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Abstract: The geodesic length spectrum of a complete, finite vol-
ume, hyperbolic 3–orbifold M is a fundamental invariant of the
topology of M via Mostow–Prasad Rigidity. Motivated by this, the
second author and Reid defined a two-dimensional analogue of the
geodesic length spectrum given by the multiset of isometry types
of totally geodesic, immersed, finite-area surfaces of M called the
geometric genus spectrum. They showed that if M is arithmetic
and contains a totally geodesic surface, then the geometric genus
spectrum of M determines its commensurability class. In this pa-
per we define a coarser invariant called the totally geodesic area
set given by the set of areas of surfaces in the geometric genus
spectrum. We prove a number of results quantifying the extent to
which non-commensurable arithmetic hyperbolic 3–orbifolds can
have arbitrarily large overlaps in their totally geodesic area sets.
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1. Introduction

Given a complete, hyperbolic 3–orbifold M with finite volume, the geodesic
length spectrum of M is the multiset of lengths of closed geodesics on M . The
length spectrum of M determines the Laplace eigenvalue spectrum of M (see
[12, Thm. 2]) and thus determines spectral invariants like dimension, volume,
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and total scalar curvature. When M is arithmetic, Chinburg–Hamilton–Long–
Reid [7] proved that the length spectrum determines the commensurability
class of M . It is an open question whether this holds in the setting of non-
arithmetic hyperbolic 3–manifolds (see [22, 23]). Motivated by this question,
Futer–Millichap [11] constructed, for all sufficiently large V , pairs of non-
commensurable non-arithmetic hyperbolic 3–manifolds with volume approx-
imately V and whose length spectra agree up to length V .

In [19], a two-dimensional analogue of the geodesic length spectrum of M
was introduced. The geometric genus spectrum is the set of isometry types
of immersed, totally geodesic hyperbolic surfaces in M considered with mul-
tiplicity. That every hyperbolic surface occurs with finite multiplicity fol-
lows from Thurston’s work on pleated surfaces [25, Cor. 8.8.6]. Unlike the
geodesic length spectrum, the geometric genus spectrum can be finite or even
empty. Indeed, many hyperbolic 3–manifolds do not contain any immersed
totally geodesic hyperbolic surfaces. It is here that arithmeticity becomes rel-
evant, as an arithmetic hyperbolic 3–manifold that contains a single totally
geodesic surface must contain infinitely many pairwise non-commensurable
totally geodesic surfaces (see [18, Ch. 9]). In [19], the second author and Reid
considered the class of arithmetic hyperbolic 3–manifolds and showed that
if M1,M2 are two such manifolds with equal (nonempty) geometric genus
spectra then M1,M2 are commensurable.

In this paper we will consider the case in which M is arithmetic and
define the coarser invariant of all areas of immersed, totally geodesic hyper-
bolic 2–orbifolds of M whose fundamental groups are maximal arithmetic
Fuchsian groups in the sense of Maclachlan–Reid [18]. We will call this in-
variant the totally geodesic area set and denote it by TGA(M). The set
TGA(M) is a discrete subset of the positive real numbers. In the case that
TGA(M) is nonempty, we do not in general expect that TGA(M) will de-
termine the commensurability class of M . In §5, for instance, we construct
non-commensurable arithmetic Kleinian groups whose commensurators con-
tain maximal arithmetic Fuchsian groups having exactly the same coareas.
One may therefore ask whether a two-dimensional analogue of [11] holds. That
is, can the totally geodesic area sets of non-commensurable arithmetic hyper-
bolic 3–orbifolds have arbitrarily large overlap? In this paper we answer this
question in the affirmative by proving a number of results which quantify the
extent to which non-commensurable arithmetic hyperbolic 3–orbifolds may
have arbitrarily large overlaps in their totally geodesic area sets.

Before stating our main results we briefly recall that the Gauss–Bonnet
formula for closed hyperbolic surfaces implies that the area of such a surface
S is

Area(S) = −2πχ(S) = −2π(2 − 2g)
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where g = genus(S) and χ(S) is the Euler characteristic of S. In the orbifold
setting the analogous result states that if S is a hyperbolic 2–orbifold of
signature (g; p1, . . . , pm) then

Area(S) = −2πχ(S) = −2π
(

(2 − 2g) −
m∑
i=1

(
1 − 1

pi

))
.

In particular it is in general not the case that the area A of a hyperbolic
2–orbifold determines the topological type of the orbifold.

Throughout this paper we will make use of standard asymptotic notation
and will use the Vinogradov symbol f � g to indicate that there exists a
positive constant C such that |f | < C |g|.
Theorem 1.1. Let M be an arithmetic hyperbolic 3–orbifold and A1 < A2 <
· · · < As be positive real numbers contained in TGA(M). Let F (V ) denote
the number of commensurability classes of hyperbolic 3–orbifolds containing
a representative M ′ with {A1, . . . , As} ⊂ TGA(M ′) and vol(M ′) < V . Then
for all sufficiently large V , we have

F (V ) � 1
ζ(2)2n/3

· V 2/3

vol(M)12 ,

where the implicit constant depends only on the set {A1, . . . , As} and n de-
notes the degree over Q of the invariant trace field of M .

As an immediate application of Theorem 1.1 we obtain the following
corollary.

Corollary 1.2. Let A1 < A2 < · · · < As be positive real numbers. If there
exists an arithmetic hyperbolic 3–orbifold which contains immersed totally
geodesic hyperbolic 2–orbifolds of areas A1, . . . , As whose fundamental groups
are maximal arithmetic Fuchsian groups then in fact there exist infinitely
many pairwise non-commensurable arithmetic hyperbolic 3–orbifolds with this
property.

We are also able to obtain an upper bound for the maximum cardinality of
the set of pairwise non-commensurable arithmetic hyperbolic 3–orbifolds hav-
ing bounded volume and totally geodesic area sets containing {A1, . . . , As}.
In fact, we will prove a stronger result and give an upper bound for the
number of maximal arithmetic hyperbolic 3–orbifolds containing immersed
totally geodesic hyperbolic 2–orbifolds with areas A1, . . . , As and fundamen-
tal groups that are maximal arithmetic Fuchsian groups. Our result has the
added benefit of making the dependence upon A1, . . . , As explicit.
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Theorem 1.3. Let A1 < A2 < · · · < As be positive real numbers and G(V )
denote the number of isometry classes of maximal arithmetic hyperbolic 3–
orbifolds M with {A1, . . . , As} ⊂ TGA(M) and vol(M) < V . Then for any
ε > 0 and all sufficiently large V , we have G(V ) < ec log(A1)1+ε

V 26, where c is
a positive constant which depends only on ε.

Theorems 1.1 and 1.3 both concern the behavior of totally geodesic area
sets across commensurability classes and the set of maximal arithmetic hy-
perbolic 3–orbifolds in a commensurability class. In §6 we take a different per-
spective and fix an arithmetic hyperbolic 3–orbifold M whose totally geodesic
area set contains a fixed set of real numbers {A1, . . . , As}. The main result
of §6 is a lower bound for the number of covers of M which have bounded
volume and whose totally geodesic area sets also contain {A1, . . . , As}.

Theorem 1.4. Let M be an arithmetic hyperbolic 3–orbifold and A1 < A2 <
· · · < As be positive real numbers contained in TGA(M). Let H(V ) denote the
number of covers M ′ of M such that {A1, . . . , As} ⊂ TGA(M ′) and vol(M ′) ≤
V . Then for all sufficiently large V

H(V ) � V 1/3

vol(M)1/3 [log(V ) − log(vol(M))]1/2
,

where the implicit constant depends on K, the field of definition of M , and s.

2. Background

2.1. Notation

Throughout this article log(x) will denote the natural logarithm function, k
will denote a number field, and K/k will be a relative quadratic extension.
The degree of k will be denoted by nk and the ring of k–integers of k will
be denoted by Ok. Furthermore, we will denote by dk, hk, ζk(s) the absolute
discriminant, class number, and Dedekind zeta function of k. The signature
of k will be denoted (r1, r2) where r1 is the number of real places of k and
r2 is the number of complex places of k. Given an ideal a ⊂ Ok we will use
N(a), without any subscripts, to denote the norm of a down to Q. We will
always use subscripts to denote the norm of a relative extension of number
fields (e.g., NK/k(a)). We denote the set of places/primes of k by Vk and the
set of infinite places by V ∞

k . For each prime p ∈ Vk, we denote the associated
complete local field by kp. Given a quaternion algebra B over k, we will
denote by Ram(B) the set of all places of k at which B is ramified. We will
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denote the set of finite (resp. infinite) places of k at which B is ramified
by Ramf (B) (resp. Ram∞(B)). For future reference, define |Ram∞(B)| =
rB,∞ and |Ramf (B)| = rB,f . The discriminant DB of B is defined to be the
product of all finite primes ramifying in B. We will denote by kB the class
field associated to B. More explicitly, kB is the maximal abelian extension of
k which has 2–elementary Galois group, is unramified outside of Ram∞(B),
and in which every finite prime of k which ramifies in B splits completely.
On the geometric side, we will denote by H2 and H3 real hyperbolic 2– and
3–space. We will use M to denote an arithmetic hyperbolic 3–orbifold and
N to denote an arithmetic hyperbolic 2–orbifold. That is, M = H3/ΓM and
N = H2/ΓN where ΓM and ΓN are arithmetic lattices in PSL(2,C) and
PSL(2,R). We will refer to lattices in PSL(2,C) and PSL(2,R) as being
Kleinian and Fuchsian respectively.

2.2. Number theoretic preliminaries

Given a square-free ideal a ⊂ Ok, define two functions

Φ1(a) =
∏
p|a

N(p) − 1
2 , Φ2(a) =

∏
p|a

(N(p) + 1) .

In this section we will record two results about these functions which we
will later use to analyze the covolume of certain arithmetic groups. Both of
these lemmas will make use of the following lemma of Belolipetsky–Gelander–
Lubotzky–Shalev [2, Lemma 3.4].

Lemma 2.1 (Belolipetsky–Gelander–Lubotzky–Shalev). Let Ik(X) denote
the number of ideals of Ok of norm less than X, then Ik(X) < ζk(2)X2.

Lemma 2.2. The number of square-free ideals a ⊂ Ok with Φ1(a) ≤ X is at
most 104nkζk(2)X4.

Proof. We will show that N(a) < 100nkΦ1(a)2. The result will then follow
from Lemma 2.1. Observe that

Φ1(a)2

N(a) =
∏
p|a

N(p)−1
(N(p) − 1

2

)2
=

∏
p|a

N(p) − 2 + N(p)−1

4 .

The terms in the latter product are strictly greater than 1 whenever N(p) ≥
7, and an easy calculation of the values for N(p) ∈ {2, 3, 4, 5}, along with
the fact that k contains at most nk primes of any fixed norm, shows that
Φ1(a)2
N(a) >

( 1
100

)nk , which is what we wanted to show.
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Lemma 2.3. The number of square-free ideals a ⊂ Ok with Φ2(a) ≤ X is at
most ζk(2)X2.

Proof. This is an immediate consequence of Lemma 2.1 and the trivial bound
Φ2(a) > N(a).

2.3. Arithmetic lattices

In this subsection we give a brief review of the construction of arithmetic
lattices acting on (H2)a × (H3)b and refer the reader interested in a more
detailed discussion to the text of Maclachlan–Reid [18]. To begin, we fix a
number field k of signature (r1, r2) and a k–quaternion algebra B which is
not totally definite (i.e. V ∞

k �⊂ Ram(B)). Under these assumptions, we have
an isomorphism

B ⊗Q R ∼= M(2,R)r1−rB,∞ × HrB,∞ × M(2,C)r2 .

This isomorphism induces an injective homomorphism

B× ↪→
∏

p/∈Ram∞(B)
(B ⊗k kp)× −→ GL(2,R)r1−rB,∞ × GL(2,C)r2 .

Restricting to the elements B1 of B× with reduced norm 1 gives us an injective
homomorphism

π : B1 ↪→ SL(2,R)r1−rB,∞ × SL(2,C)r2 .

Given a maximal order O of B, by work of Vignéras [26], P(π(O1)) is a lattice
in

PSL(2,R)r1−rB,∞ × PSL(2,C)r2 .
Finally, we say that an irreducible lattice Γ ⊂ PSL(2,R)r1−rB,∞×PSL(2,C)r2
is arithmetic if Γ is commensurable with a lattice of the form P(π(O1)). When
r1+r2−rB,∞ = 1, Γ is an arithmetic Fuchsian group or an arithmetic Kleinian
group.

For a discrete, finitely generated subgroup Γ of either PSL(2,R) or
PSL(2,C), the trace field of Γ is the field given by Q(tr γ : γ ∈ Γ). Al-
though the trace field of Γ is not an invariant of the commensurability class,
it turns out that the trace field of the subgroup Γ(2) = {γ2 : γ ∈ Γ} is
a commensurability class invariant. We denote the trace field of Γ(2) by kΓ
and call it the invariant trace field of Γ. We may also define an algebra over
the invariant trace field kΓ by BΓ :=

{∑
biγi : bi ∈ kΓ, γi ∈ Γ(2)

}
, where
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each sum is finite. Multiplication in BΓ is defined in the obvious manner:
(b1γ1) · (b2γ2) := (b1b2)(γ1γ2). The algebra BΓ is a quaternion algebra which
is also an invariant of the commensurability class of Γ. We call BΓ the invari-
ant quaternion algebra of Γ. The invariant trace field of P(π(O1)) is k and the
invariant quaternion algebra of P(π(O1)) is B. Note that the invariant trace
field and invariant quaternion algebras are complete commensurability class
invariants in the sense that if Γ1 and Γ2 are arithmetic lattices then they are
commensurable (in the wide sense) if and only if kΓ1 ∼= kΓ2 and BΓ1 ∼= BΓ2
(see [18, Thms. 8.4.1 and 8.4.6]).

2.4. Maximal arithmetic lattices

We now briefly describe the construction of maximal arithmetic lattices in the
commensurability class given by the arithmetic data (k,B). This construc-
tion is given in more detail in Borel [3], Chinburg–Friedman [6, p. 41], and
Maclachlan–Reid [18, Ch. 11].

Let S be a finite set of primes of k which is disjoint from Ramf (B).
Given a prime p ∈ S, fix an edge {M1

p ,M
2
p} in the tree of maximal orders

of B ⊗k kp ∼= M(2, kp) (i.e., in the affine building associated to SL(2, kp),
which in this case has the structure of a tree). More algebraically, let πp be a
uniformizer for kp. Then we are fixing two maximal orders {M1

p ,M
2
p} with the

property that as Okp–modules, M1
p/M

1
p∩M2

p = Okp/πpOkp . Given a maximal
order O < B and a prime p of k, denote by Op the maximal order O⊗Ok

Okp

of B ⊗k kp. Define a subgroup ΓS,O ⊂ PSL(2,R)r1−rB,∞ × PSL(2,C)r2 by
intersecting the preimage in PGL(2,R)r1−rB,∞ × PGL(2,C)r2 of

{x ∈ B×/k× : xOpx
−1 = Op for p �∈ S and x fixes {M1

p ,M
2
p} for p ∈ S},

with PSL(2,R)r1−rB,∞ × PSL(2,C)r2 .
By [3] every maximal arithmetic subgroup of PSL(2,R)a×PSL(2,C)b in

the commensurability class defined by (k,B) is of the form ΓS,O. We note
however, that the converse is false. Not every group of the form ΓS,O is max-
imal. In the case that S = ∅ it is clear that ΓS,O simply corresponds to the
normalizer of O. We will denote this group by ΓO and call it a minimal covol-
ume group because, as will be seen in §2.5, ΓO has minimal covolume amongst
all arithmetic lattices in the commensurability class given by (k,B).

2.5. The volume formula

In this section we give a formula of Borel [3] for the covolume of maximal
arithmetic lattices arising from quaternion algebras and use the formula to
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prove two analytic results which will be needed in the proofs of Theorem 1.1
and Theorem 1.3. It was shown in [3] (see also [5, Prop. 2.1]) that if ΓS,O is
a maximal arithmetic subgroup of PSL(2,R)r1−rB,∞ × PSL(2,C)r2 then

(2.4) covol(ΓS,O) = 2(4π)r1−rB,∞d
3/2
k ζk(2)

(4π2)rB,∞(8π2)r2 · Φ1(DB)Φ2(DS)
2m[kB : k] ,

where Φ1,Φ2 are as defined in Section 2.2, 0 ≤ m ≤ |S|, and DS =
∏

p∈S p.
Note that the integer m can be explicitly determined (c.f. [18, pp. 355–356]).

Lemma 2.5. Suppose that Γ is an arithmetic Fuchsian group of coarea X
arising from a quaternion algebra B/k. Then there is a positive constant c,
depending only on k, such that |Ramf (B)| = rB,f < c log(X).

Proof. Let O be a maximal order of B. As ΓO has minimal coarea amongst
the arithmetic Fuchsian groups commensurable with Γ, we obtain from (2.4)
that

X = coarea(Γ) ≥ coarea(ΓO) = 8πd3/2
k ζk(2)

(4π2)nk−1[kB : k] · Φ1(DB).

Note that by definition, kB is contained in the narrow class field of k, which
has degree 2nkhk over k and therefore [kB : k] ≤ 2nkhk. Hence we deduce
from the inequality above that there exists a constant C, depending only on
k, such that Φ1(DB) < CX. As rB,f = |Ramf (B)|, we have

N(DB)
4rB,f

=
∏
p|DB

N(p)
4 ≤

∏
p|DB

N(p) − 1
2 = Φ1(DB) < CX.

We now have two cases to consider. Suppose first that N(DB) < 5rB,f , then

N(DB) =
∏
p|DB

N(p)≤9

N(p) ·
∏
p|DB

N(p)≥11

N(p) < 5rB,f .

We note that the first product is trivially bounded below by 1, whereas the
second product is bounded below by 10rB,f−4nk . Indeed for the bound on the
second product, we note that each term in the product is greater than 10 and
the total number of terms is rB,f −x where x = |{p ∈ Ramf (B) : N(p) ≤ 9}|.
As there are at most nk primes of k lying above a fixed rational prime,
we have x ≤ 4nk. The bound for the second product follows. This shows
that 10rB,f−4nk < 5rB,f . Straightforward manipulations now show that rB,f <
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14nk, giving us an upper bound depending only on the degree of k. We now
consider the second case: N(DB) ≥ 5rB,f . Combining this inequality with our
previous inequality N(DB)

4rB,f < CX, we easily obtain rB,f < c log(X) where c
is a positive constant. The lemma now follows from this and the previous
case.

Lemma 2.6. Let ΓS,O be a maximal arithmetic Kleinian group arising from
a quaternion algebra A/K. Then there is a positive constant c such that
Φ1(DA)Φ2(DS) < c · covol(ΓS,O)18. In fact, one may take c = 51806473.

Proof. By (2.4), we have

(2.7) covol(ΓS,O) = d
3/2
K ζK(2)

(4π2)nK−1 · Φ1(DA)Φ2(DS)
2m[KA : K] ,

for some positive integer m ≤ |S|. As KA is unramified at all finite primes it
is contained in the narrow class field of K, whose degree (over K) is bounded
above by hK · 2nK−2. In [14, Lemma 3.1] it was shown that hK ≤ 242 ·
d

3/4
K /(1.64)nK−2. Combining this inequality with the estimates 2m ≤ 2|S| and

ζK(2) ≥ 1, we obtain from (2.7) that

(2.8) Φ1(DA)Φ2(DS)
2|S|

≤ 242 · 49nK−1 · covol(ΓS,O)
d

3/4
K

.

Although one has the trivial estimate dK ≥ 1, which could be applied to (2.8),
one can obtain a much stronger bound by employing the Odlyzko bounds [21]
(see also [4, §2]), which in our context imply that dK ≥ e4nK−6.5. Substituting
this bound into (2.8) and simplifying now gives us

(2.9) Φ1(DA)Φ2(DS)
2|S|

≤ 647 · (5/2)nK · covol(ΓS,O).

Note that
Φ2(DS)

2|S|
=

∏
p|DS

N(p) + 1
2 ,

hence Φ2(DS)1/3 ≤ Φ2(DS)/2|S|. Indeed, after an easy algebraic manipulation
this follows from the inequality (N(p) + 1)2/3 ≥ 2, which in turn follows from
the fact that 32/3 > 2. Similarly, we have the bound Φ1(DA) ≤ 23nKΦ1(DA)3.
Combining these with (2.9) yields

(2.10) Φ1(DA)Φ2(DS) ≤ 6473 · 53nK · covol(ΓS,O)3.
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The proof now follows from [5, Lemma 4.3], which implies that nK < 60 +
3 log(covol(ΓS,O)).

2.6. Totally geodesic surfaces in arithmetic hyperbolic 3–orbifolds

Let M be an arithmetic hyperbolic 3–orbifold and N be an immersed totally
geodesic hyperbolic 2–orbifold of M . In this brief section we will review some
of the ways that the arithmetic invariants of M and N are related. We begin
by stating a required result from [18, Cor. 9.5.3].

Proposition 2.11. Let (A,K) be the invariant quaternion algebra and in-
variant trace field of M and (B, k) be the invariant quaternion algebra and
invariant trace field of N . Then

(i) [K : k] = 2 and k = K ∩ R,
(ii) A ∼= B ⊗k K.

As an application of Proposition 2.11 we show that every totally geodesic
hyperbolic 2–orbifold of M has the same invariant trace field.

Lemma 2.12. Let M be an arithmetic hyperbolic 3–orbifold with invariant
trace field K and N an immersed totally geodesic hyperbolic 2–orbifold. The
invariant trace field k of N is the maximal totally real subfield of K. In
particular, if N,N ′ are totally geodesic hyperbolic 2–orbifolds of M then the
invariant trace fields of N and N ′ coincide.

Proof. The field k is a totally real number field which, by Proposition 2.11,
satisfies [K : k] = 2. Let F ⊂ K be a totally real subfield of K. The com-
positum kF of k and F is a totally real subfield of K which contains k, hence
kF = k or kF = K. As K is not totally real, kF = k and F ⊂ k. It follows
that k is the maximal totally real subfield of K.

In light of Proposition 2.11(ii), it is of interest to determine when a quater-
nion algebra A over K is of the form A ∼= B⊗kK. This is given by the following
theorem [18, Thm. 9.5.5] (see [15, Lemma 3.2] for a more general result valid
over arbitrary number fields).

Theorem 2.13. Let K be a number field with a unique complex place and
suppose that the maximal totally real subfield k of K satisfies [K : k] = 2.
Suppose B is a quaternion algebra over k ramified at all real places of k except
at the place lying under the complex place of K. Then A ∼= B ⊗k K if and
only if Ramf (A) consists of 2r places {Pi,j}1≤i≤r, 1≤j≤2 satisfying P1,j∩Ok =
P2,i ∩ Ok = pi, where {p1, . . . , pr} ⊂ Ramf (B) with Ramf (B) \ {p1, . . . , pr}
consisting of primes in Ok which are inert or ramified in K/k.
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When the above conditions on Ram(A) are satisfied there will be infinitely
many isomorphism classes of quaternion algebras B over k such that A ∼=
B ⊗k K. In particular an arithmetic hyperbolic 3–orbifold which contains
a single immersed totally geodesic hyperbolic 2–orbifold contains infinitely
many primitive, totally geodesic, incommensurable hyperbolic 2–orbifolds.

Corollary 2.14. Let K be a number field with a unique complex place and
suppose that the maximal totally real subfield k of K satisfies [K : k] = 2. Let
B1, . . . , Bs be quaternion algebras over k such that

B1 ⊗k K ∼= B2 ⊗k K ∼= · · · ∼= Bs ⊗k K.

If S is a finite set of primes of k, then the number of number fields K ′ with
dK′ < x and which satisfy the following conditions:

(i) K ′ has a unique complex place, and this place lies above the real place
of k which splits in all the Bi,

(ii) [K ′ : k] = 2,
(iii) every prime p ∈ S decomposes the same way in K ′/k as it does in K/k

and moreover the corresponding local fields are isomorphic,
(iv) B1 ⊗k K

′ ∼= B2 ⊗k K
′ ∼= · · · ∼= Bs ⊗k K

′,

is greater than cx as x → ∞, where c is a positive constant which depends
only on k and t = |S| + ∑s

i=1 |Ramf (Bi)|.
Proof. We begin by noting that if we enlarge S so that it contains⋃s

i=1 Ramf (Bi), then by Theorem 2.13, any relative quadratic extension K ′

of k satisfying conditions (i)–(iii) must also satisfy condition (iv). The corol-
lary now follows from [8, Cor. 3.14] and the remark immediately following its
proof.

Proposition 2.15. Let Γ be a maximal arithmetic Kleinian group arising
from a quaternion algebra A/K and let k be the maximal totally real sub-
field of K. Let Γ1, . . . ,Γs be maximal arithmetic Fuchsian groups contained
in Γ which arise from quaternion algebras B1/k, . . . , Bs/k. If K ′ is a number
field satisfying conditions (i)–(iv) of Corollary 2.14 then there exists a max-
imal arithmetic subgroup arising from A′ = B1 ⊗k K

′ containing arithmetic
Fuchsian subgroups with coareas coarea(Γ1), . . . , coarea(Γs).

Proof. For each i ∈ {1, . . . , s}, let Oi be a maximal order contained in Bi.
Given a prime p of k not ramifying in Bi, fix an isomorphism f i

p : Bi⊗k kp →
M(2, kp) such that f i

p(Oi) = M(2,Okp). Let S be a finite set of primes of k
containing

(1)
⋃s

i=1 Ramf (Bi), and



12 Benjamin Linowitz et al.

(2) all primes p �∈ Ramf (Bi) of k for which the closure of Γi in P((Bi⊗kkp)∗)
does not have image in PGL(2, kp) coinciding with PGL(2,Okp) for
some i ∈ {1, . . . , s}.

Let K ′ be a quadratic extension of k which has a unique complex place
(which lies above the real place of k splitting in all of the Bi) and in which
every prime p ∈ S has the same splitting behavior as it does in K/k, as in
Corollary 2.14. By Theorem 2.13 there exist primes p1, . . . , pr of k such that
the 2r primes of K which ramify in A are precisely the primes of K lying
above p1, . . . , pr. By construction of K ′, the primes p1, . . . , pr split in K ′/k.
Let A′ be the quaternion algebra over K ′ which is ramified at all real places of
K ′ and the 2r primes lying above p1, . . . , pr. By Theorem 2.13, Bi⊗kK

′ ∼= A′

for 1 ≤ i ≤ s.
Let SK (resp. SK′) denote the set of primes of K (resp. K ′) lying above the

primes of S. By the conditions listed in Corollary 2.14, there exists a bijection
Ψ: SK → SK′ such that KP

∼= K ′
Ψ(P) for all P ∈ SK . As Ψ(Ramf (A)) =

Ramf (A′) and as over a non-archimedean local field there is a unique iso-
morphism class of quaternion division algebras, we may extend these field
isomorphisms so as to obtain isomorphisms A⊗K KP

∼= A′ ⊗K′ K ′
Ψ(P) for all

P ∈ SK .
We now define a maximal arithmetic subgroup Γ′ of P (A′ ∗) by specifying

that its closure in P((A′⊗K′ K ′
P′)∗) be PGL(2,OkP′ ) if P′ �∈ SK′ and that its

closure corresponds to the image of Γ under the identification A ⊗K KP
∼=

A′ ⊗K′ K ′
Ψ(P) otherwise. Note that this local-global correspondence is valid

for, and in fact uniquely characterizes, congruence arithmetic subgroups of
quaternion algebras. All maximal arithmetic subgroups are congruence (see
for instance [16, Lemma 4.2]).

By definition of S, the group Γ′ is a maximal arithmetic Kleinian group
arising from A′ which contains maximal arithmetic subgroups isomorphic to
Γ1, . . . ,Γs. As coareas may be computed locally using local Tamagawa vol-
umes (see [3, §6] or [18, Ch. 11]), the proposition follows.

Remark 2.16. We note that the set S appearing in the proof of Proposi-
tion 2.15 can be taken so that its cardinality depends only on the coar-
eas {coarea(Γ1), . . . , coarea(Γs)}. Indeed, Lemma 2.5 gives us a logarithmic
bound for

∑s
i=1 |Ramf (Bi)|. To give a bound on the second condition defin-

ing the set S, we note that the work of Borel [3] shows that there are only
finitely many arithmetic Fuchsian groups of bounded coarea. It follows that
there exists a finite set of primes outside of which every arithmetic Fuchsian
group with bounded coarea has local closure coinciding with PGL(2,Okp).
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3. Proof of Theorem 1.1

We now prove Theorem 1.1. Since M is an arithmetic hyperbolic 3–orbifold
containing totally geodesic hyperbolic 2–orbifolds of areas A1, . . . , As whose
fundamental groups are maximal arithmetic Fuchsian groups, π1(M) contains
maximal arithmetic Fuchsian subgroups Γ1, . . . ,Γs such that the coarea of Γi

is Ai. Denote by Bi the invariant quaternion algebra of Γi and by ki the
invariant trace field of Γi. Proposition 2.11 and Lemma 2.12 show that all
of the ki are equal and in fact are the maximal totally real subfield of the
invariant trace field K of M . Denote by k the maximal totally real subfield of
K and note that by Proposition 2.11, [K : k] = 2. Let K ′ be a number field
which satisfies conditions (i)–(iv) in the statement of Corollary 2.14.

We may assume without loss of generality that π1(M) = ΓS,O is a max-
imal arithmetic Kleinian group arising from a quaternion algebra A over K.
By Proposition 2.15, the quaternion algebra A′ = B1 ⊗k K ′ gives rise to a
maximal arithmetic Kleinian group ΓS′,O′ which contains arithmetic Fuchsian
subgroups with coareas A1, . . . , As. Moreover, the proof of Proposition 2.15
shows that Φ1(DA′) = Φ1(DA) and Φ2(DS′) ≤ Φ2(DS). Because of this, (2.4)
and Lemma 2.6 show that there is a positive constant c such that

covol(ΓS′,O′) ≤ c · ζ(2)nK′ · vol(M)18 · d3/2
K′ .

The lower bound now follows from Corollary 2.14, which shows that the num-
ber of choices of K ′ with dK′ < X is at least c′X as X → ∞ for some positive
constant c′.

4. Proof of Theorem 1.3

We begin our proof of Theorem 1.3 by noting that if there do not exist
any arithmetic hyperbolic 3–orbifolds with totally geodesic area sets con-
taining {A1, . . . , As} then the statement of the theorem is trivially satisfied.
Suppose therefore that M is an arithmetic hyperbolic 3–orbifold containing
totally geodesic hyperbolic 2–orbifolds of areas A1, . . . , As whose fundamen-
tal groups are maximal arithmetic Fuchsian groups. Let Γ1, . . . ,Γs be the
maximal arithmetic Fuchsian groups contained in π1(M) whose coareas are
A1, . . . , As. As was pointed out in the proof of Theorem 1.1, all of the Γi have
the same invariant trace field, which we denote by k. The proof of [14, Thm.
4.1] shows that the absolute discriminant dk of k satisfies dk < A22

1 . We now
employ a theorem of Ellenberg–Venkatesh [10] in order to count the number
of possibilities for the field k (see also [1, Appendix]).
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Theorem 4.1 (Ellenberg–Venkatesh). Let N(X) denote the number of iso-
morphism classes of number fields with absolute value of discriminant less
than X. Then for any ε > 0 there is a constant c(ε) such that logN(X) ≤
c(ε)(logX)1+ε for all X ≥ 2.

Combining Theorem 4.1 with the bound dk ≤ A22
1 we conclude that there

are at most ec log(A1)1+ε possibilities for k, where the constant c is allowed
to depend on ε. This shows that there are at most ec log(A1)1+ε number fields
which may serve as the invariant trace field of arithmetic Fuchsian groups
with coareas A1, . . . , As. Fix one such field k. We now obtain an upper bound
for the number of quadratic extensions of k which may serve as the invariant
trace field of an arithmetic Kleinian group with covolume at most V . Let K/k
be a quadratic extension and suppose that C is a commensurability class of
arithmetic Kleinian groups defined over K such that the minimal covolume
group ΓO ∈ C satisfies covol(ΓO) < V . We now have

(4.2) covol(ΓO) = d
3/2
K ζK(2)Φ1(DA)

(4π2)2nk−1[KA : K] < V,

where A is the invariant quaternion algebra of ΓO. By employing the bounds
ζk(2) ≥ 1 and Φ1(DA) ≥ 1

22nk
along with the bound

[KA : K] ≤ hK2nk−2 ≤ 242(1.220)nk−2d
3/4
K

from the proof of Lemma 2.6 (in the paragraph following (2.7)), we obtain

(4.3) dK <
[
5(79π4)nk

]4/3
· V 4/3.

In order to estimate the number of quadratic extensions of k which sat-
isfy (4.3) we will employ the following result of Cohen, Diaz y Diaz, and
Olivier [8, Cor. 3.14].

Theorem 4.4 (Cohen–Diaz y Diaz–Olivier). Let k be a number field of sig-
nature (r1, r2) and m∞ be a subset of the real places of k. The number of
quadratic extensions K/k in which the real places of k ramified in K/k is
equal to m∞ and such that dK < X is asymptotic to d2

k

2r1+r2 · κ
ζk(2) ·X, where

κ is the residue at s = 1 of the Dedekind zeta function ζk(s) of k.

Remark 4.5. Two comments about Theorem 4.4 are in order. The first is
to point out that the asymptotic expression in the theorem turns out to
be independent of the set m∞ of real places of k which will ramify in the
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quadratic extension K/k. The second comment is that in [8], they prove their
result by counting quadratic extensions K/k satisfying the conditions in the
theorem such that Nk/Q(ΔK/k) < X, not such that dK < X. Here ΔK/k

is the relative discriminant of the quadratic extension K/k. However since
dK = Nk/Q(ΔK/k)d2

k, our statement is equivalent.
Recall that k is a totally real number field of degree nk and that we are

interested in counting the number of quadratic extensions K of k which may
serve as the invariant trace field of an arithmetic Kleinian group of covolume
less than V . Because such a number field K must have a unique complex place,
its signature is (2nk−2, 1). It now follows from Theorem 4.4 that the number
of extensions K/k satisfying the bound in (4.3) is at most κd2

k ·9·105nk ·V 4/3 for
sufficiently large V , where κ is the residue at s = 1 of ζk(s). By [13, p. 322]
there exists an absolute constant c > 0 such that κ ≤ cnkd

1/2
k . Combining

this with our previous estimate we see that the number of extensions K/k

satisfying the bound in (4.3) is at most Cnk · d5/2
k · V 4/3, where C > 0 is an

absolute constant. We have already seen that dk < A22
1 and nk < 60+3 log(A1)

by [5, Lemma 4.3]. Putting all of this together we see that there exists an
absolute constant C1 such that our bound for the number of extensions K/k
being considered is of the form AC1

1 V 4/3.
Having given a bound on the number of quadratic extensions of k which

satisfy the bound in (4.3), fix one such extension K. We will now bound the
number of quaternion algebras A over K which could give rise to a minimal
covolume group ΓO satisfying (4.2). Bounding [KA : K] as above, we obtain
from (4.2) that

(4.6) Φ1(DA) < 5(5π2)2nkV.

As DA is a square-free integral ideal of OK , it follows from Lemma 2.2
and (4.6) that there are at most 54(250π4)4nkζK(2)V 4 many choices for DA.
It is well-known that ζK(s) < ζ(s)nK for all s > 1. Since ζ(2) = π2/6 we may
simplify our upper bound on the number of choices for DA to Cnk

2 V 4 where
C2 is an absolute constant. By [5, Lemma 4.3] we have nk < 60 + 3 log(A1),
therefore there exists an absolute constant C3 such that our upper bound on
the number of choices for DA is of the form AC3

1 V 4. Recall that any quater-
nion algebra over K which gives rise to a Kleinian group must be ramified at
all real places of K [18, Ch. 8]. As isomorphism classes of quaternion algebras
A over K are in one to one correspondence with the sets Ram(A) of places
of K ramifying in A, it follows that the isomorphism class of any quaternion
algebra over K which gives rise to a Kleinian group is given by Ramf (A),
the set of finite primes of K which ramify in A. As DA is simply the product
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of all primes lying in Ramf (A), there are at most AC3
1 V 4 many isomorphism

classes of quaternion algebras over K which could give rise to a minimum co-
volume group satisfying (4.2). These isomorphism classes correspond, by [18,
Ch. 8], to the commensurability classes of arithmetic Kleinian groups with
invariant trace field K and invariant quaternion algebra A which contain a
representative with covolume less than V .

We may now regard K and A as being fixed. Then [14, Thm. 5.1] shows
that the number of maximal arithmetic Kleinian groups arising from A with
covolume at most V is less than 242V 20. We have now exhibited all of the
bounds needed to prove Theorem 1.3 and need only assemble them into our
final bound.

We have shown that there are at most ec log(A1)1+ε possibilities for the
totally real field k over which our arithmetic Fuchsian groups will be de-
fined, AC1

1 V 4/3 possibilities for the quadratic extension K/k over which the
fundamental group of our maximal arithmetic hyperbolic 3–orbifold will be
defined, AC3

1 V 4 possibilities for the quaternion algebra A, and 242V 20 possi-
bilities for the fundamental group of our maximal arithmetic hyperbolic 3–
orbifold. By enlarging the constant c as necessary, we see that for any ε > 0
the number of isometry classes of maximal arithmetic hyperbolic 3–orbifolds
containing totally geodesic hyperbolic 2–orbifolds of areas A1, . . . , As is at
most ec log(A1)1+ε

V 26, where c is a constant depending only on ε.

5. Commensurability classes of arithmetic Kleinian groups
whose maximal arithmetic Fuchsian subgroups have the

same areas

In this section we will prove the following theorem.

Theorem 5.1. There exist distinct commensurability classes of arithmetic
Kleinian groups with the property that their maximal arithmetic Fuchsian
subgroups have precisely the same areas.

Let k be a totally real quartic field with narrow class number one and p, q
be distinct rational primes which both split completely in the extension k/Q.
As an example of such a field, consider the field obtained by adjoining to Q a
root of the polynomial x4−x3−3x2 +x+1. This is a totally real quartic field
with narrow class number 1 and discriminant 52 · 29. Let p, p′ be primes of k
lying above p and q, q′ be primes of k lying above q. Let K be a quadratic
extension of k which has signature (6, 1) and in which p, p′, q, q′ all split.
Let P1,P2 (respectively P′

1,P
′
2) be primes of K lying above p (respectively

p′). Similarly, let Q1,Q2 (respectively Q′
1,Q

′
2) be primes of K lying above q
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(respectively q′). Let A1 be the quaternion algebra over K which is ramified
at every real place of K and satisfies Ramf (A1) = {P1,P2,Q1,Q2}. Let A2
be the quaternion algebra over K which is ramified at every real place of K
and satisfies Ramf (A2) = {P′

1,P
′
2,Q

′
1,Q

′
2}.

Let S1 (respectively S2) be the set of all quaternion algebras B over k such
that B⊗kK ∼= A1 (respectively B⊗kK ∼= A2). We will now define a bijection
f : S1 → S2. Suppose that B ∈ S1; that is, B ⊗k K ∼= A1. By Theorem 2.13,
B is ramified at all real places of k not lying beneath the complex place of K.
Furthermore, Ramf (B) consists of p, q and a set of primes of k none of which
split in K/k. In particular neither p′ nor q′ lies in Ramf (B). Define B′ to be
the quaternion algebra over k whose ramification is exactly the same as that of
B though with p, q replaced by p′, q′. The classification of quaternion algebras
over number fields shows that B′ is uniquely defined (up to isomorphism).
Moreover, Theorem 2.13 shows that B ⊗k K ∼= A2 and therefore the map
f : S1 → S2 is easily seen to be a bijection.

For each B ∈ S1, we will now show that the maximal arithmetic Fuchsian
groups arising from B have the same areas as those arising from f(B). Let
T1 be the set of maximal arithmetic Fuchsian subgroups of A∗

1 arising from
B and T2 be the set of maximal arithmetic Fuchsian subgroups of A∗

2 arising
from f(B). We will define a bijection g : T1 → T2 which is area preserving.
Using the notation developed in §2.4, let ΓS,O ∈ T1. Recall that this means
that O is a maximal order of B and S is a set of finite primes of k disjoint from
Ramf (B). Define g(ΓS,O) = ΓS′,O′ where O′ is a maximal order of f(B) and
S′ consists of exactly the same primes as S, though with p replaced by p′ and
q replaced by q′. We claim that area(ΓS,O) = area(ΓS′,O′). Indeed, this follows
from (2.4) as N(p) = N(p′), N(q) = N(q′), and [kB : k] = [kf(B) : k] = 1. The
latter is due to the fact that kB and kf(B) are both extensions of k which are
contained in the narrow class field of k, which by hypothesis is simply k. Note
that the number m appearing in (2.4) will coincide for both groups because
of the way that m is defined and the fact that k has trivial narrow class group
(see [18, pp. 355–356]). It follows that the commensurability classes defined
by A1 and A2 have the desired property, concluding the proof of Theorem 5.1.

6. Counting covers

In this section, we will count certain congruence subgroups of a fixed arith-
metic Kleinian group Γ that contains a set of Fuchsian subgroups with speci-
fied coareas. For this, we prefer to work in the quadratic form model of hyper-
bolic space. We therefore first recall some basic background about arithmetic
lattices in SO0(3, 1) = Isom+(H3) and their finite quotients.
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6.1. Preliminaries on arithmetic groups of simplest type

Suppose that k ⊂ R is a totally real number field and (V, f) is a k–quadratic
space of dimension 4, where f is a non-degenerate quadratic form with signa-
ture (3, 1) over R and which has signature (4, 0) over any non-identity Galois
embedding σ : k ↪→ R. Then G = SO(f) is a k–algebraic group. We can
explicitly identify the k–points of G via

G(k) = {A ∈ SL(4, k) | ATFA = F},

where F is a matrix representing f in a given basis of V . Moreover, in what
follows we choose this basis so that F is diagonal with coefficients in the ring
of integers Ok. Such a choice is always possible.

Using this description of G(k), we define G(Ok) as the group G(k) ∩
SL(4,Ok). Restriction of scalars and projection to the first factor gives the
composition

π : G(k) → SO(3, 1) ×
∏

SO(4) → SO(3, 1),

which has the property that π(G(Ok)) is a lattice in SO(3, 1). A subgroup
Γ < SO0(3, 1) is called arithmetic of simplest type if Γ is commensurable with
π(G(Ok)) ∩ SO0(3, 1) for some k and (V, f) as above. It is well known that
all arithmetic Kleinian groups in SO0(3, 1) which contain a geodesic surface
are arithmetic of the simplest type, so we restrict ourselves to this class now
(see [18]).

Recall that the discriminant of a quadratic form f is defined as the square
class in k∗/(k∗)2 of the determinant of any matrix representing f in GL(4, k).
In what follows, we will abusively use the notation disc(f) to mean a fixed
representative of this square class in k given by our choice of diagonal repre-
sentative F for f above. In particular, due to our choices above, disc(f) ∈ Ok.
Additionally, under the identity embedding of k into R, f has signature (3, 1)
and hence disc(f) < 0.

Fix Γ < SO0(3, 1) an arithmetic Kleinian group of simplest type and
retain the notation from above. Then we may form the hyperboloid model of
hyperbolic space via

H3
f = {(x1, x2, x3, x4) ∈ R4 | f(x1, x2, x3, x4) = −1, x4 > 0} ⊂ V ⊗kR ∼= R4.

The bilinear form associated to f defines an inner product on H3
f which

determines the usual hyperbolic metric. From here forward, we drop the sub-
script and identify H3

f with H3. Geodesic surfaces in H3/Γ then correspond
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to isometric embeddings ι : H2 ↪→ H3 such that the subgroup of Γ stabilizing
ι(H2) is a lattice in the corresponding copy of O0(2, 1). The condition that
this subgroup is a lattice implies that ι(H2) must be defined by H3∩(W⊗kR)
where (W, f |W ) is a k–quadratic subspace of (V, f) such that f |W has signa-
ture (2, 1) under the identity embedding of k into R. As W is k–rational, its
orthogonal complement is k–rational and hence there is a k–rational normal
vector nW to W . By scaling, we may choose nW so that nW has coefficients
in Ok under our preferred basis above. Moreover, any such choice of nW has
the property that, under the identity embedding of k into R, f(nW ) > 0.

We also require some facts about finite groups of Lie type associated to
quadratic forms. Let q = pr where p is an odd prime and r ≥ 1. Recall that,
up to isomorphism, there is exactly one orthogonal group O(3, q) in dimension
3 and two orthogonal groups O±(4, q) in dimension 4 (see [24, p. 375–384]).
Define Ω(3, q) = [O(3, q),O(3, q)] and Ω±(4, q) = [O±(4, q),O±(4, q)] their
commutator subgroups and P Ω±(4, q) the corresponding central quotient. If
Γ is an arithmetic Kleinian group of simplest type then Γ < G(Okp) for
all but finitely many finite places p of k. It is then a consequence of strong
approximation [27] (see also [17, Thm. 2.6] in this specific setting), that the
reduction map

Rp : Γ ↪→ SO(f,Okp) → SO(f,Okp/mp) ∼= SO±(4, q),

composed with the central quotient has the property that

(6.1) PSL(2, q)2 ∼= P Ω+(4, q) ≤ PRp(Γ) ≤ PSO+(4, q),

when disc(f) is a square in Fq
∼= Okp/mp, where mp is the unique maximal

ideal in Okp . Additionally,

(6.2) PSL(2, q2) ∼= P Ω−(4, q) ≤ PRp(Γ) ≤ PSO−(4, q),

when disc(f) is not a square in F∗
q for q = |Okp/mp|. Moreover, again by

[17, Thm. 2.6], if Δ < Γ is an arithmetic Fuchsian subgroup, then for almost
every prime

(6.3) P Ω(3, q) = Ω(3, q) ≤ PRp(Δ) ≤ P O(3, q).

The following lemma will be important in what follows.

Lemma 6.4. Let G be either Ω−(4, q) or SO−(4, q) and let (V, h) be the
corresponding 4–dimensional Fq–quadratic space on which G acts. For any
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line � in V , define H� = {g ∈ G | g� = �}. Then there are exactly three
conjugacy classes of subgroups of the form H�. Moreover, writing � = Fq〈v〉
for any choice of non-zero vector v ∈ �, then the value of h(v), taken up to
squares in F∗

q, is a complete invariant of this conjugacy class.

Proof. Fix any line � ⊂ V . If v, w ∈ � − {0} then v = λw for some λ ∈ F∗
q

and so h(v) = λ2h(w). In particular, the restriction of the quadratic form h

to any �− {0} is either identically 0, takes only square values in F∗
q , or takes

only non-square values in F∗
q .

When G = SO−(4, q), Witt’s theorem implies that for any two non-zero
vectors v, w ∈ V with h(v) = h(w), there exists some g ∈ G such that gv = w.
In particular G acts transitively on each of the three types of lines above and
we conclude the lemma. When G = Ω−(4, q), the conclusion of Witt’s theorem
is still valid, as shown in [20, Lemma 3.1], and so we conclude similarly.

Corollary 6.5. With the notation of Lemma 6.4, if v ∈ � such that h(v) �= 0,
then H� is a maximal subgroup of G where H� = SO(3, q) when G = Ω−(4, q),
or H� = O(3, q) when G = SO−(4, q).

6.2. Proof of Theorem 1.4

Let Γ be an arithmetic Kleinian group of simplest type and k, (V, f) the
number field and quadratic space associated to Γ from Section 6.1. Let A =
{A1, . . . , As} be a finite set of real numbers such that A ⊂ TGA(M), then
by definition there exists a Fuchsian subgroup Δi < Γ with coarea(Δi) = Ai.
From the previous subsection, each Δi lies in the stabilizer of a k–defined
hyperplane Wi and we use vi to denote choice of normal to this hyperplane.
Recall that f(vi) > 0.

Using strong approximation, we may find a cofinite set of prime ideals Q
in Ok such that for each p ∈ Q

1. p is a non-dyadic prime,
2. The reduction fp of the quadratic form f over Ok/p is non-degenerate,
3. fp(vi) �= 0 for each 1 ≤ i ≤ s,
4. One of Equations (6.1) or (6.2) holds for the reduction map Rp,
5. When (3) holds, Equation (6.3) holds as well.

Lemma 6.6. There is a positive density subset I of prime ideals in Ok such
that for each p ∈ I, there exists a fixed maximal subgroup H < PRp(Γ) such
that for each i, PRp(γiΔiγ

−1
i ) ≤ H for some γi ∈ Γ.
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Proof. We will first prove that there is a positive density set E of primes p

in Ok for which
√

disc(f) is not a square in Fq
∼= Ok/p and for which each

f(vi), f(vj) are in the same square class in Ok/p for all 1 ≤ i, j ≤ s.
Let kf = k(

√
disc(f)) and kv = k(

√
f(v1), . . . ,

√
f(vs)). As disc(f) < 0

and f(vi) > 0 for each i, kf is an imaginary quadratic extension of k and
kv is a totally real, multi-quadratic extension of k, where we allow for the
possibility that kv = k. The compositum L = kfkv is then a multi-quadratic
extension of k with degree 2m where 1 ≤ m ≤ s + 1. Since kf ∩ kv = k
and Gal(L/k) ∼= (Z/2Z)m, by the Chebotarev density theorem there exists
a positive density set of prime ideals E in Ok such that each prime in E is
inert in the extension kf/k and splits completely in the extension kv/k. Hence
when p ∈ E , disc(f) is not a square and for every 1 ≤ i ≤ s, f(vi) is a square
in F∗

q . Letting I = Q ∩ E and appealing to Lemma 6.4 and Corollary 6.5
completes the proof.

We will say that an ideal a of Ok is square-free with level in I, if a has
primary decomposition a = p1 . . . pn where each pi ∈ I and pi �= pj for all
i �= j. We denote by I the set of square-free ideals with level in I. When a ∈ I,
the Chinese remainder theorem and Lemma 6.6 imply that there exist γi ∈ Γ
such that

Ω3(Ok/a) ≤ PRa(γ1Δ1γ
−1
1 ),PRa(γ2Δ2γ

−1
2 ), . . . ,PRa(γsΔsγ

−1
s )

≤ H ≤ PO3(Ok/a),

where Ra is the corresponding reduction map. We therefore see that Λa =
R−1

a (H) is a congruence subgroup containing Fuchsian subgroups Δ′
i =

γiΔiγ
−1
i with coarea(Δ′

i) = Ai. In particular, we obtain the following propo-
sition.

Proposition 6.7. There is an injection from I into the set of congruence
subgroups Λ < Γ which contain Fuchsian subgroups Δ′

i < Λ with coarea(Δ′
i) =

Ai for i = 1, . . . , s.

We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4. In light of Proposition 6.7, to give a lower bound on
H(V ) it suffices to count the set I. For each prime ideal p ∈ I, if q = |Ok/p|
then

|Ω(3, q)| = |PO(3, q)|
2 = q(q − 1)(q + 1)

2 ≈ q3,

∣∣P Ω−(4, q)
∣∣ =

∣∣PSO−(4, q)
∣∣

2 = q2(q2 − 1)(q2 + 1)
2 ≈ q6.
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Hence, [Γ : Λp] ≈ N(p)3 and by the Chinese remainder theorem [Γ : Λa] ≈
N(a)3 when a ∈ I. In particular, for each X ∈ N if

LΓ,A(X) = {Λ : Λ < Γ, [Γ : Λ] ≤ X, Λ is congruence} ,

then Proposition 6.7 shows that LΓ,A(X) ≥
∣∣∣{a ∈ I : N(a) ≤ X1/3

}∣∣∣.
Let S denote the set of ideals a in Ok such that a has primary decompo-

sition a = p1 . . . pn where each pi is inert in kf = k(
√

disc(f))/k. By [9],

|{a ∈ S : N(a) ≤ X}| ∼ X

(logX)1/2
,

where f(X) ∼ g(X) if their ratio goes to 1 as X goes to infinity. In particular,
restricting to the ideals in I gives that

|{a ∈ I : N(a) ≤ X}| ∼ cX

(logX)1/2
,

where c is some positive constant which depends only on the field k and the
number of hyperbolic 2–orbifolds s. Hence, LΓ,A(X) � X1/3

(logX)1/2 , where the
implicit constant depends only on k and s. Now assume that V ≥ vol(M).
Letting Cov(M) be the set of all manifolds which finitely cover M , this gives
that

H(V ) = |{M ′ ∈ Cov(M) : A ⊂ TGA(M ′), vol(M ′) ≤ V }|

≥ LΓ,A

(⌊
V

vol(M)

⌋)

� (V/ vol(M))1/3

log(V/ vol(M))1/2
,

where the implicit constant depends only on k and s. This completes the
proof.
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