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On the image of MRC fibrations of projective manifolds
with semi-positive holomorphic sectional curvature

Shin-ichi Matsumura

Abstract: In this paper, we pose several conjectures on structures
and images of maximal rationally connected fibrations of smooth
projective varieties admitting semi-positive holomorphic sectional
curvature. Toward these conjectures, we prove that the canonical
bundle of images of such fibrations is not big. Our proof gives
a generalization of Yang’s solution using RC positivity for Yau’s
conjecture. As an application, we show that any compact Kähler
surface with semi-positive holomorphic sectional curvature is ra-
tionally connected, or a complex torus, or a ruled surface over an
elliptic curve.
Keywords: Holomorphic sectional curvatures, maximal rationally
connected fibrations, Abelian varieties, ruled surfaces, RC positiv-
ity, minimal models.

1. Introduction

One of the famous conjectures, which were posed by S.-T. Yau in [31], states
that any compact Kähler manifold with negative (resp. positive) holomor-
phic sectional curvature has an ample canonical bundle (resp. is rationally
connected).

The former conjecture was affirmatively solved for projective varieties of
dimension ≤ 3 in [11], solved for projective varieties of arbitrary dimension in
[32], and solved for compact Kähler manifolds in [24]. On the other hand, it is
known that a smooth projective variety whose holomorphic sectional curva-
ture is identically zero admits a finite étale cover by an abelian variety (see [12,
Proposition 2.2], [2, 15]). In their paper [13], Heier-Lu-Wong-Zheng showed
that any smooth projective variety with semi-negative holomorphic sectional
curvature admits a finite étale cover by the product of an abelian variety and
a projective variety with ample canonical bundle, under the assumption of
the abundance conjecture (see also [12]).
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The latter conjecture on positive holomorphic sectional curvature was
affirmatively solved for projective varieties in [10] and solved for compact
Kähler manifolds in [27]. Therefore one of the remaining most interesting
problems in this field is to determine a structure of smooth projective varieties
with “semi-positive” holomorphic sectional curvature.

In this paper, we pose the following conjecture (Conjecture 1.1) by fo-
cusing on the similarity to semi-negative holomorphic sectional curvature.
This conjecture also can be seen as a generalization of the structure theo-
rem for (holomorphic) bisectional curvature proved in [14, 20] to holomorphic
sectional curvature (see also [4, 5]). As a new approach to rational connected-
ness, Yang introduced the notation of RC positivity in the breakthrough paper
[27]. Toward Conjecture 1.1, we study maximal rationally connected (MRC
for short) fibrations of smooth projective varieties with semi-positive holomor-
phic sectional curvature, by developing the theory of RC “semi”-positivity.

Conjecture 1.1. Let X be a compact Kähler manifold with semi-positive
holomorphic sectional curvature. Then there exists a smooth morphism X →
Y such that a fiber is rationally connected and Y admits a finite étale cover
A → Y by an abelian variety A.

For a smooth projective variety X with semi-positive holomorphic sec-
tional curvature, it seems to be quite difficult to directly confirm that X has
positive irregularity (in other words, its Albanese map is non-trivial). On the
other hand, it can be shown that a MRC fibration X ��� Y of X is non-trivial
(that is, 0 < dim Y < dimX) when X is neither rationally connected nor an
abelian variety up to finite étale cover.

In this paper, we attempt to approach Conjecture 1.1 by investigating a
MRC fibration X ��� Y of X instead of the Albanese map (see [3, 17] for
MRC fibrations and rational connectedness). Note that the image Y of MRC
fibrations is determined up to birational equivalence (in particular, we may
assume that Y is smooth by taking a resolution of singularities), and also that
the image Y is not uniruled by [9, Theorem 1.1] (equivalently, the canonical
bundle KY of Y is pseudo-effective by [1]).

From the viewpoint of Conjecture 1.1, it is natural to expect that a mini-
mal model of the image Y (if exists) admits a finite étale cover by an abelian
variety. Further it can also be expected that a MRC fibration of X to a min-
imal model of Y is actually a smooth morphism. For this purpose, it seems
to be the first step to show that the numerical dimension of the image Y is
zero. Based on the above observations, we pose the following two conjectures:

Conjecture 1.2. Let X be a smooth projective variety with semi-positive
holomorphic sectional curvature, and let X ��� Y be a dominant rational map
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from X to a smooth projective variety Y with the pseudo-effective canonical
bundle KY . Then the numerical dimension ν(Y ) = ν(KY ) is equal to zero.
In particular, the numerical dimension of the image of non-trivial MRC fi-
brations of X is zero. See [16] for the definition of the numerical dimension
ν(·).

Conjecture 1.3. Let X be a smooth projective variety with semi-positive
holomorphic sectional curvature, and let X ��� Y be a MRC fibration of
X to a projective variety Y . If Y has (at most) terminal singularities and
the canonical divisor KY is a nef Q-Cartier divisor (that is, Y is a minimal
model), then Y is smooth and f is a morphism. Moreover Y admits a finite
étale cover by an abelian variety.

In this paper, we prove that the canonical bundle KY in Conjecture 1.2 is
not a big line bundle (that is, ν(Y ) < dim Y ). For the proof, we develop the
theory of RC positivity introduced in [27] (in particular RC semi-positivity).
(See [29, 30] for the recent development of RC-positivity.) Our argument in
the proof can be seen as a generalization of the solution for Yau’s conjecture
proved in [27].

Theorem 1.4. Let X be a compact Kähler manifold with semi-positive holo-
morphic sectional curvature, and let φ : X ��� Y be a dominant meromorphic
map from X to a smooth projective variety Y . Then KY is not a big line bun-
dle (that is, ν(Y ) < dim Y ).

As a corollary of Theorem 1.4, we obtain the following result, which affir-
matively solves Conjecture 1.3 for smooth projective surfaces (even for com-
pact Kähler surfaces).

Corollary 1.5. Let X be a compact Kähler surface with semi-positive holo-
morphic sectional curvature. Then one of the followings holds:
• X is rationally connected.
• X is a complex torus.
• X is a ruled surface over an elliptic curve.
In particular, Conjecture 1.3 is true for compact Kähler surfaces with semi-
positive holomorphic sectional curvature.

In Section 2, we will recall some results on curvatures of vector bundles
and the notion of RC positivity. In Section 3, we will prove Theorem 1.4 and
its corollary.

In this paper, we interchangeably use the words “line bundles”, “invert-
ible sheaves”, and “Cartier divisors” (also “vector bundles” and “locally free
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sheaves”). Further we denote by the notation D⊗m the m-th multiple mD

of a divisor D. Note that we treat only the holomorphic sectional curvature
obtained from Kähler metrics throughout this paper.

One year after the previous version of this paper had been put in arXiv,
Conjecture 1.1 was affirmatively solved in a “strong” form for smooth pro-
jective varieties in [19]. This paper is a modified and shorten manuscript. In
the previous version, it is shown that the numerical dimension of KY is equal
to zero in Theorem 1.4 under the assumption that Y admits a good minimal
model (which is true when dim Y ≤ 3) by developing the techniques in this
paper. In [19], the strategy explained in this paper turns out well.

2. Preliminaries

2.1. Curvature of vector bundles

In this subsection, we fix the notation for various curvatures and recall some
curvature formulas for induced metrics.

Let E be a (holomorphic) vector bundle of rank r on a complex manifold
X of dimension n and let g =

∑
k,� gkl̄ e

∨
k ⊗ ē∨� be a (smooth) hermitian metric

on E. For the hermitian vector bundle (E, g), the Chern curvature
√
−1Θg :=

√
−1Θ(E,g) ∈ C∞(X,Λ1,1 ⊗ End(E))

is defined by

√
−1Θg(∂/∂zi, ∂/∂z̄j)(ek) :=

√
−1

(
− ∂2gkᾱ

∂zi∂z̄j
gα�̄ + ∂gkᾱ

∂zi
gαβ̄

∂gβγ̄
∂z̄j

gγ�̄
)
e�,

where (z1, z2, . . . , zn) is a local coordinate of X and {ei}ri=1 is a local frame
of E. Here we used the Einstein convention for the summation.

Let ΛmE denote the vector bundle defined by the m-th exterior product of
E. The hermitian metric g on E induces the hermitian metric Λmg on ΛmE.
It is easy to see that the Chern curvature

√
−1ΘΛmg =

√
−1Θ(ΛmE,Λmg) of

(ΛmE,Λmg) satisfies that
√
−1ΘΛmg(v, w̄)(a1 ∧ a2 ∧ · · · ∧ am)(1)

=
m∑
j=1

(a1 ∧ · · · ∧
√
−1Θg(v, w̄)(aj) ∧ · · · ∧ am)
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for any tangent vectors v, w in the (holomorphic) tangent bundle TX and any
vector ai in E. Similarly, it can be seen that the hermitian metric S�g on the
�-th symmetric product S�E of E induced by g satisfies that

√
−1ΘS�g(v, w̄)(a1 � a2 � · · · � a�)(2)

=
�∑

j=1
(a1 � · · · �

√
−1Θg(v, w̄)(aj) � · · · � a�)

for any tangent vectors v, w ∈ TX and any vectors ai ∈ E. Further, for a
hermitian vector bundle (F, h), it can also be seen that the induced hermitian
metric g ⊗ h on E ⊗ F satisfies that

√
−1Θg⊗h(v, w̄)(a⊗ b) =

√
−1Θg(v, w̄)(a) ⊗ b + a⊗

√
−1Θh(v, w̄)(b)(3)

for any tangent vectors v, w ∈ TX and any vectors a ∈ E and b ∈ F .
The curvature tensor

Rg = R(E,g) ∈ C∞(X,Λ1,1 ⊗ E∨ ⊗ Ē∨)

is defined to be

Rg(v, w̄, e, f̄) :=
〈√

−1Θg(v, w̄)(e), f
〉
g

for tangent vectors v, w ∈ TX and vectors e, f ∈ E. Throughout this paper,
the notation E∨ denotes the dual vector bundle of E and 〈•, •〉g denotes the
inner product with respect to g. When E is the tangent bundle TX and g is
a hermitian metric on TX , the holomorphic sectional curvature Hg is defined
to be

Hg([v]) := Rg(v, v̄, v, v̄)
|v|4g

for a non-zero tangent vector v ∈ TX , which can be seen as a smooth function
on the projective space bundle P(T∨

X) (that is, the set of all complex lines
[v] in TX). The holomorphic section curvature is called positive (resp. semi-
positive) if Hg([v]) > 0 (resp. Hg([v]) ≥ 0) holds for any non-zero tangent
vector v ∈ TX . We remark that there exists the minimum value of Hg on
P(T∨

X,p) at every point p ∈ X by compactness of P(T∨
X,p).

If g is a Kähler metric (that is, the associated (1, 1)-form ωg is d-closed),
the following symmetry holds:

Rg(ei, ēj , ek, ē�) = Rg(ek, ē�, ei, ēj) = Rg(ek, ēj , ei, ē�).
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From the above symmetry, we can obtain Royden’s lemma (see [22]) and
a refinement of [26, Lemma 4.1], which play a crucial role in the proof of
Theorem 1.4.

Lemma 2.1 ([22]). Let g be a Kähler metric of X and m be an arbitrary
positive integer. For tangent vectors {ei}mi=1 in TX,p at a point p ∈ X, the
following equality holds:

m∑
i,j=1

Rg(ei, ēi, ej , ēj)

=1
2
{ m∑

k=1
Rg(ek, ēk, ek, ēk) + 1

4m
∑
γ∈Im

Rg(ηγ , η̄γ , ηγ , η̄γ)
}
,

where I := {1,−1,
√
−1,−

√
−1} and ηγ :=

∑m
k=1 εkek for γ = (ε1, ε2, . . . ,

εm) ∈ Im. In particular, if the holomorphic sectional curvature is semi-
positive, then the left hand side is non-negative.

Lemma 2.2 ([26, Lemma 4.1], [27, Lemma 6.1]). Let g be a Kähler metric
of X and V be a subspace of TX,p at a point p ∈ X. If a unit vector x ∈ V

minimizes the holomorphic sectional curvature Hg on V , that it, it satisfies

min{Hg([v]) | 0 �= v ∈ V } = Hg([x]),

then we have

2Rg(x, x̄, w, w̄) ≥ (1 + |〈x,w〉g|2)Rg(x, x̄, x, x̄)

for any unit vector w ∈ V . In particular, if the holomorphic sectional curva-
ture is semi-positive, a minimizer x of Hg on V satisfies that

Rg(x, x̄, w, w̄) ≥ 0

for any tangent vector w ∈ V .

The case where V in Lemma 2.2 coincides with the whole tangent space
TX,p is proved in [27, Lemma 6.1]. It is easy to see that the same argument
as in [27, Lemma 6.1] works even in the case of V being a subspace of TX,p,
and thus we omit the proof of Lemma 2.2. Note that we essentially use the
assumption that g is a Kähler metric in the proof of the above lemmas.
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2.2. RC positivity and vanishing theorems

In this subsection, we recall the notion of RC positivity of vector bundles in-
troduced in [27]. Moreover we generalize a vanishing theorem for RC-negative
vector bundles to treat RC semi-positivity in the proof of Theorem 1.4.

Definition 2.3 (RC positivity, [27]). A hermitian vector bundle (E, g) on a
complex manifold X is called RC positive (resp. RC negative) at p ∈ X, if for
any non-zero vector b ∈ Ep there exists a tangent vector v ∈ TX,p such that

Rg(v, v̄, b, b̄) > 0 (resp. < 0) at p.

Further (E, g) is simply called RC positive (resp. RC negative), if it is RC
positive (resp. RC negative) at every point in X.

Remark 2.4. A hermitian line bundle is RC positive if and only if it is (n−1)-
positive (that is, it admits a hermitian metric whose Chern curvature has at
least one positive eigenvalue everywhere). Recall that n is the dimension of
X.

If a line bundle admits a hermitian metric satisfying the condition of
RC positivity (that is, (n − 1)-positivity), then a partial vanishing theorem
of Andreotti-Grauert type holds. The converse implication (which was first
asked in [8]) was established in [28] (see also [18, 21, 23] for related topics).
In summary, we have the following result:

Theorem 2.5 ([28], cf. [8, 18]). Let L be a line bundle on a compact complex
manifold X of dimension n. Then the following conditions are equivalent:
• The dual line bundle L∨ is not pseudo-effective.
• L admits a hermitian metric with RC positive curvature (in other words,
(n− 1)-positive curvature).
Moreover, when X is a smooth projective variety, the above conditions are
equivalent to the following condition:
• L is (n−1)-ample, that is, for any coherent sheaf F on X, there is a positive
integer m0 such that

Hn(X,F ⊗ L⊗m) = 0 for any m ≥ m0.

In the proof of Theorem 1.4, we need the following vanishing theorem for
partially RC-negative vector bundles, which can be seen as a generalization
of [27, Theorem 3.5].
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Theorem 2.6. Let E and F be vector bundles on a compact complex manifold
X, and let t : F → E be an injective sheaf morphism. (Note that we use the
same notation for vector bundles and locally free sheaves.) Assume that there
is a (proper) subvariety V on X with the following property:

• E admits a hermitian metric g (defined on X) such that for any point
p ∈ X \ V and for any non-zero vector

b ∈ Im(t : Fp → Ep) ⊂ Ep,

there is a tangent vector v ∈ TX,p satisfying

Rg(v, v̄, b, b̄) < 0.

Then we have
H0(X,F ⊗ IV ) = 0,

where IV is the ideal sheaf associated to the subvariety V .

Proof. For a given section s in H0(X,F ⊗ IV ), we consider the section s̃ of
E obtained from the induced injective morphism

H0(X,F ⊗ IV ) ⊂ H0(X,F ) ↪→ H0(X,E).

It is sufficient to check that s̃ is identically zero on X. We take a point p0 ∈ X
that attains the maximum value of the (point-wise) norm |s̃|g. We may assume
that s̃(p0) is a non-zero vector in E. The section s̃ is identically zero on V by
the construction of s̃, and thus p0 is outside the subvariety V .

Now we have the following equality:
√
−1∂∂|s̃|2g =

√
−1

〈
D′s̃, D′s̃

〉
g
−

〈√
−1Θg(s̃), s̃

〉
g
,(4)

where D′ is the (1, 0)-part of the Chern connection. The left hand side is a
semi-negative (1, 1)-form at p0 by the choice of p0. On the other hand, since

b := s̃(p0) ∈ Im(t : Fp0 → Ep0) ⊂ Ep0

is a non-zero vector, we can find a tangent vector v ∈ TX,p0 such that
〈√

−1Θg(v, v̄)(s̃), s̃
〉
g

= Rg(v, v̄, b, b̄) < 0 at p0

by the assumption. This is a contradiction.
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3. Proof of Theorem 1.4 and its corollaries

This section is devoted to the proof of Theorem 1.4 and its corollary.

Proof of Theorem 1.4. The proof can be divided into two steps. The main
idea comes from Step 1, in which we consider the situation of φ being a
smooth morphism. In Step 2, by modifying this idea in Step 1 to treat an
arbitrary meromorphic map φ, we prove a generalization of Theorem 1.4 for
a projective variety Y with canonical singularities.

Step 1 (The case of φ being a smooth morphism). In this step, we show only
that KY is not an ample line bundle under the situation that φ : X ��� Y in
Theorem 1.4 is a smooth morphism.

Let g be a Kähler metric of X with semi-positive holomorphic sectional
curvature. The surjective bundle morphism

(TX , g) dφ∗−−−−−→ (φ∗TY , h)

can be obtained from the differential map dφ∗. We remark that the above
morphism is surjective as a bundle morphism since φ is a smooth morphism.
Further the Kähler metric g and the above bundle morphism induce the
hermitian metric h on the pull-back φ∗TY of the tangent bundle TY of Y .
We put m := dimY , ΩX := T∨

X , and ΩY := T∨
Y . We obtain the injective

bundle morphism

(5) (φ∗ΛmΩY = φ∗KY ,Λmh∨) Λmdφ∗
−−−−−−−→ (ΛmΩX ,Λmg∨)

by taking the dual vector bundle and the m-th exterior product, where •∨
denotes the dual bundle of vector bundles or the dual hermitian metric. Then
the following claim follows from Royden’s lemma.

Claim 3.1. For any point p ∈ X and any non-zero vector

b ∈ Im
(
Λmdφ∗ : φ∗KY,p

Λmdφ∗
−−−−−−−→ ΛmΩX,p

)
⊂ ΛmΩX,p at p,

there exists a tangent vector v ∈ TX,p with the following property:

• dφ∗(v) �= 0 in TY,φ(p). • RΛmg∨(v, v̄, b, b̄) ≤ 0.

Remark 3.2. Even if φ is not a smooth morphism on the whole space X, the
argument below still works for a point p ∈ X at which φ is smooth. This
argument will be used again in Step 2.
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Proof of Claim 3.1. For a given point p ∈ X, we choose an orthonormal ba-
sis {ei}ni=1 of the tangent space TX,p at p such that {dφ∗(ei)}mi=1 is also an
orthonormal basis of φ∗TY,p = TY,φ(p). Here n denotes the dimension of X.
We define V by the subspace

V := Spn〈{{ei}mi=1}〉 ⊂ TX,p

spanned by {ei}mi=1 and the vector a by

a := e1 ∧ e2 ∧ · · · ∧ em ∈ ΛmV ⊂ ΛmTX,p.

It is sufficient for the proof to find a tangent vector v ∈ TX,p such that

dφ∗(v) �= 0 in TY,φ(p) and RΛmg(v, v̄, a, ā) ≥ 0

for a non-zero vector a= e1∧e2∧· · ·∧em ∈ΛmV , since the image Im(Λmdφ∗)⊂
ΛmΩX,p is spanned by the vector e∨1 ∧ e∨2 ∧ · · · ∧ e∨m, where {e∨i }ni=1 denotes
the dual basis of {ei}ni=1.

For an arbitrary index i ∈ {1, 2, . . . ,m}, we put

Ai := RΛmg(ei, ēi, a, ā),

and for simplicity we put

Bi(•) :=
√
−1Θg(ei, ēi)(•) ∈ End(TX,p).

Then we can easily check that

√
−1ΘΛmg(ei, ēi)(a) =

m∑
j=1

e1 ∧ · · · ∧Bi(ej) ∧ · · · ∧ em

by the definition of
√
−1ΘΛmg (see equality (1)). A straightforward compu-

tation yields

Ai =
〈√

−1ΘΛmg(ei, ēi)(a), a
〉
Λmg

(6)

=
m∑
j=1

〈
e1 ∧ · · · ∧Bi(ej) ∧ · · · ∧ em, e1 ∧ e2 ∧ · · · ∧ em

〉
Λmg

=
m∑
j=1

〈
Bi(ej), ej

〉
g
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=
m∑
j=1

Rg(ei, ēi, ej , ēj).

By Royden’s lemma (see Lemma 2.1) and the assumption of the holomorphic
sectional curvature being semi-positive, we can obtain

m∑
i=1

Ai

=
m∑

i,j=1
Rg(ei, ēi, ej , ēj)

=1
2
{ m∑

k=1
Rg(ek, ēk, ek, ēk) + 1

4m
∑
γ∈Im

Rg(ηγ , η̄γ , ηγ , η̄γ)
}
≥ 0.

Therefore it can be seen that

Ai0 = RΛmg(ei0 , ēi0 , a, ā) ≥ 0

for some i0 ∈ {1, 2, . . . ,m}. By the choice of the orthonormal basis, the vector
dφ∗(ei0) is a non-zero vector in TY,φ(p). This completes the proof.

In the rest of this step, we show that KY is not an ample line bundle
by using Claim 3.1 and Theorem 2.5. Since (φ∗KY ,Λmh∨) is a subbundle of
(ΛmΩX ,Λmg∨) as hermitian vector bundles, we have

√
−1ΘΛmh∨(v, v̄)|c|2Λmh∨ = RΛmh∨(v, v̄, c, c̄) ≤ RΛmg∨(v, v̄, b, b̄)

for any vector v ∈ TX and a non-zero vector c ∈ φ∗KY , where b := Λmdφ∗(c) ∈
ΛmΩX . For an arbitrary point p ∈ X, we can find a tangent vector v ∈ TX,p

such that

dφ∗(v) �= 0 in TY,φ(p) and
√
−1ΘΛmh∨(v, v̄) ≤ 0

by Claim 3.1 and |c|Λmh∨ �= 0.
On the other hand, if KY is assumed to be an ample line bundle, there

is a smooth hermitian metric H on KY with the (strictly) positive curvature√
−1ΘH > 0. Then it can be shown that the line bundle φ∗KY is RC negative.

Indeed, for the hermitian metric on φ∗KY defined by

(Λmh∨)2 · (φ∗H)−1,



1430 Shin-ichi Matsumura

the curvature
√
−1Θ(Λmh∨)2·(φ∗H)−1 satisfies that

√
−1Θ(Λmh∨)2·(φ∗H)−1(v, v̄) = 2

√
−1Θ(Λmh∨)(v, v̄) − φ∗√−1ΘH(v, v̄)

≤ −
√
−1ΘH(dφ∗(v), ¯dφ∗(v))

< 0

for the tangent vector v ∈ TX,p obtained in Claim 3.1. The last inequality
follows from dφ∗(v) �= 0 and

√
−1ΘH > 0.

The dual bundle φ∗K∨
Y is RC positive, and thus φ∗KY is not pseudo-

effective by Theorem 2.5. It contradicts to the assumption that KY is an
ample line bundle.

Step 2 (The proof of Theorem 1.4). In this step, we prove the following state-
ment by modifying the idea in Step 1, which is a generalization of Theorem
1.4.

Theorem 3.3. Let X be a compact Kähler manifold with semi-positive holo-
morphic sectional curvature, and let φ : X ��� Y be a dominant meromorphic
map from X to a projective variety Y with at most canonical singularities
Then KY is not a big line bundle.

Proof of Theorem 3.3. Even if φ is a morphism, the morphism (5) is not injec-
tive as a bundle morphism (since the rank of the linear map defined on fibers
may not be constant), but it induces the injective sheaf morphism between
locally free sheaves φ∗KY and ΛmΩX . From now on, we interchangeably use
the words “vector bundles” and “locally free sheaves”, and we use the same
notation for the induced sheaf morphism. The main differences from Step
1 are that we have to treat the indeterminacy locus and that we can not
obtain the induced metric on φ∗KY since the morphism (5) is not a bundle
morphism. To overcome these difficulties, we apply Theorem 2.6 instead of
Theorem 2.5.

We first take a resolution τ : X → X of the indeterminacy locus B of φ
such that it passes through a resolution μ : Y → Y of singularities of Y . The
morphisms ϕ and φ̄ are defined by the following diagram:

X

τ
φ̄

ϕ
Y

μ

X
φ

Y.
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For a contradiction, we assume that KY is a big line bundle. It can be
seen that there exist a very ample line bundle A on Y and an effective Cartier
divisor E on Y such that K⊗m0

Y = A⊗ E holds for some m0 > 0 by Kodaira
lemma. We define the “pull-backs” of the Cartier divisors K⊗m0

Y and A by

φ∗K⊗m0
Y := τ∗φ̄

∗(K⊗m0
Y ) and φ∗A = τ∗φ̄

∗A.

Let {ti}i∈I be a basis of H0(Y,A). The sections {ti}i∈I determine the
smooth hermitian metric H on A. Indeed, the hermitian metric H on A can
be defined to be

|e|2H := |e|2∑
i∈I |ti|2

for every vector e ∈ A. It follows that the Chern curvature
√
−1ΘH is a

positive (1, 1)-form on the non-singular locus Yreg := Y \ Ysing of Y since A is
a very ample line bundle on Y .

Similarly, the pull-backs {φ∗ti}i∈I of the sections {ti}i∈I under φ, which
are sections of φ∗A, also determine the “singular” hermitian metric on φ∗A,
which we denote by the notation φ∗H (see [7] for singular hermitian metrics).
The section φ∗ti obtained from the pull-back of ti is identically zero on the
indeterminacy locus B (otherwise it contradicts to the fact that B is the
indeterminacy locus and A is very ample). Hence we can see that φ∗H has
analytic singularities along the indeterminacy locus B.

We consider a point p ∈ X such that φ(p) ∈ Yreg and φ is a morphism at
p. It can be seen that φ∗H is smooth at p and that

√
−1Θφ∗H = φ∗√−1ΘH

holds at p. Therefore, by Claim 3.1 (see also Remark 3.2) and Step 1, we can
obtain the following claim:

Claim 3.4. We consider a point p ∈ X such that φ(p) ∈ Yreg and φ is a
morphism at p. Let � be a positive integer. Then, for any non-zero vector b in

Im
(
S�(Λmdφ∗) : φ∗K⊗�

Y,p

S�(Λmdφ∗)−−−−−−→ S�(ΛmΩX,p)
)
⊂ S�(ΛmΩX,p)

there exists a tangent vector v ∈ TX,p with the following property:

• dφ∗(v) �= 0 in TY,φ(p). • RS�(Λmg∨)(v, v̄, b, b̄) ≤ 0.

Moreover, for such a point p and a non-zero vector b in

Im
(
S�(Λmdφ∗) ⊗ id : φ∗K⊗�

Y,p ⊗ φ∗A∨
p

S�(Λmdφ∗)⊗id−−−−−−−−−→ S�(ΛmΩX,p) ⊗ φ∗A∨
p

)
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there exists a tangent vector v ∈ TX,p such that

RS�(Λmg∨)⊗φ∗H∨(v, v̄, b, b̄) < 0.

Proof of Claim 3.4. We choose an orthonormal basis {ei}ni=1 of TX,p at p such
that {dφ∗(ei)}mi=1 is also an orthonormal basis of φ∗TY,p. Note that the mor-
phism φ is a smooth morphism at p (otherwise there is no non-zero vector in
the image). Let V ⊂ TX,p be the subspace V := Spn〈{{ei}mi=1}〉 spanned by
{ei}mi=1 and a�� be the vector defined by

a�� := (e1 ∧ e2 ∧ · · · ∧ em)�� ∈ S�(ΛmV ) ⊂ S�(ΛmTX,p).

For any i ∈ {1, 2, . . . ,m}, we obtain
√
−1ΘS�(Λmg)(ei, ēi)(a��)

=
�∑

k=1
a� · · · �

√
−1ΘΛmg(ei, ēi)(a) � · · · � a

=�
√
−1ΘΛmg(ei, ēi)(a) � a��−1

from equality (2). Hence it can be shown that

RS�(Λmg)(ei, ēi, a��, ¯a��)(7)
=
〈√

−1ΘS�(Λmg)(ei, ēi)(a��), a��〉
S�(Λmg)

=�
〈√

−1ΘΛmg(ei, ēi)(a) � a��−1, a��〉
S�(Λmg)

=�
〈√

−1ΘΛmg(ei, ēi)(a), a
〉
Λmg

.

By Royden’s lemma (see Lemma 2.1) and the proof of Claim 3.1, we can easily
check that the right hand side is non-negative for some i0 ∈ {1, 2, . . . ,m}.
This leads to the first conclusion.

We will check the latter conclusion. The vector b in the claim can be
written as b = b��

1 ⊗ b2, where b1 is a vector in the image of

φ∗KY,p
Λmdφ∗

−−−−−−−→ ΛmΩX,p,

and b2 is a vector in φ∗A∨
p . Then, for any tangent vector v ∈ TX,p, we obtain

RS�(Λmg∨)⊗φ∗H∨(v, v̄, b, b̄)

=RS�(Λmg∨)(v, v̄, b��
1 , ¯b��

1 )|b2|2φ∗H∨ + |b��
1 |2S�(Λmg∨)Rφ∗H∨(v, v̄, b2, b̄2)
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=RS�(Λmg∨)(v, v̄, b��
1 , ¯b��

1 )|b2|2φ∗H∨ + |b��
1 |2S�(Λmg∨)|b2|2φ∗H∨

√
−1Θφ∗H∨(v, v̄)

from (3) and (7). When the tangent vector v satisfies the first conclusion, we
can see that

RS�(Λmg∨)(v, v̄, b��
1 , ¯b��

1 ) ≤ 0

and
√
−1Θφ∗H∨(v, v̄) = −

√
−1ΘH(dφ∗(v), ¯dφ∗(v)) < 0

from dφ∗(v) �= 0 and
√
−1ΘH > 0. This completes the proof.

In the rest of this step, we will finish the proof of Theorem 3.3 by applying
the above claim and Theorem 2.6. For a sufficiently divisible integer � = km0,
we consider the formula

μ∗K⊗�
Y = K⊗�

Y
⊗ F⊗−�.

Here F is the effective divisor since Y has at most canonical singularities.
Then we obtain the injective sheaf morphisms

φ̄∗A⊗k−1 ⊗t0−−−−−→ φ̄∗A⊗k−1 ⊗ φ̄∗E⊗k = ϕ∗(K⊗�

Y
⊗ F⊗−�) ⊗ φ̄∗A∨(8)

⊗t−−−−−→ ϕ∗K⊗�

Y
⊗ φ̄∗A∨ S�(Λmdϕ∗)⊗id−−−−−−−−−−−−→ S�(ΛmΩX) ⊗ φ̄∗A∨,

where ⊗t (resp. t0) is the multiplication map defined by the natural section
t (resp. t0) of the effective divisor ϕ∗F⊗� = �ϕ∗F (resp. φ̄∗E⊗k = kφ̄∗E).
Further we have

τ∗
(
S�(ΛmΩX) ⊗ φ̄∗A∨) = S�(ΛmΩX) ⊗ φ∗A∨(9)

and

τ∗(φ̄∗A⊗k−1) = φ∗A⊗k−1(10)

by the definition. Therefore we obtain the injective sheaf morphism

φ∗A⊗k−1 −→ S�(ΛmΩX) ⊗ φ∗A∨.(11)

By taking the pull-back under φ̄, chasing the injective morphisms induced by



1434 Shin-ichi Matsumura

(8), and using equalities (9, 10), we obtain the following diagram:

H0(Y,A⊗k−1) φ∗

φ̄∗

H0(X,φ∗A⊗k−1)
(11)

∼=

H0(X,S�(ΛmΩX) ⊗ φ∗A∨)

∼=

H0(X, φ̄∗A⊗k−1)
(8)

H0(X,S�(ΛmΩX) ⊗ φ̄∗A∨).

By taking a sufficiently large integer k, we can choose a non-zero section
s in H0(Y,A⊗k−1) such that s is identically zero on the singular locus Ysing,
by ampleness of A. We consider the non-zero section

s̃ ∈ H0(X,S�(ΛmΩX) ⊗ φ∗A∨)

obtained from the above injective morphisms. The metric φ∗H is a singular
hermitian metric, but it has analytic singularities, and thus φ∗H∨ can be seen
locally as a smooth function (which is identically zero on B). Therefore the
point-wise norm |s̃|S�(Λmg∨)⊗φ∗H∨ of s̃ is a smooth function on X. Thus we
can take a maximizer p0 ∈ X of this norm, that is, p0 ∈ X satisfies that

max
X

|s̃|S�(Λmg∨)⊗φ∗H∨ = |s̃|S�(Λmg∨)⊗φ∗H∨(p0).

It can be seen that that s̃ is identically zero on B since s̃ is obtained via
the pull-back under φ. In particular, the point p0 is outside B. Further it
follows that s̃ is identically zero over Ysing by the choice of s. Therefore we
can easily see that the same argument as in Theorem 2.6 works. (The only
difference is that φ∗H is a singular hermitian metric, but it is smooth on a
neighborhood of p0.) Indeed, by applying equality (4) to the non-zero vector
b := s̃(p0), we can conclude that s̃ is identically zero thanks to Claim 3.4.
This is a contradiction.

Compared to Step 1, the difficulty in Step 2 is to treat the singular locus
Ysing and the indeterminacy locus B. The key point in the proof is that the
indeterminacy locus B is automatically killed and the singular locus Ysing is
also killed by the zero locus of the section s̃.

As we mentioned in Remark 3.2, by using the above method, Conjecture
1.2 can be solved if Y admits a good minimal model Y ��� Ymin. The main
idea is to kill the singular locus Zsing and the non-smooth locus of a morphism
f : Ymin → Z by the zero locus of the section s̃, where Z is the canonical
model of Ymin. For this purpose, the following lemma, which can be seen as
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a generalization of Claim 3.1 and Claim 3.4, plays an important role, but we
omit the detail.

Lemma 3.5. Let X, Y , and Z be complex manifolds. For morphisms φ :
X → Y and f : Y → Z, we assume that ψ := f ◦ φ : X → Z is a smooth
morphism at p ∈ X. Further let g be a Kähler metric of X with the semi-
positive holomorphic sectional curvature Hg. We put m := dimZ. We consider
the induced metric Λmg∨ on ΛmΩX . Then, for any non-zero vector vector b
in

Im(Λmdφ∗ : φ∗KY,p
Λmdφ∗
−−−−→ ΛmΩX,p) ⊂ ΛmΩX,p,

there exists a tangent vector v ∈ TX,p with the following properties:

• dψ∗(v) �= 0 in TZ,ψ(p). • RΛmg∨(v, v̄, b, b̄) ≤ 0.

Moreover let (A,H) be a smooth hermitian metric on Z with the positive
curvature

√
−1ΘH > 0. Then, for any non-zero vector b in

Im
(
S�(Λmdφ∗) ⊗ id : φ∗(K⊗�

Y,p) ⊗ ψ∗A∨
p

S�(Λmdφ∗)⊗id−−−−−−−−−→ S�(ΛmΩX,p) ⊗ ψ∗A∨
p

)
,

there exists a tangent vector v ∈ TX,p such that

RS�(Λmg∨)⊗ψ∗H∨(v, v̄, b, b̄) < 0.

At the end of this paper, we prove Corollary 1.5.

Proof of Corollary 1.5. For a compact Kähler manifold with semi-positive
holomorphic sectional curvature Hg, we can show that X admits a finite
étale cover by a complex torus or KX is not pseudo-effective. Indeed, when
the holomorphic sectional curvature is identically zero, then X admits a finite
étale cover by a complex torus (see [12, Proposition 2.2], [2, 15]). When it is
not identically zero, we consider the scalar curvature S of the Kähler metric
g. Then we have

∫
X
c1(KX) ∧ ωn−1

g = − 1
πn

∫
X
S ωn

g ,

where ωg is the Kähler form associated to g. The value of S at a point p ∈ X
can be written as the integral of the holomorphic sectional curvature over the
projective space P(T∨

X,p) (see [2]). Therefore the right hand side is negative
by the assumption that Hg([v]) > 0 holds for some tangent vector v. In
particular, the canonical bundle KX is not pseudo-effective.
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We consider a compact Kähler surface X such that the holomorphic sec-
tional curvature is not identically zero. Then, by the above argument, we can
see that KX is not pseudo-effective. It is known that a compact complex sur-
face such that KX is not pseudo-effective is a rational surface, or a minimal
surface of class VII, or a ruled surface over a curve of genus ≥ 1 by the clas-
sification of compact complex surfaces. However a minimal surface of class
VII is not Kähler, and thus we can conclude that X is rationally connected
or a ruled surface over a curve of genus ≥ 1. In the case where X is a ruled
surface, the genus of the base is less than or equal to one by Theorem 1.4.
Therefore the base of a ruled surface with semi-positive holomorphic sectional
curvature is an elliptic curve.
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