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Positive projectively flat manifolds are locally
conformally flat-Kähler Hopf manifolds

Simone Calamai
∗

Abstract: We define a partition of the space of projectively flat
metrics in three classes according to the sign of the Chern scalar
curvature; we prove that the class of negative projectively flat met-
rics is empty, and that the class of positive projectively flat met-
rics consists precisely of locally conformally flat-Kähler metrics on
Hopf manifolds, explicitly characterized by Vaisman [23]. Finally,
we review the known characterization and properties of zero projec-
tively flat metrics. As applications, we make sharp a list of possible
projectively flat metrics by Li, Yau, and Zheng [16, Theorem 1];
moreover we prove that projectively flat astheno-Kähler metrics
are in fact Kähler and globally conformally flat.
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Introduction

A projectively flat metric ω on a given compact complex manifold M of com-
plex dimension n is in particular a Hermitian Yang Mills metric. The latter
are solutions of the equation ΛgFh = γ · IdE , where (E, h) → (M, g) is a
complex rank r Hermitian holomorphic vector bundle, γ is a real valued func-
tion on M , Fh is the Chern-curvature of h, and ΛωFh is the mean curvature.
In that environment, projectively flat metrics are solutions of the equation
Fh = 1

r trhFh · IdE . Our present concern consists of the case when E is the
holomorphic tangent bundle TM , so hereafter by projectively flat metric we
mean a solution of the equation

Fh = 1
n
trhFh · IdTM .

Hermitian Yang Mills metrics are in bijection to stable vector bundles via
the Kobayashi-Hitchin correspondence thanks to the works of Donaldson for
algebraic surfaces [9] and manifolds [10], Uhlenbeck Yau for Kähler manifolds
[22], Buchdahl [5] for surfaces, and Li Yau [15] for Hermitian manifolds. In
particular, uniqueness theorems of that theory yield that there is at most
one projectively flat metric on a given compact complex manifold; we should
emphasize here that, since a globally conformal metric of a projectively flat
metric is again projectively flat, we understand uniqueness modulo global
conformal transformations of the metric. In complex dimension one, every
compact Riemann surface S is projectively flat, and since all Hermitian met-
rics on S are conformal to each other, we can think of any such metric to be
projectively flat.

In complex dimension two there is a complete understanding of projec-
tively flat metrics as well, which is presented for instance in [18, page 180].
In fact, projectively flat complex surfaces are precisely those complex sur-
faces admitting a locally conformally flat-Kähler metric: on their turn, the
latter are either Kähler flat surfaces (which are classified in [7]) or locally
conformally flat-Kähler Hopf surfaces (which are explicitly characterized by
Vaisman [23]).

For higher complex dimension the previous picture fails; in fact general-
ized Iwasawa manifolds admit Chern-flat (and hence, projectively flat) metric
[2, 6, 19] which is not locally conformally flat-Kähler. (This can be seen as
follows: Vaisman [23], as described in [18, page 180], proved that the only
locally conformally Kähler flat metrics are either Hopf or Kähler flat, and
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clearly Iwasawa aren’t such.) This leads to a partition of the family of pro-
jectively flat metrics in classes that have both a geometrical meaning and for
some of which we can get a complete description.

Whence, we consider the conformal class of a projectively flat metric
{h} and we look at the sign of its Gauduchon degree. By the Gauduchon
conformal method [1, 2, 13, 24], there exists in {h} a representative whose
scalar curvature with respect to the Chern connection has definite sign which
is the same as the sign of the Gauduchon degree. This leads to the natural
definition of positive (respectively zero, or negative) projectively flat metric
(Definition 2.4).

We are going to prove, in Theorem 5.7, that the class of positive projec-
tively flat metrics consists precisely of locally conformally flat-Kähler metrics
on Hops manifolds (which are classified with explicit description by Vaisman
[23]). A key step for getting the result is Lemma 5.2, for which we give a proof
alternative to the original argument of Li, Yau, and Zheng [16, Lemma 2].

Concerning negative projectively flat metrics, we prove that they do not
exist (Theorem 3.1, compare [19, Theorem 4.4]).

About the class of zero projectively flat metrics, we give a characteri-
zation (Theorem 4.4) of them which involves balanced metrics and globally
conformally Chern flat metrics, essentially by means of the existing literature
([16, 19]). Then we recall that the understanding of Chern flat metrics is fairly
satisfactory thanks to a result by Boothby [3]. The class of zero projectively
flat metrics can be on its turn subdivided into Kählerian and non-Kählerian
manifolds. About the first ones, we give a characterization criterion (Theorem
4.9) building on the Calabi Yau theorem and the Kobayashi Lübke inequality;
we recall that they are classified up to dimension three (see [7]).

As applications of this partition of projectively flat metrics we prove
(Corollary 6.3) a refinement of [16, Theorem 1] by Li, Yau, and Zheng of
possible occurrences of projectively flat manifolds. In fact, among all the fi-
nite undercovers of Hopf manifolds, we are able to say that only the locally
conformally flat-Kähler Hopf manifolds classified by Vaisman admit projec-
tively flat metric, which is the Boothby metric.

A second application (Corollary 6.6) is that if a metric is astheno-Kähler
and projectively flat, then it is Kähler and zero projectively flat.

1. Setup and definitions

Let (M,J) be a differentiable manifold of complex dimension n endowed with
an integrable complex structure; also, TM will denote the holomorphic tangent
bundle of M . The integrability of J is required since it is usually assumed
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in the theory of Hermitian Yang Mills metrics (see [18]). Given a Hermitian
metric h on M , on a coordinate chart of M the curvature tensor induced by
the Chern connection is given by

Θij̄kl̄ := −
∂2hij̄

∂zk∂z̄l
+ hpq̄ ∂hiq̄

∂zk
∂hpj̄

∂z̄l
,(1)

which leads to three types of Ricci tensors that we will refer to as first (re-
spectively second, third) Ricci, as follows

Θ(1)
kl̄

:= hij̄Θij̄kl̄; Θ(2)
ij̄

:= hkl̄Θij̄kl̄; Θ(3)
il̄

:= hkj̄Θij̄kl̄ .(2)

Hoping that the following notation is suggestive rather than confusing, we
will also denote the curvature tensor of h as Θ :=: Θ[h], the first Ricci tensor
as Θ(1)

[h] :=: trhΘ[h], and the second Ricci tensor as Θ(2)
[h] :=: ΛhΘ[h]

Here we introduce the main focus of the present manuscript.

Definition 1.1. A projectively flat metric h is a Hermitian metric on M such
that it satisfies

Θij̄kl̄ = 1
n

Θ(1)
kl̄
hij̄ .(3)

Also, (3) can be expressed as Θ[h] = 1
n trhΘ[h] · h.

Remark 1.2. In [18, (2.2.3), page 51] are labeled as projectively flat metrics
those h of a Hermitian holomorphic vector bundle (E, h) → (M, g) for which
there holds an equation that, in the case E = TM and h = g is precisely our
(3). The same metrics as in Definition 1.1 were labeled as projectively flat
already in [16].

Remark 1.3. It is straightforward to check that if h is projectively flat, then
given any u ∈ C∞(M ;R), also exp(u)h is projectively flat.

2. A partition for the class of projectively flat metrics

Our next goal is to define a partition on the class of projectively flat metrics.
We first need as lemma the Gauduchon conformal method (which we state
without proof, that can be found in [1, 2, 13, 24]), for which it is useful to
recall the following notion of Chern scalar curvatures.

Definition 2.1. A further contraction of the Ricci tensors (2) leads to two
distinct types of Chern scalar curvatures, as follows

s := s[h] :=: ΛhtrhΘ[h] :=: hkl̄Θ(1)
kl̄

:=: hij̄Θ(2)
ij̄

; ŝ := ŝ[h] :=: hil̄Θ(3)
il̄

.(4)
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Moreover, we recall the well known concept of the sign of the Gauduchon
degree.

Definition 2.2. For any fixed conformal class {h} of Hermitian metrics on a
given compact complex manifold M of complex dimension n ≥ 2. Recall from
[13] that there is one, up to homothety, Gauduchon metric g ∈ {h}. Then the
sign of the Gauduchon degree is given by

Γh(M) := sign

(∫
M

sgdVg

)
.

Lemma 2.3. Given a compact complex manifold (M,J) and a conformal
class {h} of Hermitian metrics on M , there exists in {h} a representative h̃
such that its Chern scalar curvature sh̃ has constant sign, which is the same
as the sign of the Gauduchon degree of {h}.

Next we introduce a fundamental definition for our purposes.

Definition 2.4. Let (M,J) be a complex manifold, and assume the exis-
tence of the conformal class {h} of projectively flat metrics on M . Then, any
representative of that class is called, respectively

• Negative projectively flat if and only if in {h} there is a representative
h̃ such that sh̃ is a negative function.

• Zero projectively flat if and only if in {h} there is a representative h̃
such that sh̃ = 0.

• Positive projectively flat if and only if in {h} there is a representative
h̃ such that sh̃ is a positive function.

Remark 2.5. Thanks to the fact that the sign of the Gauduchon degree is
a conformal invariant, exactly one of the three possibilities in Definition 2.4
occurs.

Remark 2.6. In complex dimension one, it is straightforward to check that
any Hermitian metric on a Riemann surface is projectively flat. The parti-
tion described in Definition 2.4 amounts to the partition of Riemann surfaces
according to genus bigger or equal to two, genus one, and genus zero respec-
tively.

3. Negative projectively flat metrics

The main result of this section is the non existence of negative projectively
flat metrics; we remark that this result was essentially proved in [19, Theorem
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4.4], but it is worth noticing that according to the partition introduced in Def-
inition 2.4, from this we will be able to conclude new applications. Moreover
in [19] Matsuo introduces the Chern counterpart of the Weyl and he proves a
characterization of projectively flat metrics that involves the vanishing of that
tensor; on the other hand, the proof of non existence of negative projectively
flat metrics doesn’t need such characterization.

Theorem 3.1. Let (M,J) be a compact complex manifold of complex dimen-
sion n ≥ 2. Then it cannot admit a negative projectively flat metric.

Proof. Assume by contradiction that h is a negative projectively flat metric
on M . Applying hkj̄ to (3) and summing over k, j we end up with

n · Θ(3)
[h] = Θ(1)

[h] .(5)

As usual we can associate to Θ(a), a = 1, 2, 3, and h their corresponding (1, 1)-
forms ρ(a), a = 1, 2, 3, ω. Hence, an equivalent statement of (5) is n·ρ(3) = ρ(1).
The first and third Ricci forms satisfy the following general relation (see
[13, 17])

ρ(3) = ρ(1) − ∂∂∗ω .(6)

We infer that, for any projectively flat metric there holds

n− 1
n

ρ(1) = ∂∂∗ω .(7)

Now, tracing by means of ω and integrating by parts we get

n− 1
n

∫
M

s[h]dVh =
∫
M

(∂∗ω, ∂∗ω)ωdVh ≥ 0 ,

which contradicts the assumption on the negativity of the Gauduchon degree
of h. This completes the proof of the theorem.

Remark 3.2. As observed in Remark 2.6 there are examples of negative
projectively flat metrics, which now turn out to be the only ones.

4. Zero projectively flat metrics

We begin this section with recalling a result in [19], which was also hinted in
[18]; it says that projectively flat metrics are the same as locally conformally
Chern flat metrics, in the sense now specify.
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Definition 4.1. Let M be a complex manifold, and h be a Hermitian metric
on M . Then h is called locally conformally Chern flat if and only if for any
point p ∈ M there exists an open neighborhood p ∈ U ⊂ M and a function
u ∈ C∞(U ;R) such that

Θ[exp(u)·h] = 0 .(8)

Lemma 4.2. Let (M, h) be a compact Hermitian manifold. Then h is pro-
jectively flat metric if and only if it is locally conformally Chern flat.

Proof. We first assume that h is projectively flat metric. Recall that the first
Ricci form ρ(1) is a d-closed real (1, 1)-form; then by the Dolbeault lemma,
we can find an open neighborhood of any fixed p ∈ M such that Θ(1)

kl̄
= ukl̄

for some u ∈ C∞(U ;R). Then, over U there holds, from the very definition
of the curvature tensor Θ,

Θ[exp(u)·h] = exp(u) ·
(
Θij̄kl̄ − ukl̄ · hij̄

)
,

which entails, using (3) and that Θ(1)
kl̄

= ukl̄, Θ[exp(u)·h] = 0, that is, h is locally
conformally Chern flat.

Now we assume that h is locally conformally Chern flat; we are going to
prove that on any point p ∈ M there holds (3). By hypothesis we have that
around p, for some function u, there holds (8); expanding it we have

0 = exp(u) ·
(
Θij̄kl̄ − ukl̄ · hij̄

)
,

which entails Θij̄kl̄ = ukl̄ · hij̄ . Now contracting via h along i, j this is saying
that Θ(1)

kl̄
= n · ukl̄, and whence we can conclude that for h there holds (3).

This completes the proof of the lemma.

Our next goal is to characterize zero projectively flat metrics as global
conformally Chern flat metrics, and also as those projectively flat metric
which are balanced.

Definition 4.3. Let (M, h) be a Hermitian manifold. Then h is called glob-
ally conformally Chern flat if and only if it satisfies, for some function v ∈
C∞(M ;R),

Θ[exp(v)·h] = 0 .

Let ω be the (1, 1)-form corresponding to h; then h is called balanced if and
only if d(ωn−1) = 0.
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Proposition 4.4. Let (M, h) be a compact Hermitian manifold of complex
dimension bigger or equal to two. The following facts are equivalent:

1. h is zero projectively flat metric;
2. h is both projectively flat and balanced;
3. h is globally conformally Chern flat.

Proof. We claim that (i) implies (ii). In fact, tracing the equation (7) which
holds for any projectively flat metric, after integrating by parts we end up
with

0 = n− 1
n

∫
M

shdVh =
∫
M

(∂∗ω, ∂∗ω)ωdVh ,

which implies that ∂(ωn−1) = 0, and whence h is balanced.
We claim that (ii) implies (iii). Since h is balanced, from the general

relation (6) we conclude

Θ(3) = Θ(1) .

On the other hand, since h is projectively flat we infer again (5). Whence,
as n ≥ 2, we conclude Θ(1) = Θ(3) = 0, which plugged in (3) says that h is
Chern flat.

The implication from (iii) to (i) being obvious, this completes the proof
of the theorem.

Remark 4.5. We emphasize that the equivalence between (ii) and (iii) in
Theorem 4.4 is very well known and already present in literature.

We now recall a classical result by Boothby [3], which makes the under-
standing of compact Chern flat manifolds fairly satisfactory.

Proposition 4.6. Let (M, h) be a compact Hermitian manifold. Then (M, h)
is Chern flat if and only if M is a compact quotient of a complex Lie group
and h is a left invariant metric.

Remark 4.7. An important subclass of compact Chern flat manifolds are
the complex parallelizable manifolds, which were classified by Wang [26].

On their turn, zero projectively flat manifolds can be subdivided between
Kählerian and not Kählerian. Our next goal is to give an easy characterization
of the Kählerian zero projectively flat manifolds, building on the Calabi Yau
theorem and on the Kobayashi Lübke inequality.

As preparation, we need to state a result in [19] whose proof can be found
in there.
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Lemma 4.8. Let (M, h) be a projectively flat manifold of complex dimension
bigger or equal to two. Then for all k = 1, . . . , n − 1 its k-th Chern classes
are zero: Ck(M) = 0.

Theorem 4.9. Let (M, J) be a compact Kählerian manifold. Then the van-
ishing of the first and the second Chern classes of M vanish is equivalent to
the existence of a zero projectively flat metric on M .

Proof. Assuming the vanishing of the classes, then by the Calabi Yau theorem
[25], on any Kähler class (which exists by assumption) of M there is a Kähler
Ricci flat metric h. Since h is Kähler, its first and second Ricci curvature
coincide, and we can write down the Kähler Ricci flat condition as Θ(2)

[h] =
ΛhΘ[h] = 0. This is entailing that h is h-Hermitian Yang Mills with γ = 0.
Now, the Kobayashi Lübke inequality [18, (2.2.3) page 51] tells us that, as h
is Kähler and h-Hermitian Yang Mills metric, then, denoting as usual by ω
the Kähler form of h, we have∫

M

(
2nC2(M) − (n− 1)C2

1 (M)
)
∧ ωn−2 ≥ 0

and equality holds if and only if h is projectively flat. Using the hypothesis
on the Chern classes and the fact that ω is Kähler, the Stokes theorem allows
to conclude that in fact h is projectively flat. The converse statement follows
from Lemma 4.8. This completes the proof of the Theorem.

Remark 4.10. It would be interesting to have a statement in the vein of
Theorem 4.9 in the non-Kählerian case (Compare [4, Proposition, page 67]).

5. Positive projectively flat metrics

We begin with recalling a well known fundamental concept.

Definition 5.1. Let (M, h) be a Hermitian manifold; let ω be the funda-
mental (1, 1)-form corresponding to h. Then h is called locally conformally
Kähler if and only if for any point p ∈ M there exists an open neighborhood
U ⊂ M of p and a function u ∈ C∞(U ;R) such that exp(u) · h is a Kähler
metric on U . Equivalently, there exists a (1, 0)-form α such that there holds

∂ω = α ∧ ω .

Thanks to the previous definition, we now recall the statement of a result
[16, Lemma 2 and thereafter], for which we give a proof alternative to the
original one.
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Lemma 5.2. Let (M, h) be compact Hermitian manifold. If h is projectively
flat, then either h is balanced or h is locally conformally Kähler.

Proof. We start with arguing as in [16, Lemma 1]: let e = (e1, . . . , en) be a uni-
tary frame of the holomorphic tangent bundle of M , and let φ = (φ1, . . . , φn)
be its dual coframe. Let θ = θ′ + θ′′ be the connection matrix under e decom-
posed into its (1, 0) and (0, 1) parts, and τ = (τ1, . . . , τn) be the torsion forms
under e, where τi = 1

2
∑n

j,k=1 T
i
jkφj ∧ φk, and T i

jk = −T i
kj . Then the torsion

one-form η is defined, via ∂ωn−1 = (n− 1)η ∧ ωn−1, by

η = 1
n− 1

n∑
j,k=1

T k
jkφj .

The structure equations give

∂̄φ = φ ∧ θ′′, ∂̄τ = φ ∧ ρ(1) − τ ∧ θ′′,

where ρ(1) = ρ
(1)
ij̄
φi ∧ φ̄j . Then

∂̄τi = 1
2

n∑
j,k,l=1

(
∂̄lT

i
jk

)
φj ∧ φk ∧ φ̄l + 1

2

n∑
j,k=1

T i
jk∂̄φj ∧ φk −

1
2

n∑
j,k=1

T i
jkφj ∧ ∂φk

= 1
2

n∑
j,k,l=1

(
∂̄lT

i
jk

)
φj ∧ φk ∧ φ̄l + 1

2

n∑
a,j,k,l=1

T i
jkφa ∧ Aaj,l̄φ̄l ∧ φk

− 1
2

n∑
b,j,k,l=1

T i
jkφj ∧ φb ∧ Abk,l̄φ̄l

=
n∑

l=1

∑
j<k

φj ∧ φk ∧ φ̄l

(
∂̄lT

i
jk +

n∑
a=1

T i
ajAka,l̄ −

n∑
b=1

T i
bkAjb,l̄ ,

)

where we used the anti symmetry of T in the last equality. On the other hand,

φi ∧ ρ(1) −
n∑

p=1
τp ∧ θ′′pi =

∑
j<k

n∑
l=1

φj ∧ φk ∧ φ̄l

(
δijρ

(1)
kl̄

− δikρ
(1)
il̄

− T p
jkApi,l̄

)
.

From this we get, as in [16, Lemma 1],

∂̄lT
k
jk = −(n− 1)ρ(1)

jl̄
+ T k

akAja,l̄ ,

which amounts to ∂̄η = ρ(1). Let us consider, still following [16], the section
σ = (τ−η∧φ)⊗eT of T ∗M⊗T ∗M⊗TM . Again from the structure equations,
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using that ∂̄η = ρ(1), it follows that σ is a holomorphic section. Let H be the
Hermitian metric on T ∗M ⊗ T ∗M ⊗ TM induced by the projectively flat
metric h on the tangent bundle. Let v1, . . . , vn be a local holomorphic frame
around x. At x, we request that Hij̄ = δij and dHij̄ = 0. As ‖σ‖2 = σiHij̄σj̄ ,
since the hypothesis on h being projectively flat implies that H is projectively
flat as well,

√
−1∂∂̄‖σ‖2

|x ≥ ρ(1)‖σ‖2 .(9)

We would like to conclude that either σ = 0 or ρ(1) = 0; we give now an
argument alternative to the original one. We have three cases, according to
the Gauduchon degree of the projectively flat metric under consideration.
The first case, of negative Gauduchon degree, does not allow any projectively
flat metric by means of Theorem 3.1. The case of Gauduchon degree zero, in
view of Theorem 4.4, allows to conclude that ρ(1) = 0. Finally, in the case
of positive Gauduchon degree, we apply the Gauduchon conformal method
Lemma 2.3, which provides a metric h+ on the holomorphic tangent bundle,
which is still projectively flat being conformal to the initial projectively flat
metric h, such that its scalar curvature s+ is a positive function. Now, for h+
there holds (9) as well, and tracing it we get to

−Δd‖σ‖2 + (η , d‖σ‖2)h+ ≥ ‖σ‖2s+ ,

where Δd is the Hodge Laplacian of h+. Now, the maximum principle allows
to conclude that σ = 0. This completes the proof of the lemma.

The next notion is going to be of primary interest in the remainder of the
manuscript.

Definition 5.3. Let (M, h) be a Hermitian manifold. Then h is called locally
conformally flat-Kähler if and only if for any point p ∈ M there exists an open
neighborhood U ⊂ M of p and a function u ∈ C∞(U ;R) such that exp(u) · h
is both Chern flat and a Kähler metric on U .

The following fact was already claimed in [23, Remark (2) page 235].

Lemma 5.4. Let (M, h) be a compact Hermitian manifold. Then h is locally
conformally flat-Kähler if and only if it is locally conformally Chern flat and
locally conformally Kähler.

Proof. Assuming that h is locally conformally flat-Kähler, the conclusion is
obvious.

Vice versa, by means of Lemma 4.2 we can state the assumption as: h is
projectively flat and locally conformally Kähler. We pick a point p ∈ M and
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since h is locally conformally Kähler we get an open neighborhood U ⊂ M
of p such that exp(u) · h is Kähler in U for some u ∈ C∞(U ; R). Whence, in
U there holds that exp(u) · h is both Kähler and projectively flat. Now, by
[18, (5.4.6)] exp(u) · h is Chern flat in U . We conclude that exp(u) is a local
conformal transformation which makes h simultaneously Kähler and Chern
flat. This completes the proof of the lemma.

About locally conformally flat-Kähler manifolds, it is crucial for us to
recall the structure theorem by Vaisman [23] (see also [11, Section 6.2] for a
detailed presentation).

Definition 5.5. Let H be a finite subgroup of the unitary group U(n). Let
γ0 a linear transformation of Cn which commutes with each element of H and
has the form

γ0(z) :=
(
ρ0 exp

(
2π

√
−1λ1

)
z1, · · · , ρ0 exp

(
2π

√
−1λn

)
zn

)
,

where ρ0 ∈ (0, 1), λ1, · · · , λn ∈ R. Then consider the group G given by

G := {γ · γk0 | γ ∈ H , k ∈ Z} .(10)

A locally conformally flat-Kähler Hopf manifold is the quotient

(Cn\0)/G ,

where G is a group as described in (10). In particular, we only consider those
G such that the quotient is compact.

The label locally conformally flat-Kähler Hopf manifold is justified by the
following classical result by Vaisman [23].

Proposition 5.6. Let (M, h) be a compact Hermitian manifold of complex
dimension bigger or equal to two. If h is locally conformally flat-Kähler then
either (M, h) is Kähler and flat or M is a locally conformally flat-Kähler
Hopf manifold and h is globally conformally to the Boothby metric, whose
coefficients are given by

hij̄ = 4δij
|z|2 .

We are ready to state the main result of this section.

Theorem 5.7. Let (M, h) be a compact Hermitian manifold. Then it is pos-
itive projectively flat if and only if is a locally conformally flat-Kähler Hopf
manifold endowed with a metric globally conformal to the Boothby metric.
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Proof. If (M, h) is a locally conformally flat Kähler Hopf manifold endowed
with the Boothby metric, then by direct computation on the Boothby metric
it is manifestly a positive projectively flat metric.

Vice versa, let (M, h) be positive projectively flat. By Lemma 5.2, h is
either balanced or locally conformally Kähler. We exclude that h is balanced
by means of Theorem 4.4; whence necessarily h is locally conformally Kähler.
By Lemma 4.2 h is also locally conformally Chern flat. We deduce by means
of Lemma 5.4 that h is locally conformally flat-Kähler. Finally, the struc-
ture theorem Proposition 5.6 allows us to conclude that (M, h) is a locally
conformally flat-Kähler Hopf manifold endowed with the Boothby metric.

6. Applications

In [16], where the label projectively flat metric has exactly the same meaning
as in the present manuscript, the class of similarity Hopf manifolds [12] was
considered as possibly admitting projectively flat metrics. Our first applica-
tion is a refinement of their description given in [16, Theorem 1].

Definition 6.1. A compact complex manifold (M, J) is called similarity
Hopf manifold if and only if it is a finite undercover of a Hopf manifold
of the form (Cn\0)/ < φ >, where φ(z) = azA is a complex expansion:
A ∈ U(n), a > 1, z = (z1, . . . , zn).

Remark 6.2. Let M be any finite undercover of a Kählerian complex torus;
then, thanks to [8] we know that M is Kählerian, and whence we can apply
to it our Theorem 4.9. It would be interesting to investigate the behavior of
the first and the second Chern classes on such manifolds. Moreover, if the
flat complex torus is not Kählerian, what is possible to say about its finite
undercovers?

Corollary 6.3. The only similarity Hopf manifolds which admit projectively
flat metric are locally conformally flat-Kähler Hopf manifolds endowed with
the Boothby metric. In particular, if the Boothby metric is not invariant with
respect to some G as in Definition (5.3), then such locally conformally flat-
Kähler Hopf manifold is not projectively flat.

Proof. Let M be a similarity Hopf manifold with projectively flat metric h.
Assume by contradiction that h is zero projectively flat. Then, by Theorem
4.4, we have that h is balanced. Now, pulling back ω (the fundamental (1, 1)-
form of h) to the base Hopf manifold via the finite covering map, we get a
balanced metric on a Hopf manifold which is excluded in [21]. So we have
that h is positively projectively flat, and we apply (5.7) to get the claimed
structure of (M, g). The last sentence of the statement is obvious.
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Remark 6.4. We wouldn’t be surprised to learn that the previous result
was already stated in literature. We acknowledge that in [18, pages 180–181]
the authors refer to [14, 16] for a description of projectively flat metrics in
dimension bigger or equal to three.

The next application deals with projectively flat astheno-Kähler metrics
(compare [16, Corollary 3]).

Definition 6.5. Let (M, h) be a Hermitian manifold; let ω be the fundamen-
tal (1, 1)-form corresponding to h. Then h is called astheno-Kähler metric if
and only if ∂∂̄(ωn−2) = 0.

Corollary 6.6. Let (M, h) be a compact Hermitian manifold of complex
dimension bigger or equal to three. If h is astheno-Kähler and projectively
flat, then h is Kähler and zero projectively flat.

Proof. In view of Theorems 3.1, 4.4, and 5.7 we have to exclude that M is a
locally conformally Kähler flat Hopf manifold and that M is non-Kählerian
zero projectively flat. About the first claim, by [23] we have an explicit ex-
pression of the form of such metrics on those Hopf manifolds, which are not
astheno-Kähler. Whence, now we know that h is zero projectively flat. About
the second claim, by Theorem 4.4, we know that h is balanced. Then, by [20]
we conclude that h is Kähler. This completes the proof of the corollary.

Remark 6.7. Since any Hermitian metric on a Riemann surface or a complex
surface is astheno-Kähler, Corollary 6.6 doesn’t hold in dimension one and
two. In particular, in dimension two Kähler projectively flat metrics are zero
projectively flat; whence all the counterexamples in dimension two are given
by locally conformally flat-Kähler Hopf manifolds.

Remark 6.8. Since any Hermitian metric on a Riemann surface or a complex
surface is astheno-Kähler, Corollary 6.6 doesn’t hold in dimension one and
two. In particular, in complex dimension two Kähler projectively flat metrics
are zero projectively flat; whence all the counterexamples in dimension two
are given by locally conformally flat-Kähler Hopf manifolds.
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