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Evolution and monotonicity of a geometric constant
under the Ricci flow*

SHOUWEN FaNG, JUNWEI YU, AND PENG ZHU

Abstract: Let (M, g(t)) be a compact Riemannian manifold and
the metric g(¢) evolve by the Ricci flow. In the paper we derive
the evolution equation for a geometric constant A under the Ricci
flow and the normalized Ricci flow, such that there exist positive
solutions to the nonlinear equation

—Ayf +aflnf +bRf = \f,

where Ay is the Witten-Laplacian operator, ¢ € C>°(M), a and b
are both real constants, and R is the scalar curvature with respect
to the metric g(t). As an application, we obtain the monotonicity
of the geometric constant along the Ricci flow coupled to a heat
equation for manifold M with some Ricci curvature condition when
b> 1.

Keywords: Eigenvalue, Perelman’s u-entropy, Witten-Laplacian
operator, Ricci flow.

1. Introduction

Let M be an n-dimensional compact Riemannian manifold with a time-
dependent Riemannian metric g(¢), which is a smooth solution to the Ricci
flow equation

(1) %gij(t) = —2R;;(1),
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where R;;(t) is the Ricci curvature of metric g(t). The Ricci flow was first in-
troduced by Hamilton [9] to research the geometry of positive Ricci curvature
on three dimensional manifolds. More precisely, he proved that the solution
to Ricci flow converges to a constant curvature metric on a compact three
dimensional manifold with positive Ricci curvature. Later, the Ricci flow was
first treated as a gradient flow by Perelman. In his seminal preprint [16],
Perelman introduced the so-called F-entropy functional and showed that in a
certain sense the Ricci flow is a gradient flow of the functional F. Moreover,
he also proved that along the Ricci flow coupled to a backward heat-type
equation the functional F is nondecreasing, which implies the monotonicity
of the first eigenvalue of —4A+ R along the Ricci flow. As an application of the
monotonicity, Perelman was able to rule out nontrivial steady or expanding
breathers on compact manifolds.

Since then there has been increasing attentions on the eigenvalue prob-
lems under various geometric flows, especially the Ricci flow. In [15] Ma gave
a monotonicity formula of the first eigenvalue of the Laplacian operator on
a domain with Dirichlet boundary condition under the Ricci flow. Cao [1]
studied the eigenvalues of —A + % and showed that they are nondecreas-
ing along the Ricci flow for manifolds with nonnegative curvature operator.
Li [11] obtained the monotonicity of eigenvalues of the operator —4A + kR
and ruled out compact steady Ricci breathers by using their monotonicity.
Later, Cao [2] also improved his own previous results and proved that the
first eigenvalues of —A + cR(c > 1) are nondecreasing under the Ricci flow
on the manifolds without curvature assumption. Ling considered the first
nonzero eigenvalue under the normalized Ricci flow, gave a Faber-Krahn type
of comparison theorem and a sharp bound [13], and constructed a class of
monotonic quantities on closed n-dimensional manifolds [14]. Moreover, Zhao
got the evolution equation for the first eigenvalue of the Laplacian operator
along the Yamabe flow, gave some monotonic quantities under the Yamabe
flow [18], and proved that the first eigenvalue of the p-Laplace operator is in-
creasing and differentiable almost everywhere along the unnormalized powers
of the mth mean curvature flow [19] and the unnormalized H*-flow [20]. Guo
and his collaborators [8] derived an explicit formula for the evolution of the
lowest eigenvalue of the Laplace-Beltrami operator with potential in abstract
geometric flows. Recently, the first author and his collaborators proved that
the eigenvalues of some geometric operators related to the Witten-Laplacian
are nondecreasing under the Ricci flow in [4], [6] and [7], and derived some
monotonicity formulas of the eigenvalues for some geometric operators along
the Yamabe flow in [5].
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In fact, Perelman [16] also present the other important functional W in
order to study the shrinking breather. The W functional is defined by

—f
¢ —dv,
(4rT)2

where f is a smooth function on M, dv is the Riemannian volume measure
on (M, g), and T is a positive scale parameter. Like the functional F, the W
functional is also nondecreasing along the Ricci flow coupled to a backward
heat-type equation. The associated p-entropy is given by the infimum of the
W functional

Wig: f,7) = /M [(R+|VFP) + f —n]

g, 7) = inf{W(g, f,7f € C®(M), (4;7)% /M e fdv = 1}.

Thus the monotonicity of p-entropy is same with the W functional under the
Ricci flow. Now if we let u = e™ 2, it is obvious that the p-entropy corresponds
to the best logarithmic Sobolev constant. More importantly, one can show
that the p-entropy is achieved by some positive smooth function u (cf. Cao and
Zhu [3] and references therein) which satisfies the Euler-Lagrange equation

7(—4Au+ Ru) — 2ulnu — nu = p(g, 7)u.

Recently, the geometric constant p-entropy has been generalized by Huang
and Li [10]. Under the Ricci flow they obtained the monotonicity of the lowest
constant such that there exist positive solutions to the following nonlinear
equation

—Au+ aulnu+bRu = \ou

with a normalized condition [y, u?dv = 1, where a and b are both real con-
stants. As can be seen, these geometric constants are very similar to the
eigenvalues of geometric operators, which have become a powerful tool in the
study of geometry and topology of manifolds.

In this paper, we consider an n-dimensional compact Riemannian mani-
fold M with a time-dependent Riemannian metric ¢(t), which evolves by the
(normalized) Ricci flow. Inspired by Perelman’s p-entropy and Huang and
Li [10], we study a lowest geometric constant A which satisfies the following
nonlinear equation

(2) —Ayf+aflnf+bRf =M\,
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where f is a positive smooth solution with the normalization [,, f2dp =
1, du = e ?@dy is the weighted volume measure on M, a and b are the
same with above, ¢ € C*°(M), and A, is the Witten-Laplacian (also called
symmetric diffusion operator), i.e.

Ay =A—VoV.

When ¢ is a constant function, the Witten-Laplacian operator is just the
Laplace-Beltrami operator. In particular, the Witten-Laplacian is also a sym-
metric operator on L?(M) analogous to the Laplace-Beltrami operator, and
satisfies the following integration by parts formula

(3) / (Vu, Vo)du = —/ Agpuvdp = —/ Agvudp, Yu,v € C(M).
M M M

Therefore, many classical results of the Laplace-Beltrami operator can be
extended to the Witten-Laplacian operator. For example, we can see these
papers ([6], [12] and [17]). The main purpose of this paper is to investigate
the monotonicity of the geometric constant A along the Ricci flow coupled
to a heat equation on compact Riemannian manifolds under some curvature
assumption for the case b > %.

The following theorem is our main result.

Theorem 1.1. Let g(t),t € [0,T), be a solution to the Ricci flow (1) on an
n-dimensional compact Riemannian manifold M, and \(t) be the lowest con-
stant of the nonlinear equation (2). Suppose that the Ricci curvature satisfies

1
|RC’ > ﬁ’vvéLVt € [OvT)a

Vb

where b > 1 and ¢(-,t) € C°(M) satisfies the heat equation %—‘f = A¢. Then

2 . .
A(t) + -t is nondecreasing.

Remark 1.1. In fact, when ¢ is a constant, our result reduces to Theorem
1.1 of Huang-Li in [10].

The rest of this paper is organized as follows. In Section 2, we will derive
the evolution equation of the geometric constant under the Ricci flow. In
Section 3, we consider the system of Ricci flow coupled to a heat equation.
We will first calculate the evolution equation of the geometric constant along
the Ricci flow coupled to the heat equation, and then prove Theorem 1.1 by
using it. In Section 4, we will deduce the evolution equation and monotonicity
of the geometric constant under the normalized Ricci flow.
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2. Evolution equation of the geometric constant

In this section, we establish the evolution equation of the geometric constant A
in the nonlinear equation (2) under the Ricci flow. For simplicity, the smooth
function ¢ on M is assumed to be independent of ¢ in the section.

Let (M, g(t)) be a compact Riemannian manifold, and (M, g(t)),t € [0,T)
be a smooth solution to the Ricci flow equation (1). Let A be the lowest
constant of the nonlinear equation (2) at time ¢ where 0 < ¢ < T, and f be
the corresponding positive solution with the normalization

/M fAdu=1.

We assume that f(z,t) is a Cl-family of smooth functions on M, and satisfies

the following condition
d 2
— du| = 0.
dt [/M ! H}

(@ || Ui+ () =0,

Hence, we have

where f; = %.

We also need to define a functional
Afot) = / (~FAof +af* I f +bRF?) dp
M
= [ (8uf +afn g+ bRS) fd,
M

where f satisfies the equality (4). At time ¢, if f is the positive solution to
the nonlinear equation (2) corresponding to A, then

A(f,t) = A(t).

Let us first derive the evolution equation of the above functional under
the general geometric flow.

Lemma 2.1. Suppose that X is the lowest constant of the equation (2), f is
the corresponding positive solution of X at time to, and the metric g(t) evolves
by

a —

agij = Uiy,
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where v is a symmetric two-tensor. Then we have

6) Al = [ (v = voondy = SV 405 fa

+ /M (Uij,z’ - %) fifdu,

Proof. The proof is only a direct computation. Notice that

where V' = Tr(v).

0 B 0 ol
EA(b = Aqsa — Uzjvlv] — =g

5 (2(divv)k — VkV)VZ + Uijvi¢Vj.

Hence we have

ING0 =5 [ (CAf +afnf +bRP) fdy

=/ (Uijfij + %gkl(%m‘,i = Vi) fi —vigdifj + afi + b%—]:f) fdp
M

+ [ (Asfitafilnf +bRS) fdn

+ [ (Bsf +afInf +bRS) (S,

R
:/M <Uijfij —vi¢ifj +afi + baf) fdp
1

+ /M (Uij,i - 2V]> fifdp

b [ (B0 af I f 4 VRE) Ui+ (Fd),
where we used (3) in the last equality. At time ¢y, f is the corresponding

positive solution of A, i.e., the equation (2) holds. Combining (2) with (4),
the last term in the above evolution equation vanishes. Moreover, it follows

from (4) that
1 1
[ thdn==3 [ fane=—3 [ v

Finally, at time to we get

d 0
TN Ol = [ (st = vgonty = SVE+05TF)
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1
+ [ (o= 5%) s
M
O

Remark 2.1. In fact, Lemma 2.1 also tell us the evolution of the geometric
constant \. From the above proof it is easy to see that the evolution equation
(5) does not depend on the evolution equation of f, as long as f satisfies (4).
Hence we have

d

) SA) = Sf0)

for any time t, when f is the corresponding positive function with A at time
t.

Now we can calculate the evolution equation of the geometric constant
under the Ricci flow. In Lemma 2.1, if we choose the symmetric two-tensor
vij = —2R;;, the following result holds.

Theorem 2.1. Let g(t),t € [0,T), be a solution to the Ricci flow (1) on a
compact manifold M™. Assume that there is a C*-family of smooth functions
f(z,t) > 0, which satisfy

—Asf(z,t)+aflnf+O0Rf(x,t) = A1) f(z, 1),
and the normalization
| ratidu=1.
M
Then the lowest geometric constant A(t) satisfies

d 1 4b—1
(7) —A(t) :—/ |Rij + ¥ij| e Ydu + —/ |Re|?e™Ydpu
dt 2 Jm 2 M

+ / ReVdp+ 2 / N
2 2 Jm
1 _
+ [ (w00 + 30i(a0)) e Vi,
M

where 1 satisfies eV = f2.

Proof. The proof also follows from a direct computation. Note that the evo-
lution of scalar curvature is
OR

—— = AR+ 2|Rc|?
5 + 2|Rel?,
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and
1
divRc = §VR.
Using (6) and substituting v;; = —2R;; into the equality (5), we have
d a .9
(8) GAO = [ (2Rt +2Rg0fis + SRI?) du

+/ (BARS? + 20 Refs?) d.
M

Using integration by parts and %AR = div(divRc), we get

9) 1/ ARF2du :/ (2Rij fif; + 2Rij fi; | — ARi;if; f) dp
2 m M
+ /M (Rij¢i¢jf2 - Rij¢ijf2) .

Let 1 be a smooth function satisfying e=% = f2 and plug it and (9) into (8),
we have

d 1
(10) ﬁ)‘(t) =(1—2b) /M Rijthije”Vdp + (2b — 5) /M Rijibise”Vdp

+ Qb/ |Re|?e Vdp — (1 — 4b)/ Rijpnbse Y du
M M

42 / Rij(6id; — dig)e ey + & / ReVdp.
M 2 Jm

By the contracted second Bianchi identity V;R;; = %VJR and integration by
parts, it follows that

1
1 / Rij(wij_wi¢j)€_¢d”:/ Rij¢i¢j€_¢dﬂ—*/ RAe™¥~%dy
M " 5y
1
+5 | AT a5 | Rioe v
2 M 2 M

and

1 b _
/ [vhij eV dp 25/ IVy[?Ae™ ¢d’/—/ (A)ithie Vdu
M M M
—/ Rijipje™ dp
M

1
- / Vo PPAetdy — / AdAe P4y
2 M
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+/ A¢A€_¢€_wdl/+/ AvdiePdu
M M
- [ Rigigedp
M
(12) =2b / RAe™"~%dy — / bidihe~ VS dy
M M
—a/ wAefwfqbdy%—/ A;ﬁAe*%*de
M M
+/ Aw¢i¢i€_¢dﬂ—/ Rijﬁ)ﬂﬁje_d)d,u.
M M

In the above formula the last equality holds because of (2) and the relation
between f and 1, i.e.

1
2A(t) = Agth — 5\%12 — ay + 2bR.
Similar to (11), we also have
1
(13) / Rij (¢4 _¢i¢j)€_¢dﬂz/ Rij¢i1l)je_¢d,u— —/ RAe ¥ ~%dy
M M 2 Jm
1 1
+ f/ RAe_@be_‘ﬁderf/ RipipieYdp.
2 J/m 2 /v
Plugging (11), (12) and (13) into (10), we arrive at
d -9 ! —1 2~
—)\(t) :/ Riﬂbije d,u— —/ Rij¢i¢je d/t+2b/ ’RC| e du
dt M 2Jm M
- / RijpibjeYdu+b / RAe™~%dy + = / Re Vdpu
M M 2 m
:/ Rij%-je_wd,quQb/ |Rc|26_¢du—/ Rijbibie” du
M M M
1 1 1
+ —/ |¢ij|26_wdu+—/ 1/)i¢iA6_w_¢dV— —/ Ad}Ae_(be_wdy
2 J/m 2 /M 2 M
1
=5 | Avssevan+ 5 [ vae b+ S [ Revan
2 2 /M 2 Jm
1 4b —1
(14) :_/ |Rij+¢ij|26_wd,u+—/ |Rc|2e_wdu+g/ Re Ydpu
2 /M 2 M 2 Jm
1 1
—/ Rijéﬂbje_wd,u—k—/ Ui Ae V" Pdy — —/ AYAe PeVdy
M 2 M Y

- 1/ Arppipie Y dp + 2/ PvAe V.
2 M 2 M



394 Shouwen Fang et al.

Integrating by parts again, one has the following identity (cf. (2.17) in [4]).

/ PigiNe V" Pdy — 2 / Rijthidje Vdp — / Ap(Ae™? + pabe?)e Vdy
M M M
(15) = 2/ wz’j@je*wdﬂ%-/ Vi(Ap)ie Vdp.

M M

Finally, the desired result (7) is achieved from the above two formulas (14)
and (15). O

Remark 2.2. In particular, if ¢ is a constant, our theorem had been proved
by Huang-Li in [10].

Remark 2.3. Moreover, when a = 0, the above theorem had been obtained
by Fang-Xu-Zhu in [4]. Furthermore, if we also let ¢ be a constant function
on M, our theorem coincides with Cao’s Theorem 1.5 in [2].

3. Monotonicity of the geometric constant

In this section, we consider the system of Ricci flow coupled to a heat equation.
We will derive the evolution equation of the lowest geometric constant along
the Ricci flow coupled to the heat equation, and prove the monotonicity of
the geometric constant under the system.

In the above section ¢ does not depend on the time ¢t. Now, we let it
evolve by the following heat equation

(16) % = Aé.

By the same calculation as Section 2, we can easily get the evolution equation
of the lowest geometric constant A under the system of Ricci flow coupled to
the above heat equation.

Theorem 3.1. Let g(t),t € [0,T), be a solution to the Ricci flow (1) on a
compact manifold M™. Assume that there is a C-family of smooth functions
f(z,t) >0, which satisfy

—Apf(z,t)+aflnf+bRf(z,t) = A2)f(x, 1),

and the normalization

[t trdp =1,
M
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where ¢(-,t) € C°(M) is a solution to the heat equation (16). Then the lowest
geometric constant \(t) satisfies

d 1 _
(1) N0 =5 [ R+ vPe v+ T [ RePe vy
+/ bisdize”Vdu + Q/ Re™Vdp
M 2 Jm
—1—9/ wAe_w_¢du+g/ AgeYdy,
2 J 2 Jum

where 1 satisfies eV = f2.

Proof. When the function ¢ satisfies the heat equation (16), one can find
that the evolution equation of the geometric constant will have two additional
terms

a a _ 1 _
S ofan [ plonisdn =5 [ Aoctdu— 3 [ wi(aoyevd
2 /M M 2 /M 2 M
Therefore, it is obvious that (17) holds by same arguments with Theorem
2.1. ]
Now let us complete the proof of Theorem 1.1.

Proof. (Proof of Theorem 1.1) Let A(¢) be the lowest constant of the nonlinear
equation (2), and f(z,t) its corresponding solution with the normalization at
time ¢. From Theorem 3.1 we have

d 1 _ 4b _ _
) 25/ |Rij + ij|°e wdﬂJrT/ |Rel?e wduﬂL/ bijdize du
M M

+ g/ VAV ldy + g/ Re™%du + g/ Ape Ydu
2 /M 2 u 2 Iy
1 a _ 4b — 1 N
:_/ |Rij + ij + = gij) P Vdu + —/ |Re|?e Vdp
2/m 2 2 Ju
2
+/ VijbizeVdp — e g/ Ade Vdp
M 8 2 Jm
1 a _ 4b—1 _
25/ |Rij + vij + dij + _gij|2€ Ydp + —/ |Re|?e™Vdp
/ |¢l]| e_wdﬂ / Rm¢z] d,u - 5
na2

25 /M | Rij + ij + ¢ij + 59@\267%# e
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+@-vh [ <|Rc\2 - mww) eV,

Hence it follows from the assumption of Ricci curvature that A(t) + "T“Qt is
nondecreasing. O

When M is a two-dimensional surface, the Ricci curvature R;; = %Rgij.
Hence we have the following result in dimension two.

Corollary 3.1. Let g(t),t € [0,T), be a solution to the Ricci flow (1) on a
two-dimensional compact surface M, and \(t) be the lowest constant of the
nonlinear equation (2). Suppose that the scalar curvature satisfies

2
2199l e 0.T)
2vb — 1
where b > 1 and ¢(-,t) € C’ZO(M) satisfies the heat equation (16). Then the
geometric constant \(t) + %t are nondecreasing.

|R| >

4. Geometric constant under the normalized Ricci flow

In the last section, we come to consider the normalized Ricci flow, i.e,

0 2r
(18) o = 20 + - gij,
where
Joy Rdv
T =
Judv

is the average scalar curvature. In Lemma 2.1, if we evolve the metric by the
normalized Ricci flow, we can get the evolution equation of the geometric
constant A under the normalized Ricci flow.

Theorem 4.1. Let g(t),t € [0,T'), be a solution to the normalized Ricci flow
(18) on a compact manifold M™. Assume that there is a C-family of smooth
functions f(x,t) > 0 which satisfy

—Apf(z,t)+aflnf+bRf(x,t) = At)f(x,1),

and the normalization

/ fla, t)2dp = 1.
M
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Then the lowest geometric constant A(t) satisfies

d 21 L ah— )
St == 2/ [Rig + iy + = — /\Rcy% Yy

dt
/ Re‘¢d,u+ / YvAe V= 0dy — —/ ve Vdpu

where 1 satisfies eV = f2.
Proof. We note that the evolution of scalar curvature is

OR 9 2r
o AR+ 2|Rc|” — ;R,

and

2r
Vij = _QRZJ + ﬁgz‘y

The proof can be obtained from the similar calculation with Theorem 2.1. So
it is easy to get the extra term

27“

n

[(casrrorpan = [ pap= 22 [ et -

O

Remark 4.1. Here our theorem is consistent with Theorem 1.2 of Huang-Li
in [10] if ¢ is a constant.

When M is a two-dimensional surface, r is a constant. In fact,
r=dmx(M)/A,

where x(M) and A are respectively the Euler class and area of M. We can
also obtain an interesting monotonicity from the above theorem.

Corollary 4.1. Let g(t),t € [0,T), be a solution to the normalized Ricci
flow (18) on a compact surface M with negative Euler characteristic class,
A(t) be the lowest constant of the nonlinear equation (2), and Ao be the first
eigenvalue of —Ay + bR. Suppose that at the initial time \g > —5 and the
scalar curvature satisfies

V2

Rl > — 72—
| \_2\/5_1

IVVe|, vt €[0,T),
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where b > 1 and ¢(-,t) € C®(M) satisfies the heat equation (16). Then

A(t) + ‘Z—Qt is nondecreasing.

Remark 4.2. In particular, when ¢ is a constant, our corollary reduces to
Theorem 1.3 of Huang-Li in [10].
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