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Anomaly flow and T-duality
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Dedicated to Duong H. Phong on the occasion of his 65th birthday

Abstract: In this paper, we study the dual Anomaly flow, which
is a dual version of the Anomaly flow under T-duality. A family
of monotone functionals is introduced and used to estimate the
dilaton function along the flow. Many examples and reductions of
the dual Anomaly flow are worked out in detail.

1. Introduction

Consider the following equation on a compact complex Calabi-Yau n-fold
(Xn,Ω):

(1) ∂t
(
‖Ω‖ωωn−1

)
= −i∂∂̄

(
‖Ω‖

2(n−2)
n−1

ω · ωn−2
)
,

where ω = ωt is an evolving family of Hermitian metrics. Our definition
of a Calabi-Yau manifold (X,Ω) is a complex manifold X equipped with
a holomorphic volume form Ω trivializing the canonical bundle KX of X.
We will always assume that the initial metric ω0 is conformally balanced
[LY05, Mic82], i.e.

(2) d
(
‖Ω‖ω0ω

n−1
0

)
= 0.

It is clear from the evolution equation (1) that the conformally balanced
condition is preserved along the flow. Calabi-Yau manifolds admitting confor-
mally balanced metrics are of interest in both heterotic string theory and non-
Kähler complex geometry; see e.g. [FWW10, FLY12, FX14, GP04, Hul86a,
MS11, dlOS14, TW17, TY12, Str86]. We will discuss several examples of these
manifolds in §5. In §3, we will see that equation (1) can be rewritten as an
evolution equation of the Hermitian metric ωt.
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We shall call equation (1) the dual Anomaly flow, as it can be derived
formally by taking T-duality of the Anomaly flow of vanishing slope parameter
α′ = 0 (Equation (4) below). The Anomaly flow on a Calabi-Yau threefold
(X3,Ω) is given by

(3) ∂t
(
‖Ω‖ωω2

)
= i∂∂̄ω − α′

4 (TrRm ∧Rm− Φ(t)),

where α′ ∈ R is a fixed parameter, and Φ(t) is a given path of closed (2, 2)
forms. For many examples of interest, Φ = TrF ∧F , where F is the curvature
of a connection on a holomorphic vector bundle E → X.

The Anomaly flow was introduced by Phong-Picard-Zhang [PPZ18c,
PPZ19b, PPZ18d] as a parabolic system incorporating the anomaly cancella-
tion equation of the Hull-Strominger system [Hul86a, Hul86b, Str86] and its
higher dimension analogue [FY08]. Its primary motivation was to implement
the conformally balanced condition in the absence of an analogue of the ∂∂̄-
lemma. The Anomaly flow has been shown to be a powerful tool in the study
of the Hull-Strominger system and in non-Kähler complex geometry; see for
example [PPZ18a, PPZ18b, PPZ19a, FHP21b, PPZ19b, FP18].

The Anomaly flow can also be studied while setting the α′-corrections to
zero, which on a Calabi-Yau n-fold (Xn,Ω) is given [PPZ18b, PPZ19b] by

(4) ∂t
(
‖Ω‖ωωn−1

)
= i∂∂̄

(
ωn−2

)
.

We will show in §2 that for semi-flat Calabi-Yau n-folds, the dual Anomaly
flow (1) is induced by (4) on the dual torus fibration via T-duality.

T-duality is a duality in theoretical physics which relates the Type IIA
and Type IIB string theory through mirror symmetry [SYZ96]. It is unclear
what should be the right notion of mirror symmetry for heterotic string the-
ories which include the compactifications described by the Hull-Strominger
system. As a modest attempt, we investigate the behavior of the Anomaly
flow under T-duality to probe the geometry of the mirror Hull-Strominger
system. However, our results are far from conclusive as we still do not know
how to incorporate the α′-correction terms into our considerations. Other
proposed frameworks for studying T-duality and the Hull-Strominger system
include [BH15, GF19, GF20, LTY15].

Compared to the Anomaly flow, the first striking difference is that the
dual Anomaly flow is not a parabolic flow in the usual sense, and therefore
we do not know whether a general short-time existence statement will hold.
However, we shall see that there are many reductions of the dual Anomaly
flow which are parabolic in nature, including the cases of generalized Calabi-
Gray manifolds, Kähler Calabi-Yau manifolds, and other examples discussed
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in §5. This suggests that there is a large class of initial data where the flow is
indeed parabolic. Furthermore, we demonstrate that the dual Anomaly flow
can be viewed as a generalization of the inverse Monge-Ampère flow recently
introduced by Cao-Keller [CK13] and Collins-Hisamoto-Takahashi [CHT17].

As is the case for the Anomaly flow (4) with α′ = 0, the dual Anomaly
flow can be used to produce a continuous deformation path from conformally
balanced metrics to Kähler metrics. Indeed, as shown in Theorem 3.3, the
stationary points of the flow are Kähler Ricci-flat metrics. Since the flow
preserves the balanced class of the initial metric, the flow seeks a Kähler
representative in a given balanced class. This is a subtle problem, as not
all balanced classes on Kähler manifolds admit a Kähler metric; see [Tos09,
FX14] for counterexamples and [CS17, LS15, Xia16] for related conjectures.
We hope that the dynamics of the dual Anomaly flow and Anomaly flow can
help us understand when a balanced class admits a Kähler metric.

As a step in the development of the analysis of these evolution equations,
we find a family of functionals which produce monotone quantities along both
the dual Anomaly flow (1) and the Anomaly flow (4). These functionals,
parameterized by α ∈ R, are given by

Fα(ω) =
∫
X
‖Ω‖αω

ωn

n! .

When α = 1, this functional was used in [GFRST18] to formulate a variational
principle for the Hull-Strominger system, and also used in [PPZ19b] to obtain
convergence of the Anomaly flow with conformally Kähler initial data. For
negative α, this functional is monotone along the dual Anomaly flow, while for
large positive α, this functional is monotone along the Anomaly flow. Using
these monotone quantities, we obtain the following estimates.

Theorem 1.1. Let (X,Ω) be a compact Calabi-Yau manifold.

(a) Suppose ω̌t solves the Anomaly flow (4) on X × [0, T ] with conformally
balanced initial data ω̌0. Then

‖Ω‖ω̌t(x, t) ≤ sup
X

‖Ω‖ω̌0

for all (x, t) ∈ X × [0, T ].

(b) Suppose ω̂t solves the dual Anomaly flow (1) on X×[0, T ] with conformally
balanced initial data ω̂0. Then

‖Ω‖ω̂t(x, t) ≥ inf
X

‖Ω‖ω̂0

for all (x, t) ∈ X × [0, T ].
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As both these flows deform conformally balanced metrics towards Kähler
metrics, they must diverge on manifolds which do not admit a Kähler met-
ric. For known non-Kähler examples, the norm ‖Ω‖ω shrinks to zero along
the Anomaly flow, while the norm ‖Ω‖ω expands to infinity along the dual
Anomaly flow.

This paper is organized as follows. In Section 2, we review the classical
construction of semi-flat Calabi-Yau manifolds and then use them to derive
the dual Anomaly flow equation (1). Basic evolution equations and the ge-
ometry of stationary points are derived in Section 3. In Section 4, we prove
monotonicity of the functional Fα and prove Theorem 1.1. In Section 5, we
investigate the dual Anomaly flow on various Calabi-Yau manifolds. In par-
ticular we show that the dual Anomaly flow with conformally Kähler initial
data is equivalent to the inverse Monge-Ampère flow, and thus the flow ex-
ists for all time and converges. However, for non-Kähler examples, including
the generalized Calabi-Yau manifolds, the Iwasawa manifold and quotients
of SL(2,C), various kinds of singularities may occur, demonstrating the rich
and diverse behavior of the dual Anomaly flow.

2. Semi-flat Calabi-Yau manifolds and the dual Anomaly
flow

2.1. Semi-flat Calabi-Yau manifolds

First, let us review the construction of semi-flat Calabi-Yau manifolds. More
details can be found in [Leu05], among other sources.

Let B be an n-dimensional compact special integral affine manifold, in
the sense that we can cover B by local coordinate charts {x1, x2, . . . , xn} such
that the transition functions are valued in the affine group SL(n,Z)�R

n. Let
TB be the tangent bundle of B, with {y1, y2, . . . , yn} the natural coordinates
on the tangent directions. It is clear that the fiberwise lattice

Λ̌ = Z
∂

∂x1 + · · · + Z
∂

∂xn
= {(y1, . . . , yn) : yj ∈ Z}

is well-defined. We can thus form the fiberwise quotient X̌ := TB/Λ̌, which
has a natural T n-fibration structure over B.

In addition, X̌ has a complex structure with holomorphic coordinates
zj = xj + iyj for j = 1, . . . , n. Furthermore, X̌ is a Calabi-Yau manifold as it
admits a well-defined holomorphic volume form

Ω̌ = dz1 ∧ · · · ∧ dzn.
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For any Riemannian metric g on B, there is a natural Hermitian metric
on X̌ making π̌ : X̌ → B a Riemannian submersion. Its associated (1, 1)-form
is given by

ω̌ = i

2gjkdz
j ∧ dz̄k.

This is the so-called semi-flat metric, as it is T n-translational invariant. More-
over, we have

‖Ω̌‖−2
g = c · det(gab),

where c is a positive constant which can be taken to be 1 without loss of
generality.

It is also clear that the metric ω̌ is Kähler if and only if g is a Hessian
metric, i.e. in local coordinates one can find a strictly convex function φ such
that

gjk = ∂2φ

∂xj∂xk
.

In summary, given a special integral affine manifold B equipped with a Hes-
sian metric, one can construct a Calabi-Yau manifold X̌ with a Kähler metric
ω̌. The metric ω̌ is Ricci-flat if the potential φ solves the real Monge-Ampère
equation

det(∇2φ) = 1.

In this case, the natural projection X̌ → B defines a special Lagrangian
fibration.

Given a Hessian metric g, we can cook up a new set of affine coordinates{
xj = ∂φ

∂xj

}
by taking the Legendre transform on B, so that

∂xj
∂xk

= gjk

is a positive definite matrix. We write (gjk) = (gjk)−1, so that the Hessian
metric g can also be written as

g = gjkdxj ⊗ dxk

on B. Again, there exists a local potential ψ =
∑

j x
jxj − φ such that

gjk = ∂2ψ

∂xj∂xk
.
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Let {y1, . . . , yn} be the natural coordinates on the cotangent directions
(with respect to the coordinates {x1, . . . , xn}). It is clear that the fiberwise
lattice

Λ̂ = Zdx1 + · · · + Zdxn = {(y1, . . . , yn) : yk ∈ Z}
is well-defined and we may form the fiberwise quotient

X̂ := T ∗B/Λ̂,

which is also a T n-fibration over B.
Moreover, zk = xk + iyk with k = 1, . . . , n is a set of holomorphic co-

ordinates on X̂ and the natural Hermitian metric on X̂ can be expressed
as

ω̂ = i

2g
jkdzj ∧ dz̄k.

Remark 2.1. The metric g gives a natural identification of TB with T ∗B,
explicitly given by

xj = xj , yl = ykφkl(x),
however under this identification the complex structures on TB and T ∗B are
not the same.

Remark 2.2. The symplectic form ω̂ can be rewritten as

ω̂ =
∑
j

dxj ∧ dyj ,

which is exactly induced from the canonical symplectic form on T ∗B. In
other words, the complex structure on X̂ depends on the choice of the Hessian
metric g, however the Kähler form ω̂ is independent of this choice. In this sense
there is a correspondence between the Kähler moduli of X̌ and the complex
moduli of X̂, which provides the semi-flat model of mirror symmetry.

In conclusion, from a special integral affine manifold with a Hessian met-
ric, one can construct a pair of Calabi-Yau manifolds X̌ and X̂ with Kähler
metrics. The passage from (X̌, ω̌) to (X̂, ω̂) is known as the T-duality, which
manifests the case of mirror symmetry without quantum corrections.

2.2. Toy model: the Kähler-Ricci flow

Let us consider the Kähler-Ricci flow

∂tω̌ = −Ric(ω̌) = i∂∂̄ log(ω̌n)
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on X̌. In the semi-flat setting, the Kähler-Ricci flow reduces to the following
equation on B

∂t(gjk) = 1
2

∂2

∂xj∂xk
log det(gab).

In terms of the dual coordinates {x1, . . . , xn}, we notice that the above equa-
tion can be expressed as

∂t(gjk) = 1
2

∂2

∂xj∂xk
log det(gab) − 1

2
∑
q

∂

∂xq
log det(gab) ∂

∂xj
(gqk),

whose leading order term is exactly the semi-flat reduction of the Kähler-Ricci
flow on X̂.

By running the Kähler-Ricci flow on X̌, the complex structure is fixed and
the flow is a flow of Kähler metrics. Correspondingly, on the mirror side X̂,
the symplectic structure on X̂ is fixed, however its complex structure evolves
along time. If we think of the first order terms in the above expression as
coming from correction of complex structure, then we may conclude that
the Kähler-Ricci flow is self-dual under T-duality, as we only care about the
leading order term. In next subsection, we will adopt this point of view of
discarding first order terms to derive the dual version of the Anomaly flow
under T-duality.

2.3. The dual Anomaly flow

Let us run the Anomaly flow (4) on X̌. As in [PPZ19b], we assume that the
initial metric ω̌′

0 is conformally Kähler

ω̌′
0 = ‖Ω̌‖−

2
n−2

ω̌0
ω̌0,

where ω̌0 is a semi-flat Kähler metric on X̌ constructed as before. In this
case, the Anomaly flow preserves the conformally Kähler condition and after
a conformal change the Anomaly flow can be written as a flow of Kähler
metrics

∂tω̌ = i

n− 1∂∂̄(‖Ω̌‖−2
ω̌ ).

Furthermore this flow reduces to a flow on B

∂t(gjk) = 1
2(n− 1)

∂2

∂xj∂xk
det(gab).
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Using the argument in the previous subsection, it is not hard to see that the
dual version is

∂t(gjk) = − 1
2(n− 1)

∂2

∂xj∂xk
(det(gab)−1),

or equivalently

∂tω̂ = − i

n− 1∂∂̄(‖Ω̂‖2
ω̂).

Since T-duality maps a circle of radius R to a circle of radius of R−1, we
conclude that the dual conformally Kähler metric ω̂′ is given by

ω̂′ = ‖Ω̌‖
2

n−2
ω̌ ω̂ = ‖Ω̂‖−

2
n−2

ω̂ ω̂.

In terms of the dual metric ω̂′, the dual Anomaly flow reads

∂t(‖Ω̂‖ω̂′ · ω̂′n−1) = −i∂∂̄

(
‖Ω̂‖

2(n−2)
n−1

ω̂′ ω̂′n−2
)
,

which is exactly equation (1). For this reason, we shall call (1) the dual
Anomaly flow, which makes sense for any Calabi-Yau manifold (not neces-
sarily Kähler). However, we only restrict ourselves to the case that the initial
metric satisfies the conformally balanced equation (2).

3. Evolution equations and stationary points

3.1. Evolution equations

We now derive various evolution equations along the dual Anomaly flow

∂t
(
‖Ω‖ω · ωn−1

)
= −i∂∂̄

(
‖Ω‖

2(n−2)
n−1

ω · ωn−2
)

with conformally balanced initial data.
First, just like the case of Anomaly flow [PPZ18b], the dual Anomaly flow

is actually a flow of Hermitian metrics. To see this, let us denote the right
hand side of (1) by Φ = −i∂∂̄

(
‖Ω‖

2(n−2)
n−1

ω · ωn−2
)

. The flow can be rewritten
as

−1
2‖Ω‖ωTr ω̇ · ωn−1 + (n− 1)‖Ω‖ωω̇ ∧ ωn−2 = Φ.
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Here we defined the trace of a (1, 1) form α by

nα ∧ ωn−1 = (Tr α)ωn.

By taking the Hodge star of both sides, we get

∗Φ = (n− 1)!‖Ω‖ω
(1

2Tr ω̇ · ω − ω̇

)
.

Taking the trace of both sides, we get

(n− 1)!‖Ω‖ωTr ω̇ = 2Tr(∗Φ)
n− 2 ,

and therefore

(5) (n− 1)!‖Ω‖ωω̇ = − ∗ Φ + Tr(∗Φ)
n− 2 ω.

Hence the dual Anomaly flow is indeed equivalent to a flow of Hermitian
metrics.

To get an explicit expression for the flow of ω, we need to compute ∗Φ.
It is straightforward to calculate that

Φ = − (n− 2)‖Ω‖
2(n−2)
n−1

ω

( 1
n− 1ρ ∧ ωn−2 + 4(n− 2)

(n− 1)2 iθ ∧ θ̄ ∧ ωn−2

+ i(n− 3)T ∧ T̄ ∧ ωn−4 + i∂∂̄ω ∧ ωn−3

+ 2(n− 2)
n− 1 (T ∧ θ̄ + T̄ ∧ θ) ∧ ωn−3

)
,

where

θ = ∂ log ‖Ω‖ω, T = i∂ω, T̄ = −i∂̄ω

are certain differential forms involving first derivatives of the metric, and

ρ = 2i∂∂̄ log ‖Ω‖ω

is the (first) Chern-Ricci form. For simplicity, we write

Φ = −(n− 2)‖Ω‖
2(n−2)
n−1

ω (A ∧ ωn−2 + B ∧ ωn−3 + (n− 3)C ∧ ωn−4)
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for

A = ρ

n− 1 + 4i(n− 2)
(n− 1)2 θ ∧ θ̄,

B = 2n− 4
n− 1 (T ∧ θ̄ + T̄ ∧ θ) + i∂∂̄ω,

C = iT ∧ T̄ .

By using the primitive decomposition of differential forms and the Hodge
star operator, it is possible to compute that the dual Anomaly flow (5) is
equivalent to

(6) ω̇ = −‖Ω‖
n−3
n−1
ω

n− 1

(
(n− 2)A + ΛB + Λ2C

2 +
(

ΛA− Λ3C

6(n− 2)

)
ω

)
,

where Λ is the operator of contracting with ω, and we should take C = 0
when n = 3.

To demonstrate how this works, we give the details of the calculation of
∗(C ∧ ωn−4), which is one term in ∗Φ. Notice that C is a (3, 3)-form. Let

C = P 6 + P 4 ∧ ω + P 2 ∧ ω2 + P 0ω3

be the primitive decomposition of C, where P k is a primitive k-form. It follows
that

C ∧ ωn−4 = P 2 ∧ ωn−2 + P 0ωn−1.

Using the well-known Hodge star operator formula for primitive forms (see
for example [Huy05, p. 37]), we get

∗(C ∧ ωn−4) = −(n− 2)!P 2 + (n− 1)!P 0ω.

Applying Λ to C repeatedly and using the fact that {H,L,Λ} forms an sl2
triple (using notation of [Huy05]), we derive that

ΛC = (n− 2)P 4 + 2(n− 3)P 2 ∧ ω + 3(n− 2)P 0ω2,

Λ2C

2 = (n− 3)(n− 2)P 2 + 3(n− 2)(n− 1)P 0ω,

Λ3C

6 = (n− 2)(n− 1)nP 0.
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Therefore we conclude that

∗(C ∧ ωn−4) = (n− 4)!
(

Λ3C

6 ω − Λ2C

2

)
,

Tr ∗ (C ∧ ωn−4) = (n− 3)!Λ
3C

6 .

Other terms can be calculated in a similar manner, leading to

∗(A ∧ ωn−2) = −(n− 2)!A + (n− 2)!ΛAω,

∗(B ∧ ωn−3) = −(n− 3)!ΛB + (n− 3)!Λ
2B

2 ω.

To obtain an explicit expression in (6), let us make use of the following
identities in conformally balanced geometry [PPZ18b]

ρ′ = ρ′′ = 1
2ρ, θ = i∂̄∗ω =: τ,

where

ρ′ = iR′
k̄jdz

j ∧ dz̄k, ρ′′ = iR′′
k̄jdz

j ∧ dz̄k

in the notation of [PPZ18b]. The forms ρ′ and ρ′′ are sometimes known as
the 3rd and 4th Chern-Ricci forms. Additionally in local coordinates, we have
the following expressions

ω = igk̄jdzj ∧ dz̄k, T = 1
2Tk̄jldzl ∧ dzj ∧ dz̄k, τ = gjk̄Tk̄jldzl,

and the curvature conventions

Rk̄j
p
q = −∂k̄(gps̄∂jgs̄q),

Rk̄j = Rk̄j
p
p, R̃k̄j = Rp

pk̄j , R′
k̄j = Rk̄

p
pj , R′′

k̄j = Rp
jk̄p.
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Straightforward calculation reveals that

A = ρ

n− 1 + 4i(n− 2)
(n− 1)2 τ ∧ τ̄ ,

ΛA = R

n− 1 + 4(n− 2)
(n− 1)2 ‖τ‖

2,

ΛB = −ρ̃ + iT � T̄ + 2n− 4
n− 1 Λ(∂ω ∧ ∂∗ω + ∂̄ω ∧ ∂̄∗ω),

Λ2C

2 = −Λ(∂ω ∧ ∂∗ω + ∂̄ω ∧ ∂̄∗ω) − iτ ∧ τ̄ − iT � T̄ − i

2T ◦ T̄ ,

Λ3C

6 = ‖τ‖2 − 1
2‖T‖

2.

Here ρ̃ = iR̃k̄jdzj∧dz̄k, and iT�T̄ and iT ◦T̄ are nonnegative real (1,1)-forms
as in [LY17] defined by

iT � T̄ = iTk̄stTj̄uvg
jk̄gtv̄dzs ∧ dz̄u,

iT ◦ T̄ = iTk̄stTj̄uvg
sūgtv̄dzj ∧ dz̄k.

They satisfy
Λ(iT � T̄ ) = Λ(iT ◦ T̄ ) = ‖T‖2 ≥ 0.

Combining all our calculations, we get the evolution equation of the metric

ω̇ = − ‖Ω‖
n−3
n−1
ω

n− 1

(
n− 2
n− 1ρ− ρ̃ + Rω

n− 1

+(n− 3)(3n− 5)
(n− 1)2 iτ ∧ τ̄ + n− 3

n− 1Λ(∂ω ∧ ∂∗ω + ∂̄ω ∧ ∂̄∗ω) − i

2T ◦ T̄

+
(

(n− 3)(3n− 5)
(n− 1)2(n− 2)‖τ‖

2 + ‖T‖2

2n− 4

)
ω

)
(7)

for n > 3 and

ω̇ = − 1
4
(
ρ− 2ρ̃ + 2iτ ∧ τ̄ + 2Λ(∂ω ∧ ∂∗ω + ∂̄ω ∧ ∂̄∗ω) + 2iT � T̄

+ Rω + 2‖τ‖2ω
)

for n = 3.
The reason that we need a separate formula for n = 3 case is that in

deriving (7) we need to cancel certain (n − 3) factors. However, if we put
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n = 3 in (7), we do get the right evolution equation for ω

(8) ω̇ = −1
4
(
ρ− 2ρ̃ + Rω − iT ◦ T̄ + ‖T‖2ω

)
.

It is because the following identity holds when n = 3.

Proposition 3.1. If X is of complex dimension 3, then for any Hermitian
metric ω, we have the following identity

Λ(∂∗ω ∧ ∂ω + ∂̄∗ω ∧ ∂̄ω) = iT � T̄ + i

2T ◦ T̄ − ‖T‖2

2 ω + ‖τ‖2ω + iτ ∧ τ̄ .

Proof. We start by writing out the components of

Υ = (∂∗ω ∧ ∂ω + ∂̄∗ω ∧ ∂̄ω) = τ̄ ∧ T + τ ∧ T̄ ,

which are given by

Υ�̄ik̄j = −τ̄k̄T�̄ij + τ̄�̄Tk̄ij − τjT̄i�̄k̄ + τiT̄j�̄k̄.

The Λ operator is defined by

(ΛΥ)�̄i = i−1gjk̄Υ�̄ik̄j .

Therefore
(ΛΥ)�̄m = i(gjk̄ τ̄k̄T�̄mj + gjk̄τjT̄m�̄k̄ + 2τ̄�̄τm).

On the other hand, let

Ξ = iT � T̄ + i

2T ◦ T̄ − ‖T‖2

2 ω + ‖τ‖2ω + iτ ∧ τ̄ .

This differential form has components

Ξ�̄m =i

[
gab̄gcd̄Tb̄cmT̄ad̄�̄ + 1

2g
ab̄gcd̄T�̄acT̄mb̄d̄ −

1
2g

ab̄gcd̄gef̄Tf̄acT̄eb̄d̄g�̄m

+ gab̄τaτ̄b̄g�̄m + τmτ̄�̄

]
.

In normal coordinates about a point p, we have g�̄m = δ�m and τi =
∑

k �=i Tk̄ki

at p. A straightforward calculation of these components in normal coordinates
reveals that

(ΛΥ)�̄m = Ξ�̄m,

when n = 3.
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Remark 3.2. Notice that all the terms in the above identity are real (1,1)-
forms which are quadratic in first derivatives of the metric ω. However it
seems that there is no analogous identities in higher dimensions.

The flow of the metric ω (7) is not parabolic, so it is unclear whether
a general short-time existence statement will hold. It is intriguing that all
examples studied so far do in fact reduce to an equation which admits a
solution for a short-time; see §5.

Lastly, we note that a straight-forward calculation gives the following
evolution equations

ω̇ ∧ ωn−1

(n− 1)! = −‖Ω‖
n−3
n−1
ω

n− 1

(
R + 2n− 6

n− 2 ‖τ‖2 + 1
n− 2‖T‖

2
)
ωn

n! ,(9)

∂t‖Ω‖ω = ‖Ω‖
2n−4
n−1
ω

2(n− 1)

(
R + 2n− 6

n− 2 ‖τ‖2 + 1
n− 2‖T‖

2
)
.(10)

3.2. Stationary points

Our next result implies that stationary points of the dual Anomaly flow must
be Kähler Ricci-flat. The dual Anomaly flow and the Anomaly flow are thus
two different continuous deformations from conformally balanced complex
geometry to Kähler geometry.

Theorem 3.3. Let (Xn,Ω) be a compact Calabi-Yau manifold of dimension
n ≥ 3. A Hermitian metric ω satisfying

d(‖Ω‖ωωn−1) = 0,

and

i∂∂̄(‖Ω‖
2(n−2)
n−1

ω ωn−2) = 0,

must be Kähler Ricci-flat.

Proof. Suppose ω is a stationary point. By (9), we have

0 = ω̇ ∧ ωn−1

(n− 1)! = −‖Ω‖
n−3
n−1
ω

n− 1

(
R + 2n− 6

n− 2 ‖τ‖2 + 1
n− 2‖T‖

2
)
ωn

n! .

Therefore

2Δc log ‖Ω‖ω = R = −2n− 6
n− 2 ‖τ‖2 − 1

n− 2‖T‖
2 ≤ 0,
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where Δc is the complex Laplacian associated to ω. By the maximum princi-
ple, we must have that log ‖Ω‖ω is a constant. It follows that ‖T‖2 = 0, and
hence ω is Kähler and Ricci-flat.

4. Monotone quantities and related estimates

In this section, we show that along the dual Anomaly flow, the norm ‖Ω‖ω
cannot shrink to zero. However, ‖Ω‖ω may tend to infinity, and we will later
study examples where this behavior is observed.

First, we introduce a functional which is monotone along the dual Anomaly
flow.

Theorem 4.1. Suppose ωt is a family of Hermitian metrics satisfying the
dual Anomaly flow (1) with conformally balanced initial data. Then for any
α ≤ n

n− 1 < 2, the functional

Fα(ω) =
∫
X
‖Ω‖αω

ωn

n!

satisfies
d

dt
Fα(ωt) ≤ 0

and is thus monotonically nonincreasing along the flow.

Proof. Using (9) and (10), we have

∂t

(∫
X
‖Ω‖αω

ωn

n!

)

=
∫
X

‖Ω‖α+n−3
n−1

ω

2(n− 1) (α− 2)
(
R + 2n− 6

n− 2 ‖τ‖2 + 1
n− 2‖T‖

2
)
ωn

n!

For the first term, through integration by part we see
∫
X
‖Ω‖α+n−3

n−1
ω R

ωn

n!

= 2
∫
X
‖Ω‖α−

2
n−1

ω i∂∂̄ log ‖Ω‖ω ∧
(
‖Ω‖ω

ωn−1

(n− 1)!

)

= − 2
(
α− 2

n− 1

)∫
X
‖Ω‖α+n−3

n−1
ω ‖τ‖2ω

n

n! .
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Notice that ‖T‖2 ≥ 2
n− 1‖τ‖

2, so for α ≤ n

n− 1 < 2

∂t

(∫
X
‖Ω‖αω

ωn

n!

)

= α− 2
2(n− 1)

∫
X
‖Ω‖α+n−3

n−1
ω

[(2n− 6
n− 2 + 4

n− 1 − 2α
)
‖τ‖2 + 1

n− 2‖T‖
2
]
ωn

n!

≤ α− 2
n− 1

(
n

n− 1 − α

)∫
X
‖Ω‖α+n−3

n−1
ω ‖τ‖2ω

n

n!
≤ 0.

As an application, we prove the following lower bound for ‖Ω‖ω.

Corollary 4.2. Suppose ωt is a family of Hermitian metrics satisfying the
dual Anomaly flow (1) on X × [0, T ] with conformally balanced initial data.
Then

‖Ω‖ω(x, t) ≥ inf
X

‖Ω‖ω0

for all (x, t) ∈ X × [0, T ].

Proof. The previous theorem shows that

d

dt

(∫
X
‖Ω‖−p

ω

ωn

n!

)1/p
≤ 0

for all p > 0. Therefore, at each t ∈ [0, T ], we have the inequality
(∫

X
‖Ω‖−p

ω

ωn

n!

)1/p
(t) ≤

(∫
X
‖Ω‖−p

ω0

ωn
0
n!

)1/p

for all p > 0. Taking the limit as p → ∞, we obtain the estimate.

We note that this argument can be adapted to the usual Anomaly flow.
In particular, we have a monotone functional.

Theorem 4.3. Suppose ωt is a family of Hermitian metrics satisfying the
Anomaly flow with zero slope (4) with conformally balanced initial data.
Then for any α > 2 >

n

n− 1, the functional Fα satisfies

d

dt
Fα(ωt) ≤ 0

along the flow.
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Proof. The evolution of Anomaly flow with zero slope is [PPZ19b]

∂tgk̄j = 1
(n− 1)‖Ω‖ω

[
− R̃k̄j + 1

2(n− 2)(‖T‖
2 − 2‖τ‖2)gk̄j

− 1
2g

qp̄gsr̄Tk̄qsT̄jp̄r̄ + gsr̄(Tk̄jsτ̄r̄ + τsT̄jk̄r̄) + τj τ̄k̄)
]
,

when n ≥ 4, and

∂tgk̄j = 1
2‖Ω‖ω

[
− R̃k̄j + gm�̄gsr̄Tr̄mjT̄s�̄k̄

]

when n = 3. Taking the trace in either cases gives

ω̇ ∧ ωn−1

(n− 1)! = 1
(n− 1)‖Ω‖ω

[
−R + 1

(n− 2)‖T‖
2 + 2(n− 3)

n− 2 ‖τ‖2
]
ωn

n! ,

and thus

∂t‖Ω‖ω = 1
2(n− 1)

[
R− 1

(n− 2)‖T‖
2 − 2(n− 3)

n− 2 ‖τ‖2
]
.

Therefore for any α > 2 >
n

n− 1,

∂t

(∫
X
‖Ω‖αω

ωn

n!

)

=
∫
X

‖Ω‖α−1
ω

2(n− 1)(α− 2)
(
R− 1

n− 2‖T‖
2 − 2(n− 3)

n− 2 ‖τ‖2
)
ωn

n!

= − α− 2
n− 1

∫
X
‖Ω‖α−1

ω

[(
α− n− 1

n− 2

)
‖τ‖2 + 1

2(n− 2)‖T‖
2
]
ωn

n!

≤− α− 2
n− 1

(
α− n

n− 1

)∫
X
‖Ω‖α−1

ω ‖τ‖2ω
n

n!
≤0,

where we used as before the inequality 2
n− 1‖τ‖

2 ≤ ‖T‖2.

As in the case of the dual Anomaly flow, this monotone quantity gives
the following estimate for the dilaton ‖Ω‖ω.

Corollary 4.4. Suppose ωt is a family of Hermitian metrics satisfying the
Anomaly flow with zero slope (4) on X × [0, T ] with conformally balanced
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initial data. Then
‖Ω‖ω(x, t) ≤ sup

X
‖Ω‖ω0

for all (x, t) ∈ X × [0, T ].

What is more interesting for the Anomaly flow with zero slope (4) is the
following theorem

Theorem 4.5. For any 2 ≥ α ≥ n

n− 1, the functional Fα is nondecreasing
along the flow.

Proof. Same calculation as in the proof of Theorem 4.3.

5. Examples

5.1. Conformally Kähler metrics

As our first class of examples, we consider Kähler n-folds (Xn,Ω) and study
the dual Anomaly flow for conformally Kähler initial data. In this case, the
initial data satisfies ω0 = efχ for some Kähler metric χ and smooth function
f : X → R. Combined with the conformally balanced condition (2), this
implies

e(n−2)f = C0‖Ω‖−2
χ ,

for some constant C0, and furthermore

‖Ω‖ω(0)ω(0)n−1 = αn−1
0 ,

where α0 = C
1/2(n−1)
0 χ is a Kähler metric. We study the ansatz

‖Ω‖ωωn−1 = αn−1
u , αu = α0 + i∂∂̄u > 0,

parameterized by a potential function u(x, t). Solving for ω in terms of αu

(see e.g. [PPZ19b]), this ansatz can be expressed as

ω = ‖Ω‖−2/(n−2)
αu

αu,

with
‖Ω‖ω = (‖Ω‖αu)2(n−1)/(n−2).

Substituting this ansatz into the dual Anomaly flow gives

(n− 1)α̇u ∧ αn−2
u = −i∂∂̄(‖Ω‖4

αu
‖Ω‖−2

αu
αn−2
u ),
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which reduces to

i∂∂̄
[
(n− 1)u̇ + ‖Ω‖2

αu

]
∧ αn−2

u = 0.

Therefore a solution to the dual Anomaly flow can be produced by solving

d

dt
u = − 1

(n− 1)‖Ω‖2
αu
.

This flow has been studied by Cao-Keller [CK13], where it was named the Ω-
Kähler flow. We may also write this flow in the notation of Collins-Hisamoto-
Takahashi [CHT17]. Define ρ0 = log ‖Ω‖2

α0 − log(n − 1). Then the equation
for u(x, t) becomes the following inverse Monge-Ampère flow

d

dt
u = −αn

0
αn
u

eρ0 .

Let V =
∫
X αn

0 and consider

v = u− E(u),

where E is the Aubin-Yau energy functional, defined by the variational for-
mula

δE(u) = 1
V

∫
X

(δu)αn
u.

Then v satisfies
d

dt
v = 1

V

∫
X
eρ0αn

0 − αn
0

αn
v

eρ0 .

Let
c = − log 1

V

∫
X
eρ0αn

0 ,

and reparameterize time such that

ϕ(x, t) = v(x, ect).

Then ϕ satisfies

(11) d

dt
ϕ = 1 − αn

0
αn
ϕ

eρ0+c.

This is exactly the MA−1-flow introduced by Collins-Hisamoto-Takahashi
with λ = 0. The MA−1-flow is in part motivated by its interpretation as the
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gradient flow of the Ding functional. It is interesting that in this reduction,
the dual Anomaly flow is a gradient flow. We do not know whether such a
gradient flow interpretation exist for more general initial data.

By the results of [CK13, CHT17, FLM11], the flow (11) for ϕ exists for
all time and converges to ϕ∞ such that αϕ∞ is the unique Kähler Ricci-
flat metric [Yau78] in the class [α0]. Therefore the dual Anomaly flow with
conformally Kähler initial data exists for all time and converges to a limiting
Kähler Ricci-flat metric ω∞ satisfying

‖Ω‖ω∞ωn−1
∞ = (α0 + i∂∂̄ϕ∞)n−1.

In [PPZ19b], the Anomaly flow (4) is studied with conformally Kähler data,
and though the ansatz reduces to a different PDE, the flow also exists for all
time and converges to a Kähler Ricci-flat metric.

5.2. Generalized Calabi-Gray manifolds

The Calabi-Gray manifold is a class of non-Kähler Calabi-Yau 3-folds first
constructed by Calabi [Cal58] and Gray [Gra69] using the vector cross prod-
uct in 7-dimensional Euclidean space. In [Fei16a, Fei16b, Fei17], this construc-
tion was further generalized by the first-named author from the viewpoint of
twistor spaces.

Roughly speaking, generalized Calabi-Gray manifolds are total spaces of
holomorphic fibrations with hyperkähler fibers over a Riemann surface Σ
equipped with a holomorphic map ϕ to CP

1 satisfying a certain condition.
More details can be found in [FHP21a, Fei20].

As in [FHP21a], we may take a special ansatz

ω = e2f ω̂ + efω′,

where ω̂ is a fixed canonical metric on Σ, ω′ is a fiberwise Calabi-Yau metric
on the hyperkähler fibers and f : Σ → R is an arbitrary function on Σ.

By the calculation of [FHP21a], we have

‖Ω‖ωω2 = 2ef ω̂ ∧ ω′ + ω′ 2

and

−i∂∂̄ (‖Ω‖ωω) = −i∂∂̄
(
e−fω′

)
= −i∂∂̄e−f ∧ ω′ + κe−f ω̂ ∧ ω′,
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and therefore the dual Anomaly flow reduces to

∂tu = u2

4 (Δu− 2κu),

where u = e−f , Δ and κ ≤ 0 are the Laplace operator and Gauss curvature
associated to the metric ω̂.

This is a parabolic equation. By the maximum principle, given that u0 =
e−f0 > 0, we know that u stays positive. Moreover, it is easy to see that

−2∂t
∫

u−1 =
∫

(−κ)u ≥ C∫
u−1 .

It follows that

∂t

(∫
u−1

)2
≤ −C,

therefore finite-time singularity always occur. Moreover, just as in [FHP21b],
one can show that ∫

u−1(α, β, γ) := V0 ∈ R
3

is a constant vector, where α, β, γ are components of the holomorphic map
ϕ : Σ → CP

1 = S2 ⊂ R
3 with α2 + β2 + γ2 = 1. Suppose V0 �= 0, then we

have the estimate∫
u−1 ≥

∫
u−1(α, β, γ) · V0

|V0|
= |V0| > 0.

This estimate shows that before
∫
u−1 decreases to 0 singularities have already

occurred.

5.3. Iwasawa manifold

Consider the quotient X of C3 by the action

(x, y, z) �→ (x + a, y + b, z + āy + c),

where a, b, c ∈ Z[i]. The manifold X is a Calabi-Yau threefold, as

Ω = dz ∧ dx ∧ dy,

is a well-defined holomorphic nowhere vanishing (3, 0) form. We define θ ∈
Ω1,0(X) by

θ = dz − x̄dy,
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which is also well-defined on X. The projection (x, y, z) �→ (x, y) defines a
map π : X → T 4 with T 2 fibers. On the base T 4, there is the flat metric

ω̂ = idx ∧ dx̄ + idy ∧ dȳ,

and for any function u : T 4 → R, we will consider the ansatz metric

ω = π∗(euω̂) + iθ ∧ θ̄.

This is a special case of the Fu-Yau ansatz metric [FY08]. Let us check whether
this ansatz is preserved by the dual Anomaly flow.

A direction computation gives

‖Ω‖ω = e−u, ‖Ω‖ωω2 = euω̂2 + 2iθ ∧ θ̄ ∧ ω̂.

The dual Anomaly flow becomes

d

dt
(euω̂2) = −i∂∂̄(ω̂ + e−uiθ ∧ θ̄).

This ansatz is not preserved unless eu(t) is a constant at each time. In this
case,

d

dt
eu(t)ω̂2 = −e−u(t) ω̂

2

2 .

This is the ODE

u̇ = −e−2u

2 ,

which has solution

eu = (R− t)1/2.

Thus the dual Anomaly flow has solution

ω(t) = (R− t)1/2ω̂ + iθ ∧ θ̄,

and the base T 4 shrinks to zero in finite time.
We note that unlike the Anomaly flow [PPZ18a], a similar computation

shows that the Fu-Yau ansatz is not preserved by the dual Anomaly flow for
general Goldstein-Prokushkin threefolds [GP04].
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5.4. Product fibrations

Next, we consider the product X = T 4 × T 2 with holomorphic volume form

Ω = dz ∧ dx ∧ dy,

where (x, y) are holomorphic coordinates on T 4 and z is a holomorphic coor-
dinate on T 2, and ansatz metric

ω = e2ψωT 2 + eψω′,

where ψ : T 2 → R is a smooth function and

ω′ = idx ∧ dx̄ + idy ∧ dȳ, ωT 2 = idz ∧ dz̄.

As ω is conformally Kähler, this is a special case of our earlier discussion in
§5.1. We include this example because the metric ansatz is a simple instance
of the ansatz introduced in [Fei16a, Fei16b] and discussed in §5.2. It is easy
to derive the reduction of the dual Anomaly flow in this setup. Indeed,

‖Ω‖ω = e−2ψ

‖Ω‖ωω2 = ω′ 2 + 2eψω′ ∧ ωT 2 ,

and the dual Anomaly flow is

d

dt
(ω′ 2 + 2eψω′ ∧ ωT 2) = −i∂∂̄(e−ψω′ + ωT 2).

The flow reduces to the Riemann surface (T 2, ωT 2) as the PDE

∂tu = u2

4 Δu, u = e−ψ.

The maximum principle gives uniform bounds for u in terms of the initial
data

inf
T 2

u(x, 0) ≤ u(x, t) ≤ sup
T 2

u(x, 0).

As a parabolic equation with bounded coefficients, it follows [KS80] that Cδ,δ/2

norms of u are bounded, and therefore by Schauder estimates (e.g. [Kry96]),
the C2+δ,1+δ/2 norms of u(x, t) are bounded along the flow. By a bootstrap
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argument, the flow exists smoothly for all time with all norms uniformly
bounded. Furthermore, we have the conservation law

(12) d

dt

∫
T 2

eψωT 2 = d

dt

∫
T 2

1
u
ωT 2 = 0.

Stationary points of the flow satisfy Δu∞ = 0 and hence are constant func-
tions. The Dirichlet energy

I(u(t)) = 1
2

∫
T 2

i∂u ∧ ∂̄u,

evolves by
d

dt
I(t) = −

∫
T 2

u̇ i∂∂̄u = −2
∫
T 2

u−2u̇2 ωT 2 .

Thus
d

dt
I(t) ≤ − 2

sup u2(x, 0)

∫
T 2

u̇2 ωT 2 .

From here, our uniform estimates on all norms of u show that if
∫
u̇2 does not

go to zero as t → ∞, then I(t) becomes unbounded, which contradicts our
uniform bounds. A standard argument shows that u(t) converges smoothly
to a constant as t → ∞. This constant is detected by the conservation law
(12).

5.5. Quotients of SL(2,C)

Let X be a threefold admitting a global holomorphic frame {e1, e2, e3} of
T 1,0X such that [ei, ej ] = εijkek, where εijk is the Levi-Civita symbol. Such
a manifold can be constructed by taking lattice quotients of the complex Lie
group SL(2,C). If {e1, e2, e3} is the dual frame, then we set

Ω = e1 ∧ e2 ∧ e3

to be the holomorphic volume form, and

ω̂ = ie1 ∧ ē1 + ie2 ∧ ē2 + ie3 ∧ ē3

to be the reference Hermitian metric. We will study the flow using the ansatz

ω(t) = ρ(t)ω̂,
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where ρ(t) > 0 is a positive constant. These metrics are in fact conformally
balanced, and this ansatz was used in [FY15] to solve the Hull-Strominger
system on complex Lie groups. We have

‖Ω‖ω = ρ−3/2,

and furthermore, a computation using the structure constants εijk gives

i∂∂̄ω̂ = 1
2 ω̂

2.

Substituting this ansatz into the dual Anomaly flow leads to the ODE

d

dt
(ρ1/2ω̂2) = −1

2ρ
−1/2ω̂2.

This has solution ρ(t)1/2 = (R − t)1/2, hence the dual Anomaly flow has
solution

ω(t) = (R− t)ω̂,

and the metric goes to zero everywhere in finite-time.
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