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Critical points and mKdV hierarchy of type Cy(ll)

ALEXANDER VARCHENKO* AND TYLER WOODRUFF

Abstract: We consider the population of critical points, gener-
ated from the critical point of the master function with no vari-
ables, which is associated with the trivial representation of the
twisted affine Lie algebra 07(11). The population is naturally parti-
tioned into an infinite collection of complex cells C"™, where m are
positive integers. For each cell we define an injective rational map
Ccm — M(C,(f)) of the cell to the space M(Cy(ll)) of Miura opers of
type C,(LD. We show that the image of the map is invariant with
respect to all mKdV flows on M(C’,(ll)) and the image is point-wise
fixed by all mKdV flows (,% with index r greater than 2m.

Keywords: Critical points, master functions, mKdV hierarchies,
Miura opers, affine Lie algebras.

1. Introduction

Let g be a Kac-Moody algebra with invariant scalar product (, ), h C g Car-

tan subalgebra, ay, ..., a, simple roots. Let Ay, ..., Ay be dominant integral
weights, ko, ..., k, nonnegative integers, k = kg + - - - + ky,.
Consider CV with coordinates z = (z1, ..., zx). Consider C* with coordi-

nates u collected into n + 1 groups, the j-th group consisting of k; variables,
u= (u(o), .. .,u(”)), ul) = (uy), .. ,u,(i))

The master function is the multivalued function on C¥ x CV defined by the
formula

(1) B(u,2) = 3 (Aay Ap) In(z0 — 28) = 3 (g, Aa) In(ul” — 2,) +

a<b a,i,j
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+ 3 > (a5 () = uf ) + 373 (0, 05) In(u? — u),

J<g’ i Joa<d!

with singularities at the places where the arguments of the logarithms are
equal to zero.

A point in C*¥ x CV can be interpreted as a collection of particles in
C: z,, ugj ) A particle z, has weight A,, a particle ugj ) has weight —a;. The
particles interact pairwise. The interaction of two particles is determined by
the scalar product of their weights. The master function is the “total energy”
of the collection of particles.

Notice that all scalar products are integers. So the master function is
the logarithm of a rational function. From a “physical” point of view, all
interactions are integer multiples of a certain unit of measurement. This is
important for what will follow.

The variables u are the true variables, variables z are parameters. We may
think that the positions of z-particles are fixed and the u-particles can move.

There are “global” characteristics of this situation,

I(z, k) = /eq’(”’z)/”A(u, z)du,

where A(u, z) is a suitable density function, s a parameter, and there are
“local” characteristics — critical points of the master function with respect to
the u-variables,

dy®(u, z) = 0.

A critical point is an equilibrium position of the u-particles for fixed positions
of the z-particles. In this paper we are interested in the equilibrium positions
of the u-particles.

Examples of master functions associated with g = sl were considered by
Stieltjes and Heine in 19th century, see for example [12]. The master functions
were introduced in [10] to construct integral representations for solutions of
the KZ equations, see also [13, 14].

The critical points of master functions with respect to the wu-variables
were used to find eigenvectors in the associated Gaudin models by the Bethe
ansatz method, see [2, 9, 15]. In important cases the algebra of functions on
the critical set of a master function is closely related to Schubert calculus,
see [5].

In [11, 6] it was observed that the critical points of master functions with
respect to the wu-variables can be deformed and form families. Having one
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critical point, one can construct a family of new critical points. The family is
called a population of critical points. A point of the population is a critical
point of the same master function or of another master function associated
with the same g, A1, ..., Ay but with different integer parameters ko, . .., k.
The population is a variety isomorphic to the flag variety of the Kac-Moody
algebra g’ Langlands dual to g, see [6, 7, 4].

In [17], it was discovered that the population, originated from the critical
point of the master function associated with the affine Lie algebra sl,,1 and
the parameters N = 0,kg = --- = k, = 0, is connected with the mKdV
integrable hierarchy associated with sl,11. Namely, that population can be
naturally embedded into the space of g[n+]_ Miura opers so that the image
of the embedding is invariant with respect to all mKdV flows on the space
of Miura opers. For n = 1, that result follows from the classical paper by
M. Adler and J. Moser [1], which served as a motivation for [17].

The case of the twisted affine Lie algebra Agi) was considered in [16,
18]. In this paper we prove analogous statements for the twisted affine Lie
algebra e

In Sections 2—4 we follow the paper [3] by V. Drinfled and V. Sokolov. We
review the affine Lie algebras A;},l and 07(11), the associated mKdV and KdV
hierarchies, Miura maps. In particular, we describe the C’ysl) mKdV hierarchy
as a sequence of commuting flows on the infinite-dimensional space M(Cgl))
of the CT(LU Miura opers.

In Section 5 we study the tangent maps to Miura maps. In Section 6, we
introduce our master functions,

n—1
(1.2)  P(u, k) = 2 Z ln(ul(.o) . ug/O)) +4 Z Z ln(ugj) _ uglj))

i< J=1i<it
n—1
+ ZZln(ugn) —uMy -2 > Zln(ul@ —uJh),
i<i =0 07

This master function is the special case of the master function in (1.1). The
master function in (1.2) is defined by formula (1.1) for g being the Langlands

dual to 07(11) and N = 0, see a remark in Section 6.1.

Following [6, 7, 17], we describe the generation procedure of new critical
points starting from a given critical point of ®(u, k). We define the population
of critical points generated from the critical point of the function with no
variables, namely, the function corresponding to the parameters kg = --- =
kn, = 0. That population is partitioned into complex cells C™ labeled by
degree increasing sequences J = (J1,. .., jm), see the definition in Section 6.5.
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In Theorem 6.4 we deduce from [8] that every critical point of the master
function in (1.2) with arbitrary parameters ko, ..., k, belongs a cell of our
population. Moreover, a function in (1.2) with some parameters ko, ..., ky,
either does not have critical points at all or its critical points form a cell C™
corresponding to a degree increasing sequence.

In Section 7, to every degree increasing sequence J we assign a rational
injective map p’ : C™ — M( T(LU) of the cell corresponding to J to the space

M(Cﬁl)) of Miura opers of type . We describe properties of that map.
In Section 8, we formulate and prove our main result. Theorem 8.1 says
that for any degree increasing sequence, the variety u” (C™) is invariant with

respect to all mKdV flows on M( ,(Ll)) and that variety is point-wise fixed by
all flows é% with index r greater than 2m, see Theorem 8.1.

This theorem shows that there is a deep interrelation between the critical
set of the master functions of the form (1.2) and rational finite-dimensional
(1)
n

)

submanifolds of the space M( , invariant with respect to all flows of the

¢V mKdv hierarchy.

Initially the critical points of the master functions were related to quan-
tum integrable systems of the Gaudin type through the Bethe ansatz, [10, 2,
9, 15]. Our result shows that the critical points are also related to the classical
integrable systems, namely, the mKdV hierarchies.

In the next papers we plan to extend this result to other affine Lie alge-
bras.

2. Kac-Moody algebra of type Agl)_l

In this section we follow [3, Section 5].
2.1. Definition

For n > 2, consider the 2n x 2n Cartan matrix of type qu)fl,

0,0 ao,1 S a0,2n—1
1
Aén)—l -
a2n—-1,0 a2n—-1,1 --- (A2pn—1.2n—1
2 -1 0o ... 0 -1
—1 2 -1 ... 0 0
. 0 -1 2
0 0 0 2 -1
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For example, for n = 2, we have

2 -1 0 -1

m _ |-1 2 -1 0
Ay = 0o -1 2 -1
-1 0 -1 2

The Kac-Moody algebra g(Agl)_l) of type A%)_l is the Lie algebra with canon-
ical generators E;, H;, F; € g(Agl)_l), 1=20,...,2n — 1, subject to the rela-
tions:

[E;, F}] = 6, jH;,

[Hi, E]] = ai,jEjv [Hl, F]] = —ai,ij, (ad Ei)l_ai’jEj = O7
2n—1
(ad F;)' "% F; =0,  [Hy, Hj] =0, > H;i=0,

see [3, Section 5]. The Lie algebra g(Agl)_l) is graded with respect to the
standard grading, deg E; = 1,deg F; = —1,i=0,...,2n—1. Let g(Agil)fl)] =

{r e gyl 1) | degr = j}. then g(A}) ) = Bjen ()] )

Notice that g(AéB_l)O is the 2n—1-dimensional space generated by the H;.
Denote h = g(AgL)_l)O. Introduce elements «; of the dual space h* by the
conditions («j, H;) = a;j for i,j = 0,...,2n — 1. For j = 0,1,...,2n —
1, we denote by n; C g(Agl),l) the Lie subalgebra generated by Fj, i €
{0,1,...,2n — 1}, i # j. For example, ny is generated by Fi, Fs, ..., Fo, 1.

2.2. Realizations of g(Agl)_1

Consider the complex Lie algebra sly, with standard basis e, ;, 7,5 = 1,...,
on. Let w = e*™/2" Define the Cozeter automorphism C : sly, — sly, of
order 2n by the formula

C(X)=S5XS"" §=diag(l,w,...,w" ).

Denote (sl,); = {z € sly, | Cz = wiz}. The twisted Lie subalgebra
L(sly,, C) C slgn[ ,&71] is the subalgebra

L(S[Qn, C) = @jeZ 5] ® (5[2n)j mod 2n -
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The isomorphism 7¢ : Q(ASL)A) — L(sly,, C) is defined by the formula,

Eq — § @ e1n, Ei— {®ei1,
Fy— &' @ ean, F— & ®eiia,
Hy = 1® (e11 — e2n2n), Hi—= 1@ (=€ + €ip1,iv1),

fori =1,...,2n—1. Under this isomorphism we have g(ASL),l)] = @ (slon);.

The standard isomorphism 7 : g(A;L)_l) — slo, [N, A7 is defined by the
formula,

Ey — A ® e1.9p, Ei—1® e,
Fy— A1 & ean,1, FE—1® €ii+1,
Ho —1® (61,1 — egn’gn), Hz‘ —1® (_ei,i + €i+1,i+1)v

fori=1,...,2n—1.
2.3. Element AV

Denote by AM) the element 22” 'E; € g(Agln)fl). Then 3(14%)71) ={z €
(Agl)_l) | [AW), 2] = 0} is an abelian Lie subalgebra of g(ASL)_l). Denote
3(ALL = 3(A5L0) No(ALL), then (A5 1) = @jen3(A5,11)7. We have
dimg(Agl)_l)j =1if j # 0 mod 2n and dim;,(Aén)_l)] = 0 otherwise.
Let g(Aéz),l) be realized as L(slay,, C') and written out as 2n x 2n-matrices.
For m € Z and 1 < j < 2n, we introduce the element

R 0 I
A(Qn)m+j — §(2 ym-+j (%) <[2n—j 0]> S L(ﬁ[zn, C),

where [; is the j x j identity matrix. We have A,)p45 = (Ap)Crmts,

If g(Agn)_l) is realized as L(slay, 0¢), we introduce the element

0 )\m+1 ® I;
B(2n)m+j = ()\m ® IQn—j 0 J S L(B[Qn,()’o).
We have B(onym+j = = (By)@mmti,

Lemma 2.1. For any m € Z, 1< j < 2n, the elements (1¢) " (A@nym+i),
(70)~ (B(2n mtj) 0f3( )(2”)’”“ are equal. ]



Critical points and mKdV hierarchy of type C'( ) 1287

Denote by Agzl)mﬂ. the elements (7¢) ™ (A@nym+;) and (70) " (Benym+;)

ofg(Agl) 1). Notice that Agl) =yt B =AY Foranym € Z,1 < j < 2n,

the element A(2n)m ) generates 3( A( ) )(2n)m+y

Let T'= 377" Tj be a formal series with T} € g(Aén) 1) . Denote T+ =
0Ty, T =301 Let g(Agn)fl) be realized as sly, [\, \71]. Consider
A = By as a 2n x 2n matrix depending on the parameter A. By [3, Lemma

3.4], we may represent T uniquely in the form 7" = Zj_foo b (AWY b, €
Diag, where Dlag C gly,, is the space of diagonal 2n x 2n matrices. Denote

(T)X(l) _Z] Ob (A ))]7 (T)A(l) _Z]<Ob (A(l))

Lemma 2.2. We have (T')},, =T", (T)0, =T, by =

Proof. The isomorphism ¢ : sla, [\, \™Y] — L(sla,, C') is given by the formula
AT @ e 5(2”)m+k’l®ek7l. We have t(by) = t(1®(ble11+ -+ -+ b3 ean2n)) =

0
1® (b(l)em +-F bgnegn’zn) S Q(Agl)fl) , L(blA(l)) = L((b%eLl + b%egg —+ -4
b3"eonon) (€21 + 4 €2n-120-2 + €2n9n-1 + Ae12n)) = t(bie1 o, + bIeaq +

oo

4 beonon—1) = £ @ (bie1on + biear + - + bi"eanon_1) € G(Agn)q) ;
d(boy (AD) 1) = o((bryer s + b2 ean + -+ b*eanan) (12 + -+ + an_1.2n +
A legn1)) = t(bljer ot 402 eg, 100 0P A Legn 1) = ETI@BY Jer 0t

1 .
V" g 1000 ean ) € g(Agl)_l) . Similarly one checks that ¢(b; (A(V)7) €
a(4h, ) for any j. O

We have (Al ) =7 g1 + A e 1, and
EO = A(l)ezmgn, FE;, = A(l)eiﬂ', FO = €2n,2n(A(1))_17 F; = ei,i(A(l))_l

fori=1,...,2n—1.

Lemma 2.3. Consider the elements Fy, F; + Fo,; fori=1,....n—1 as
2n x 2n matrices. Let g € C. Then

(2.1) e = 1+ gesnan(AD)
) — 1 4 g (egi + eanigni)(AD)
ean — 1 + gen,n(A(l))il D

Lemma 2.4. We have
(2.2) €i+1,i+1A(1) = A(l)ei,i> em‘(/\(l))*l = (A(l))71€i+1,i+17

for all i, where we set €zp412n+1 = €1,1- O
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3. Kac-Moody algebra of type C(!
In this section we follow [3, Section 5].
3.1. Definition

For n > 2, consider the (n + 1) x (n 4 1) Cartan matrix of type iV,

ao,() a071 . CLO,n
1 —
cy’) =
am() an,l e an,n
2 -1 0 ... ... ... 0

-2 2 -1 0
0o -1 2 -1

= 0 —1 “e .

2 -1 0

B T

O ... ... ... 0 —-1 2

For example, for n = 2, we have

2 -1 0
cW=1-2 2 —2
0 -1 2

The Kac-Moody algebra g(C,gl)) of type C’T(ll) is the Lie algebra with canon-
ical generators e;, h;, f; € g(Cy(Ll)), i =0,...,n, subject to the relations

les, fi] = dijhi, [hi, €] = ai jej, [hi, [5] = —aij fj,
(ade;)' " %ie; = 0, (adfi)'"*f; =0, [hi, hy] =0,
ho+ -+ hy, =0,

see [3, Section 5.
The Lie algebra g(CT(zl)) is graded with respect to the standard grading,

dege; =1, deg fi = —1,i=0,...,n. Let g(Cr(Ll))J ={z e g(Cr(Ll)) | degz =
. J
j}, then g(C) = @je%g(cle)) :

Notice that g( 7(11)) is the n-dimensional space generated by the h;. De-

0
note h = 9(07(11)) . Introduce elements «; of the dual space h* by the condi-
tions (o, hy) = a;; for 4,5 =0,...,n.



Critical points and mKdV hierarchy of type 721) 1289

3.2. Realizations of g(C(V)

Recall the twisted Lie subalgebra L(sly,, C'). We have an embedding 7¢ :
g(CV) < L(sly,, C) defined by the formula

eo £ ® e1,2n, en &R entin

forr € @ eany, farr E1®enni

e = E® (€1 + €amti—i2n—i), fi— &'e (€iit1 + €2n—i2n+1—i),
ho = 1® (e1,1 — €2n,20), hn = 1@ (=enn + ent1nt1),

hi = 1® (—€ii+ €it1i41 — €2n—i2n—i + €2n+1—i2n+1—i)s

for i =1,...,n — 1. Under this embedding we have g( 79))] C & @ (sly,);.
We also have the standard embedding 7 : g(C’,(Ll)) < 5lp, [N, A7 defined
by the formula

eo — A ® €1.9n, e = 1 ® (€41, + €2nt1-i2n—i),
for A ®@ean, i 1® (eiiv1 + €2n—i2nt1-i),
en— 1@ entin, fo—= 1®enny1,

ho — 1® (e11 — €2n.2n), hyp = 1® (—€nn + €ntint1),

hi = 1® (=€ + €i+1i+1 — €2n—i2n—i + €2n4+1—i 2n+1—i)5

fori=1,...,n—1.
3.3. Element A(®

Denote by A the element 7 e; € g(CS)). Then 3(07(11)) ={z e g(Cr(ll)) |
[A® 2] = 0} is an abelian Lie subalgebra of g( 7(11)). Denote 3j(C7(L1)) =
3y N g(CV) then 3(C) = @jez3(CM). We have dim 3(CSV) = 0 if
j is even, and dimg(Cr(ll))j = 1 otherwise.

If g( él)) is realized as a subalgebra of L(sly,,C') and written out as
2n X 2n matrices, then for odd j, 1 < 7 < 2n, we introduce the element

)i 0 I
Anymyj = BV g (bn_j 0]> 7

where I; is the j x j identity matrix. We have A (g,);4; = (A1)E)mH,
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If g( T(ll)) is realized as a subalgebra of sly,[A\, A\7!] and written out as
2n x 2n matrices, then for odd j, 1 < j < 2n, we introduce the element

0 AT @ I
B(2n)m+j - ()\m ® I2n7j 0 .
We have B(onym+j = (By)@mm+i,

Lemma 3.1. For any m € Z, odd j, 1 < j < 2n, the elements
(7e) " (Anym+s): (70) "' (B@nym4)»

of;,(Cfll))(Q")m” are equal. O

-\ 1 2 .
Denote the elements (7¢) ™" (A(2n)m+) of 6( < )) by AEQL)mﬂ.. Notice that
A?) =Y" e = A?. We set A§-2) = 0 if j is even. The element A2

. (2n)ym+j
generates 3(07(11))(2")m+3.
3.4. Lie algebra g(C() as a subalgebra of g(Agh)_l

The map p : 9(07(11)) — 9(A§2—1)>

eo — Fo, e B + Eop_y, en +— By,
fUHF(h fiHE+FQn—i; anan
ho — Hy, hi — H; + Hoy,j, hy — H,,

where i = 1,...,n — 1, realizes the Lie algebra g( y(Ll)) as a subalgebra of

a Aéln)il)_ This embedding preserves the standard grading and p(A®)) = A(),
We have p(3( 721))j) C Zv(Agz)—l)j-

4. mKdV equations

In this section we follow [3].

4.1. The mKdV equations of type Ag:l)_l

Denote by B the space of complex-valued functions of one variable z. Given

a finite dimensional vector space W, denote by B(W') the space of W-valued

functions of x. Denote by 0 the differential operator %.
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Consider the Lie algebra @(Agl)q) of the formal differential operators
of the form cd+ Y5 _pi, c € C, p; € Ba(AY ). Let U = ¥, U,
Us € Bla(AD V). 1t £ e gAY ), define

MY(L) =L+ (U L] + 21[U (U, L]] +

The operator €24V (£) belongs to ﬁ(Agl)_l). The map €*4¥ is an automorphism

of the Lie algebra Q(Agl)_l). The automorphisms of this type form a group.

If elements of g(Agz)fl) are realized as matrices depending on a parameter as
in Section 2.2, then eadU(L) =eVLe Y.

A Miura oper of type AQn 1 is a differential operator of the form
(4.1) L=0+AD+V,

0
where A(D = "2 1 E; € g(Agln)fl) and V € B(g(Agln)fl) ). Any Miura oper

(1) 1)

of type A, _; is an element of Q(A(Qi)_l). Denote by M(Agn_l) the space of

all Miura opers of type Agl)_l.

Proposition 4.1 ([3, Proposition 6.2]). For any Miura oper L of type A%)_l

there exists an element U =3, o U;, U; € B(g (Aén) 1)Z), such that the oper-
ator Lo = eV (L) has the form

Lo=0+AY + H,

where H =37, o Hj, H; € B(g(Agl)_l)j). If U,U are two such elements, then
eadUe=adl — cadT yypore T = > <0 Ty, Ty € 3(A§1)71)j. O
Let £,U be as in Proposition 4.1. Let r # 0 mod 2n. The element
¢(A£l)) = e*adU(Aﬁl)) does not depend on the choice of U in Proposition 4.1.
The element gb(Ay(«l)) is of the form Y% (;S(A?(al))i, QS(AQ))i €

Bla(Ay-1) ). We set o(A) = T 6(A), o(AF)™ = Ticp oA,
Let r € Z~( and r # 0 mod 2n. The differential equation

0L
oty

(4.2) = [o(AV)F, L]

is called the r-th mKdV equation of type Aé}j_l.
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Equation (4.2) defines vector fields % on the space M(A%)fl) of Miura

opers of type Agj_l. For all r, s, the vector fields %, % commute, see [3,
Section 6.

Lemma 4.2 ([3]). We have

0L d
- (1y0
(43) S = o). .

4.2. mKdV equations of type C’T(Ll)

A Miura oper of type 6’7(11) is a differential operator of the form

(4.4) L=0+A? 4V,

0
where A?) = S ¢, € g(Cr(Ll)) and V' € B(g( Sll)) ). Denote by M( 7(L1)) the
(1)

space of all Miura opers of type Cy .

Proposition 4.3 ([3, Proposition 6.2]). For any Miura oper L of type iV

there exists an element U = 3, U;, U; € 3(9(07(11))1')7 such that the operator
Lo = eV (L) has the form

Lo=0+A® + 0

where H~: > j<oHj, Hj € 3(3(07(11))3'), If U, U are two such elements, then
eadUe—adU — oadT yyheore T = Sico Ty, Tj € 3( 7(11))j_ O

Let £,U be as in Proposition 4.3. Let r be odd. The element gf)(As«Z)) =
e’adU(A,(?)) does not depend on the choice of U in Proposition 4.3.

The element ¢(AZ)) is of the form °__ ¢(A2)i, o(ALYi € B(g(C)).

1=—00

We set o(A2)" = 8o o(A”)Y, o(LPar)™ = g (AP
Let r € Z<¢, v odd. The differential equation

oL

(4.5) % =

is called the r-th mKdV equation of type Cr(Ll).

Equation (4.5) defines vector fields (% on the space M(Cq(ll)) of Miura
opers. For all r, s, the vector fields %’ aits commute, see [3, Section 6].
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Lemma 4.4 ([3]). We have

0L d

- = (2)y0

4.3. Comparison of mKdV equations of types C’T(ll) and Agl)_l

Consider g(C(l)) as a Lie subalgebra of g(Aéln) 1), see Section 3.4. If £ is a
Miura oper of type C’7(L ), then it is also a Miura oper of type A( ) _1. We have

M(CY) € M(AS)),

4.7 MAY ) ={L=0+A0 +sze,,|zv,_0}

=1

MWy ={£=0+AD + Z viei |

i=1

Y vi=0, vj+vmp-;=0,j=1,...,n}

Lemma 4.5. Let v be odd, r > 0. Let £ (t.) be the solution of the r-th
mKdV equation of type OV with initial condition LC (0) = L. Let LA;B*I( tr)
be the solution of the r-th mKdV equatzon of type Agn 1 with initial condition
LA 1(0) = L. Then L0 )( ty) = LA%H( ty) for all values of t,. O

Proof. The element U in Proposition 4.3 which is used to construct the mKdV

equation of type 07(11) can be used also to construct the mKdV equation of
1

type AG) . O

4.4. KdV equations of type Agﬂ_l

Let B((071)) be the algebra of formal pseudodifferential operators of the form
a =3 iz a;0%, with a; € B and finitely many terms only with ¢ > 0. The
relations in this algebra are

dl

OFu —ud® = Zk’ -1) —z+1)d13

for any k € Z and u € B. For a = } ;¢4 a;0" € B((07Y)), define at =
2120 aial.
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Denote B[0] € B((07!)) the subalgebra of differential operators a =

™o a0 with m € Zsg. Denote D C B[0)] the affine subspace of differential
2n—2 .
operators of the form L = 9?" + 3 u;0'.
i=0

For L € D, there exists a unique Lz = 0 + > ic0 @0 € B((071)) such
that (Lﬁ)Q" = L. For r € N, we have L =0 4+ Y02t bi0%, b € B. We
set (L2n)t = 0" + 3020 b0

For r € N| the differential equation

oL . ...
o = L)

(4.8)

is called the r-th KdV equation of type A;B,l.

Equation (4.8) defines flows (% on the space D. For all r, s € N the flows

2] 0
- and z- commute, see [3].

4.5. Miura maps
Let £ =0+ AWM +V be a Miura oper of type Aé}}_l with V = 33" vper.r,

Zﬁil vp = 0. For i = 0,...,2n, define the scalar differential operator L; =
O + 3757 u07 € D by the formula:

(49) LO == Lgn == (8 — Ugn)(a — Ugnfl) e (8 — 1}2)(8 - 1)1),
Li = (6 — Ul)(a — Ui—l) . (8 — Ul>(a — Ugn) . (8 — Up,.g)(@ — Ui+1),
fori=1,...,2n—1.

Theorem 4.6 ([3, Proposition 3.18)). Let a Miura oper £ satisfy the mKdV
equation (4.2) for some r. Then for every i = 0,...,2n — 1 the differential
operator L; satisfies the KAV equation (4.8).

Fori=0,...,2n, we define the i-th Miura map by the formula
m; M(Agl)fl) — D, L — L

see (4.9).
Fori=0,1,...,2n — 1, an ¢-oper is a differential operator of the form

L=0+AYD+V+W,

0
with V € B(g(AY_|)) and W € B(n; ). For w € B(n;) and an i-oper £,
the differential operator ¢21*(£) is an i-oper. The i-opers £ and e*1* (L) are
called i-gauge equivalent. A Miura oper is an i-oper for any 1.
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Theorem 4.7 ([3, Proposition 3.10]). If Miura opers £ and L are i-gauge
equivalent, then m;(£) = m;(L). O

5. Tangent maps to Miura maps
5.1. Tangent spaces

Consider the spaces of Miura opers M( 7(L1)) C M(Agl)) The tangent space
to M(C’,(ll)) at a point £ is

2n 2n
(5.1) TMOM) = {X =3 Xeii | Y X, =0,
=1 i=1
X] +X2n+17j = 07 j: 17"'7”}7

where X; are functions of variable z. Recall D = {L = §*" + Z u;0}. The

tangent space to D at a point L is T, D = {Z = Y72 Z; 81} where Z; are
functions of x.

Consider the restrictions of Miura maps to M(Cr(ll)) and the corresponding
tangent maps

(5.2) dm; : TeM(CY) = TyeyD, i=1,...,2n.

By definition, if £ = 8 —|— AL 4+ Z T vieii € M(C ) X = Z L Xiei €
TeM( ,S>),dm,( X)=2"= Y232 ZioV, then

(53) Zl = (—Xl (6 — Ui—l) . (8 — Ul)<a — Ugn) . (6 — Ui—i—l)

+ (0 —v)(=Xi—1) ... (0—01)(0 —vap) ... (O — vip1) + ..
+ (0 =0)(0=vi—1) ... (—X1)(0 = v2p) ... (0 — vi41)
+ (0—v)(0—vic1) ... (0 —v1)(—X2n) ... (O — Vig1) + ..
+ (0 =0)(0=vi—1) ... (O —v1)(0 —v2n) ... (—Xi41)-

In what follows we study the intersection of kernels of these tangent maps
when ¢ runs through certain subsets of {1,...,2n}.
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5.2. Formula for the first coefficient

PI'OpOSlthn 5.1. Let L = 8+A(1)+Z =1 Vi€i € M(A ) X= 1221 Xiei,iG
TM(CHY), dmi(X) = 2 = Y252 210 Then

(5.4) Z§n2——(ZUka+ZZ— Xk+z (i+2n—k Xk)

k=i+1

Proof. The proof uses only the identity Z?Z{l v; = 0 and is straightforward.

Z§n2=(— ’)[—vz‘1—%2—'--—v1—vzn—---—v¢+1]

+ (= Xi1) + (= Xi—)[-vi —viep = - = V1 — Vo — = Vi
(1—1)( 1)+ ( D=0 =iy = = vz — Vg =~ i
+ (i )(—in) (—Xon)[~vi —vi1 — - =V — V1 — Vo1 — ...

— Vi) + (2n = 1)(=Xi1) 4+ (=Xig1)[-vi —vicg — -+ —v1 — V2

— o — V0] (ZUka-i-ZZ— )X+ Z (i +2n—k Xk>.

k=i+1

O
Notice that

2n n
Z ’Uk;Xk =2 Z Uka.
k=1 k=1
5.3. Intersection of kernels of dm;

Lemma 5.2. Let £L =0+ AW +Zk 1| Uker ks € M(C ) X = Ek 1 Xkerr €
TLM(CT(ll)), dm;(X) = 70 = 22" 2Z’87. Assume that Zs, o = 0 for i =
1,...,2n—1, then

(5.5) X{—2u1X1 =2 0Xp, X/ =0, i=2,...,2n—1.
k=2
Proof. By assumption we have the system of equations
2n

(5.6) Xb, o +2X5, 3+ +(2n—2)X] 4+ (2n — 1)X3, + > Xy =0,
k=1
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2n
Xong+2X5, 4+ -+ (20— 2)X5, + (20— )X5,_; + > 0 Xy = 0,
k=1
Xop g +2X5, 5+ +2n—-2)X5, |+ (2n—1)X5, ,
2n
+ Z Uka = 0,
k=1
2n
X 42X, 4+ (2n—2) X, + (2n — DX+ > v Xi = 0,
k=1

Xy, +

+(2n—2)X5+ (2n — )X, + kaxk =0.

By subtracting the first equation from the second we get (2n — 1)X} | —
Xb o= Xb o= = X — X3 =0, equivalently 2n X} |, — 3" Xi = 0.
Since 2", Xj, = 0, we get X4, = 0. By subtracting the second from the
third we get X}, o = 0. Similarly we obtain

(5.7) X/ =0, i=2,....2n—1.

2

Applying (5.7) to the last equation in (5.6) yields
2n n
k=1 k=1

By pulling out the term for & = 1 we obtain

Xj, +201 X1 +2) e Xp = —X] 4 201X1 +2) 0 Xp, = 0.
k=2 k=2 O

Lemma 5.3. Let j € {1,....n —1}. Let L = 9 + AD + % vpers, €
M), X = S Xpern € TeMCV), dmy(X) = 20 = Y252 2090
Assume that Zi, o =0 for all i ¢ {j,2n — j}, then
n
X]/»+Uij+Uj+1Xj+1 = — Z Vg Xk, X]/+XJ/+1 =0, XZ/:O

k=1,k#£j,j+1

fOTZ%{],]—‘rl,ZTL—j,ZH—‘rl—j}
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Proof. By assumption we have the system of equations

2n
Kooy +2X5 5+ -+ (20 = 2)X5 + (20 = 1)X] + Y 0 Xp =0,
k=1
2n
Koo +2X5, 54+ (20 = 2) X7 + (20 — 1) X3, + > 0 Xy = 0,
k=1
Xopj+ -+ 2n—7)X]+@2n+1-7)X5, +...
2n
et (20— l)Xén-i-Z—j + Z%Xk =0,
k=1
Xopo j+-+02n—=2=-7)X]+2n—1-7)Xy, +...
2n
+(2n = D) X5, + > 0 Xy = 0,
k=1
2n
Xjd - X+ (G + D Xgy -+ (20 = DX + ) 0eXy =0,
k=1

Subtracting the second line from the first gives X} = 0, cf. the proof of
Lemma 5.2. Similarly, for ¢ ¢ {j,7 4+ 1,2n — j,2n + 1 — j} considering the
difference Zi-1, — Zi o = 0 we obtain X! = 0.

Considering the difference Zg" 37 — Z2""177 — ( we obtain

Xopj -+ 2n—7) X1+ @2n+1-7)X5, +...

2n
+(2n — 1) X540+ Z v X,
k=1
—(Xén_z_j—i—---—k(2n—2—j)X{+(2n—1—j)X§n+...
2n
+ (20— 1) X, + > v Xo)
k=1
2n
= —(2n)(Xgp—j + Xon1-5) +2)_ Xi = 0.
k=1

Hence X5, ;+X5,.1_; = 0and X]+ X7 ; = 0. Now we can rewrite equation
Z3n 5 =0 as

(= DXopp1—j + () X5 + (20 — 1= j) X}y
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2n
+(2n— )X+ ) v Xy, = 0.
k=1

Or equivalently

2n n
QXJI- + ZUka = 2X]/< + QZUka
k=1 k=1
n
= Q(X]/ + ;X + v X1 + Z Uchk) = 0.

k=1,k£j,j+1 O

Lemma 5.4. Let £ = 8+A(1) +Ziil Vi€kk € M( 7(11)), X = Ziﬁl Xkek,k (S
TeMCY), dni(X) = 20 = Y252 210, Assume that Zh,_, = 0 for all
i # n, then

n—1

Xp 420, X = =2 wXy, X/ =0, i¢{nn+1}
k=1

Proof. By assumption we have the system of equations

2n

Kot +2X5, o+ -+ (20 —=2)X5+ (20— )X] + ) 0 Xp =0,
k=1
2n

Xopoo +2X5, 5+ -+ (20 = 2)X] + (20— ) X5, + > Xy = 0,
k=1

X, -+ )X+ (n+1)X5, + ...
2n
+@2n— DX+ Y wXp =0,
k=1

X, o4+ n—=2)X]+(n—-1)Xp,, +...

2n+1
+2nX), + Y wXp =0,
k=1
2n
Xbp +2X5 1+ +2n— DX+ ) Xy =0.
k=1

Subtracting the second line from the first gives X} = 0, cf. the proof of
Lemma 5.2. Similarly, for i ¢ {n,n + 1} considering the difference Z3 ', —
73, o =0 we obtain X/ = 0.
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Now we can rewrite equation Z3" , = 0 as

2n n—1
(n—1)X, 1+ ()X, + Y Xy = X, +20, X, +2 Y vp X, = 0.
k=1 k=1

6. Critical points of master functions and generation of
tuples of polynomials

In this section we follow [6]. For functions f(z), g(x), we denote
Wr(f,9) = f(2)g'(z) — f'(2)g(z)
the Wronskian determinant, and f'(z) := L ().
6.1. Master function
Choose nonnegative integers k = (ko, k1, ..., k). Consider variables u =

(u; ])) where j =0,1,...,nand i =1,..., k;. The master function ®(u;k) is
defined by the formula:

(6.1) O(u k) = 2ZIH 0 _ (O) +4ZZID ) uZ])

i<’ 7=11i<i’
+ 2Zln(u§ —u, —ZZZln 1)).
<4/ 7=0 3’

The product of symmetric groups X = X, X Xk, X -+ X X, acts on the set
of variables by permuting the coordinates with the same upper index. The
function ® is symmetric with respect to the Yg-action. A point w is a critical
point if d® = 0 at u. In other words, u is a critical point if and only if the
following expressions equal zero:

k1

(6.2) ;(m(MQ:@ @,j:ywm
1u

ki1 ki1

Zu)un+zu)uw+z(n<w

2—1,..., —1, i=1...k;,
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knl
;m) (n1)+z (n) Mol i=1,... k.

All the orbits have the same cardinality [];" k;!. We do not make distinction
between critical points in the same orbit.

Remark. The definition of master functions can be found in [10], see also
[6, 7]. The master functions ®(u,k) in (6.1) are associated with the Kac-
Moody algebra with Cartan matrix of type

2 =2 0 0o ... ... 0

-1 2 -1 0

o -1 2 -1 ... ... ..
2 -1 0
-1 2 -1

0 0o -2 2

which is dual to the Cartan matrix C’ , see this type of Langlands duality
in [6, 7, 18].

6.2. Polynomials representing critical points

Let u = (ufj )) be a critical point of the master function ®. Introduce the
(n + 1)-tuple of polynomials y = (yo(z),. .., yn(x)),

k;j

(6.4) yi(x) = [J(z—u).

i=1

This tuple of polynomials defines a point in the direct product (C[z])"*!. We
say that the tuple represents the critical point.

Each polynomial of the tuple will be considered up to multiplication by
a nonzero number.

It is convenient to think that the (n 4 1)-tuple 4® = (1,...,1) of constant
polynomials represents in (C[x])"*!, the critical point of the master function
with no variables. This corresponds to the case k = (0,...,0).

We say that a given tuple y € (Clx])"™! is generic if each polynomial
y;(z) has no multiple roots and for i = 0,...,n — 1 the polynomials y;(z) and
Yi+1(z) have no common roots. If a tuple represents a critical point, then it
is generic, see (6.2). For example, the tuple y? is generic.
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6.3. Elementary generation

An (n+1)-tuple is called fertile if there exist polynomials o, . . . , 7, € (C[z])"*?
such that

(6'5) y]7yj Hyl w, 7=0,1,...,n,
7]

where a; ; are the entries of the Cartan matrix of type Cr(ll), that is,

(6.6)  Wr(yo, v0) = i, Wr (3, i) = Yi-1Yiv1, i=1,...,n—1,
Wr(gna yn) = y?zfl'

For example, y? is fertile and U; = x + c¢j, where the ¢; are arbitrary
numbers.

Assume that an (n + 1)-tuple of polynomials y = (yo,...,y,) is fertile.
Equations (6.5) are linear first order inhomogeneous differential equations
with respect to g;. The solutions are

2
. Y
(6.7) Jo = Yo / =Ldz + coyo,
Yo
(6.8) ﬂizyi/%d + ¢iYi, 1=1,...,n—1,
z yr 1
(69) Un = yn/ n; dx + Cpln,
Yn
where ¢y, . .., ¢, are arbitrary numbers. For each i = 0, ..., n, the tuple

(6.10) y(i) (x, ;)
= (y0($), BRI yi—1<x)a gl(x7 Ci)7 yi—}—l(x)v s 7yn(x)) € ((C[x])n-'_l

forms a one-parameter family. This family is called the generation of tuples
from y in the i-th direction. A tuple of this family is called an immediate
descendant of y in the ¢-th direction.

Theorem 6.1 ([6]).
(i) A generic tuple y = (yo, - .., Yn), degy; = k;, represents a critical point
of the master function ®(u; k) if and only if y is fertile.

(ii) If y represents a critical point, then for any ¢ € C the tuple yV)(x, c),
j=0,...,n is fertile.
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(iii) If y is generic and fertile, then for almost all values of the parameter
¢ € C the tuple y9)(x,c) is generic. The exceptions form a finite set

in C.
(iv) Assume that a sequence yj, £ = 1,2,..., of fertile tuples has a limit
Yioo) in (Clz])" ™ as € tends to infinity.

(a) Then the limiting tuple yj.) is fertile.
(b) For j = 0,...,n, let y(j) be an immediate descendant of Y-

[o0]

Then for all j there exist immediate descendants y[(g]) of Yy such

that y[(ig] is the limit of y[(g]) as £ tends to infinity. ]

6.4. Degree increasing generation

Let y = (yo,-..,Yn) be a generic fertile (n + 1)-tuple of polynomials. Define
kj = degy; for j =0,...,n.

The polynomial gy in (6.7) is of degree kg or ko = 2k; + 1 — ko. We say
that the generation (yo,...,yn) — (Yo,...,Yn) is degree increasing in the
0-th direction if /%0 > k. In that case deg gy = 12;0 for all c.

Fori=1,...,n—1, the polynomial §; in (6.8) is of degree k; or ki =ki1+
kiv1 + 1 — k;. We say that the generation (yo, ..., Ui, .- Yn) = (Yo, -- -, Ui,

.., Yn) is degree increasing in the i-th direction if ki > k;. In that case
degy; = k; for all c.

The polynomial ¢, in (6.9) is of degree k,, or l%n =2k, 1+1—k,. Wesay
that the generation (yo, ..., Yn—1,Yn) — (Yo, - - - Yn—1,Un) is degree increasing
in the n-th direction if ]Z:n > k. In that case deg g, = l;:n for all c.

For i =0,...,n, if the generation is degree increasing in the i-th direction
we normalize family (6.10) and construct a map Y,; : C — (C[z])"™! as
follows. First we multiply the polynomials yo, ..., ¥y, by numbers to make
them monic. Then we choose a monic polynomial y; o satisfying the equation
Wr(yi0,4i) = €14 y;aj'i, for some nonzero integer ¢, and such that the

coefficient of z* in ¥i,0 equals zero. Set
(6.11) Ji(w,¢) = yio(z) + cyi(w),
and define

(6.12)  Y,;:C — (Clz])"™,
c y(i)(a:,c):(yo(a:),...,ﬂi(m,c),...,yn(x)).

The polynomials of this (n + 1)-tuple are monic.
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6.5. Degree-transformations and generation of vectors of integers

The degree-transformations

(6.13) k= (ko,... k) — k@ = (ki +1—ko,... k),
ko= (ko ... kn) — 9D = (ko,. . kit 4+kip1r+1—FKi, ... kn),
i=1,...,n—1,

ko= (koy ... kn) = k™ = (ko,... 2kn1 +1—ky),

correspond to the shifted action of reflections wy, ..., w, € W, where W is
the Weyl group associated with the Cartan matrix A in (6.3) and wy, ..., w,
are the standard generators, see [6, Lemma 3.11] for more detail.

We take formula 6.13 as the definition of degree-transformations:

(6.14) wy :k — kO =2k +1—ko,... kn),
w; 1k — k'(i):(/fo,...,ki_l—i—k’i+1—|—1—]€i,...,]€n),

wy ko K = (ko, ... 2k + 1 — k),

acting on arbitrary vectors k = (ko, ..., kp).

We start with the vector k? = (0,...,0) and a sequence J = (j1,ja, .. .,
Jm) of integers such that j; € {0,...,n} for all i. We apply the corresponding
degree transformations to k% and obtain a sequence of vectors k?, k() =
Wy, ]{Z@, k(jl’jQ) = wj2wj1k®,. N

(615) ,l{}J = U)jm .. .wj2wj1 k’@.

We say that the vector k7 is generated from (0,...,0) in the direction of J.
We call a sequence J degree increasing if for every i the transformation
wy, applied to wj,_, ... wj, k? increases the j;-th coordinate.

6.6. Multistep generation

Let J = (j1,...,Jm) be a degree increasing sequence. Starting from Y =
(1,...,1) and J, we construct a map

Y7 €™ (Cla])™!

by induction on m. If J = @, the map Y? is the map C° = (pt) — Y0 If
m = 1 and J = (j1), the map Y01 : C — (C[z])"*! is given by formula
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(6.12) for y = ? and j = j,. More precisely, equation (6.5) takes the form
Wl"(ﬂj] ,1) = 1. Then Uj,,0 = = and

Yy . C — (Clz])™, c—(1,...,x+¢, ..., 1).

By Theorem 6.1 all tuples in the image are fertile and almost all tuples
are generic (in this example all tuples are generic). Assume that for J =
(J1y -+ Jm—1), the map Y7 is constructed. To obtain Y7 we apply the gen-
eration procedure in the j,,-th direction to every tuple of the image of v,
More precisely, if

(6.16) Y7 i e=(cr,. . eme1) = (wo(x,8), ... yn(z,8)),
then
(6.17) V&R (€, cm) — (yo(z,€), ..., yj0(x, ) + cmyj,. (2,6), ..., yn(x, E)).

The map Y7 is called the generation of tuples from y® in the J-th direction.

Lemma 6.2. All tuples in the image of Y7 are fertile and almost all tuples are
generic. For anyc € C™ the (n+1)-tuple Y’/ (c) consists of monic polynomials.

The degree vector of this tuple equals k” . ]
Lemma 6.3. The map Y’ sends distinct points of C™ to distinct points of
(Cla])™*.

Proof. The lemma is easily proved by induction on m. O

6.7. Critical points and the population generated from y?

The set of all tuples (yo, . .., yn) € (Clz])"*" obtained from y? = (1,...,1) by
generations in all directions J = (j1, ..., jm), m = 0, (not necessarily degree
increasing) is called the population of tuples generated from 3?, see [6, 7).

Theorem 6.4 ([8]). If a tuple of polynomials (yo, . .., yn) represents a critical
point of the master function ®(u, k) defined in (6.1) for some parameters k =
(ko,. ... kn), then (yo, ..., yn) is a point of the population generated from y° by
a degree increasing generation, that is, there exist a degree increasing sequence
J = (j1,.--,jm) and a point ¢ € C™ such that (yo(z),...,yn(z)) =Y/ (2,¢).
Moreover, for any other critical point of that function ®(u, k) there is a point
c € C™ such that the tuple Y7 (x,c') represents that other critical point.
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By Theorem 6.4 a function ®(u, k) either does not have critical points at
all or all of its critical points form one cell C™.

Proof. Theorem 3.8 in [7] says that (yo,...,yn) is a point of the population
generated from 4?. The fact that (yo,...,y,) can be generated from y? by
a degree increasing generation is a corollary of Lemmas 3.5 and 3.7 in [7].
The same lemmas show that any other critical point of the master function
®(u, k) is represented by the tuple Y7/ (x, ') for a suitable ¢’ € C™. O

7. Critical points of master functions and Miura opers

7.1. Miura oper associated with a tuple of polynomials, [7]

We say that a Miura oper of type C’T(Ll), L=0+A? 1V, is associated to an
(n+1)-tuple of polynomials y if V.= — 3" In(y;) hi, where In’(f(z)) = L)

f@)
If £ is associated to y and V = 2?21 vi€i i, then for i =1,... n,
Yi .
7.1 Vj = —Vopg1—i = In’ (2=, 1=1,...,n.
( ) 1 n+1—1 <yi71)

We also have
(7.2) (o, V) =1 (T,
i=0

where a; ; are entries of the Cartan matrix of type . More precisely,

2
Y1
7.3 ap, V) = In' (%),
(7:3) (a0, V) (;2)
Yi—1Yi+1 .
a, V) = In' (=), i=1,....,n—1,
V) ( vi )
2
Yn—1
a,, V) = In’ .
(an, V) (52%)
For example,
(7.4) £ =9+ A2

is associated to the tuple y® = (1,...,1).
Define the map

pe (Cla]\ {0 — M(c),
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which sends a tuple ¥ = (yo,...,%s) to the Miura oper £ = 9 + A®) +V
associated to y.

7.2. Deformations of Miura opers of type C1), [7]

Lemma 7.1 ([7]). Let £ = 0+ A® +V be a Miura oper of type V. Let
a; be the elements of the dual space defined in Section 3. Let g € B and
j€{0,...,n}. Then

(7.5) 190 =9+ AP 1V — ghy — (¢ — (a;,V)g+ ¢ [;. 0

Corollary 7.2 ([7]). Let £ = 0+ A® +V be a Miura oper of type cV.
Then e249%i L is a Miura oper if and only if the scalar function g satisfies the
Riccati equation

(7.6) g —{a;,V)g+g°>=0. 0

Let £ =0+ A® +V be a Miura oper. For j € {0,...,n}, we say that £
is deformable in the j-th direction if equation (7.6) has a nonzero solution g,
which is a rational function.

Theorem 7.3 ([7]). Let L = 0+ A®) +V be the Miura oper associated
to the tuple of polynomials y = (yo,...,yn). Let j € {0,...,n}. Then L
is deformable in the j-th direction if and only if there exists a polynomial §;
satisfying equation (6.5). Moreover, in that case any nonzero rational solution
g of the Riccati equation (7.6) has the form g = In'(y;/y;) where §; is a
solution of equation (6.5). If g =1n'(g;/y;), then the Miura oper

(7.7) 9L =94+ AP 4V — ghy

is associated to the tuple y9), which is obtained from the tuple y by replacing
y; with y;.

7.3. Miura opers associated with the generation procedure
Let J = (j1,...,Jm) be a degree increasing sequence, see Section 6.5. Let

Y7 . C™ — (Clz])"*! be the generation of tuples from 4 in the J-th direction.
We define the associated family of Miura opers by the formula:

poo €= MCY), e p(Y(0)).
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The map p’ is called the generation of Miura opers from L% in the J-th
direction, see L0 in (7.4).

For ¢ =1,...,m, denote J; = (j1,...,Jj¢) the beginning ¢-interval of the
sequence J. Consider the associated map Y/ : C* — (C[z])"*!. Denote

Y‘]‘f(cl7 o) = (yolx,ery ooy 0), oy yn(xy ey e 0)).
Introduce

(7.8)
gi(z,eq,.. . 0m) = lnl(yj1 (x,c1;1)),
ge(w,cry o) =0 (Y, (@ cr. oy b)) — ' (yj,(z, ey ey com1; € — 1),

for £ = 2,...,m. For ¢ € C™, define U’(c) = 3,.o(U’(c))i, (U'(c)); €
'.B(g(Agi))i), depending on ¢ € C™, by the formula

(79) e_ adUJ(C) — eadgm(x,c)fjm e eadgl(m,c)fjl )

Lemma 7.4. For c € C™, we have

(7.10) p'(e) = el
(7.11) pi(e) = 9+ AP =3 g, )hy,.
=1
Proof. The lemma follows from Theorem 7.3. O

Corollary 7.5. Let r > 0, odd. Let ¢ € C™. Let g—tr|uj(c) be the value at

p’(c) of the vector field of the r-th mKdV flow on the space M( fbl)), see
(4.5). Then

0 0 g 0
7.12 — = (e adU (@A@Y
( ) Oty 1 () ox (e ( ) )
Proof. The corollary follows from (4.6) and (7.10). O

We have the natural embedding M(C’S)) — M(A;L)fl), see Section 3.4.
Let J = (j1,J2, - -+, Jm)- Denote J = (j1,..., jm—1). Consider the associated

family p’/ : C™ ! — J\/[(CS)). Denote ¢ = (¢1,. .., Cm—1).

Proposition 7.6. For any r > 0 the difference %LL has the

0
o) T @)
following form for some scalar functions uy(z,c), us(x,c):
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n

(i) if jm € {1,2,...,n— 1}, then

0 0
(T13) 5l — g lwi@ = W@ ) (Cint1gnt1 = Cjn)

+ u2(T, €) (€204 1 20t 1 = €20 20— Gim )
(it) if jm = 0, then

0 0
(7-14) ghﬂ(c) - %LLJ(E) =u (95, C)(ezn,Qn - 61,1),
(73) if jm = n, then

0 0
(7.15) 8_tr|“‘](c) - 8_tr|“j(5) = uy (7, c)<en+1,n+l - en,n)-
Proof. We will write A for A® = A Denote

Ay = eImtFim— eI Arem0 0 emIm 1 i

Expand A, = 3, ALA" where Al = Y7, Able); with scalar coefficients A%
Then aitruj(é) = —Z2 A% Assume that j,, € {1,...,n— 1}. Then

0 0 _
5 w0 = ~ 7 [ F In(€honim + €20 20— ) A A,r
1410 0
X(1 = g (€ o + €2n—j2n—jn )JA)] = _%AB

0 _ 0
——[9m (€ g + €2n—j2n—j )N A,

T Oz
0 —~170
5 [ArGm (G g + Con—jm 20— )N
a
9 A1A
tos [9m (€ i T €20 jm 20—jin) r
_110
X G (€ im + €2n—jm2n—jm )N ]
The last term is zero since
_ 1170
[9m (€ + €20 20— )N Ar G (€5 i + €20 2n—m AT
= G [(€jn i + €2n—jn 20— )N T AN (€5 41 1 F €201 —gi 201 )]

= 05 (€joniim T €20 2n—jn )IN T AP AT (€051 Gt F €201 204 1—j)
=0.
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Consider now

0

_ 0
or (9 (€5 + €20 2m—o )N Ar]

[gm(e]rm]m + €2n—j,,2n— an)A_lAiAl]

2n
[gm(ejm Jm + €an— —Jm,2n— Jm 71 Z A}"lelal/\l]

2n
I:gm(e]mvjm + €2n— —Jm,2n— Jm)(A’}"le2n72n + Z A}jlel*lyl*l)}

" o
0
"o
9
a =2
_9

Oz

[gm (Ap7m*e;

4 1,2n41—j
€mrjm T Ay "

€2n—jm,2n—7jm )} :
Likewise,

10 (€ + €202, ) AT

[ATAflgm(eij,ij + €2n+1—jm,2n+1—jm)]o

—— [ A gm (€5 4141 + €2n41—jy 2011 )]

[Al JmHgmeJmH Jm+1 T Al I g eon 1 20— ]

0
8[A
_9
- Ox
0
- Ox
0
" oz

So we get
_ 9
pl(e) Oy lul (@)

+ (gm AP I (Con g1y 2nt 2= = C2n 2 )-

9
ot

= (gm A Y (€041 41 = o)

This proves the proposition for j,,, € {1,...,n — 1}. The cases j,, = 0,n are
proved similarly. If j,, = 0, then

8 3 1 —1410
Ot | J(C) 8 [(1 + gm(€2n 2n)A )Ar<1 - gm(GQTL,QTL)A )]
== %A 8 [gm(eQn Qn)A A ] % [Ar'g’m(e2n72n)A ]

19}
+ % [gm(eQn,2n>A_1Argm(62n,2n>A_1]0'
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The last term is zero since

[gm(62n,2n)A71Ar9m(eQn,Qn)Ail]0 - 972;1(62n,2n){AilArAil]O(el,l) = 07
and we get

0
oty

0
pl(e) Oty

= (gmAi71)/(€1,1 — €9n,2n)-

(&)
If j,, = n, then

0 0 _ _
aT’uJ(c) - _%[(1+9m(€n,n)/\ 1)Ar(1_9m(en,n>A 1)}0

- —axAr ~ 5 [gm(enn) AT A ] + 5 (A g (enn) A7
0 -1 —~170
+%[gm(en,n)/\ ATgm(en,n)A ] .

The last term is zero since

0

[gm(en,n)AilArgm(en,n)Ail] = grzn(en,n){AilArAil]O(@Hl,n—H) =0,

and we get

0
ot

0
wl(c) atr

G (gmAi’n+1)/(€n+1,n+1 — €nn)-
n (&) O

Let m; : M(Agl)_l) — D, L +— L;, be the Miura maps defined in Section
4.5 for i = 0,...,n. Below we consider the composition of the embedding
M(CS)) — M(ASL)?I) and a Miura map.

Lemma 7.7. If j,, = 0, we have m; o u” (&, c) =m; o ,uj(é) foralli #0. If
Gm=1,...,n—1, we have m;ou’ (¢, cy,) :~miou‘](é) for all i # jm,2n — jm.
If jm = n, we have m; o pu? (¢, ¢,) = my o p? (€) for all i # n.

Proof. The lemma follows from formula (7.10) and Theorem 4.7. O

Lemma 7.8. If j,, =0, then

o’ yl(amé,m—l)zh

(7.16) e (em) = —a S o
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for some positive integer a. If j,, =1,...,n—1, then

o’ B
(717) E(C,Cm) = —

yjm*l(x’ 67 m— 1)yjm+1(‘r7 6? m — 1) h
Yjm ($, 67 Cm, m)2 Im
for some positive integer a. If 3, = n, then

yn—l(zlv 67 m — 1)2

yn(ma 67 Cm, m)2

on’

1
(7.18) ac..

ho,

(¢,cm) = —a

for some positive integer a.

Notice that the right-hand side of these formulas can be written as

(7.19) —a H yi(z,c,m)” " h;.
=0

Proof. Let jn, = 0. Then yo(z, ¢, ¢, m) = yo,0(x, €) +cmyo(x, ¢, m —1), where
Yo0,0(x, €) is such that

Wr(yOﬂ(xaé)vyO(x)évm - 1)) = a yl(x,é,m - 1)27

for some positive integer a, see (6.11). We have g,, = In'(yo(x, ¢, ¢, m)) —
In’(yo(z, &, m — 1)).
By formula (7.11), we have
op’ Ogm
= — (¢ em) = =5 (¢ em)h
gc. (G om) = =5 (& em)ho
0 yéo(xvé)+cmy6(x7é7m_1)
_ 00 - ~ ho
Jcm \ Yoo(x,€) + emyo(x, ¢, m — 1)

= — Wr<y0,0(xaé)7y0(m’é’m _ 1)) ho = —a

(yo,0(x,€) + cmyo(z, ¢, m — 1))?

This proves formula (7.16). The other formulas are proved similarly. O
7.4. Intersection of kernels of dm;
Let J = (j1,...,jm) be a degree increasing sequence and p” : C™ — M(C’,(ll))

the generation of Miura opers from £? in the J-th direction. We have p”(c)
O+ AW 322"y (w, ¢)ep r, where

2n
ka(:z;, c) =0, vz, c)+vopt1-i(z,c) =0, i=1,...,n
k=1
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Let X(c) = 20, Xp(z, c)epp € T ()M 7(L1)) be a field of tangent vectors
to M( 7(11)) at the points of the image of u”,

2n
Z Xik(z,c) =0, X;(z,c)+ Xopr1-i(x,¢) =0, 1=1,...,n.
k=1

Our goal is to show that under certain conditions we have

o’

(7.20) X(c) = A(e) . (¢)

for some scalar function A(c) on C™.

Proposition 7.9. Let j,, = 0 and X(c) € T#J(C)M(C,(ll)). Assume that
dmi|#,,(c)(X(c)) =0 foralli=1,...,2n—1 and all c € C™. Assume that
X(c) has the form indicated in the right-hand side of formula (7.14). Then
equation (7.20) holds.

Proof. Since Xi(z,c) = 0 for k = 2,...,2n — 1, equation (5.5) takes the

form X| — 2v1X; = 0, or more precisely, X] = 2In’ (%)Xl Hence

Xi(z,¢) = —Xo, = A(c)1'7101((%::;}2;2 for some scalar A(c). Lemma 7.8 implies

equation (7.20). O
Proposition 7.10. Let j,, € {1,...,n— 1} and X(c) € TMJ(C)M(Cy(Ll)). As-
sume that dw;| ;. (X(c)) = 0 for all i & {jm.2n — jm} and all ¢ € C™.

u(e)
Assume that X (c) has the form indicated in the right-hand side of formula

(7.13). Then equation (7.20) holds.
Proof. By Lemma 5.3 we have X! + (vj,, — vj,,4+1)Xj,, = 0. Then for j,, =
1,...,n—1, we have

Xjp = = Xjur1 = Xonj,, = = Xont1-,

= A(e) Yntl

X, é7m - 1>yjm+1(x7 67 m — 1)

Yjm (3:'7 67 Cm, m)2

Lemma 7.8 yields equation (7.20). O

Proposition 7.11. Let j,, = n and X(c) € T),5M( 7(11)). Assume that
dmi|uJ(C)(X(c)) =0 for all i # n, and ¢ € C™. Assume that X(c) has the
form indicated in the right-hand side of formula (7.15). Then equation (7.20)
holds.
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Proof. By assumptions we have X; = 0 for i # n,n + 1. By Lemma 5.4

we have X! + 2v,X,, = 0, where v, = In’ yy" Hence X, il =

A(c)% for some scalar function A(c). Lemma 7.8 yields equation

(7.20). O
8. Vector fields
8.1. Statement

Let > 0 be odd. Recall that we denote by a? the r-th mKdV vector field on
the space M(szl)) of Miura opers of type V. We also denote by (% the r-th

mKdV vector field of type A2n—1 on the space M(A(zil)_l) of Miura opers of
type Ag}fl. We have a natural embedding M(C(l)) — M(AS} 1)- Under this
embedding the vector % on M( 7(3)) equals the vector filed 8 on M(Agn) 1)
restricted to M(CS)), see Section 4.3. We also denote by -2 T the r-th KdV
vector field on the space D, see Section 4.4.

For a Miura map m; : M — D, £ — L;, denote by dm; the associated
derivative map TM(ASB 1) = TD of tangent spaces. By Theorem 4.6 we
have dm; : |L —> atr

Fixa degree increasing sequence J = (j1,. .., jm). Consider the associated

family p” : C™ — M( 7(L1)) of Miura opers. For a vector field I' on C™, we
denote by £ru”’ the derivative of 7 along the vector field. The derivative is

i

well-defined since M( ,(Ll)) is an affine space.

Theorem 8.1. Let r > 0 be odd. Then there exists a polynomial vector field
I, on C™ such that

0

(8.1) .

o = Lr,17(c)

for allc € C™. If r > 2m, then [%| =0 for all c € C™.

()
Corollary 8.2. The family i/ of Miura opers is invariant with respect to

all mKdV flows of type C’S) and the family is point-wise fized by flows with
r > 2m.

In other words, every mKdV flow corresponds to a flow on the space of
integration parameters ¢ € C™. Informally speaking, we may say, that the
integration parameters ¢ = (c1,. .., ¢p) are times of the mKdV flows.
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8.2. Proof of Theorem 8.1 for m =1

Let J = (j1). Then p/(c1) = e9/n Lle=9Sin = 9+ A— g, hj,, where g, =
see formula (7.9). We have

9
ot

x+cy’?

_9 |:€91fj1 Arefglf_n}o.

8.2 =
(8.2) 1 (e1) Ox

Assume j; € {1,...,n—1}. Then e9/in = 1+ g1(ej, j, +e€2n—jy 205 )AL
For r odd and r > 1, the right-hand side of (8.2) is zero. Hence (% |7 (1) =
I', = 0. For r = 1 we have

i _ _2 [691f11 Ae_glfj1:|o
Oty 1 (1) Ox
0 1 o’
= —_— h = _7}1 - —— .
axgl J1 (I+Cl)2 J1 acl (Cl)
Hence I'y = — 5o
Assume j; = n. By formula (7.12), we have
9, 0 0
83) - =——|(1 ) ATHAT(1 = gren ) AT
83) 5| = a0+ e A DA = grenn)A Y

For r odd and r > 1, we have %] = 0 by (8.3) and Lemma 2.4.

n?(cx)
Hence I', = 0. For r = 1, we have

8 dgl
ot ooy =y o ™ Crrtn)
dgi 1 o’
= —h,=————5h,=—"(1).
dx (z+c¢1)? dcy (1)
Hence I'y = —3%1.
Assume j; = 0. By formula (7.12), we have
0 0 0
8.4) — =-——|(1 n2n) ATEAT (1 — grean0n) AT
(8.4) o e = "oz [( + g1€2n,2n) (1 — g1€2n,2n) }
For r odd and r > 1, we have %’H‘](Cl) = 0 by (8.4) and Lemma 2.4.
Hence I'. = 0. For r = 1, we have
0 dg, dgi 1 o’
— = ———(eanon — =——hy=———=hp=—7—(c1).
Bty /ey = g (Caman ~ €11) = o = —7mosghe = =5 ()

Hence I'; = _8%1' Theorem 8.1 is proved for m = 1.
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8.3. Beginning of proof of Theorem 8.1 for m > 1

We prove the first statement of Theorem 8.1 by induction on m. Let J =
(J1y- -+, Jm). Assume that the statement is proved for J = (ji,...,jm-1). Let

Y7 oo e ()™, é= (e, eme1) = (ho(x,8), . yn(®, )

be the generation of tuples in the J-th direction. Then the generation of tuples
in the J-th direction is

Y/ Cm oo (Cla)m

(6) Cm) — (yo(% 6)7 cee 7yjm10($7 E) + Cmyjm(wa 6)7 cee 7yn(‘r7 6)7

see (6.16) and (6.17). We have g, = In(y;,, o(z,¢) + cny;,, (z,¢))
—1n'(y;,.(z,¢)), see (7.8).

By the induction assumption, there exists a polynomial vector field I', ; =
St %(é)% on C™! such that for all ¢ € C™! we have

0
SFT”j/’LJ(E)'

ot,

(8.5)

W@

Proposition 8.3. There exists a scalar polynomial Yy, (¢, ¢) on C™ such that
the vector field I'y =T, 7 + ym(¢, cm)£ satisfies (8.1) for all (¢, cp,) € C™.

8.4. Proof of Proposition 8.3

Lemma 8.4. Let j,, € {1,2,...,n— 1}, then we have

'gl—‘r’j/[](év cm)) = 07

( —
J(c~,cm) atT /H(é,Cm)
for GHZ % {]m; 2n - ]m}

Proof. The proof is the same as the proof of Lemma 5.5 in [17]. Namely, by
Theorem 4.7 we have m; o i’ (¢, ¢,,) = m; o pu? (¢) for all i & {jm,2n — jim}.
Hence,
(87) dmi|‘uJ(570m) (Srrﬁjlu/‘] (57 Cm)) - SFT’j(mZ’ © MJ)(a Cm)

= Lr_,(m;opu”)(@).
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By Theorems 4.6 and 4.7, we have

0

mou’ (&,cm) - ot,

(3 ) =
1w Gem) \ Oty | (&,em) ot, mopd (&)

By the induction assumption, we have

0

(8.9) i

= & (m;opu’)(@).
monle e (M0 HE)

These three formulas prove the lemma. The other two cases are proved simi-
larly. O

Lemma 8.5. For j,, € {1,...,n—1}, the difference %‘ﬂj(c) —SFT,J.,LL‘](é, Cm)
has the form indicated in the right-hand side of formula (7.13). For j,, =0,
the difference has the form indicated in the right-hand side of formula (7.14).
For j,, = n, the difference has the form indicated in the right-hand side of
formula (7.15).

Proof. We have

0
— ¢ e
Ot 1u7 (c) r, ;17 (€ ¢m)
_ g s e
Ot lwie) Oty 14 (o) + Bt o r, ;M (¢, em)
9 )

— B Foa o
C Ot i) Ot lui @) +Lr, ;1 (©) Lr 1 (¢,cm)

d 0 N
Oty lni (@) Oty 1yl (@)

*QFrngm (Qﬂ', 67 Cm) hjm7

o)

— has the

p (c) n’ (@)

form indicated in the right-hand side of formula (7.13) by Proposition 7.6
and £r _gm(z,¢ cm) hy,, has that form since hj,, = —ej,, .. + € 4141 —
€2n—jm . 2n—jm T €2n+1—jm 2n+1—jm - This proves the lemma for Jm € {1, e, =

1}. The other two cases of the lemma are proved similarly. O

see formula (7.11). If j,, € {1,...,n — 1}, then 8?,.

Let us finish the proof of Proposition 8.3. By Lemmas 8.4 and 8.5 the dif-
ference (% |/L ey~ Lr; 1 (€, ¢,) has the form indicated in the right-hand side
of one of the formulas (7.13)—(7.15) and lies in the kernels of the differentials
of Miura maps m; for all @ ¢ {j,,,2n — j,,}. By Propositions 7.9, 7.10, 7.11
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we conclude that the difference has the form ~,,(¢, cm)% for some scalar

function 7, (¢, ¢;,) on C™. Therefore,

0

< op’
ot | (Eem)

= SFT j/"LJ(é7 Cm) + 7m(6> Cm)a—(éa Cm)'
, m
If we set I =T, ;7 + Yim (€, cm)%7 then the vector field I', will satisfy for-
mula (8.1).
We need to prove that ~,,(¢, ¢;,) is a polynomial. The proof of that fact
is the same as the proof of [17, Proposition 5.9]. Proposition 8.3 is proved.

8.5. End of proof Theorem 8.1 for m > 1

Proposition 8.3 implies the first statement of Theorem 8.1. The second state-
ment says that if » > 2m, then %b o) = 0. But that follows from Corol-
lary 7.5 and Lemma 2.3.
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