal exact sequence of Qr,l via λ̄ is the same as the middle

column:

(5.12) 0 �� λ̄∗Er,l �� λ̄∗θ̄∗r,lEl �� λ̄∗Tr,l �� 0

0 �� E �� ī∗ā∗d,σ
¯̊q
∗
d,σ θ̄

∗
d,lEl �� T ε �� 0

We have a morphism φr,l : Qr,l → Qr and an identification Er,l = φ̄∗r,lEr as in
diagram (4.3). Thus we have an identification

E = λ̄∗Er,l = λ̄∗φ̄∗r,lEr

and we can rewrite the first row as

0→ ī∗ā∗d,σ ¯̊q
∗
d,σEd,l → λ̄∗φ̄∗r,lEr → (̄i∗Xd,σ)εε → 0

Since (̄i∗Xd,σ)εε is torsion and flat over Y̊d,r,σ with relative degree d−r, the above
sequence induces a morphism μ : Y̊d,r,σ → Qd,r such that the pullback of the

universal exact sequence of Qd,r via μ̄ is the same as the above sequence:

0 �� μ̄∗Ed,r �� μ̄∗θ̄∗d,rEr �� μ̄∗Td,r �� 0

0 �� ī∗ā∗d,σ
¯̊q
∗
d,σEd,l �� λ̄∗φ̄∗r,lEr �� (̄i∗Xd,σ)εε �� 0

Using the identification T ε = λ̄∗Tr,l from sequence (5.12), we can rewrite the

sequence (5.10) as

0→ ī∗((ā∗d,σ ¯̊p
∗
d,σX̊σ)(0, 1))→ (̄i∗Xd,σ)∨∨ → λ̄∗Tr,l → 0

By Theorem 2.2, the above exact sequence determines a morphism ν : Y̊d,r,σ →
Pr,σ such that the pullback of the universal extension of Pr,σ is the same as the
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above sequence:

0 �� ν̄∗((ā∗r,σ ¯̊p
∗
r,σX̊σ)(0, 1)) �� ν̄∗Xr,σ �� ν̄∗ā∗r,σ ¯̊q

∗
r,σTr,l �� 0

0 �� ī∗((ā∗d,σ
¯̊p
∗
d,σX̊σ)(0, 1)) �� (̄i∗Xd,σ)∨∨ �� λ̄∗Tr,l �� 0

But because the middle term (̄i∗Xd,σ)∨∨ is locally free, the map ν actually maps
Y̊d,r,σ into P̊r,σ. So we obtain a morphism

μ× ν : Y̊d,r,σ → Qd,r ×Qr P̊r,σ := R̊d,r,σ

It is now routine to check that μ× ν is the inverse of ϕ̊d,r,σ : R̊d,r,σ → Y̊d,r,σ, and

this complete the proof. �

The above proposition shows that φ̊d,r,σ is an embedding. So we can identify

R̊d,r,σ with the subscheme Y̊d,r,σ of Pd,σ and identify φ̊d,r,σ with the inclusion map.

We also have
¯̊
φ∗d,r,σXd,σ = XR̊d,r,σ

. So the exact sequence (5.9) can be rewritten

as:

0→ ¯̊q
∗
d,r,σTd,r →

¯̊
φ∗d,r,σXd,σ → ¯̊p

∗
d,r,σX̊r,σ → 0

Since Rd,r,σ and Pd,σ are both nonsingular, we can talk about their tangent

bundles as well as the normal bundle of the embedding φ̊d,r,σ : R̊d,r,σ ↪→ Pd,σ.

Proposition 5.6. The normal bundle NR̊d,r,σ/Pd,σ
of the embedding φ̊d,r,σ : R̊d,r,σ ↪→

Pd,σ is isomorphic to π∗ Ext1(¯̊q∗d,r,σTd,r, ¯̊p
∗
d,r,σX̊r,σ).

Proof. Since Pd,σ is a projective bundle over R̊d,σ, the relative cotangent bundle

ΩPd,σ/R̊d,σ
fits into the following exact sequence

0→ ΩPd,σ/R̊d,σ
→ (a∗d,σπ∗ Ext1(¯̊q

∗
d,σTd,l, ¯̊p

∗
d,σX̊σ))∨(−1)→ OPd,σ

→ 0

Pulling the sequence back to Rd,r,σ via φd,r,σ, we obtain an exact sequence

(5.13)

0→ φ∗d,r,σΩPd,σ/R̊d,σ
→ (φ∗d,r,σa

∗
d,σπ∗ Ext1(¯̊q

∗
d,σTd,l, ¯̊p

∗
d,σX̊σ))∨(−1)→ φ∗d,r,σOPd,σ

→ 0

We can rewrite φ∗d,r,σa
∗
d,σπ∗ Ext1(¯̊q

∗
d,σTd,l, ¯̊p

∗
d,σX̊σ) as

φ∗d,r,σa
∗
d,σπ∗ Ext1(¯̊q

∗
d,σTd,l, ¯̊p

∗
d,σX̊σ)

= π∗ Ext1(φ̄∗d,r,σā∗d,σ ¯̊q
∗
d,σTd,l, φ̄∗d,r,σā∗d,σ ¯̊p

∗
d,σX̊σ)

= π∗ Ext1(f̄∗ψ̄∗d,r,lTd,l, ḡ∗X̊σ)
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where

f := (1× q̊r,σ)(1× ar,σ), g := p̊d,σad,σφd,r,σ.

Set QQP := Qd,r ×Qr Qr,l ×Ql
P̊σ. Since Rd,r,σ is a projective bundle over QQP ,

the relative cotangent bundle ΩRd,r,σ/QQP fits into the following exact sequence

(5.14)

0→ ΩRd,r,σ/QQP → ((1×ar,σ)∗(ψd,r,l×1)∗π∗ Ext1(¯̊q∗r,σTr,l, ¯̊p
∗
r,σX̊σ))∨(−1)→ ORd,r,σ

→ 0

We have

(1× ar,σ)∗(ψd,r,l × 1)∗π∗ Ext1(¯̊q∗r,σTr,l, ¯̊p
∗
r,σX̊σ) = π∗ Ext1(f̄∗ψ̄∗d,r,lTr,l, ḡ∗X̊σ)

based on the equalities q̊r,σ(ψd,r,l × 1)(1× ar,σ) = ψd,r,lf and p̊r,σ(ψd,r,l × 1)(1×
ar,σ) = g.

We make a diagram

(5.15)

0

��

0

��

K :

��

(π∗ Ext1(f̄∗ψ̄∗d,r,lTd,r, ḡ∗X̊σ))∨(−1)

��

0 �� φ∗d,r,σΩPd,σ/R̊d,σ

��

��

(π∗ Ext1(f̄∗ψ̄∗d,r,lTd,l, ḡ∗X̊σ))∨(−1) ��

�� 1©

φ∗d,r,σOPd,σ
�� 0

0 �� ΩRd,r,σ/QQP
��

��

(π∗ Ext1(f̄∗ψ̄∗d,r,lTr,l, ḡ∗X̊σ))∨(−1) ��

��

ORd,r,σ
�� 0

0 0

where

• the last row is the exact sequence (5.13),

• the middle row is the exact sequence (5.14), and

• the middle column is obtained by applying π∗ Ext1(f̄∗(−), ḡ∗X̊σ) to the
exact sequence (5.4), then taking dual, and lastly twisting by ORd,r,σ

(−1).

The commutativity of the rectangle 1© in the diagram (5.15) follows from diagram

(5.6) and the identifications (5.8). Thus, we have induced maps (the dotted

arrows) in the first column and the first column is exact. Restricting the first

column to R̊d,r,σ, we obtain an exact sequence

0→ K̊ → φ̊∗d,r,σΩPd,σ/R̊d,σ
→ ΩR̊d,r,σ/QQP

→ 0
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where K̊ := K|R̊d,r,σ
. We have

K̊ = (π∗ Ext1( ¯̊f∗ψ̄∗d,r,lTd,r, ¯̊g∗X̊σ))∨(−1)

where f̊ and g̊ are the restrictions of f and g to R̊d,r,σ.

Recall that ψd,r,l : Qd,r,l → Qd,l is a finite morphism. Since k is assumed to

be of characteristic 0, the function field extension K(Qd,r,l)/K(Qd,l) is separable.

Therefore, we have an exact sequence of relative cotangent sheaves

0→ ψ∗d,r,lΩQd,l
→ ΩQd,r,l

→ ΩQd,r,l/Qd,l
→ 0

where both ΩQd,l
and ΩQd,r,l

are locally free of the same rank while ΩQd,r,l/Qd,l
is

torsion.

We form the following diagram

0

��

ψ∗d,r,lθ
∗
r,lΩQl

���
���

�
���

���
�

0

��

0 ��

��

(π∗Hom(ψ̄∗d,r,lEd,r, ψ̄∗d,r,lTr,l))∨

��

0 �� ψ∗d,r,lθ
∗
d,lΩQl

��

��

ψ∗d,r,lΩQd,l
��

��

ψ∗d,r,lΩQd,l/Ql
��

��

0

0 �� ψ∗d,r,lΩQr,l
��

��

ΩQd,r,l
��

��

ΩQd,r,l/Qr,l
��

��

0

ψ∗d,r,lΩQr,l/Ql
��

��

ΩQd,r,l/Qd,l
��

��

0

0 0

Applying the Snake Lemma to the third row and the fourth row of the above

diagram, we obtain an exact sequence by connecting the second row with the last

row:

0→ (π∗Hom(ψ̄∗d,r,lEd,r, ψ̄∗d,r,lTr,l))∨ → ψ∗d,r,lΩQr,l/Ql
→ ΩQd,r,l/Qd,l

→ 0
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This sequence fits into the following commutative diagram

0

��

0

��

(π∗Hom(ψ̄∗d,r,lEd,r, ψ̄∗d,r,lTr,l))∨

��

(π∗Hom(ψ̄∗d,r,lEd,r, ψ̄∗d,r,lTr,l))∨

��

ψ∗d,r,lΩQr,l/Ql

��

(π∗Hom(ψ̄∗d,r,lEr,l, ψ̄∗d,r,lTr,l))∨

��

ΩQd,r,l/Qd,l

��

(π∗ Ext1(ψ̄∗d,r,lTd,r, ψ̄∗d,r,lTr,l))ε

��

0 0

where the identification in the second row follows from the canonical identifica-

tion TQr,l/Ql
= π∗Hom(ψ̄∗d,r,lEd,r, ψ̄∗d,r,lTr,l). So we obtain an identification of the

quotients

ΩQd,r,l/Qd,l
= (π∗ Ext1(ψ̄∗d,r,lTd,r, ψ̄∗d,r,lTr,l))ε

Since Qd,r,l is smooth over Ql, QQP = Qd,r,l ×Ql
P̊σ is smooth over P̊σ. The

morphism ψd,r,l × 1 : QQP → R̊d,σ is obtained from ψd,r,l by the base change

q̊d,σ : R̊d,σ → Qd,l, hence we have the following commutative diagram

0 �� (ψd,r,l × 1)∗ΩP̊d,σ

�� ΩQQP �� ΩQQP/P̊d,σ

�� 0

0 �� (1× q̊d,σ)∗ψ∗d,r,lΩQd,l
�� (1× q̊d,σ)∗ΩQd,r,l

�� (1× q̊d,σ)∗ΩQd,r,l/Qd,l
�� 0
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The conormal bundle N∨
R̊d,r,σ/Pd,σ

fits into the following commutative diagram

0

��

0

��

0 ��

��

N∨
R̊d,r,σ/Pd,σ

��

��

K̊

��

0 �� φ̊∗d,r,σa
∗
d,σΩR̊d,σ

��

��

φ̊∗d,r,σΩPd,σ
��

��

φ̊∗d,r,σΩPd,σ/R̊d,σ

��

��

0

0 �� (1× år,σ)∗ΩQQP ��

��

ΩR̊d,r,σ

��

��

ΩR̊d,r,σ/QQP
��

��

0

f̊∗ΩQd,r,l/Qd,l
��

��

0 0

0

Applying the Snake Lemma to the third and fourth rows, we obtain an exact

sequence by connecting the second row with the fifth row:

0→ N∨
R̊d,r,σ/Pd,σ

→ K̊ → f̊∗ΩQd,r,l/Qd,l
→ 0

The above sequence fits into the following commutative diagram

0

��

0

��

N∨
R̊d,r,σ/Pd,σ

��

(π∗ Ext1( ¯̊f∗ψ̄∗d,r,lTd,r, ¯̊p∗d,r,σX̊r,σ))∨

��

K̊

��

(π∗ Ext1( ¯̊f∗ψ̄∗d,r,lTd,r, ¯̊g∗X̊σ))∨(−1)

��

f̊∗ΩQd,r,l/Qd,l

��

(π∗ Ext1( ¯̊f∗ψ̄∗d,r,lTd,r,
¯̊
f∗ψ̄∗d,r,lTr,l))ε

��

0 0

where the second column is obtained as follows: first we can rewrite the last row

of diagram (5.6) as

0→ (ḡ∗X̊σ)(0, 1)→ p̄∗d,r,σXr,σ → f̄∗ψ̄d,r,lTr,l → 0;

next the restriction to P
1 × R̊d,r,σ is

0→ (¯̊g∗X̊σ)(0, 1)→ ¯̊p∗d,r,σX̊r,σ →
¯̊
f∗ψ̄d,r,lTr,l → 0;
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and next applying π∗Hom( ¯̊f∗ψ̄∗d,r,lTd,r,−) to the above sequence, and lastly tak-
ing dual, we obtain the second column in the diagram. Thus there is an induced

identification as in the first row, which gives the natural identification

NR̊d,r,σ/Pd,σ
= π∗ Ext1( ¯̊f∗ψ̄∗d,r,lTd,r, ¯̊p∗d,r,σX̊r,σ) = π∗ Ext1(¯̊q∗d,r,σTd,r, ¯̊p∗d,r,σX̊r,σ)

�

6. The modular interpretation

The compactification Q̃d is obtained by successively blowing up the Quot

scheme Qd along Zd,0, · · · , Zd,d−1. We illustrate the process in the following

diagram

Zd−1d,0 Zd−1d,1 Zd−1d,2 · · · Zd−1d,d−1⊂Qd−1d = Q̃d

↓ ↓ ↓ ↓ ↓ ← along Zd−2d,d−1
...

...
...

...
...

...

↓ ↓ ↓ ↓ ↓ ← along Z1
d,2

Z1
d,0 Z1

d,1 Z1
d,2 ⊂ · · · ⊂Z1

d,d−1⊂ Q1
d

↓ ↓ ↓ ↓ ↓ ← along Z0
d,1

Z0
d,0 Z0

d,1 ⊂ Z0
d,2 ⊂ · · · ⊂Z0

d,d−1⊂ Q0
d

↓ ↓ ↓ ↓ ↓ ← along Zd,0

Zd,0 ⊂ Zd,1 ⊂ Zd,2 ⊂ · · · ⊂Zd,d−1⊂ Qd

Here, inductively, Zjd,0, · · · , Z
j
d,j are the exceptional divisors created by the se-

quence of blowups Qjd → Qd (0 ≤ j ≤ d − 1); the nested subschemes Zjd,j+1 ⊂
· · · ⊂ Zjd,d−1 are the proper transforms of the subschemes Z

j−1
d,j+1 ⊂ · · · ⊂ Zj−1d,d−1

(respectively); these are the subschemes lining up to be blown-up in the next

steps. Below, we will provide modular meanings to the points of Zjd,0, · · · , Z
j
d,j

for all j. Thus every intermediate space Qjd, j = 0, . . . , d − 1, also compactifica-

tion of Q̊d, admits parameter space interpretation (Proposition. 6.4). The case

Qd−1d is our final space Q̃d (Corollary 6.5).

To proceed, we introduce the following

Ẑ ld,r :=

{
∅, if r = l

Z ld,r, if l < r < d
, Z̊ ld,r := Z ld,r \ Ẑ ld,r−1, r = l + 1, . . . , d− 1
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Let d > r ≥ 0. For each subsequence σ ⊂ [r] := (r, r − 1, · · · , 1, 0) ∈ Σ, we set

Erd,σ :=
⋂
i∈σ

Zrd,i \
⋃

i∈[r]\σ
Zrd,i.

Then there is a stratification of Qrd:

Qrd = (Qrd \
⋃
i∈[r]

Zrd,i) �
⊔
σ⊂[r]

Erd,σ = (Qd \ Zd,r) �
⊔
σ⊂[r]

Er
d,σ.

Lemma 6.1. Let τ ∈ Σ, t = lt(τ). We have

(1) Ejd,τ = Emd,τ \ Zmd,j, for any m and j with t ≤ m < j < d.

(2) if l > t and σ = (l, τ), then Eld,σ is the exceptional divisor of the blowup

of Etd,τ \ Ẑtd,l−1 along Etd,τ ∩ Z̊td,l.

Proof. (1) Consider the composite blowup b : Qjd → Qmd , m < j. We have

b−1(Zmd,i) = Zjd,i for i = 0, . . . ,m, and b−1(Zmd,j) =
⋃j
i=m+1 Z

j
d,i. Moreover, b is an

isomorphism away from Zmd,j . These facts give us identifications

Qjd \ b−1(Zmd,j) = Qmd \ Zmd,j , and Zjd,i \ b−1(Zmd,j) = Zmd,i \ Zmd,j , for i = 0, . . . ,m

Therefore

Ejd,τ =
⋂
i∈τ

Zjd,i \
⋃

i∈[j]\τ
Zjd,i =

(⋂
i∈τ

Zjd,i \
⋃

i∈[m]\τ
Zjd,i

)
\

j⋃
i=m+1

Zjd,i

=

(⋂
i∈τ

Zjd,i \
⋃

i∈[m]\τ
Zjd,i

)
\ b−1(Zmd,j)

=

(⋂
i∈τ

Zmd,i \
⋃

i∈[m]\τ
Zmd,i

)
\ Zmd,j = Em

d,τ \ Zmd,j

(2) By definition,

Eld,σ =
⋂
i∈σ

Z ld,i \
⋃

i∈[l]\σ
Z ld,i = Z ld,l ∩

⋂
i∈τ

Z ld,i \
⋃

i∈[l]\σ
Z ld,i

We know Z ld,l is the exceptional divisor of the blowup Qld → Ql−1d , which is

along Z l−1d,l . Since (
⋂
i∈τ Z

l
d,i \

⋃
i∈[l]\σ Z

l
d,i) ⊂ Qld is exactly the preimage of⋂

i∈τ Z
l−1
d,i \

⋃
i∈[l]\σ Z

l−1
d,i ⊂ Ql−1d under the blowup, we have that El

d,σ is the
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exceptional divisor of the (induced) blowup of
⋂
i∈τ Z

l−1
d,i \

⋃
i∈[l]\σ Z

l−1
d,i along

Z l−1d,l ∩
⋂
i∈τ Z

l−1
d,i \

⋃
i∈[l]\σ Z

l−1
d,i . Note that⋂

i∈τ
Z l−1d,i \

⋃
i∈[l]\σ

Z l−1d,i =
⋂
i∈τ

Z l−1d,i \
( ⋃
i∈[t]\τ

Z l−1d,i ∪
l−1⋃
i=t+1

Z l−1d,i

)
= El−1

d,τ \
l−1⋃
i=t+1

Z l−1d,i

If l − 1 = t, then Eld,σ is the exceptional divisor of the blowup of Etd,τ along

Ztd,t+1, and we are done. Now suppose l − 1 > t. Then under the identification

Ql−1d \ ⋃l−1
i=t+1 Z

l−1
d,i = Qtd \ Ztd,l−1, we have identifications El−1d,τ \

⋃l−1
i=t+1 Z

l−1
d,i =

Etd,τ \ Ztd,l−1 and

Z l−1d,l \
l−1⋃
i=t+1

Z l−1d,i = Ztd,l \ Ztd,l−1 = Z̊td,l.

�

Proposition 6.2. There is a collection of isomorphisms

id,σ : Pd,σ
∼→ Eld,σ,

one for each σ ∈ Σ with l := lt(σ) < d, such that the following properties hold:

(1) id,σ maps Yd,r,σ onto Eld,σ ∩ Z ld,r for all r, l < r < d;;

(2) id,σ maps Y̊d,r,σ isomorphically onto Eld,σ ∩ Z̊ ld,r for all r, l < r < d;

(3) The following diagram commutes:

Pd,σ

��

id,σ

∼
�� Eld,σ

��

R̊d,l,τ
∼

�� Y̊d,l,τ
∼
id,τ

�� Etd,τ ∩ Z̊td,l

where σ = (l, τ) and t = lt(τ);

(4) Let ed,σ : Pd,σ ↪→ Qld be the embedding obtained through the composition

Pd,σ
∼→ Eld,σ ↪→ Qld. Then the following diagram commutes

Qd,r ×Qr Pr,σ
� � 1×er,σ ��

φd,r,σ

��

Qd,r ×Qr Q
l
r

φld,r
��

Pd,σ
� �

ed,σ
�� Qld,σ

for all r, l < r < d.
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Proof. We prove by constructing the isomorphisms id,σ explicitly, and this is done

by induction on the length of σ. We first deal with the base case: σ ∈ Σ1 or

σ = (l). In this case, we construct isomorphisms

Pd,l
∼→ Eld,l = Z ld,l \

⋃
0≤i≤l−1

Z ld,i

which map Yd,r,l onto E
l
d,l ∩ Z ld,r and map Y̊d,r,l isomorphically onto E

l
d,l ∩ Z̊ ld,r

for all d, r and l such that l < r < d.

Recall that Z ld,l is the exceptional divisor in the blowup b : Q
l
d → Ql−1d along

Z l−1d,l . We have b−1(Z l−1d,i ) = Z ld,i for i = 0, . . . , l − 1, hence

b : Qld \
l−1⋃
i=0

Z ld,i → Ql−1d \
l−1⋃
i=0

Z l−1d,i

is the blowup along Z l−1d,l \
⋃l−1
i=0 Z

l−1
d,i with exceptional divisor Z ld,l \

⋃l−1
i=0 Z

l
d,i =

Eld,l. Note that Ql−1d \ ⋃l−1
i=0 Z

l−1
d,i = Qd \ Zd,l−1 and Z l−1d,l \

⋃l−1
i=0 Z

l−1
d,i = Zd,l \

Zd,l−1 = Z̊d,l. Therefore E
l
d,l is the projective bundle P(NZ̊d,l/Qd

) over Z̊d,l. Since

Z̊d,l � Q̊d,l and by Proposition 4.2

NQ̊d,l/Qd
= π∗ Ext1(Td,l, θ̄∗d,lFl)|Q̊d,l

= π∗ Ext1(¯̊q∗d,lTd,l, ¯̊p∗d,lX̊l),

we know Eld,l is isomorphic to the projective bundle

Pd,l = P(π∗ Ext1(¯̊q∗d,lTd,l, ¯̊p∗d,lX̊l))

over Q̊d,l. So we obtain an embedding ed,l : Pd,l ↪→ Qld through the composition

Pd,l
∼→ Eld,l ↪→ Qld.

For each r with l < r < d, we have a commtative diagram

Qd,r ×Qr Pr,l
� �

1×er,l
��

φd,r,l

��

Qd,r ×Qr Q
l
r

φld,r
��

Pd,l
� �

ed,l
�� Qld

We have that Im(φd,r,l) = Yd,r,l, that Im(1 × er,l) = Qd,r ×Qr E
l
r,l, and that φ

l
d,r

maps Qd,r×Qr E
l
r,l onto E

l
d,l∩Z ld,r. It follows that ed,l maps Yd,r,l onto Eld,l∩Z ld,r.
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Next, we show that ed,l : Pd,l → Qld maps Y̊d,r,l isomorphically onto E
l
d,l ∩ Z̊ ld,r

for l < r < d. We have a commutative diagram

Qd,r ×Qr P̊r,l
� �
1×er,l

��
� �

φd,r,l

��

Qd,r ×Qr (Q
l
r \ Z lr,r−1)

φld,r

��

Qd,r ×Qr (Q
r−1
r \

r−1⋃
i=l+1

Zr−1r,i )

� �

φr−1
d,r

��

Pd,l \ Yd,r−1,l �
� ed,l

�� Qld \ Z ld,r−1 Qr−1d \
r−1⋃
i=l+1

Zr−1d,i

We see that er,l maps P̊r,l isomorphically onto E
l
r,l \ Z lr,r−1 in Qlr \ Z lr,r−1, Elr,l \

Z lr,r−1, which can be identified with E
r−1
r,l ⊂ Qr−1r \⋃r−1

i=l+1 Z
r−1
r,i (by Lemma 6.1),

and φr−1d,r maps Qd,r×QrE
r−1
r,l isomorphically onto Er−1d,l ∩Zr−1d,r , which is identified

with Eld,l ∩ Z̊ ld,r. On the other hand, φd,r,l maps Qd,r×Qr P̊r,l isomorphically onto

Y̊d,r,l ⊂ Pd,l\Yd,r−1,l. It follows that ed,l maps Y̊d,r,l isomorphically onto Eld,l∩Z̊ ld,r.
Thus the case that σ ∈ Σ1 is constructed.

Suppose we have constructed the isomorphisms for all σ ∈ Σm for some m.

We now construct the isomorphisms for σ ∈ Σm+1. Now write σ = (l, τ) and

let t = lt(τ). By induction hypothesis, for any d > t, we have an isomorphism

Pd,τ
∼→ Et

d,τ which maps Yd,r,τ onto E
t
d,τ ∩ Ztd,r and maps Y̊d,r,τ isomorphically

onto Etd,τ ∩ Z̊td,r. Let d > l. By Lemma 6.1, Eld,σ is the exceptional divisor of

the blowup of Etd,τ \ Z̃td,l−1 along Etd,τ ∩ Z̊td,l. Since the isomorphism Pd,τ
∼→ Etd,τ

maps Y̊d,l,τ isomorphically onto E
t
d,τ ∩ Z̊td,l, we have an isomorphism

BlY̊d,l,τ (Pd,τ \ Yd,l−1,τ )
∼→ BlEt

d,τ∩Z̊t
d,l
(Et

d,τ \ Z̃td,l−1)

which maps the exceptional divisor Eld,σ of the blowup BlY̊d,l,τ (Pd,τ \ Yd,l−1,τ ) i-
somorphically onto the exceptional divisor El

d,σ of BlEt
d,τ∩Z̊t

d,l
(Et

d,τ \ Ztd,l−1). On
the other hand, the exceptional divisor of BlY̊d,l,τ (Pd,τ \ Yd,l−1,τ ) is isomorphic
to the projective normal bundle of Y̊d,l,τ in Pd,τ \ Yd,l−1,τ or just in Pd,τ . We

know that φd,l,τ : Qd,l ×Ql
Pl,τ → Pd,τ maps Qd,l ×Ql

P̊l,τ isomorphically on-

to Y̊d,l,τ , and by Proposition 5.6 the normal bundle of Qd,l ×Ql
P̊l,τ in Pd,τ is

π∗ Ext1(¯̊q∗d,l,τTd,l, ¯̊p
∗
d,l,τ X̊l,τ ). Hence the projective normal bundle of Y̊d,l,τ in Pd,τ

is isomorphic to P(π∗ Ext1(¯̊q∗d,l,τTd,l, ¯̊p
∗
d,l,τ X̊l,τ )) = Pd,l,τ = Pd,σ. Thus we obtain

an isomorphism Pd,σ
∼→ Eld,σ. Next we show that this isomorphism maps Yd,r,σ

onto Eld,σ ∩ Z ld,r and maps Y̊d,r,σ isomorphically onto Ed,σ ∩ Z̊ ld,r.
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Let ed,σ : Pd,σ ↪→ Qld denote the embedding obtained from the composition

Pd,σ
∼→ Eld,σ ↪→ Qld,σ for each d > l. Let d > r > l. Then we have a commutative

diagram

Qd,r ×Qr Pr,σ
� � 1×er,σ ��

φd,r,σ

��

Qd,r ×Qr Q
l
r

φld,r
��

Pd,σ
� �

ed,σ
�� Qld,σ

We have that Im(φd,r,σ) = Yd,r,σ, that Im(1 × er,σ) = Qd,r ×Qr E
l
r,σ, and that

φld,r maps Qd,r ×Qr E
l
r,σ onto Eld,σ ∩ Z ld,r. It follows that ed,σ maps Yd,r,σ onto

Eld,σ ∩ Z ld,r.

Next, we show that ed,σ : Pd,σ ↪→ Qld maps Y̊d,r,σ isomorphically onto E
l
d,σ∩Z̊ ld,r

for any r, l < r < d. We have a commutative diagram

Qd,r ×Qr P̊r,σ
� �1×er,σ ��

� �

φd,r,σ

��

Qd,r ×Qr (Q
l
r \ Z lr,r−1)

φld,r

��

Qd,r ×Qr (Q
r−1
r \

r−1⋃
i=l+1

Zr−1r,i )

� �

φr−1
d,r

��

Pd,σ \ Yd,r−1,σ �
� ed,σ

�� Qld \ Z ld,r−1 Qr−1d \
r−1⋃
i=l+1

Zr−1d,i

We see that er,σ maps P̊r,σ isomorphically onto E
l
r,σ \ Z lr,r−1 in Qlr \ Z lr,r−1, that

Elr,σ \ Z lr,r−1 can be identified with Er−1r,σ ⊂ Qr−1r \⋃r−1
i=l+1 Z

r−1
r,i (by Lemma 6.1),

and that φr−1d,r maps Qd,r ×Qr E
r−1
r,l isomorphically onto Er−1d,l ∩ Zr−1d,r , which is

identified with Eld,l∩Z̊ ld,r. On the other hand, φd,r,σ maps Qd,r×Qr P̊r,σ in isomor-

phically onto Y̊d,r,σ ⊂ Pd,σ\Yd,r−1,σ. It follows that ed,σ maps Y̊d,r,σ isomorphically
onto Eld,σ ∩ Z̊ ld,r. Thus the case that σ ∈ Σm+1 is constructed. �

Proposition 6.3. Let σ ∈ Σ. Then for any d and l, d > l ≥ lt(σ), there is an

isomorphism Pd,σ\Yd,l,σ ∼→ Eld,σ which maps Y̊d,r,σ isomorphically onto Eld,σ∩Z̊ ld,r
for any r, l < r < d;

Proof. The case that l = lt(σ) is proved in the above proposition. We now prove

the case that l > lt(σ). Let t = lt(σ). Then by the above proposition, we have

an isomorphism Pd,σ
∼→ Et

d,σ which maps Yd,l,σ onto E
t
d,σ ∩ Ztd,l for each r. This

isomorphism restricts to an isomorphism Pd,σ \ Yd,l,σ ∼→ Etd,σ \ Ztd,l. Under the
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identification Qtd \ Ztd,l = Qld \
⋃l
i=t+1 Z

l
d,i, E

t
d,σ \ Ztd,l is identified with El

d,σ, and

Etd,σ ∩ Z̊td,r is identified with Eld,σ ∩ Z̊ ld,r for any r, l < r < d. Hence we obtain an

isomorphism Pd,σ \Yd,l,σ ∼→ Eld,σ which maps Y̊d,r,σ isomorphically onto E
l
d,σ∩Z̊ ld,r

for any r, l < r < d. �

Let σ = (lm, · · · , l1) ∈ Σ and d > lm. We have the following commutative
diagram

Elm
d,σ

��

Pd,σ

�
�����������

��

E
lm−1

d,τ ∩ Z̊
lm−1

d,lm

� � �� E
lm−1

d,τ

��

R̊d,lm,τ

� ���������
� � �� Pd,τ

�
�����������

��

. . . �
�

�� El3
d,l3,l2,l1

��
. . . �

�
�� Pd,l3,l2,l1

��

�
�����������

El2
d,l2,l1

∩ Z̊l2
d,l3

� � �� El2
d,l2,l1

��

R̊d,l3,l2,l1
� � ��

� ���������
Pd,l2,l1

��

�
�����������

El1
d,l1

∩ Z̊l1
d,l2

� � �� El1
d,l1

��

R̊d,l2,l1
� � ��

� ��							
Pd,l1

��

� ���������
Z̊d,l1

� � �� Qd

R̊d,l1

� ���������
� �

φ̊d,l1

�� Pd














where τ = (lm−1, · · · , l1, l0). Thus we obtain a sequence of canonical identifica-
tions:

R̊d,l0 = Z̊d,l0 , Pd,l0 = El0d,l0 , R̊d,l1,l0 = El0d,l0 ∩ Z̊
l0
d,l1
, · · · , Pd,σ = Elmd,σ.

Recall that Qd parametrizes quotient of the form VP1 � X1 with degX1 = d,

and the subset Z̊d,l1 of Qd parametrizes such quotients with degX
t
1 = d− l1.

Let x1 = [VP1 � X1] ∈ Z̊d,l1 = R̊d,l1 . Using the identification,

El1
d,l1

= Pd,l1 = P(π∗ Ext1(¯̊q∗d,l1Td,l1 , ¯̊p
∗
d,l1X̊l1)),

we see that the fiber of El1
d,l1

→ Z̊d,l1 over x1 is P(Ext1((¯̊q∗d,lTd,l)x1 , (¯̊p∗d,lX̊l)x1)).
On the other hand, we have an exact sequence

0→ ¯̊q∗d,l1Td,l1 →
¯̊
φ∗d,l1Xd → ¯̊p∗d,l1X̊l1 → 0
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whose restriction to P
1 × {x1},

0→ (¯̊q∗d,l1Td,l1)x1 → (
¯̊
φ∗d,l1Xd)x1 → (¯̊p∗d,l1X̊l1)x1 → 0

is also an exact sequence. Since φ̊d,l1 is an inclusion map, we have that (
¯̊
φ∗d,l1Xd)x1 =

X1. Hence (¯̊q∗d,l1Td,l1)x1 = Xt
1 and (¯̊p∗d,l1X̊l1)x1 = Xf

1 , and the fiber over x1 is

P(Ext1(Xt
1 , X

f
1)), which parametrizes non-split extensions of the form [Xf

1 �
X2 � Xt

1 ]. Thus E
l1
d,l1

parametrizes sequences of the form

([VP1 � X1], [X
f
1 � X2 � Xt

1 ]).

with degXt
1 = d− l1 and degXt

2 < d− l1. Using the identification

R̊d,l2,l1 = Y̊d,l2,l1 = El1
d,l1
∩ Z̊ l1d,l2 ,

we see that El1d,l1 ∩ Z̊
l1
d,l2

parametrizes such sequences with degXt
1 = d − l1 and

degXt
2 = d− l2, by the definition of Y̊d,l2,l1 .

Let x2 = ([VP1 � X1], [X
f
1 � X2 � Xt

1 ]) ∈ El1d,l1 ∩ Z̊
l1
d,l2

= R̊d,l2,l1 . Using the

identification El2d,l2,l1 = Pd,l2,l1 = P(Ext1(¯̊q∗d,l2,l1Td,l2 , ¯̊p
∗
d,l2,l1X̊l2,l1)), we have that

the fiber of El2d,l2,l1 → El1d,l1 ∩ Z̊
l1
d,l2

over the point x2 is

P(Ext1((¯̊q∗d,l2,l1Td,l2)x2 , (¯̊p
∗
d,l2,l1X̊l2,l1)x2)).

On the other hand, we have an exact sequence

0→ ¯̊q
∗
d,l2,l1Td,l2 →

¯̊
φ∗d,l2,l1Xd,l1 → ¯̊p

∗
d,l2,l1X̊l2,l1 → 0

whose restriction to P
1 × {x2},

0→ (¯̊q
∗
d,l2,l1Td,l2)x2 → (

¯̊
φ∗d,l2,l1Xd,l1)x2 → (¯̊p

∗
d,l2,l1X̊l2,l1)x2 → 0

is also an exact sequence. Since
¯̊
φ∗d,l2,l1 is an inclusion map, we have

(
¯̊
φ∗d,l2,l1Xd,l1)x2 = X2.

Hence (¯̊q
∗
d,l2,l1Td,l2)x2 = Xt

2 , (
¯̊p
∗
d,l2,l1X̊l2,l1)x2 = Xf

2 , and the fiber over x2 is

P(Ext1(Xt
2 , X

f
2)), which parametrizes non-split extensions of the form [Xf

2 �
X3 � Xt

2 ]. Thus E
l2
d,l2,l1

parametrizes sequences of the form:

([VP1 � X1], [X
f
1 � X2 � Xt

1 ], [X
f
2 � X3 � Xt

2 ]).

with degXt
1 = d− l1, degXt

2 = d− l2 and degXt
3 < d− l2. Since

R̊d,l3,l2,l1 = Y̊d,l3,l2,l1 = El2d,l2,l1 ∩ Z̊
l2
d,l3
,
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by the definition of Y̊d,l3,l2,l1 , E
l2
d,l2,l1

∩ Z̊ l2d,l3 parametrizes such sequences with

degXt
1 = d− l1, degXt

2 = d− l2 and degXt
3 = d− l3.

Continuing this argument, we eventually obtain the parameter-space interpre-

tation for Elmd,σ: E
lm
d,σ parametrizes sequences of the form

([VP1 � X1], [X
f
1 � X2 � Xt

1 ], · · · , [Xf
m � Xm+1 � Xt

m])

with degXt
i = d − li, (i = 1, · · · ,m) and degXt

m+1 < d − lm. For any r with

d > r > lm, E
lm
d,σ ∩ Z̊

lm
d,r parametrizes such sequences with degXt

i = d − li,

(i = 1, · · · ,m) and degXt
m+1 = d− r.

Next, we deal with the modular interpretation of Erd,σ for any r, d > r > lm.

By the lemma before, we have Erd,σ = Elmd,σ \ Z
lm
d,r. Since Z lmd,r =

⋃r
i=lm+1 Z̊

lm
d,i ,

we know that Elmd,σ ∩ Z
lm
d,r parametrizes sequences as above with degX

t
i = d− li,

(i = 1, · · · ,m) and degXt
m+1 ≥ d− r. Therefore, Erd,σ, which equals Elmd,σ \ Z

lm
d,r,

parametrizes such sequences with degXt
i = d−li, (i = 1, · · · ,m) and degXt

m+1 <

d− r.

In summary, we have

Proposition 6.4. Let d > r. For any σ = (lm, · · · , l2, l1) ∈ Σ with lm < r, the

stratum Erd,σ of Qrd parametrizes the sequences of the form

([VP1 � X1], [X
f
1 � X2 � Xt

1 ], · · · , [Xf
m � Xm+1 � Xt

m])

with degXt
i = d− li, (i = 1, · · · ,m) and degXt

m+1 < d− r.

Corollary 6.5. The boundary Q̃d\Q̊d comes equipped with a natural stratification

with strata Ed,σ indexed by σ = (lm, · · · , l2, l1) with d > lm > · · · > l1 ≥ 0,. The

stratum Ed,σ parametrizes the sequences of the form

([VP1 � X1], [X
f
1 � X2 � Xt

1 ], · · · , [Xf
m � Xm+1 � Xt

m])

such that degXt
i = d − li, i = 1, · · · ,m, and the last sheaf Xm+1 is the unique

one that is locally free.

This proves Theorem 1.3.
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