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The geometry of generalized Lamé equation, III:
one-to-one of the Riemann—Hilbert correspondence

Zu1)1E CHEN, TING-JUNG Kuo, AND CHANG-SHOU LIN

Abstract: In this paper, the third in a series, we continue to
study the generalized Lamé equation H(ng, n1, ne,ns; B) with the
Darboux—Treibich—Verdier potential

3
y'(2) = [anmwlm(zwmw y(), na € Zso
k=0

and a related linear ODE with additional singularities £p from
the monodromy aspect. We establish the uniqueness of these ODEs
with respect to the global monodromy data. Surprisingly, our result
shows that the Riemann—Hilbert correspondence from the set

{H(no, ni, o, N3; B)lB S (C} U {H(?’LO + 2,n1,n9,n3; B)lB S (C}

to the set of group representations p : w1 (E;) — SL(2,C) is one-
to-one. We emphasize that this result is not trivial at all. There is
an example that for 7 = % + i@, there are Bj, By such that the
monodromy representations of H(1,0,0,0; B;) and H(4,0,0,0; Bs)
are the same, namely the Riemann—Hilbert correspondence from
the set

{H(no, n1,n2,n3; B)|B € C} U{H(no + 3,n1,n2,n3; B)|B € C}

to the set of group representations is not necessarily one-to-one.
This example shows that our result is completely different from the
classical one concerning linear ODEs defined on CP' with finite
singularities.

1. Introduction

Throughout the paper, we use the notationswg = 0, w1 = 1, we = 7, w3 = 147
and A; = Z + Zt, where 7 € H = {r|Im 7 > 0}. Define E; := C/A; to be
a flat torus and E;[2] := {%:|k = 0,1,2,3} + A; to be the set consisting of
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the lattice points and 2-torsion points in E.. For z € C we denote [z] :=
z (mod A;) € E;. For a point [2] in E; we often write z instead of [z] to
simplify notations when no confusion arises.

Let p(z) = @(z|T) be the Weierstrass elliptic function with periods A,
and define ey (1) 1= p(%|7), k = 1,2,3. Let ((2) = ((2|7) = — [* p(&|7)d¢
be the Weierstrass zeta function with two quasi-periods ng(7), k = 1,2:

(1.1) k(7)== 20(%¢|7) = C(z + wilm) — C(2]7), k=12,

and 0(z) = o(z|7) := exp [* ((§)dE€ be the Weierstrass sigma function. Notice
that ((z) is an odd meromorphic function with simple poles at A, and o(z)
is an odd entire function with simple zeros at A,.

This is the third in a series of papers, initiated in Part I [6], to study the
generalized Lamé equation (denoted by GLE(n,p, A, 7)):

(1.2) y'(2) = In(zp, A, 7)y(2), 2 €C,

where the potential I,(z;p, A, 7) is given by

Sl + Dl + ) + 3oz 4 plr)
(13) In(zsp Am) = | ) £ A + i) — ¢z — plr) + B

with n = (ng, n1,na, n3), ng € Zxo for all k, £[p|] ¢ E;[2] and
(1.4) B:AQ—C(2p|7') —fp (2p|T) — an nk + D)p(p + 7).

The (1.4) is equivalent to that 4[p] are apparent singularities (i.e. non-
logarithmic); see [4] for a proof and also [5, 8, 28] for recent studies on (1.2).
Remark that all singularities of GLE(n, p, A, 7) are apparent and

(1.5) GLE(n, p, A, 1) is independent of any representative p € p + A,
and GLE(n, p, A,7) = GLE(n, —p, — A, 7).

For convenience, we often omit some of {n,p, A, 7} in the notations when no
confusion should arise.

Our motivation of studying GLE (1.2) is inspired by the so-called elliptic
form of Painlevé VI equation (denoted by EPVI(ay, a1, o, ai3)):

(1.6) d?;( =2 Zakp < u;k 7'>,
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where
(1.7) ap =@t € Zoy, k=0,1,2,3.

In [4] we proved that GLE (1.2) with (p,A) = (p(7), A(T)) preserves the
monodromy as 7 deforms if and only if (p(7), A(7)) satisfies the following
Hamiltonian system

dolr) _ 9 — —i(2A — ((2p|7) + 2pm (7))
(1.8) dA@ _on [ (202plT) + 2m(7)A -3
=Yg mk(ne + D! (p + £ 7)

dr op —
with
=t A @pm(r) = C(2pIn)A — Gp(2plr) ]
4 | =i mk(ne + Dp(p + 57)
= ;—;(B + 2pmi (1) A),

or equivalently p(7) is a solution of EPVI(a, a1, ag, as).

Since the local exponents of GLE (1.2) at < (resp. at £p) are —ny,
ng + 1 (resp. —%, %), the local monodromy matrix at %* (resp. at £p) is the
identity matrix I3 (resp. is —I3). Denote by L the straight segment connecting
+p. Then any solution y(z) of GLE (1.2) can be viewed as a single-valued
meromorphic function in C\(L + A;), and in this region y(—z) and y(z +
w;) are well-defined. See [4, 28] or Section 2. Let (y1,y2) be any linearly
independent solutions of GLE (1.2). Then there are monodromy matrices

Ny, Ny € SL(2,C) such that

y1(z +wj) y(2) :
1.9 =N; , =1,2, and
(1.9) (W rup)) =N )
(1.10) N1Ny = NyNjy.
Furthermore, the monodromy group of GLE (1.2) is generated by —I5, Ny, Nj.

By (1.10), clearly there are two cases (see Part I [6]):

(a) Completely reducible (i.e. all the monodromy matrices have two linearly
independent common eigenfunctions). Up to a common conjugation, Ny
and N, can be expressed as

e—2mis 0 e2mir 0
(1.11) Ny = < 0 o2mis | 0 Ny = 0 e—2mir
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for some (r, s) € C*\1Z2. In particular,
(1.12)  (trNy,trNy) = (2cos2ms, 2 cos 2nr) & {£(2,2), £(2,—2)}.

(b) Not completely reducible (i.e. the space of common eigenfunctions is of
dimension 1). Up to a common conjugation, Ny and Ny can be expressed
as

1 0 10
(113) N1=€1 (1 1), NQZSQ (C 1),

where 1,69 € {£1} and C € CU {oo}. In particular,
(1.14) (trN1, trNy) = (261, 2e9) € {£(2,2),£(2,-2)}.

Remark that if C = oo, then (1.13) should be understood as

10 10
(1.15) Ny =¢ (0 1), Ny =9 <1 1>~

For later usage we will briefly review it in Section 2. In this paper, GLE
(1.2) (and also the H(n, B, 7) below) is called completely reducible if Case (a)
occurs; not completely reducible if Case (b) occurs.

In [4] we proved that if p(7) is a solution of EPVI(ag, a1, ag, a3) and

wk(T())

5 as 7T — 7o,

p(r) = 5 =

then the potential I,,(z; p(7), A(7), T) converges to the well-known Darbouz—
Treibich—Verdier potential Inki (z; B, 1) for some B € C, where the Darboux—

Treibich—Verdier potential is defined as ([10, 36, 37])
3

(1.16) In(zB,7) ==Y np(ng + D)p(z + %|7) + B,
k=0

and nf is defined by replacing nx in n with ng 1. That is, by considering the
corresponding generalized Lamé equation (denoted by H(n, B,7) or simply
Hin, B))

(1.17) y"(2) = In(z; B,7)y(z), z€C,

we have that GLE(n, p(7), A(7), 7) converges to H(ng, B, 7).
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For H(n, B, 7) we always assume maxyn; > 1. H(n, B, 7) is the elliptic
form of the well-known Heun’s equation and the Darboux—Treibich—Verdier
potential is known as an elliptic algebro-geometric solution of the KAV hier-
archy [13, 36, 37]. See also a series of papers [29, 30, 31, 32, 33| by Takemura,
where H(n, B, 7) was studied as the eigenvalue problem for the Hamiltonian
of the BC; (one particle) Inozemtsev model. When n = (n,0,0,0), the po-
tential n(n + 1)p(z|7) is the well-known Lamé potential and (1.17) becomes
the Lamé equation

(1.18) y"(z) = [n(n+ Dp(z|7) + Bly(z), z¢€C.

Ince [17] first discovered that the Lamé potential is a finite-gap potential.
See also the classic texts [14, 26, 38] and recent works [3, 9, 21, 22] for more
details about (1.18).

Like GLE(n,p, A, 7), the local monodromy matrix of H(n, B,7) at %
is also [o. Thus the monodromy representation p : m(E;) — SL(2,C) is
abelian, i.e. the same Cases (a) or (b) occurs.

The main purpose of this paper is to study the natural problem: Whether
H(n, B) or GLE(n,p, A, 1) is unique with respect to the monodromy repre-
sentation, or equivalently, whether the Riemann—Hilbert correspondence from
the set {H(n, B)|B € C} or {GLE(n,p, A,7)|p ¢ E;[2],A € C} to the set of
group representations p : m1(E;) — SL(2,C) is one-to-one (i.e. injective)?

Remark 1.1. By letting © = p(z), H(n, B) can be projected to the Heun’s
equation on CP!, for which the monodromy representation is irreducible if
and only if Case (a) occurs, and reducible if and only if Case (b) occurs. In
other words, the monodromy of H(n, B) is easier to compute than that of the
Heun’s equation on CP!. This is an advantage of studying H(n, B). Most of
the references in the literature are devoted to irreducible representation on
CP!, but very few are devoted to reducible representation. In this paper we
deal with the both two cases for H(n, B).

For the completely reducible case (a), the one-to-one of the Riemann—
Hilbert correspondence was proved in [21, Theorem 3.3] for the Lamé case
and later in Part II [7, Lemma 2.3] for the Darboux—Treibich-Verdier case
(See also [7, 21] for important applications of such results). However, the
proofs in [7, 21] can not work for the not completely reducible case (b). In
this paper, we develop a new approach, which applies the deep relation with
Painlevé VI equation and seems more sophisticated but works for the not
completely reducible case and also GLE(n, p, A, 7).



1624 Zhijie Chen et al.

Remark that although the monodromy matrices N;’s depend on the choice
of linearly independent solutions, they are unique up to a common conjuga-
tion. In particular, tr/N; is independent of the choice of solutions, i.e. tr/N; is
uniquely determined by GLE(n, p, A) or H(n, B). We say

(1.19) (r1,51) ~ (ro, 89) if (11, 51) = £(r2, 52) mod Z2.

Then in Case (a), (r, s) is uniquely determined in (C?\1Z?)/ ~.
Definition 1.2. Given GLE(n,p, A, 7) (resp. H(n, B, 7)), we call

(r,s) € (C*\1Z?)/ ~ if the monodromy is completely reducible
(tr Ny, tr Ny, C) if the monodromy is not completely reducible

to be its global monodromy data.

The main purpose of this paper is to establish the uniqueness of such
ODEs with respect to the global monodromy data. For k£ € {0,1,2,3} and
n = (ng, n1,n2, n3), we define n; by replacing ny in n with ng + 2, i.e.

(1.20) ng = (no + 2,711, nag, TL3), n; = (no,m + 2, ng,ng)

and so on. The main result of this paper is the following uniqueness theorem.
Theorem 1.3. Fiz any n and 7. Then the following hold.

(1) If GLE(n,p1, A1) and GLE(n, ps, As) have the same global monodromy
data, then GLE(n,p1, A1) = GLE(n, ps, As).

(2) If H(n, B1) and H(n, By) have the same global monodromy data, then
H(n, By) = H(n, Bs).

(3) Fizanyk € {0,1,2,3}. Then the global monodromy datas of H(n, By, T)
and H(ng, Ba,T) can not be the same for any By, B2 € C.

Remark 1.4. H(n, By, 7) and H(ng, B2, 7) have different local exponents at
the singularity %t. Therefore, it is quite surprising to us that for fixed n,
7 and k, the Riemann—Hilbert correspondence from the set {H(n, B, T)|B €
C}U{H(ng, B,7)|B € C} to the set of group representations p : m(E;) —
SL(2,C) is one-to-one. We emphasize that this result is not trivial at all. For
example, we can not expect the one-to-one correspondence from {H(n, B, ) |
B € C} U{H((np + 3,n1,n2,n3),B,7) | B € C} to the set of group rep-
resentations. Indeed, Wang and the third author [21, Theorem 4.5] proved
the existence of a pre-modular form Z,gg)(T) such that the global monodromy
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data of H((n,0,0,0), B, 7) for some B is given by (r,s) ¢ 1Z* if and only if
Zﬁg) (1) = 0. Now for 7y = £ + i@, it was proved in [20, Example 2.6] that

280 () = 0, p(E52(m) =0.
3’3

Inserting these and ¢2(79) = 0 into the expression of Zﬁ? (1) (see [21, (5.8)]),
we obtain Z( ) 1 (10) = z® 1 (10) = 0, so there are By, By such that the global
3

monodromy datas of H(3(1 0,0,0), By, 7) and H((4,0,0,0), Ba,79) are both
(3:3):

Remark 1.5. For a class of linear ODEs defined on CP' with finite singu-
larities, classically there is a one-to-one correspondence of such ODEs and
their monodromy datas; see e.g. [11, Proposition 2.2]. However, the set of
monodromy datas for such classical result contains connection matrices at
each singularities. Our Theorem 1.3 is different from the classical one be-
cause no apriori information about the connection matrices are assumed in
Theorem 1.3. To the best of our knowledge, Theorem 1.3 is new.

Remark 1.6. The uniqueness with respect to the same monodromy group
does not necessarily hold. For example, our later argument shows that given
n and m € N3, there exist (pj, 4;), j = 1,2 and the same 7 such that for
GLE(n,pl, Al),

e~ 2mi/m 0 62m‘/m 0
Ny = < 0 627ri/m , N = 0 e—27ri/m ’

ie. (trNy,trNg) = (2 COS T 9 cos X =), and for GLE(n, p2, Az),

- e*Qﬂ'i/m 0 B 647Ti/m 0
Ny = < 0 627ri/m , No = 0 e—47ri/m ’

ie. (trNy, trNo) = (2 cos 22 2cos 4T). Thus, these two GLEs have different
global monodromy datas (or equivalently, different monodromy representa-
tions). However, they have the same monodromy group (i.e. the images of
the monodromy representations are the same)

(—Iz, N1, Nag) = <—127N17N2> = (=13, Ny).

Remark 1.7. Our proof of Theorem 1.3 is purely analytic. Recently Prof.
Treibich communicated with us and he conjectured that there should be a dif-
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ferent proof of Theorem 1.3 via algebraic geometry. This is a very interesting
question and deserves further study elsewhere.

The rest of the paper is organized as follows. In Section 2, we briefly review
the monodromy theory of GLE(n, A, p). Our proof of Theorem 1.3 relies on
the connection between GLE(n, A, p) and Painlevé VI equation established
in [4], which is briefly reviewed in Section 3. In Sections 4-5, we establish
the uniqueness of solutions of certain Painlevé VI equations with respect to
the global monodromy datas of GLE(n, A, p). This theory will be applied to
prove Theorem 1.3 in Section 6. An application of Theorem 1.3 will be given
in Section 7.

2. Preliminaries

In this section, we briefly review the basic theory about the monodromy
representation of GLE(n, A, p) and H(n, B) from [6, 28], which will be applied
in the proof of Theorem 1.3.

2.1. The unique even elliptic solution

Let y1,y2 be any two solutions of GLE(n, A,p) and set ®(2) = y1(2)y2(2).
Then ®(z) satisfies the second symmetric product equation for GLE(n, A, p):

(2.1) D" (2) — 4l (2)®'(2) — 2I'(2)P(2) = 0,

where I(z) = Ih(z;p, A, 7). The following lemma follows from [28, Proposi-
tions 2.1 and 2.9]. For later usage, we sketch the proof of the existence here,
and refer the proof of the uniqueness to [28, Proposition 2.9] or Part I [6,
Proposition 2.3].

Lemma 2.1 ([28]). Equation (2.1) has a unique (up to multiplying a nonzero
constant) even elliptic solution ®.(z).

Proof. Fix any base point ¢y € E;\(E-[2] U {£[p]}). Since the local mon-
odromy matrice at < is I, the monodromy representation of GLE (1.2) is
reduced to p : m(E\{x[p]},q0) — SL(2,C). Let v+ € m(E\{x[p|}, )
be a simple loop encircling +p counterclockwise, and ¢; € 7 (E-\{%[p|}, @),
J = 1,2, be two fundamental cycles of . connecting go with gg+w; such that
¢; does not intersect with L + A; (here L is the straight segment connecting
+p) and satisfies

(2.2) vy = Ol G i (B {£D]} g0) -
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Since

(2.3) p(yx) = —1Iz,

we have N; = p({;), NiNy = NyN; and the monodromy group of (1.2) is
generated by {—I2, N1, N}, namely is abelian. So there is a common eigen-
function (or called eigen-solution) y1(z) of all monodromy matrices. Let ¢;
be the eigenvalue: £y, (z) = ;11(2), where ¢*y(z) denotes the analytic con-
tinuation of y(z) along the loop ¢. Note that y;(z) have branch points only
at £p + A;. By (2.3), y1(2) can be viewed as a single-valued meromorphic
function in C\(L + A;), and in this region, y;(—z) is well-defined and

(2'4) yl(z + wi) = E;’kyl('z) = 6iy1(z)7 1=1,2,

since the fundamental circles are chosen not to intersect with L + A,.
Let y2(2) = y1(—2) in C\(L+ A,). Clearly ya(z) is also a solution of (1.2)
and (2.4) implies

(2.5) Yoz +w;) = Liya(z) = €5 'ya(2), i = 1,2,
i.e. y2(2) is also an eigenfunction with eigenvalue ¢; ! Define

De(2) = y1(2)ya2(2) = y1(2)y1(—2).

Obviously, +[p] are no longer branch points of ®.(z), which implies that ®.(z)
is single-valued meromorphic in C. By (2.4)—(2.5), ®.(z) is an even elliptic
function. This proves the existence part. O

Since ®.(z) have poles at most at < with order 2n;, and at £p with order
2, we have

3 ’I”Lk*l d

= (k) s W)W 4 %
D (2) Cﬁ%%% p(z +5) +p(z)—@(p)

where Cy, b§-k) and d are constants depending on n, A, p, 7. By a careful com-
putation, it was proved in [28, 29] that

Theorem 2.A ([28, 29]). After a normalization of multiplying a nonzero
constant depending on n, A, p, T,

3 np—1
)= ™ ) (Yoo o wey—d o A(A)
(2.6)  ®.(2) (JO(A>+Z6 0 by (A)p(z + &)™ + oD — o)

j=
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where Co(A) = Co(A;p, T), bgk)(A) = bgk)(A;p, 7) and d(A) = d(A;p,T) are
all polynomials of A with cofficients being rational functions of p(p), ¢'(p),
ex(7)'s, and they do not have common zeros, and the leading coefficient of
Co(A) can be chosen to be L. Moreover,

2
= deg, Co(A deg 4 b (A), deg 4 d(A
g :=degy Co(A) > max ydegy b;”(A),deg 4 d(A) .
Theorem 2.A will be applied in the proof of Theorems 5.3-5.4 below.
2.2. The Hermite—Halphen ansatz

Let N = Y3_,ng + 1 in this section. For any a = (ay,- - -, an) € CN, we
consider the Hermite—Halphen ansatz

e Hf\; o(z — ai)
Vo(z=p)o(z+p) [Tigo(z — G )

In Part I [6] we proved that the common eigen-solution of GLE(n, A, p) must
be of the form yq4(2).

(2.7) Ya(z) = ceC.

Theorem 2.B ([6]). Let y1(z) be the common eigen-solution in Lemma 2.1.
Then up to a nonzero constant,

Y1(2) = yal(2)

for some a = (ay,---,an) € CN and ¢ = c(a) € C.

Remark 2.2. Generically {[a1],- - -, [an]} is precisely the zero set of y1(z) =
Ya(2). For some special A’s, the local exponent of y;(z) at p might be 2, so
there are two points in {[a1],- - -, [an]} being [p], say [an—_1] = [an] = [p] for
example, and in this case the zero set of y;(2) is contained in {[a41], -+, [an—2]}.
Similarly, {[a1], - - -, [an]} might contain “’s for special A’s.

Although yq(2) is a multi-valued function in C, y4(—2) can be well-defined
as shown in the proof of Lemma 2.1, and yq(—2) is also a common eigen-
solution. By using the transformation law (let 73 = 1y + 12)

(2.8) o(z+wy) = —6’7’“(”%)0(2), k=123,
it is easy to see that in C\(L + A,),

(2.9) y2(2) = Ya(—2) = y—a(z) up to a nonzero constant,
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which infers
(2.10) ®.(2) = Ya(2)y—a(z) up to a nonzero constant.

By the uniqueness of ®.(z), we easily see that +a mod A; is unique, i.e.

(2.11) + {[ai1],- - -, [an]} is unique for given GLE(n,p, A, T),
and for different representatives a,a € CV of the same {[ay],--- , [an]},
(2.12) Ya(2) = ya(z) up to a nonzero constant.

If yo(z) and y_q(2) are linearly independent, then the monodromy is
completely reducible by definition. The following result shows that the con-
verse assertion also holds, and in this case the monodromy data can be easily
computed.

Theorem 2.3 ([6]). If the monodromy of GLE(n,p, A,T) is completely re-
ducible, then yq(z) and y_q(2) are linearly independent and there ezists (r, s)€
CA\1Z* such that with respect to yq(2) and y_q(z),

672m‘s 0 62771'7" 0
(213) Nl - p(gl) - ( 0 e27ris ) N2 = p<€2) = 0 6727ri7' ’

and

3

N
(2.14) Z a; — Z nkzwk =r+s7, cla)=rm+ sn.
i=1

k=1

Furthermore, if (a;] # £[p| for all j, then (recall ng =n1 + n2)

N

3
(2.15) cla) = 5 D o(Clas +p) + Clar —p) = D0 "
k=1

i=1

Proof. This result was proved in Part I [6]. Here we sketch the proof for
later usage. Let ys3(z) be another common eigen-solution which is linearly
independent to y4(2). Clearly ys(z)ys(—z) is also an even elliptic solution of
(2.1), so up to nonzero constants,

(2.16) Y3(2)ys(—2) = Pe(2) = ya(2)y-a(2).
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Then a zero of y3(z) must be a zero of y_4(2) and vice versa, so y3(2) = y_q(2)
up to a nonzero constant, namely yq(2) and y_q(2) are linearly independent.
Rewrite

ecla)z H;V:1 o(z —aj)

T o) [po(z — )

where W, (2) is defined by

(2.17) Ya(2)

Uy (2),

(2.18) Uy (2) = NGE +";§3(2 —

Since W,(2)? is even elliptic and ¢; is chosen to have no intersection with
L + A., we proved in Part I [6, Lemma 2.2] that ¥,(2) is invariant under
analytic continuation along /;, i.e.

(2.19) CU,(2) = Uy(z), j=1,2.

By applying (2.19) and the transformation law (2.8) to yq(2)/V,(2), we have

(2.20)  ljya(z) = exp (c(a)wj — m(éai _ i n’;wk>)ya(2), j=1,2.

k=1

Define (r,s) € C? by

N 3
nrw .
cla) —m (Yo Yo ) = s,
k=

i=1

1
N 3 nawi
(2.21) cla)r — 772(2 a; — ]; 5 ) = 27ir.

i=1

Then (2.14) follows by using 71 — 172 = 2mi. Recalling the eigenvalues €1, €9
in Lemma 2.1, we see from Theorem 2.B and (2.20)—(2.9) that (e1,e3) =
(e=2mis ™) and hence (2.13) holds. If both €™ and e?™" € {£1}, then
Ya(z) + y—a(z) is also a common eigen-solution, and the same argument as
(2.16) gives Yq(2) +Y—a(2) = c+y+q(z) for some constant ¢y, a contradiction.
So either €™ & {x1} or ™ ¢ {*1}, ie. (r,s) ¢ 3Z* Finally, (2.15)
follows by inserting (2.7) into GLE(n, p, A) and computing the leading terms
at singularities £p. This completes the proof. O

Now we consider the not completely reducible case.
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Theorem 2.4. Suppose the monodromy of GLE(n,p, A, T) is not completely
reducible. Then

(2.22) {laa], -+ lan]} = {=laal, - - =lan]},

and there exists (r,s) € %ZQ such that

3
(2.23) Z a; — Z il sT, c(a) =rn + sny.

Furthermore, there exist linearly independent solutions such that p(¢1) and
p(la) can be expressed as

(2.24) p(l) =& G ?) p(la) = €2 (é ?)

with C € CU {oo} and

( ) ) )

(1—1), ¥ (r;5) = (,0) mod 22,
B2) =)= (1) i (e = (0.3) mod 22,

(_17_1)7 Zf (T‘,S) = (%7%) mod ZQ

(2.26) o(6) = < (3 ‘1)>, o(ts) = e (} (1)).

Proof. Since the monodromy is not completely reducible and y44(2) are both
common eigen-solutions, we have yq4(2) = y_q(z) up to a nonzero constant,
which implies: (1) g; = 8;1, ie. gj = £1 for j = 1,2; (2) (2.22) holds by
using (2.7); (3) ®c(2) = ya(2)? up to a nonzero constant. Again by the same
argument as (2.17)—(2.21), we easily obtain (2.23) and (2.25).

To prove (2.24), we let y2(z) be a linearly independent solution of GLE
(1.2) to ya(z) and define x(z) := y2(2)/ya(z). Then x(z) Fconst has no
branch points, namely x(z) is single-valued meromorphic. Furthermore, in-

serting y2(2) = x(2)ya(2) into GLE (1.2) leads to

V() )
NORERE)

-1

=0, i.e. X'(z) = const - ®.(z)" is even elliptic.
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Thus x(z) is quasi-periodic, namely there exist two constants x; and xo such
that

X(z+wj)=x(2)+x, j=1,2.

Since y»(z) is not a common eigen-solution, x; and ys can not vanish simul-
taneously. Define

(2.27) C:=x2/x1-

If x1 =0, then x2 # 0, C = 0o and a direct computation gives
o (Xeval2)) . (X2valZ)
"\ we(z) ya(2) )7

o (Xeval2)) _ (1 0) (x2va(2)
2\ 12(2) L\ ) )

which is precisely (2.26). If x1 # 0, then C # 0o and we easily obtain
o [(X1Ya(2) 1 0) (X1¥a(z)

2.28 14 = )

(2.28) 1<m@) &Ql 0 (2)

« (xwal(2)) _ (1 0) (x1va(2)
(229) @<m@>”Q J(m@)’

which is precisely (2.24). This completes the proof. O

Corollary 2.5. The monodromy of GLE(n,p, A, T) is completely reducible if
and only if

(2.30) (trp(tr), trp(62) & {£(2,2), £(2,~2)}.
2.3. The monodromy theory for H(n, B)

Now we recall the counterpart of the above monodromy theory for H(n, B)
from Part I [6], the proof of which is simpler due to the absence of singularities
+[p]. In this section we denote N = 37, np > 1. By changing variable z —
z + ¢ if necessary, we always assume ng > 1.

(i) Any solution of H(n, B, 7) is meromorphic in C. The corresponding
second symmetric product equation

®"(z; B) — 41, (2; B, 7)®'(2; B) — 2I},(2; B, 7)®(2; B) = 0
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has a unique even elliptic solution ®.(z; B) expressed by

3 np—1

(2.31) O(2;B) = Co(B) + 3. Y t9(B)p(z + )
k=0 j=0

where Cy(B), b§k)(B) are all polynomials in B with degCy > max;;, deg bg»k)
and the leading coefficient of Co(B) being 1. Moreover, ®(z; B) = y1(z; B)
y1(—z; B), where y;(z; B) is a common eigenfunction of the monodromy ma-
trices of H(n, B, 7) and up to a constant, can be written as

@ TN oz — a;)

[T—go(z— o)

(2.32) y1(z; B) = §a(z) =

with some @ = (a1, -+ ,ag) and ¢(a) € C. See (2.34) for the expression of
c(a) in the completely reducible case. By (2.32) and the transformation law
(2.8), it is easy to see that y;(—z; B) = §_q4(2) up to a sign (—1)™n2tns,

(i) Let W be the Wroskian of y;(z; B) and y;(—z; B), then W? =
Qn(B; 1), where

Qu(B;7) = ¥ (2; B)? — 20,(2; B)®"(2; B) + 414 (2; B, 7)®.(2; B)?

is a monic polynomial in B with odd degree and independent of z.

(iii) The monodromy of H(n, B, 7) is completely reducible if and only if
y1(z; B) = a(2) and y1(—2; B) = §_q(2) are linearly independent, which is
also equivalent to

(2.33) {laa],- -+ lagly 0 {=laal, -, ~lag]} = 0.

In this case, since a; # 0 in £, for all j and ng # 0, we have

al > NETk
(2.34) cla) = ZC(@,») - Z 5
i=1 k=1

which follows by inserting (2.32) into H(n, B, 7) and computing the leading
terms at the singularity 0. Besides, the (r,s) defined by

(2.35) { Y i — Y M =+ sT
21];\;1 C(G”L) - Zizl nk277k- =1rm + SN
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satisfies (r,s) ¢ 3Z°. Furthermore, with respect to §q(z) and j_q(2),

6727ris 0 eZwir 0
(236) Nl = p<£1) - ( 0 627ris ) N2 = p(€2> = 0 67271'17 :

(iv) For the not completely reducible case, Theorem 2.4 and so Corol-
lary 2.5 also hold for H(n, B, 7).

3. GLE and Painlevé VI equation
In order to prove Theorem 1.3, we need to apply the deep connection [4]

between GLE and Painlevé VI equation. The well-known Painlevé VI equation
with four free parameters (o, 3,7,9) (denoted by PVI(«, 3,7,9)) is written

as
@_1(1+;+;><@>2_<1+;+;>@
a2 2\ N A—1 M—t/) \ dt t t—1 MN—t/) dt
/\(A—l)()\—t)[ t t—1 t(t—l)}
1 RSO PASOR. 24 — b )
(3:1) T e S VIR s W IR e

Due to its connection with many different disciplines in mathematics and
physics, PVI has been extensively studied in the past several decades. We
refer the readers to the text [18] for a detailed introduction of PVI.

One of the fundamental properties for PVI is the so-called Painlevé prop-
erty, which says that any solution A(¢) of PVI has neither movable branch
points nor movable essential singularities; in other words, for any t, €
C\{0, 1}, either A(t) is holomorphic at ty or A(t) has a pole at ty. Therefore,
it is reasonable to lift PVI to the universal covering space H = {7|Im 7 > 0}
of C\{0,1} by the following transformation:

es(r) —ealr) P = p(p(1)lT) — er(r)

(3.2) t= ea(7) — er(7)’ ea(7) —e1(7)

Then it is known (cf. [1, 23]) that A(¢) solves PVI if and only if p(7) satisfies
the elliptic form (1.6) with parameters given by

(3.3) (a0, a1, 02, 03) = (@, =B,7, 5 — ).

The Painlevé property implies that function p(p(7)|7) is a single-valued mero-
morphic function in H. This is an advantage of making the transformation
(3.2).
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Remark 3.1. Clearly for any my, ms € Z, £p(7)+mq+me7 is also a solution
of the elliptic form (1.6). Since they all give the same A(¢) via (3.2), we always
identify all these +p(7) + my + mo7 with the same one p(7).

Another important feature of PVI is that it is closely related to the
isomonodromy theory of a second order Fuchsian ODE on CP!, which has
five regular singular points {0, 1,¢, A(t), co}. Among them, A\(¢) (as a solution
of PVI) is an apparent singularity. In fact, PVI (3.1) is equivalent to the
following Hamiltonian system

() _ 0K du(t) 0K
(3.4) dt op  dt N’

where K = K(\, p,t) is given by

AMA=1) (A =t)u? +6o(0 + 04) (N — 1)
91(/\— 1)(A—t) +(92/\(A—t) ,
(05 — AN = 1) ] H

1

(3.5) K=

and the relation of parameters is given by

(3.6) (c, 8,7,0) = (363, =303, 463, 5 (1 - 63)) .
(37) 200+ 01 +605 +05+6,=1.

For the Hamiltonian system (3.4), we consider a second order Fuchsian dif-
ferential equation on CP' as follows:

d? d
@)L s =0

(3.8) :

which has five regular singular points at {0,1,¢, A\, 00} with the Riemann

scheme

0 1 ¢t A o0
(3.9) 00 00 6 |,
01 Oy 03 2 6y+0,

and A is an apparent singularity. Under these conditions, we have

C1-063 1-6, 1—06, 1
(3.10) pe)=——r+——+—— .
0() (90+94) t(t—l)K i )\()\—1)/1,

(3.11) pa(x) = wx—1)  ze-Dz—t) zlz—1)(z-N)’
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where K = K(\, p,t) is given by (3.5); see e.g. [18]. The following result
was proved in [12, 24]: Suppose that 01,04,03,04 ¢ Z and X is an apparent
singularity of (3.8). Then (5.8) is monodromy preserving as t deforms if and
only if (A(t), u(t)) satisfies the Hamiltonian system (3.4). In particular, A(t)
is a solution of PVI (5.1).

On the other hand, there are works studying the isomonodromic defor-
mation on elliptic curves and its Hamiltonian structure; see e.g. [19] and
references therein. Recently, we [4] developed an analogous isomonodromy
theory for the elliptic form (1.6). First we proved that the elliptic form (1.6)
is equivalent to the new Hamiltonian system (1.8). Then we proved that this
Hamiltonian system governs the isomonodromic deformation of GLE(n, p(7),
A(T), 7).

Theorem 3.A ([4]). GLE(n,p(7), A(T),7) with p(T) being an apparent sin-
gularity is monodromy preserving as T deforms if and only if (p(T), A(T))
satisfies the Hamiltonian system (1.8). In particular, p(T) is a solution of the
elliptic form (1.6) with parameter (1.7).

Remark that Theorem 3.A holds for any ny € C\(34Z) (i.e. non-resonant
condition), but we only consider nj € Z>¢ in this paper.

Given any solution p(7) of the elliptic form (1.6) with parameter (1.7),
we define A(7) by the first equation of (1.8). Then for any 7 such that p(7) &
E.[2], A(T) is finite and so GLE(n,p(7), A(7),7) is well-defined, which is
called the associated GLE of p(T) in this paper.

In view of Theorem 3.A and the monodromy theory of GLE discussed in
Section 2, we give the following definition for convenience.

Definition 3.2. A solution p(7) of the elliptic form (1.6) with parameter (1.7)
is called a completely reducible solution if the monodromy of the associated
GLE(n, p(7), A(7), 7) is completely reducible; otherwise, p(7) is called a not
completely reducible solution.

A natural problem is how to classify (not) completely reducible solutions
p(T) in terms of the global monodromy data of the associated GLE(n,p(T),
A(1), 7). This is crucial for us to prove Theorem 1.3. In Sections 4-5, we
answer this question for the special case n = 0, i.e. n = 0 for all £ and the
general case n # 0, respectively.
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4. The special case n = 0

Note from (1.7) that oy = § for all k if n = 0. This section is devoted to the

classification of all solutlons of EPVI(4, 4.5, %)
d2p( Wik
4.1
(4.1) dr? 32w229< 2 T)’
or equivalently PVI(é, _81 ) é, g) in terms of the global monodromy data of the

associated GLE(0, p(7), A(7), 7). PVI(g, &, &, 2) was first studied by Hitchin
[15] and later by Takemura [28]. Therefore, part of the results in this section
do overlap with the existing literature. However, there are a number of issues
which we were unable to locate satisfactory in the literature. Here we attempt
to provide a self-contained account of solutions of PVI(%, %, %, %) for later
usage in Section 5

First we recall Hitchin’s famous formula. For any (r,s) € C*\1Z?, let

p2(7) be defined by

o (r + s7|7)
2(C(r + s7|7) — (1) — sm2(7))

In [15] Hitchin proved the following remarkable result for PVI(§, 2, &, 2).

(42) o)) = p(r + s7|7) +

81878
Theorem 4.A ([15]). For any (r,s) € C*\3Z2, p2,(1) given by (4.2) is
a solution to EPVI(SIB, é, é, é) or equivalently, /\,st(t) = % via
(4.2) is a solution to PVI(%, -, £, 2).

The following result shows that p;’ 0 () represents the completely reducible
solutions in the sense of Definition 3.2.

Theorem 4.1. Suppose p°(7) is a solution of (4.1). Then

(i) p°(7) is completely reducible if and only if there is a complex pair
(r,s) € C\3Z? such that p°(r) = p?,(7) given by (4.2). In this case,
the monodromy of the associated GLE(0,p° (1), A(T), ) satisfies (2.13).
(it) (P}, 5, (T)[T) = 9, o, (T)|7) = (r1,s1) = £(r2, 52) mod Z2.

Proof. (i) Take 19 € H such that p°(7) € E,[2] in a neighborhood U of 7. We
only need to prove p°(7) = p2,(7) in a neighborhood U for some (r, s) ¢ 572
and then the result follows by analytic continuation.

First we prove the necessary part. Since p°(7) is completely reducible,
the associated GLE(0,p°%(7), A(7),7) is well-defined in U and preserves its
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completely reducible monodromy for 7 € U. Then by Theorem 2.3 and (2.11)—
(2.12), there exists (r, s) € C?\3Z? independent of 7 such that

2z — ay (7))

) Y e G EET
is a solution to GLE(0, p°(7), A(7), 7), where
(4.4) ar (1) =1+ s,
c(r) = rm(r) + sma(7)
(45) = 3 [Ca(m) +5°(7) + C(aa(r) = (7))

Here [a1(7)] # +£[p°(7)] because the local exponents are 5,3 at £p°().
Applying the addition formula

(4.6) C(u+v)+ C(u—v)—2¢(u) =

it is easy to see that the second equality in (4.5) is equivalent to

o (r + st|T)
2(C(r + s7|7) = rmi(7) = sma(7))’

(47 o (P°(MIr) = ol + s7i7) +

Le. p(p°(1)|r) = p(p2.(7)|7) for T € U. This proves p°(t) = p? (7) by
Remark 3.1.

Next we prove the sufficient part. Since p°(7) = p?’ s(7), the above argu-
ment shows the validity of the second equality of (4.5) by defining a1(7) =
r+ s7. Since (r,s) € 1Z?, we may assume a1(7) € E,[2] and hence a;(7) #
+p°(7) mod A; for 7 € U. Then we define ¢(7) by (4.5) and y,, () (2) by (4.3)
in U. Consequently, a direct computation shows that y,, (-)(2) is a solution to
GLE(0, p°(7), A(7), 7) with

(48)  A(r) =1 [¢lar(r) + () — Clar(r) — () — C(2°(r)]

Indeed, since

y(/zl(Z)*CT z—ay) — L[C(z+p° z—p°
v (z) M) CE=a1) = 3lCz 47 + (2 =)
0, (2)

[p(z +1°) + p(z — p%)],

/N
< <=
2 |8
—~
N
N~—
~_—
|
|
)
—
N
|
Q
=
S~—
+
N|—
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are all elliptic functions, we have

() _ (v, ()
v () <ya1<z>> " <ya1<z>> N

= 2p(z+p°) + 0z = p")] + A[{(z +p°) — {(z — p°)] + B,

with some B € C and A = —c(7) + ((p° + a1) — 1¢(2p°), i.e. (4.8) holds by
using the second equality of (4.5).

By (4.5) and ay(7) = r + s7, the same argument as Theorem 2.3 implies
that (2.13) holds with respect to y,,()(2) and y_4,()(2), i.e. the monodromy
of GLE(0, p°(7), A(7),7) is completely reducible and preserves for 7 € U.
Then Theorem 3.A implies that (p°(7), A(7)) satisfies the Hamiltonian system
(1.8), namely A(7) = A(7) and so the monodromy of the associated GLE(O,
p°(7), A(T),7) of p°(7) is completely reducible. This proves that p°(7) is a
completely reducible solution.

(ii) The sufficient part is trivial so we prove the necessary part. Suppose
o2 o, (D7) = p(?, ., (7)|7). Take 79 € H such that pQ (1) & E-[2], i =
1,2, in a neighborhood U of 9. Then p? (1) = *pP, ., (1) + m + n7 for
7 € U. Let A;(7) be defned by the first equation of the Hamiltonian system
(1.8), then Ay(7) = +As(7). Together with (1.5), we conclude that these
two associated GLE(O, p?, _ (7), Ai(7), 7) must be the same. Consequently, it
follows from the assertion (i) that

627ri51 — €i27ri82 and 6271'7;7‘1 — eiQTri’r‘g
which is precisely (r1, s1) = % (r9, s2) mod Z2. The proof is complete. O
Next we study the not completely reducible solutions of EPVI(87 3 8, é)

Recall (3.5) that the corresponding Hamiltonian K = K (A, i, t) is given by

1
4.9 K=———<dAA=1)A=t)p® — §(A> = 2tA + )y .
(4.9) =) A= DO 0n® = 5 1)
In general, solutions of PVI(§, 5, £, 2) might also come from Riccati equa-
tions. It is easy to see from (4.9) that the Hamiltonian system (3.4) has four
families of solutions (A(¢),u(t)), where A(t) satisfies four different Riccati

equations as follows:

d\ 1

(4.10) dt 2t —1)

(N2 —2tA+1), u=0;
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d\ 1 1
(4.11) pr Qt(t—l)(/\ — 2\ +1) B= oy

d\ 1 1
(412) dat 2t — 1)(A2 —0 m=EnTy
(4.13) % = ﬁ(/\erQ(t—l))\—t), = 2(/\1 )

Theorem 4.2. Suppose p(7) is a solution of EPVI(g, %, %, 3). Then p(7) is
not completely reducible if and only if the corresponding solution A(t) (via
(3.2)) of PVI(z, 5. 5.2) solves one of the four Riccati equations (4.10)-

1878
(4-13).

Proof. Let p(7) be a solution of the elliptic form (4.1). We can take o € H
such that

(4.14) [p(7)] & E;[2] and A(7) is finite in a neighborhood U of 7,

namely the associated GLE(0, p(7), A(7), 7) is well-defined and preserves the
monodromy for 7 € U. Recalling (4.8), we let +ay(7) be defined by

(415)  A(r) = 5[C((r) + () = C(ea(r) = p(r) ~ C(2p(r))] 7 € U
Then (4.14) gives

(4.16) [ar(7)] # £[p(7)], 7€ U.

Consequently, the same argument as that in the proof of Theorem 4.1-(i)
shows that
Ytar (r)(2) = o (ﬁal( )
O T Ve + b))

with

o(7) = % [¢(ar(7) + p(7)) + C(ar(7) = p(7))]

are both solutions of GLE(0, p(7), A(7), 7). By Theorem 2.3, the monodromy
is not completely reducible if and only if y,,(r)(2) and y_,, (-)(2) are linearly
dependent, which is equivalent to a;(7) = —a;(7) mod A+, i.e.

(4.17) lay(7)] = [%] for 7 € U and some k € {0, 1,2,3}.
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On the other hand, by the addition formula (4.6) and g;,((?) = ((2p) —
2((p), we can rewrite (4.15) as

¢ (p(7)) " (p(7))
(4.18) A(r) = - :
2[p(p(7)) = plar(7))] 49/ (p(7))
Recall that A(t) defined via (3.2) is a solution of PVI($, !, &, 2). Then by
defining 1(t) via the first equation of the Hamiltonian system (3.4), (A(¢), u(t))
satisfies the Hamiltonian system (3.4). It follows from (5.20) below that the
relation of u(t) and A(7) is given by

') Ag' (p)
19 U =550 * el — a0y
where
(4.20) p(z) =4dx(z —1)(z —t).

Notice from (4.20), (3.2) and ¢'(2)? = 43—, (p(2) — ex) that

o' (p(r))? 2¢"(p(7))
(e2(7) — ea(7))* (ea(7) —ea(7))*

Inserting these and (4.18) into (4.19), we easily obtain

(e2(7) —e1(7)) (4A(T)¢' (p(7)) + 9" (p(7)))
4¢/ (p(1))?
eo(7) —e1(7)

2[p(p(r)) — plaa (7))

Remark that (4.21) always holds no matter with whether p(7) is a completely
reducible solution or not.

Recall that the monodromy is not completely reducible if and only if
(4.17) holds. By (3.2) and (4.21), this is equivalent to

p(A(®)) = pA) =

p(t) =

(4.21) -

0. itk =0,
5, if k=

(4.22) w(t) = 2’\(t) ¢ /<: _ o inaneighborhood of t(7o),
zw?—lw nrE s
STOEDE ifk=3

namely one of (4.10)—(4.13) holds after the analytic continuation. The proof
is complete. ]
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Now we want to find the expression of a not completely reducible solution
p(7). Assume [a1] = [%:] € E-[2] by (4.17), and recall (4.15) that

1

(4.23) A(r) = 005 + (7)) = ¢(55 = p(7)) = ((2p(7))]-

By using 2((z) — ((2z) = —3 Zl,/((zz)), (4.23) is equivalent to

(4.24) AlT) = —=

As in Theorem 2.4, we let

e% [C(a1+P)+C(a1 _p)]ZO—(Z — al)

Vo(z—p)o(z+p)

(4.25) 1(2) = Yay (2) = ar = %,

and y2(2) = x(2)y1(2) be linearly independent solutions of the associated
GLE(0, p(7), A(7), 7), where

(4.26) Y'(2) = const -y (2) >
Define
(1,1), if k =0,
(4.27) (Ek1s€k2) = Ei;i;: g Zz :
(—1,-1), if k =
First we consider the case [a1] = [0]. Then yy(z) = ——2E = U, (2)

o(z=p)a(z+p)
(see Theorem 2.3 for ¥,(z)) and

()2 = EEBEETE (o) - plp), 0.

So (4.26) yields that we can take x(2) = ((z)+p(p)z, namely for any ¢(7) # 0,
(c(T)y1,y2) with ya2(2) = (¢(2) + p(p)z)y1(z) is a fundamental system of
solutions to GLE(0, p(7), A(7), 7). In particular, (2.19) implies

« (e(T)y Lo O0) femum)
4.28 Iy = | mrom)w, , J=12.
(4.28) a( Yo ) (% 1 Yo J
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Proposition 4.3. The solutions of the Riccati equation (4.10) can be param-
eterized by C € CP!:

129) Nty = DD g ) = )],

Moreover, the monodromy of the associated GLE satifies

(4.30) p(&)—(} (1)), p%)—(é (1’).

Here when C = oo, it should be understand as

(4.31) pllh) = I, p(ls) = G (1)> :

Proof. In this proof, we omit 0,0 in the notations.
Step 1. We prove that for any constant C € CP!, \¢(t) given by (4.29)
solves the Riccati equation (4.10).

Fix any C € CP' and let p(7) = pe(7), A(T) = —1 g,/((g((:)))) in GLE(0, p(7),
A(7), 7). If C = o0, then p(p(7)) = —m (7). Choose ¢(7) = n2(7) + p(p(7))T.
By the Legendre relation 71, (1) — n2(7) = 2mi we have ¢(7) = —2mi. Thus
by (4.28), we obtain (4.31). That is, GLE(0, p(7), A(7),7) is monodromy

preserving as 7 deforms, so p(7) = poo(7) is a solution of EPVI(%, %, %, %)

If C # oo, then (4.29) gives m(7) + p(p(7)) # 0 and C = %.

Choose ¢(7) = m(7) + @(p(7)). Clearly except a set of discrete points in H,
c(1) # 0 and so (4.28) gives (4.30). Again we conclude that p(1) = pe(7) is
a solution of EPVI(g, &, &, §). Formula (4.29) can be found in [15, 28]. Here
together with a; = 0 and (4.22), we note that A\¢(t) actually solves the Ricatti
equation (4.10).

Step 2. Let A\(¢) be any solution of the Riccati equation (4.10). We prove
the existence of C € CP! such that A(t) = ().

Define +[p(7)] by A(t) via (3.2) and A(7) = —%Zl,,((ﬁ((:)))). Then p(7) is a
solution of EPVI(%, 1, 4, %) and the associated GLE(0, p(7), A(7), 7) is mon-
odromy preserving as 7 deforms. So there exists a fundamental system of so-

lutions (91(z;7),y2(z; 7)) such that the monodromy matrices M;, My, which

are defined by
* gl gl .
(M) =6 (), j=1,2,
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are independent of 7. We may assume @(p(7)|7) # 9(poo(7)|7), otherwise we
are done. Then ¢(7) := n1(7) + p(p(7)) # 0. For any 7 such that ¢(7) # 0,
(c(T)y1,y2) given by (4.25)—(4.28) is also a fundamental system of solutions,

so there is an invertible matrix v = (a b) such that yl) =7 <c(7‘)y1>_
c d Y2 Y2

Clearly the monodromy matrices of (¢(7)y1,y2) is given by (4.30), where

_ (1) + p(p(7)|7)7
m(7) + p(p(7)|7)

might depend on 7 at the moment. Then

1 0\ _ 14 b b
ad—bc ad—bc

1 0\ _ 1+ - ¢ s g/
M2_7<C 1)71_< dad(b-/»c 1idl;ycdc

ad—bc ad—bc

(4.32)

Since Mj, M are independent of 7 and |b|? + |d|? # 0, we conclude that
C is a constant independent of 7. Consequently, (4.32) implies p(p(7)|T) =
o(pc(7)|7) and so A(t) = Ac(t). O

Similarly, we can prove that all solutions of the other three Riccati equa-
tions can be parameterized by CP'. The calculation is as follows. Fix k €
{1,2,3}. By (4.25) it is easy to see that

o) —e Ly o 9(D) —en B
X(2) = )C( 2) <1+ k( )>

(er —ei)(ex —€; er —ei)(er — €

satisfies (4.26), where {i,j} = {1,2,3}\{k}. As before, for any c(r) # 0,
(c(M)y1(2),y2(z )) Wlth y2(z) = x(2)y1(z) is a fundamental system of solutions
to GLE(0, p(7), A(7), 7). In particular, as in Theorem 2.4 we easily obtain

o(m)yr) _ 1 0\ (e(r)m
(4.33) ( , ) = €k,1 <_Dm+c((17:;Dek) 1) < " ,
ety _ 1 0 (7)1
( 2 >_5k’2 <—7D"2+Zfi>+ P 1)( v )
)

where (ey,1,¢€x2) is given by (4.27) and

<

p(p) — e
(er —ei)(ex —e5)

(4.34) D=
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Proposition 4.4. For k € {1,2,3} and C € CP*, we let

PP (T)IT) — er(7)
ea(7) — e (7)

Melt) =

where

ex(Cm(7) —ma(7)) + (F — 2¢5)(C — 7)
(4.35) pPRc(T)IT) = L
Cmn(7) = ma2(7) + ex(C — 7)
Then Ag,c(t) satisfies the Ricatti equation (4.11) if k = 1, (4.12) if k = 2,
(4.13) if k = 3. Conversely, such A} (t) give all the solutions of these three

Riccati equations respectively. Furthermore, the monodromy of its associated
GLE satisfies

(4.36) p(l1) = €k (} (1)> ;o plle) = ¢epa (é ?) )

where as before, when C = 0o, it should be understand as

1 0
(4.37) p(lr) =ep1la, p(la) = erp (1 1> :

Proof. We sketch the proof for fixed k € {1,2,3} and omit 0,k in the no-

. 1 _ _ 1= .
tations. For any C € CP*, we let p(7) = pe(1), A(T) = T oo oy 0
2

GLE(0,p(1), A(7), 7). If C = o0, i.e. Dy + (1 + Dey) = 0, then we choose

c(t) = —=[Dna + 7(1 + Dey)] = ﬁ # 0. By (4.33) we obtain (4.37). If
C # oo, then (4.35) gives Dy + (14 Dey) # 0 and C = %. Choose

c(1) = =[Dni+ (1 + Dey)], then we immediately obtain (4.36). In both cases,
GLE(0, p(7), A(7), ) is monodromy preserving, so p(7) = p¢(7) is a solution
of EPVI(, &, %, ). Formula (4.35) was first obtained in [28]. Here by a; = %
and (4.22), we note that A¢(t) actually satisfies the Ricatti equation (4.11) if
k=1, (4.12) if k = 2, (4.13) if k = 3. The rest of the proof is similar to that

of Proposition 4.3. O

Remark that the explict expression of p(p27c(7)\7) immediately implies

(4.38) (DR e, (D7) = p(PR e, (7)I7) &= C1 = Ca.

The above results completely classify all the solutions of EPVI(%, %, %, %)

in terms of the global monodromy data of the associated GLE. For a com-
pletely reducible solution p{ (7), we denote the corresponding (t) by ) ,(t)
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and (4.21) gives

62(7’)—61(7’) .
2 o2 (7)I7) = ol + s7I7)|

(439) 0. (1) =

For a not completely reducible solution py C( ), we denote the corresponding
p(t) by piRc(t), and by (4.10)-(4.13) or (4.21),

e2(7) — en(7) k=123

oelt) =0, bkel) = 5io6 (o) — exr)T

We conclude this section by studying the precise relation between these two
kinds of solutions.

Theorem 4.5. For C # oo, there holds

Qs (D) if k=0,
(M) if k=1,
(M) if k=2,
L) ifk =3,

li1’ns—>0 [oAVY
liHls%O PP

(p

( T
ORI = § timy 0 olp

(

—Cs,s

w

9
é
Cs, %—
limy 0 9(P3, ¢y 1
and the same holds for pp o(t) as the limit of u (t) for (r,s) = (=Cs,s) if
k=0, and so on.

For C = oo, there holds
0, (r)fr) if k=0,
oMIT) k=1,

i

(lr) k=2
M) k=3,

1imr—>0 p(p

. lim, 0 p(p
@(pk,oo(T)’T) ) lim, 0 p(p
(

07
1
2
0
T

1
2

1imr—>0 PP

9
3t

and the same holds for Mg,oo(t) as the limit of pl (t) for (r,s) = (r,0) if
k=0, and so on.

Proof. The proof is just by computations. For example, for C # oo, we denote
u = —Cs+s1 = s(7—C) for convenience. Then u — 0 as s — 0, and it follows
from the Laurent series of ((-|7) and p(-|7) that

fl_9_23
((=Cs+s7lr) =~ = 243 4 O(ulP),

1
p(~Cs + s7I7) = = + 22+ O((ul),
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o (—Cs+ st|r) = —2 + 24 O(|ul?)
u? 10 ’

hold uniformly for 7 in any compact subset K C H as s — 0. Inserting these
into Hicthin’s formula (4.2), we easily obtain that

ti 0, (7)== 40 ()

holds uniformly for 7 in any compact subset K. Therefore, as solutions of
EPVI(L, 1 1Ly o0 (T)IT) = p(p°cs(T)|7) as s — 0. Furthermore, it

878788
follows from (4.39) that lim, o u2¢, ,(t) = 0 = pdc(t). The other formulas
can be proved similarly and we omit the details here. O

In the next section, we will generalize the above results to the general
case n # 0 via the well known Bécklund transformation.

5. General case via the Backlund transformation

The purpose of this section is to classify all the solutions of the elliptic form
(1.6) with parameters

(5.1) ay = W, ng € Z>o for all k and n # 0,

or equivalently PVI with parameters

no 2 1 2 mn 2
(aaﬂaf%é):(@ 8+1) 9 _(2 8+1) 9 (2 8+1) )
(5.2) L @ty € Zog for all kand n # 0,

in terms of the global monodromy data of the associated GLE. The idea is
to apply the Bécklund transformations.

It is known that solutions of PVI with parameter (5.2) could be obtained
from solutions of PVI(%, %1, %, %) (i.e. ngy = 0 for all k) via the Béacklund
transformations ([25]). By (3.6)—(3.7), it is convenient to consider the param-
eter space of PVI (equivalently the Hamiltonian system (3.4)—(3.5)) as an

affine space
K= {0= (00,01,0,05,00) € C° : 200+ 01+ 0+ 05+ 0, =1}

Definition 5.1 ([25]). An Bécklund transformation « is an invertible map-
ping which maps solutions (A(t), u(t),t) of the Hamiltonian system (3.4) with
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parameter 6 to solutions (k(A)(t),k(p)(t),t) of (3.4) with new parameter
k(0) € K where both x(X)(t) and x(u)(t) are rational functions of A, p1, ¢. In
particular, £(\)(t) is a solution to PVI (3.1) with new parameter x(6) € K.

The list of the Bécklund transformations x;(0 < j < 4) is given in the
Table 1 (cf. [35]).

Table 1: Backlund transformations

00 91 92 93 94 t A ,u
Ko —90 91 + 90 92 + 90 03 + 90 94 + 90 t| A+ %] ,u
k1 | 0o + 61 —6; 02 03 04 t A n—
Ko | O + 09 01 ) 03 04 t A nw—
K3 00 + 93 91 02 —93 94 t A Hm— >\6—
Ka | 0o+ 04 01 02 03 —04 t A w

Among them kg is due to Okamoto [25] while the others are classically
known. These transformations x; (0 < j < 4), which satisfy x; o k; = Id (i.e.

/ﬁ;l = k), generate the affine Weyl group of type Dfll):

(5.3) W (DY) = (ko, k1, Kz, K3, Kia) -

Denote 69 := (—%, %, %, %, %) which corresponds to PVI(% ?1 %, %) By
Table 1 there exists k™ € W(Dfl )) such that
(5.4) " = (—%,m—l—%,ng—l—%,ng—ké,no—k%) = k™(6°).
Note that
(5.5) (k") e (DY) and 6° = (k™)"1(6M).

Consequently, there exist two rational functions R(-,-,-) and R®(-,-,-) of
three independent variables with coefficients in Q such that for any solution
(AO(t), 1u°(t)) of the Hamiltonian system (3.4) with parameter 89, (A" (¢), u™(t))
given by

(5.6) XR(t) = £(A%)(£) = RPOAO(8), 10(1), 1),

is a solution of the Hamiltonian system (3.4) with parameter 6™, or equiva-
lently, A"(t) is a solution of PVI with parameter (5.2).
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_ Remark that by (5.5), there are also two rational functions R*(-,-,-) and
R™(-,+,-) of three independent variables with coefficients in @ such that the
rational map (5.6)—(5.7) is invertible in the following sense

(5:8)  A%() = RMAND), 1" (1) 1), pO(t) = RMA(E), u™(1). 1)

In the literature, there are also references treating the Backlund transfor-
mations as biholomorphic transformations on the space of initial conditions
for solutions of Painlevé equations; see e.g. [27, 34]. In this paper, (5.6)—(5.8)
are enough for our following arguments and so we do not need to discuss the
space of initial conditions.

Notation: Let p”(7) be a solution of the elliptic form (1.6) with parameter
(5.1). We denote it by pi (7) (resp. ppo(7)) if it comes from the solution

p?ys(T) (resp. pg,c( 7)) of EPVI(1 1 é, é) via (5.6), i.e

P e T (mp;:(%) UECLIFYS t) |
T)T) —ei(T 0 (D)) — e1(T
paoy LD —a0) (Mp'éfé ) W) |

We use similar notations p;}4(t) and o (t) via (5.7). Consequently, it follows
from (5.8) that

(Ps(T)7) = ei(7) p(Prs(7)|T) — er(T)
(511) i =R" ( 7M?s(t)7t> )
ex(7) — ex(7) ea(7) — ex(7) ’
(512 p(p;c((:))j)el—(:; (1) _ om (@(pz,?c((:))\j)el—(:)l (T),ME,C 0. t) |

Remark 5.2. Given (r,s) € C?\ 1Z2, we write Z = Z, ,(7), p = o(r+s7|7)
and ' = ©'(r + s7|7) for convenience. Then Hitchin’s formula (4.2) gives

/

0 I
plors(T)IT) = p+ o
Consequently, we see from (4.21) that
eo(r) —ei(r) _ (e2r) —ea(7))Z

T ColLo I A
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Inserting these and ¢ = % into (5.9), we conclude that

o(rs(T)|T) = En(Z, 0, ¢, e1(7), e2(7), e3(7)),

where =, is a rational function of six independent variables with coefficients
in Q.

Our main results of this section are as follows, which indicate that the
Bécklund transformation preserves the global monodromy data (or equiva-
lently the monodromy representation) in both completely reducible and not
completely reducible cases.

Theorem 5.3 (Completely reducible solutions).

(1) p™(7) is a completely reducible solution if and only if there exists (r, s) €
(CZ\%Z2 such that p*(1) = ppy(7). In this case, for any T satisfying
p” (1) € E;[2], the monodromy of the associated GLE(n, p™ (1), A*(T),T)
satisfies (2.13), i.e. the global monodromy data is precisely this (r,s).
(2) o0}, 5, ()|T) = (7, 5, (T)|7) <= (11, 51) = £(r2, 52) mod Z°.

Theorem 5.4 (Not completely reducible solutions).

(1) p™(7) is a not completely reducible solution if and only if there exist
k € {0,1,2,3} and C € CU {oo} such that p*(1) = pic(7). In this
case, for any T satisfying p™(1) & E;[2], the monodromy of the as-
sociated GLE(n,p" (), A™(T),T) satisfies (4.30)-(4.37), i.e. the global
monodromy data is precisely (2¢y.1, 2¢x.2,C).

(2) o(Prc,(T)IT) = Wk e, (T)T) if and only if Cy = Ca.

The rest of this section is devoted to the proofs of these theorems. First
we note that by applying the gauge transformation

)

1

(5.13)  f(x) = ¢(2)F(x) with ¢(z) = (x— N2 ?(z— 1)F(z—1)F,

w|¢§°

equation (3.8) is normalized into a new Fuchsian ODE

d*F dF

(5.14) —— + i)

+ PQ(.CL‘)F = O,

where
¢/ d)/ QS//
Pr=pi+2—, Po=py+—p+—.
T o o
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Clearly the Riemann scheme of (5.14) is

0 1 t A %)

9 9 9 _o
(515) —31 _?2 _?3 -1 324 ’

01 02 03 1 3464

2 2 2 2

and A is still an apparent singularity of (5.14). As in [16], equation (5.14) is
called the normal form of (3.8). By (5.15) it is easy to see that the normal
form (5.14) has its monodromy group contained in SL(2,C), which is an
important advantage comparing to (3.8).

We proceed to the monodromy representation. Take the base point zy =
% ¢ {0,1,¢,00} and let v; € 71 (C\{0,1,t},z0) be a simple loop encir-
cling the singular point 0 for j = 1, 1 for j = 2, t for j = 3 respectively in
the counterclockwise direction, and =4 be a simple loop around oo clockwise
such that

Y1273 = ,7471 in WI(C\{Oa 1) t}a x())'
Of course we require that all these loops do not intersect except at the base
point xg. Let M; be the monodromy matrix along the loop ; with respect

to any fixed fundamental system of solutions (Fi(x), Fa(x)) of (5.14). Then
det M; = 1, namely M; € SL(2,C) for all j. Define

(5.16) sy = tr(MoMs), e :=tr(MiMs), 3 := tr(M;Ms).

Then s = (511, 352, 323) € C3 is independent of the choice of solutions, and
is referred to as global monodromy data of (3.8) (or (5.14)) in [16]. Clearly
»; = (0, A, i, t) is uniquely determined by equation (3.8) itself and so is
a function of (0, A, u,t) for all j. Then each Béacklund transformation k €
W(Dil)) induces a transformation (still denoted by &) from C? to C3:

(5.17) k() = 25(k(0), k(N), k(p), 1), j=1,2,3.

We recall an important result from [16]; see also [2] for a different proof.

Theorem 5.A ([16, 2]). The global monodromy data s = (311, 22, 33) is in-
variant under the Bdcklund transformations W(Dé(ll)). Namely for any Bdck-
lund transformation k € W(DS)), k(sj) = 2 for j =1,2,3.

Theorem 5.A can be also applied to GLE(n,p, A, 7). Consider transfor-
mations as in [4]

62—61’ 62—617 €2 — €1 ’
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and

nq

(5.19) (=N)"22 T (@ —1)"F(@—1)F fx) =y(2).

Then y(z) solves GLE(n,p, A, 7) if and only if f(z) satisfies the Fuchsian
ODE (3.8) on CP' with parameter § = 6™, where x in (3.11) is given by

1y o) om o m -
(5.20) “‘épm*(ez—el) o T T Ty
(5.21) where p(A\) =4ANA —1)(A —1),

and K = K(A, p,t) is given by (3.5). Note that +p ¢ E.[2] are apparent
singularities of GLE(n,p, A, 7) is equivalent to that A\ ¢ {0,1,¢,00} is an
apparent singularity of (3.8). See [4, Theorem 4.1] for the proof.

By (5.4), (5.13) and (5.19), we let

T
I
B

(z —1)3.

Then the above argument shows that y(z) is a solution to GLE(n, p, A, ) if
and only if F(x) satisfies the normal form (5.14).

(5.22)  y(z) = ¥(2)F(z) with ¥(z) = (z — N)2zi(z— 1)

Remark 5.5. Recall the definition of v; € m(C\{0,1,t},20). Under the
transformation (5.18), it is easy to see that the fundamental cycle ¢; (resp.
l3) of E; is mapped to a simple loop in m1(C\{0,1,¢}, z) which separates
{1,t} from {0,000} (resp. separates {0,t} from {1,00}), so (¢1,¢2) must be
mapped to one of

(2 "5 L mys), (2,93 P ), (2vss v3m), (s e o s ).

In this paper, by letting the base point ¢ lie inside the parallelogram with
vertices {0, =%, =52, =2}, we can always assume that ({1,{2) is mapped to

2
(72 V3 ;7173)

Recalling the global monodromy data s = (5¢1, 33, 5¢3) of the normal form
(5.14), we have the following important result.

Lemma 5.6.
t?"p(gl) = —tT(MQMg) = —x,

t?"p(gg) = —tT(MlMg) = — X9,
tr(p(1) " p(la)) = —tr(M; Ms) = — 3.
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Proof. Let (y1(2),y2(z)) be any fundamental system of solutions to GLE(n,
p, A, 7). Define a fundamental system of solutions (Fi(x), Fy(x)) of (5.14)
via (y1(2),y2(2)) and (5.22). Recall the notation N; = p(¢;). Under the
transformation (5.18), it follows from Remark 5.5 that (¢1,¢3) is mapped

to (3 '73 s 7173). Then

1(2z « (Y12 1 -1)* Fi(z
Ny (328) =0 (ZQEZD = (72 V3 ) () (F2E$§>

and similarly,

y1(2) « [(y1(2) 1(2)
N =/ = — M M. )
: (W)) 2 <y2(z) A g (e)
where the minus sign comes from the analytic continuation of 1)(x). Therefore,
Ny = —M2_1M3_1 and Ny = —M; Mj. Since M; € SL(2,C), we have

tr(My P Mgt = tr((MoM3)™h) = tr(MaMs) = s,

which proves trNy = —s¢ and similarly tr Ny = —tr(M;M3) = —.
On the other hand, recall (5.4) that §; = n; + + with n; € Zs for
j =1,2,3, s0 (5.15) implies the existence of inverse matrices P; such that

(e 0 w1 [—i 0
Mj:Pj1< 0 emif; PJ:(_l) ]le 0 i Pja

which infers .Mj2 = —I5. Therefore,

tr(Ny 1 No) = tr(Mz Mo My Ms) = tr( Mz My M)
= —tI‘(Mng) = —tI'(MlMQ) = — 3.

The proof is complete. O
We are in the position to prove Theorems 5.3-5.4.

Proof of Theorems 5.3-5.4. First, the assertions (2) of these two theorems
follow directly from Theorem 4.1-(ii), (4.38) and (5.9)—(5.12) (i.e. the invert-
ibility of the Bécklund transformation implies the invertibility of the associ-
ated rational map).
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Suppose p™(7) is a solution of the elliptic form (1.6) with parameter (5.1),
and p°(7) is the corresponding solution of the elliptic form (4.1) such that
under the Bécklund transformation x®, p®(7) is transformed to p™(7). By
Theorem 5.A and Lemma 5.6, the associated GLE(n,p"(7), A®(7),7) and
GLE(0,p°(7), A%(7), 7) have the same (trp(¢1), trp(f)). Together with Corol-
lary 2.5, we conclude that p™(7) is a completely reducible solution (resp. not
completely reducible) if and only if p°(7) is a completely reducible solution
(resp. not completely reducible).

Now we prove Theorem 5.3-(1). Let p™(7) be a completely reducible solu-
tion, then so does p°(7). Applying Theorem 4.1, there exists (r,s) € C*\3Z?
such that p°(7) = pP(7) and the monodromy of GLE(0,p°(r), A°(7),7)
satisfies (2.13), which implies

(5.23) (trp(Cr), trp(l2), tr(p(C1) ™" p((2)))
= (2cos27s, 2cos2nr, 2cos2w(r + s)).

Thus, p*(7) = pps(7) and Lemma 5.6 implies that (5.23) holds for GLE(n,
p™(7), A"(7), 7). Consequently, it follows from Theorem 2.3 and (2.11)—(2.12)
that the monodromy of GLE(n, p™(7), A®(7), 7) satisfies (2.13). This proves
Theorem 5.3-(1).

Finally, we prove Theorem 5.4-(1). Let p®(7) be a not completely reducible
solution, then so does p°(7). By Theorem 4.2 and Propositions 4.3-4.4, there
exist k € {0,1,2,3} and C € CU {oo} such that p°(r) = pQ () and

(5.24) (trp(lr), trp(l2)) = (2ex,1, 2ek2),

for GLE(0, p°(7), A°(7), 7). Thus p*(7) = p}¢(7) and (5.24) holds for GLE(n,
pR(r), AR(7), 7).

It remains to prove that the monodromy of GLE(n, p™(7), A®(7), 7) satis-
fies (4.36)(4.37), i.e. the global monodromy data is precisely (2ej1,2e,2,C).
Note that we only need to prove this assertion for some 7 because of the
isomonodromic deformation. We take k = 1 and C # oo for example, and
all the other cases can be proved in the same way. By Theorem 4.5 and
(5.6)—(5.10), we easily obtain

p(ic(r)IT) = lim p(pi_c, (7)I7),
ie(t) = lim it o, (1),
Fix any 7 such that p{'c(7) € E;[2]. By Remark 3.1 we may assume

pie(r) =limpt o (7)
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and then it follows from (5.20) that the corresponding

ATe(m) =lim AT . (7).

1
s—0 2

In the rest of the proof, we omit n, 7 in the notations for convenience. Thus the
associated GLE(n, p1 ¢, A1 ¢) is a limit of GLE(n,p%_Csys, A%_C&s). Denote by
O, (z) and D, s(2) respectively, to be their corresponding unique even elliptic
solution stated in Theorem 2.A. Then

(5.25) D, (z) = lim P, 4(2).

s—0

Recall Theorem 2.4 that

z4w;
(5.26) X 5:/2 %@dﬁ ?é o0, j=1,2

are well-defined and independent of z. We claim that
(5.27) x2/x1=C.

Once (5.27) is proved, then Theorem 2.4 and (5.24) imply that the mon-
odromy of GLE(n, p; ¢, A1) satisfies (4.36)(4.37) with & = 1, hence com-
pletes the proof of Theorem 5.4-(1).

To prove (5.27), we apply Theorem 2.3 and Theorem 4.1-(i) to GLE(n,
p%sz,s?Aéf(fs,s) and denote the corresponding y+q(2) by Yia(s)(2), which

gives
0 Ya(o)(2) | _ (e 20. Ya(s)(2) :
Y—a(s)(2) 0 ™) \Y_as)(2)
o [ Ya(2) ) _ e2mi(3-C9) 0 Ya(s)(2) )
2 y—a(s)(z) 0 e~ 2mi(3=C9) y—a(S)(z)

By (2.10) there exists a nonzero constant ¢(s) such that

<I)e,s(z) = C(S)ya(s) (z)y—a(s) (Z)

It follows from (5.25) that up to a subsequence, lim,_,oc(s) = ¢y & {0, 00}.
Let

W(5) := Ya(5) (2)Y-a(s)(2) = Ya(s) ()Y a(s) (2)
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be the Wronskian, which is a nonzero constant independent of z. Since GLE(n,

DPi_cssr AL oy ) converges to GLE(n,p; ¢, A;¢) whose monodromy is not
2 ’ 2 ’

completely reducible, we have

(5.28) lim 1¥/(s) = 0.
Define )
_ Yaw(2)
fS(Z) . Y—a(s) (Z)

Then fs(z) has no branch points and hence single-valued in C, which satisfies

folz +1) = e f,(2), fo(z +7) = TGTEIf(2).
Furthermore, a direct computation gives

d _c(s)W(s)
s In fs(z) = —q)e,s(z) )

and so

€—4m‘s — ]05(27—"_1) = exp (c(s)W(s) /:Jrl ! df) s

fs(z) q)e,s(f)
ami(—cs) _ fs(z+7) /Z” 1
e "2 ="——"=exp|c(s)W(s € | .
1) W 5 m
Therefore, there exist mq, mo € Z such that
/ZJrl 1 it = —4mis + 2wimg
. Del(f) c(s)W(s)
/z+r 1 i — dmi(3 — Cs) + 2mimo
= Des(§) c(s)W (s) '
Together with (5.25)—(5.26), we have
. —4mis + 2wimy I 477@'(% —Cs) + 2mimgy
im—MmM—— = im = Y.
S0 (W) ST ()W) *

This, together with lim_,gc(s) = ¢ & {0,00} and (5.28), yields (my, ma) =
(0,—1) and so

X2 _ o Ami(§ — Cs) — 2mi _c

X1 s—0 —4mis
This proves (5.27). The proof is complete. O
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6. Proofs of Theorem 1.3

This section is devoted to proving Theorem 1.3. In this section, we denote
N = 3", n+1. First we prove the uniqueness of GLE(n, p, A, 7) with respect
to the monodromy data.

Proof of Theorem 1.3-(1). Fix n and 1. Suppose GLE(n, p;, A;,70), 7 = 1,2,
have the same global monodromy data. Let (p¥(7), A}(7)) be the solution of
the Hamiltonian system (1.8) with initial data (p}(70), A} (70)) = (p;, 4j),
j = 1,2. Then pj(7) are solutions of the elliptic form (1.6) with parameter
(5.1). There are two cases.

Case 1. The monodromies of GLE(n, p;, A;, 79) are completely reducible
with the same global monodromy data (rj,s;) € C?\1Z? with (ry,s1) ~
(r2, s2). Then Theorem 5.3 implies p}'(7) = py , (7) and hence p(p}'(7)|7) =
©(p5(7)|7). In a small neighborhood U of 7y we may assume p}'(7) = £p8(7)+
my + mo7 for some m; € Z. Then it follows from the first equation of
the Hamiltonian system (1.8) that A}(7) = £A%(7) for 7 € U. In partic-
ular, these hold for 75 and we conclude from (1.5) that GLE(n, p;, Ay, 79) =
GLE(n,pg, AQ, To).

Case 2. The monodromies of GLE(n, p;, A;,7) are not completely re-
ducible with the same global monodromy data (2ej1,2¢;2,C). Thanks to
Theorem 5.4, the same argument as Case 1 implies GLE(n,p1, 41,79) =
GLE(I’I,pQ,AQ,TQ). Ol

To prove Theorem 1.3 for H(n, B, 7), we need to apply the relation be-
tween H(n, B, 7) and GLE(n, p, A, 7) studied in [4].

Fix any 79 € H and ¢ € {ii%}. Then for any h € C, it was proved in
[4] that there exists a solution p}(7) of the elliptic form (1.6) with parameters
(5.1) satisfying the following asymptotic behavior

(6.1) P(T) = co(r — 70)2 (1 + h(r — 70) + O(1 — 7)?) as T — 7.

Recall Remark 3.1 that we identify the solutions pj(7) and —pp(7), so (6.1)
gives two l-parameter families (one family is given by 3 = z% and the
other by ¢§ = —i2%tl) of solutions of the elliptic form (1.6) satisfying
pp(t) — 0 as 7 — 7. Moreover, these two 1-parameter families of solu-
tions give all solutions p”(7) of the elliptic form (1.6) such that p™(7y) = 0.
See [4, Section 3] for the proof.

By using (6.1), we proved that the associated GLE(n, pj(7), A(7), T) con-
verges to either H(n", By, 79) or H(n™, By, 79) for some By € C as 7 — 79

where n* = (ng & 1,1y, n9,n3). More precisely, we have
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Theorem 6.1 ([4]). Let 79 € H and p™(7) be a solution of the elliptic form
(1.6) with parameters (5.1) such that p”(m9) = 0. Then p™ (1) = £pp(7) for
some h € C. Furthermore, the associated GLE(n, p™(T), A(T), T) converges to

either H(n™, By, 7o) if ¢} = —i2% or H(n~ Bg,’l’o) if @ =it Here

(6.2) By = 2mick (4mih — n1(70)) k(nk + ek (o).

nMw

Proof of Theorem 1.5-(2). Fix n and 7y. Suppose H(n, B;, 1), j = 1,2, have
the same global monodromy data. Our goal is to prove B; = Bs.

Let n™ = (ng + 1,n1,n2,n3) and ¢ = iw. Define hj, j = 1,2, by
(6.2) by replacing By with B; and consider the solutions p};J+ (7). By Theo-
rem 6.1, the associated GLE(nJr,pgj+ (1), Az‘; (1), 7) converges to H(n, B;, 79)
as 7 — 7g. The key step is to show that

(6.3) the global monodromy data of GLE(n"r,p;:j+ (1), AZ’; (1),7)

and H(n, B;, 19) are the same.

Once (6.3) is proved, then GLE(nJ“,p}:;r(T),AEJ,+ (1),7), 7 = 1,2, have the
same global monodromy data and so Theorem 1.3-(1) yields that these two
GLEs coincide, i.e. p(p};:r (m)|7) = p(pz‘: (1)|7). From here and p}L‘;(Tg) =0
for j = 1,2, we obtain p};: (1) = :l:p‘,%+ (1) near 79. This implies h; = hs and
so B; = Bs.

We only need to prove (6.3) for 7 = 1 and in the following proof we write
(p};:r (1), AE; (1)) = (p(7), A(7)) for convenience.

Case 1. p(7) = p?: (1) for some (r,s) € C*\ 3Z* is a completely reducible
solution, i.e. the global monodromy data of GLE(n™, p(7), A(7),7) is (r, s).

Denote N = Y ny + 2. Then by Theorem 2.3 and (2.11)-(2.12), there

exists a(7) = (ai(7),- - -, ax (7)) satisfying
N 3 w
(6.4) a; (T Z DRk _ g st
i=1 k=1
such that
(65 (o) £ I, oz — el
| T T o P T o e —
o(z|7)

Vol —pINez + pnIT)
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is a solution of GLE(n™, p(7), A(7), 7). By passing a subsequence, we may
assume

(6.6) lim a(r) = a = (a1, ag) € B}
Then
L m(n)
(6.7) Zai—ZT:T+STg,
i=1 k=1

and p(7) — p(19) = 0 implies that

erm (o) +sma(m)= [TV (2 — a]ro)

o (z]m0) 2 [They o(2 — < |mo)™

(6.8) Ya(2) =

is a solution of H(n, By, 7). Note that two of ay,- - -, ay must be 0 since the
local exponents of H(n, By, 7) at 0 are —ng,ng + 1. By (6.7)—(6.8) and the
transformation law (2.8), we immediately obtain that with respect to ya(z)
and y_a(z2), the monodromy matrices p(¢;), j = 1,2, are exactly (2.13). This
proves that the global monodromy data of H(n, By, 7) is also the same (7, s)
as that of GLE(n™, p(7), A(7), 7).

Case 2. p(1) = p22<7) for some k£ € {0,1,2,3} and C € C U {0}
is a not completely reducible solution, i.e. the global monodromy data of
GLE(n™,p(7), A(7),7) is (2651, 2ek,2,C).

Recalling Theorem 2.4 and (4.27), there exists a(7) = (a1(7),- - -, ax (7))
satisfying (6.4) and

o
~—

mod Z2 if k=0,
mod Z? if k=1,
mod Z? if k=2,
mod Z2 if k=3,

=)
L — —

(6.9)

—~

=

Va)

S—

Il
N TN TN TN
ik O e O
= NI

such that ye(,)(2) given by (6.5) is a solution of GLE(n™, p(7), A(7), 7). As
in Case 1, we may assume (6.6), then y,(2) given by (6.8) is a solution of
H(n, By, 7). By (6.7), (6.9) and (2.8), we easily obtain

Ya(z +wj) = €k j¥a(2), j=1,2.
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f:+w2 Ya(r)(£)72dE

sz = — it follows from
fz e ya<7—)(§)_2d£

Since the proof of Theorem 2.4 gives C =

ya(T)(z)*2 — ya(2)72 that

2T yal) 2 _
I ya(€)2de

Therefore, the global monodromy data of H(n, By, 79) is (2¢,1, 26,2, C), again
the same as that of GLE(n™, p(7), A(7), 7).
The proof is complete. O

Proof of Theorem 1.5-(3). Fix any n, 79 and k& € {0,1,2,3}. Suppose that
the global monodromy datas of H(n, By, ) and H(ny, BQ,TO) are the same
for some Bi, By € C. By changing variable z — 2z + % we only need to
consider the case k = 0. Then (1.20) implies

(6.10) ny, = (ng + 1,n1,n2,n3) =n*, ie (n*)" =n,.
Define hy by (let ¢ = 2%+ and By = By in (6.2))
3
By = —(2n¢ + 3) (4mihy — m(70)) Z ng(nk + 1)ek(10),
k=1

and hy by (let ¢} = —i2%+3 and By = B, in (6.2))

By = (2ng + 3) (4mihy — m1(70)) k(e + 1)eg(0).

nMo«

Then it follows from (6.1) that there exist solutions p}g, j =1,2, satisfying

N =

(6.11) pﬁj (1) = c1(T — 10)2(1 4 hy (T — 10) + O(T — 719)%) as T — 70,

(6.12)  pi, (1) = ea(r — 70)

M=

(14 ho(T —710) + O(T — 70)2) as T — 7o,

with ¢? = i% = —c3. In particular,

(6.13) p(pR, (1)|7) # o(ph, (T)|7) for 7 = m0.

On the other hand, it follows from (6.10)—(6.12) and Theorem 6.1 that the
associated GLE(n*,p}L‘1 (1), Am (1), 7) converges to H(n, By, 1) and GLE(n™,

p}g (7‘),14;22+ (1),7) converges to H(ng, Ba,79) as 7 — 7. Then the same
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proof as Theorem 1.3-(2) shows that GLE(n*,p,’l‘l+ (T),A;L‘I+ (1),7) has the
same global monodromy data as H(n, By, 79) and so do for GLE(n™, pg (1),
A’,“l‘: (1), 7), H(ng, B2, 7). Together with our assumption, we conclude that
GLE(n™, pz‘; (1), A}L‘j (1), 7) has the same global monodromy data for j = 1, 2.
Then it follows from Theorem 1.3-(1) that these two GLEs coincide, i.e.
p(pﬂf (m)|m) = p(pﬁz+ (17)|7), a contradiction with (6.13).

The proof is complete. O

We want to emphasize that the same proof as (6.3) improves Theorem 6.1
as follows.

Theorem 6.2. Under the same notations and assumptions as Theorem 6.1,
GLE(n, p"(1), A(7),T) has the same global monodromy data with its limiting

equation H(n™, By, 7o) for ¢} = —i28+L (resp. H(n™, By, 1) for ¢§ = 128+ ).

7. Applications

In this section, we give an application of Theorem 1.3 to GLE(n, p, A, 7). First
we recall the basic theory of GLE(n, p, A, 7) from its hyperelliptic aspect in
Part I [6].

Recall ®.(z) in Theorem 2.A. It follows from (2.1) that

Qnp(A) = P (2)% — 207 (2)Dy(2) + 41 (2;p, A, 7)P(2)?

is a monic polynomial in A of degree 2g + 2 and independent of z. Since
D.(2) = y1(2)y2(2) (recall y2(z) = y1(—=2)), it is known (cf. Part I [6, Theo-
rem 2.7]) that the Wronskian W of y1(z) and ya(2) satisfies W2 = Qn p(A).
Define the hyperelliptic curve I'y , = I'n ,(7) by

(7.1) Tpp(r) == {(A, W)|w? = Qnp(A4;7)}

Since degy Qnp(A;7) is even, the curve I'y ,(7) has two points at infinity
denoted by ooy, i.e. I'yp(7) = I'np(7) U{oos}. Clearly yi(2) can be uniquely
determined by the pair (A, W) € I'y,(7) by considering the correspondence

(note that —W is the Wronskian of ya(z) and y1(2) = y2(—2))

(11(2),92(2)) < (A W), (12(2), 91(2)) & (A, =W).

Denote N = Zi:o ny + 1 in the sequel. Recall Section 2.2 that there is
a = {a1, -+ ,an} (unique mod A;) such that y1(z) = ya(z). Then we can
define a map inp : I'np — Sym” E, by

(7'2) inyp(Av W) = {[alL 5 [aN]} € SymNEﬂ
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where [q;] := a; (mod A;) € E;. Clearly this iy, , is well-defined. Furthermore,
if W # 0, then we see from y2(2) = y_a(2) that

(73) in,P(Aa _W) = {_[al}v 5 _[aN}}'

We proved in Part 1 [6] that ip, is an embedding from 'y, into Sym" E..
Let Yn,(7) be the image of T'y (1) in Sym™ E, under iy, i.e.

_ la] ={[a1],- - -, [an]} €Sym™E;| ya(z) defined in

(7.4) Yap(r) = { (2.7) is a solution of GLE(n, p, A, 7) for some A } ’

and define the addition map oy p : Yn»(7) = E; by

N 3
(7.5) onp(lal) = lai] = D ["5*].
i=1 k=1
Clearly
N 3
onp([—al) = =) lai] = > ["5*] = —on,lla]).
i=1 k=1

Furthermore, the degree degoy, = #a;i(z) z € E;, is well-defined and

3
degon, = an(nk +1)+ 1.
k=0

Besides,
Yap(T) = Yap(1) U{oot(p), 00— (p)},
where
no ni n2 n3
004 (p) = (m,%,"',%7%7”-,%,%,-”7%,ip)-

The above theories can be found in Part I [6].
Let K(E;) and K(Yn,(7)) be the field of rational functions of £, and
Yh p(7), respectively. Then K(Yy, (7)) is a finite extension over K(E,) and

3
(7.6) (K (Vap (7)) : K(Er)| = degony = > milng +1) + 1.
k=0
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In this section, we consider the basic question what a primitive generator of
this field extension is. Motivated by (2.14)-(2.15), we define

N 3
(77) Zn,p(alv ... ,(IN) ::C(Zai — Z nk;k)
i k=1

which is meromorphic and periodic in each a; and hence defines a rational

function on EY. By symmetry, it descends to a rational function on Sym™V E.

We denote the restriction zn,p|m also by zy, 5, which is a rational function
n,p

on Yy (7). Here as an application of Theorem 1.3, we can prove that z, ,(a) is
a primitive generator. The same statement as the following result was proved
in [21] for the Lamé equation and later generalized to H(n, B, 7) in Part II

[7].
Theorem 7.1. z,, is a primitive generator of the finite extension of rational

function field K (Yn (7)) over K(E), i.e. the minimal polynomial Wy, ,(z) €
K(E;)[z] of zn, satisfies deg Wy, = degonp.

Proof. Since zy, , € K(Yn (7)), its minimal polynomial Wy, ,,(z) € K(E;)[z] =
C(p(o), 9'(0))[z] exists with degree dy, = deg Wy p| degonyp by (7.6).

Note that if @ = —a, then oy, p(a) € E;[2]. To prove dy, = degonyp, ie.
Znp(@) is a primitive generator, we take o9 € E;\ E;[2] outside the branch loci
of onyp 1 Ynp(7) = E; such that there are precisely deg oy, different points
a® € Yy, (1) satisfying op p(a*) = 09 and £[p] ¢ a* for 1 < k < deg oy . We
claim that

(7.8) Znp(aF) # 20, (a¥?),  Vky # ko

uppose for some kq 2 we have zy ,(a") = zy, ,(a"?). Then we can take
S f ki # k h plak p(a?). Th tak
(ar,--- ,an), (b1, -+ ,by) € CN to be representatives of a*, a*? such that

N N

Zai = Zbia > (Clai +p) + ¢(ai —p)) = Y _(C(bi +p) + ¢(bi — p)).

i=1 i=1

By (7.4), there exist Ay, Ay such that ygr (2) (resp. yqr(2)) is a solution
of GLE(n,p, A1, 7) (resp. GLE(n,p, A, 7)). Then (2.13)—(2.15) imply that
GLE(n, p, A;,7) and GLE(n, p, A1, 7) have the same global monodromy data
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(r,s) ¢ 3Z% namely yr (2) and yur, (2) satisfy the same transformation law:

(7.9) w(z) = e ™y(2), Gy(z) = Ty(2).

Consequently, Theorem 1.3 implies GLE(n, p, A;,7) = GLE(n, p, As, 7), i.e.
Yori (2) and ygr, (z) are solutions of the same GLE(n,p, A1, 7) and satisfies
the same transformation law (7.9). It follows from (r,s) ¢ 1Z? and (2.13)
that ygr, (2) = Ygrs (2), s0 a¥* = a*2, a contradiction.

This proves (7.8), which infers that these degoy, different points ak’s
give deg oy, different values z, ,(a*)’s. That is for ¢ = 0, the polynomial
Whp(z) € Cp(0), 9'(0))[z] of degree dy | deg om p has deg oy, distinct zeros
Znp(a”)’s, which implies dy, , = deg oy . The proof is complete. O

Remark 7.2. For (r,s) € C?\ 37 as in [7, 21] we define
Zys(T) = ((r + s7|7) — rmp (1) — sm2(7).

Then it follows from (7.7) and (2.13)-(2.15) that z,,(a) = Z, (1) with
onp(a) = r+ s7. Therefore, like the Lamé case proved in [21] and the general
Darboux—Treibich—Verdier case proved in Part II [7], the monodromy data
(r,s) of GLE(n,p, A, 7) in (2.13)—(2.15) can be characterized by

(7.10) Whp(Zrs(T)) =0 with o =r+s7.

Let us consider the special case n = 0 for example. Then
/
a
z0p(a) = C(a) — 2C(atp) + Cla—p) = 2D k().

i.e. its minimal polynomial Wy ,(z) =z — zg p(a). So (7.10) is just

B O (r + s7) _
D) = oty el )

which recovers Hitchin’s formula

/
ololr) = p(r-+ s7ir) + L)
Therefore, (7.10) should be closely related to the formula of solutions of
Painlevé VI equation with parameter (5.1)-(5.2) for general n, which will
be studied elsewhere.
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