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Irregular Eguchi-Hanson type metrics and their soliton
analogues

Akito Futaki

Abstract: We verify the extension to the zero section of momen-
tum construction of Kähler-Einstein metrics and Kähler-Ricci soli-
tons on the total space Y of positive rational powers of the canon-
ical line bundle of toric Fano manifolds with possibly irregular
Sasaki-Einstein metrics. More precisely, we show that the extended
metric along the zero section has an expression which can be ex-
tended to Y , restricts to the associated unit circle bundle as a
transversely Kähler-Einstein (Sasakian eta-Einstein) metric scaled
in the Reeb flow direction, and that there is a Riemannian submer-
sion from the scaled Sasakian eta-Einstein metric to the induced
metric of the zero section.
Keywords: Eguchi-Hanson metric, Ricci-flat Kähler metric, toric
Fano manifold, Sasaki-Einstein manifold.

1. Introduction

The Eguchi-Hanson metric ([15], 1979) is a complete Ricci-flat Kähler metric
on the canonical line bundle of CP1, also expressed as a gravitational instan-
ton. Its holonomy group is SU(2) = Sp(1), and this gives a hyperkähler struc-
ture. Around the same period Calabi ([3], 1979) constructed independently
a hyperkähler metric on the cotangent bundle of CPm for m ≥ 1. Calabi’s
method was to reduce obtaining a Kähler potential with good properties to
an ordinary differential equation when there is a large group of symmetries.
This method, now called the Calabi ansatz, was applied later in many ways by
many other mathematicians, typically the momentum construction of Hwang-
Singer [26] and Feldman-Ilmanen-Knopf [16]. In our papers [18], [20], [23], we
took up the works of Hwang-Singer and Feldman-Ilmanen-Knopf to combine
their ideas with the existence of Sasaki-Einstein metrics on toric Sasakian
manifolds [22]. Among other things we tried to show the existence of a com-
plete Ricci-flat Kähler metric on the canonical line bundle KM of a toric Fano
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manifold M in [18], [20], and complete Kähler-Ricci solitons on some positive
rational powers of KM in [23]. However we left open the issue of extension to
the zero section of the line bundles when the Reeb vector field is irregular.
In this paper we verify the extension to the zero section of the momentum
construction of Kähler-Einstein metrics and Kähler-Ricci solitons on the to-
tal space of some positive rational powers of canonical line bundle of toric
Fano manifolds with possibly irregular Sasaki-Einstein metrics. Our results
are described as follows.

Theorem 1.1. Let M be a toric Fano manifold and L a holomorphic line
bundle over M such that KM = L⊗p for some positive integer p. Then for an
integer k ≥ p, there exists a complete Kähler-Einstein metric ωϕ on the total
space Y of L⊗k (denoted by Lk hereafter) with ρωϕ = (2p

k −2)ωϕ, where ρωϕ is
the Ricci form of ωϕ and ϕ is the profile of the momentum construction start-
ing from the Kähler cone metric ω of a possibly irregular Sasakian η-Einstein
(transversely Kähler-Einstein) metric on the associated unit circle bundle of
Lk (see Section 3 for the profile). The resulting metric along the zero section
has an expression which can be extended to Y , restricts to the associated unit
circle bundle as a transversely Kähler-Einstein (Sasakian η-Einstein) metric
scaled by a constant given by (3.13) in the Reeb flow direction, and the in-
duced metric of the zero section has a submersion from this scaled Sasakian
η-Einstein metric.

In particular, this construction gives a complete Calabi-Yau metric on the
total space of KM , with k = p in this case.

Note that the associated circle bundle in the statement of Theorem 1.1 is
strictly speaking the set {r = 1} in the Kähler cone of the Sasakian η-Einstein
manifold where r is the radial function.

Remark 1.2. The cohomology class [ωϕ] corresponds to the Q-line bundle

π∗K
− k

2p
M = π∗L− k

2 under Pic(Y ) = H2(Y,Z) (c.f. [33]), where we have put
Y to be the total space of Lk and π : Y → M is the projection. But this
class belongs to the image of H2

c (Y,Z) ↪→ H2(Y,Z) so that it has a compact
support.

As indicated in the statement, Theorem 1.1 uses the momentum con-
struction of Hwang-Singer [26]. In the meantime after [18], the existence of
Calabi-Yau metrics on crepant resolutions of Calabi-Yau cones have been
obtained by [32], [33], [25], [9], [10] by the method of the seminal work by
Joyce [27], and by Biquard and Macbeth [1] by the gluing method. Their
results imply that a Calabi-Yau metric exists for each Kähler class in the 2nd
cohomology class.
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Remark 1.3. The Calabi-Yau metric in the case of k = p in Theorem 1.1
is asymptotic with order −2m to the Calabi-Yau cone metric corresponding
to the Sasaki-Einstein metric, where m = dimCM . Thus by the uniqueness
result in [8], the constructions in [32] and [25] recover our Calabi-Yau metric
in Theorem 1.1.

The Kähler-Einstein metrics obtained in Theorem 1.1 have explicit de-
scriptions near the zero section. In particular, in the Calabi-Yau case, this
is an extra degree of information that one obtains as a result of solving an
ODE rather than a PDE as was obtained in [25, 32, 33], where information
concerning the Calabi-Yau metrics in a neighborhood of the zero section is
lost.

Theorem 1.4. Let M be a toric Fano manifold and KM = Lp, p ∈ Z+,
then the total space of Lk admits a complete expanding Kähler-Ricci soliton
if k > p, a complete steady Kähler-Ricci soliton if k = p and a complete
shrinking Kähler-Ricci soliton if k < p. These solitons are obtained by the
momentum construction, and the resulting metric along the zero section has
an expression similar to Theorem 1.1.

In this soliton case we also use Hwang-Singer’s momentum construction
while existence results using PDE methods have been known by [31], [6] for
expanding solitons and by [7] for steady solitons. But the existence of complete
shrinking solitons obtained in Theorem 1.4 is new. A notion of stability for
such metrics was alluded to but not defined in [8]. The Calabi-Yau cones
coming from line bundles as in Theorem 1.4 should be stable whatever the
definition of stability may be. For uniqueness there are works by [8], [30] and
[4].

The difference of the arguments between our earlier works [18], [20], [23]
and the present paper is as follows. In the earlier papers we tried to describe
the metric near the zero section using the complex coordinate along the com-
plexified Reeb flow, and since it is irregular in general it appeared difficult
to use it for the description. In the present paper we describe the behavior
of the metric on the level set of the radial coordinate r of the Kähler cone
metric associated with the Sasakian η-Einstein manifold before starting the
momentum construction, along the flow of the radial vector field r∂/∂r, and
observe the metric converges as r → 0 to a metric along the zero section. The
description of this limiting metric along the zero section has a form which
can be considered as defining a metric extending over Lk minus the zero sec-
tion, and if we restrict this metric on the set {r = 1} it coincides with the
Sasakian η-Einstein metric scaled by a positive constant in the (real) Reeb
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flow direction. The induced metric on the zero section has a submersion from
this scaled Sasakian η-Einstein metric.

After this introduction, in Section 2, we recall basic facts about Sasakian
geometry, the volume minimization arguments of Martelli-Sparks-Yau [28],
[29] and the existence of Sasaki-Einstein metrics on toric Sasaki manifolds
[22]. In Section 3 we set up the momentum construction for complete Kähler-
Einstein metrics and prove Theorem 1.1, Remark 1.2 and Remark 1.3. In
Section 4 we study the soliton case and prove Theorem 1.4.

2. Preliminaries on Sasakian geometry

In this section we briefly review Sasakian geometry. The reader is referred
to [2], [29], [5], [19] and [21] for more detail and related topics. A Sasakian
manifold is by definition a Riemannian manifold (S, g) whose Riemannian
cone manifold (C(S), g) with C(S) ∼= S × R+ and g = dr2 + r2g is a Kähler
manifold, where r is the standard coordinate on R+. But it is important to
note that r is a smooth function on C(S) through the identification C(S) ∼=
S×R+, and a deformation of Sasakian structure is given by the deformation
of the smooth function r on C(S).

From this definition, a Sasakian manifold S has odd-dimension dimR S =
2m + 1, and thus dimC C(S) = m + 1. S is always identified with the real
hypersurface {r = 1} in C(S) and inherits the Riemannian submanifold struc-
ture and other various structures from C(S) as described below. Algebraically,
C(S) is a normal affine algebraic variety (see [32], Section 3.1), and the apex
of the cone is the origin which is the unique singularity.

To study the differential geometry of a Sasakian manifold, it is also im-
portant to notice that the Kähler form ω of the cone C(S) is expressed using
the radial function r as

ω = i

2∂∂r
2.

Thus the geometry of the Kähler cone is determined only from r and the
complex structure, denoted by J . Hence, with fixed J , the Sasakian structure
is also determined by the smooth function r. As noted in the first paragraph
of this section, the Sasakian structure is deformed by the deformation of the
smooth function r satisfying i∂∂r2 > 0.

Since S is identified with the submanifold {r = 1}, the Sasakian geometry
of S as submanifold geometry is described only by using r and the complex
structure J . One can convince oneself of this fact and the facts described
below if one examines the standard example of the unit sphere {r = 1} in
Cm+1 with

r2 = (|z0|2 + · · · + |zm|2).
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Putting ξ̃ = J(r ∂
∂r ), ξ̃ − iJξ̃ defines a holomorphic vector field on C(S). The

restriction of ξ̃ to S = {r = 1}, which is tangent to S, is called the Reeb vector
field of S and denoted by ξ. The Reeb vector field ξ is a Killing vector field
on S and generates a 1-dimensional foliation Fξ, called the Reeb foliation of
S. It is also possible to consider the group of isometries generated by the flow
of ξ, called the Reeb flow which we denote also by Fξ. The closure of the
Reeb flow is a toral subgroup in the isometry group of S. If the dimension
of the toral group is equal to (resp. greater than) 1 the Sasakian manifold
is said to be quasi-regular (resp. irregular), and if the Sasakian manifold is
quasi-regular and the S1-action is free it is said to be regular. In the classical
Sasakian geometry, the standard normalization of the metric is chosen so that
the length of ξ is 1. Below we see some clumsy coefficients e.g. (2.1), (2.2),
but they come from this normalization. We will keep this normalization since
it is natural as long as we adopt the above definition of Sasakian manifolds.

Let η be the dual 1-form to ξ using the Riemannian metric g, i.e. η =
g(ξ, ·). To describe η in terms of r, it is convenient to introduce the operator
dc = (i/2)(∂ − ∂). Our choice of the factor 1/2 is to make the equality ddc =
i∂∂ hold. This choice was convenient in our earlier paper [22], and we will
continue to use it in this paper. Then η can be expressed as

η = (i(∂ − ∂) log r)|r=1 = (2dc log r)|r=1.

Then dη is non-degenerate on D := Ker η and thus S becomes a contact
manifold with the contact form η. D is called the contact bundle, which is a
smooth complex vector bundle over S and has the first Chern class c1(D) ∈
H2(S,Z). The Reeb vector field ξ satisfies

i(ξ)η = 1 and i(ξ)dη = 0,

where i(ξ) denotes the interior product, which are often used as the defining
properties of the Reeb vector field for contact manifolds. The local orbit spaces
of Fξ admits a well-defined Kähler structure, and the pull-back of the local
Kähler forms to S glue together to give a global 2-form

ωT = 1
2dη = d(dc log r |r=1) = (ddc log r)|r=1

on S, which we call the transverse Kähler form. We call the collection of
Kähler structures on local leaf spaces of Fξ the transverse Kähler structure.
A smooth differential form α on S is said to be basic if

i(ξ)α = 0 and Lξα = 0,
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where Lξ denotes the Lie derivative by ξ. For example, the transverse Kähler
form ωT is a basic 2-form. The basic forms are lifted from differential forms
on local orbit spaces of Fξ, and preserved by the exterior derivative d which
decomposes into d = ∂B+∂B. We can define basic cohomology groups using d
and basic Dolbeault cohomology groups using ∂B. We also have the transverse
Chern-Weil theory and can define basic Chern classes for complex vector
bundles with basic transition functions. As in the Kähler case, the basic first
Chern class cB1 of the Reeb foliation is represented by the 1/2π times the
transverse Ricci form ρT :

ρT = −i∂B∂B log det(gT
ij
),

where
ωT = i gT

ij
dzi ∧ dzj

and z1, · · · , zm are local holomorphic coordinates on the local orbit space
of Fξ. A Sasakian manifold (S, g) is called a Sasaki-Einstein manifold if g is
an Einstein metric.

Fact 2.1 (c.f. [2]). Let (S, g) be a (2m + 1)-dimensional Sasakian manifold.
The following three conditions are equivalent.

(a) (S, g) is a Sasaki-Einstein manifold. The Einstein constant is necessar-
ily 2m:

(2.1) Ricg = 2mg,

where Ricg denotes the Ricci curvature of g.
(b) (C(S), g) is a Ricci-flat Kähler manifold.
(c) The local orbit spaces of the Reeb flow have transverse Kähler-Einstein

metrics with Einstein constant 2m + 2:

(2.2) ρT = (2m + 2)ωT .

One may compare Fact 2.1 with (2.6)–(2.9) below.
In the previous paragraph we defined the contact form η and the trans-

verse Kähler form ω on S. For the purpose of momentum construction of this
paper, it is more convenient to consider them to be lifted to the Kähler cone
C(S) as

(2.3) η = 2dc log r
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and

(2.4) ωT = 1
2dη = ddc log r.

A moment’s thought shows the transverse Ricci form ρT also lifts to C(S). If
S is a Sasaki-Einstein manifold then by (c) of Fact 2.1, we have cB1 > 0, i.e.
cB1 is represented by a positive basic (1, 1)-form. Moreover, under the natural
homomorphism H2

B(Fξ) → H2(S) of the basic cohomology group H2
B(Fξ) to

ordinary de Rham cohomology group H2(S), the basic first Chern class cB1
is sent to the ordinary first Chern class c1(D) of the contact distribution D
(see the paragraph before Fact 2.1) since the expressions as de Rham classes
are the same by the Chern-Weil theory. But by (2.2) and (2.4),

c1(D) = (2m + 2)[ωT ] = (m + 1)[dη] = 0.

(Notice that ωT is a positive form as a basic form, which is a transverse
Kähler form, but that ωT = 1

2dη is an exact form as an ordinary 2-form on
S.) Conversely, if cB1 > 0 and c1(D) = 0, then cB1 = τ [dη] for some positive
constant τ (See [2], Corollary 7.5.26. The proof follows from an exact sequence
known in the foliation theory (the diagram 7.5.11 in [2]).)

A Sasakian manifold (S, g) is said to be toric if the Kähler cone manifold
(C(S), g) is toric, namely if there exists an (m + 1)-dimensional real torus
Tm+1 acting on (C(S), g) effectively as holomorphic isometries fixing the apex
of C(S). Then Tm+1 preserves ξ̃ because Tm+1 preserves r and the complex
structure J , and so the flow generated by ξ̃. This latter statement implies that
[ξ̃,Lie(Tm+1)] = 0. It follows that ξ̃ ∈ Lie(Tm+1) because Tm+1 is maximal
in the isometry group of the link of the cone, and that the closure of the flow
is a toral subgroup of Tm+1.

Theorem 2.2 ([22, 5]).
(i) Let S be a compact toric Sasakian manifold with cB1 > 0 and c1(D) = 0.

Then S admits a possibly irregular Sasaki-Einstein metric by deforming the
Sasakian structure by varying the Reeb vector field and then performing a
transverse Kähler deformation.

(ii) For a compact toric Sasakian manifold S, the conditions cB1 > 0 and
c1(D) = 0 is equivalent to the Q-Gorenstein property of Kähler cone C(S).

The proof of Theorem 2.2 is outlined as follows. To prove (i), start with
an arbitrary Sasakian structure, we wish to deform the Sasakian structure
to obtain a new structure with vanishing obstruction (as in [17]) for the
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existence of Kähler-Einstein metric in terms of the transverse Kähler struc-
ture. The idea is to use the volume minimization of Martelli-Sparks-Yau [28],
[29]. There are two approaches to describe this. The first approach is to con-
sider the deformation of Kähler structures on the cone C(S). As explained
at the beginning of this section, the deformation of Kähler cone structures
are obtained by variations of the radial function r, so that a variation of the
Sasakian structure is described in the form r′2 = r2eψ for a smooth function ψ
on C(S) with i∂∂ r′2 > 0. We consider the volume functional on the space of
all Sasakian structures on S with fixed complex structure J , or equivalently
all Kähler cone structures on C(S), by assigning the volume Vol({r = 1})
of the Sasakian manifold {r = 1}. The first and the second variation for-
mulas were given in [29], Appendix C, and it was shown in [22], Proposition
8.7, in the general setting (including non-toric case) that if the first variation
vanishes then the obstruction for the existence of transverse Kähler-Einstein
metric vanishes. When we consider toric Sasakian manifolds and toric Kähler
cone manifolds we just consider the Tm+1-invariant radial functions so that
ψ above is also Tm+1-invariant.

The second approach is specific to the toric case. Note that Vol({r = 1})
coincides up to a universal constant with the volume of the intersection of
the moment map image of the Kähler cone, which we call the moment cone
and denote by C, and a hyperplane H (see below for the exact expression
of H). This intersection C ∩ H is the moment map image (in the sense of
contact geometry) of the Sasakian manifold determined by r. Since C is a
convex polyhedral cone, C ∩H is a convex polyhedral compact set. A salient
feature of toric Kähler geometry is the existence of a distinguished point β in
C such that

〈λj , β〉 = 1,
where λj ∈ Lie(Tm+1), j = 1, · · · , d, are the normal vectors to the facets of
C;

C = {y ∈ (Lie(Tm+1))∗ | 〈λj , y〉 ≥ 0, j = 1, · · · , d}.
(In the notation of [28], β = −γ.) A differential geometric derivation of β using
the standard formalism by Delzant [12] and Guillemin [24] can be found in
[28], Section 2, but an algebro-geometric derivation in toric geometry is also
known, see e.g. de Borbon-Legendre [11], Section 4.2. Moreover, in Theorem
1.2 of their paper [11], the role of β is clarified in terms of the cone angles along
the divisors corresponding to the boundary facets of C when the conditions
in (ii), Theorem 2.2 of this paper are not satisfied. Further, in [28], Section
2, it is shown that the Reeb vector field ξ ∈ Lie(Tm+1) satisfies

〈ξ, β〉 = m + 1.
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Returning to the volume minimization, we take the deformation space of Reeb
vector fields, which is considered as the deformation space of toric Sasakian
structures, to be the hyperplane Ξβ in the dual cone

C∗ = {x ∈ (Lie(Tm+1)) | 〈x, y〉 ≥ 0 for all y ∈ C}

given by
Ξβ := {ξ′ ∈ C∗ | 〈ξ′, β〉 = m + 1}.

Note that ξ is contained in Ξβ . Consider the volume functional on Ξβ given
by

Vol(ξ′) := Vol(Pξ′),

where Pξ′ = {y ∈ C | 〈ξ′, y〉 = m+ 1}. Note that Pξ′ passes through β for any
ξ′ ∈ Ξβ . The the intersection C ∩H is (1/2(m+ 1))Pξ, see (2.68) in [28] for a
proof. Then this volume functional on Ξβ turns out to be proper and convex,
and thus have a unique critical point. The critical point ξ′ is exactly when β is
the barycenter of P ′

ξ, and then one can show using Donaldson’s expression of
the obstruction ([13]) that the obstruction vanishes for the Sasakian structure
corresponding to ξ′, see [11] for the detail (including the cone angle case).
Then we can solve the transverse Monge-Ampère equation by changing the
transverse Kähler metric, and get a transverse Kähler-Einstein metric using
the analysis of Wang-Zhu [34], also [14] is recommended for the estimates.
Hence by Fact 2.1, we obtain a Sasaki-Einstein metric. The critical Reeb
vector field ξ′ is possibly irregular. These are the outline of the proof of
Theorem 2.2, (i).

Theorem 2.2, (ii), can be found in [5], Theorem 1.2. It essentially follows
from the equation (23) in [5] and the rationality of γ = −β.

Remark 2.3. Let r and r′ be the radial functions of the Sasakian structures
corresponding to ξ and ξ′ in the arguments in the previous paragraph where
ξ′ is the critical point of the volume functional. Then (1/(2(m + 1)))Pξ and
(1/(2(m + 1)))Pξ′ are the moment map images of {r = 1} and {r′ = 1} as
described above. From this, the description of the deformation of Sasakian
structure in terms of the radial functions is given by

(2.5) r′2 = r2 expψ

for a Tm+1-invariant smooth function ψ on {r = 1} ∼= S. Indeed, exp(1
2ψ) =

〈ξ′, y〉/〈ξ, y〉, see (2.68) in [28].
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A Sasakian metric g is said to be η-Einstein if there exist constants λ and
ν such that

(2.6) Ricg = λ g + ν η ⊗ η.

By elementary computations in Sasakian geometry, we always have
Ricg(ξ, ξ) = 2m on any Sasakian manifolds. This implies that

(2.7) λ + ν = 2m.

In particular, λ = 2m and ν = 0 for a Sasaki-Einstein metric.
Let RicT denote the Ricci curvature of the local orbit space of Fξ. Then

again elementary computations show

(2.8) Ricg = RicT − 2gT + 2mη ⊗ η

and that the condition of being an η-Einstein metric is equivalent to

(2.9) RicT = (λ + 2)gT .

Given a Sasakian manifold with the Kähler cone metric g = dr2 + r2g, we
transform the Sasakian structure by deforming r into r′ = ra for a positive
constant a. This transformation is called the D-homothetic transformation.
Then the new Sasakian structure has

η′ = d log ra = aη, ξ′ = 1
a
ξ,(2.10)

g′ = agT + aη ⊗ aη = ag + (a2 − a)η ⊗ η.

Suppose that g is η-Einstein with Ricg = λg+νη⊗η. Since the Ricci curvature
of a Kähler manifold is invariant under homotheties, we have Ric′T = RicT .
From this and Ricg′(ξ′, ξ′) = 2m, we have

Ricg′ = Ric′T − 2g′T + 2mη′ ⊗ η′

= λgT + 2gT − 2agT + 2mη′ ⊗ η′.

This shows that g′ is η-Einstein with

λ′ + 2 = λ + 2
a

.
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In summary, under the D-homothetic transformation of an η-Einstein metric
g with (2.6) we have a new η-Einstein metric g′ with

(2.11) ρ′T = ρT , ω′T = aωT , ρ′T = (λ′ + 2)ω′T = λ + 2
a

ω′T ,

and thus, for any positive constants κ and κ′, a transverse Kähler-Einstein
metric with Einstein constant κ can be transformed by a D-homothetic trans-
formation to a transverse Kähler-Einstein metric with Einstein constant κ′.
In particular, if we are given a Sasaki-Einstein metric g with λ = 2m, we may
obtain by D-homothetic transformation an η-Einstein metric g′ with arbitrary
λ′ + 2 > 0. Conversely, if we have an η-Einstein metric with λ + 2 > 0 then
we obtain a Sasaki-Einstein metric with λ′ = 2m by D-homothetic transfor-
mation.

3. Momentum construction for Sasakian η-Einstein
manifolds

Based on the arguments on D-homothetic transformation in the previous
section we start with a Sasakian η-Einstein manifold (S, g) with Ricg = λ g+
ν η ⊗ η, λ + 2 > 0, and with Kähler cone metric on C(S)

g = dr2 + r2g.

Let ωT = 1
2dη be the transverse Kähler form which gives positive Kähler-

Einstein metrics on local leaf spaces with

(3.1) ρT = κωT ,

where we have set
κ := λ + 2 > 0.

Working on C(S), we lift η on S to C(S) by (2.3), and use the same notation
η for the lifted one to C(S). Then ωT is also lifted to C(S) by (2.4), and
again use the same notation ωT for the lifted one to C(S). The momentum
construction (or Calabi ansatz) searches for a Kähler form on C(S) of the
form

(3.2) ω = ωT + i∂∂ F (t),

where t = log r and F is a smooth function of one variable on (t1, t2) ⊂
(−∞,∞).
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We set

τ = F ′(t),(3.3)
ϕ(τ) = F ′′(t).(3.4)

Since we require ω to be a positive form and

i∂∂ F (t) = i F ′′(t) ∂t ∧ ∂t + i F ′(t) ∂∂t
= i ϕ(τ) ∂t ∧ ∂t + τ ωT ,

then we must have ϕ(τ) > 0 and 1+τ > 0. We further impose that the image
of F ′ is an open interval (0, b) with b ≤ ∞, i.e.

lim
t→t+1

F ′(t) = 0, lim
t→t−2

F ′(t) = b.

It follows from ϕ(τ) > 0 that F ′ is a diffeomorphism from (t1, t2) to (0, b), so
we can consider F ′ as a coordinate change from t to τ . We will set up an ODE
to solve constant scalar curvature or Kähler-Ricci soliton equations in terms
of ϕ(τ) with the new coordinate τ . In [26], ϕ(τ) is called the profile of the
momentum construction (3.2). In the regular Sasakian case, the Reeb vector
field generates a C∗-action. Then F is a Kähler potential along the C∗-orbits
and F ′ is the moment map for the S1-action.

Given a positive function ϕ > 0 on (0, b) such that

lim
τ→0+

∫ τ

τ0

dx

ϕ(x) = t1, lim
τ→b−

∫ τ

τ0

dx

ϕ(x) = t2

we can recover the momentum construction as follows. Fix τ0 ∈ (0, b) arbi-
trarily, and introduce a function τ(t) by

(3.5) t =
∫ τ(t)

τ0

dx

ϕ(x) ,

and then F (t) by

F (t) =
∫ τ(t)

τ0

xdx

ϕ(x) .

Then F and ϕ satisfy (3.3) and (3.4), and thus

ωϕ := ωT + ddc F (t)
= (1 + τ)ωT + ϕ(τ) i∂t ∧ ∂t(3.6)
= (1 + τ)ωT + ϕ(τ)−1 i∂τ ∧ ∂τ.
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As we assume ϕ > 0 on (0, b), ωϕ defines a Kähler form and have recovered
momentum construction.

Next we compute the Ricci form ρϕ and the scalar curvature σϕ of ωϕ. If
we choose z0 to be the coordinate along the holomorphic Reeb flow, then it
is easy to check that

idz0 ∧ dz0 = 2dr
r

∧ η.

Using this one can compute the volume form as

ωm+1
ϕ = (1 + τ)m(m + 1)ϕ(τ) i

2dz
0 ∧ dz0 ∧ (ωT )m.

The Ricci form can be computed as

ρϕ = ρT − i∂∂ log((1 + τ)mϕ(τ))
= κωT − i∂∂ log((1 + τ)mϕ(τ)).

Using

(3.7) ddc u(τ) = u′(τ)ϕ(τ)ddct + 1
ϕ

(u′ϕ)′dτ ∧ dcτ

for any smooth function u of τ , one computes

(3.8) ρϕ =
(
κ− mϕ + (1 + τ)ϕ′

1 + τ

)
ωT −

((
mϕ

1 + τ

)′
+ ϕ′′

)
ϕdt ∧ dct.

From this and (3.6) we see that ρϕ = αωϕ if and only if

κ− mϕ + (1 + τ)ϕ′

1 + τ
= α(1 + τ),(3.9)

−( mϕ

1 + τ
+ ϕ′)′ = α.(3.10)

But (3.10) follows from (3.9).

Proposition 3.1. Under the condition ϕ(0) = 0, the solution ϕ of the
ODE (3.9) is given by

(3.11) ϕ(τ) = κ

m + 1

(
1 + τ − 1

(1 + τ)m
)
− α

m + 2

(
(1 + τ)2 − 1

(1 + τ)m
)
.
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Proof. The ODE (3.9) is equivalent to

(ϕ(1 + τ)m)′ = κ(1 + τ)m − α(1 + τ)m+1.

Using ϕ(0) = 0 we obtain the solution (3.11).

Now we consider the situation under which this paper considers. Let (L, h)
be a negative Hermitian line bundle over a Kähler manifold such that the
Kähler form ωM is equal to i

2π∂∂ log h. Let S0 be the unit circle bundle with
the induced regular Sasakian structure and the radial function r0 = h(z, z)1/2
on its Kähler cone C(S0) ∼= {z �= 0 | z ∈ L}. We consider the total space of
L to be a resolution of C(S0).

Definition 3.2. A Sasakian manifold S is said to be S1-bundle-addapted if
the Sasakian structure of S is a deformation of a regular Sasakian structure
on S0 for some negative Hermitian line bundle π : (L, h) → M as above such
that

(3.12) r2 = r2
0 exp(π∗ψ)

for some smooth function ψ on M . Note that S is identified with {r = 1}
while S0 is identified with {r0 = 1}.

As recalled in Theorem 2.2, it is shown in [22] that on a compact toric
Sasakian manifold S with positive transverse first Chern class and with Q-
Gorenstein Kähler cone C(S), we can find a Sasaki-Einstein metric by varying
the Reeb vector field. This change of Reeb vector field results in a change of
the radial function to the form (2.5) for a Tm+1-invariant function ψ. But
when S is a deformation of a regular Sasakian manifold S0 which is the unite
circle bundle of a negative line bundle L as in the setting of Theorem 1.1, the
function ψ is in particular invariant under the S1-action, and thus descends
to the base space M of L and is of the form π∗ψ for some smooth function ψ

on M as in (3.12). The following proposition can be applied for this reason
when L → M is a positive rational power of the canonical line bundle over
toric Fano manifold M .

Note that the condition ϕ(0) = 0 in Proposition 3.1 is natural because
in the regular Sasaki-Einstein case this condition implies limτ→0 ωϕ = ωT

by (3.6) and thus the solution ωϕ (if exists) restricts to the Kähler-Einstein
metric on the zero section. Thus we impose the condition limτ→0 ϕ(τ) = 0
hereafter.
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Proposition 3.3. Let ωϕ be the Kähler form obtained by the momentum con-
struction as above starting from a compact toric Sasakian manifold S with an
S1-bundle-adapted toric η-Einstein metric g, and with (t1, t2) = (−∞,∞) and
suppose that the profile ϕ is defined on (0, b) = (0,∞) and that limτ→0 ϕ(τ) =
0. Then ωϕ defines a complete metric, has a noncompact end towards τ = ∞
and extends to a smooth metric on the total space of the line bundle up to
the zero section if and only if ϕ grows at most quadratically as τ → ∞ and
ϕ′(0) = 2. This last condition is equivalent to α = κ − 2 = λ. The resulting
metric along the zero section has an expression which can be extended to the
total space of L, restricts to the associated unit circle bundle S ∼= {r = 1} as
a transversely Kähler-Einstein (Sasakian η-Einstein) metric scaled by a con-
stant given by (3.13) in the Reeb flow direction, and there is a Riemannian
submersion from the scaled Sasakian η-Einstein metric to the induced metric
of the zero section.

Proof. By Proposition 3.2 in [20], ϕ must grow at most quadratically as τ →
∞. Now let us consider (3.6) when τ → 0. Obviously (1+ τ)ωϕ > 0 for τ ≥ 0.
The second term on the right hand side of (3.6) is computed as

ϕ(τ) i∂t ∧ ∂t = ϕ(τ)i∂ log r ∧ ∂ log r

= ϕ(τ)
r2 i∂r ∧ ∂r.

We wish to find the condition for limτ→0 ϕ(τ)/r2 to exist and be non-zero.
Since we assume ϕ(0) = 0, then by Proposition 3.1, ϕ(τ) is of the form

ϕ(τ) = a1τ + O(τ 2).

Since t = log r, τ = F ′(t) and ϕ(τ) = F ′′(t) we have

dτ

dt
= ϕ(τ) = a1τ + O(τ 2).

Thus

lim
τ→0

ϕ(τ)
r2 = lim

t→−∞

ϕ′(τ)dτdt
2r dr

dt

= a1

2 lim
τ→0

ϕ(τ)
r2 .

Therefore if limτ→0 ϕ(τ)/r2 exists and is non-zero then a1 = 2, i.e. ϕ′(0) = 2.
Conversely if ϕ′(0) = 2 then we have

dτ

dt
= ϕ(τ) = 2τ + O(τ 2) = 2τβ(τ)
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where β(τ) is a function of τ real analytic near τ = 0 with β(0) = 1. Note
that the real analyticity of β follows from the real analyticity of ϕ in Propo-
sition 3.1. We then have

dτ

τβ(τ) = 2dt

and from this
log τ + γ(τ) = c0 + 2t

for some real analytic function γ(τ) of τ with γ(0) = 0 and some constant c0.
From this we have

τ = e−γ(τ)ec0+2t = r2ec0−γ(τ).

Thus we obtain

(3.13) 1
2 lim

τ→0

ϕ(τ)
r2 = 1

2 lim
τ→0

2τ + O(τ 2)
r2 = ec0 .

It follows from (3.9) that, under the condition ϕ(0) = 0, the condition ϕ′(0) =
2 is equivalent to

(3.14) α = κ− 2 = λ.

Thus, the limit of ωϕ as τ → 0 is expressed as

(3.15) ωϕ = ωT + 2ec0 i∂r ∧ ∂r

restricted to r = 0. Using (3.12), the right hand side of (3.15) is expressed
along {r = 0} = {z = 0} as

(3.16) lim
τ→0

ωϕ = i

2∂∂(log h + ψ) + ec0
i

2hdz ∧ dz.

This is an expression of the limiting Kähler form on the total space of L along
the zero section. The Kähler form of the induced metric on the zero section
is given by the first term of the right hand side of (3.16). Let us study the
geometry of the metric given by the right hand side of (3.16), and see the
induced metric on the zero section is indeed positive definite. Let us consider
the metric (3.6) along {r = ε}

ωϕ|r=ε := (1 + τ(ε))ωT + ϕ(τ(ε)) i∂t ∧ ∂t
∣∣∣
r=ε

= (1 + τ(ε))ωT + ϕ(τ(ε))
ε2

i∂r ∧ ∂r,(3.17)
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and then consider the induced Riemannian metric gε to the submanifold {r =
ε} which is S1-equivariantly diffeomorphic to the unit circle bundle of L.
Since all the construction so far are Tm+1-invariant then the metric gε is S1-
invariant. It follows that there is a Riemannian submersion of ({r = ε}, gε) to
the zero section Z with some Riemannian metric which we denote by γε. We
wish to show that the limit of γε converges to a positive definite metric γ0. If
this is confirmed then ({r = ε}, gε) collapses to (Z, γ0) and the fundamental
2-form of γ0 is the second term of the right hand side of (3.16). In order to
see the behavior of submersion ({r = ε}, gε) → (Z, γε), we regard the right
hand side of (3.17) as a Kähler metric on L − Z, and then restrict it to
{r = 1}. Let us denote this restricted metric to {r = 1} by g1,ε. Because of
the S1-adaptedness, ({r = ε}, gε) and ({r = 1}, g1,ε) only differ by scaling
of the S1-orbits, and thus have the same transverse metric for the S1 orbits.
Hence we have a Riemannian submersion ({r = 1}, g1,ε) → (Z, γε). But g1,ε
converges as ε → 0 to the induced metric to {r = 1} of the metric on L− Z
expressed by (3.15). Let us put g1,0 := limε→0 g1,ε. Then there is a submersion
({r = 1}, g1,0) to (Z, γ0) for some Riemannian metric γ0, which is of course
positive definite. It follows that ({r = ε}, gε) collapses to (Z, γ0). Note that
g1,0 is an η-Einstein metric scaled by ec0 in the Reeb flow direction since

2i∂r ∧ ∂r = 2dr ∧ dcr|r=1 = dr ∧ η,

and the right hand side is the fundamental 2-form of dr2 + (dr ◦ J)2. This
completes the proof of Proposition 3.3.

In principle one can compute ec0 in (3.13) for each case when the ODE is
solved, see Example 3.4.

Proof of Theorem 1.1. For the standard regular Sasakian structure on the to-
tal space of S1-bundle of Lk = K

k/p
M , the basic cohomology classes on S are

the ordinary cohomology classes of the base manifold M . Since 2[ωT
0 ]B =

−c1(Lk) = −k
pc1(KM ) for the transverse Kähler form ωT

0 of the regular
Sasakian structure, we have

[ρωT
0
]B = 2p

k
[ωT

0 ]B,

where ρωT
0

denotes the Ricci form of ωT
0 . By D-homothetic transformation

(2.10) with

a = p

k(m + 1)
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we obtain a Sasakian structure g′ with

[ρω′T ]B = (2m + 2)[ω′T ]B.

Since the standard Sasakian structure is toric, the volume minimizing argu-
ment (c.f. Theorem 2.2) gives a Sasaki-Einstein metric, still denoted by g′,
with

ρω′T = (2m + 2)ω′T .

Then using the D-homothetic transformation with a = k(m+1)
p we obtain an

η-Einstein metric g with

ρT = 2p
k
ωT

on the total space of S1-bundle of L⊗k. Here, recall that we had used the
notation ρT for ρωT . As discussed in the paragraph after Definition 3.2, the
Sasakian η-Einstein metric thus obtained is S1-bundle-adapted with (3.12).
Now we start the momentum construction with this S1-bundle-adapted Sasa-
kian η-Einstein metric, and then obtain the ODE (3.9). From (3.1) we have
κ = 2p

k . Here, we choose α so that

α = 2p
k

− 2.

Then α = κ − 2 = λ, which is equivalent to ϕ′(0) = 2. The solution ϕ
with (3.11) is positive for τ > 0 since we assume k ≥ p, grows at most
quadratically as τ → ∞, and satisfies ϕ(0) = 0 and ϕ′(0) = 2. Hence it
follows from Proposition 3.3 that there exists a complete Kähler-Einstein
metric ωϕ on the total space of L⊗k with

ρωϕ =
(2p
k

− 2
)
ωϕ,

where ϕ is the profile of the momentum construction. As described in Propo-
sition 3.3 and its proof, the resulting metric along the zero section has an
expression which can be extended to the total space Y of Lk, restricts to the
associated unit circle bundle S ∼= {r = 1} as a Sasakian η-Einstein metric
scaled by a constant given by (3.13) in the Reeb flow direction, and there is
a Riemannian submersion from the scaled Sasakian η-Einstein metric to the
induced metric of the zero section.

This metric is Ricci-flat when k = p, that is L⊗k = KM . This completes
the proof of Theorem 1.1.
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Proof of Remark 1.2. Recall that we lifted ωT to C(Y ) = Y − Z, where Z is
the zero section, by using the expression (2.4). Using it we considered ωϕ by
the equations (3.2). We showed that ωϕ extends to the zero section Z to give
a complete Kähler-Einstein metric on Y , and we still denote the extended
metric by the same letter ωϕ. Thus ωϕ is an exact form outside the zero
section Z. It follows that the cohomology class [ωϕ] has a compact support,
and in fact the support is on the zero section. But (3.16) shows that the pull
back of the class [ωϕ] to Z is −1

2c1(L
k) = − k

2pc1(KM ). This completes the
proof of Remark 1.

Example 3.4. For the Calabi-Yau case k = p in Theorem 1.1 we have
ec0 = 1

m+1 , and the induced metric to the zero section of the irregular Eguchi-
Hanson type metric has a Riemannian submersion form the Sasakian η-
Einstein metric scaled by 1

m+1 in the Reeb flow direction.

Proof. From k = p we have κ = 2 and α = 0. Thus by (3.11)

ϕ(τ) = 2
m + 1((1 + τ) − 1

(1 + τ)m ).

Take τ0 = 21/(m+1) − 1. Then τ(t) is obtained from (3.5) as

t = 1
2 log((τ(t) + 1)m+1 − 1).

Since t = log r, we have

(3.18) τ(t) = (r2 + 1)1/(m+1) − 1,

and

(3.19) ϕ(τ) = 2
m + 1

((
r2 + 1

) 1
m+1 − 1

(r2 + 1)
m

m+1

)
.

It follows that

ec0 = 1
2 lim

r→0

ϕ(τ)
r2 = 1

m + 1 .

Proof of Remark 1.3. The Calabi-Yau metric on K−1
M in Theorem 1.1 for k =

p is obtained by the momentum construction starting with the Sasakian η-
Einstein metric such that ρT = 2ωT . This equality is (3.1) with κ = 2.
The corresponding cone metric on C(S) is not Calabi-Yau. In order to get
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a Calabi-Yau cone metric on C(S), we need D-homothetic transformation
from a Sasakian metric g with ρT = 2ωT to a Sasakian metric g′ with ρ′T =
(2m + 2)ω′T because then (C(S), ḡ′) is Calabi-Yau by Fact 2.1, (b). This D-
homothetic transformation is achieved by r′ = r1/(m+1) where r and r′ are
the radial functions on C(S) for g and g′ respectively. Then τ(t) in (3.18) and
ϕ(τ) in (3.19) respectively become

(3.20) τ(t) =
(
r′2(m+1) + 1

) 1
m+1 − 1,

and

(3.21) ϕ(τ) = 2
m + 1

((
r′2(m+1) + 1

) 1
m+1 − 1(

r′2(m+1) + 1
) m

m+1

)
.

Then by (3.6),

(3.22) ωϕ =
(
r′2(m+1) + 1

) 1
m+1 (m + 1)ω′T + 1

ϕ(τ) i∂τ ∧ ∂τ.

Comparing this with

(3.23) (m + 1)ω′ = (m + 1)
2 i∂∂r′2 = r′2(m + 1)ω′T + 2(m + 1)i∂r′ ∧ ∂r′,

one can check that the difference of (3.22) and (3.23) is O(r′−2m). In fact, the
difference of the first terms is O(r′−2m), and the second terms O(r′−(2m+2)).
Since ω′ is Ricci-flat so is (m+ 1)ω′. Thus the Calabi-Yau metric obtained in
Theorem 1.1 is asymptotic to the Calabi-Yau cone metric (m+1)ω′ with order
O(r′−2m). It follows from the uniqueness theorem of [9] that our Calabi-Yau
metric coincides with those obtained in [32] and [25].

4. Soliton analogues

In this section we consider the case when the momentum construction (3.6)
on C(S) satisfies the Kähler-Ricci soliton equation

(4.1) ρϕ − αωϕ = −i∂∂Q(t)

where Q(t) is a smooth function of t = log r whose gradient is a holomorphic
vector field. Then by Lemma 4.1 in [23], Q(t) is necessarily of the form

Q = μτ + c,
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where c is a constant. Using (3.7), one computes

i∂∂ Q = dQ

dτ
ϕ(τ)ddct +

(
dQ

dτ
ϕ

)′
ϕdt ∧ dct

= μϕ(τ)ωT + (μϕ(τ))′ϕ(τ)dt ∧ dct.

Comparing this with (3.6) and (3.8), we obtain

(4.2) κ− mϕ + (1 + τ)ϕ′

1 + τ
= α(1 + τ) − μϕ(τ)

and

(4.3) −
(

mϕ

1 + τ
+ ϕ′

)′
= α− (μϕ(τ))′.

But (4.3) follows from (4.2). If we require ϕ(0) = 0 and ϕ′(0) = 2 it follows
from (4.2) that

κ− 2 = α,

and (4.2) becomes

(4.4) ϕ′ +
(

m

1 + τ
− μ

)
ϕ + (κ− 2)τ − 2 = 0.

In general a solution to the ODE y′ + p(x)y = q(x) is given by

(4.5) y = e−
∫

p(x)dx
(∫

q(x)e
∫

p(x)dxdx + C

)
.

It follows from (4.5) that the solution to (4.4) is given by
(4.6)

ϕ(τ) = νeμ(1+τ)

(1 + τ)m + (κ− 2)(1 + τ)
μ

+
κ− 2 − κμ

m+1
μm+2

m∑
j=0

(m + 1)!
j! μj(1 + τ)j−m

for some constant ν. But by the requirement ϕ(0) = 0, ν is determined by

ν = e−μ

⎛⎝−κ + 2
μ

+
−κ + 2 + κμ

m+1
μm+2

m∑
j=0

(m + 1)!
j! μj

⎞⎠(4.7)

=: ν(κ, μ).
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Thus the solution (4.6) becomes

ϕ(τ) =

⎛⎝−κ + 2
μ

+
−κ + 2 + κμ

m+1
μm+2

m∑
j=0

(m + 1)!
j! μj

⎞⎠ eμτ

(1 + τ)m

+(κ− 2)(1 + τ)
μ

+
κ− 2 − κμ

m+1
μm+2

m∑
j=0

(m + 1)!
j! μj(1 + τ)j−m.(4.8)

Let M be a Fano manifold of dimension m, and L → M be a negative
line bundle with KM = Lp, p ∈ Z+. Take k ∈ Z+. Let S be the U(1)-bundle
associated with Lk, which is a regular Sasakian manifold with the Kähler cone
C(S) biholomorphic to Lk minus the zero section. We assume that S admits
a possibly irregular Sasakian η-Einstein metric which is S1-bundle-adapted
in the sense of Definition 3.2. When M is toric this is indeed the case as we
saw in the proof of Theorem 1.1.

Let κ = 2p
k and ω be the η-Einstein Sasakian metric such that

ρT = κωT ,

where ωT and ρT are respectively the transverse Kähler form and its trans-
verse Ricci form. In this set-up we start the momentum construction for the
Kähler-Ricci soliton (4.1), and following the subsequent computations we ob-
tain the solution (4.8) requiring ϕ(0) = 0 and ϕ′(0) = 2. But we have not
specified the region of the variable τ yet.

First we consider the case k ≥ p. Then of course κ ≤ 2 and α ≤ 0. In this
case we take μ < 0, and take the region of the variable τ to be [0,∞).

Claim 4.1. ϕ > 0 on (0,∞).

Proof. Since ϕ(0) = 0 and ϕ′(0) = 2 then ϕ > 0 on (0, ε) for some ε > 0.
Suppose that ϕ is non-positive somewhere on (0,∞), and that a > 0 is
the smallest point where ϕ(a) = 0. Then ϕ′(a) ≤ 0. But by (4.4), ϕ′(a) =
2 + (2 − κ)a > 0 for any a ∈ (0,∞). This is a contradiction.

Claim 4.2. F ′ maps (−∞,∞) diffeomorphically onto (0,∞).

Proof. Since F ′′(t) = ϕ(τ) > 0 by Claim 4.1, F ′ maps its domain diffeomor-
phically onto its image. From ϕ(0) = 0, ϕ′(0) = 2 and (3.5), we see that
t → −∞ as τ → 0. On the other hand, as we take μ < 0, ϕ(τ) grows linearly
as τ → ∞, and we see from (3.5) that t → ∞ as τ → ∞. Hence the domain
and the range of F ′ are respectively (−∞,∞) and (0,∞).
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Claim 4.3. The metric ωϕ defines a complete metric on L⊗k. The resulting
metric along the zero section has an expression which can be extended to the
total space of Lk, restricts to the associated unit circle bundle S ∼= {r = 1}
as a transversely Kähler-Einstein (Sasakian η-Einstein) metric scaled by a
constant given by (3.13) in the Reeb flow direction, and there is a Riemannian
submersion from the scaled Sasakian η-Einstein metric to the induced metric
of the zero section.

Proof. Since ϕ(τ) grows linearly as τ → ∞, ϕ(0) = 0 and ϕ′(0) = 2 then this
claim follows from the same arguments as in the proof of Proposition 3.3.

Next we turn to the case k < p. Then κ = 2p
k > 2 and α = κ− 2 > 0.

Claim 4.4. In (4.7) we can take some positive μ so that ν(κ, μ) = 0, and
with this choice of μ, the solution ϕ(τ) is expressed as

(4.9) ϕ(τ) = (κ− 2)(1 + τ)
μ

+
κ− 2 − κμ

m+1
μm+2

m∑
j=0

(m + 1)!
j! μj(1 + τ)j−m.

Proof. The leading order term as μ → 0 is (−κ+2)/μm+2, and thus ν(κ, μ) →
−∞. On the other hand the leading order term in the parentheses as μ → ∞
is 2/μ, and thus ν(κ, μ) tends to be positive. Thus we can find a positive μ
such that ν(κ, μ) = 0. (This choice of μ is actually unique since the coefficients
of the monomials inside ν(κ, μ) changes sign only once when arranged from
lower to higher. This argument is due to [16].)

Claim 4.5. ϕ(τ) > 0 for all τ > 0.

Proof. Since ϕ(0) = 0 and κ−2
μ > 0 we must have

κ− 2 − κμ
m+1

μm+2 < 0.

As ϕ′(0) > 0 we have ϕ(τ) > 0 for small τ > 0. Then as τ gets bigger the
right hand side (4.9) gets bigger because of the signs of the coefficients of the
first and the second term.

Claim 4.6. F ′ maps (−∞,∞) diffeomorphically onto (0,∞).

Proof. Since F ′′(t) = ϕ(τ) > 0 by Claim 4.5, F ′ maps its domain diffeomor-
phically onto its image. From ϕ(0) = 0, ϕ′(0) = 2 and (3.5), we see that
t → −∞ as τ → 0. On the other hand, since κ > 2 and μ > 0, ϕ(τ) grows
linearly as τ → ∞, and we see from (3.5) that t → ∞ as τ → ∞. Hence the
domain and the range of F ′ are respectively (−∞,∞) and (0,∞).
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Claim 4.7. The metric ωϕ defines a complete metric on Lk. The resulting
metric along the zero section has an expression which can be extended to the
total space of Lk, restricts to the associated unit circle bundle S ∼= {r = 1}
as a transversely Kähler-Einstein (Sasakian η-Einstein) metric scaled by a
constant given by (3.13) in the Reeb flow direction, and there is a Riemannian
submersion from the scaled Sasakian η-Einstein metric to the induced metric
of the zero section.

Proof. Since ϕ(τ) grows linearly as τ → ∞, ϕ(0) = 0 and ϕ′(0) = 2 this
claim follows from the same arguments as in the proof of Proposition 3.3.

Proof of Theorem 1.4. Let M be a toric Fano manifold of dimension m, and
L → M be a negative line bundle with KM = Lp, p ∈ Z+. Take k ∈ Z+. By
the same arguments using D-homothetic transformations one can show that
the U(1)-bundle S associated with Lk admits a possibly irregular Sasakian
η-Einstein metric which is S1-bundle-adapted in the sense of Definition 3.2.
Then by Claim 4.1, Claim 4.2 and Claim 4.3, the total space of Lk admits
a complete expanding Kähler-Ricci soliton if k > p, and a complete steady
Kähler-Ricci soliton if k = p. Further by Claim 4.4, Claim 4.5, Claim 4.6
and Claim 4.7, the total space of Lk admits a complete shrinking Kähler-
Ricci soliton if k < p. As stated in Claim 4.3 and Claim 4.7, the resulting
metric in each case along the zero section has an expression which can be
extended to the total space of Lk, restricts to the associated unit circle bundle
S ∼= {r = 1} as a transversely Kähler-Einstein (Sasakian η-Einstein) metric
scaled by a constant given by (3.13) in the Reeb flow direction, and there is
a Riemannian submersion from the scaled Sasakian η-Einstein metric to the
induced metric of the zero section.
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