Pure and Applied Mathematics Quarterly
Volume 17, Number 5, 1785-1860, 2021

Gauss lattices and complex continued fractions

CHEVALLIER NICOLAS

Abstract: Our aim is to construct a complex continued fraction
algorithm finding all the best Diophantine approximations to a
complex number. Using the sequence of minimal vectors in a two-
dimensional lattice over the ring of Gaussian integers, we obtain
an algorithm defined on a submanifold of the space of unimodular
two-dimensional Gauss lattices. This submanifold is transverse to
the diagonal flow. The correspondence between the minimal vec-
tors and the best Diophantine approximations ensures that our
algorithm reaches its goal. A byproduct of the algorithm is the
best constant for the complex version of Dirichlet’s theorem about
approximations of complex numbers by quotients of two Gaussian
integers.

Keywords: Gaussian integer, lattice, best Diophantine approxi-
mation.

1. Introduction

Let us start with a very brief and partial account of the history of complex
continued fractions (see [28], [29] or [30] for detailed historical accounts). Since
the pioneering works [27], [17] and [18] of N. Michelangeli in 1887, Adolf Hur-
witz in 1888 and Julius Hurwitz in 1895, complex continued fractions have
been considered by many authors during the 20th century and at the begin-
ning of the 21st century. Adolf Hurwitz considered continued fractions with
partial quotients in a “system” S C C and the work of Julius Hurwitz used the
(1+4)Z][i] subring of the ring of Gaussian integers, see also [25]. An important
contribution of Adolf Hurwitz concerned the continued fractions associated
with the ring of Gaussian integers using the nearest Gaussian integer (we refer
to it as Adolf Hurwitz continued fraction). In his 1888 article, Adolf Hurwitz
showed the non-trivial fact that the sequence of moduli of the denominators
of such a continued fraction is increasing. In 1973, R. Lakein [23] studied com-
plex continued fractions associated with the rings of integers of the quadratic
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number fields Q[v/—1], Q[v/=3], Q[v/=7] and Q[v/—11] (imaginary quadratic
fields with Euclidean rings of integers). For instance, he proved that the con-
vergents associated with the Adolf Hurwitz continued fraction algorithm are
best approximations for all complex numbers not in a countable family of lines
and circles. At about the same time, in 1975, A. Schmidt proposed an algo-
rithm based on the concept of Farey sets, very different from the A. Hurwitz
continued fraction algorithm, see [31]. In 1985, A. Tanaka proposed a com-
plex continued fraction algorithm ([32]) which turned out to be a new version
of the Julius Hurwitz continued fraction algorithm, see [28]. More recently,
D. Hensley produced complex numbers, solutions of irreducible quartic equa-
tions over Q[i], with a bounded, not ultimately periodic sequence of “Adolf
Hurwitz” partial quotients, see [14]. In 2014, S. G. Dani and A. Nogueira, [7],
proposed a general approach to complex continued fractions associated with
the ring of Gaussian integers. Their approach has been taken up by other au-
thors. In 2019, H. Ei, S. Tto, H. Nakada and R. Natsui studied the construction
of the natural extension of the Hurwitz complex continued fraction map, see
[10]. Beside they proved a “Legendre’s theorem” for Adolf Hurwitz continued
fractions. Also, in 2018, the PHD thesis of G. G. Robert [30] gave an almost
complete overview of known results and many interesting new results.

In this work we propose a lattice approach to complex continued fractions
associated with the ring of Gaussian integers. In particular, we address the
question of finding all the best approximations of a complex number.

The lattice approach goes back to C. Hermite ([15]) and G. Voronoi ([33]).
In a sequence of works, among which [19, 20, 21], J. C. Lagarias studied
the best simultaneous Diophantine approximations and clearly stated the
connections with the shortest vectors in lattices [19], see also [5].

Our starting point comes from the ordinary real continued fractions. In
the space of dimension two unimodular lattices, SL(2,R)/SL(2,Z), let us
consider the subset of lattices whose two minima with respect to the sup
norm are equal. It is known that the first return map on this subset induced

et 0

by the left action of the diagonal flow g; = < 0 et t € R, is a two-fold

extension of the natural extension of the Gauss map = — {1/z} (see [6], see
also [11] where another version of the natural extension is given). Observe
that the ergodicity of the diagonal flow implies the ergodicity of the first
return map. In the complex case, we shall use the exact same idea where
the space SL(2,R)/SL(2,Z) is replaced by the space SL(2,C)/SL(2, Z[i]) of
unimodular lattices in C2. Like in the real case, we shall exploit two basic
correspondences:
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e The correspondence between pairs of consecutive minimal vectors in a
lattice and the intersection of the orbits of the flow g; with the transver-
sal

T = {A € SL(2,C)/SL(2, Z[1]) : M\i(A) = Aa(A)}

where the minima are associated with the sup norm in C? (see
Lemma 26, notice that A\;(A), i = 1,2 are the complex minima of the
lattice A, see definition 38 in the appendix). Actually, we shall use a
slightly smaller transversal (see section 6).

e The correspondence between best approximations and minimal vectors
(see Proposition 9).

More precisely, for each lattice A over the ring of Gaussian integers in C2,
let us consider the set of minimal vectors in A, i.e., the nonzero vectors u =
(u1,u2) € A such that for any nonzero z = (21, 22) € A,

|21] < |u1] and |z < |ug| = |21| = |ui| and |zo| = |ugl.

Let us order these minimal vectors according to the moduli of their second
coordinate. It is not difficult to prove that when u = (u1,u2) and v = (v1,v9)
are two consecutive minimal vectors in this sequence, then the interior of the
cylinder

Clu,v) = {(21,22) : |21] < max(fwl, [r]), [z2] < max(fuzl, [v2])[}

does not contain any nonzero element of A (see Lemma 4). Then, we can find
a real number ¢t such that the action of ¢; transforms the cylinder C(u,v)
into a cylinder of the same width and height. For this value ¢, the action of g;
on u and v gives two new vectors v’ and v' with sup norms |t/|e = [V/|0c =
A (geA) = Aa(geA). Thus, the new lattice g;A is in the transversal 7T'.

For a lattice of the shape

1 =0\, .
so= (5 7) i

the sequence of minimal vectors gives all the best approximation vectors of
the complex number 6, see Proposition 9. Thanks to the aforementioned work
of R. Lakein, we know that the convergents associated with 6 by Adolf Hur-
witz’s continued fraction expansion are best approximations for almost all
f € C. Thus, the sequence of convergents of Adolf Hurwitz’s continued frac-
tion expansion of # is given by a subsequence of the sequence of minimal
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vectors of the lattice Ag. So we can consider the transversal together with the
first return map like a complex continued fraction map in the space of lattices
SL(2,C)/SL(2, Z[1]).

An important difference with the real case is that two consecutive minimal
vectors are no longer necessarily primitive. Our first significant result is

Theorem 1. If u and v are two consecutive minimal vectors of a lattice over
the ring of Gaussian integers A in C%, then the sublattice Z[ilu + Z[i]v is of
index 1 or 2 in A. Furthermore, when Zlilu + Zlilv is of index two,

A= (uv); ™ {gu+hv:(g,h) € Z[i]>U J?}

where J = £ Z[i] \ Z]i).

Observe that, in the case of index two, the lattice A is like a centered
cubic lattice, where the index two ideal 2Z in Z is replaced by the index two
ideal (1 +4)Z[i] in Z[1].

Our second result is about the geometry of numbers for two-dimensional
lattices over the ring of Gaussian integers. It is the counterpart in the complex
case of the easy result:

If u = (uy, us) and v = (vy,v7) are two linearly independent vectors in R?
then the interior of the rectangle

R(u,v) = {(21,22) : [21] < max(fua], Jv1]), [w2] < max(Juz|, Jvz2])[}
contains no nonzero vector of the lattice Zu + Zv iff u, v and u £+ v are not
in the interior of R(u,v).

Theorem 2. Let u = (uy,uz) and v = (vy,v2) be two vectors in C? such that
lur] > 0, |ui| > |vi1|, |ve] > 0 and |va| > |uql.

1. Zero is the only element of Z[ilu + Z[iJv in the interior of the cylinder

Cu,v) = {(21, 22) : |21] < Jual, 22| < |02}

iff gu+ hv ¢ 5’(u,v) for all nonzero g, h € Z[i]* with |g| x |h| < V2.
2. Zero is the only element of (u,v) in the interior of the cylinder C(u,v)

iff gu+ hv ¢ é’(u,v) for all (g,h) € J* with |g| = |h| = %

The proof of this theorem depends only on elementary geometry, but is
not as simple as in the real case. We use a computer to rule out many cases.
We shall also give a variant of this result with strict inequality and a slightly
more precise corollary, see section 4.
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Next theorem explains how to compute inductively the sequence of mini-
mal vectors of a lattice over the ring of Gaussian integers in C2. Let us equip
C? with the lezicographic preorder

(z1,22) < (y1,92)

iff |z2] < |y2| or |z2| = |y2| and |z1] < |y1].

Theorem 3 (Continued fraction algorithm). Let u = (uy,u2) and v = (v1,vs)
be two consecutive minimal vectors in a unimodular lattice A with |us| < |va].
Let wy = Z—i and wy = ;‘—; If wy # 0 then there exists v € A a minimal vector

such that v and V' are two consecutive minimal vectors and

o if detc(u,v) = 1, then v’ is any vector that is minimal for the preoder
< in the set

E1:{z:—au+gv:a6{171—|—i},gEZ[i], s g|<1}.

w1

Moreover with v’ = v = (u}, vhw)) and v' = —au + gv = (ujw), vh), we
have

a 1
(1) wp=g-—, wy = ———.

w1 g — aws

o ifdetc(u,v) = 1414, then v’ is any vector that is minimal for the preoder
< in the set

Egz{z:—l%ri(u+v)+gvzg€Z[i],|m+(l—}ri)—g|<l}.

Moreover with v' = v = (u}, vhw}) and v' = —au + gv = (vjw),vh), we
have
1
A S /-
(2) wi=gyg Arw: (1)’ wy =

1 i
9~ W2~ o

The set Fy in the above theorem has eight elements at most and Fy has
four elements at most because there are at most four Gaussian integers g such
that |g — w| < 1 for a given complex number w. Therefore, the map

Te : (w1, wa) — (wh, wh)

is easy to compute. This map is the core of the first return map in the
transversal, see Theorem 9. In fact, the minimal vectors v’ and v’ can be
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easily computed because u] = ujwy, v = vy/wh and as explained before, it
is possible to bring the lattice A in the transversal using the flow g; and the
two consecutive minimal vectors v’ and v’.

In the first case of Theorem 3, the new consecutive minimal vectors ', v’
have index 1 or 2 (determinant 1 or 1+ ) because by Theorem 1 two consec-
utive minimal vectors have index 1 or 2. In the second case of Theorem 3, the
new consecutive minimal vectors u’, v’ have index 1 because u,v have index
2 and it is not possible for two consecutive pairs of minimal vectors u, v and
u' = v,v" to have both index 2, see Proposition 20. It is worth noticing that
the proof of this latter proposition uses Theorem 2.

The map Tz might have some links with the natural extension of the Adolf
Hurwitz map studied in [10]. Indeed, T could be the natural extension of
the unknown algorithm that computes all the best approximations of complex
numbers while the map defined by H. Ei, S. Ito, H. Nakada and R. Natsui is
the natural extension of the Hurwitz map which gives only a subsequence of
the sequence of best approximations (see again [23]).

In the first case of Theorem 3 with a = 1, the condition |- —g[ <1 s
the condition considered by Dani and Nogueira to define an approximation
sequence, see [7]. In Theorem 3, the second variable controls the choice among
the possible Gaussian integers g.

It is not that easy to have an explicit description of the transversal
or of the domain of definition of T. However, with a good choice of the
parametrization, this domain becomes a finite union of products of subsets
in the complex plane whose boundaries are arcs of circle, see Figure 3 in sub-
section 4.3. The domain of definition can be found thanks to Theorem 2; see
section 4 where a description of the domain is given. We also give the invari-
ant measure of the first return map of the flow g; in the transversal. The open
transversal is parametrized with three parameters 6, w;, wy where 6 € [0, 7/2]
and (wy,ws9) is in an open set included in D? = {z € C: |z| < 1}%

Theorem 4 (Invariant measure). Using the parametrization of the transversal
(see section 6), the measure v induced by the Haar measure in SL(2,C)/
SL(2,Z[i]) and the flow g, has the density

32
h(0, w1, w2) = = gl

with respect to the Lebesgue measure of [0,7/2] x D2.

The constant 32 depends on our choice of the normalization of the Haar
measure.
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A byproduct of our work is the exact value of the one-dimensional complex
Dirichlet constant. To the best of our knowledge this constant was unknown.

Theorem 5 (Complex Dirichlet constant). For every complex number z and
for every real number Q > 1, there exist two Gaussian integers p and q such
that

{ 0<lql < Q,f
2 1
|q27p| S 37\/5 X @7
where 3:(2/5 = \/6i3ﬁ = 1.115355. ... Furthermore the set of complex num-

bers z for which the constant 3:/\_2/3 can be improved, is of zero Lebesgue mea-

sure.

In fact, the optimality of the constant is slightly stronger.

Theorem 5 bis. For almost all 0 € C, all C' < 3:/\_2/3 and all T > 1, there
exists Q > T such that the system

0<|gl <@,
\qz—plg(]xl,

has no solution with p,q € Z[i].

The essential ingredient of the proof of these latter theorems is Corol-
lary 19 of Theorem 2 about the geometry of numbers (or the explicit de-
scription of the transversal). With this description we can show that the best
Dirichlet constant is bounded above by % To see that this constant is the
best possible constant for almost all # € C we use an additional tool, the
ergodicity of the diagonal flow g;.

It should be noticed that the complex version of Hurwitz best constant
\% is known. In 1925, Lester Ford [12] proved that for all irrational complex

numbers z there exist infinitely many Gaussian integers p and ¢ # 0 such
that |z — B < \/:§1|q\2' The constant \/Lg is the best possible. Ford’s proof did
not use continued fractions and in 1975 R. Lakein gave a new proof of this
result using complex continued fractions (see [24]).

The paper is organized as follows. We begin by some preliminaries on
lattices over the ring of Gaussian integers, minimal vectors, the sequence of
minimal vectors associated with a lattice and the relation between minimal
vectors and best Diophantine approximations. Next, we prove the theorem

about the index of consecutive minimal vectors. In the next section, we prove




1792 Chevallier Nicolas

the geometry of numbers’ result, a more explicit version of this result (see
Corollary 19) and an example showing that two linearly independent mini-
mal vectors can both be successors of the same minimal vector. Thanks to
Theorem 2, we prove that two consecutive pairs of consecutive minimal vec-
tors cannot have both index 2, see Proposition 20.

Next, we define the transversal and a parametrization of the transversal,
then we give explicit formulas for the first return map in the transversal,
see Theorems 3 and 9. Then, we prove Theorem 4 about the density of the
measure induced by the flow. Finally, we prove Dirichlet’s theorem. We fin-
ish the paper by two more small sections and an appendix. In the first of
these sections we explain how the Gauss reduction algorithm of basis in two-
dimensional lattices can be used to find two consecutive minimal vectors. The
second section is devoted to a few open questions. The appendix is devoted
to some basic facts about lattices over the ring of Gaussian integers.

2. Preliminaries
2.1. Notations

We collect the notations that we shall use.

e |z| is the modulus of the complex number z and argz € [0,27) its
argument.

o If £ is a subset in C, E and lo? denote its closure and its interior.
Although we are working with complex numbers there should not be
any confusion between closure and conjugate. Most of the time “the
bar” will be used for the closure.

e D denote the open unit disk in C. D(a,r) denote the closed disk of
center ¢ € C and radius r and D(a,r) the open disk of center a and
radius r.

e C(a,r) denote the circle of center a € C and radius r.

o |(21,22)]0o = max(|z1], |22|) is the sup norm on C? and By (z,r) is the
closed ball of radius 7 and center z in C? associated with the sup norm.

e Let a and b be two non-negative real numbers and v = (uy,u2) and
v = (v1,v2) be vectors in C2. We define the cylinders

Cla,b) = {(z,y) € C*: [a] < al, ly| < [b]},
Cu) = C(lual, luz)),
Clu,v) = C(max(|ul, [or]), max(fus|, [v2])),
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Ci(a) = {(z1,22) € C*: || < a},
Co(a) = {(21,22) € C*: |22] < a}.

When C(u,v) has nonempty interior, C'(u,v) is the unit ball of a norm
|.|uv defined on C2. Observe that for any = = (21, 12) € C?,

|| y,0 = max( 1] [z2] )
Wy max(|ui],[v1])’ max(luz|,|v2]) /*

U, = {z € C: 2" = 1} is the group n-th roots of unity in C.

e g is the group of isometries acting on C generated by the multiplica-
tions by elements in Uy and by conjugation.

(x1,22) < (y1,y2) iff |xo| < |y2| or |xe| = |y2| and |z1| < |y1] is the
lexicographic preorder on C2.

e When A is a subset of C or C%, A* = A\ {0}.

o Zli) = Z+iZ, I = (1+4)Z[i] and J = 5 (Z[i] \ I).

e For u,v € C?, (u,v); = {gu+hv: (g,h) € Z[i]* U J?}.

e We shall use also the following sets

C={z€C:|z| <1, argz € [0,F]}

D={weC:|z| <1, d(wse,1)>1, d(wsy, 1 —1) > 1},
T ={weC:|z| <1, dws,1) > V2, d(ws, —i) > V2},
F={(1,1),(1, =), (1,1 =), (1,1 +4),(1+4,1)}
S=[=3.3) + -3 2)i

For 0 € C,

My = (é 19> L Ao = MyZ
When A is a commutative ring with unit 14, SL(2, A) is the set of 2 x 2
matrices with entries in A and determinant 14.

M (A, ]].]],C) and A2(A, .||, C) are the two complex minima of a Gauss
lattice A in C? associated with the norm ||.||, see definition 38.

The space of unimodular lattices in C2

Q) = SL(2,C)/ SL(2, Z[i).

The transversal T is defined in subsection 6.1 and T”, Ty, T5 are defined

in subsection 6.2.
The negligible set N is defined in subsection 6.2.



1794 Chevallier Nicolas

e The parametrizations Wy (0, wy,wy) are defined in Proposition 27 in
subsection 8.1.

o The sets W, and Wy are defined in subsection 8.3.

e The sets W] and WJ, the map T and the coefficients ay(wq,ws) are

defined in subsection 8.4.
2.2. The set of unimodular Gauss lattices in C2

Definition 1. Let E be a finite dimensional C-vector space. A subset A in
E is a Gauss lattice if it is a Z[i]-submodule of E | if it is a discrete subset of
E and if it generates the vector space F.

Let €25 be the set of Gauss lattices A in C? that admits a basis (u, v) with
determinant in Uy = {#1,4i}. By definition, A = MZ[i]?> where M is the
matrix with columns u and v. Changing u to +u or to +iu, we can assume
that M € SL(2,C). Next proposition is clear.

Proposition 2. The map
M SL(2,Z[4]) € SL(2,C)/SL(2,Z[i]) — MZ[i]* € Q,

is well defined and is bijective.

Thanks to the proposition, we can identify Qs and SL(2,C)/SL(2, Z[i])
and use results from ergodic theory. For ¢t € R, consider the matrices

et 0
)
The flow (g¢)1er acts on o by left multiplication:
g\ = {gw : v € A} = g MZ[i]* = g, M SL(2, Z]i]).
2.3. Minimal vectors

The notion of minimal vector goes back to Voronoi, see [33]. He used min-
imal vectors to find units in cubic fields. The Voronoi algorithm has been
generalized by Buchmann to find units in some quartic and quintic fields, see
2, 3]

Definition 3. Let A be a Gauss lattice in C2.
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e A nonzero vector u = (ug,u2) € A is a minimal vector in A if for every
nonzero v € A, v € C(u) = {(z1,22) : |21| < Jua], |22] < Jual} = 1] =

|u| and |va| = |ual.
e Two minimal vectors u = (u1,us) and v = (v1,v9) are equivalent if
C(u) = C(v).

e Two minimal vectors u = (uy,u2) and v = (vy,vs) are consecutive iff
|ug| < |ve| and there is no minimal vector w = (wi,wq) such |ug| <
|wa| < [vg]-

Remark 1. Following Buchmann ([2, 3]), we could have define the minimal
vectors using the preoder v < v iff |u1| < |v1] and |ug| < |vg| for u,v be
in C2. With this preorder, the minimal vectors of a Gauss lattice A in C? are
the minimal elements in (A \ {0}, <). Observe that the lexicographic order
< is also used by Buchmann in the same papers.

Remark 2. If w = (uj,uz) and v = (vy,v2) are two minimal vectors in a
lattice A C C? and if |vy| > |ug|, then by definition, |u;| > |v;1|. Therefore,
there exist complex numbers w; and wy unique such that u = (u1, vows) and
v = (ugw,v2). Moreover |wy|, |wa] < 1.

We collect a few easy lemmas about minimal vectors.

Lemma 4. Two minimal vectors uw = (uy,us) and v = (v1,v2) in a Gauss
lattice A C C? are consecutive iff |uz| < |va| and the only lattice point in the
interior of C(u,v) is zero.

Proof. Let u = (u1,u2) and v = (v1,v2) be two minimal vectors with |ug| <

|vg|. If the set é’(u, v) NA\ {0} is nonempty, then it is finite and there is a
w = (w1, wz) minimal in this set for the lexicographic preorder <. On the
one hand, w is minimal in A. On the other hand, |w| < |u;| and |ws| < |vs]
and since u is a minimal vector we have |ws| > |ug|. Hence u and v are not
consecutive.

Conversely, if v and v are not consecutive there is a minimal vector w with

o
lug| < ws| < |vz]. Since w is minimal |uy| > |wy], hence w € C(u,v)NA. O
Next lemma is clear.

Lemma 5. Let A be a Gauss lattice in C? and let u be a minimal vector in
A.

o All minimal vectors v € A such that u and v are consecutive, are equiv-
alent.

e Ifu' and v are minimal vectors such that u is equivalent to ', and u
and v are consecutive, then u' and v are consecutive.
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Next lemma is useful to construct minimal vector in lattice.

Lemma 6. Let A be a Gauss lattice in C* and let r be a positive real number.
Let C be the infinite cylinder Cy(r) = {(z1, z2) : |z1| < r} or its interior.

o The set CNA\ {0} is nonempty and admits a minimal element for the
lezicographic order.

e Ifu is a minimal element for the lexicographic order in the set C' N A\
{0}, then w is minimal in A.

Proof. Since r > 0, by Minkowski convex body theorem C' N A\ {0} is
nonempty. Let Co(p) = {(21,22) : |22| < p}. If v = (v1,v2) is in C N AN\ {0},
then C'NA\ {0} NCq(|ve]) is finite and nonempty and so CNA\{0}NCs(|va])
must contain a minimal element u for the lexicographic preorder. This element
w is also minimal in C' N A\ {0} for the lexicographic preorder.

If w = (w1, ws) € C(u)NA\{0} then w < wand w € C'. Since u is minimal
for the lexicographic order we also have u < w which implies |ug| = |we| and
|wi| = |v1|, hence u is minimal in A O

2.4. The sequence of minimal vectors

Given a Gauss lattice A in C?, the set of minimal vectors can be arranged in a
sequence (X, (A))ner, = (#1,n, 22.n)ner, Where Iy is an interval in Z such that
the sequence (|z2,,|)ner, is increasing and each minimal vector is equivalent
to a minimal vector of the sequence. This sequence might be finite, infinite
one sided or two sided. Two minimal vectors are consecutive if and only if
they are equivalent to two consecutive terms of the sequence (X,,(A))ner, . For
all n € Iy, let denote r,(A) = |z1,| and g, (A) = |22,,|. The three following
results are standard in the frame work of best Diophantine approximations
and continued fractions. The second inequality of the first item gives an upper
bound of the Dirichlet complex constant. The lemma will not be used in the
sequel.

Lemma 7. Let A be a lattice in C* and let (X, (A))ner, be the sequence of
minimal vectors of A.

1. If n and n+ 1 € Iy, then 3| detc(A)] < gna1(A)r(A) < 2| detc(A)].

2. If n and n + 14 € Iy, then qni1a(A) > Cgn(A) where C = (1 +
cos(2)) > 1.1234.

3. If n and n+ 70 € Iy, then rypi70(A) < %rn(A).

Proof. 1. Making use of Minkowski convex body theorem with the cylinder
C(Xn(A), Xpy1(A)) and the lattice A, we obtain that (mg,.1(A)r,(A))? <
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16| detgr(A)|, thus gui1(A)ra(A) < 2|detc(A)]. Since the minimal vectors
Xn(A) = (21,0, 22,0) and Xy 11 (A) = (21,041, 22,n41) are linearly independent,
| detr (X, (A), Xpnt1(A))] is a positive integer multiple of | detg(A)]. It follows
that |detc (X, (A), Xpi1(A))| > | dete(A)| and then

20011 (M) (A) > [21n22,001] + 22021041
> |detc(Xn(A), Xny1(A))] > |detc(A)].

2. This is a standard application of the pigeonhole principle. Given r > 0 and
C' < O, 7 closed disks of radius %r are enough to cover a disk of radius r
and 8 open disks of radius %r are enough to cover a closed disk of radius C'r.
The first covering result is very well known and easy, the second is due to

G. Fejes Toth, [9]. It follows that 7 x 8 = 56 translates of the semi-open box
By = D(0, r,(A)) x 5(0, ¢, (A)) can cover the box By = C(ry(A), C'ga(A))
for any C" < C. Now if ¢,+14(A) < Cgy(A) then all the 4 x 15 = 60 points
of the set Uy{X,(A),..., Xnt+14(A)} are in the box By = C(r,(A), C'qn(A))
with ¢/ = %:174[51\), so at least two of them are in the same translate of the
box Bj. It follows that their difference is in the box 2B; which contradicts
that X, (A) is a minimal vector.

3. We use twice the pigeonhole principle. We can split C in eight angu-

lar sector C4,...,Cys such that if z and 2’ are in the same angular sector
then |z — 2| < max(|z|,|2/|). Consider the 57 minimal vectors X,(A) =
(Z1n, 22n)s - - - Xnt56(A) = (21,0456, 22.n+56). Lhere is a sector C; that con-

tains at least seven of the z1;, say for the j € J. Since 7;(A) < r = 1,(A)
for j € J and card J > 7, there exists k # j in J such that |z, — 25| < 1r.
Therefore, the vector X = X;(A) — X;(A) = (z1,z2) is such that |z1] < 1r
and |zo| = |zo5 — 205] < 2max(|zoxl, |225]) < 2¢nys6(A). The cylinder C'(X)
contains a minimal vector X; which is one of X,,(A), ..., Xy156+14(A) so we
are done. O

2.5. Minimal vectors and Diophantine approximations

Definition 8. Let 6§ be a complex number. A pair (p,q) € Z[i] is a best
approximation vector of @ if |¢| > 0 and for all (a,b) € Z][i]?,

0 <|b] <lgl = |p—qb] <|a— 0o
0<|b] <lgl=1|p—qb| <l|a—0bo|.
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Proposition 9. Let 8 be a complex number and consider the lattice Ay defined
by

Ap = (é _19> Z[i2 = MyZi]2.

Then X = <z> = My (Z;) € Np is a minimal vector with y # 0 iff (p,q) is
a best Diophantine approximation vector of 0.

In the multidimensional real setting, Lagarias proved that a shortest vec-
tor of the lattice g;Ag is associated with a best Diophantine approximation
of 0, see [19]. His result was stated for the Euclidean norm instead of the
sup norm. That is why some best approximations are not associated with a
shortest vector even in the one-dimensional case.

Proof. Suppose that X = <z> is a minimal vector with y # 0. If @ and b are

two Gaussian integers with 0 < |b] < |y = ¢|, then ¥V = “ —be ¢ C(X)

which implies |a — b0| > |p — q¢f|. If |b] = |¢| and if Y € C(X) then |a —b| =
Ip—qf).
Conversely, if (p, ¢) is a best Diophantine approximation vector of , then

for any nonzero (a,b) € Z[i]?, Y = (a _bb9> € C(X) implies

la— 0] < |p— b
1b] < ql.

If b # 0 this in turn implies |a — b8| = |p — ¢8| and |b| = |¢| by definition of
best approximation vectors. If b = 0 and a # 0 then |a| > 1 > \/75 > |p—qb,
hence Y ¢ C'(X). O

3. Proof of Theorem 1, index of lattices spanned by two
consecutive minimal vectors

Let I be the ideal in Z[i] generated by 1 + i, i.e. I = (1 + i)Z[i] and let

J = 5 (Z[\ ).

Theorem 1 is a consequence of the following proposition.
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Proposition 10. Let A be a Gauss lattice in C2. Suppose that u = (u1, us)
and v = (v1,v2) are two linearly independent minimal vectors in A and are

such that 5(u,v) N A ={0}. Call L the lattice spanned by u and v. Then
1. idetR(A) S ’U1|2’U2|2 S ;—gdetR(A).

2. L has index 1 or 2: [A: L] = }SQER(L)‘ =1 or2.
etz (A)]
3. If L has index 2, then

A= {au+bv: (a,b) € Z[]* U J?}

and (U =u,V = %ﬂ(u—kv)) and (U" = %ﬂ.(u—i—v),v/ = v) are two
bases of A.

When u and v are two consecutive minimal vectors, we shall say that [L : A]
is the index of the two consecutive minimal vectors u and v.

Proof. Since u and v are minimal vectors, we can suppose |us| < |vg| and
|v1| < |uq| w.l.o.g. By Minkowski convex body theorem,

Vol(C'(u,v)) = 7r2\u1\2|02]2 < 24] detg(A)| = 24| detC(A)\Q.

Now | detc(A)| < | dete(L)| < 2|uq||va|, hence

| detr(L)] < 4jur]?|vaf* = 4 2

Vol(C(u,v)) < 64| detr(A)|
w2 - '

Therefore,

| detg(L)| _ 64
— =< —=0648...
[ detg(A)] = 72

Therefore, [A : L] < 6. Since this index is the square of the modulus of a
Gaussian integer, it is the sum of two squares and cannot be 3 or 6.

By Theorem 11 about basis in Z[i]-modules, there exist a basis U, V of A
and Gaussian integers a, b and ¢ such that

u = alU
v=>bU +¢cV.

We have V = —2U + 2v. Since u is primitive in A, @ must be a unit in Z[].
By changing U to a~'U, we can suppose a = 1.

Since [A : L] = |c|?, the only possible values for |c[? are 1,2,4 or 5. We
have to exclude the values 4 and 5.
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Suppose that |¢| = 2. Again by changing V' to zV where z is a unit,
we can suppose ¢ = 2 w.l.o.g. There exists a Gaussian integer g such that
|g—;9:| < % Since |cg — b| < V2, |eg —b] = 0,1 or v/2. If cg — b = 0 then
V+gU = %v € A, but this is not possible for v is primitive. If |cg — b| = 1,
consider the vector w =V 4gU = Lc_bu—i— %v € A. Since u and v are minimal,
either |ui| > |v1]| and |va| > |ug| or |ui| = |v1] and |vg| = |uz|. In the first
case, by convexity, w would be in the interior of the cylinder C'(u,v) which
is not possible by assumption. In the second case, the linear independence
implies (cg — b)u # v, so that one of the coordinates of (cg — b)u and of v are
not equal, and therefore the corresponding coordinate of w would be strictly
smaller which contradicts the minimality of u and v. If |cg — b| = v/2, then
the inverse z of Lc_b is a Gaussian integer and the vector v’ = zw —u = Zv
is in A. But this is impossible for |2 < 1 and v is primitive.

Suppose that |¢| = /5. There is 8 possible values for c. By changing
V' to zV where z is a unit, or by considering the image of A by the map
(z1,22) — (Z1,7%2), we can suppose that ¢ = 2 —i. We can also suppose that
b < %\c\ by changing V' to V + gU where ¢ is a Gaussian integer such that

b_gl < % So |b] < % Now |b|? is an integer, hence |b|?> = 0,1 or 2. The

C
case b = 0 is not possible for v is minimal. If |b| = 1, then |2 + |1| < 1 and
V = —2u+ Ly would be in the interior of C(u,v).

It remains to consider the cases b=1+14¢,1—4,—1 —i and —1 + 7. Since
b= z(1+1) with z € Uy, the vector

241 241 . —1+2 241
u + v+ ziu =z v

5 5 5 Ut

w=V+ziu=—z(1+1)

is in A and in the interior of C(u,v) for the sum of the moduli of the coef-
ficients of u and v is < 1. So |¢| = /5 is not possible and we conclude that
lc| =1 or V2.

If ¢ =1, L=A.

Suppose that |c| = v/2. We have

u=U
v=">0U+cV
and by changing V' to zV for some z € Uy, we can suppose that ¢ = 1 + 1.

There is a Gaussian integer g such that b = g(1+4) or g(1+4)+ 1. Changing
V to V+gU, we can suppose that b = 0 or 1. Again b # 0 since v is primitive,
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hence b = 1. Solving in U, V', we obtain

U=u
V=2y-u+v)
and for all g, h € Z][i]
—h h
gU+hV:Cg U+ —0.
c c

On the other hand, ¢ € I, hence either c¢g — h and h are both in [ or cg — h
and h are both in Z[i] \ I, which implies that

A= {gU+hV :(g,h) € Z[i]*} C {gu+hv: (¢, 1) € Z[i]* U J?}.

The reverse inclusion also holds because if (¢', h') = %(p, q) with p,q € Z[i]\I,
then g'u + h'v=1(p+ q)U + qV € A. O

4. Geometry of numbers, proof of Theorem 2

Our aim is to prove Theorem 2. In fact we shall prove the following two
theorems, the first is just a reformulation of Theorem 2 using the norm |.|y
instead of the cylinder C'(u, v). The norm is defined by

E2] ) for & = (21, 29) € C%

_ |z1
[0 = A (s oy s o)

Theorem 6 (Theorem 2a). Let u = (u1,vws) and v = (ujwy,va) be two
vectors in C? with |uyl, |va] > 0 and |wy], Jwe| < 1.

1. If |gu + h|ue > 1 for all nonzero g, h € Z[i] with |g| x |h| < V/2, then
|2|uw > 1 for all nonzero z € Z[ilu + Z][i]v.
2. If |gu + hv|uy > 1 for (g,h) € J? with |g] = |h] = %, then |z|y, > 1

for all nonzero z € (u,v) .

The next theorem deals with strict inequality and is useful to determine
the open transversal.

Theorem 7 (Theorem 2b). Let u = (uy,vowy) and v = (ujwy,vy) be two
vectors in C? with |uyl, [va] > 0 and |wq], |ws] < 1.

1. If |gu + hv|y, > 1 for all nonzero g, h € Z[i] with |g| x |h| < /2 then
|2|uw > 1 for all nonzero z € (Z[iju + Z[iJv) \ Usu U Uyv.
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2. If |gu+ hvly, > 1 for the four vectors (g, h) = (%ﬂ, 157), @ € Uy, then

2w > 1 for all nonzero z € (u,v); \ Ugu U Uyo.

The proof of these two theorems are very similar and based on many case
distinctions. The first case distinction is made on the location of w; in the
unit disk.

Let C = {z € C: |z] < 1, argz € [0, §]}. The first case distinction is
wy € C (the closure of C) or in iC or in —C or in —iC or in the conjugates of
one of these sets. Thanks to the following subsection about symmetries these
eight cases reduce to the single case w; € C.

The same reduction will also be helpful for computing the Dirichlet con-
stant in the Theorem 5.

4.1. Symmetries, reduction to the case w; € C

Let denote U,, = {z € C: 2" = 1} the group n-th roots of unity in C and let
denote Dg the group of isometries acting on C generated by the multiplications
by elements in Uy and by conjugation.

Proposition 11. Let u = (uy,vows) and v = (ugwi,ve) be in C%. As-
sume that |wi|, |lwa| < 1 and |uy|,|v2| > 0. Let ¢ be in Dg. Consider u' =
(u’l,v’gﬁ@(wg)) and v' = (ufp(wn),vh) where |}, |vy] > 0. Then

1. For all nonzero complex numbers a and b,
Jau — bvluw = l@(1)e(a)u” — @)V |-

2. When |wy], |we| < 1, the vectors u and v are consecutive minimal vectors
in Zlilu + ZliJv (resp. in (u,v) ;) iff u' and v' are consecutive minimal
vectors in Z[i|u' + Z[iJv" (resp. in (u',0') ).

Let us explain how the first assertion in the proposition allows us to
reduces the proofs of Theorems 6 and 7 to the case w; € C. When ¢ € Dg, the
three maps ¢, 1 : 2z € C — ¢(2) = p(1)p(z) and ¢’ : 2 € C — ¢/ (2) = f((f))z
are isometries and bijection on the ring of Gaussian integers and on J. Using
part 1 of the proposition, we see that, if for some vectors u, v and a subset F'

of R where R = (Z[i] \ {0})? or (Z[i] \ {0})? U J?, one has

Y(g,h) € F,|gu — hv]u, > 1= V(g, h) € R? with fg #0,|gu — hv|y., > 1,
then one has the same implication with «’,v" and

F'={(¥(9),¢(h) : (9,h) € F}
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instead of F'. Since the images of C by the maps ¢ € Dg cover the closed unit
disk, we have only to deal with wy € C.
Before proving the proposition, we need a simple formula.

Lemma 12. For all ¢ € Dg and all z,y € C

p(ry) = —=p(x)e(y)

Proof. The formula is obvious since the maps ¢ € Dy are of the shape ¢(z) =
az or az with o € Uy. O

Proof of the proposition. 1. For all a,b € C and all ¢ € Dg, we have
au — bv = (u1(a — bwy), va(aws — b))
and using the above lemma, we obtain
p(De(a)u’ =o' = (ui(p(L)p(a) — @(b)p(wr)),
, 1
vy(p(1)e(a) @(1)280(@02) — (b))
= (ui(p(L)p(a) — o(1 ) (bw1)), vy((aws) — (b))
= (uhp(1)p(a — bw), vyp(aws —b)).

Therefore,

lau — bv|yp = [(a)u’ — @(b)V|w ur
2. The vector u is minimal iff for all nonzero au—bv € Z[iJu+ Z[i]v (resp.
€ (u,v)y)

{|bw1—a|§1 :>{|bw1—a|:1

lawy — b| < |ws] lawy — b| = |wy|
and v’ is minimal iff for all nonzero ¢(1)¢(a)u’ —@(b)v' € Z[i|lu'+Z[i]v’ (resp.
€ (u,v') )

|p(Dp(bwr —a)] <1 _ ] lep(bun —a) =
|o(aws — b)| < |z (ws)| |p(aws — b)| = | 13 ( 2)|

Therefore u is minimal iff u/ is minimal. We see that v is minimal iff ¢/
is minimal as well. Furthermore, by Lemma 4, v and v are consecutive iff
lau — bvl,,, > 1 for all nonzero au — bv € Zlilu + Z[iJv (resp. € (u,v)).
The formula |au — bvly, = [Y(a)u’ — @(b)V'|y, implies that v and v are
consecutive iff u’ and v’ are. O
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4.2. Proof of Theorem 6 and 7 when w; € C
We shall need the following sets

D={z€C:|z| <1,d(z1) >1,d(z,1 —3) > 1},
T={2€C:|z| <1,d(z1) > V2, d(z, —i) > V2},
F={(1,1),(1, =), (1,1 =), (1,1 +4),(1+4,1)}

Theorem 6 and 7 are obvious consequences of the following proposition
where we assume w; € C.

Proposition 13. Let u = (u1,vows) and v = (uywy, vz) in C? be such that
wy € C and w1, |we| <1 (resp. < 1) and |uq], |va] > 0.

0. If wy = 0 then |gu — hv|y, > 1 for all nonzero Gaussian integers g, h,
and |u — hvly, = 1 for at least one h € Uy, and \1—+Zu — 1—+Zv\ <1 for
at least one b € Uy.

1. Suppose that wy # 0 and that |gu — hvly, > 1 (resp. > 1) for all
(g,h) € F. Then |gu — hv|y, > 1 (resp. > 1) for all nonzero g,h in
Z[i]. If moreover, wy # 1, then wq € D.

2. Suppose that wy # 0 and that |gu — hvly, > 1 (resp. > 1) for all
(g,h) € {(%ﬂ, 115;) @ € Us}. Then [gu — hvly, > 1 (resp. > 1) for all
nonzero g, h both in Z[i] or both in J. If moreover, wy # 1 and wg # —1,
then wy € C\ D(—4,v/2) and wy € T .

The following simple formula will be useful.

Lemma 14 (Distance formula). Let u = (uy,vows) and v = (ujwy,va) be
in C2. Assume that |wi|,|ws| < 1 and |uyl, |va] > 0. Then for all nonzero
complex numbers a and b,

Jau — boly, = max(|bl d(wn, §). |a| d(ws, 2)).

Proof. Since |w1], |we| < 1, for any z = (z1,72) € C?, |2]y, = max(%, |i—§|‘)
Therefore

law — bv|y, = max(ﬁ]aul — bujwy|, ﬁ|avgw2 — buy))

= max(|b||w — ¢/, |aljws — 2|). U

Proof of the proposition. The proof needs only elementary geometry but is
rather long, the strategy works as follows. We assume that w; € C, |wy| <1
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and |gu — hv|uv > 1 for all nonzero (g,h) € F or for all (g,h) € J? with
lg| = |h] = 5. We want to show that |gu — hv|,, > 1 for all nonzero Gauss

integers or for all (g,h) € Z[i]* U J%

1. We first get rid of the four particular cases wy = 0, w; = 1, wy = —1
and wy = —1.

2. We show that |gu — hv|,, > 1 for (g,h) = (1,1) and (1,1 — i) implies
that we € D.

3. We show that |gu — hv|,, > 1 for (g,h) = (%ﬂ,%ﬂ) and (1+z’ 11+l)

implies that wy € T.

4. Let a be a positive real number. We show that if g and h are two
nonzero complex numbers such that |g|, || > 1 and, ;le or :Z% >1+a,
then |gu — hvly, > 1.

5. We show that if |[gu — hvl,, > 1 for (¢g,h) € {(1,1),(i,1), (1,1 —14)},
then |gu — hv|,,, > 1 for all complex numbers g and h such that |g| and
|h| > 3 (Lemma 15).

6. Thanks to points (4) and (5), we shall see that we are reduced to deal
with the pairs (g, h) with |g| and |h| < 6. Since g and h are in Z[i] or
in J, we are left with finitely many pairs (g, k). Then we are able to
conclude the proof with a computer.

1) The four particular cases w; = 0, wy; = 1 wy = —i and wg = —1.
Case wy = 0. For all nonzero a,b € C,

lauw — bvly, = max(|al, |a|[we — SD

Therefore, |au — bv|,, > 1 for all nonzero a € Z[i]. Furthermore, since the
four closed disks D(b,1), b € Uy, cover the closed disk D(0,1), we have
1% u —bv|y, = 1 for at least one b € Uy, and |su — ﬁvluyu < 1 for at
least one b € Uy.

In the three other cases we don’t have to consider the strict inequalities
because |wq| or |we| = 1.

Case wi; = 1. For all nonzero a,b € C,

lau — bv|y,, = max(|a — b, |a||ws — gD

Therefore, |au — bvl,, > 1 for all a # b both in Z[i] or both in J. If a = b,
then |au —bv|y ., = |a||u— |y, hence |au—avl,, > 1 for all nonzero a € Z[i]
iff |u — v|yp > 1, and |au — avly, > 1 for all a € J iff \1—+Zu— 1+1U’uv > 1.
So the proposition holds when wy = 1.
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Cases wy = a = —1 or —i. For all nonzero a,b € C,
law — bv |y, = max(|b]jwy — §|, |ac — b]).

Therefore, |au — bvl,, > 1 for all b # aa both in Z[i] or both in J. If b = aa,
then |au — vy, = |a||1 X u — vy, hence |au — aav|,,, > 1 for all nonzero
a € Z[i] iff |1 x w — av|y, > 1 which always holds when o = —1 because
|1 X u—aw|yy = |w; +1] and wy € C. Likewise, |au— aav|,, > 1 foralla € J
iff \l%ﬂu — %v\uw > 1. So the proposition holds when wy = a.

We now suppose that wy # 0, wy # 1, wy # —i and wy # —1.
2) By the distance formula (Lemma 14), for all nonzero g and h,

lgu — Mol = max([h| d(wy, £), gl d(w2, ).
Now since wy € C \ {0,1}, we have
1] d(w1, 1) < 1 and [1 —i|d(wy, 1) < 1.
Therefore, if |gu — hvly, > 1 (resp. > 1) for (g,h) = (1,1) and (1,1 —1), then
1] d(ws, 1) > 1 and [1]d(wo, 1) > 1,

(resp. > 1) which in turn implies w, € D (resp. wy € D).
3) Since wy € C\ {0,1}, we have

£ L
[l d(wy, 1 = 4) < Tand |[5]d(wy,i = ) < 1.
T+i 1+

Therefore, if |gu — hv|,, > 1 (resp. > 1) for (g,h) = (%, =) and (g, h) =

1 : - 14427 1412
—1
(77> 174> then

d(wa,1) > v/2 and d(wy, —i) > V2

(resp. > v/2) which in turn implies wy € T (resp. wy € T).

4) Let a be a positive real number. Let g,h be two nonzero complex
numbers with [g], [k| > 1. Since |w;| and |wo| < 1, if % or % > 1+ a, then
by the distance formula (Lemma 14),

lgu — hvly, = max(|h| d(wy, £), |g] (w2, §))
1

> max(|h|(# = 1), |gl(f — 1) > 1.

IA
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5)
Lemma 15. Suppose wy € C\{0,1} and wy € D(0,1). If [gu—hv|y, > 1 for

(g,h) € {(1,1),(3,1), (1,1 —1)} then |gu — hv|y, > 1 for all complex numbers
g and h such that |g| and |h| > 3.

Proof of Lemma 15. We proceed by contradiction and assume that |[gu —
hvly, < 1 for some complex numbers g and h with |g| and |h| > 3. Set
z =4 and 2/ = 1. By the distance formula (Lemma 14),

d(wy, z) and d(ws, 2') < &

hence |z[,[2/| < 3. It follows that |z[,|2’| > 2 and then that |w;],|ws| >
3_1_5

437 12 _
Also observe that since wy € C, ®z and Sz are > —% which implies that
the inverse 2’ of z is neither in the open disk D(—2,2) nor in the open disk
3; 3
D(31, 5)-
We divide the proof in two cases:
1. d(wq,7) > 1,
2. d(wl,i) < 1.

The first case uses the following intermediate lemma.

Lemma 16. Let w € C be such that Rw, Sw > 0, % < |w| <1, and
d(w,i) > 1 then d(w,1) < 3.

Proof of the intermediate lemma. We want to show that the function f(z) =
|z —1|* = 3 is < 0 when |z| < 1, Rz > 0, Sz > 0 and z is neither in the
interiors of D(i,1) nor in the interior of D(0, ). It is easy to see that the
maximum of f on this region is reached at a point which belongs to the circle
C of radius 1 and center i. The circle C has polar equation r = 2sin . Since

for z =re € C,

f(re?) = g + 72 —2rcosh = g + 4sin?@ — 2sin 20 = ¢(6),

it is enough to show that g(#) < 0 for 6 € [arcsin 3, T]. Now ¢/(f) = 4sin 26 —

4 cos 20 is negative if § < § and non-negative otherwise, hence it is enough
to check that g is < 0 at the extremities of the interval. Since

g(Z)=2+1-V3<0,
5

glarcsin 2) = 3+ (2)? —42/1 — (£)2 < —0.08

we are done. O
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End of proof of Lemma 15.

Case 1: d(wq,7) > 1. By the above lemma, |z — 1| < |z —wq| + |w; — 1] <
3 + 2 = 1, hence its inverse 2z’ has a real part > 1/2. We also already know
that 2" is not in the open disk ]D)(2 ) 2)

Since wy is in C and wy # 0, d(wq,1) < 1. By assumption |u — vy, > 1,
therefore, by the distance formula (Lemma 14) with a = 1 and b = 1, we
obtain d(ws,1) > 1. Since wy € C\ {0,1} C D(}, \}5), d(wg, 1 —14) > 1
again by Lemma 14 with a =1and b =1 — .

Finally 2’ and ws satisfy the inequalities

1
2 ¢ D(3i,3), R > 3 and d(wg,1) > 1, d(wq, 1 —14) > 1

contradicting d(z’, ws) < & because § — 3> % (see Figure 1).

Case 2: d(wy,i) < 1. We already know that |2/| > 2 and that 2’ is neither
in the open disk ID)(—E, 5) nor in the open disk ]D)(2 ) %)

As in case (1), making use of lemma 14 with a = 1 and b = 1 we see that
d(ws, 1) > 1. Since d(wq,7) < 1 (case(2)), again with @ =7 and b = 1 we see
that d(wq, —i) > 1.

It follows that d(ws,z’) > % (see Figure 2), a contradiction. O

6) It remains to study the case |g| and |h| < 6. Indeed, if g and h are
nonzero complex numbers such that |g| or |h| > 6, say |g| > 6, and taking
into account that g and h are both Gaussian integers or both in J, we have

e cither, |h| > 1 and

— either, ;le > 2, and item 4. with @ = 1 implies |gu — hvly, > 1,

— or, % <2 and |h| > 3, and item 5. implies |gu — hvl,, > 1.

e or, |h| = \f and % > \/5 > 14 /2. Now item 4. with @ = v/2 implies
lgu — hvly, > 1.

Observe that up to now we have only used the hypothesis: w; € C\ {0, 1},
wy € D(0,1) and |gu — hv|s > 1 for (g,h) € {(1,1),(¢,1), (1,1 —14)}.
We now use a computer to prove two lemmas.

Lemma 17 (First set of critical pairs). For all nonzero Gaussian integers g
and h with |g| and |h| < 6, if the pair (g,h) is not in Z[i{|G1 where

G1 ={(1,—=4),(1,1),(1,2),(1,=1), (1,1 +2), (1,1 — ), (1, =1 4+14), (1, -1 —3),
(1, zz),(1, 2i), ( =2), (1 +4,1), (1 +4,4), (1 +14,2 —14),(2,1),
(2,1 —2i), (2 —14,-2i),(2+14,2 — 24) },
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-2.5

then

25

-0.5

Figure 1: Proof of Lemma 15, case 1.

Bld(3.0) or lgld (%, D) > 1.

The set G1 is called the first set of critical pairs.

Proof using a computer. e Let L be the set of pairs of nonzero Gaussian

integers with moduli < 6. The set L; is finite with less than (6+1+6)* =
28501 elements and can be generated using a simple computer code (we
use a Python code).

One can write two functions that calculate the two distances d(z, C) and
d(z, D) for any complex number z. See Appendix B where it is explained
how to calculate d(z, D). This calculation can be performed with stan-
dard floating point arithmetic. The distance to C can be calculated the
same way.
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25

Figure 2: Proof of Lemma 15, case 2.

Using these two functions one can obtain the set L) of pairs (g, h) € Ly
such that

[d(C, §) <1+¢and |g|d(D,2) <1+¢,

with & = 0.001, a numerical safety margin. The set L certainly contains
all the pairs such that [h|d(C, {) < 1 and |g|d(D, g) <1

Finally extract from L}, a minimal subset G such that for each pair
(a,b) € L} there exist z € Z[i] and (g, h) € G} such that (a,b) = z(g, h).
For this step observe that if (a,b) € L}, then there exists a primitive
pair (g,h) € Z[i]* which is in the line C(a,b) and which is also in L}
because |au — bv|y, > |gu — bvlyp.

The pairs added in G due to the numerical margin are validated using
calculation by hand. This lead to the set Gy (actually, with the margin
e =0.001, G, = GY).
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Suppose now that (a,b) is a pair of nonzero Gaussian integers such that
A, |g| < 6 and Jau — bv|,,, < 1. There exists a primitive pair (g,h) € Z[i]?
such that (a,b) = z(g,h) with |z| > 1. Since |z| > 1, 1 > |au — bv|y, >
|gu — bv|y,». Therefore (g, h) € L}. Since (g, h) is primitive, on the one hand,
one of the pairs a(g,h), a € Uy must be in G}, and on the other hand,
z € Zl[i]. It follows that (a,b) € Z[i|G;. O

Remark 3. Without the safety margin ¢ in the above proof, some pairs may
be missing from the set G as the referee pointed out.

Lemma 18 (Second set of critical pairs). For all (g,h) € J* with |g| and
|h] <6, and (g,h) ¢ G2 = {(1%5, 1%2) ca,b € Uy}, we have

R d(£,C\D(=i,v2)) or |g|d(%,T) > 1.

Proof using a computer. e Let Ly be the set of pairs of nonzero elements
in J with moduli < 6. The set Lo is finite with less than (8 + 1+ 8)* =
83521 and can be generated a using simple computer code (we use a
Python code).

e One can write a function that calculates the distance d(z,7) from z
to T for any complex number z. See Appendix B where it is explained
how to calculate d(z, D). The distance to 7 can be calculated the same
way.

e Since C \ D(—i,v/2)) C (—i)T, for each nonzero g, h,

d(£,C\D(—4,v2))) < d(if,T).

e Using the function d(z, 7"), one can obtain the set L), of pairs (g, h) € Lo
such that

Rl d(if, T) <1+¢cand |g]d(2,T) <1+,
with ¢ = 0.001, a numerical safety margin. We obtain

Ly = {(%H,liﬂ.) ca,b € Uy} 0

End of proof of Part 1 in Proposition 13. Recall thai we suppose
wy # 0,1 and wy # —i, —1. By 2), we already know that wy € D. It remains
to prove that, if |gu — hv|,, > 1 (resp. > 1) for all (g, h) in

F={(1,1),(1, =), (1,1 —14),(1,14+4),(1 +1)},

then |gu — hvly, > 1 (resp. > 1) for all nonzero g, h in Z[i].
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By Lemma 17, if |[gu — hv|y, > 1 (resp. > 1) for all (g,h) € Gy, then
|gu — hvly, > 1 (resp. > 1) for all pairs (¢, h) of nonzero Gaussian integers.
We prove that we can remove the pairs in G \ F' and get the same conclusion.

When (g,h) € {(1,1), (1,—1), (1, =1 +14), (1, =1 — i), (1,2i), (1,-2)}, we
have

Bld(2,C) =1,
Yy € C\ {0}, [hd(£,w;) > 1.

So by the distance formula, these six pairs can be removed from G; when
dealing with the large inequality or the strict inequality.
When (g,h) € {(1+1,4),(2,1)}, we have

|hld(£,C) =1,
Yy € C\ {1}, [hd(£,w;) > 1.

So these two pairs can be removed.
When (g,h) € {(1,—-2i),(1 +4,2—1),(2,1 —2i),(2 4,2 — 2i)}, we have

gld(2, D) =1,
Vwy € D\ {—i}, |g| d(%,wg) > 1.

So these four pairs can be removed from Gj.
Finally, consider the pair (g, h) = (=2 + i, 2i). Since the disk D({, |h|) is

included in the disk D(h,, Ih’|> where (¢',h') = (1,141¢) and since the portion

of the disk D(—, ﬂ) lying in the unit disk is included in the disk D( Ty I) the
inequality |¢'u —h'v|y > 1 (resp. > 1) implies the inequality |gu — hv]u’v >1
(resp. > 1) which means that we can remove the pair (=2 + i, 27).

It follows that for wy € C\ {0,1} and wy € D(0,1) \ {—i}, if for all
(g,h) € F |gu — hv|yy > 1, (resp. > 1) then |gu — hvly, > 1 (resp. > 1) for
all nonzero Gaussian integers g and h.

End of proof of Part 2 in Proposition 13. By 3), we already know
that wy € T. It remains to prove that if |gu — h’u]uv > 1 (resp. > 1) for all
(9,h) € {(15, 1Jﬂ) a,b € Uy}, then wy € C\D(—4,+/2) and |gu — hv|,, > 1
(resp. > 1) for all nonzero g, h both in Z[i] or both in J

Since wy € T and since wy # —1, d(ws,i) < v/2. Now by assumption,
|1+Zu - 1+Zv|uv > 1, hence d(w;, —i) > v/2 by the distance formula. This

means that w; € C \ D(—i, V2).
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Since wy € C \ D(—i,v/2) and wy € T, we can use Lemma 18, we obtain
that |gu — hvly, > 1 (resp. > 1) for all g, h both in J.

It remains to see what is happening when g and h are Gaussian integers.
Since T C D, using the first set of critical pairs and the Part 1 of the propo-
sition, we see that only the pairs (g, h) in F' must be examined. For each of
these pairs, we have |g| d(%, T) > 1 except for (g,h) = (1,1 +1), and for this

latter pair d(ws, g) > 1 for all wy € T \ {i}, so we are done. O
4.3. Constraints on the pairs (wq,wz) when wy € C

Let’s remember the sets we need

C={z€C:|z] <1, argz €0, F]},
D={ze€C:|z| <1,d(z,1) > 1,d(z,1 =) > 1},
T={z€C:|z| <1,d(z1) > V2, d(z,—i) > V2},
F={(1,1),(1,—), (1,1 —14),(1,1 +4),(1+4,1)}

Consider the following pairs of open disks in C

Blue; = D(1, %)7 Bluey =D(1+14,1)

Red1 = ]D)(Z, 1), R€d2 = D(—i, 1)
Greeny =D(1+14,1), Greeny = D(15,

).

-

Corollary 19. Let u = (u1,vows) and v = (ujwy, ve) be two vectors in C?
with |uql, |ve] > 0, |wn], |we| < 1, and wy € C\ {0}.

e No nonzero vector in Z[ilu + Z[ilv is in 8’(u,v) iff we € D and one of
the four conditions
1. we € Greeny and wy ¢ Redy U Greeny,
2. we € Redy \ Greeny and wy ¢ Redy,
3. wy ¢ Reds U Blues,
4. wy € Bluey and wy ¢ Bluey,

holds.
e No nonzero vector in (u,v); is in C(u,v) iff (wi,ws) € (C\ D(—1,

V2)) x T.
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Figure 3: The constraints on consecutive minimal vectors.

Remark 4. We do not consider the particular cases wy; = 0 or |w;| = 1 because
we will not use them in the sequel. But clearly, it is not difficult to find the
constraints on (wq,ws) in these cases using Proposition 13. In fact, when

wy = 0 then (Z[ilu + Z[ilv) N é’(u, v) = {0} whatever the value of wy € D,
and (u,v); N C(u,v) # {0} whatever the value of wy € D.

Proof. By Proposition 13, no nonzero vector in Z[iJu+ Z[i]v are in 6‘(u, v) iff
for all (g, h) in

F={(1,1),(1,—4),(1,1 —17),(1,14+4),(1 +141)},
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lgu — hvl,,, > 1. By the distance formula (Lemma 14), it means that for all
(g,h) € F,

d(wi, ) > ﬁ or d(ws, %) > é.

h

Taking (g,h) = (1,1) and (g,h) = (1,1 — i), we obtain that we ¢ D(1,1) and
wg ¢ D(1 — 4,1) which implies wy € D

Taking (g, h) = (1, —1), we obtain wy ¢ D(i, 1) = Red; or wy ¢ D(—i,1) =
R€d2. .

Taking (g,h) = (1,1 4 7), we obtain wy ¢ ID)((IEZ), %) = Bluey or ws ¢
D(i +1i,1) = Blues.

Taking (g,h) = (1 +14,1), we obtain wy ¢ D(1 +1i,1) = Green; or wy ¢
D(l\/_g, \/—) Greeny.

Taking into account the positions of the disks Reds, Blues and Greens in
D, we obtain that |gu — hv|,, > 1 for all (g,h) € F iff one of the conditions
(1) or (2) or (3) or (4) holds.

o
Again by Proposition 13, no nonzero vector in (u,v); are in C'(u,v) iff

it is true for all (g, h) € {(%ﬂ, %ﬂ) (1J1rl, 1Jﬂ)} The distance formula shows
that it is equivalent to (wy,ws) € (C\ D(—i,v2)) x T. O

4.4. An example of a lattice with linearly independent equivalent
minimal vectors
We give an example of two vectors v and v such that

e v and v are consecutive minimal vectors of A = Z[iJu + Z][i]v,
e u— (1 —i)v is a minimal vector equivalent to v,
o (1+ Z)u — v is a minimal vector equivalent to w.

Let s € (3m,37),t € (2m,m), wy = 14+i+e, wy =1 —i+e, u=r(1,ew,)
and v = r(wy, €'%) Wherer>0anda€Rare such that

2 o

detc(u,v) = re"(1 — wyws) = 1.

Consider the lattice A = Z[iJu + Z[iJv. We have wy; € CNIGreen; \ Red; and
wy € DN C(1 —1,1), so that thanks to Corollary 19,

Cu,v) N A = {0},

However, since wy € 0Greeny and wy € C(1 —i,1), 0C(u,v) contains not
only the subsets Uyu and Uyv of A, but also the subsets of A

Us((1 +4)u —v) and Ug(u — (1 —0)v).
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By Lemma 17 about the first set of critical pairs, the only others (g, k) such
that |gu — hv|,, = 1 are in UyGy. Furthermore, since wy # 0,1 and wq #
—1,—1, we see as in the end of the proof of Proposition 13 part 1, that
if (g,h) € Usg(G1 \ F), then |gu — hv|,, > 1. By checking the values of
|gu — hv|y,, for the pairs (g, h) € F', we see that

OC(u,v) NA =UsuUUwUUL((1+)u —v) UUg(u— (1 —i)v).
Now

1— (1 —dwy, e (wy — (1 —1)))
=r(1—(1—=d)(1+i+e), el —i+e’—(1—1)))

—1— (1 —i)e™, e e

I4+du—v=r(1+i—wy,e*((1+i)wy —1))
=r(14+i—(1+i+e%),e((144)(1—i+e?)—1))
= (=€, e ((14i)e" + 1)
=r(y1,92)

and one check that

|21* = 3+ 2(cos s + sins) = |wi|? and |xy| = 1

ly1]* = 1 and |yo| = 3 + 2(cost — sint) = |wy|

Hence v and u — (1 — ¢)v are two equivalent minimal vectors and w and
(14 d)u —v as well.

5. No consecutive pairs of index 2

In Proposition 10 we have seen that two consecutive minimal vectors have
index one or two. We show now that the case of index two cannot occur twice
consecutively.

Proposition 20. Suppose that u = (uy,vows) and v = (uywy,v2) are two
consecutive minimal vectors of index 2 in a lattice A in C%. Let w be a minimal
vector such that v and w are two consecutive minimal vectors. Then Z[ilv +
Z[ilw = A.

Remark 5. In fact, with the assumptions of the proposition, it is possible to
prove that Z[iJu + Z[iJw = A also holds. The proof of this latter fact goes as
the proof of the proposition but is slightly more difficult. We shall not do it.
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The proof of the proposition uses two lemmas. The first lemma is well
known and its proof is a straightforward calculation we omit.

Lemma 21. Let w and z be two complexr numbers and let k < 1 be a non-
negative real number. Then

|z — w| <k\w|<:>d(w,1_k2) <12

|z — w| = klw| & d(w, 1—k2> =12

Lemma 22. Suppose that u = (uy,vaws) and v = (uqwy, va) are two consec-
utive minimal vectors of index 2 in a lattice A. Suppose that w is a minimal
vector such that v and w are two consecutive minimal vectors and such that v
and w has index 2 in A. Then w = a(1+1%)v+oau where a and o are Gaussian
integers such that 0 < |a] <2 and |o| = 1.

Proof. By Proposition 10, (U = —(u + v),V = v) is a basis of A and

T+i
(V=0vW= %ﬂ(v + w)) as well. Therefore,
u=—-V+1+9)U
v=V
w=-V+1+)W
W =bV —aU

where b € Z[i] and a € Uy because the determinant of the matrix of the
coordinates of the vectors V' and W in the basis (U, V) is a unit of Z[i]. It
follows that

w=—v+ (L+i)(bv — ar(u+v))
=(-1—-a+ (1+1i)bv—au

=a(l+i)v—oau
where a € Z[i] because —1 — « € (1 4 ¢)Z[i]. In coordinates this gives
w = (ur (a1 + d)ws — a), va(a(l +1) — aws)

and since w follows v,
la(1+d)wr — af < |wy].

Therefore, |wy| > |a(1 + 7)||wi| — |a|. Making use of Corollary 19 and of
Proposition 11, we see that wy is in ¢(C\ D(—i,/2)) for some ¢ € Dg, hence
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|w1] > 371. The last two inequalities imply that |a| < ﬁ(l + ﬁ) <
f \[ - < V5. Tt follows that |a| < 2. Finally, a cannot be 0 because w
and u are not proportional. |

Proof of the proposition. We proceed by contradiction and suppose that
Zl[i]v+ Z[i]w has index two. By the above lemma, we have w = (1+14)av—au
where a and « are Gaussian integers with |o| = 1 and 0 < |a|] < 2. We have

w = (u1((1 4+ 7)aw; — a),va((1 4+ i)a — aws)).

Since the minimal vector w follows v, we have |(1 + ¢)aw, — a| < |w;| which
is equivalent to
wi — 2* < |2 wn]?

where z = ¢+ id = (1+) With the above lemma, we see that the latter
inequality is equivalent to
z |22

< .
E N P

d(wl,

Given ﬁ € Uy, consider the complex numbers z = —1—+Z + (1 +4)a and

Y= _1_+l + «; they are both in J. So that by Proposition 10, the vector
w =w—1v+yu =g (v—ﬂu) (w], wy)

is in A. If we can choose 3 so that

|wh] < Jugw|
|wy| < Jva((1 + 1)a — aws)|
with one strict inequality at least, it contradicts that v and w are two consec-
utive minimal vectors. The strategy is now to prove that either we can choose
8 or that the inequality d(wy, 1~ ‘le) < 12 \‘22| 5 does not hold.
Using the symmetries and Proposition 11 as in section 4, we can suppose
that wy € C. By Corollary 19,

wy € C\D(—4,v2) and wy € D\ (D(1,V2) UD(—i,?2)).

With ¢t = (Hz)a , the above inequalities about w} and w} are equivalent

to
5lwr = B <
%|w2 — 5‘ S |t — U)Q’.
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A short calculation shows that the latter inequalities are equivalent to

|wi + B > 2 .
wa — (2t = B)* = 2/t — B

Since wy € C \ D(—4,/2), the first inequality holds when 3 =1 or i.

Suppose first that |a| = 1. We have [¢|* = 2 hence t = 41 4.

If t =1+, choose f = 1. We have t — 3 =i and 2t — 5 = 1 + 2i, hence
the second inequality is equivalent to |wg — (14 2i)[> > 2 which holds because
Rwy < 0 and Sws < 1.

If t =1 —4i, choose B =1. We have t — 3 = —i and 2t — § = 1 — 2i,
hence the second inequality is equivalent to |wy — (1 — 2i)|? > 2 which holds

because Swq > 0.
4

If t = =1+, then 2 = — 1. Therefore, d(w, 1_Z|Z‘2)2 > (1_‘TL|2)2 =1a
contradiction. \

Ift=—1—1, then 2z = % Therefore, d(wy, 1—Tz|2)2 > (lj‘zlz)g =1la
contradiction.

Suppose that |a| = v/2. We have |t| = 2, hence t = £2 or 42i. Therefore,

ﬁ = %z, and the information w; € C\ D(—i,/2) implies that if ¢ = 2i or

—2 or —2i then d(wy, 32)? > % =1
If t = 2, choose 3 = 1. We have t — 3 = 1 and 2t — § = 3, hence the

second inequality becomes |wg — 3|2 > 2 which holds because Rws < 0.
Suppose that |a| = 2. We have |t| = 2v/2 hence t = +2(1+4) or £2i(1+1).

Therefore, 1_TZ|2 = %z, and the information w; € C \ D(—i,+/2) implies that
if t = 2(1+4) or —2(1 + 1) or —2i(1 +14) then d(wy, $2)* > % =%

If t = 2(1 —4), choose f =1. We have t — f = 1 — 2 and 2t — 3 = 3 — 4i,
hence the second inequality becomes |wy — (3 — 4i)|> > 2 x 5 which holds
because |R(we — (3 —44))| > 2 and |I(we — (3 — 44))] > 3. O

6. Definitions and parametrization of the transversals
6.1. The open transversal

Let Uy be the group of units in Z[i]. The open transversal T is the set of
Gauss lattices A in C? such that detc A € Uy and such that there exist two
vectors u = (u1,u2) and v = (vy,v2) in A such that

(1) |U2|, |Ul| < |U1| = |02| =,
(2) the only nonzero vectors of A in the ball B, (0,7) are in Uyu U Uyw.
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Observe that the two vectors v and v are minimal vectors in A and that by
Lemma 4, they are consecutive. The vectors v and v are the vectors associated
with A. They are unique up to a multiplicative factor in Uy:

Lemma 23. Let A be a lattice in the open transversal T and let u,v be two
vectors in A satisfying (1) and (2) in the above definition. If v’ and v' are
two vectors in A such that (1) and (2) hold then v’ € Uyu and v" € Uyv.

Proof. Set 1 = |u|eo and 7" = |t/|. The balls By (0,7) and B (0,7') are
nested, therefore by (2) they are equal. So that by (1), |u}| = |u1| = |v}| =
|va|. Hence v’ and v" € By (0,7). Again by (2), this imply that ' € Uyu and
v e Uyw. O

6.2. The full transversal

The full transversal T" is the set of Gauss lattices A in C? such that detc A €
U, and such that there exist two minimal vectors u = (uy, us) and v = (vq, vg)
in A such that

(17) fual, lv1| < ua] = |va| =7,

(2’) the only nonzero vector of A in the open ball éoo((), r) is 0.

Clearly
T cT' c{AeSL(2,C)/SL(2,Z[i]) : M(A, ]-|0;, C) = A2(A, |.]ss, C)} -

The vectors u and v are the vectors associated with A. They are no longer
unique up to a multiplicative factor in Uy, see the example subsection 4.4. By
Lemma 4, they are consecutive.

By Proposition 10, the lattice L = Z[iJu + Z[i]v has index 1 or 2 in A.
Therefore, the transversal 7' (resp. T") is the union of two pieces T} and T5
(resp. T1 and T3) according to the index of L. The above lemma implies that
Ty and 75 are disjoint but as the example in the Subsection 4.4 shows,

TiNTy # 0.

However, 7] N'Ty is a small set. It is a consequence of the following Lemma.

Let NV be the set of unimodular lattices A C C? such that either there
exists a nonzero vector (uy,us) € A with ujus = 0 or there exist two linearly
independent vectors u = (uy,u2) and v = (v1,vz) in A such that |u;| = |vy]
or |ug| = |val.
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Lemma 24. The following properties hold

1. N contains the set
{A € SL(2,C)/SL(2,Z[i]) : M (A, ]-]oos C) = Aa(A,]-]00, )} \ T-

2. N is stable under the action of the flow g¢, t € R.
3. N has zero Haar measure.

Remark 6. T'\'T C N.

Proof. 1. Let A be a unimodular lattice not in the open transersal T" such that
M (A, ] oos ©) = A2(A,]-|oo, C) = r. The equality of the two minima implies
that there exist two linearly independent vectors u = (uy1,us) and v = (vq, v3)
such that |u|e = |v|eo = 7 and |uy| > |vq]. If A were not in N, we would
have r > |uj| > |v1| and therefore, r = |vg|. Since |va| # |uz|, we would have
|va| > |ug|. Since A is not in 7', this implies that there exists a nonzero vector
w = (wy,w2) € AN Bx(0,r) and not in Uyu U Ugv. Then we have either
|wi| = r = |up| or |wa| = r = |vy|, a contradiction.

2. Clear.

3. Let M be the set of matrices M € M(C) such that either there exists
X € Z[i]* such that the product of the coordinates of M X is zero, or there
are two linearly independent vectors X and Y in Z[i] such that either the
moduli of the first coordinates of M X and MY are equal, or the moduli of
the second coordinates of M X and MY are equal. It suffices to prove that
M has zero Lebesgue measure. By definition, the set M is the union of two
sets M; and M. The first set is a countable union of hyperplanes in Ms(C)
and thus is of zero Lebesgue measure. Let us deal now with M.

Since Z[i] is countable, considering each row of the matrix M, we are
reduced to prove that given two linearly independent vectors z = (x1,z2)
and y = (y1,y2) € C?, the set of (a,b) € C? such that P(a,b) = |azxs +bza|? —
layy + bys|? = 0, is of zero Lebesgue measure in C2.

Now P can be considered as a real polynomial of four variable. Since
P(ya, —y1) = |detc(z,y)|? # 0, the polynomial P is not zero and the set of
(a,b) such that P(a,b) = 0 has measure zero. O

6.3. Properties of the open transversal
Lemma 25. The open transversal T is a real submanifold of SL(2,C)/

SL(2, Z[i]).
Furthermore, the flow (g¢)icr is transverse to T.
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Proof. Let Ay be in T and let ug and vy be the two vectors associated with
Ao by the definition of 7. By Proposition 10, either (ug, vg) form a basis of Ag
and we can suppose det(ug, vg) = 1 w.l.o.g. (case of index 1) or Uy = uy and
Vo = ﬁ(uo +vg) form a basis of Ag and we can suppose det(ug, vg) = (1+1)
w.l.o.g. (case of index 2). We can find a small enough positive real number e

such that for any (u,v) in the open set

W = Bez2(ug, €) X Bez(vo, €),

e the matrix M = M (u,v) the columns of which are u = (uy,us) and v =
(v1,v2), is in GL(2,C) and the sets WP, P € SL(2,Z][i]) are disjoint,

e the vectors in Usu and Uyv are the only nonzero vectors of the lattice
A = MZJ[i]? in the cylinder C(u,v) in the index 1 case, or of the lattice
Zlilu + Z[z]%ﬂ(u + v) in the index 2 case,

o |ui| > |ug| and |v1| < |val,

o forall M € W, |det M — det(ug, vo)| < 15-

Consider the map

¢o:W—->CxR
det M

_aetM 22
= det(uo,vo)’¢2(M) = |u1]” — [v2]").

t M = (u,v) = (¢1(M)
In the index 1 case, a lattice A = MZ[i]?> with M € W, is in T iff ¢(M) =
(1,0). In index 2 case, a lattice A = Z[i]u + Z[i] 1 (u+v) is in T iff (M) =
(1,0). Hence, to prove that 7" is a submanifold, it is enough to show that the
differential D¢(M) is onto at every point M in W. The differential of ¢, is
C-linear and is given by

1
D(/ﬁl(M)-(x,y) = )(szvl + urys — V172 — qu1)

det(ug, vo
where © = (z1,22) and y = (y1, y2). The differential of ¢9 is given by
Dgo(M).(7,y) = w1®1 + U171 — V2lja — V2Y2.

Call yp; the C-linear map defined by v (z,y) = wix; — vaya. On the one
hand, D¢o(M) = ~ar + a. On the other hand, vy and Dgo(M) are C-
linearly independent because |va|? + |uy]? # 0. Therefore, the three R-linear
maps Ry, RD¢1 (M) and D¢ (M) are R-linearly independent. It follows
that D¢(M) is onto which implies that 7" is a submanifold of 5.
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To show that the flow is transverse to T', we have to check that for any ma-
trix M = M (u,v) in W such that ¢(M) = (1,0), we have Dop(M).((u1, —us),
(v1, —v2)) # 0. Now, Doo(M).((u1, —usa), (v1, —v2)) = 2|u1|? + 2|va|?, hence
Do(M).((ug, —us), (v1, —v2)) is not zero. O

7. First return map, proof of Theorem 3

Lemma 26. Let A be a unimodular lattice that is in the full transversal T"
and let u = (u1,u2) and v = (v1,v2) be two consecutive minimal vectors
associated with A. Let t = inf{s > 0 : gs(A) € T'}. Then t < +oo if and
only if v1 # 0. Moreover, in the latter case, there exists a minimal vector
z = (21, 22) such that v and z are two consecutive minimal vectors and such
that

|22

t 11
=—In—.
2 |u]

Consequently the first return map applied to A is giA.

Proof. If v; # 0, then by Lemma 6, a minimal element z = (z1,23) € A

o
for the lexicographic preoder < in the infinite vertical cylinder C'(|vy|) is

a minimal vector. By definition v and z are consecutive. So, by Lemma 4,
o

o
C(v,z) N A\ {0} =0, hence C(gv,g:2) N ge(A\ {0}) = 0, thus ¢:A is in 7"
when ¢ = 11n % Let 0 < s < t. We want to show that g;A ¢ T".

o If 1y = e 5|vg] < 11 = €¥|vy|, since r; = ef|vy| < e'|vr]| = e za| <
e ®|za], we have Boo(0,71 = |gsv]ec) C C(gsv, gsz). Now, there is no
vector in gs(A\{0}) of the shape (z1,z2) with |z1] < 71 and |z3] =71 <

o o

e %|z2| because such vector would be in C(gsv, gsz) = gs—+C(gtv, g12).
Therefore, gsA is not in the full transversal T".

o If o = e %|ug| > 11 = e®|uy|, since ro = e %|vg| = e F|ur| < e|uy|,
we have Boo(0,72 = |gsv]e0) € C(gsu, gsv) and there is no vector in
gs(A '\ {0}) of the shape (z1,z2) with |z1] = ro < e®|ui| and |za| < ro.
Therefore, gsA is not in the full transversal T". O]

Let u = (u1,vws) and v = (ujwi,ve) be the two consecutive minimal
vectors associated with a lattice A that is in the full transversal 7. By the
above lemma, the computation of the first return map is reduced to the com-
putation of the minimal vector v' € A such that v and v’ are two consecutive
minimal vectors. This is the purpose of Theorem 3 that we recall below. To
perform this calculation, we must take into account the component of the
transversal which contains A.
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Recall that the lexicographic preoder on C? is defined by

(w1,72) < (y1,92)

iff |xo| < |y2| or |x2| = |y2| and |z1] < |y1]. We recall the statement of
Theorem 3 for the convenience of the reader.

Theorem 3. Let u = (u1,vowz) and v = (uywi,v) be the two minimal
consecutive vectors associated with a lattice A that is in the full transversal
T'. If wy # 0 then there exists v' € A a minimal vector such that v and v' are
two consecutive minimal vectors and

e if detc(u,v) =1, then v' is any vectors that is minimal for the preoder
< in the set

{z:—aqugv:aE{1,1+i},g€Z[i], i—g|<1}.

w1

Moreover with v = v = (u}, vjwh) and v/ = —au + gv = (vjw], vh) we
have

a 1
(3) wy=g-——, wy = .

w1 g — awz

o if detc(u,v) = 1414, then v' is any vectors that is minimal in the set

{z:—%ﬂ(u+v)+gv:gEZm, e + @ 9l <1}'

Moreover with v = v = (u}, vjwh) and v/ = —au + gv = (vjw], v)) we
have
1
A B | r_
4)  wi=gyg Otw:  (A+)° Wy = T

1
9 a2~ o

Proof. If wy # 0 then v; = uyw; # 0 and by Minkowski convex body theorem,

the cylinder 6’1(\1}1]) = {(z,y) € C%: |z| < |v1|} contains at least one nonzero
vector of A. By Lemma 6, a vector of A in this cylinder which is minimal for
the preorder < is a minimal vector v’ that follows v.

Case 1: detc(u,v) = 1. Let L = Z[iJv+ Z[i]v" be the lattice generated by
v and v'. Since L has index 1 or 2 in A, the determinant of v and v in the basis
w, v is a unit of Z[i] or (1 +4) times a unit. This implies that v" = —au + gv
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with g € Z[i] and a € Uy or a € (1+14)Us. We can suppose that a € {1,1+1i}

o
w.l.o.g. The condition v € C'1(Jv1]) is equivalent to,
lau; — guyw| < |uqws|

which in turn is equivalent to
a
|— —g| < L
w1

By definition v’ is minimal for the preorder < among the vectors —au + gv
such that the latter inequality holds. An easy calculation leads to the formula
for w] and wj.

Case 2: detc(u,v) = 14 4. By Proposition 20, Z[iJv 4+ Z[i]v" has index
one in A and by Proposition 10, 1%rz(u + ), v is a basis of A, therefore, 2’ is
of the shape

v = a5 (u+v) + gv

with g € Z[i] and a € Uy. We can suppose that a = —1 w.l.o.g. As before, we
have

]%ﬂ(ul +ugwy) — guiws | < |ugwn|,

which is equivalent to
1 1
| e 9l <L
We conclude as in the first case. O

8. Parametrization of the open transversal and the first
return map

We first give a parametrization of the open transversal with coordinates
(0, w1, wy) € R x D?. Then, we want to describe the open transversal with
the (0, wy,ws) coordinates. To do this, we first write the symmetries of the
transversal with these coordinates. Finally, we give some explicit formulas for
the first return map in terms of the coordinates (6, wy, ws).

8.1. Parametrization of the open transversal T
Proposition 27. Let ¥;, : R x D? — Qy, k = 1,2 be the maps defined by

\111(9, w1, U)Q) = Z[z]u + Z[i]v,

Wo(6, w1, wa) = Z[iJu + 75 Z[i)(u + v)
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where

u=u(f, wy, wy) = r(uy, vows),
v =v(0, w1, w2) = r(ugwy, va),
k‘l/4

\/‘1 —’LU1’LU2‘7

up = exp b,

r =

vy = expif = expi((k —1)F — 0 — arg(1l — wiwy)).

For k = 1,2, let Cy(0, w1, w2) = C(u(f,wy,ws),v(0, w1, ws)). Then for all
A in Ty, there exists exactly one element (0,wy,ws) € [0,Z) x D? such that

15
A =V,(0, w1, w2) and AN Cr(0, w1, ws) = {0}.

Proof. EXISTENCE. Let A be a unimodular lattice in C? that belongs to
Ty and call v and v the two minimal vectors associated with A. Denoting
7 = |t|oo, u and v can be written u = r(u1, vows) and v = r(ugwy, v2) with

‘U)ly, ’wg‘ <1l= ]uﬂ = "UQ‘.
The unimodularity implies that
detc(u,v) = r?uva(1 — wywy) € Uy or € (1 414)Uy
k‘l/4

A/ |1—w1w2| ’

On the other hand, since v and v can be changed in wu and w'v with w,w’ €
Uy, we can impose u; = expif with 6 € [0, 5[ and vy = exp 0" where

according to A € T1 or T5. On the one hand, this implies that r =

0" = (k—1)F — 0 —arg(l —wywy).

With our choices, the triple (6, wy,ws) belongs to U = [0,5) x D?.
If k = 1, we have A = Uy(0, w1, we) € Vy(U). If k£ = 2, thanks to
Proposition 10 Part 3, we have A = Wy (0, wi,wse) € Wo(U).
UNIQUENESS. Let A be in Tj. Suppose that A = Vp(a,wi,we) =
Ui (o, wy, wh) with (a,wy,ws) and (o/,w),wh) € U. Let u = u(a, wy, ws),
v =v(a,wy,ws), v =u(a,w],wh) and v = v(a/, w},wh). The two cylinders

Cok(oz, wy, wy) and Cgk(a, w1, wg) must be equal, otherwise one of them would
contains nonzero elements of A. Hence r = ' and by Lemma 23, v’ € Uyu.
Since a and o' are both in [0, 5[, it follows that v = v’ and a = o'. Hence
vowy = vhwh. Again v\ = wv with w € Uy, therefore wju; = wwiuy and



Gauss lattices and complex continued fractions 1827

vh = wuy. Tt follows that w] = ww; and whw = wy which in turn imply
wjwh = wiwy. Now by definition of ¥y, detc(u,v) = dete(uw/,v") =1 or 1414,
hence u1v9(1 —wiws) = wjvh(1 —wjw)) and taking into account the relations
u) = u; and wjw) = wiwsy, we obtain vy = v4. Finally, this implies, w = 1
and (o/, w}, w)) = (o, wy, ws). O

8.2. Symmetries of the transversal

Given (0, wy,ws) € R x D? we would like to know what are the conditions on
(0, w1, ws) in order that Wy(0,wy,we) € Ty and Wa(0, wy, we) € To. Thanks
to Theorem 7 and to the distance formula (Lemma 14), these conditions are
given by a finite set of inequalities on w; and ws and do not depend on 6.
As for Theorem 7, the symmetries of the transversal simplify the statement.
Actually, it can be reduced to the case

w €C={zeD:argz € [0, 5]}

ko (DT g = 1,0, 7, will be

and the other cases, wy € {z € D :argz € [*],

obtained by simple transformations.
Let T7 and TY be the subset of Ty and T defined by

™0 =T1N {A =V1(0,wy,ws) :

(0,w1,w3) € [0,Z) x C x D), AN Cy (0, wy, ws) = {0}},
TQO =15 N {A = \1’2(9,w1,w2) :

(0, w1,w5) € [0,Z) x C x D), AN Cy (0, wy, ws) = {0}}.

Recall that Dy is the group of isometries acting on C generated by the mul-
tiplications by elements in Uy and by the conjugation. For ¢ € Dg, consider
the map Fy o, : T, — €2y defined by

Fk,tﬁ(\:[!k(ea w1, w2)) = \Ilk(aa @(wl)a ﬁgp(wg))
This map is well defined because by Proposition 27, for each A € Ty,
there exists (0, wy,ws) unique in [0, Z[xD? such that ¥y (0, wy, ws) = A and

2
AN Ck<9, w1, U)Q) = {0}
Our aim is to prove:

Proposition 28. For k=1,2,

Ty = U Fro(TP).

IS
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Since
D= ULPEDSSO(C)v
the proposition is an obvious consequence of the following lemma.

Lemma 29. For k=1,2 and ¢ € Dy
Fro(Tx) = Tj.

Proof of Lemma 29. 1. It is enough to prove that Fj,(T;) C T} for all
¢ € Dg. Indeed, if so, we have Fy ,-1(Fyo(Tk)) C Fip1(Tk) C Tp and
since the elements in Dg are R-linear, for A = W, (6, w1, ws) € T, we have

Fy o1 (Frp (W (0,w1,w2))) = Fi o1 (Ur(0, 0 (w1), Sy o(w2))
= U (0, @71(¢(w1))7 Lpfll(l)z 9071(99(11)2 p(ws)))

= (0,01, i )

= U (0, wy, ws),

which implies that Fy ,-1(Fio(Tk)) = Tk

2. Call By = (Z[i)\ {0})? and Ey = (Z[i]\ {0})2U J2. For each ¢, € Dy,
the maps f(a,b) = (¢¥(a), p(b)) induce a bijection on Ej. It is an immediate
consequence of ¢(Zl[i]) = Y(Z[i]) = Z[i] and o(J) = (J) = J.

3. Let 0 € [0, 5[, w1, w2 €D, wy = p(w1), and wy = ﬁgp(wz)

u=u(0,wy,wy) = (u1,v2ws), v="v(0,w,ws) = (Uywa, v2)

u' = u(9>w,1>wé) - (u'l,véwé), v = U(9>w,1>wé) - (ullw/271é>

Suppose that A = Z[iJu + Z[i]v € T, and A N Cx(0, w1, w2) = {0}. Consider
N = Z[i]u'+Z[i]v'. By definition A" = F}, ,(A). We want to show that A’ € Tj.
By Proposition 11 about the symmetries, for all nonzero complex numbers
a,b,

|au — vl = |p(1)p(a)u’ — @O)0|u -
By 2, it follows that |a'u/ — b'v'| v > 1 for all (¢/,b) € Ej iff |au —bv|y, > 1

for all (a,b) € Ej. Since A is in Ty, |au — bv|y » > 1 for all (a,b) € Ej which
implies that |a'u’ — V'v'| v > 1 for all (¢/,0") € Ej, and we are done. O
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8.3. Determination of the open transversals T; and T with the
(0, wq, we)-coordinates

Recall that

C={weC:|wl <1, argw € [0, ]},
D={weC:|w <1, dw,1)>1, dw,1—17) >1},
T={weC:|w <1,dw1)> V2 dw,—i) > V2}

and that the parametrizations U1 and ¥4 have been defined in Proposition 27.
Consider the following pairs of closed disks in C:

Redy, = D(i, 1), Redy = D(—i,1)
Blue; = D(1, %), Bluey = D(1+14,1)

Green, = D(1+1,1), Greeng = D(%a =)

S

see the Figure 3 in Subsection 4.3.
Let W} be the set of (w1, ws) in C x D such that one of the four conditions

1. wy € Greeny and wy ¢ Red; U @reenl,
2. wy € Redy \ Greeny and wy ¢ Red;,
3. we ¢ Redsy U Bluey and w; # 0,

4. wy € Bluey and wy ¢ Bluey,

holds, and let
W1 = {(p(wr), sape(ws)) : ¢ € Ds, (w1, wz) € WP}
Let
W9 =C\ D(—i,V2) x T
and let
W = {(p(w1), sape(ws)) : ¢ € Ds, (wy, w2) € Wy},
Theorem 8. Let (0, wy,ws) be in [0, 5[xD?. Then

o Uy (0, wy,wy) €Ty iff (wy,ws) € Wh,
° \Ilg(ﬁ,wl,wg) e Ty ’Lﬁ (wl,wg) € Ws.

Abridge proof of Theorem 8. With (w],w)) = (¢(w1), ﬁ(p(wg)), we have
U (0, w1, wy) € Ty, iff Uy (0,w),wh) € Ty according to Proposition 11 about
the symmetries of the transversal. Then, we follow the proof of Corollary 19
using Proposition 13 with strict inequalities. ]
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Remark 7. The conditions for Wy (0, w;,wy) to be in the full transversal are
similar, just replace the closed disks by open disks and take care of the par-
ticular case wy = 0. In this latter case Wq(6,wy,ws) is in the transversal
whatever ws is.

8.4. The first return map in the (8, w;, w2)-coordinates

Let us denote by R : T'— T" the first return map in the full transversal T”.
We want to find the formula

R(ea Wi, w2) = (9/7 wlla w/Q)

in the coordinates (0, w;,ws). As the example in Subsection 4.4, shows the
minimal vectors following one minimal vector are not necessarily unique up to
a multiplicative factor in Uy. This makes the map Tz multi-valued. In order
to avoid this drawback we restrict the first return map to 7"\ N = T\ N
(see the definition 6.2 where N is defined).

Recall that the set N is negligible, is invariant by the flow and contains
the lattices with nonzero vectors on the axes. Therefore, the restriction of the
first return map

R:T\N =T\N

is a bijection.

For k = 1,2, let W/ be the set of (6, w1, ws) € Wy, such that Ui (0, wq, wa)¢
N. Let T be the map defined on the disjoint union of W{ and W} according
to Theorem 3:

o If (wy,we) € Wy, let a € {1,1+i} and g € Z][i] be such that —a(1, w2)+

g(wq, 1) is minimal for the preorder < in the set

{—a(t,ws) + g(wi,1) e € {1,141}, g € Zli], |:= — g < 1}.

w1

We then have

Tg<w1,wg>=(“ ! )

wy’ g — aws

and T (wy,we) € Wy or Wh according to a = a3(wy,we) = 1 or a =
al(wl,wg) =1+1.
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o If (w1, we) € Wa, let g € Z][i] be such that —1—+Z(1—|—w1,w2—|—1)+g(w1, 1)
is minimal for the preorder < in the set

{ (L w,we +1) +g(wi, 1) : g € Z[i], |m+ﬁ —g| < 1}-

We then have

Ta ) 1 1 1
wi,W2) = — . - ~
¢ ! 2 g (1+z)w1 (1+Z) g—ﬁwg—ﬁ

and T (w1, ws) is always in Wi. In that case, we set a = az(wy,ws) =
1
1+i

Formally the map T should be defined on ({1} x W{)U ({2} x W3) with
values in the same set.
Now we are able to compute the first return map in (6, wq, we) coordinates.

Theorem 9. Let k=1 or 2. Let (6, wy,ws) be in [0, 5[ xW/. Then

Ro Wi (0,w,ws) = \Ilj(H’, a2Tg(w1, wa))

where

o j =2 when ar(wy,wy) =141 and j = 1 otherwise,
o o = «a(f,w) is the only element in Uy such that ' = f+argw,+arga €
0,51

Proof. Set (w},w)) = Tg(wi, ws). By Theorem 3 and the definitions of the
parametrizations ¥y and Wy and of the map T,

Ro U(0,wy,ws) = V;(0 + arg wy, w}, wh)

where j = 2 iff ay(wq,ws) = 1 + 4. The only thing we have to worry about is
that 6 + argw; might be outside the interval [0, [. In any cases, there exists
o € Uy unique such that ' = 0 4 argw, +arga € [0, 5[. So, if we change the
vectors u(f+arg wq, wy, wh) and v(0+arg wy, wi, wh) in au(f+arg wy, wi, wh)
and Lv(6 + argwy, w], wh), we obtain the same lattice and we do not change
the determinant (see Proposition 27 the definition of u(.) and v(.)). Now,

au(f + argwy, wi, wh) = u(f + argwy + arg o, Zw}, a’wh)
Lo(0 + arg wy, wi, wh) = v(0 + argwy + arga, w, a’wh)

and since % = a?, we are done. ]
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-1.0 -0.5 0.0 05 10 15 2.0 25 30

Figure 4: Iterates of the map Ty with one initial point. Only the couple
(w1, wsy) in Ty with wy; € C are plotted, wy in the left disk and wsy in the
right disk. The color is chosen according to the regions in Corollary 19. In
the second rectangle, the orange points have been suppressed.
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-1.0 -0.5 00 05 10 15 2.0 25 30

Figure 5: Iterates of the map Tg: the points in 7.

9. Invariant measures, proof of Theorem 4

We want to find the measure induced by the Haar measure and the flow (g¢):
on the transversal T in the coordinates systems W1 (0, w1, wq) and Wo (6, w1, ws)
(see Proposition 27 the definitions of the parametrizations Wy). The Haar
measure is defined up to a multiplicative constant and can be defined with
an invariant volume form « on SL(2, C). To take advantage of the C-linearity
of the differential of U with respect to wy,ws, we use the following volume
form. Let w be the differential form of degree 3 defined on Ms(C) by

wnr (Mi, Ma, Mz) = det(M, My, Ma, M)
where My (C) is identified with C*. Since for every matrix A € My(C),

det(AM, AMl, AMQ, AMg) = det(MA, MlA, MQA, MgA)
= (det A)* det(M, My, My, M3),

the form w is SL(2, C)-invariant and
oa=—wAw

is a volume form on SL(2, C) and defines a Haar measure p1 on SL(2,C) (see
below the definition of @). We restate Theorem 4.
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Theorem 10. Using the parametrization Vi, k = 1,2 of the transversal T,
the Haar measure py associated with the volume form o and the flow g; induce
a measure v with density

32
h(0, w1, w2) = = wywgl*

with respect to the Lebesgue measure of [0,7/2] x D2.

Before we prove the above theorem, we wish to compute the volume of
the space of lattices SL(2, C)/SL(2, Z[i]). This volume can be deduced from
the volume of SL(2, Z[i]))\Hj3 where H3 = C + jRs is the three-dimensional
hyperbolic space. Indeed, consider the left action of SL(2,C) on the three-
dimensional hyperbolic space Hs defined by

(az +b)(cz + d) + acr?® + jr
lcz + d|? + |c¢|*r?

M.(z+rj) =

for M = Z Z € SL(2,C) and z + rj € Hs. The stabilizer of j is K =

SU(2, C). Choosing an appropriate Haar measure po on SL(2,C), we have
Vol(SL(2,C)/SL(2, Z[i])) = Vol(SL(2,Z[i]))\Hs) x Vol(SU(2,C)).
The measure uo can be chosen in order that in the above formula,
Vol(SU(2,C)) = Vol(S3) = 272

is the volume of the unit sphere S3 with respect to the standard Euclidean
distance and Vol(SL(2,Z[i]))\Hj3) is computed with respect to the hyperbolic
metric on Hjs. In that case

3
_ a2

VOI(SL(2, Z[i)))\Hy) = L2k (2)

where d = —4 is the discriminant of the quadratic field K = Q+iQ = Q[v/—1]
and Cx(s) = X m where the sum is computed over all the nonzero
ideals (a + ib)Z[i] in Z[i] (see [8] pp. 311-312). Actually, (x(2) = %QC where
C=>>0 % is the Catalan number.

So we have two Haar measures on SL(2, C)/SL(2, Z[i]), one obtained with
the volume form a and a second obtained from Hjs and SU(2, C). It is possible
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to compute the normalization factor between the two Haar measures pq and
1o, in fact

p1 = 1642,
which leads to
3
Vol (SL(2, ©)/ SL(2. Z[])) = 16 x (2%) x (1 ¢(2)
7 _ 32n? (-1
=640k (2) = = n; (2n +1)2°

Proof of Theorem 10. The parametrizations Wy, & = 1,2 can be factorized,
U, = ®, 0 F. Indeed, let @) : C* x D* — SL(2,C), k = 1,2, be the maps
defined by

V2W2 U2

u urw
@1(U1,w1,w2) = ( ! ! 1)

where vy = vg(uy, wy, wy) = and

1
w1 (l—wiwa)

1
UL ULWi I 1
Dy (uy, wy, we) = |, / 0 o
VW2 (% 1+i

where v = vh(uy, w1, we) = (141i)va(ur, wy, ws). Let Fj, : R xD? — C* x D?,

k = 1,2, be the maps defined by Fy (0, w1, ws) = (u; = re, wy, wy) where

r= ﬁ By definition, W, = &y, o F}.

The first step is to compute the pull back ®p.w. Let p = (uy,wy, ws).
Straightforward calculations lead to

Uul 1 0 0
u1wW1 w1 Uy 0
) 2y _ Ovy Oug. vy
((I)l*‘”)p(aTLl’ T’wl’ an) - det 2wz wg@ul w%awl v2 +8w2 owa
vz Qv Ovz
U2 ouy ow1 Jws
—2

hence

(<I>1*w)p = 2du1 A d’LUl A d’wg.

U1(1 — wlwg)
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Using that v = (1 + i)va, we obtain

2
JR— —2(1+1)?
Do,w), = det i) —————duy Adwy Nd
(B2l = e <0 11) (L — wrwg)? TR
—2
= ————duy A dw;y A dws.
ul(l—w1w2)2 e w w2

Let us now use the conjugation. Consider the maps ¢ : C* xD? — C* x D?
and C': SL(2,C) — SL(2, C) defined by

c(ur, wy,wa) = (T, Wy, Wa),

€969

The form @ is defined by @ = Ciw. Since C' o &, = &}, o ¢, we have

ol

Op o = (C o Pp)w
= (Proc)w

= c*Cbk*w.
With u; = u11 + tu19, w1 = w1 + twie and we = wa1 + tweo, we have
du; = duqy + iduip and du; = c.duy = duyp — iduqs.

Hence,

-2
—d dwi N d
ul(l—wlwg)Q up N\ dws way)
—2
o(ur) (1 — c(wy)e(uwy))2 7 AL 2 G2
=" _du; Adwy A dwy
Ul(l — W1W2 2

i

Therefore, in the coordinates system (u1, w1, ws), the Haar measure is asso-
ciated with the differential form

) 4
—1
[ur 2|1 — wywo|*
32

- ’U1’2‘1 — w1w2|4

duy A dwy A dws A duqg A dwy A dwy

((I)k*a)p =

dun A dU12 VAN dwn A dwm A dw21 A dU}21.
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In coordinates (uq,ws,ws), the diagonal flow g; writes
gi(u1, wy, wy) = (etul,wl,w2)

and is associated with the vector field X (p) = (uq,0,0).
In order to compute the measure induced by the Haar measure and the
flow ¢, it is enough to compute the Jacobian of the map

t+10
0wy, wo)

(t,0,w1,ws) — g4 0 Fi.(0, w1, ws) = (re
at the point (0,0, wy,ws). It is the 6 x 6 determinant

rcosf —rsind
rsinf rcos6

0 0 100 0f o
det | o o100
0 0 0 010
0 0 0 0 01
Finally, we obtain the density
W6, w ) = 3212 B 32 0
L2 R — w1 — wiwat

10. Dirichlet best constant, proof of Theorem 5

Let # be complex number. The Dirichlet constant associated with 8 is the
infimum C(0) of constants C' such that for any real number Q) > 1 there exist
p,q € Z[i] such that

0<lg <@
90 —p| < G-

The best constant in Theorem 5 is then Cp = sup{C(f) : § € C}.
Let (pn,qn) € Z[i]?, n € Iy C N, be a sequence of best approximations
vectors of 6 such that

L=|qo| <|q| <---<lgul < ...,

and including all the the best approximation denominators: if (p, ¢) is a best
approximation vector then there is an n € Iy such that |q| = |g,|. The se-
quence is infinite, i.e. Iy = N, iff 0 ¢ Q[i].
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Then, it is clear that
C(0) = sup{|gn+1/|gnd — pn| : n,n + 1 € Ip}.

If we want to study the best Dirichlet constant for all large enough ) when
0 ¢ Q[i], we have to use the constant

C'(9) = lin sup |@n+11an0 — pnl

instead of the constant C'(0). By Proposition 9, the sequence of best approx-
imation vectors of 6 is the sequence of minimal vectors of the lattice

Ag = (é _19> 2L = MyZ[i)

Pn

n
equivalent to any minimal vector of Ay with nonzero second coordinate. It
follows that the best Dirichlet constant Cp is bounded above by

More precisely, the sequence My , n € Iy, contains exactly one element

Cs = sup |uq||ve]

where the supremum is taken over all Gauss unimodular lattices A in C? and
all the pairs u = (uy,us2),v = (v1,v2) of consecutive minimal vectors in A
with 0 < |ug| < |ve|. The proof is now done in two steps:
1. We prove that Cg = 1 = ‘/5,
prov 57 Ve 3V3
2. We prove that for almost all § € C, C'(0) = Cs.

10.1. Step 1

10.1.1. A first reduction to compute Cs Let u = (uj,uz) and v =
(v1,v2) be two consecutive minimal vectors of a unimodular Gauss lattice A
in C2. Then |uj| > |v1| and |vy| > |ug| and by Theorem 1, the index of the
sublattice Z[iJu + Z[iJv in A, is one or two. Thus, we can write

u = (uy,vows), |ws| <1
v = (wwy,ve), |wi| <1
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and | detc(Z[iJu + Z[i]v)| = |uiv(1 — wiws)| = 1 or v/2 depending on the

index 1 or 2. Set

1
C1 =supuivg = supm
— wiwWs

where the supremum is taken over all unimodular lattices A and all pairs of
consecutive minimal vectors u, v of index 1 in A and set

V2

Cy = sup uivg = supm
— wiwW3

where the supremum is taken over all unimodular lattices A and all pairs of
consecutive minimal vectors u, v of index 2 in A. Then

Cs = max(Cy, Cy).

Thanks to Proposition 11, using the symmetries associated with ¢ € Dg, we
can suppose that w; € C. We can now evaluate C; and Cy using Corollary 19
that gives necessary and sufficient conditions on w; and wy so that v and v
are consecutive minimal vectors.

10.1.2. We show that C; = —21— We want to bound above the
6—3v3

function f(wy,ws) = m In the particular case w; = 0, f(wy,ws) =1
so that f(wq,wy) < \/6_13—\/5. From now on, we suppose wy # 0.

Recall the notations

Redy = D(i,1), Redy =D(—i,1)

Blue; = D(1, %)7 Bluey =D(1 +14,1)

Green; = D(1+1,1), Greeny = D(152, %)
Let u = (uy, v2ws) and v = (ugwy, v9) be two vectors in C? with |uy], [ve| > 0,
|wi], Jwa| < 1, and wy € C\ {0}.

By Corollary 19, zero is the only vector of Z[iJu + Z[i]v that is in C'(u,v)
iff wy € D and one of the four conditions

1. wy € Greeny and wy ¢ Red; U Greeny,
2. wq € Redy \ Greeny and wy ¢ Red,
3. we ¢ Reds U Blues,

4. wy € Bluey and wy ¢ Bluey,

holds.
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1

So we have to compute the supremum of the function f(wq,ws) = Twrwd]

over the four regions defined by (1), (2), (3) and (4).

In the following we assume the arguments of complex numbers are in
[0, 27].

REGION 1: (wy,ws) € C\{0}xD, wy € Greeny AND wy ¢ Red;UGreen; .

We have to minimize the distance from wjws to 1 when (wy,ws) is in
region 1. If wy is on the circle of radius r; centered at 0 and wsy on the circle
of radius 7y centered at 0, the point wywsy is on the circle of radius ryry and
will be closest to 1 when the arguments of w; and wy are maximal. It follows
that the infimum of the distances |1 — wyws| is reached when wy and wq are
in the following arcs of circle (see Figure 3 in Subsection 4.3)

(a) wy is in the arc C, of the circle C(i,1) from 2o =0to 2z = 1/2 + (1 —
V/3/2)i (positive orientation),
(b) w; is in the arc Cy, of the circle C(1 +4,1) from 2 to 2o = 1

and
(c) weq is in the arc C. of the circle C(1,1) from zp to z3 = —izy,
(d) wsq is in the arc Cy4 of the circle C(1 —,1) from 23 to z4 = —i.

We are going to show that the infimum of |1 — wyws] is

r=1]1—- 22 =16-3V3

CASE wy € C, AND wy € C,. Clearly |wjws| < |z123] and 37/2 <
argwiwy < arg z123. Now 2123 = 1 — v/3/2 —i(v/3 — 3/2), |z123] =2 — /3
and arg z,23 = 2m — 7/3, hence wyws is in the sector

S={2€C:3r/2 <argwiwy < 27 — /3, |2| <2 —/3}.

Since 2123 € C(1,7) and |21 23] = 2 — /3 < 1/2 = cos /3, this sector doesn’t
intersect the open disk ID(1,r), hence |1 — wyws| < 7.

CAsE w; € C, AND wy € C4. Suppose first that wy ¢ D(1,7). It
is enough to prove that R(wjwy) < 1 —r. We have R(wiws) = |wiws| x
cos(arg wiwsy). As before arg wywy € [3m/2, arg z;1 23], so that cos(arg wiwsy) <
cos(arg z123) = 1/2. Let wy = x + iy be the unique point in C, N C(1,7).
We have that |wi| < |wp| so that R(wiws) = |wywe| cos(arg wiws) < |wpl/2.
The complex number wg = = + iy can easily be calculated because its real
part is solution of an equation of degree 2. We find that x < 0.103... and
y < 0.0054... so that |wg| < 0.11. Since 1 —r > 0.10 > |wg|/2, we are done.



Gauss lattices and complex continued fractions 1841

When w; € D(1,r) and in the remaining cases below, we shall use the
following simple lemma. It is an easy consequence of the fact that two circles
meet in two points at most.

Lemma 30. Let C; and Cs be two circles in the plane and let py, py and ps3
be three distinct points in Cy. If p1 and ps are not in the interior of Co while
p3 is in the closed disk associated with Co, then the closed arc of the circle
C; between py and py that doesn’t contain ps, doesn’t intersect the interior of

C,.

We now use the lemma with C; = w;C(1 —4,1) and Cy = C(1,r). Since
wy; € C, and z3 € C,, the products w23 is not in the interior of Cy. Next
wyz4 = —iwy € C(1,1) is not in the interior of Cy while the product wy x 1
is in the closed disk associated with Cs. Therefore, using Lemma 30 with
p1 = w123, p2 = wiz4 and p3 = wy X 1, we obtain that wyCy doesn’t meet
the interior of Cs.

CASE wy € Cy, AND wq € C.. We have wywe = wjwh with w] = iwq € C,
and w) = —iw; € Cy so we are done thanks to the above case.

CASE w; € Cy AND wy € C4. We fix wy € Cy4. The points wez; and
wWyzy = wo are not in the interior of Cy while wy X 7 is in the interior of Co,
therefore, by Lemma 30, wyCy doesn’t meet the interior of Cs.

REGION 2: (wy,wg) € C\ {0} x D, ws € Redy \ Greeny AND w; ¢ Red,.

As before, if wy is on the circle of radius r; and w9 on the circle of radius
ro, the point wjws is on the circle of radius rire and will be closest to 1
when the arguments of w; and wy are maximal. It follows that the infimum
is reached when w; and wy are in the following arcs of circle (see Figure 3)

(a) wy is in the arc € C, of the circle C(i,1) from the point zp = 0 to the
point z; = 2 = i + /3 = €™/6 (positive orientation).

(b) w is in the arc Cy, of the circle C(17, %) from the point zp = 0 to the
point zo = —i (positive orientation).

The points three points zg = 0, 25 = —i et z3 = 1 — i are on the circle
C, = C(%, %) The products z1z9 and z122 = e /3 are on the circle
C, = C(1,1) and the product zjz3 = V27112 ig in the interior of Cs.
Therefore, by Lemma 30, the arc z;Cy, doesn’t meet the interior of Cy which
means that
|1 — zywa| > 1

for all we € Cy.
Next fix we € Cp. The three points 2] = wazg, 25, = w21 and 2§ =
wa(1 4 1) are on the circle C3 = w2 C(i,1). The point 21 is not in the interior
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of the circle Cy and we just proved that 2} is not in the interior of the circle
C, either, while 2§ is on the circle (1 + 4)C(152, %) = Cs. Therefore, by
Lemma 30, the arc wyC, doesn’t meet the interior of the circle Cy which
means that

|1 — wown| > 1

for all w; € C,.
REGION 3: (wy,wq) € C\ {0} x D, wy ¢ Redy U Blues.
If wy ¢ Redy U Blues, then either argwy < m/2 or

/2 < argwy < Tr/6.
In the latter case, since wy € C, we have

wiwg €{z /2 <argz < Tm/6+ w/4}
C {z: Rz <0}.

Therefore, |1 — wyws| > 1. In the former case, arg wywy > arg((1 — v/3/2) +
i/2) = 7/2 — 7/12. Therefore, |1 — wyws| > cos(m/12) > r = /6 — 3/3.
REGION 4: (wy,ws) € C\ {0} x D, wy € Blue; AND wy ¢ Blues.
Again, if wy is on the circle of radius r; and ws on the circle of radius o,
the point wyws is on the circle of radius 7179 and will be closest to 1 when the
arguments of wy and we are minimal. It follows that the infimum is reached
when w; and ws are in the following arcs of circle (see Figure 3)

a) wy in the arc C, of the circle C(2, L) from the point z; = 1 to the
2.2
point 2y = 0.
2 ) = ‘
(b) ws in the arc Cy of the circle C(1,1) from the point 2, = 1/2 +iv/3/2
to the point z3 = (1 — v/3/2) +i/2.

Fix wy in Cp. The extremities of wyC, are 0 and wg'and they are not inside
the circle C(1,1). While the point wa(—i) € woC(57, %) is inside the circle
C(1,1). Therefore, by Lemma 30, the arc wyC, is outside the circle C(1,1)

which means that |1 — wywsy| > 1 for all wy € C,.

10.1.3. We show that C3 = ﬁ We suppose that v and v are of
index 2. Thanks to Proposition 11, we can suppose w; € C and thanks to
Corollary 19, we know that, zero is the only vector of (u,v); in (oﬁ'(u,’u), iff
(w1, wy) € (C\D(—i,v/2)) x T. We want to show that inf |1 —wjws| = 3—+/3.

Once again, if wy is on the circle of radius r; and ws on the circle of
radius 7, the point wyws is on the circle of radius 17, and will be closest to
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1.2 Z
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Figure 6: The infimum of |1 — wyws| on Th.

1 when the arguments of w; and ws are minimal. It follows that the infimum
is reached when wy and wy are in the following arcs of circle (see Figures 5
and 6)

(a) wy is in the arc C, of the circle C(—4,/2) with extremities zp = 1 and
o =Y (1+4),

(b) ws is in the arc Cy of the circle C(1,1/2) with extremities and 2z, = i
and zg = @(—1 +1).

A short computation shows that p = |1 — z123| =3 — V3 =v21/6 — 3V3.

Our objective is to show that if w; € C, and wy € C, then

|1—w1w2| Z3—\/§

It will imply that Cy = 3_—\/35
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When wy = z1, the points w29 and w23 are not inside the circle C =
C(1, p) and the point w;(—) is inside C. Therefore, by Lemma 30, the arc
w1 Cyp doesn’t meet the interior of C.

Fix wo € Cy. The points wozg = wo and woz; are not inside the circle C.
If the point wy(—1) were inside C, by Lemma 30, wyC, would be outside C
which means that

‘1—11]111]2‘ 23—\/5

However, wa(—1) could be outside the circle C. Let us determine the points
wy = & + iy € Cyp, such that wy(—1) is inside the circle C: wy(—1) is inside C
iff

1= un(~1) <

s1+z)?+y? < (3-V3)?
s+ +20+1< 12— 6V3.

Since wy € C(1,v2), 22 +y? = 1+22. Thus, wa(—1) is inside C iff z < #
So by Lemma 30, if x < # then |1 — wyws| > 3 — /3.

Call zg = 5_3‘/5, Yo = /2 — (xg — 1)? and z4 = x¢ + Y. Let C, and C}
be the portions of the arc Cy, from zy = i to z4 and from 24 to z3. Let C/, and
C! be the portions of the arc C, from zgp = 1 to (—i)z4 and from (—i)z4 to
Z1 = (—i)Z3.

We already know that if w; € C, and wy € C} then |1 —wjwq| > 3 — V3.
Since we € Cp and wy € C imply (—i)wy € C, and iw; € C}, it follows that
if wy € Cp and wy € C} then

11 — wiws| = |1 — iwy (=1)ws| > 3 — V3.
So we are left with the case w; € C/, and wy € C}. Since |1 — iw;| = /2,

11 —w1w2]2 = |1 — wy(we —Z'Jri)\? = [(1 —iwy) — wy(we —i)|2

=2+ |wy (wy — 1)]* = 2R((1 — dw1 )w; (wa — 7).
Furthermore, when w; € C/, and wy € Cy,

Tr/4 < arg(l —iwy) < arg(l — z4)
21 — arg(—izy) < argw; < 2w
21 — arg(zq — 1) < arg(we — 1) < 2w — 57 /4,
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and arg(z4—1i) = b /4+¢1, arg(—izg) = €2 and arg(l —z4) = 7w /44 <3 where
€1, €9 and €3 are positive and small. It follows that, modulo 27, we have

Tr/4 — arg(—izg) — arg(zg — 1) < arg((1 — dwy)wy (wy — 1))
<arg(l —z4) —b7m/4
77/2 —¢e1—e2 < arg((l — iwl)wl(wg — Z)) < 7T/2 + £3.

Now ¢; = arg(z4 — i) — 5m/4 = 0.0.0518--- < 0.06, and €9 = arg(—izq4) =
0.109--- < 0.11 therefore,

IR((1 — dwy)wy (wy — 1)) < 2vV/2|wy — i| cos(m/2 — g1 — €3)
< 2v2 % 0.15 x 0.17
< 0.08.

Finally, we obtain

11— wyws| > /2 —0.08>1.38>3 -3

and we are done.
10.2. Step 2, C’(0) = Cs for almost all 8 € C

Consider the lattice Ag = Z[i]u + Z[i]v defined by the vectors u = (u1,us) =
ro(1, e*%wsy) and v = (v1,v1) = ro(wy, %) where

wy =L+ (1- L),

Wy = (—i)wl,

1
ro = ———,
\/|1 —w1w2|
a = —arg(l — wjws).

The lattice Ay is unimodular and by Theorem 2 (more precisely by Corol-
o

lary 19), there is no nonzero vector of Ay in the open cylinder C(u,v) =

o

Boo(0,79). The vectors w and v has been chosen so that

V2
3—3

lurve| = r% =(Cg =
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Lemma 31. Let A be a lattice in C? and let r be a positive real number.
Suppose that for some real number t, g¢A N By (0,7) = {0}. Then there exist
two consecutive minimal vectors u = (uj,u2) and v = (ug,vy) in A with
|va| > |ua| such that |uyve| > 1% and |ve| > ret.

Proof. Let u = (u1,ug) be a minimal vector in g;A with |u1| > r and |u;| min-
imal. Such a minimal vector exists because by Lemma 6, there exist minimal

o
vectors in C(r) and such minimal vectors have a first coordinate with mod-
ulus > r because AN B (0,7) = {0}. Let v = (v1,v2) be a minimal element

for the lexicographic preorder < in ¢;A N C1(r). By Lemma 6, v is a minimal
vector and again |va| > r because g:A N By (0,7) = {0}. If w = (wy,wq) is
a minimal vector in ¢ A with |ws| > |ug| then |wy| < |u;|. By definition of

u, this implies |w;| < r which implies successively that w € C'1(r) then that
v < w and finally that |ws| > |vg|. It follows that u and v are consecutive
minimal vectors in g;A and that B (0,r) C C(u,v). It follows that g_,u
and g_sv are consecutive minimal vectors in A and since |vs| > r, we have
letvg| > ret. Moreover |e tuielvy| = |ug||va] > r x 7. O

Lemma 32. Let r be a positive real number. The set I’ of unimodular lattices
A in C% such that AN By (0,7) # {0}, is closed in SL(2,C)/SL(2, Z[i]).

Proof. Let (A, = M,Z[i]?),, be a sequence of lattices in F. Suppose that the
sequence converges to a lattice A = MZ[i]?>. We want to show that A € F.
We can suppose that the sequence of matrices (M,,),, converges to M w.l.o.g.
For each n, there exists a nonzero vector X,, € Z[i]? such that V,, = M, X,, €
Bo(0,7). Changing X,, into 2¥X,, for some non-negative integer k, we can
suppose that 7/2 < |Y,|« < 7. Since the matrices M, are all invertible
and since the sequence (M,,) is convergent, there exists § > 0 such that
|My,|| > 0 > 0 for all n, where ||A|| is the operator norm of the matrix
A associated with the sup norm on C?. Therefore, |X,| < % for n large
enough. Thus there exist a vector X € Z[i]? and an increasing sequence of
integers ny such that X, = X for all k. Since | M, Xn, oo = |Yailoo > 7/2,
MX = limg_yoo My, X = limg o Yy, is a nonzero vector of A = MZ[i]? in
the ball By (0,7), which means that A € F. O

End of proof of Theorem 5 and Theorem 5 bis. By Lemma 31, to prove that
C'(0) > 1o for almost all 4, it suffices to prove that the set

{0 €10,1] +4[0,1] : VT' > 0,Ve > 0,3t > T, g:Ag N Boo (0,79 — ) = {0}}
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has full Lebesgue measure in [0, 1] 4 [0, 1]. Suppose on the contrary that the
set

{0€[0,1] +4[0,1] : IT > 0,3 > 0,Vt > T, geAg N Boo(0, 70 — &) # {0}}

has positive Lebesgue measure. Then there exist 7" > 0 and € > 0 such that
the set

N ={Ag:60€0,1] +1[0,1] and V&t > T, gtAg N Bo(0,79 — ) # {0} }

has positive measure. By definition of N, for all Ag € N and all ¢t > T', there
exists a nonzero vector X (0,t) € Z[i]? such that

Y(0,t) = e MpX(0,t) € Boo(0,79 — €).

Let H< be the subgroup of SL(d + 1, C) defined by

ng{h: (Z a91 ) € SL(2,C) :a € C*, be(C}.
There exists 0 > 0 such that for all A € H<

A= Id|e < 8=Vt >0,|gAg — Id]| < —
t 2
To

where | M| is the sup norm of the matrix M and ||M|| is its operator norm
associated with the sup norm. For all Ag € N, all ¢t > T and all A € H< with
|A — Id|o < 0, we have

|Gt AMX (0,1)]00 = |9:Ag; * 9: Mo X (0,1)] 00
< (g Agy " — 1d)g:MpX (0, 1) |0 + |9: Mo X (0, 1)]
< (lgeAgy ' = 1d|| + 1)|g: Mo X (6,1)] oo
3
< (— _
< (2r0 +1)(ro —€)

< —_ =
T .

Therefore,
gtA N Boo(oa o — %) 7& {O}
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for all A € By_(Id,0)N where By_(Id,J) is the set of matrices M in the
subgroup H< such that |M — Id|o, < § and By_(Id,§)N is the set of lattices
of the shape AA with A € By_(Id,5) and A € N.

Let U be the set of unimodular lattices A such that A N Be (0,79 —
5) = {0}. By the choice of g, the lattice Ag is in U. By Lemma 32, U is
open. So that U is a nonempty open set and has a positive Haar measure in
SL(2,C)/SL(2, Z[i]). The action of the flow g;, t € R, on SL(2,C)/SL(2, Z[i])
is ergodic, see [1] page 90 (it is also a direct consequence of Mautner’s lemma

and of the fact that SL(2, C) is generated by the matrices of the shape <(1) j)

and <i ?)) It follows, by Birkhoff ergodic theorem applied to the flow
g; and to the function f = 1y, that for almost all lattices A, there exist
arbitrarily large ¢ such that ¢tA € U. Now, the set By(Id,d)N has positive
Haar measure and by construction for all lattice A in this set and all t > T

@A N B(ro — 5) # {0},

and therefore ;A ¢ U for all t > T', a contradiction. O
11. Search of minimal vectors in a Gauss lattice in C?

In this subsection we address the problem of finding two consecutive minimal
vectors in a Gauss lattice in C2. The first step is to find one minimal vector
and the second step the next one.

Thanks to the Gauss reduction algorithm it can be done very efficiently.

11.1. The Gauss reduction algorithm

Given Gauss lattice in C2 we want to find a minimal vector in this lattice. This
can be done with a Gauss reduction algorithm and the following observation:

If A is Gauss lattice in C? and if u is a shortest vector of A for the
standard Hermitian norm then u is a minimal vector in A.

Indeed, if u = (uy,usz) is a shortest vector for the standard Hermitian
norm then any vector v = (v1,v9) in the cylinder C'(u) such that |v1] < |uq|
or |vg| < |ug| has a strictly smaller Hermitian norm.

Given a basis of a lattice in a two-dimensional (real) Euclidean vector
space, the Gauss reduction algorithm provides a reduced basis of the lattice.
This algorithm can be adapted to the case of Gauss lattices in two-dimensional
C-vector spaces equipped with an Hermitian norm. In [26] it is proved that
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the Gauss reduction algorithm works for lattices in C? on Euclidean integer
rings of imaginary quadratic fields. We state their result for lattices on Z][i]
without proof.

Definition 33. Let F be a two-dimensional C-vector space equipped with a
norm ||.||. A basis (u,v) of a Gauss lattice A = Z[iJu + Z[i]v is reduced with
respect to the norm ||.|| if |[u]| = A (A, ||.||,C) and [|v]| = A2(A, |||, C).

Let E be a two-dimensional C-vector space equipped with an Hermitian
norm |.|g.

The Gauss reduction algorithm proceed as follows.
Input: A basis (u,v) of a Gauss lattice A in E.

1. If |v|g < |u|g, exchange u <> v.
2. A .= False
3. Main loop: while A = False

(a) Compute w = (a + ib)u the orthogonal projection of v on the line
Cu.

(b) Find the Gaussian integer p closest to a + ib and replace v with
v — pu.

(c) If |ulg < |v|g, A := True, else exchange u <> v.
Output A reduced basis of A.

Proposition 34. The above algorithm find a reduced basis of A = Z[i|u+Z][i]v
for the norm |.|g in finitely many steps.

11.2. An algorithm finding consecutive minimal vectors

Let A be a Gauss lattice in C? and let u be a minimal vector in A. How to
find a minimal vector v in A such that «u and v are consecutive?

This problem can be solved with the following proposition.

Notation. For a positive real number ¢ denote |.|; the Hermitian norm
on C? defined by

(21, 2)[} = ltz1|* + |322f.
Proposition 35. Let A be a Gauss lattice in C% and let u = (uy,uz) be a

minimal vector in A. Set

4
s=4/—|detc(A)| andt = —
™
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Let (w,w') be a reduced basis of A with respect to the norm |.|s. Then the
minimal vector v such that u and v are consecutive minimal vectors, belong
to the set of vectors zw + 2'w’ with z, 2" € Z[i] and (|z|* + |2"?|) < 23.

Proof. Let v = (v1,v2) be a minimal vector in A such that u and v are con-
secutive minimal vectors, let s = y/a|detc(A)| where a is a positive constant

and let t = IU%I We will make the choice a = % only at the end of the

proof. It is enough to prove that a can be chosen so that for all z,2" € C,
2w + 2w’ € C(u,v) implies |z|* + |2/|? < 23.
The sup norm defined by

(21, 22)lle = max([tz1], |7 2l)

is bounded below by %|(21,22)‘t. By Lemma 7, 1|detc(A)] < [ui|lva| <
| detc(A)| = C|detc(A)]. Since,

)\Q(Aa ||taC) < \/5)‘2(/\’ ||”t7(c>
< V2max([ull, [v]l;)

1 1
= \/ﬁmax(s, g|u1\|ug|, sl g|u1||112|)

luz]”

1
= V2max(s, |ul[val),
with s = y/a| detc(A)|, we obtain

1
[w'le = Aa(A, | ]s, ©) < V2max(s, _ fual[val)

< \/imax(s, %| detc(A)])

= v2max(1, %)5 = bs.

Now by Hadamard inequality,
| dete(A)] = | det(w, w)] = | det;, (w, w)| < [l

where det, |, (w,w') is the determinant computed in a |.|;-orthonormal basis,
hence

A
ol > | detc(A)] S 8

|w'ly  ~ ab’
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Again, since |ug|jva] < C|detc(A)| and s = /a|detc(A)|, the cylinder
C(Juy|, |v) is included in the closed ball of radius max(1,<)s associated
with this sup norm ||.||;. Therefore, it is enough to find a constant A such
that |z|2+[2"%| > A implies [zw+zw'|; > v2max(1, £)s = bs. Now, since the
basis (w,w’) is reduced, |w 4 w'[} > |w'|?, which implies |R{w, w');| < §|w|?,
and |w +iw'|} > |w'|? implies |S(w, w’);| < §|w|? as well. Hence [(w, w');| <
\%]w[f, and

2w + 2w [F 2> 2 Plwlf + |2 Pl = V22wl

> (1= )2 + [P |wlf

> (L) (|22 + 1717)(5)*

Therefore, if |2|* + |2 > A, then |zw + 2'w/|? > (%)(%)25214. So we are
done if A > %a%‘*. The value a = C' minimizes a?b* and gives (recall that
C =41,

™

V2 o214 4V/2C2 . 64vV2
7510 b* = Vo1 = ViDm? — 22.139... O

Thanks to the proposition, the algorithm that finds two consecutive min-
imal vectors in a Gauss lattice A C C? goes as follows:

e Use the Gauss reduction algorithm to find a reduced base (u, ') in A
with respect to the standard Hermitian norm. u is the first minimal
vector of the pair.

e Once again, use the Gauss reduction algorithm to find a reduced base
(w, w') with respect to the Hermitian norm [.|; where ¢ is the parameter
associated with u defined in the proposition.

e Find a minimal element for the lexicographic preorder among the vec-
tors zw + 2w’ with 2,2’ € Z[i] and (|z|> + |2"|) < 23 that are in the
infinite cylinder C(u).

12. Miscellaneous questions and comments
12.1. The Hurwitz algorithm in the space of bases of C?
Consider a basis u = (uy,uz), v = (v1,v2) of the vector space C2. We define

a map H that associates a new basis u' = (u),u}), v' = (v],v}) to each basis
u, v. This map is defined only when u; # 0 and v; # 0. The first vector
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' is defined by u' = v and ' is defined as follows. Set w; = 7. We define
v = (v}, v)) = u — gv where g is the Gaussian integer such that

!
vp  up —gwiup 1 g 11 1 1y
h_mosm L ges=[40+ [0
U1 wr Uy w1
For the new basis ', v/, we have
! /
v v 1
L _1_ — _gy=wies

up v

and therefore v = wju) with w} € S. We recognize the Hurwitz continued
fraction algorithm applied to w;. The map H is defined on the set of pairs
of independent vectors (u,v) such that the first coordinates of u and v are
nonzero. Observe that Z[i|u' + Z[i]v" = Z[iJu + Z[i]v and that detc H (u,v) =
—dete(u, v).

Remark 8. In Theorem 3, the map Ty was defined by a good choice of a
Gaussian integer g and of a € {1,1+ i} such that |- — g| < 1, while in the
Hurwitz algorithm there is a unique Gaussian integer g such w% —g=wj €S.

There are two simple questions:

o If (u,v) is a pair of consecutive minimal vectors in a Gauss lattice
A C C? and (v/,v") = H(u,v) is defined, is it true that v’ is a minimal
vector in A?

e Is it possible to continue the process: if v’ is still a minimal vector and
H(u',v'") = (u”,v"), is v” minimal?

12.2. Ergodic theory and the first return map

Let 6 be in C and let X,,(A) = (2,(0),yn(0)), n € N, be the sequence of
minimal vectors of the lattice Ay. We can ask several questions about the
quantities z,(0) and y, ().

e (Levy—Khintchin theorem) Show that for almost all § € C

o1
A —1n [y, (0)] = €

where C is a constant that can be computed with the Haar measure

of SL(2,C)/SL(2,Z]i]) and the induced measure v (see Theorem 10).

What can be said about the sequence (%)n? Is this sequence almost

surely equidistributed in the unit circle?
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o (Bosma-Jager-Wiedijk theorem) Show that for almost all # € C, the
sequence of probabilities

1 n—1
- > O (@)yn(®)
k=0

converges in measure to a probability A in C. Show that A has a den-
sity with respect to the Lebesgue measure and compute this density.
The question can be studied with the product y,+1(0)x,(0) instead of

20 (0)yn (0)-

For these two questions the method in [5] should lead to the existence of the
limit almost everywhere. The explicit computations of the limits C' and A
could be more difficult.

As we have seen the core of the first return map on the transversal 7" is the
map T (see subsection 8.4). In the definition of the map T two coefficients
appear: a € {1,1+ i} and g € Z[i]. By Proposition 20, if a = 1 + i for some
iterate of Ty, the next iterate should be with a = 1.

e More generally, find the succession laws for the coefficients.

e What is the almost-sure frequency of @ = 1 when computing the se-
quence of iterates of Tg?

e Is there a Borel-Bernstein theorem for the coefficient g7

Appendix A. Gauss lattices

Definition 36. Let E be a finite dimensional C-vector space. A subset A in
E is a Gauss lattice if it is a Z[i]-submodule of E| if it is a discrete subset of
FE and if it generates the vector space E.

Lemma 37. Let E be a C-vector space of dimension n and let A be a Gauss
lattice in E. Then there exists a basis uq,...,u, of E such that

Proof. Denote ||.|| @ Hermitian norm in £ (an Hermitian structure is used only
for convenience). We proceed by induction. If n = 1, E = Cu and A = Z[i]\u
where Au is a shortest vector in A. Indeed for all zu € A, there exits p € Z][i]
such that |§ —p| < 1, hence [|zu —pAu|| = |z —pA|||u|| < [A|||u|| and therefore
zZ = pA.

Suppose the result holds for all n — 1-dimensional vector spaces. Let
E be a C-vector space with dim¢ F = n and let A be a Gauss lattice
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in . Since A generates the vector space E, there is a basis wuq,...,u, of
E with uq,...,u, € A. Let F' be the vector space spanned by wu1,..., U, 1.
By induction hypothesis there exists a basis vy,...,v,-1 of F such that

FNA= EB?;%Z[Z']UJ-. The orthogonal projection A’ of A on the line D or-
thogonal to F' is discrete. Indeed, suppose there is a sequence w, € A’ of
nonzero vectors which converges to zero. We can suppose that the vectors
wy, n € N, are distinct. For each n, let w/, € A be a vector whose projection
is wy,. The vectors w], can be chosen in order that their orthogonal projec-
tions on F' are in the bounded set {Z;‘;ll zjvj € F 1 (Rzj,Sz;) € [0,12}. It
follows that the w, are in a bounded set which is not possible because they
are distinct. Therefore A’ is discrete. Let v}, be a shortest nonzero vector in
A’. Since A’ is a Gauss lattice, the step n = 1 of the induction implies that
A’ = Z[i]v],. Finally choose any vector v, € A whose projection on A’ is v},. If
v € A then its projection v’ on the line D is in Z[iJv],. It follows that v/ = gv),
for some g € Z[i]. Therefore, the projection of v — gv,, is 0 which implies that
v — gu, € FNA. We conclude that vy, ..., v, generate A. O

A direct adaptation of Theorem I page 11 of Cassels’ book, [4], An intro-
duction to the geometry of numbers, shows that

Theorem 11. Let E be a n-dimensional C-vector space, let A be a Gauss
lattice in E and let L C A be a lattice in F.

A. To every basis by,...,b, of A, there can be found a basis ay,...,a, of L
of the shape

a; = z1by
az = 22101 + 22202

ap = anbl + -+ znnbn

where the z;; are in Z[i] and z; are nonzero for all i.
B. Conversely, to every basis ay, ..., a, of L, there exists a basis by, . ..,b, of
A such the above system holds.

Proof of A. Pick one basis of A and one basis of L and call D the determinant
of the second in the first. The determinant D is a Gaussian integer and Cramer
formula shows that DA C L.

Let (b1,...,by,) be a basis of A. For each i € {1,...,n} there exist points
a; in L of the shape

a; = zinby + -+ + 2ib;
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where the z;; are Gaussian integers and z; # 0 for Db; € L. We choose for a;
such an element in L for which |z;| is as small as possible but zero. We are
going to show that ai,...,a, is a basis of L. Since ay,...,a, are in L, so is
every vector w = wiay + - - - + wpa, where wy, ..., w, are Gaussian integers.
Suppose by contradiction that there exists a vector ¢ of L not of the latter
shape. Since c is A, ¢ = t1by + -+ + tiby where 1 < k < n, t, # 0 and
t1,...,t, are Gaussian integers. If there are several such ¢, then we choose
one for which k is minimal. Now since zxr # 0, we may choose a Gaussian
integer s such that

[tk — szkk| < |2kk]-
The vector
c—sap = (t; — szp1)by + -+ + (tk — Szik )b
is in L since a; and c are; but it is not of the shape wya; + - - - + wya,, since ¢
is not. Hence tj — szx; cannot be zero by assumption that k was minimal. But

then |ty — szgk| < |zkk| contradicts the assumption that the nonzero modulus
|zkr| was minimal. O

Proof of B. Let ay,...,a, be some basis of L. Since DA C L, by part A,
there exists a basis Db, ..., Db, of DA such that

Db1 = Z11Q1
Dby = z1a1 + 22202

Dbn =zpa1+ -+ Znnbn

with z;; Gaussian integers and z; # 0. Solving the above system we can
express daj, ..., a4, in the basis by, ..., b,, we obtain a triangular system with
coefficients in the fields Q(7). But by, ..., b, is basis of A and the a; are in A
so the coefficients must be Gaussian integers. O

The norm ||.|| we consider on C-vector spaces are suppose to verify
[Aull = |A[[Jull

for all vector u of the vector space and all complex number .

Definition 38. Let E be a finite dimensional C-vector space equipped with
a norm ||.|| and let A be a discrete subset in £. For K = R or C and for
1 < j < dimg E, the j-th minimum of A with respect to the norm ||.|| and
to the field K is the infimum of all the real numbers A such that there exist
j K-linearly independent vectors in A with norms < A. It is denoted by
i (AL ]I, K) or simply by A;(A, K) or even by A; when there is no ambiguity.
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Dy

Figure 7: Distance to D.

Lemma 39. Let E be a C-vector space of dimension n equipped with a norm
|.|| and let A be a Gauss lattice in E. Then for j=1,...,n

Aj(AS L C) = Agja (AL 1L R) = gy (A ]L][, R).

Proof. 1f wy,...,u; are j C-linearly independent vectors with norms < A
then wy,duq, ..., uj,tu; are 25 R-linearly independent with norms < A, there-
fore A;(A,|l.],C) > Agi(A, |||, R). Since a C-vector space of C-dimension
< j — 1 has a real dimension < 25 — 2, 25 — 1 R-linearly independent vectors

ut, ..., ugj—1 in A generate a C-vector space of dimension > j — 1. Therefore,
)‘J(Av”HvC) < /\ijl(Av”'HvR)‘ U

Appendix B. Computing the distance to D

There is a simple algorithm that calculate the distances from a complex num-
ber z to the regions D, C and 7. We explain it for the distance to the region
D={z€C:|z| <1,d(z1)>1,d(z,1—1) > 1}. The distances to C and to
T can be calculated the same way. The complex plane is the union of seven
regions Dy, ..., Dg, see Figure 7. For each of these regions, there is a simple
formula giving the distance d(z,D):

1. If 2 € Dy = D then d(z,D) = 0.
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2.1f z € Dy = {z € D(1,1) : arg(z — 1) € [2F,Z]} then d(2,D) =
1—|z—1].
3.IfzeDy={2€C:argz <%, arg(z — 1) € [—5, ¥]} then d(z,D) =

d(z, z2) where 25 = 1 + @z

4. Ifz€D3={2€C: 2| > 1,argz € [Z, 3]} then d(z D) =|z| — 1.

5.1fz€Dy={2z€C: Rz >0,arg(z — 1 +i) € [r, Zn]} then d(z,D) =
d(z, —1).

6. If € Ds = {2 € D(1 —4,1) : arg(z — 1 +4) € [27, 7]} then d(z,D) =
1—|z—1+1l.

7.1fz € Dg = {z € C:arg(z — 1) € [TF,2n],arg(z — 1 + i) € [-75, °F]}

12° 6
then d(z,D) = d(z,21) where z; = 1 — @ — 1i.

Furthermore, it is easy to check whether a point z belongs a region D;.
For instance z € D; if and only if

—1 —1
|z —1] <1 and %(%) Z()and(‘(;_l) <.
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