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The Tanaka-Thomas’s Vafa-Witten invariants via
surface Deligne-Mumford stacks
Yunfeng Jiang and Promit Kundu

Abstract: We provide a definition of Vafa-Witten invariants for
projective surface Deligne-Mumford stacks, generalizing the con-
struction of Tanaka-Thomas on the Vafa-Witten invariants for pro-
jective surfaces inspired by the S-duality conjecture. We give cal-
culations for a root stack over a general type quintic surface, and
quintic surfaces with ADE singularities. The relationship between
the Vafa-Witten invariants of quintic surfaces with ADE singular-
ities and the Vafa-Witten invariants of their crepant resolutions is
also discussed.
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1. Introduction

In this paper we generalize the Tanaka-Thomas’s Vafa-Witten invariants for
projective surfaces [54], [55] to two dimensional smooth Deligne-Mumford
(DM) stacks.
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1.1. Background

The motivation from physics is the S-duality conjecture, where by physical
duality theory Vafa and Witten [60] predict that the generating function of
the Euler characteristic of the moduli space of stable coherent sheaves on
projective surfaces should be modular form. In history the S-duality is a rich
conjecture. For instance, the reduction of the S-duality conjecture from pro-
jective surfaces to product of curves is given by Kapustin-Witten [35], which
is related to the Langland duality in number theory. In the mathematics side,
the moduli space of solutions of the Vafa-Witten equation on a projective sur-
face S has a partial compactification by Gieseker semistable Higgs pairs (E, φ)
on S, where E is a coherent sheaf with rank rk > 0, and φ ∈ HomS(E,E⊗KS)
is a section called a Higgs field.

The formula in [60] (for instance Formula (5.38) of [60]) and some math-
ematical calculations as in [16] imply that the invariants in [60] may have
other contributions except purely from the projective surfaces. In [54], [55]
Tanaka and Thomas have developed the Vafa-Witten theory using the mod-
uli space N of Gieseker semi-stable Higgs pairs (E, φ) on S with topological
data (rk = rank, c1(E), c2(E)). By spectral theory, the moduli space N of
Gieseker semi-stable Higgs pairs (E, φ) on S is isomorphic to the moduli space
of Gieseker semi-stable torsion sheaves Eφ on the total space X := Tot(KS).
In the case that the semistability and stability coincide, the moduli space N
admits a symmetric obstruction theory in [4]. Therefore there exists a dimen-
sion zero virtual fundamental cycle [N ]vir ∈ H0(N ). The moduli space N is
not compact, but it admits a C∗-action induced by the C∗-action on X by
scaling the fibers of X → S. The C∗-fixed locus NC∗ is compact, then from
[12], NC∗ inherits a perfect obstruction theory from N and Tanaka-Thomas
[54] define the virtual localized invariant

(1.1.1) ṼW(S) := ṼWrk,c1,c2(S) =
∫

[NC∗ ]vir

1
e(Nvir)

as the U(rk) Vafa-Witten invariants, where Nvir is the virtual normal bundle.
By the property of the obstruction sheaf this invariant ṼW(S) is zero

unless H0,1(S) = H0,2(S) = 0. As mentioned in [54], most of the surfaces
satisfying the condition admit a vanishing theorem such that the invariants
are just the signed Euler characteristic of the moduli space of stable sheaves
on S. The right invariants are defined by the moduli space N⊥

L of Higgs pairs
with fixed determinant L ∈ Pic(S) and trace-free φ. Tanaka-Thomas have
carefully studied the deformation and obstruction theory of the Higgs pairs
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instead of using the ones for the two dimensional sheaves, and constructed a
symmetric obstruction theory on N⊥

L . The space N⊥
L still admits a C∗-action,

therefore inherits a perfect obstruction theory on the fixed locus. Then the
Vafa-Witten invariants are defined as:

(1.1.2) VW(S) := VWrk,c1,c2(S) =
∫

[(N⊥
L )C∗ ]vir

1
e(Nvir) .

This corresponds to the SU(rk) gauge group in Gauge theory. They did ex-
plicit calculations for some surfaces of general type in [54, §8] and verified
some parts of Formula (5.38) in [60]. Since for such general type surfaces,
the C∗-fixed loci contain components such that the Higgs fields are non-zero,
there are really contributions from the threefolds to the Vafa-Witten invari-
ants. This is the first time that the threefold contributions are made for the
Vafa-Witten invariants. Some calculations and the refined version of the Vafa-
Witten invariants have been studied in [57], [42], [16], [38].

1.2. Invariants using the Behrend function

There is another way to do the localization on the moduli space N⊥
L . In [4],

Behrend constructs an integer valued constructible function

νN : N⊥
L → Z

called the Behrend function. We can define

(1.2.1) vw(S) := vwrk,c1,c2(S) = χ(N⊥
L , νN )

where χ(N⊥
L , νN ) is the weighted Euler characteristic by the Behrend function

νN . The C∗-action on N⊥
L induces a cosection σ : ΩN⊥

L
→ ON⊥

L
in [33] by

taking the dual of the associated vector field v given by the C∗-action. The
degenerate locus is the fixed locus (N⊥

L )C∗ , therefore there exists a cosection
localized virtual cycle [N⊥

L ]vir
loc ∈ H0((N⊥

L )C∗), and∫
[N⊥

L ]vir
loc

1 = χ(N⊥
L , νN )

which is proved in [24], [25]. Tanaka-Thomas prove that in the case degKS <
0 and the case that S is a K3 surface, VW(S) = vw(S). They also prove
their corresponding generalized Vafa-Witten invariants in [30] agree, see [55]
for the Fano case and [42] for the K3 surface case.
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1.3. Motivation for surface DM stacks

The S-duality conjecture is interesting for surfaces with orbifold singularities.
In [60], Vafa-Witten discussed the ALE spaces, which are hyperkahler four
manifolds and crepant resolutions of the orbifold C2/G with G ⊂ SU(2) a
finite subgroup in SU(2) corresponding to ADE Dynkin diagrams. It is inter-
esting to directly study the Vafa-Witten invariants for such two dimensional
DM stacks.

On the other hand, the crepant resolution conjecture in both Gromov-
Witten theory [50], [6] and Donaldson-Thomas theory [9] has been attracting
a lot of interests in the past ten years. Given a local orbifold X = [C3/G]
for G ⊂ SU(2), Bryan-Young formulated the crepant resolution conjecture
for the generating function of the Donaldson-Thomas invariants for X and
their crepant resolutions which are G-Hilbert schemes. The conjecture can be
explained as wall crossing formula of the counting invariants in the derived
category of coherent sheaves corresponding to different Bridgeland stability
conditions, see [11], [8], [59], [26]. It is interesting to study the Vafa-Witten
invariants and the generalized Vafa-Witten invariants for orbifolds via wall
crossing techniques of Joyce-Song and Bridgeland. In such a situation, the in-
variants vw seem to be more suitable to be put into the wall crossing formula,
and we leave it as a future work.

Finally our study of the Vafa-Witten invariants for surface DM stacks
is motivated by the S-duality conjecture and Langlands duality in [35]. In
Tanaka-Thomas [54], [55], the gauge group is SU(rk). Since the Langlands
dual group of SU(rk) is SU(rk)/Zrk, one hopes that the study of the Vafa-
Witten invariants for orbifold surfaces will be related to the SU(rk)/Zrk-
Vafa-Witten invariants. In particular, one has SU(2)/Z2 ∼= SO(3), so the
SU(2)-Vafa-Witten invariants for a global quotient surface DM stack [S/Z2]
is related to the SO(3)-Vafa-Witten invariants for S. This should be related
to the SO(3)-Donaldson invariants for the surface S, see [34], [15], [43].

1.4. The moduli space of Higgs pairs on surface DM stacks

Let S be a smooth two dimensional DM stack with projective coarse moduli
space S, which we call it “a surface DM stack”. The moduli space of sta-
ble coherent sheaves with a fixed Hilbert polynomial H ∈ Q[m] has been
constructed by F. Nironi [45]. In [45], in order to define suitable Hilbert poly-
nomials the author chooses a generating sheaf Ξ for S and defines the modified
Hilbert polynomial associated with this generating sheaf. Let p : S → S be
the morphism to its coarse moduli space. A locally free sheaf Ξ on S is p-very
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ample if for every geometric point of S the representation of the stabilizer
group at that point contains every irreducible representation. We define Ξ
as a generating sheaf of S. The readers may understand that the generating
sheaf is introduced to deal with some stacky issues and in order not to loose
stacky information like finite group gerbes over schemes.

Let us fix a polarization OS(1) on the coarse moduli space S. Choose a
generating sheaf Ξ, and for a coherent sheaf E on S, the modified Hilbert
polynomial is defined by:

HΞ(E,m) = χ(S, E ⊗ Ξ∨ ⊗ p∗OS(m)).

Then we can write down

HΞ(E,m) =
d∑

i=0
αΞ,i

mi

i! ,

where d = dim(E) is the dimension of the sheaf E. The reduced Hilbert
polynomial for pure sheaves, which we will denote by hΞ(E); is the monic
polynomial HΞ(E)

αΞ,d
with rational coefficients. Then let E be a pure coherent

sheaf, it is semistable if for every proper subsheaf F ⊂ E we have hΞ(F ) ≤
hΞ(E) and it is stable if the same is true with a strict inequality. Fixing
a modified Hilbert polynomial H, the moduli stack of semistable coherent
sheaves on S is constructed in [45]. If the stability and semistability coincide,
the coarse moduli space M := M Ξ

H(S) is a projective scheme.
Our goal is to study the moduli stack of Higgs pairs (E, φ) on S, where

E is a torsion free coherent sheaf with rank rk > 0 and φ ∈ Hom(E,E⊗KS)
is a Higgs field. The Hilbert polynomial hΞ(E) can be similarly defined by
choosing a generating sheaf Ξ for S. Then (E, φ) is semistable if for every
proper φ-invariant subsheaf F ⊂ E we have hΞ(F ) ≤ hΞ(E). The moduli
stack of stable Higgs pairs on S with modified Hilbert polynomial H has a
coarse moduli space N := NH which is a quasi-projective scheme.

Let X := Tot(KS) be the total space of the canonical line bundle of S,
then X is a smooth Calabi-Yau threefold DM stack. By spectral theory, the
category of Higgs pairs on S is equivalent to the category of torsion sheaves
Eφ on X supporting on S ⊂ X . Let π : X → S be the projection, then the
bullback π∗Ξ is a generating sheaf for X . One can take a projectivization
X = Proj(KS ⊕OS), and consider the moduli space of stable torsion sheaves
on X with modified Hilbert polynomial H. The part that is supported on X
is isomorphic to the moduli space of stable Higgs pairs N on S with modified
Hilbert polynomial H.
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1.5. Perfect obstruction theory and the Vafa-Witten invariants

To construct the perfect obstruction theory, we also take the moduli space
N⊥

L of stable Higgs pairs (E, φ) with fixed determinant L and trace-free φ.
For a Higgs pair (E, φ) on S, and the associated torsion sheaf Eφ on X , the
deformation and obstruction of Eφ are controlled by

Ext1X (Eφ, Eφ), Ext2X (Eφ, Eφ)

respectively; and also we have an exact triangle

RH om(Eφ, Eφ) → RH omS(E,E) ◦φ−φ◦−→ RH omS(E ⊗K−1
S , E)

relating the deformation and obstruction theory of Eφ to the Higgs pairs
(E, φ). We found that all the arguments as in [54, §5] work for smooth DM
stacks S. We write down some parts in the appendix for S, and for the
more precise details we refer to [54, §5]. Therefore N⊥

L admits a symmetric
obstruction theory and the C∗ acts on N⊥

L with compact fixed loci, we define

(1.5.1) VWL
H(S) =

∫
[(N⊥

L )C∗ ]vir

1
e(Nvir)

as the SU(rk)-Vafa-Witten invariants. We have the Behrend function in this
case and define

(1.5.2) vwL
H(S) = χ(N⊥

L , νN⊥
L

)

as the weighted Euler characteristic.

1.6. Calculations

For surface DM stacks, the essential part is to calculate the Vafa-Witten
invariants for some examples to see if one can get different phenomenon com-
paring with the case of smooth projective surfaces. First the moduli space
N⊥

L admits a C∗-action induced by the C∗-action on the total space X of the
canonical line bundle KS . There are two type of C∗-fixed loci on N⊥

L . The
first one corresponds to the C∗-fixed Higgs pairs (E, φ) such that the Higgs
fields φ = 0. The fixed locus is just the moduli space ML(S) of stable tor-
sion free sheaves E on S. This is called the Instanton Branch as in [54]. The
second type corresponds to C∗-fixed Higgs pairs (E, φ) such that the Higgs
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fields φ �= 0. This case mostly happens when the surfaces S are general type,
and this component is called the Monopole branch. See §3.5 for more details.

We include a short calculation for

P := P(1, 1, 2),

the weighted projective plane with only one stacky point [0, 0, 1] ∈ P(1, 1, 2).
The local orbifold structure around this point is given by type A1 singularity
[C2/μ2]. The inertia stack IP = P�P(2), where P(2) = Bμ2 corresponds to the
nontrivial element ζ ∈ μ2. We can choose generating sheaf Ξ = OP ⊕OP(1).
The moduli space of stable torsion free sheaves can be studied by toric method
in [13]. In this case the vanishing theorem as in Proposition 3.6 shows that
VW(P) is just the signed virtual Euler number. Moreover since KP < 0, the
obstruction sheaf Ext2(E,E)0 = 0 and the moduli space ML is smooth, so
VW(P) = vw(P) = (−1)dimTMLχ(ML) is the signed Euler number.

When fixing a K-group class in K0(P), the Hilbert polynomial is fixed.
We introduce orbifold Chern character C̃h : K0(P) → H∗(IP) by taking
values in the Chen-Ruan orbifold cohomology and let C̃h = (C̃h1, C̃hζ) be
the components. We use the notation of codegree(

C̃hg

)k
:=
(
C̃hg

)
dimPg−k

∈ HdimPg−k(Pg),

as in (4.1.7). Here Pg = P if g = 1 and Pg = Bμ2 if g = ζ. So if we fix(
C̃h1

)2
= 2, the rank,

(
C̃h1

)1
= c1(P) the first Chern class, and let q1

be the variable keeping track of E such that
(
C̃h1

)0
= c2(E), and q2 the

variable keeping track of
(
C̃hζ

)0
. From Example 2 of [13, §7.2],

(
C̃hζ

)0
only

takes values −2, 0, 2, we choose 0. The tangent dimension dim Ext1P(E,E) is
4c2(E) − c21 − 3 = 4n − c21 − 3. For simplicity we let q1 = q, q2 = 1, and
let VWn(P) = (−1)−c21−3χ(M n

L ) be the Vafa-Witten invariant for the moduli
space of stable rank 2 torsion free sheaves E on P with c2(E) = n. Then from
Lemma 7.4, Example 1 in [13, §7.1], Example 2 of [13, §7.2], up to a sign we
have:

Proposition 1.1. We have the following generating series for the rank two
Vafa-Witten invariants for P:
(1.6.1)∑
n≥0

VWn(P)qn =
(

q
1
6

η(q)4 θ3(q)
)2

·
∑

(w1,w2,w3)∈Cc1

q
1
4 c

2
1+

1
4

∑3
i=1 w

2
i−

1
2

∑
1≤i≤j≤3 wiwj ,
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where

Cc1 :=
{

(w1, w2, w3) ∈ Z3
>0 : 2|c1 +

3∑
i=1

wi; 2|w2;wi < wj + wk

}
,

∀{i, j, k} = {1, 2, 3};

and here
q

1
6

η(q)4 θ3(q) = 1∏
k>0(1 − qk)4

∑
k∈Z

qk
2
,

and θ3 is the Jacobi theta function and η(q) is the Dedekind eta function.

From [13], the second part of (1.6.1) is a holomorphic part of a modular
form. For any Δ > 0, let H(Δ) be the number of (equivalence classes of)
positive definite integer binary quadratic forms AX2 + BXY + CY 2 with
discriminant B2 − 4AC = −Δ and weighted by the size by the following:
forms equivalent to λ(X2 + Y 2) and λ(X2 + XY + Y 2) are counted with
weights 1/2 and 1/3 respectively. Then Theorem 1.2 of [13] tells us that the
sum in (1.6.1) is:

∞∑
n=1

2H(8n− 1)q
1
4−2n

if c1 is odd and
∞∑
n=1

(H(4n) + 2H(n) − 1
2σ0(n))q−n −

∞∑
n=1

σ0(n)q−4n

if n is even, where σ0(n) is the sum of divisors function. They are the holo-
morphic part of a modular form.

We also perform calculations in the rank rk = 2 case for an r-th root stack
S over a general type quintic surface S along a smooth divisor C ∈ |KS |; and
quintic surfaces S with ADE isolated singularities. The calculations are for
the second type C∗-fixed components such that in the fixed loci (E, φ) ∈ M (2)

the Higgs field φ �= 0. The fixed loci M (2) is expressed as union of nested
Hilbert schemes, see Proposition 4.3, and Proposition 4.11.

In the first special case that one ideal sheaf is the structure sheaf, the
nested Hilbert scheme is just the Hilbert scheme of points on the surface DM
stack S with fixed K-group class c ∈ K0(S). We do the calculations for such
Hilbert schemes on orbifolds and get similar results as in [54, Proposition
8.22, §8.5], see Theorem 4.8 and Theorem 4.12.

Let S be a quintic orbifold surface with isolated ADE singularities P1, · · · ,
Ps. In this case we get the same result as in [54, §8.5]. The reason that
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the results from the component of Hilbert scheme of points for such S are
the same as in [54, §8.5] may be explained as deformation invariance since
smooth quintic surfaces can be deformed into quintic surfaces with ADE
isolated singularities. The canonical line bundle KS for S will have trivial Gi

representation around any isolated ADE singularity point Pi so that locally S
is isomorphic to [C2/Gi]. This can be taken as the other reason for the equality
of the results as in [54, §8.5] since the canonical divisor curve C ∈ |KS | will
not touch the isolated singular points P1, · · · , Ps. We also do a second special
case calculations for the nested Hilbert schemes for S with ADE isolated
singularities, and this time the result of the integral is different from [54,
§8.7].

Finally we discuss the relation of the Vafa-Witten invariants of a quintic
orbifold surface with ADE singularities and their crepant resolutions.

1.7. Related and future research

As we have already pointed out, our study for the Vafa-Witten invariants for
surface DM stacks is definitely motivated by the beautiful work of Tanaka-
Thomas [54], [55]. Our original motivation is to expect that surface DM stacks
can give different phenomenon for the invariants. As mentioned earlier, it is
interesting to define generalized invariants vw as in [55] and study the wall-
crossing formula of Joyce-Song, and we leave this as a future research. Special
examples of surface DM stacks are cyclic gerbes over smooth surfaces, and
in [28] Jiang has developed a theory of twisted Vafa-Witten invariants using
gerbe twisted sheaves and proved the S-duality conjecture of Vafa-Witten for
K3 surfaces.

Let S be a projective surface with isolated ADE type singularities. It is
interesting to calculate the Vafa-Witten invariants using the techniques devel-
oped in [14], and compare with the Vafa-Witten invariants with its crepant
resolution S̃. In particular, if S is a smooth projective K3 surface, and let
[S/μN ] be the quotient stack, where μN is a cyclic group of order N acting as
symplectic automorphisms on S. From [20], the action only has finite isolated
rational double points singularities and its crepant resolution is a smooth K3
surface. It is interesting to study the Vafa-Witten invariants of the quotient
stack [S/μN ] and compare with the Vafa-Witten invariants for S calculated
in [55]. We leave these as future projects too.

We want to make an extra effort to the r-th root stacks on surfaces. Let
(S,D) be a pair, where D ⊂ S be a smooth divisor curve. Let S := r

√
(S,D)

be the r-th root stack and let p : S → S be the map to its coarse moduli
space. Let D = p−1(D), and we choose a generating sheaf Ξ = ⊕r

i=0OS(D i
r ).

The moduli space of stable sheaves E on S with a Hilbert polynomial H is
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isomorphic to the moduli space of parabolic stable sheaves (E•) on (S,D)
constructed by Maruyama and Yokogawa in [41]. In [27] we expect that the
same result holds for moduli space of Higgs pairs (E, φ). Parabolic stable
sheaves on (S,D) has some relations with the S-duality conjecture, which
has been studied by Kapranov [32], and we hope to put these ideas into the
Vafa-Witten theory to check the S-duality results of Kapranov.

1.8. Outline

The paper is organized as follows. We review the construction of the moduli
space of semistable sheaves and the moduli space of Higgs sheaves on a surface
DM stack S in §2, where in §2.1 we recall the basic properties of surface DM
stacks and give several interesting examples; and in §2.2 we study the moduli
construction of stable sheaves and stable Higgs pairs on a smooth projective
DM stacks S. We work on the deformation theory of Higgs pairs on S in
§3 and define the Vafa-Witten invariants VW on a surface DM stack S by
the obstruction theory constructed in the Appendix. In §4 we do the main
calculations on the surface DM stacks, where in §4.1 we calculate the case of
the r-th root stack S over a smooth quintic surface S; and in 4.2 we deal with
the quintic surfaces with ADE singularities.

1.9. Convention

We work over C throughout of the paper. For a surface DM stack S, we mean
a smooth two dimensional Deligne-Mumford stack over C. Let us fix some
notations. We always use Roman letter E to represent a coherent sheaf on
a projective DM stack or a surface DM stack S, and use curl letter E to
represent the sheaves on the total space Tot(L) of a line bundle L over S.

We reserve rk for the rank of the torsion free coherent sheaves E, and use
r
√

(S,C) for the r-th root stack associated with the pair (S,C) for a smooth
projective surface and C ⊂ S a smooth connected divisor.

2. Moduli space of semistable Higgs pairs on surface DM
stacks

2.1. Surface DM stacks, examples

The basic knowledge of stacks can be found in the book [39].
Let X be a smooth DM stack. Roughly speaking the stack X is a fibre

category by groupoids. An interesting DM stack is the global quotient stack
[M/G], where M is a smooth scheme and G is a finite group acting on M .
The quotient stack [M/G] classifies principal G-bundles over the category of
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schemes, together with a G-equivariant morphism to M . Not every stack is a
global quotient, but most interesting DM stacks are locally global quotient,
i.e., for any point x ∈ X , there exists an open étale neighborhood x ∈ U such
that U ∼= [M/G] is a global quotient. We mainly work on locally quotient DM
stacks.

Let f : X → Y be a morphism between two DM stacks. f is called
“representable” if every morphism g : S → Y from a scheme S, the fibre
product S ×g,Y,f Y is a scheme. In particular, any morphism from a scheme
to Y is representable.

Definition 2.1. Let X be a smooth DM stack. The inertia stack IX associ-
ated to X is defined to be the fibre product:

IX := X ×Δ,X×X X

where Δ : X → X ×X is the diagonal morphism.

The objects in the category underlying IX is:

Ob(IX ) = {(x, g)|x ∈ Ob(X ), g ∈ AutX (x)}.

Remark 2.2. 1. There exists a morphism q : IX → X given by (x, g) →
x;

2. There exists a decomposition

IX =
⊔
r∈N

Hom(Rep(Bμr,X )),

hence IX can be decomposed into connected components, and

IX =
⊔
i∈I

Xi

Here I is the index set. We denote the component {(x, id)|x ∈ Ob(X ),
id ∈ AutX (X )} by X0 = X .

For instance let X = [M/G] be the global quotient DM stack. Then
I = {(g)|g ∈ G}, where (g) is the conjugacy class. The inertia stack IX =⊔

(g) X(g), and X(g) = [Mg/C(g)], where Mg is the g fixed locus of M and
C(g) is the centralizer of g.

Surface DM stack examples Throughout of the paper we let S be a
smooth two dimensional DM stack, which we call a “surface DM stack”. We
review some interesting examples of surface DM stacks.
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2.1.1. Orbifold K3 surfaces An example of projective smooth K3 surface
S is the smooth quartic surface in P3. Let Z2 or Zn act on P3 by ζ[x0 : x1 :
x2 : x3] = [x0 : ζ ·x1, ζ ·x2 : ζ ·x3]. Then S = [S/Z2] is an orbifold K3 surface.

Another interesting orbifold K3 surface is orbifold Kummer surface S =
[T4/Z2], where T4 is the 4-dimensional real torus and τ ∈ Z2 acts on T4 by

τ(eit1 , eit2 , eit3 , eit4) = (e−it1 , e−it2 , e−it3 , e−it4).

This is a complex two dimensional orbifold K3 surface with orbifold funda-
mental group Z4�Z2, the semi-direct product. This orbifold Kummer surface
has 16 isolated orbifold points. After taking resolution S̃ → S there are 16
exceptional (−2)-curves on the smooth K3 surface S̃. Of course the finite
group Z2 can be placed by Zn, Dn, E6, E7, E8 to get ADE singularities on S.
Orbifold Kummer surfaces and their resolutions have applications in mirror
symmetry, see [44].

2.1.2. Automorphism of K3 surfaces Let S be a smooth projective K3
surface with a holomorphic symplectic form σ ∈ H0(S,Ω2

S). An automor-
phism g of S is called a symplectic automorphism if σ preserves the symplec-
tic form of S, i.e. g∗σ = σ. Our reference is Daniel Huybrechts’s book [20].
The classification of finite order symplectic automorphisms of S gives abelian
group actions on S. Let G be such a finite abelian group, then the quotient
stack S := [S/G] is an orbifold K3 surface, and from [20], there are only finite
isolated stacky points in S, which are rational double points. A list of the
number of fixed points and the corresponding finite abelian groups can be
found in [20, §15.1]. For instance, in the case of cyclic group μ2 of order two,
the orbifold K3 surface [S/μ2] is called the Nikulin involution. There are eight
isolated A1-singular points.

The global Torelli theorem tells us that the symplectic automorphism g is
uniquely determined by its induced action on H2(S,Z). By [20] the action of g
on the abstract lattice H2(S,Z) depends up to an orthogonal transformation
of the lattice only on the order |g|. Let U =

( 0 1
1 0
)

denote by the hyperbolic
lattice. Recall that

Λ := H2(S,Z) = U3 ⊕ E8(−1)2.

The invariant lattice with respect to g is

Λg = {v ∈ Λ|g · v = v}.



Tanaka-Thomas’s Vafa-Witten invariants via surface DM stacks 517

The coinvariant lattice of g is the orthogonal complement of the invariant
lattice:

Λg = (Λg)⊥ ⊂ H2(S,Z).

In the case of Nikulin involution S := [S/μ2]. The action of the generator
g ∈ μ2 on Λ is trivial on U3 and interchanges the two copies of E8(−1). The
invariant and co-invariant lattices are

Λg = U3 ⊕ E8(−2),Λg = E8(−2),

where E8(−2) represents for the diagonal and the anti-diagonal in E8(−1)2
respectively. These invariants of lattices play an important role for the study of
Donaldson-Thomas invariants of (S×E)/G in [7], where E is an elliptic curve
with trivial G action, and the authors call it a CHL Calabi-Yau threefold. We
hope that the invariant lattice and co-invariant lattice play a role in the
calculation of Vafa-Witten invariants.

2.1.3. Quintic surfaces with ADE singularities Let S ⊂ P3 be a
smooth quintic surface. Then S is a Horikawa surface with invariants

(2.1.1)

⎧⎪⎪⎨⎪⎪⎩
pg = h0(KS) = 4;
q = h1(OS) = 0;
c1(S)2 = 5

These are simple cases of surface of general type. The moduli space of Horika-
wa surfaces with invariants (2.1.1) is very complicated. From [19], [18], the
moduli space of quintic surfaces forms an irreducible component of the moduli
space of general type surfaces with invariants (2.1.1), where there are two
irreducible components for the moduli space. The complete KSBA [36], [1]
moduli of the quintic surface is still unknown, see [48] for some construction
of boundary divisors. The component containing smooth quintic surfaces in
P3 has some quintic surfaces with at worst ordinary double point singularities,
which are classified by ADE-singularities:

(2.1.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

An : x2 + y2 + zn+1 = 0(n ≥ 1);
Dn : x2 + y(yn−2 + z2) = 0.(n ≥ 4);
E6 : x2 + y3 + z4 = 0;
E7 : x2 + y3 + z3y = 0;
E8 : x2 + y3 + z5 = 0.
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We can take such quintic surfaces as DM stacks, with the singular points p
by ADE type finite subgroups in SU(2) acting on the local neighborhood C2

around p. For instance, let (S, p1, · · · , pl) be a surface DM stack, such that
around the point pi, we have Ani-type singularity, i.e., there exists an open
neighborhood Upi ⊂ S and Upi

∼= [C2/μni+1], where μni+1 acts on C2 by

λ · (x, y) = (λx, λniy).

Then (S, p1, · · · , pl) is a surface DM stack with stacky points p1, · · · , pl. As in
[58], [17], the Hilbert scheme of points on such surface DM stacks S are studied
and the generating function of the Euler characteristic of the Hilbert scheme
has been calculated directly in [17], and by wall crossing in [58] motivated by
S-duality. We will see later in [27], that the their calculations can go into the
invariants vw for such DM stacks. Smooth quintic surfaces provide examples
in the last section of [54], where they did explicit calculations for the Vafa-
Witten invariants.

2.1.4. Weighted projective planes Let P(a, b, c) := [C3 \{0}/C∗] be the
quotient stack, where C∗ acts on C3 by

λ[x : y : z] = [λax : λby : λcz].

Then P(a, b, c) is the weighted projective stack. These are interesting surface
DM stacks such that their canonical line bundles are negative. For instance
P(2, 2, 2) is a μ2-gerbe over P2 with canonical line bundle O(−6).

The moduli space of stable torsion free sheaves on P(a, b, c) has been
studied in [13]. The formula calculated there is also related to the S-duality,
therefore to the Vafa-Witten invariants of such DM stacks.

2.1.5. Root stacks Root stacks provide a class of interesting DM stacks
whose construction is obtained by taking the roots of line bundles with sec-
tions. In [27] we will study the small Vafa-Witten invariants for root stacks
and their relations to the S-duality conjecture.

Let S be a smooth projective surface, and D ⊂ S be a smooth or simple
normal crossing divisor. Fix an integer r ≥ 1, the root stack S := r

√
(S,D) is

constructed in [10]. Let OS(D) be the line bundle associated with X. Recall
that there is an equivalence of categories between the category of line bundles
over S and the category of morphisms S → BGm. Also there is an equivalence
between the category of (L, s) with L a line bundle on S and s a global section
on L, and the category of morphisms

S → [A1/Gm]
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where Gm acts on A1 by multiplication, see [46, Example 5.13].
Then the line bundle (OS(D), sD) defines a morphism

S → [A1/Gm].

Let Θr : [A1/Gm] → [A1/Gm] be the morphism of stacks given by

x ∈ A1 → xr ∈ A1; t ∈ Gm → tr ∈ Gm,

which sends (OS(D), sD) to (OS(D)⊗r, srD).

Definition 2.3 ([10]). Let S := r
√

(S,D) be the stack obtained by the fibre
product

r
√

(S,D)

π

[A1/Gm]

Θr

S
(OS(D),sD)

[A1/Gm].

We call S = r
√

(S,D) the root stack obtained from S by the r-th root con-
struction.

Remark 2.4. S = r
√

(S,D) is a smooth DM stack with stacky locus D :=
π−1(D), and D → D is a μr-gerbe over D coming from the line bundle
OS(D)|D.

For example, the weighted projective stack P(1, r, r) in Section 2.1.4 is a
root stack by taking the r-th root construction on P2 with divisor P1 ⊂ P2.

2.2. Moduli space of semistable sheaves on surface DM stacks

In this section we review the construction of the moduli space of semistable
sheaves and the moduli space of stable Higgs sheaves (E, φ) on a projective
DM stack S. The construction of the moduli space was studied by F. Nironi
[45].

2.2.1. Generating sheaf and the modified Hilbert polynomial Let
S be a smooth projective scheme. Recall that to define the Hilbert polynomial
H on S we need a polarization OS(1). In the case of a smooth DM stack S,
one can choose the polarization OS(1) on its coarse moduli space p : S → S.
However, there are no very ample invertible sheaves on a stack. We need to
loose the condition to choose some locally free sheaves on S so that they
behave like very ample sheaves. This is the notion of generating sheaves in
[46].
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Definition 2.5. A locally free sheaf Ξ on S is p-very ample if for every
geometric point of S the representation of the stabilizer group at that point
contains every irreducible representation of the stabilizer group.

Definition 2.6. Let Ξ be a locally free sheaf on S. We define a functor

FΞ : DCohS → DCohS

by
F → p∗H omOS (Ξ, F )

and a functor
GΞ : DCohS → DCohS

by
F → p∗F ⊗ Ξ.

Remark 2.7. As in [45], [46], the functor FΞ is exact since the dual Ξ∨

is locally free and the pushforward p∗ is exact. The functor GΞ is not exact
unless p is flat. For instance, if p is a flat gerbe or a root stack, it is flat.

Definition 2.8. A locally free sheaf Ξ is said to be a generator for the quasi-
coherent sheaf F if the left adjunction morphism of the identity p∗F ⊗Ξ∨ id−→
p∗F ⊗ Ξ∨

θΞ(F ) : p∗p∗H omOS (Ξ, F ) ⊗ Ξ∨ → F

is surjective. The sheaf Ξ is a generating sheaf of S if it is a generator for
every quasi-coherent sheaf on S.

Proposition 2.9 ([46, §5.2]). A locally sheaf Ξ on a DM stack S is a gener-
ating sheaf if and only if it is p-very ample.

So later we will use the p-very ampleness to define generating sheaves.

2.2.2. Gieseker stability and the moduli space by F. Nironi Let us
fix again p : S → S a smooth DM stack and the map to its coarse moduli
space S. Let OS(1) be the very ample invertible sheaf on S, and Ξ a generating
sheaf on S. We call the pair (Ξ,OS(1)) a polarization of S.

Definition 2.10. Let F be a coherent sheaf on S, we define the support of
F to be the closed substack associated with the ideal

0 → I → OS → E ndOS (F ).

So dim(SuppF ) is the dimension of the substack associated with the ideal
I ⊂ OS since S is a DM stack.
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Definition 2.11. A pure sheaf of dimension d is a coherent sheaf F such that
for every non-zero subsheaf F ′ ⊂ F the support of F ′ is of pure dimension d.

So for any coherent sheaf F , we have the torsion filtration:

0 ⊂ T0(F ) ⊂ · · · ⊂ Td(F ) = F

where every Ti(F )/Ti−1(F ) is pure of dimension i or zero, see [21, §1.1.4].
Let us define the Gieseker stability condition:

Definition 2.12. The modified Hilbert polynomial of a coherent sheaf F on
S is defined as:

HΞ(F,m) = χ(S, F ⊗ Ξ∨ ⊗ p∗OS(m)) = H(FΞ(F )(m)) = χ(S, FΞ(F )(m)).

Remark 2.13. 1. Let F be of dimension d, then we can write:

HΞ(F,m) =
d∑

i=0
αΞ,i(F )m

i

i!

which is induced by the case of schemes.
2. Also the modified Hilbert polynomial is additive on short exact sequences

since the functor FΞ is exact.
3. If we don’t choose the generating sheaf Ξ, the Hilbert polynomial H

on S will be the same as the Hilbert polynomial on the coarse moduli
space S. In order to get interesting information on the DM stack S, the
sheaf Ξ is necessary. For example, in [45, §7], [26] the modified Hilbert
polynomial on a root stack S will corresponds to the parabolic Hilbert
polynomial on the pair (S,D) with D ⊂ S a smooth divisor.

Definition 2.14. The reduced modified Hilbert polynomial for the pure sheaf
F is defined as

hΞ(F ) = HΞ(F )
αΞ,d(F ) .

Definition 2.15. Let F be a pure coherent sheaf. We call F semistable if for
every proper subsheaf F ′ ⊂ F ,

hΞ(F ′) ≤ hΞ(F ).

We call F stable if ≤ is replaced by < in the above inequality.
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Definition 2.16. We define the slope of F by

μΞ(F ) = αΞ,d−1(F )
αΞ,d(F ) .

Then F is semistable if for every proper subsheaf F ′ ⊂ F ,

μΞ(F ′) ≤ μΞ(F ).

We call F stable if ≤ is replaced by < in the above inequality.

Remark 2.17. 1. The notion of μ-stability and semistability is related to
the Gieseker stability and semistability in the same way as schemes,
i.e.,

μ− stable ⇒ Gieseker stable ⇒ Gieseker semistable ⇒ μ− semistable

2. The stability really depends on the generating sheaf Ξ. This stability is
not necessarily the same as the ordinary Gieseker stability even when
S is a scheme.

3. One can define the rank

rkFΞ(F ) = αΞ,d(F )
αd(OS) .

Let us fix a polarization (Ξ,OS(1)) on S, and a modified Hilbert polyno-
mial H. We define the moduli functor

M := MH
Ξ (S) : (Schκ) → (Groupoids)

by

T →
{
F

∣∣∣∣∣ F → T is a flat family of semistable sheaves
on ST /T with modified Hilbert polynomial H.

}/
∼= .

In [45, §4, §5], Nironi studies in detail the boundedness of the flat family and
prove that the moduli functor M is a global GIT quotient stack. We briefly
review it here. Fix an integer m such that every semistable sheaf on S is
m-regular. Let N be the positive integer N := HΞ(F,m), and denote with
V the linear space C⊕N . There is an open subscheme Q in the quot scheme
QuotS(V ⊗Ξ⊗ p∗OS(−m), H) such that M = [Q/GLN ]. The coarse moduli
space M of M is is a projective scheme. Moreover, the stable locus M s ⊂ M
is an open quasi-projective scheme.



Tanaka-Thomas’s Vafa-Witten invariants via surface DM stacks 523

2.3. The moduli space of Higgs pairs

Now let
X := Tot(KS)

be the total space of the canonical line bundle KS on S. Since S is a smooth
two dimensional DM stack, KS exists as a line bundle. The total space X is
a Calabi-Yau threefold DM stack. For example, if S = P(1, 2, 2) is a weighted
projective plane, then X = Tot(OP(1,2,2)(−5)). If S is a quintic surface in P3

with isolated ADE singularities P1, · · · , Pn, then locally around the point Pi,
there exists an open neighborhood

Ui
∼= [Vi/Gi]

where Vi
∼= A2

κ and Gi ⊂ SU(2) is a finite ADE type subgroup. Then KS is
an orbifold line bundle, which around [Vi/Gi] is a Gi-equivariant line bundle
on Vi for each i.

2.3.1. Spectral construction of Tanaka-Thomas Let us fix a line bun-
dle L on S. A L-Higgs pair on S is given by (E, φ), where E ∈ Coh(S) is a
coherent sheaf and

φ ∈ Hom(E,E ⊗ L)
is a section.

Proposition 2.18. There exists an abelian category HiggL(S) of Higgs pairs
on S and an equivalence:

(2.3.1) HiggL(S) ∼−→ Cohc(S)

where Cohc(S) is the category of compactly supported coherent sheaves on X .

Proof. We generalize the case of projective surface S and X = Tot(KS) as in
[54, Proposition 2.2 ]. The morphisms between Higgs pairs (E, φ) and (E′, φ′)
are given in an obvious way by the the diagram

E
φ

f

E ⊗ L
f⊗id

E′ φ′
E′ ⊗ L

The kernels and cokernels of f and f⊗ id define the kernel and cokernel Higgs
pairs. Hence the L-Higgs pairs form an abelian category.
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Let’s prove the equivalence. The morphism π : X → S is also affine in
the category of DM stacks. It is still true that π∗, taken as a functor, is an
equivalence between the category of coherent OX -modules and the abelian
category of π∗(OX )-modules on S, for example see [51]. One can see this
locally that S behaves like a quotient [V/G] for V ∼= C2 and G a finite group
scheme acting on V , the the morphism π : [V ×C/G] → [V/G] can be taken
as a G-equivariant morphism V × C → V .

Then in this case

(2.3.2) π∗OX =
⊕
i≥0

L−iηi, i ≥ 0

where we take η as the tautological section of π∗L which is linear on the fibers
and cuts out the zero section S ⊂ X . The sheaves E on X are equivalent to
sheaves of modules π∗E over π∗OX .

Still (2.3.2) is generated by OS and L−1η, so a module over π∗OX is
equivalent to an OS-module E together with a commuting action of L−1 · η,
i.e. an OS-linear map

E ⊗ L−1 π∗η−→ E.

Thus we get an L-Higgs pair

(2.3.3) (E, φ) = (π∗E , π∗η).

On the other hand, given a Higgs pair (E, φ) we get an action of L−i · η
by

E ⊗ L−i φi

−→ E.

We sum over all i and get an action of π∗OX on E. We denote by Eφ for
this sheaf. This defines a functor from HiggL(S) to Cohc(X ), which is an
equivalence. Finally if E is coherent, then π∗E is coherent if and only if π|Supp E
is proper and if and only if E is compactly supported.

2.3.2. Moduli of Higgs pairs We can define the Gieseker stability on
the Higgs pairs (E, φ). Let us fix a generating sheaf Ξ on S. Then for any
coherent sheaf E ∈ Coh(S) we have the modified Hilbert polynomial hΞ(E).

Definition 2.19. The L-Higgs pair (E, φ) is said to be Gieseker stable with
respect to the polarization (Ξ,OS(1)) if and only if

hΞ(F ) < hΞ(E)

for every proper φ-invariant subsheaf F ⊂ E.
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We define the moduli functor of Higgs pairs as:

N := NH
Ξ (S) : (Schκ) → (Groupoids)

by

T →
{

(E, φ)
∣∣∣∣∣ (E, φ) → T is a flat family of stable Higgs sheaves

on ST /T with modified Hilbert polynomial H.

}/
∼= .

Then N is also represented by a GIT quotient stack with coarse moduli space
a quasi-projective scheme which we still denote by N . We see this from the
following:

First consider the diagram:

(2.3.4) X p

π

X

π

S p
S

where p are the morphisms from the DM stacks to their coarse moduli spaces,
and π are the morphisms from the line bundles to the base.

Proposition 2.20. For the projection π : X → S, the pullback π∗Ξ is a
generating sheaf on X . Moreover, under the equivalence (2.3.1), the Gieseker
(semi)stability of the Higgs sheaves (E, φ) with respect to (Ξ,OS(1)) is equiv-
alent to the Gieseker stability of the torsion sheaves Eφ with respect to the
pair (π∗Ξ, π∗OS(1)).

Proof. First we show that π∗Ξ is a generating sheaf on X . For any local chart
[C2/G] of S, where G is a finite group acting on C2, the generating sheaf Ξ
contains all the irreducible representations of G. All the local charts of X are
of the form [C2×C/G], where the finite group G-action on the extra factor C
in C2 ×C is induced by the action on C2 (taking the extra C as Λ2C2), thus
π∗Ξ also contains all the irreducible representations of G. Therefore π∗Ξ is a
generating sheaf.

From the equivalence (2.3.1), the φ-invariant subsheaves F ⊂ E are equiv-
alent to subsheaves F ⊂ Eφ on X . We also have

χ(S, E ⊗ Ξ∨) = χ(S, π∗Eφ ⊗ Ξ∨) = χ(X , Eφ ⊗ π∗Ξ∨).

So the Gieseker stability in Definition 2.19 is equivalent to

hπ∗Ξ(F) < hπ∗Ξ(Eφ)
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for all proper subsheaves F ⊂ Eφ. This is the Gieseker stability of the torsion
sheaves on X with respect to π∗Ξ and π∗OS(1).

Remark 2.21. Hence from Proposition 2.20, the moduli space of stable Higgs
pairs N is isomorphic to the moduli space of stable coherent sheaves on X
with fixed modified Hilbert polynomial H, which is a GIT quotient stack with
coarse moduli space a quasi-projective scheme by Nironi’s result in [45, §6].
In the Appendix we prove after modulo out the global C∗-action the moduli
stack N admits a perfect obstruction theory.

3. Deformation theory and the Vafa-Witten invariants

Fix π : X := Tot(L) → S, the projection from the total space of the line
bundle L to S. Then from the spectral theory a coherent sheaf E on X is
equivalent to a π∗OX =

⊕
i≥0 L−iηi-module, where η is the tautological sec-

tion of π∗L.
From [54, §2.2], given a Higgs pair (E, φ), we have the torsion sheaf Eφ of

X supported on S. Eφ is generated by its sections down on π and we have a
natural surjective morphism

(3.0.1) 0 → π∗(E ⊗ L−1) π∗φ−η−→ π∗E = π∗π∗Eφ ev−→ Eφ → 0

with kernel π∗(E ⊗ L−1) as in Proposition 2.11 of [54]. All the arguments in
[54, Proposition 2.11] work for smooth DM stack S and X . The reason is that
since π∗η = φ, π∗E is divided by the submodule π∗(E ⊗L−1) to make sure η

acts as π∗φ on the quotient, hence we have Eφ.

3.1. Deformation theory

The deformation of E on X is governed by Ext∗X (E , E), while the Higgs pair
(E, φ) is governed by the cohomology groups of the total complex

RH omS(E,E) [·,φ]−→ RH omS(E,E ⊗ L).

By homological algebra proof as in [54, Proposition 2.14], we have the exact
triangle:

(3.1.1) RH om(Eφ, Eφ) → RH omS(E,E) ◦φ−φ◦−→ RH omS(E ⊗ L−1, E).



Tanaka-Thomas’s Vafa-Witten invariants via surface DM stacks 527

Taking cohomology of (3.1.1) we get

(3.1.2) · · · → Hom(E,E ⊗KS) → Ext1(Eφ, Eφ) → Ext1(E,E) → · · ·

which relates the automorphisms, deformations and obstructions of Eφ to
those of (E, φ).

3.2. Families and the moduli space

Let S → B be a family of surface DM stacks S, i.e., a smooth projective
morphism with the fiber a surface DM stack, and let X → B be the total
space of the a line bundle L = KS/B .

Let NH denote the moduli space of Gieseker stable Higgs pairs on the
fibre of S → B with fixed rank r > 0 and Hilbert polynomial H (a fixed
generating sheaf Ξ).

We pick a (twisted by the C∗-action) universal sheaf E over N ×B X . We
use the same π to represent the projections

π : X → S; π : N ×B X → N ×B S.

Since E is flat over N and π is affine,

E := π∗E on N ×B S

is flat over N . E is also coherent because E is coherent and compactly sup-
ported. Therefore it defines a classifying map:

Π : N → M

by
E → π∗E ; (E, φ) → E,

where M is the moduli space of coherent sheaves on the fiber of S → B with
Hilbert polynomial H. For simplicity, we use the same E over M × S and
E = Π∗ E on N × S. Let

pX : N ×B X → N ; pS : N ×B S → N

be the projections. Then (3.1.1) becomes:

(3.2.1) RH ompX (E ,E ) π∗−→ RH ompS (E,E) [·,φ]−→ RH ompS (E,E⊗L).
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Let L = KS/B and taking the relative Serre dual of the above exact triangle
we get

RH ompS (E,E)[2] → RH ompS (E,E⊗KS/B)[2] → RH ompX (E ,E )[3].

Proposition 3.1 ([54, Proposition 2.21]). The above exact triangle is the
same as (3.2.1), just shifted.

Proof. We check that the right hand arrow is the same as in (3.2.1). Look at
the diagram:

RH ompX (E ,E )

π∗

⊗ RH ompX (E ,E )[3] ON

RH ompS (E,E) ⊗ RH ompS (E,E⊗KS/B)[2]

∂

ON

The horizontal morphisms intertwine the vertical pairs given by cup product
and trace. The morphism ∂ is the coboundary morphism of (3.2.1), which is
the cup product with the canonical extension class

e ∈ Ext1N×X (E , π∗ E⊗K−1
S/B).

Since

RH ompS (E,E⊗KS/B) ∼= RH ompS (E⊗K−1
S/B , π∗E )

∼= RH ompX (π∗ E⊗K−1
S/B ,E ),

the result can be seen from the two pairings:

RH ompX (E ,E ) ⊗L RH ompX (π∗ E⊗K−1
S/B,E )[2]
tr((−)◦(−)◦e)

ON

RH ompX (E ,E ) ⊗L RH ompS (E,E⊗KS/B)[2]
tr(π∗(−)◦(−))

are the same. The proof is from [54, Propositioon 2.21], where the authors
use the Grothendieck operators π!, π∗ such that π∗π

! → id is counit, and
π! = π∗⊗K−1

S/B [1], which is the dualizing complex of π. All these proofs work
for smooth DM stacks X and π : X → S.
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Then the exact triangle (3.2.1) fits into the following commutative dia-
gram ([54, Corollary 2.22]):

RH ompS (E, E⊗KS/B)0[−1] RH ompX (E , E )⊥ RH ompS (E, E)0

RH ompS (E, E⊗KS/B)[−1]

id tr

RH ompX (E , E ) RH ompS (E, E)

id tr

RpS∗KS/B [−1] RpS∗KS/B [−1] ⊕ RpS∗OS RpS∗OS

where (−)0 denotes the trace-free Homs. The RH ompX (E ,E )⊥ is the co-
cone of the middle column. It will provide the symmetric obstruction theory
of the moduli space N⊥

L of stable trace free fixed determinant Higgs pairs.

3.3. The U(rk) Vafa-Witten invariants

From Proposition 3.1, in the appendix we review that the truncation
τ [−1,0]RH ompX (E ,E ) defines a symmetric perfect obstruction theory on the
moduli space N .

The total space X = Tot(KS) → S admits a C∗-action which has weight
one on the fibers. The obstruction theory in (A.1.7) in the Appendix is nat-
urally C∗-equivariant. From [12], the C∗-fixed locus NC∗ inherits a perfect
obstruction theory

(3.3.1)
(
τ [−1,0](RH ompX (E ,E )[2])t−1

)C∗

→ LNC∗

by taking the fixed part of (A.1.7). Therefore it induces a virtual fundamental
cycle

[NC∗ ]vir ∈ H∗(NC∗).

The virtual normal bundle is given by

Nvir :=
(
τ [−1,0](RH ompX (E ,E )[2]t−1)mov

)∨
= τ [0,1](RH ompX (E ,E )[1])mov

which is the derived dual of the moving part of (A.1.7).
Consider the localized invariant∫

[NC∗ ]vir

1
e(Nvir) .
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We explain this a bit. Represent Nvir as a 2-term complex [E0 → E1] of
locally free C∗-equivariant sheaves with non-zero weights and define

e(Nvir) :=
cC

∗
top(E0)
cC

∗
top(E1)

∈ H∗(NC∗
,Z) ⊗Q[t, t−1],

where t = c1(t) is the generator of H∗(BC∗) = Z[t], and cC
∗

top denotes the
C∗-equivariant top Chern class lying in H∗(NC∗

,Z) ⊗Z[t] Q[t, t−1].

Definition 3.2. Let S be a smooth projective surface DM stack. Fixing a
generating sheaf Ξ on S, and a Hilbert polynomial H associated with Ξ. Let
N := NH be the moduli space of stable Higgs pairs with Hilbert polynomial
H. Then the primitive Vafa-Witten invariants of S is defined as:

ṼWH(S) :=
∫

[NC∗ ]vir

1
e(Nvir) ∈ Q.

Remark 3.3. 1. The invariant ṼWH is a constant in Q[t, t−1] since N
has virtual dimension zero.

2. For stable sheaves Eφ, we have

Ext•X (Eφ, Eφ) = H•−1(KS) ⊕H•(OS) ⊕ Ext•X (Eφ, Eφ)⊥,

where Ext•X (Eφ, Eφ)⊥ is the trace zero part with determinant L ∈ Pic(S).
Hence the obstruction sheaf in the obstruction theory (A.1.7), and
(3.3.1) has a trivial summand H2(OS). So [NC∗ ]vir = 0 if h0,2(S) > 0.
If h0,1(S) �= 0, then tensoring with flat line bundle makes the ob-
struction theory invariant. Therefore the integrand is the pullback from
N / Jac(S), which is a lower dimensional space, hence zero.

3.4. SU(rk) Vafa-Witten invariants

Let us now fix (L, 0) ∈ Pic(S) × Γ(KS), and let N⊥
L be the fibre of

N /Pic(S) × Γ(KS).

The moduli space N⊥
L of stable Higgs sheaves (E, φ) with det(E) = L and

trace-free φ ∈ Hom(E,E ⊗KS)0 admits a symmetric obstruction theory

RH ompX (E ,E )⊥[1]t−1 −→ LN⊥
L

from Proposition A.6.
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Definition 3.4. Let S be a smooth projective surface DM stack. Fix a gen-
erating sheaf Ξ for S, and a Hilbert polynomial H associated with Ξ. Let
N⊥

L := N⊥,H
L be the moduli space of stable Higgs sheaves (E, φ) with Hilbert

polynomial H, det(E) = L and trace free φ. Then define

VWH(S) :=
∫

[(N⊥
L )C∗ ]vir

1
e(Nvir) .

Remark 3.5. 1. Since we work on a surface DM stack S, it maybe better
to fix the K-group class c ∈ K0(S) such that the Hilbert polynomial
of c is H. Then VWc(S) =

∫
[(N⊥

L )C∗ ]vir
1

e(Nvir) is Vafa-Witten invariant
corresponding to c.

2. This definition VWH(S) agrees with ṼWH(S) defined before for S if
h0,1(S) = h0,2(S) = 0.

3. As in [54, §6.1], one can define more general Higgs pairs by replacing
KS by any line bundle L → S requiring degL ≥ degKS . But the
obstruction theory will not be symmetric.

3.5. C∗-fixed loci

For the moduli space N⊥
L , we discuss the C∗-fixed loci.

3.5.1. The first locus φ = 0 For the Higgs pairs (E, φ) such that φ = 0,
the C∗-fixed locus is exactly the moduli space ML of Gieseker stable sheaves
on S with fixed determinant L and Hilbert polynomial H associated with the
generating sheaf Ξ. The exact triangle in (3.2.1) splits the obstruction theory

RH ompX (E ,E )⊥[1]t−1 ∼= RH ompS (E,E⊗KS)0[1] ⊕RH ompS (E,E)0[2]t−1

where t−1 represents the moving part of the C∗-action. Then the C∗-action
induces a perfect obstruction theory

E•
M := RH ompS (E,E⊗KS)0[1] → LML

.

The virtual normal bundle

Nvir = RH ompS (E,E⊗KS)0t = E•
M ⊗ t[−1].

So the invariant contributed from ML (we can let E•
M is quasi-isomorphic to

E−1 → E0) is:∫
[ML]vir

1
e(Nvir) =

∫
[ML]vir

cC
∗

s (E0 ⊗ t)
cC∗
r (E−1 ⊗ t)
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=
∫

[ML]vir

cs(E0) + tcs−1(E0) + · · ·
cr(E−1) + tcr−1(E−1) + · · ·

Here we assume r and s are the ranks of E−1 and E0 respectively, and r − s

is the virtual dimension of ML := ML,H . By the virtual dimension consider-
ation, only t0 coefficient contributes and we may let t = 1, so

∫
[ML]vir

1
e(Nvir) =

∫
[ML]vir

[ c•(E0)
c•(E−1)

]
vd

=
∫

[ML]vir
cvd(E•

M ) ∈ Z.(3.5.1)

This is the signed virtual Euler number of Ciocan-Fontanine-Kapranov/Fan-
techi-Göttsche.

Proposition 3.6. Let us fix a generating sheaf Ξ on S. If degKS ≤ 0, then
any stable C∗-fixed Higgs pair (E, φ) has Higgs field φ = 0. Therefore if we
fix some K-group class c ∈ K0(S), then VWL

c (S) is the same as the signed
virtual Euler number in (3.5.1).

Proof. Consider

0 → kerφ −→ E
φ−→ E ⊗KS

where kerφ and Imφ are φ-invariant, and for the generating sheaf Ξ, Gieseker
stability gives:

pE,Ξ(n) < pImφ,Ξ(n) < pE⊗KS ,Ξ(n),∀n >> 0

unless Imφ = 0 or E ⊗KS . The deg(KS) ≤ 0 implies that

pE⊗KS ,Ξ(n) ≤ pE,Ξ(n)

for n >> 0. So either φ = 0 or φ is an isomorphism. But φ is C∗-fixed and it
has determinant zero, it can not be an isomorphism.

Also we have:

Proposition 3.7. If degKS < 0, then any semistable C∗-fixed Higgs pair
(E, φ) has Higgs field φ = 0.

Proof. This is the same as Proposition 3.6.
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3.5.2. The second fixed locus φ �= 0 The second component M (2)

corresponds to the C∗-fixed Higgs pairs (E, φ) such that the Higgs fields
φ �= 0. Let (E, φ) be a C∗-fixed stable Higgs pair. Since the C∗-fixed stable
sheaves Eφ are simple, we use [37, Proposition 4.4], [13] to make this stable
sheaf C∗-equivariant. The cocycle condition in the C∗-equivariant definition
for the Higgs pair (E, φ) corresponds to a C∗-action

ψ : C∗ → Aut(E)

such that

(3.5.2) ψt ◦ φ ◦ ψ−1
t = tφ

With respect to the C∗-action on E, it splits into a direct sum of eigenvalue
subsheaves

E = ⊕iEi

where Ei is the weight space such that t acts by ti, i.e., ψt = diag(ti). The
action acts on the Higgs field with weight one by (3.5.2). Also for a Higgs
pair (E, φ), if a C∗-action on E induces weight one action on φ, then it is a
fixed point of the C∗-action.

Since the C∗-action on the canonical line bundle KS has weight −1, φ
decreases the weights, and it maps the lowest weight torsion subsheaf to zero,
hence zero by stability. So each Ei is torsion free and have rank > 0. Thus φ
acts blockwise through morphisms

φi : Ei → Ei−1.

These are flags of torsion-free sheaves on S, see [54].
In the case that Ei has rank 1, they are twisted by line bundles, and φi

defining nesting of ideals. Then this is the nested Hilbert scheme on S. Very
little is known of nested Hilbert schemes for surface DM stacks.

4. Calculations

In this section we do some calculations on two type of general type surface
DM stacks, one is for a r-root stack over a smooth quintic surface, and the
other is for quintic surface with ADE singularities.

4.1. Root stack on quintic surfaces

Let S ⊂ P3 be a smooth quintic surface in P3 = Proj(C[x0 : x1 : x2, x3]),
given by a homogeneous degree 5 polynomial. Let C ⊆ |KS | be a smooth
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connected canonical divisor such that OS is the only line bundle L satisfying
0 ≤ degL ≤ 1

2 degKS where the degree is defined by degL = c1(L)·c1(OS(1)).
Then we have the following topological invariants:
(4.1.1)⎧⎪⎪⎨⎪⎪⎩

gC = 1 + c1(S)2 = 1 + 5 = 6;
h0(KS) = pg(S) = 1

12(c1(S)2 + c2(S)) − 1 = 1
12(5 + 55) − 1 = 4;

h0(K2
S) = pg(S) + gC = 10.

Let
S := r

√
(S,C)

be the root stack associated with the divisor C. The stack S = r
√

(S,C) is
the r-th root stack associated with the line bundle OS(C). Let

p : S → S

be the projection to its coarse moduli space S, and let C := p−1(C). We still
use p : C → C to represent the projection and it is a μr-gerbe over C. The
canonical line bundle KS satisfies the formula

KS = p∗KS + r − 1
r

OS(C) = OS(C).

Recall that X = Tot(KS), and X := Tot(KS), and let

π : X → S; π : X → S

be the projections. We pick the generating sheaf “Ξ = ⊕r
i=0OS(iC 1

r )”, and a
Hilbert polynomial H, and let NH be the moduli space of stable Higgs sheaves
on S with Hilbert polynomial H.

Remark 4.1. For the choice of the generating sheaf Ξ, the modified Hilbert
polynomial H of torsion free sheaves on S corresponds to the parabolic Hilbert
polynomial H for parabolic sheaves on (S,C). The moduli space of stable
sheaves with modified Hilbert polynomial H is actually isomorphic to the mod-
uli space of stable parabolic sheaves on (S,C) with parabolic Hilbert polynomial
H defined in [41]. The moduli space of stable Higgs sheaves on S with modi-
fied Hilbert polynomial H is also isomorphic to the moduli space of parabolic
stable Higgs sheaves on (S,C) with Hilbert polynomial H, see [24].

The perfect obstruction theory constructed in the Appendix actually im-
plies that there exists a perfect obstruction theory on the moduli space of stable
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sheaves with modified Hilbert polynomial H. Therefore there exists a perfect
obstruction theory on the moduli space of stable parabolic sheaves on (S,C).
One can study the perfect obstruction theory and the corresponding defining
invariants for parabolic sheaves on (S,C) by sheaves on the root stack S.

4.1.1. C∗-fixed Higgs pairs on M (2) The C∗ acts on X by scaling the
fibers of X → S. Let (E, φ) be a C∗-fixed rank 2 Higgs pair with fixed
determinant L = KS in the second component M (2) in §3.5.2. Then since all
the Ei have rank bigger than zero,

E = Ei ⊕ Ej .

Without loss of generality, we may let E = E0 ⊕ E−1 since tensoring E by
t−i, Ei goes to E0, where t is the standard one dimensional C∗-representation
of weight one. Then considering φ as a weight zero element of Hom(E,E ⊗
KS) ⊗ t, we have

E = E0 ⊕ E−1, and φ =
(

0 0
ι 0

)
for some ι : E0 → E−1 ⊗KS ⊗ t. Then E−1 ↪→ E is a φ-invariant subsheaf,
and by semistability (Gieseker stable implies μ-semistable) we have

μΞ(E−1) ≤ μΞ(E0) = μΞ(KS) − μΞ(E−1).

The existence of the nonzero map Φ : E0 → E−1 ⊗KS implies:

μΞ(E−1) + μΞ(KS) ≥ μΞ(E0) = μΞ(KS) − μΞ(E−1).

So

(4.1.2) 0 ≤ μΞ(E−1) ≤
1
2μΞ(KS).

Lemma 4.2. The inequality (4.1.2) implies that

det(E−1) = OS ; and det(E0) = KS .

Proof. Since the generating sheaf Ξ = ⊕r
i=0OS(C i

r ), and KS ∼= OS(C), we
look at the modified Hilbert polynomial

HΞ(KS ,m) = χ(S, KS ⊗ Ξ∨ ⊗ p∗OS(m)).
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Recall that p : S → S is the morphism to its coarse moduli space. We have:

χ(S, KS ⊗ Ξ∨ ⊗ p∗OS(m)) = χ(S, p∗KS ⊗ p∗Ξ∨ ⊗OS(m))

From Definition 2.16 and the definition of the rank in (3) of Remark 2.17,
since E−1 and KS all have rank one, μΞ(KS) and μΞ(E−1) can be calculated
by the modified degree of p∗KS = p∗(OS(C)) = OS(C) = KS and p∗E−1. We
have

(4.1.3) degΞ(KS) = deg(KS) +
r∑

i=1
deg(KS ⊗ p∗OS(−C i

r ))

and

(4.1.4) degΞ(p∗E−1) = deg(p∗E−1) +
r∑

i=1
deg(p∗E−1 ⊗ p∗OS(−C i

r )).

Since for 1 ≤ i ≤ r,

deg(KS ⊗ p∗OS(−C i
r )) = deg(KS) + deg(p∗OS(−C i

r ))

and
deg(E−1 ⊗ p∗OS(−C i

r )) = deg(E−1) + deg(p∗OS(−C i
r )),

(4.1.3) and (4.1.4) actually determine the modified degree of p∗KS and p∗E−1
respectively. We calculate and get:

0 ≤ (r + 1) · deg(p∗E−1) ≤
r + 1

2 deg(KS).

So
0 ≤ deg(p∗E−1) ≤

1
2 deg(KS).

The only line bundle L on S that 0 ≤ deg(L) ≤ 1
2 deg(KS) is the trivial

line bundle. Then the determinant of the rank one sheaf p∗E−1 must be
trivial. From [10], any line bundle on S is a tensor product of a pullback line
bundle from S and a power of the tautological line bundle OS(C 1

r ) and the
pushforward p∗OS(C 1

r ) = OS . The only possibility of the rank one sheaf E−1

is OS(C j
r ) for 0 ≤ j < r. Since the C∗ action on the tautological line bundle

OS(C j
r ) has weight j (where we make the C∗-action compatible with the μr-

action), and our E−1 and E0 have weights −1 and 0. This is impossible. Then
the determinant of the rank one sheaf E−1 must be the trivial sheaf OS .
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Therefore we have:

E0 = I0 ⊗KS ,

E−1 = I1 ⊗ t−1

for some ideal sheaves Ii. The morphism I0 → I1 is nonzero, so we must
have:

I0 ⊆ I1.

So there exist Z1 ⊆ Z0 two zero-dimensional subsheaves parametrized by
I0 ⊆ I1.

4.1.2. Components in terms of K-group class Let K0(S) be the Gro-
thendieck K-group of S, and we want to use Hilbert scheme on S parametrized
by K-group classes. We fix the filtration

F0K0(S) ⊂ F1K0(S) ⊂ F2K0(S)

where FiK0(S) is the subgroup of K0(S) such that the support of the elements
in FiK0(S) has dimension ≤ i. The orbifold Chern character morphism is
defined by:

(4.1.5) C̃h : K0(S) → H∗
CR(S,Q) = H∗(IS,Q)

where H∗
CR(S,Q) is the Chen-Ruan cohomology of S. The inertia stack

IS = S
⊔

�r−1
i=1Ci

where each Ci = C is the stacky divisor of S. We should understand that
the inertia stack is indexed by the element g ∈ μr, Sg

∼= C is the component
corresponding to g. It is clear that S1 = S and Sg = C if g �= 1. Let ζ ∈ μr

be the generator of μr. Then

H∗(IS,Q) = H∗(S)
⊕

⊕r−1
i=1H

∗(Ci),

where Ci corresponds to the element ζi. The cohomology of H∗(Ci) is isomor-
phic to H∗(C). For any coherent sheaf E, the restriction of E to every Ci has
a μr-action. We assume that

E = E1
ζi ⊕ E2

ζi
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is the decomposition of eigen-subsheaves such that it acts by e2πi fi1
r on E1

ζi

and e2πi fi2
r on E2

ζi . We let

(4.1.6) C̃h(E) = (Ch(E),⊕r−1
i=1 Ch(E|Ci)),

where
Ch(E) = (rk(E), c1(E), c2(E)) ∈ H∗(S),

and

Ch(E|Ci) =
(
e2πi fi1

r + e2πi fi2
r , e2πi fi1

r c1(E1
ζi) + e2πi fi2

r c1(E2
ζi)
)
∈ H∗(Ci).

In order to write down the generating function later. We introduce some
notations. We roughly write

C̃h(E) = (C̃hg(E))

where C̃hg(E) is the component in H∗(Sg) as in (4.1.6). Then define:

(4.1.7)
(
C̃hg

)k
:=
(
C̃hg

)
dimSg−k

∈ HdimSg−k(Sg).

The k is called the codegree in [13]. In the inertia stack IS, the component
Sg is either the whole S, or C, therefore if we have a rank 2 C∗-fixed Higgs
pair (E, φ) with fixed c1(E) = −c1(S), then

(
C̃hg

)2
(E) = 2, the rank; while

(
C̃hg

)1
(E) =

⎧⎨⎩−c1(S), g = 1;
e2πi fi1

r + e2πi fi2
r , g = ζi �= 1.

Also we have

(
C̃hg

)0
(E) =

⎧⎨⎩c2(E), g = 1;
e2πi fi1

r c1(E1
ζi) + e2πi fi2

r c1(E2
ζi), g = ζi �= 1.

Therefore we have the following proposition:

Proposition 4.3. In the case that the rank of stable Higgs sheaves is 2, we
fix a K-group class c ∈ K0(S) such that

(
C̃h1

)1
(c) = −c1(S). Then

1. If c2(E) < 0, then the C∗-fixed locus is empty by the assumption of
Bogomolov inequality.
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2. If c2(E) ≥ 0, then

M (2) ∼=
⊔

α∈F0K0(S)
Hilbα,c0−α(S)

where c0 ∈ F0K0(S) such that
(
C̃hg

)0
(c0) =

(
C̃hg

)0
(c); and

Hilbα,c0−α(S) is the nested Hilbert scheme of zero-dimensional substacks
of S:

Z1 ⊆ Z0

such that [Z1] = α, [Z0] = c0 − α.

Proof. For (1), the Bogomolov inequality holds for root gerbes over schemes,
see [22]. Since the slope semistability of the sheave E for S corresponds to
parabolic semistability for the corresponding parabolic sheaf E∗ as in [41], and
[2, Theorem 7.1] has proved the Bogomolov inequality for parabolic sheaves,
we can use it here. Since E is Gieseker stable (with fixed generating sheaf),
it is slope semistable. The Bogomolov inequality for E says that Δ(E) =
2 rk c2(E) − (rk−1)c1(E)2 ≥ 0. Thus if c2(E) < 0, the Bogomolov inequality
will fail which is impossible. The general case of Bogomolov inequality is
treated in [29] for surface DM stacks.

(2) is from the arguments in §4.1.1, since any C∗-fixed Higgs pair (E, φ)
with determinant KS has the form E = E0 ⊕E−1 = I0 ⊗KS ⊕I1 ⊗ t−1. The
result in §4.1.1 works in families of C∗-fixed Higgs pairs with φ �= 0, which
means if we have a family of C∗-fixed Higgs pairs (E, φ) on S×T for a scheme
T , then these Higgs pairs are isomorphic to I0⊗KS⊕I1⊗t−1 where I0 and I1
are families of ideal sheaves on S × T . Thus the moduli space decomposition
result in (2) follows from the definition of moduli spaces as functors.

4.1.3. The case Z1 = ∅ Therefore in this case

E = I0 ⊗KS ⊕O · t−1.

So the nested Hilbert scheme Hilbα,c0−α(S) is just the Hilbert scheme
Hilbc0(S) on S. The deformation theory of (E, φ) is given by

RHomS(E,E)0
[·,φ]−→ RHomS(E,E ⊗KS⊗t−1)0

with C∗-action in §3 and in the appendix, where the Higgs field φ has weight
0. Then Hom(E,E) splits into:(

Hom(I0KS , I0KS) Hom(O · t−1, I0KS)
Hom(I0KS ,O · t−1) Hom(O · t−1,O · t−1)

)
=
(
C · idI0 H0(I0KS)t

0 C · idO

)



540 Yunfeng Jiang and Promit Kundu

and Hom(E,E ⊗KS · t) splits into:(
Hom(I0KS , I0K

2
S · t) Hom(O · t−1, I0K

2
S · t)

Hom(I0KS , KS) Hom(O · t−1, KS)

)

=
(
H0(KS) · t H0(I0K

2
S)t2

C · ι H0(KS) · t

)

We have φ =
( 0 0
ι 0
)
, where we recall that ι : I0 ⊗KS → O ·KS , and the map

[·, φ] between them acts by:(
a s
0 b

)
→
(

sι 0
(b− a)ι −ιs

)
.

(b = −a gives the map on trace-free groups.) The morphism

Hom(E,E)0 → Hom(E,E ⊗KS ⊗ t)0

is injective and has cokernel:

H0(KS)
ι ·H0(I0KS) · t⊕H0(I0KS)t2.

The Ext1(E,E) = Ext1(E,E)0 is:(
Ext1(I0KS , I0KS · t) Ext1(O · t−1, I0KS)
Ext1(I0KS ,O · t−1) Ext1(O · t−1,O · t−1)

)

=
(

TZ0 Hilbc0(S) H1(I0KS)t
H1(I0 ·K2

S)∗ · t−1 0

)
.

And the Ext1(E,E ⊗KS · t) = Ext1(E,E ⊗KS)0 · t is(
Ext1(I0KS , I0K

2
S · t) Ext1(O · t−1, I0K

2
S · t)

Ext1(I0KS , KS) Ext1(O · t−1, KS)

)

=
(
TZ0 Hilbc0(S) · t H1(I0K

2
S)t2

H1(I0 ·KS)∗ 0

)

and the map [·, φ] between them:(
v s
f 0

)
→
(

sι 0
−ιv −ιs

)
.
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Similar to Lemma 8.7 as in [54],

Lemma 4.4. The above morphism is zero.

Proof. The proof is the same as in Lemma 8.7 [54], and ιs lies in H1(KS)
which is zero since h1(OS) = 0, which is from h1(OS) = 0 and p∗OS =
OS .

4.1.4. Deformation theory Let

(4.1.8) RHom(E,E)0
[·,φ]−→ RHom(E,E ⊗KS ⊗ t)0

be the cone, and let T i be the cohomology of the cone (4.1.8). Then we have
the following exact sequence of cohomology:

0 → Hom(E,E)0
[·,φ]−→ Hom(E,E ⊗KS)0t −→ T 1 −→ Ext1(E,E) [·,φ]−→

Ext1(E,E⊗KS)t −→ T 2 −→ Ext2(E,E)0
[·,φ]−→ Ext2(E,E⊗KS)t → T 3 → 0.

We know that the first morphism [·, φ] is injective, so T 0 = 0. By Serre
duality, the third [·, φ] is surjective, so T 3 = 0. Therefore we have:

0 → H0(KS)
ι ·H0(I0KS) · t⊕H0(I0K

2
S)t2 −→ T 1(4.1.9)

−→
(

TZ0 Hilbc0(S) H1(I0KS)t
H1(I0 ·KS)∗ · t−1 0

)
→ 0

and its Serre dual for T 2:

0 →
(
T ∗
Z0

Hilbc0(S)t H1(I0KS)t2
H1(I0 ·KS)∗ 0

)
−→ T 2(4.1.10)

−→
(

H0(KS)
ι ·H0(I0KS)

)∗

⊕H0(I0K
2
S)∗t−1 → 0.

4.1.5. Virtual cycle We can see that the fixed weight zero part of T 1 is
TZ0 Hilbc0(S). The weight 1 part of T 1 is putting together of

H0(KS)
ι ·H0(I0KS) ; and H1(I0KS).
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These data put together to give Γ(KS |Z0). The proof is the same as in [54,
§8.2]. Here we only explain a bit from the exact sequence

0 → I0 −→ OS −→ OZ0 → 0.

Tensoring with KS we get

0 → I0 ·KS −→ KS −→ KS |Z0 → 0,

and taking cohomology

0 → H0(I0 ·KS)−→H0(KS)−→H0(KS |Z0)−→H1(I0 ·KS) → H1(KS) = 0.

Consider the following diagram:

Zc0(S) Hilbc0(S) × S
p1

p2

Hilbc0(S) S

where Zc0(S) is the universal zero dimensional substack in S with K-group
class c0. Let

K
[c0]
S := p1∗(p∗2KS ⊗OZc0 (S))

be the tautological vector bundle on Hilbc0(S). Let

π : K [c0]
S → Hilbc0(S)

be the projection from the vector bundle, then π−1(Z0) = Γ(KS |Z0). This
bundle is the weight 1 part of T 1, and by duality, the part of the obstruction
bundle on this component M (2) is (K [c0]

S )∗.
Then the virtual cycle on M (2) which is induced from virtual localization

in [12], is the Euler class of the obstruction bundle

(4.1.11) [M (2)]vir = e((K [c0]
S )∗)∩ [Hilbc0(S)] = (−1)rke(K [c0]

S )∩ [Hilbc0(S)].

Let us look at the canonical line bundle KS which is OS(C). There is
a section s of KS cutting out of the curve C. Then this section s induces a
section s[c0] on the tautological vector bundle K [c0]

S , which cut out the Hilbert
scheme C[c0] := Hilbc0(C). Therefore

(4.1.12) [M (2)]vir = (−1)rkC[c0] ⊂ Hilbc0(S) = M (2).
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Remark 4.5. The Hilbert scheme C[c0] depends on the K-group class c0 ∈
K0(S).

4.1.6. Virtual normal bundle The calculation of the virtual normal bun-
dle Nvir of M (2) is the same as in [54, §8.3], which is given by the moving
part of (4.1.10):

Γ(KS |Z0)t⊕RΓ(I0K
2
S)t2 ⊕RΓ(I0K

2
S)∨t−1[−1] ⊕ T ∗

Z0 Hilbc0(S)t[−1]

at Z0 ∈ M (2). Then we calculate the virtual normal bundle Nvir by noting
that

RΓ(I0K
2
S) = H0(KS2) −H0(KS |Z0);

and Nvir is:

[K [c0]
S ]t + (t2)⊕dimH0(K2

S) − [(K2
S)[c0]]t2 − (t−1)⊕dimH0(K2

S)

+ [((K2
S)[c0])∗]t−1 −

[
THilbc0 (S)

]
t.

Since C → C is a μr-gerbe, we can just write the Hilbert scheme C[c0] as
C[n] for some integer n ∈ Z≥0. So we calculate the virtual Euler class:

1
e(Nvir) =

e((KS)[n])t2) · e(t−1)⊕dimH0(K2
S) · e(T ∗

Hilbc0 (S)t)

e(K [n]
S t) · e((t2)⊕ dimH0(K2

S)) · e(((K2
S)[n])∗t−1)

=
(2t)n · c 1

2t
((K2

S)[n]) · (−t)dimH0(K2
S) · t2n · c 1

t
(T ∗

Hilbn(S))
tn · c 1

t
((KS)[n]) · (2t)dimH0(K2

S) · (−1)n · tnc 1
t
((K2

S)[n])

= (−2)n−dim · tn ·
c 1

2t
((K2

S)[n]) · c− 1
t
(THilbn(S))

c 1
t
((KS)[n]) · c 1

t
((K2

S)[n])

where

cs(E) := 1 + sc1(E) + · · · + srcr(E),

and when s = 1, cs(E) is the total Chern class of E. By the arguments of the
degree, we calculate the case t = 1. Also since C[n] is cut out of the section
s[n] on K

[n]
S , we have

THilbc0 (S)|C[n] = TC[n] ⊕K
[n]
S |C[n]
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in K-theory. Therefore
(4.1.13)∫

[M (2)]vir

1
e(Nvir) = (−2)−dim · 2n ·

∫
[C[n]]

c 1
2
((K2

S)[n]) · c−1(TC[n]) · c−1(K [n]
S )

c•(K [n]
S ) · c•((K2

S)[n])
.

4.1.7. The Hilbert scheme of points on gerby curves Before calcu-
lating further for the integral, we prove several statements of Hilbert scheme
of points on the μr-gerby curve p : C → C.

Proposition 4.6. Let C[n] be the Hilbert scheme of n-points on C. Then we
have

C[n] ∼= C [n],

where C [n] is the Hilbert scheme of n-points on the coarse moduli space C.

Proof. By definition of the Hilbert scheme C[n], an element Z ∈ C[n] is given
by an exact sequence

(4.1.14) 0 → IZ → OC → OZ → 0

where Z is a zero-dimensional closed substack in C of length n with ideal
sheaf IZ . Since C is a μr-gerbe over C, the above exact sequence immediately
gives the exact sequence

(4.1.15) 0 → IZ → OC → OZ → 0

for Z = p(C) ⊂ C, and p∗OZ = OZ . Since p∗ is exact and p∗OC = OC , we
have p∗IZ = IZ . Thus the second exact sequence (4.1.15) is the pushforward
of the first one (4.1.14). The zero dimensional closed subscheme Z also has
length n which defines an element in C [n].

Suppose we have an exact sequence (4.1.15), then taking pullback p∗ we
get the first one (4.1.14), which shows the above correspondence is reversed.
The above proof works in families of ideal sheaves in C and C, therefore we
have an isomorphism between Hilbert schemes.

4.1.8. Calculations via tautological classes From Proposition 4.6, one
can use the calculation for the Hilbert scheme of points on C in [54, §8.4] to
calculate the integral on the Hilbert scheme of points on the gerby curve C.
Let us first review the tautological classes on C [n] for the smooth curve C.
Let

ω := PD[C [n−1]] ∈ H2(C [n],Z)
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where C [n−1] ⊂ C [n] is a smooth divisor given by Z → Z + x for a base point
x ∈ C, and PD represents the Poincare dual. The second one is given by the
Abel-Jacobi map:

AJ : C [n] → Picn(C); Z → O(Z).

Since tensoring with power of O(x) makes the Picn(C) isomorphic for all n,
the pullback of the theta divisor from Picg−1(C) gives a cohomology class

θ ∈ H2(Picn(C),Z) ∼= Hom(Λ2H1(C,Z),Z).

Still let θ to denote its pullback AJ∗ θ, so

θ ∈ H2(C [n],Z),

which is the second tautological class. The basic property ([3, §I.5]) is:

(4.1.16)
∫
C[n]

θi

i! ω
n−i =

(
g
i

)
,

and ⎧⎨⎩ct(TC[n]) = (1 + ωt)n+1−g exp
(

−tθ
1+ωt

)
;

ct(L[n]) = (1 − ωt)n+g−1−degL exp
(

tθ
1−ωt

)
.

The canonical line bundle KS |C = OS(C)|C has the same degree of the
restriction KS |C = OS(C)|C . Therefore the vector bundle K

[n]
S |C on C[n] is

the same as the vector bundle K
[n]
S |C on C [n]. Thus

Right side of (4.1.13) =

(4.1.17)

(−2)dim · 2n
∫
C[n]

(1 − ω
2 )n+1−g · e

θ
2−ω · (1 − ω)n+1−g · e

θ
1−ω · (1 + ω)n · e

−θ
1+ω

(1 − ω)n · e
θ

1−ω · (1 − ω)n+1−g · e
θ

1−ω

= (−2)dim · 2n
∫
C[n]

(2 − ω)n+1−g

2n+1−g
· (1 + ω)n

(1 − ω)n · e
θ

2−ω
− θ

1+ω
− θ

1−ω

= (−2)dim · 2g−1(−1)n+1−g ·
∫
C[n]

(ω − 2)n+1−g · (1 + ω)n

(1 − ω)n · e
θ

2−ω
− θ

1+ω
− θ

1−ω .
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Now we use (4.1.16) and Proposition 4.6 to get∫
C[n]

(θ)i

i! · (ω)n−i =
∫
C[n]

(θ)i

i! · (ω)n−i =
(

g
i

)
.

Hence whenever we have (θ)i
i! in the integrand involving only power of ω we

can replace it by
( g
i

)
(ω)n−i. Therefore for α a power series of ω,

eα(θ) =
∞∑
i=0

αi (θ)i

i! ∼
∞∑
i=0

αi

(
g
i

)
(ω)n−i = (1 + α(ω))g.

When we do the integration against C[n], ∼ becomes equality, and (4.1.17)
is:

(−2)dim · 2g−1(−1)n+1−g

(4.1.18)

·
∫
C[n]

(ω − 2)n+1−g · (1 + ω)n

(1 − ω)n ·
(
1 + ω

2 − ω
− ω

1 + ω
− ω

1 − ω

)g
= (−2)dim · (−2)g−1(−1)n ·

∫
C[n]

(ω − 2)n+1−2g · (1 + ω)n−g

(1 − ω)n+g
· (4ω − 2)g.

4.1.9. Writing the generating function Recall that for the C∗-fixed
Higgs pair (E, φ), we fix

(C̃h1)2(E) = 2. (C̃h1)1(E) = −c1(S).

For gi = ζi ∈ μr(1 ≤ i ≤ r − 1), E = E1
gi ⊕ E2

gi is the decomposition under
the gi-action into eigen-subsheaves. We calculate and denote by

(4.1.19) βgi := (C̃hgi)1(E) = e2πi fi1
r + e2πi fi2

r .

Then we let

(4.1.20) ni := (C̃hgi)0(E) = e2πi fi1
r c1(E1

gi) + e2πi fi2
r c1(E2

gi).

We introduce variables q to keep track of the second Chern class c2(E)
of the torsion free sheaf E, q1, · · · , qr−1 to keep track of the classes ni for
i = 1, · · · , r − 1. Then we write

(−2)−dim · (−2)1−2g(−1)n ·
∞∑
n=0

qn · qn1
1 · · · qnr−1

r−1 ·
∫
C[n]

1
Nvir
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=
∞∑
n=0

qn · qn1
1 · · · qnr−1

r−1 ·
∫
C[n]

(ω − 2)n+1−2g · (1 + ω)n−g

(1 − ω)n+g
· (1 − 2ω)g.

Remark 4.7. Since the moduli of stable Higgs pairs on S is isomorphic to
the moduli space of parabolic Higgs pairs on (S,C), see [27]. We will see that
the variables q1, · · · , qr−1 will keep track of the parabolic degree of the sheaf
E on the curve C ⊂ S.

For simplicity, we deal with the case q1 = · · · = qr−1 = 1. So

(−2)−dim · (−2)1−2g(−1)n ·
∞∑
n=0

qn
∫
C[n]

1
Nvir(4.1.21)

=
∞∑
n=0

qn
∫
C[n]

(ω − 2)n+1−2g · (1 + ω)n−g

(1 − ω)n+g
· (1 − 2ω)g.

Since C[n] ∼= C [n], we have

(−2)−dim · (−2)1−2g(−1)n ·
∞∑
n=0

qn
∫
C[n]

1
Nvir(4.1.22)

=
∞∑
n=0

qn
∫
C[n]

(ω − 2)n+1−2g · (1 + ω)n−g

(1 − ω)n+g
· (1 − 2ω)g.

Then we perform the same careful Contour integral calculations as in [54,
§8.5] by using [53, §6.3]. Introduce the sum series

(4.1.23)
∞∑
i=0
n=0

xi · tn ·
∫
C[i]

(ω − 2)n+1−2g · (1 + ω)n−g

(1 − ω)n+g
· (1 − 2ω)g.

Then (4.1.22) is just the diagonal part of (4.1.23). Summing over n on
(4.1.23) gives

∞∑
i=0

xi
∫
C[i]

(1 − ω)g

(ω − 2)2g−1 · (1 − ω2)g
(

1 − t
(ω − 2)(1 + ω)

1 − ω

)−1
.

Using the fact
∫
C[i] ωj = δij , and replacing ω by x, the above sum is:

(1 − 2x)g

(x− 2)2g−1(1 − x2)g · 1 − x

1 − x− t(x2 − x− 2) .
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To find the diagonal of (4.1.21), let t = q/x, and consider the integral

1
2πi

∮ (1 − 2x)g

(x− 2)2g−1(1 − x2)g · 1 − x

1 − x− q
x(x2 − x− 2)

dx

x

around a loop containing only those poles which tend to zero as q → 0. So
(4.1.22), hence (4.1.21) is the residue of

(1 − 2x)g

(x− 2)2g−1(1 − x2)g · −(1 − x)
(1 + q)x2 − (1 + q)x− 2q

at the root

x0 = 1
2

(
1 −

√
1 + 8q

1 + q

)
of (1 + q)x2 − (1 + q)x− 2q in x, which is

(1 − 2x0)g

(x0 − 2)2g−1(1 + x0)g(1 − x0)g−1 · −1
(1 + q)(x0 − x1)

where x1 = 1
2

(
1 +

√
1 + 8q

1+q

)
is the other root. Then the same calculation

as in [54, $ 8.5] gives the following result:

Theorem 4.8. We have

(4.1.24)
∞∑
n=0

qn
∫
C[n]

1
Nvir = A · (1 − q)g−1

(
1 + 1 − 3q√

(1 − q)(1 − 9q)

)1−g

,

where A := (−2)dim · (−2)2g−1.

Remark 4.9. Since we are calculating the case that in the Higgs pair (E, φ),
E = I0 ⊗ KS ⊕ O · t−1, the action of μr can be classified. The canonical
line bundle KS = OS(C), which makes the action of μr on KS by ζi ·KS for
ζi ∈ μr. The cyclic group μr is naturally embedded into C∗, and the C∗-action
on O · t−1 induces the action of μr on it by ζr−i · O for ζi ∈ μr. So in this
case for gi = ζi(1 ≤ i ≤ r − 1)

βgi = e2πi i
r + e2πi r−i

r

and
ni = e2πi i

r (−c1).
A concrete calculation for the generating series with q1, · · · , qr−1 nonzero is
given for the case r = 2 in the next section.
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4.1.10. The case of r = 2 Let us include an easy case that r = 2 so that
S = 2

√
(S,C) is a 2-th root stack over S. The inertia stack

IS = S � C

where C is the component corresponding to the nontrivial element ζ ∈ μ2.
Then in this case βζ has three possibilities:

βζ = −2, 0, 2.

In this case E = I0 ⊗ KS ⊕ O · t−1, the corresponding actions of μ2 on
the first and second summands are all nontrivial. Hence βζ = −2, and the
corresponding n1 = c1 := c1(S).

Recall that the variable q keeps track of the second Chern class c2(E),
and q1 keeps track of the classes n1. Since n1 = c1, we have the same formula
as in Theorem 4.8:

∞∑
n=0

qn · qc11
∫
C[n]

1
Nvir = qc11 · A · (1 − q)g−1

(
1 + 1 − 3q√

(1 − q)(1 − 9q)

)1−g

,

where A := (−2)dim · (−2)2g−1.

4.2. Quintic surfaces with ADE singularities

In this section we consider the quintic surface S with isolated ADE singu-
larities as in §2.1.2. We take S as a surface DM stack. From [18], the coarse
moduli space of the DM stack S lies in the component consisting of smooth
quintic surfaces in the moduli space of general type surfaces with topological
invariants in (4.1.1). This means that there exists a deformation family such
that the smooth quintic surfaces can be deformed into quintic surfaces with
ADE singularities.

Let us fix a quintic surface S, with P1, · · · , Ps ∈ S the isolated singular
points with ADE type. Let G1, · · · , Gs be the local ADE finite group in SU(2)
corresponding to P1, · · · , Ps ∈ S. We use the notation |Gi| to represent the
set of conjugacy classes for Gi.

From [18], the canonical sheaf KS has no base point, therefore it is a
line bundle over S which is the canonical line bundle. All the theory we
constructed works for S. Still let X = Tot(KS) be the total space of KS ,
which is a Calabi-Yau smooth DM stack. Choose a generating sheaf Ξ on S
such that it contains all the irreducible representations of the local group Gi
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of Pi. Fix a K-group class c ∈ K0(S) (determining a Hilbert polynomial H),
and let N be the moduli space of stable Higgs pairs with K-group class c. We
work on the Vafa-Witten invariants VW for the moduli space N⊥

c of stable
fixed determinant KS and trace-free Higgs pairs with K-group class c.

For S, the trivial line bundle OS is the only line bundle L satisfying 0 ≤
degL ≤ 1

2 degKS where the degree is defined by degL = c1(L) · c1(OS(1)).
In fact all the arguments in §4.1.1 work for such a surface DM stack S.
The C∗-fixed Higgs pair (E, φ) in the component M (2) satisfies the following
properties:

E = E0 ⊕ E−1

where E0 and E−1 all have rank one. For such a surface DM stack S, let

N := max{|Gi| : Gi are local orbifold groups of P1, · · · , Ps},

then the generating sheaf Ξ we choose is Ξ =
⊕N−1

j=0 OS(j). We have a lemma
similar to Lemma 4.2.

Lemma 4.10. We still have the inequality (4.1.2) for this generating sheaf
and it implies that

det(E−1) = OS ; and det(E0) = KS .

Proof. The argument of inequality (4.1.2) is the same as in the root stack
case. Since the choice of the generating sheaf is Ξ =

⊕N−1
j=0 OS(j), we will see

that the modified Hilbert polynomials

HΞ(E,m) = χ(S, E ⊗ Ξ∨ ⊗ p∗OS(m))

will be the same as H(E,m) for sufficiently large m for any E. So this is
reduced to the generating sheaf Ξ = OS case. The result is true from the
arguments as in [54, §8].

Therefore we have E0 = I0 ⊗ KS , and E−1 = I1 ⊗ t−1 for some ideal
sheaves Ii and t is the standard one dimensional representation of C∗. The
morphism I0 → I1 is nonzero, therefore must satisfy I0 ⊆ I1. There exist
two zero dimensional substacks parametrized by I0 ⊆ I1.

The inertia stack IS is indexed by the element gi ∈ |Gi|, Sgi = BGi is
the component corresponding to gi. Then

H∗(IS,Q) = H∗(S)
⊕

⊕s
i=1H

∗(BGi).
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The cohomology of H∗(BGi) is isomorphic to H∗(pt). The orbifold Chern
character morphism is defined by:

(4.2.1) C̃h : K0(S) → H∗
CR(S,Q) = H∗(IS,Q)

where H∗
CR(S,Q) is the Chen-Ruan cohomology of S.

For any coherent sheaf E, the restriction of E to every Sgi = BGi has a
Gi-action such that it acts by e

2πi fi
ord(Gi) . Let

(4.2.2) C̃h(E) = (Ch(E),⊕s
i=1 ⊕gi∈|Gi| Ch(E|BGi)),

where

Ch(E) = (rk(E), c1(E), c2(E)) ∈ H∗(S),

Ch(E|BGi) = (e2πi fi
ord(Gi) rk(E)) ∈ H∗(BGi).

We still let
C̃h(E) = (C̃hgi(E))

where C̃hgi(E) is the component in H∗(Sgi) = H∗(BGi) as in (4.2.2). Still
define:

(4.2.3)
(
C̃hgi

)k
:=
(
C̃hgi

)
dimSgi−k

∈ HdimSgi−k(Sgi).

If we have a rank 2 C∗-fixed Higgs pair (E, φ) with fixed c1(E) = −c1(S),
then

(
C̃hgi

)2
(E) = 2 only when gi = 1, which is the rank; and

(
C̃hgi

)1
(E) = −c1(S)

only when gi = 1, and

(
C̃hgi

)0
(E) =

⎧⎨⎩c2(E), gi = 1;
2e2πi fi

ord(Gi) , gi �= 1.

Therefore we have a similar proposition as in Proposition (4.3):

Proposition 4.11. In the case that the ranks of stable Higgs sheaves are 2,
we fix a K-group class c ∈ K0(S) such that

(
C̃hξ

)1
(c) = −c1(S). Then
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1. If c2(E) < 0, then the C∗-fixed locus is empty by the Bogomolov inequal-
ity which holds for surface DM stacks.

2. If c2(E) ≥ 0, then

M (2) ∼=
⊔

α∈F0K0(S)
Hilbα,c0−α(S)

where c0 ∈ F0K0(S) such that
(
C̃hg

)0
(c0) =

(
C̃hg

)0
(c); and

Hilbα,c0−α(S) is the nested Hilbert scheme of zero-dimensional substacks
of S:

Z1 ⊆ Z0

such that [Z1] = α, [Z0] = c0 − α.

Proof. This case of the Bogomolov inequality is treated in [29].

All the statement in (4.1.3) works for this S, until Formula (4.1.11)

(4.2.4) [M (2)]vir = e((K [c0]
S )∗) ∩ [Hilbc0(S)] = (−1)rke(K [c0]

S ) ∩ [Hilbc0(S)].

There is a section s of KS cutting out of a smooth curve C and g := gC = 6
as in (4.1.1). Also fixing c0 ∈ K0(S) means that the second Chern class c2 = n
is fixed. Then this section s induces a section s[c0] on the tautological vector
bundle K

[c0]
S , which cuts out the Hilbert scheme C [n] := Hilbc0(C). Therefore

(4.2.5) [M (2)]vir = (−1)rkC [n] ⊂ Hilbn(S) = M (2).

The arguments of virtual normal bundle is similar as in (4.1.3), and we
also have

THilbn(S)|C[n] = TC[n] ⊕K
[n]
S |C[n]

in K-theory. Therefore
(4.2.6)∫

[M (2)]vir

1
e(Nvir) = (−2)−dim · 2n ·

∫
[C[n]]

c 1
2
((K2

S)[n]) · c−1(TC[n]) · c−1(K [n]
S )

c•(K [n]
S ) · c•((K2

S)[n])
.

As in §4.1.9, we still use variables q to keep track of the second Chern class
c2(E) of the torsion free sheaf E, q1, · · · , qord |Gi|−1 to keep track of the classes
c0(E|BGi). Let q1 = · · · = qord |Gi|−1 = 1, we can write down the generating
function in §4.1.9. Thus all the calculations as in [54, §8.4, §8.5] go through
in this case, and we get the same result:
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Theorem 4.12. Let S be a quintic surface with isolated ADE singularities.
Then we the generating function:

(4.2.7)
∞∑
n=0

qn
∫
C[n]

1
Nvir = A · (1 − q)g−1

(
1 + 1 − 3q√

(1 − q)(1 − 9q)

)1−g

,

where A := (−2)dim · (−2)2g−1.

Remark 4.13. For surface DM stacks S with only ADE singularities, the
Vafa-Witten invariants in Theorem 4.12 are the same as in [54, §8.5]. This
may explain that such surfaces S can be put into a deformation family S → A1

such that the generic fibers are smooth quintic surfaces, and the central fibre is
the surface with ADE singularities. The deformation invariance of the virtual
cycle in (4.2.4) and (4.2.5) implies that the invariants are the same.

4.2.1. One vertical term We perform one more step to calculate one ver-
tical term as in [54], and explain this time it will not give the same invariants
as in the smooth case.

This case is that [Z1] = [Z0] ∈ L0(S) component in M (2) in Proposition
4.11. So in this case Φ : I0 → I1 is an isomorphism. Therefore

Hilbc0,c0(S) = Hilbc0(S)

and

E = IZ ⊗KS ⊕ IZ · t−1; φ =
(

0 0
1 0

)
: E → E ⊗KS · t,

where Z ⊂ S is a zero dimensional substack with K-group class c0. We use
the same arguments as in [54, §8.7] for the torsion sheaf Eφ on X , which is
the twist

(4.2.8) FZ := (π∗IZ ⊗O2S)

by π∗KS . Look at the following exact sequence:

0 → π∗IZ(−2S) −→ π∗IZ −→ FZ → 0,

we have

RHom(FZ ,FZ) → RHom(π∗IZ ,FZ) → RHom(π∗IZ , π∗FZ(2S)).
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The second arrow is zero since the section O(2S) cutting out 2S ⊂ X anni-
hilates FZ . So by adjunction and the formula π∗FZ = IZ ⊕ IZ ⊗K−1

S · t−1,
we have

RHom(FZ ,FZ) ∼= RHomS(IZ , IZ) ⊕RHomS(IZ , IZ ⊗K−1
S )t−1

⊕RHomS(IZ , IZ ⊗K2
S)t2[−1] ⊕RHomS(IZ , IZ ⊗KS)t[−1].

We calculate the perfect obstruction theory

RHomX (FZ ,FZ)⊥[1]

which comes from taking trace-free parts of the first and last terms and we
have Hom⊥ = Ext3⊥ = 0. We have:

(4.2.9) Ext1X (FZ ,FZ)⊥ = Ext1S(IZ , IZ) ⊕ Ext1S(IZ , IZ ⊗K−1
S )t−1

⊕ HomS(IZ , IZ ⊗K2
S)t2 ⊕ HomS(IZ , IZ ⊗KS)0t.

The obstruction Ext2⊥ is just the dual of the above tensored with t−1. The
first term in (4.2.9) is TZ Hilbc0(S), the fixed part of the deformations. The
last term HomS(IZ , IZ ⊗KS)0t = 0 since IZ → IZ is an isomorphism and
taking trace-free we get zero. So the fixed part of the obstruction vanishes by
duality. This tells us that

[Hilbc0(S)]vir = [Hilbc0(S)].

Then the virtual normal bundle is:

(4.2.10) Nvir =
[
Ext1S(IZ , IZ ⊗K−1

S )t−1 ⊕ HomS(IZ , IZ ⊗K2
S)t2

]
−[

Ext1S(IZ , IZ ⊗KS)t⊕ Ext1S(IZ , IZ ⊗K2
S)t2 ⊕ Ext2S(IZ , IZ ⊗K−1

S )t−1
]
.

It is quite complicated to integrate equivariant Chern class on Hilbc0(S),
but we can do an easy case. Let (S, P ) be a quintic surface with only a
singular point P ∈ S with A1-type singularity. By choosing a constant modi-
fied Hilbert polynomial 1 on S such that under the orbifold Chern character
morphism:

K0(S) → H∗(IS) = H∗(S) ⊕H∗(Bμ2)

the class
1 → (1, 1)



Tanaka-Thomas’s Vafa-Witten invariants via surface DM stacks 555

where the second 1 means the trivial one dimensional μ2-representation. Then
in this case the Hilbert scheme

Hilb1(S) = pt

which is a point. This can be seen as follows. Around the singular point P ,
there is an open affine neighborhood P ∈ U ⊂ S such that

U ∼= [C2/μ2]

where ζ ∈ μ2 acts on C2 by

ζ · (x, y) = (ζx, ζ−1y).

The Hilbert scheme of one point on P ∈ U corresponds to invariant μ2-
representation of length 1, which must be trivial. Then integration in this
case must be: ∫

Hilb1(S)

1
e(Nvir) =

∫
pt

1 = 1.

Next we perform a degree two calculation. Let 2 be a constant modi-
fied Hilbert polynomial on S such that under the orbifold Chern character
morphism:

K0(S) → H∗(IS) = H∗(S) ⊕H∗(Bμ2)

the class
2 → (2, 2)

where the second 2 means the regular two dimensional μ2-representation.
Then in this case the Hilbert scheme

Hilb2(S) = S̃

where
σ : S̃ → S

is the crepant resolution of the coarse moduli space S of S. Then S̃ is still a
smooth surface. Then the integration in this case can be written as:

∫
S̃

1
e(Nvir) =

∫
S̃

e(T ∗
S̃
t) · e(T

S̃
⊗K2

St
2) · e(H0(K2

S)∗t−1)
e(T

S̃
⊗K−1

S t−1) · e(H0(K2
S)t2)
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=
∫
S̃

t2c 1
t
(T ∗

S̃
) · (2t)2c 1

2t
(T

S̃
⊗K2

S) · (−t)dim

(−t)2c− 1
t
(T

S̃
⊗K−1

S ) · (2t)dim

Only the t0 term contributes and we let t = 1, and get

(−2)dim
∫
S̃

(1 − c̃1 + c̃2)4(1 + 1
2c1(TS̃

⊗K2
S) + 1

4c2(TS̃
⊗K2

S))
1 − c1(TS̃

⊗K−1
S ) + c2(TS̃

⊗K−1
S )

where c̃i = ci(S̃). Let

c1 := c1(TS),

then c1(KS) = −c1. We use the same formula for the Chern classes:

c1(TS̃
⊗K2

S) = c̃1 − 4c1, c2(TS̃
⊗K2

S) = c̃2 − 2c̃1 · c1 + 4c21;
c1(TS̃

⊗K−1
S ) = c̃1 + 2c1, c2(TS̃

⊗K−1
S ) = c̃2 + c̃1 · c1 + c21

and have

∫
S̃

1
e(Nvir)

(4.2.11)

= (−2)−dim
∫
S̃

(1 − c̃1 + c̃2)4(1 + 1
2(c̃1 − 4c1) + 1

4(c̃2 − 2c̃1 · c1 + 4c21))
1 − (c̃1 + 2c1) + c̃2 + c̃1 · c1 + c21

= (−2)−dim
∫
S̃
(c̃2 + 14c̃1 · c1 + 4(c̃1)2).

4.2.2. Comparison with the Euler characteristic of the Hilbert
scheme of points Let S be a surface with finite ADE singularities P1, · · · ,
Ps. The generating function of the Euler characteristic of the Hilbert scheme
of points on S has been studied in [17], [58]. Let us recall the formula for the
surface S with An singularities from [58], and let P1, · · · , Ps have singularity
type An1 , · · · , Ans . Let S → S be the map to its coarse moduli space and
σ : S̃ → S be the minimal resolution. Toda uses wall crossing formula to
calculate that

(4.2.12)
∑
n≥0

χ(Hilbn(S))qn−
χ(S̃)
24 = η(q)−χ(S̃) ·

s∏
i=1

Θni(q),
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where η(q) = q
1
24
∏

n≥1(1 − qn) is the Dedekind eta function, and

Θn(q) =
∑

(k1,··· ,kn)∈Zn

q
∑

1≤i≤j≤n
kikje

2π
√

−1
n+2 (k1+2k2+···+nkn)

The series Θn(q) is a Q-linear combination of the theta series determined
by some integer valued positive definite quadratic forms on Zn and Θn(q) is
a modular form of weight n/2. So the generating series (4.2.12) is a Fourier
development of a meromorphic modular form of weight −χ(S)/2 for some
congruence subgroup in SL2(Z). This implies that it should be related to the
S-duality conjecture for such surface DM stacks S. But the Euler character-
istic of Hilbn(S) is not the same as the contribution of it to the Vafa-Witten
invariants VW(S), which is the integration over its virtual fundamental cycle
in (4.2.6).

Remark 4.14. Note that if the surface DM stack S is a smooth projective
surface S, the formula (4.2.12) is reduced to the Göttsche formula

∑
n≥0

χ(Hilbn(S))qn−
χ(S)
24 = η(q)−χ(S).

This was the reason why in [54], [55] Tanaka-Thomas thought in the begin-
ning that the small Vafa-Witten invariants vw(S) defined using the Behrend
function are the right Vafa-Witten invariants, but eventually changed their
mind by calculations that the virtual localized invariants VW(S) are the cor-
rect choice for the Vafa-Witten invariants.

4.3. Discuss on the crepant resolutions

Let S be a quintic surface with Type ADE singularities P1, · · · , Pm, where
at the point Pi, S has type Ani , Dni or E6, E7, E8-singularity for ni ∈ Z>0.
Let σ : S → S be the map to its coarse moduli space. We fix

f : S̃ → S

to be the minimal resolution of singularities. Then S̃ is smooth projective
surface, and it also satisfies

K
S̃
∼= f∗KS

since the resolution of the type ADE singularities does not affect the canonical
divisor, see [49]. So f is a crepant resolution.
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Look at the following diagram:

(4.3.1) S̃

f

S

σ

S

It is interesting to compare the Vafa-Witten invariants of S̃ and the Vafa-
Witten invariants of S.

Let us fix topological data (rk, c̃1, c̃2) for S̃ and let N(rk,̃c1 ,̃c2)(S̃) be the
moduli space of stable Higgs pairs with topology data (rk, c̃1, c̃2). Similarly,
fixing a K-group class c ∈ K0(S), and let Nc(S) be the moduli space of stable
Higgs pairs with K-group class c. Recall from §3.5, there are two C∗-fixed
part for the moduli spaces N(r,̃c1 ,̃c2)(S̃) and Nc(S). Let

M(rk,̃c1 ,̃c2)(S̃)

and
Mc(S)

be the first type fixed locus which are the instanton branches. Then from
(3.5.1), the Vafa-Witten invariants contributed from the instanton branch
are given by virtual Euler numbers

VWinstan
(rk,̃c1 ,̃c2)(S̃) =

∫
[M

(rk,̃c1 ,̃c2)
(S̃)]vir

cvd(E•
M (S̃))

and
VWinstan

c (S) =
∫

[Mc(S)]vir
cvd(E•

M (S))

where E•
M (S̃)

and E•
M (S) are the perfect obstruction theories of M(rk,̃c1 ,̃c2)(S̃)

and Mc(S) respectively. It is in general interesting to compare these two
virtual Euler numbers.

The second type of components of the moduli spaces of Higgs pairs are
denoted by

M
(2)
(rk,̃c1 ,̃c2)

(S̃)

and
M (2)

c (S).
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From Proposition 4.11, in the rank 2 case, we fix a K-group class c ∈ K0(S)
such that

(
C̃hξ

)1
(c) = −c1(S), then the component M

(2)
c (S) is a disjoint

union of nested Hilbert schemes. Similar result also holds for S̃, see [54,
Lemma 8.3]. Theorem 4.12 gives the generating function of one component
invariant in M

(2)
c (S) (the special case of the Hilbert scheme of n = c2 points

on S). Since for the smooth surface S̃, K
S̃

is isomorphic to the canonical class
of S, which is isomorphic to KS under the pullback of σ, the surface S̃ is also
of general type and satisfies the condition that the line bundle OS is the only
line bundle L satisfying 0 ≤ degL ≤ 1

2 degK
S̃

where the degree is defined by
degL = c1(L) · c1(OS̃

(1)). Hence the result in Proposition 8.22 of [54] holds
for the component of Hilbert scheme of n = c̃2 points on S̃. Therefore we
verify:

Proposition 4.15. Within the monopole branches M
(2)
(rk,̃c1 ,̃c2)

(S̃) and

M
(2)
c (S), when putting into the generating function the Vafa-Witten invari-

ants of the component coming from the Hilbert scheme of c̃2 = n on S̃ and S
are equal.

Remark 4.16. It is very interesting to formulate a conjecture to compare the
Vafa-Witten invariants VW of S̃ and S in the more general settings. This is
unknown to the authors.

If we consider the invariants vw by using weighted Euler characteristics by
the Berhend function, then it is hoped that the invariants vw will be put into
the Joyce-Song [30] wall crossing formula of changing stability conditions in
the derived categories of coherent sheaves on S̃ and S in Diagram (4.3.1) or
the derived categories of coherent sheaves on the total spaces of the canonical
line bundles Tot(K

S̃
) and Tot(KS). We leave this as a future work.

If S is a quintic surface with other type of singularities rather than ADE
singularities, for instance, Wahl singularities, then the minimal resolution of
the coarse moduli space S will not be crepant. It is more difficult in this case
to calculate the Vafa-Witten invariants.

Appendix A. The perfect obstruction theory, following
Tanaka-Thomas

In this appendix we collect some basic materials for the perfect obstruction
theory on the moduli space of Higgs pairs for surface DM stacks S. Our
main reference is Sections 3, 5 of [54]. For the perfect obstruction theory
and symmetric obstruction theory we use the intrinsic normal cones in [5],
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[4]. Since [5] deals with DM stacks, it is reasonable that the construction of
perfect obstruction theory on the Higgs pairs works for DM stacks.

A.1. The perfect obstruction theory for U(rk)-invariants

First for the moduli spaces N and M , we have the exact sequence for the
full cotangent complexes:

Π∗LM /B
Π∗
−→ LN/B −→ LN/M .

A.1.1. Atiyah class and obstruction theory We recall the Atiyah class
for a coherent sheaf F on a B-DM stack Z. Let

Z[F ] := SpecOZ (OZ ⊕F) q−→ Z

be the trivial square-zero thickening of Z by F . Here OZ ⊕F is a OZ -algebra
and the product is given by

(f, s) · (g, t) = (fg, (ft + gs)).

There is a C∗-action fixing OZ and have weight one on F . Then we have an
exact triangle of C∗-equivariant cotangent complexes:

(A.1.1) q∗LZ/B → LZ[F ]/B → LZ[F ]/Z → q∗LZ/B[1].

Applying q∗ and taking the weight one part is an exact functor. We use the
last two terms of (A.1.1) and apply q∗ to get:

F → F ⊗ LZ/B[1]

and this belongs to Ext1(F ,LZ/B). We call this morphism the “Atiyah class”
of F .

Apply the Atiyah class construction to the universal sheaf E on N ×B X
we get

(A.1.2) E → E ⊗ LN×BX/B [1]

Since LN×BX/B = LN/B⊕LX/B (ignoring the pullbacks), we project it to the
first summand and get the partial Atiyah class

(A.1.3) AtE ,N : E → E ⊗ LN/B[1].
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Similarly, for E on N ×B S we do:

(A.1.4) AtE,N : E → E⊗LN/B[1].

Same proof as in [54, Proposition 3.5] gives:

(A.1.5) π∗ AtE ,N : π∗E → π∗E ⊗ LN/B[1]

is (A.1.4).

Remark A.1. Tanaka-Thomas use the C∗-action on X [E ] and S[E] such
that it has weight one on E , E respectively, but fixes X and S. Then applying
the definition of partial Atiyah class the statement is proved.

Now from (A.1.3),

AtE ,N ∈ Ext1N×BX (E ,E ⊗ p∗XLN/B) = Ext1N×BX (RH om(E ,E ), p∗XLN/B).

Let us project it to pX : N ×B X → N and use the relative Serre duality:

AtE ,N ∈ Ext2N×BX (RpX∗RH om(E ,E ⊗KX/B),LN/B).

In order to do the calculation we put the C∗-action to KX/B . Then he canon-
ical line bundle KX/B

∼= OX/B is not equivariant trivial. The C∗ acts on
KX/B with weight −1, so KX/B

∼= O ⊗ t−1, where t−1 is the standard one-
dimensional representation of C∗. Hence we get:

(A.1.6) AtE ,N : RH ompX (E ,E )[2]t−1 → LN/B.

Proposition A.2. The truncated morphism in (A.1.6)

(A.1.7) τ [−1,0](RH ompX (E ,E )[2])t−1 → LN/B

is a relative symmetric perfect obstruction theory of amplitude [−1, 0] for N .

Proof. We combine the results in [54, Theorem 3.11, Corollary 3.12]. We first
need to check Condition (3) in Theorem 4.5 of [5], so that the morphism in
(A.1.6)

RH ompX (E ,E )[2]t−1 → LN/B.

is an obstruction theory. Behrend-Fantechi’s construction is for DM stacks,
therefore if working locally in étale topology, the arguments in [54, Theorem
3.11] works for DM stacks.
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Let T be a B-scheme and T ⊂ T a square zero extension with ideal sheaf
I and I2 = 0. Let g : T → N be a morphism. Then the pullback of (A.1.6)
is:

g∗RH ompX (E ,E )[2] → g∗LN/B;

There is natural morphism

g∗LN/B → LT/B;

and
LT/B → LT/T → τ≥−1LT/T = I[1],

which is the Kodaira-Spencer class. Compose these three morphisms we get
an element

ob ∈ Ext−1
T (g∗RH ompX (E ,E ), I).

To check Condition (3) in Theorem 4.5 of [5], we need to show that ob van-
ishes if and only if there exists an extension T of T and a map of g is B-
morphism; and also when ob = 0 the set of extensions is a torsor under
Ext−2

T (g∗RH ompX (E ,E ), I). This is from the proof of the second half of [54,
Theorem 3.11], by showing that the pullback of the partial Atiyah class AtE ,N
through

g : id×g : X ×B T → X ×B N ,

gives the partial Atiyah class Atg∗E ,T , then composed with the Kodaira-
Spencer class gives

ob ∈ Ext−1
T (g∗RH ompX (E ,E ), I) ∼= Ext2X×BT (g∗E , g∗E ⊗ I).

Then apply [23, Proposition III. 3.1.5] to get the Condition (3) in Theorem
4.5 of [5].

Next we prove that the truncation τ [−1,0]RH ompX (E ,E )[2] gives a sym-
metric perfect obstruction theory. First note that RH ompX (E ,E ) is perfect
of amplitude [0, 3], since we are working on X which is dimension three. The
stable sheaves are simple and have automorphism group C. Then taking cones

Cone
(
ON

id−→ RH ompX (E ,E )
)

= τ≥1RH ompX (E ,E )

is perfect of amplitude [1, 3].
Serre duality gives Ext3X (Et,Et) ∼= HomX (Et,Et) = C, therefore

Cone
(
τ≥1RH ompX (E ,E ) tr−→ ON (−3)

)
[−1] = τ [1,2]RH ompX (E ,E )
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is perfect of amplitude [1, 2]. Then the obstruction theory (A.1.6) factors
through these two truncations and give rise to the relative perfect obstruction
theory (A.1.7). It is symmetric since it is self-dual from Proposition 3.1.

A.2. Deformation of Higgs fields

We mimic the construction in [54, §5] to fix the determinant of E in (E, φ),
and make φ trace-free. This corresponds to the SU(rk)-Higgs bundles in
Gauge theory. Since almost all the construction works for DM stacks, we
only review the essential steps and leave its details to [54, §5].

From the appendix,

π∗ AtE ,N : π∗E → π∗ ⊗ LN [1]

is AtE,N . We have the following commutative diagram:

TN
π∗

AtE ,N

Π∗TM

AtE,N

RH ompX (E ,E )[1] Π∗
RH ompS (E,E)[1].

We dualize the above diagram and use exact triangle (3.2.1),
(A.2.1)
RH ompS (E,E⊗KS)[1]

AtE,N

RH ompX (E ,E )[2]

AtE,N

RH ompS (E,E)[2]

AtE,N/M

Π∗LM
Π∗

LN LN/M .

We think of the right hand side vertical arrow as the projection of AtE ,N from
LN to LN/M .

A.2.1. Deformation of quotient π∗ E → E Fro the morphism Π : N →
M , the fibre over any E ∈ M is the space of Higgs fields φ, and we can take
Eφ as the quotient: π∗E → Eφ → 0 as in (3.0.1). So N /M is part of Quot
scheme of π∗E. From exact sequence (3.1.1), the deformation and obstruction
are governed by

(A.2.2) HomX (π∗E ⊗K−1
S , E) ∼= HomS(E,E ⊗KS)

and

(A.2.3) Ext1S(E,E ⊗KS).



564 Yunfeng Jiang and Promit Kundu

These are the cohomologies of (RH om(E,E)[2])∨. We want to explain that
the diagram exactly gives the usual obstruction theory of Quot scheme N /M .

We recall the reduced Atiyah class of the quotient of Illusie. Consider
N ×X [E ] with its projection to N ×X/M ×X , and similarly N ×X [π∗ E]
and N ×X [E ] with its projection to N ×X/M ×X . The morphism

N ×X [E ] ↪→ N ×X [π∗ E]

is an embedding, since π∗ E → E is a quotient with ideal π∗ E⊗K−1
S . We have

the commutative diagram of exact triangles:
(A.2.4)

LN×X [E ]/M×X LN×X [E ]/N×X LN×X/M×X

LN×X [E ]/M×X [π∗ E] LN×X [E ]/N×X [π∗ E] LN×X [π∗ E]/M×X [π∗ E].

on N ×X [E ]. Taking the degree 1 part and pushdown to N ×X we get the
right square of the above diagram

E E ⊗ LN/M [1]

π∗ E⊗K−1
S [1] E ⊗ LN/M [1].

The reduced Atiyah class of the quotient π∗ E → E is given by the bottom
arrow above:

(A.2.5) AtredΦ ∈ Hom(π∗ E⊗K−1
S ,E ⊗ LN/M ) ∼= Hom(E⊗K−1

S ,E⊗LN/M )

since π∗E = E.

Proposition A.3 ([54, Proposition 5.8]). The right hand side vertical arrow
AtE ,N/M in (A.2.1) is AtredΦ .

Remark A.4. The obstruction theory on N /M induced from taking N as
the moduli space of coherent sheaves E on X is the same as the standard
obstruction theory for quotients π∗E → E → 0 by the Atiyah class.

A.2.2. Higgs fields deformations Recall that for the map Π : N → M ,
the fibre over a fixed sheaf E ∈ M is the space of Higgs fields φ. Then the
tangent of such a Higgs field is given by

(A.2.6) Hom(E,E ⊗KS)
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and the obstruction is given by

(A.2.7) Ext1(E,E ⊗KS).

So there will have a relative perfect obstruction theory by putting these local
deformations and obstructions together:

(A.2.8) RH om(E,E⊗KS)∨ → LN/M .

We argue as in [54, §5] that (A.2.8) is the same as (A.2.5) given by the reduced
Atiyah class.

In [54, §5] the authors check that these two obstruction theories are the
same in three steps. First restrict the moduli space M to a point E, where
the moduli space of Higgs fields φ on E is the linear vector space

H := Hom(E,E ⊗KS)

i.e., the tangent space at a point φ ∈ H, as a linear space and as a space of
quotients

Hom(π∗(E ⊗K−1
S ), E)

are the same. This case works for surface DM stacks, since one can always
pick up a geometric point E in the moduli space.

Next we check the two obstruction theories for Higgs bundles on S. So
let M be the moduli space of vector bundles on S, where we shrink M if
necessary to achieve this. Let E be the universal bundle on M × S and let

H := H om(E,E⊗KS) ρ−→ M × S.

Then over H̃ := H×M×SM ×X π−→ H we have a universal Higgs field Φ and
a universal quotient

0 → π∗(ρ∗ E⊗K−1
S ) −→ π∗(ρ∗ E) −→ E → 0.

Then using the linear structure of the fibre of ρ, we have:

ρ∗ H ∼= TH /M×S
AtredΦ−→ π∗H om(π∗(ρ∗ E⊗K−1

S ),E )(A.2.9)
∼= H om(ρ∗ E, ρ∗ E⊗KS) ∼= ρ∗ H .

Then the composition morphism in (A.2.9) is identity, see [54, Lemma 5.8].
Now take N /M as the moduli space of sections of H → M × S, the graph
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of Φ gives an embedding

(A.2.10) N × S Φ
↪→ Π∗ H .

where Π : N × S → M × S is the projection. The normal bundle of N × S
in Π∗ H is the fiberwise tangent bundle of

Π∗ H → N × S

and is just Π∗ H by the linear structure. Therefore let

(A.2.11) NΦ := Cone
(
TN×S

DΦ−→ Π∗TΠ∗ H

)
∼= Φ∗TΠ∗ H /N×S ∼= Π∗ H .

Then consider

p∗STN/M
∼= TN×S/M×S

DΦ−→ Φ∗TΠ∗ H /N×S

and applying RpS∗ we get:

(A.2.12) TN/M −→ RpS∗(NΦ) ∼= RpS∗(Π∗ H) ∼= RH ompS (E,E⊗KS).

Proposition A.5. The relative perfect obstruction theory

RH ompS (E,E⊗KS)∨ → LN/M

by taking dual of (A.2.12) is the same as the right hand side arrow in (A.2.1).

Proof. This is from (A.2.9).

A.2.3. Trace We put the trace of the section Φ in (A.2.10) and get:

N × S Φ
↪→ Π∗ H tr−→ N ×KS .

Then using the same analysis as in (A.2.11), (A.2.12) for the section tr Φ we
get a relative obstruction theory

TM×H0(KS)/M → RpS∗KS

for M × Γ(KS) → M , and a commutative diagram:

(A.2.13) TN/M
D(tr Φ)

AtredΦ

(tr Φ)∗TM×Γ(KS)/M

RH ompS (E,E⊗KS) tr
RpS∗KS .
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The diagram is compatible with the morphisms

N → M × Γ(KS); (E, φ) → (E, trφ).

Also TM×Γ(KS)/M ∼= Γ(KS)⊗OM , and the right hand side arrow in (A.2.13)
is the canonical embedding:

Γ(KS) ⊗OM
H0
−→ RΓ(KS) ⊗OM

∼= RpS∗KS .

Then taking co-cones of (A.2.13) we get the commutative diagram of exact
triangles:
(A.2.14)

TN/M×Γ(KS)

Atred0

TN/M
tr Φ

AtredΦ

(tr Φ)∗TM×Γ(KS)/M

RH ompS (E,E⊗KS)0 RH ompS (E,E⊗KS) tr
RpS∗KS

where Atred0 is the trace-free component of AtredΦ in the splitting of the top
row.

Then from [54, Lemma 5.28], the dual of the left hand arrow gives a perfect
obstruction theory. We combine the diagram (A.2.14) to (A.2.1), therefore the
diagram

TN/M×Γ(KS) TN/M TΓ(KS)

TN/Γ(KS) TN TΓ(KS)

TM TM

maps to the diagram:

RH ompS (E,E⊗KS)0 RH ompS (E,E⊗KS) tr
id

RΓ(KS)

RH ompX (E ,E )0[1] RH ompX (E ,E )[1] RΓ(KS)

RH ompS (E,E)[1] RH ompS (E,E)[1].
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Therefore,

(A.2.15) TN/Γ(KS) → RH ompX (E ,E )0[1]

is a perfect obstruction theory.

A.2.4. Determinant The method of fixing the determinant is standard,
and from (5.32), (5.33) of [54], the diagram:

TN/M×Γ(KS) TN/M×Γ(KS)

TN/Γ(KS)×Pic(S) TN/Γ(KS)
det∗

TPic(S)

TM /Pic(S) TM TPic(S)

maps to the diagram:

RH ompS (E,E⊗KS)0 RH ompS (E,E⊗KS)0

RH ompX (E ,E )⊥[1] RH ompX (E ,E )0[1] RΓ(OS)[1]

RH ompS (E,E)0[1] RH ompS (E,E)[1] RΓ(OS)[1].

We have the splitting of the Atiyah class

AtE ,N = (At⊥E ,N ,Atdet E ,N )

from the central row of the above diagram.

Proposition A.6. The morphism

At⊥E ,N : RH ompX (E ,E )⊥[2]t−1 −→ LN/Γ(KS)×Pic(S)

is a 2-term symmetric relative obstruction theory.

Proof. See [54, Proposition 5.34].
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Remark A.7. In general, for the moduli space of Higgs sheaves N , one can
take two-term locally free resolution

0 → E2 → E1 → E → 0

(since E is torsion free and had homological dimension less than or equal to 1
on S), the similar analysis as in [54, §5.7] shows that Proposition A.6 gives
a symmetric relative obstruction theory for the moduli space N .
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