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The real Fourier-Mukai transform of Cayley cycles

KoTARO KAawAar* AND HIKARU YAMAMOTO!

Abstract: The real Fourier-Mukai transform sends a section of
a torus fibration to a connection over the total space of the dual
torus fibration. By this method, Leung, Yau and Zaslow introduced
deformed Hermitian Yang—Mills (dHYM) connections for Kéhler
manifolds and Lee and Leung introduced deformed Donaldson—
Thomas (dDT) connections for G- and Spin(7)-manifolds.

In this paper, we suggest an alternative definition of a dDT
connection for a manifold with a Spin(7)-structure which seems
to be more appropriate by carefully computing the real Fourier—
Mukai transform again. We also post some evidences showing that
the definition we suggest is compatible with dDT connections for a
Go-manifold and dHYM connections of a Calabi—Yau 4-manifold.

Another importance of this paper is that it motivates our study
in our other papers. That is, based on the computations in this
paper, we develop the theories of deformations of dDT connections
for a manifold with a Spin(7)-structure and the “mirror” of the
volume functional, which is called the Dirac-Born-Infeld (DBI)
action in physics.
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1. Introduction

In the context of mirror symmetry, in particular Kontsevich’s homological
mirror symmetry conjecture, one vital need is to provide a geometric functor
from one side to its mirror side. Originally, the conjecture was stated for
Calabi—Yau manifolds, however, the applicable scope has been extended to
the other special holonomy cases, G2 and Spin(7). Firstly, for the Calabi-
Yau case, Leung, Yau and Zaslow [10] in 2000 found a natural and promising
candidate for such a functor, which is called the real Fourier—Mukai transform
nowadays.

The real Fourier—-Mukai transform sends a section of a torus fibration to
a connection over the total space of the dual torus fibration. In their paper
[10], Leung, Yau and Zaslow proved that the real Fourier—Mukai transform of
a special Lagrangian cycle is a deformed Hermitian Yang—Mills (dHYM) con-
nection. This can be considered as a correspondence between supersymmetric
A-cycles and B-cycles in the sense of mirror symmetry.

Even in the case where the total space is not a Calabi—Yau manifold, the
real Fourier-Mukai transform can also work. Actually, Lee and Leung [9] com-
puted the real Fourier-Mukai transform of an associative and a coassociative
cycle in a Go-manifold and of a Cayley cycle in a Spin(7)-manifold. In [9],
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they picked some properties which the real Fourier—Mukai transform satisfies
and called such a connection a deformed Donaldson—Thomas (dDT) connec-
tion. In this paper, we suggest an alternative definition of a dDT connection
for a manifold with a Spin(7)-structure which seems to be more appropriate
by carefully computing the real Fourier-Mukai transform again.

As the real Fourier-Mukai transform of a submanifold written as a graph
of a section of a trivial T*-fibration over a flat 4-dimensional base B, we
obtain the following.

Theorem 1.1 (Theorem 5.1). Let B C R* be an open set and f : B — T*
be a smooth function. Denote by S = {(z, f(x)) | © € B} the graph of f,
a 4-dimensional submanifold in X = B x T*. By the real Fourier-Mukai
transform, S corresponds to a Hermitian connection V° of a trivial complex
line bundle over B x (T*)* = X. Denote by F§ € /—1Q2(X) the curvature
2-form of V5.

Then, the graph S is a Cayley submanifold with an appropriate orientation
if and only if

1 ,
2 (Fé 5 (F§)5> =0 and = ((F$)?) =0.

Here, 7Té€ SR Q’Z is the projection and Q]Z C QF is the subspace of the space
of k-forms corresponding to the (-dimensional irreducible representation of
Spin(7) as in Subsection 3.4.

We also compute the real Fourier—-Mukai transform of a Cayley cycle,
a Cayley submanifold with an ASD connection over it, and show the following.

Theorem 1.2 (Theorem 5.7). Let B C R* be an open set and f : B — T* be
a smooth function. Denote by S = { (x, f(z)) | x € B} the graph of f, a 4-
dimensional submanifold in X = B x T*. Let VB be a Hermitian connection
of a trivial complex line bundle B x C — B. Denote by FE € \/=1Q%*(B) the
curvature of V5.

By the real Fourier-Mukai transform, the pair (S, V?) corresponds to a
Hermitian connection NV of a trivial complez line bundle over B x (T*)* = X.
Denote by Fy € /—10%(X) the curvature 2-form of V. Then, the following
conditions are equivalent.

1. The graph S is a Cayley submanifold with an appropriate orientation
and if we identify —/—1F8 € Q*(B) with a 2-form on S, it is anti-
self-dual with respect to the induced metric and the orientation which
makes S Cayley.
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2. The Hermitian connection V satisfies
1
c <Fv + " F%) =0 and 77 (F%) =0.

Based on these theorems, we suggest the following definition.

Definition 1.3. Let X® be an 8-manifold with a Spin(7)-structure ® € Q4
and L — X be a smooth complex line bundle with a Hermitian metric h.
Denote by Qf C QF the subspace of the space of k-forms corresponding to
the (-dimensional irreducible representation of Spin(7) as in Subsection 3.4.
Let 7f : QF — QF be the projection. A Hermitian connection V of (L, h)
satisfying

1
(1.1) U (Fv +o* F%) =0 and 7mH(F2)=0

is called a deformed Donaldson—Thomas connection for a manifold with a
Spin(7)-structure (a Spin(7)-dDT connection). Here, we regard the curvature
2-form Fy of V as a v/—1R-valued closed 2-form on X.

In this paper, we post some evidences showing that Definition 1.3 we
suggest for a Spin(7)-manifold is compatible with dDT connections for a G-
manifold and dHYM connections for a Calabi—Yau 4-manifold in Lemmas 7.1
and 7.2.

We also compute the real Fourier-Mukai transform of (co)associative
cycles in Gy-manifolds. This makes us confirm the definition of deformed
Donaldson-Thomas connections for a manifold with a Gs-structure intro-
duced by Lee and Leung [9]. This is also useful in the computation of the
real Fourier—Mukai transform of Cayley cycles. It turns out that the real
Fourier—-Mukai transform of an associative cycle coincides with that of a coas-
sociative cycle as stated in [9]. Moreover, the real Fourier-Mukai transform
implies identities mirror to associator and Cayley equalities. In [8], we show
them and dDT connections for G- and Spin(7)-manifolds minimize a kind of
the volume functional, which is called the Dirac-Born-Infeld (DBI) action in
physics.

This paper is organized as follows. In Section 2, we explain the real
Fourier-Mukai transform in detail. Section 3 gives basic identities and some
decompositions of the spaces of differential forms in G- and Spin(7)-geometry
that are used in this paper. In Section 4-6 we give computations of real
Fourier—-Mukai transforms and show Theorems 1.1 and 1.2. In Section 7, we
show compatibilities of our Spin(7)-dDT connections with dDT connections
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for a Go-manifold and dHYM connections for a Calabi—Yau 4-manifold. In
Appendix A, we summarize the notation used in this paper.

2. The real Fourier—Mukai transform

In this section, we explain the real Fourier-Mukai transform. We need the
following two fundamental facts. The first one is that a representation p :
71 (M) — GL(k,R) naturally assigns a flat connection V of RF-bundle E
over a manifold M by

E:=M x,R":= (M xR¥)/~,

where M is the universal cover of M and (z,v) ~ (z -~,p(y)"'v) for v €
71(M). The flat connection V of E is induced from the exterior derivative d
on M xR¥. The second one is that an n-dimensional torus 7" (= R"/(27Z)")
is canonically isomorphic to

Hom(m ((17)%), U(1)) = Hom(((27Z)")", U(1)),

the set of all homomorphisms from the first fundamental group of its dual
torus (7T™)* (= (R™)*/((2nZ)")*) to U(1) by

T" 5 a = [d] — pe = e V18 € Hom(m (T™)), U(1)),

where () : (R")* x R" — R is a dual pairing. Then, combining these two
facts with M = (T™)*, we see that a point a in 7" assigns a flat Hermitian
connection V* of a complex line bundle F, := (R")* x,, C with the standard
Hermitian metric over the dual torus (7")*. Actually, 7, : E, — (T™)* is
isomorphic to the trivial C-bundle 7y : C — (7™)* since we have a nonva-
nishing section s(y) := [7, eV—U7a) . 1] of E,, where § € (R™)* representing
y € (T")* = (R™")*/((2nZ)™)* and 1 is the trivial section of (R™)* x C. The
bundle isomorphism ¢ : E, — C is given, on each fiber, by
., (y) 3 c-s(y) = ceC (=5 (y).
Then, a flat Hermitian connection of C is induced from V® of E, and de-

note it by V® The connection 1-form of V® with respect to the section
1 e T((T™)*,C) is represented as

VoL = €T () =V T D/ I )
= (V=1d(-,a)) @ 1.
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In summary, a point a = [(a',--- ,a™)] € T™ assigns an equivalence class of a

Hermitian complex line bundle with a flat connection over (7™)* and one of
its representatives is the trivial C-bundle with the standard Hermitian metric
and a flat Hermitian connection V¢ defined by

Vé:=d++v-1 Zaidyi,
i=1

where y = (y',--- ,9") are the standard coordinates on (7™)*. This corre-
spondence a — V is also explained in [2, Section 3.2.1].

When we consider the family of this correspondence, we get the real
Fourier-Mukai transform. Precisely, let B C R* be an open set with co-
ordinates z = (x!,--- ,2%) and f = (f*,---, f*) : B — T" be a smooth map.
Then, we get two objects: a submanifold and a connection. The k-dimensional
submanifold in X := B xT™, denoted by .5, is defined as the graph of f, that

S:={(z f(x)) [z e B}.

On the other hand, taking the family of V/@) for all z € B, we get a Hermitian
connection

Vi=d+ V-1 fidy
=1

of the trivial C-bundle over X* := B x (T™)*. We usually identify B x (1T")*
with B x T". We call V the real Fourier—Mukai transform of S. Basically,
a property on S is first interpreted as one of f and second reinterpreted as
one of V. We remark that the real Fourier-Mukai transform of (S, V5), the
pair of a graph of f and a Hermitian connection VZ = d 4+ v/—1 Zle Aldx?
of the trivial C-bundle over B = S| is also defined by

k n
Vimd+ VIIY Aide + VIS fidy
i=1 i=1

as a Hermitian connection of the trivial C-bundle over X* = B x (T™)*.

3. Basics on G2- and Spin(7)-geometry
In this section, we collect some basic definitions and equations on G- and

Spin(7)-geometry which we need in the calculations in this paper for the
reader’s convenience. See for example [1, 3, 4] for references.
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3.1. The Hodge-* operator

Let V be an n-dimensional oriented real vector space with an inner product g.
Denote by (-,-) the induced inner product on A*V* from g. Let * be the
Hodge-* operator. The following identities are frequently used throughout
this paper.

For o, B € A*V* and v € V, we have

>l<2’A]"V* = <_1)k(n7k)idAkV*7 <*O[, */8> = <OZ,6>7

i) xa=(=1)F% " Aa), *(i(v)a) = (=11 A xa.
3.2. Basics on G3-geometry

Let V' be an oriented 7-dimensional vector space. A Go-structure on V is a
3-form ¢ € A3V* such that there is a positively oriented basis {¢; }7_; of V
with the dual basis { e’ }7_; of V* satisfying

(3.1) = el | o145 | (167 | (246 25T 347 356

where e is short for e A --- A e%. Setting vol := e, the 3-form ¢
uniquely determines an inner product g, via

(3.2) G (u, v) vol = éz(u)gp Ni(v)pe A

for u,v € V. It follows that any oriented basis { e; }7_; for which (3.1) holds
is orthonormal with respect to g,. Thus, the Hodge-dual of ¢ with respect to
gy is given by

(33) * Q= 64567 + 62367 + 62345 + 61357 _ 61346 o 61256 _ 61247.

The stabilizer of ¢ is known to be the exceptional 14-dimensional simple Lie
group G C GL(V). The elements of G preserve both g, and vol, that is,
G2 C SO(V.g,).

We summarize important well-known facts about the decomposition of
tensor products of Go-modules into irreducible summands. Denote by Vj, the
k-dimensional irreducible Go-module if there is a unique such module. For
instance, V7 is the irreducible 7-dimensional Go-module V' from above, and
V> = V5. For its exterior powers, we obtain the decompositions

N e S e WA (N T

3.4
(34) AV AV =V BV AV 2V @V @ Var,
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where AFV* 22 A7"*V* due to the Gs-invariance of the Hodge isomorphism
% AFV* — ATFV*. We denote by AfV* C AFV* the subspace isomorphic
to V. Let

T ARV AV

be the canonical projection. Identities for these spaces we need in this paper
are as follows.

AV* ={i(u)p|ueV}={ae AV |x(pAa)=2a},

AV ={acAV* | xpAha=0}={ac A°V*|x(pAa)=—a},
AV* =Ry,

AV ={i(u) xp € NV* [ue V).

The following equations are well-known and useful in this paper.

Lemma 3.1. For any u € V, we have the following identities.

O Ni(u)*p=—4xu’,
s Ni(u)p = 3% u’,
O Ni(u)p = 2% (i(u)p) = 2u° A x¢.

Definition 3.2. Let X be an oriented 7-manifold. A Ga-structure on X is a
3-form ¢ € Q3 such that at each p € X there is a positively oriented basis
{ei }1_y of T,X such that ¢, € A*T X is of the form (3.1). As noted above, ¢
determines a unique Riemannian metric g = g, on X by (3.2), and the basis
{e; }I_, is orthonormal with respect to g. A Ga-structure ¢ is called torsion-
free if it is parallel with respect to the Levi-Civita connection of g = g,.
A manifold with a torsion-free Gs-structure is called a Gy-manifold.

A manifold X admits a Ga-structure if and only if its frame bundle is
reduced to a Ga-subbundle. Hence, considering its associated subbundles,
we see that A*T*X has the same decomposition as in (3.4). The algebraic
identities above also hold.

3.3. Associative and coassociative submanifolds

On a Go-manifold (X, ¢), the Go-structure ¢ and its Hodge dual *¢ are known
to be calibrations. The corresponding calibrated submanifolds are called asso-
ciative submanifolds and coassociative submanifolds, respectively. By [3, 11],
we can characterize these submanifolds as follows.
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Lemma 3.3. An oriented 3-dimensional submanifold A C X 1is associative
with an appropriate orientation if and only if xp(vy,ve,vs,-) = 0 for any
p € A and v1,v2,v3 € T,S. An oriented 4-dimensional submanifold C' C X is
coassociative with an appropriate orientation if and only if the restriction of
@ to C vanishes.

3.4. Spin(7)-geometry

Let W be an 8-dimensional oriented real vector space. A Spin(7)-structure
on W is a 4-form ® € A*W* such that there is a positively oriented basis
{e; }_y of W with dual basis { €’ }7_, of W* satisfying

1) 1260123 + 60145 + 60167 + 60246 o 60257 _ 60347 o 60356

(35) 4567 2367 62345

12367 1857 _ 1346 _ 1256 _ 1247

+e +e e

where e is short for e A --- A e’*. Defining forms ¢ and *7¢ on V :=
span{e; }7_; C W as in (3.1) and (3.3), where *7 stands for the Hodge star
operator on V', we have

d=e" A+ 7.

Note that & is self-dual, that is, xg® = ®, where xg is the Hodge star operator
on W. It is known that ® uniquely determines an inner product g and
a volume form and the subgroup of GL(W) preserving ® is isomorphic to
Spin(7). As in Definition 3.2, we can define an 8-manifold with a Spin(7)-
structure and a Spin(7)-manifold.

Denote by Wy the k-dimensional irreducible Spin(7)-module if there is
a unique such module. For example, Wg is the irreducible 8-dimensional
Spin(7)-module from above, and W¢ = Ws. The group Spin(7) acts irre-
ducibly on Wy = R7 as the double cover of SO(7). For its exterior powers, we
obtain the decompositions

AW = ASW* 22 Wy, NPW* 2 AW = Wy & Wy,
AW 2 AT 2 W, NW* =2 SSW* = Wy @ Wi,
AW 2 W, @ Wy @ War @ Was

where A¥W* 22 AS=FII/* due to the Spin(7)-invariance of the Hodge isomor-
phism xg : AFW* — ASKW*. Again, we denote by AFW* C A*W* the
subspace isomorphic to W, in the above notation.

The space AKW* for k = 2,4,6 is explicitly given as follows. For the
explicit descriptions of the other irreducible summands, see for example [5,
(4.7)].
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Lemma 3.4. Let e® € W* be a unit vector. Set V* = (Re®)*, the orthogonal
complement of Re®. The group Spin(7) acts irreducibly on V* as the double
cover of SO(7), and hence, we have the identification V* = Wy. Then, the
following maps are Spin(7)-equivariant isometries.

N(a) = % (% A a+i(ak)p),
(3.6) MoV — AE AY(a) = % (P Ni(af) %7 0 —a A ),
M(a) =10 A N (a) = %322 ().

Q

Here, xg and 7 are the Hodge star operators on W* and V*, respectively.

Proof. The maps above are Spin(7)-equivariant isomorphism by [5, Lemma
4.2]. We show that these are isometries. For o € V*, we compute

4N Q) = (® Aa+i(af)g, e® Aa+i(a)e) = |af? + [i(ah)p)?.
By Lemma 3.1, we have
(3.7) fila¥)gl? = 7 (i(af)p A x1(i(0¥)p)) = #7 (i(af)p A a A7) = B[,

Thus, we see that A2 is an isometry. By the definition of A%, this is also an
isometry. We also compute

8N ()2 = <eo ANi(of) %7 0 —a A, e® Ni(af) x7 0 —a A g0>
= li(a®) *7 ¢|* + [a A o]
=2la A o]
The last term is computed as

A gl =(p,i(af)(a A p))
(. lalPe — a ni(a®)p) = ||l — |i(af)p]* = 4|al?,

where we use |p|? = 7 and (3.7). Hence, we see that A\? is an isometry. O
We give a relation between *g and *7, which is useful in Section 5.

Lemma 3.5. For a € AFV*, we have

(3.8) sgar = (—1)Fe¥ A s, x7a = xg(e A ).
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Proof. Denote by vol; the volume form on V*. The volume form on W* is
given by €% A vol;. Then, for any 5 € A¥V*, we have

BAxga = (B,a)e’ Avoly = P A B A xra = (—1)* B A e’ A x7a,

which implies the first equation. The second equation follows from the first.
O

We give some formulas about projections onto some irreducible sum-
mands. Denote by

(3.9) T AR AR

the canonical projection. When k = 2,4,6 and ¢ = 7, Lemma 3.4 implies that
7
(3.10) Z of N (et)) - NF(et)

for % € A¥W*, where { e }T_, is an orthonormal basis of V*.

We give other descriptions of 7r€ for k = 2,6. Since the map A’W* >
a? 5 #g(® Aa?) € A2W* is Spin(T7)-equivariant, the simple computation and
Schur’s lemma give the following:

ANW*={a? € °W* | ®Aa®=3xg0a”},
AW ={a? € N*W* | dAa? = — g0’}

Since a? = 72(a?) + 73, (a?) and (P A a?) = 372(a?) — 73, (a?) for a 2-form
a? € AW+, it follows that

a? + xg(P A a?) 9

(311) ) = TEEEREL i (o?) =

3a? — x3(® A a?)
1 :

Since xg : ASW* — A2W* is an isomorphism, we also obtain for a 6-form
ab e NS

al 4+ @ A xgab 6

77 1(046) =

3a8 — & A xgab
4 ' 2 4

(3.12) m9(ab) = 1

3.5. Cayley submanifolds

The 4-form ® given by (3.5) is known to be a calibration. The corresponding
calibrated submanifold is called a Cayley submanifold. We give a charac-
terization of Cayley submanifolds, which is equivalent to that of [3, 11] by
Lemma 3.4.
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Define a Spin(7)-equivariant map 7 : A*W — A2W* by
(3.13) T (ug, u, g, uz) = Ta (Ul A A u Aug).
If {e#}7_, is an oriented orthonormal basis of V*, (3.10) implies that
7
T = Z M(e") @ M(et).
pn=1
Lemma 3.6. For any ug, u1,us, ug € W, we have
| (g, w1, g, u3)|? + 8|7 (ug, w1, uo, us)|® = Jug A uy Aug Ausl?

Proof. We only have to show the equation when { ug, u1, ug, us } is orthonor-
mal. Since the both sides are Spin(7)-invariant and Spin(7) acts transitively
on Grz(W), the Grassmannian of 3-planes in W, we may assume that uy =
ep,u; = e1 and ug = ey. Since the stabilizer at span{eg, e, ez } in Spin(7)
is the group SU(2) acting on the plane span{ es, e4, €5, €6, 7 } = R @ C2, we
may assume that uz = kes + fey, where k% + (2 = 1. Then, (3.5) implies that

|®(ug, ur, ug, ug)|* = k.
By (3.6) and (3.3), we have

\/§/\4(e“)(uo, Uy, ug, uz) = *7 p(e,, €1, ez, kes + leyg)
= — *7(p(€1, €9, keg + €€4, 6#)
=(e"® + e*7) (ke + leg, e,) = (0,7

Then, we have
7
8|7 (o, ur, ug, uz)[> =8 [N (&) (uo, ur, ug, ug)|* = 2.
pn=1
Since |ug A up A ug A ugl? = k% + (2, the proof is completed. O
Lemma 3.6 immediately implies the following.

Lemma 3.7. An oriented 4-dimensional submanifold C C W is Cayley with
an appropriate orientation if and only if the restriction of T to C vanishes.
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4. The real Fourier—Mukai transform for coassociative
T*-fibrations

In this section, we compute the real Fourier—Mukai transform of associative
cycles. This makes us confirm the definition of deformed Donaldson—Thomas
connections for a manifold with a Ga-structure introduced by Lee and Leung
[9]. This is also useful in the computation of Section 5.

Let B C R3 be an open set with coordinates (z!,2? 2%) and f =
(f4 5,5 f7) : B — T* be a smooth function with values in T%. We use
coordinates (y*,°,4°,y") for T*. Put

S:={(z,f(z)) |z e B}
the graph of f, a 3-dimensional submanifold in X := B x T*. Set
wi = dy"” +dy®", wy = dy* +dy”,  ws = —(dy" + dy™).

By (3.1) and (3.3), the standard Ga-structure ¢ on X and its Hodge dual *¢
are described as

3
(4.1) @ = da'® + Z dz' A w,
i=1
(4.2) kp = dy4567 + Z da®F A Wi
kez/3
Let

3
VP =d+V-1) Adda
j=1
be a Hermitian connection of a trivial complex line bundle B x C — B, where
AJ: B — R is a smooth function.

Next, we consider the mirror side. The real Fourier—-Mukai transform of
(S, VP) is the connection on X*(= X) defined by

3 7
Vi=d+ V=1 Alda/ + V=1 fedy".
j=1 a=4

Then, its curvature 2-form Fy is given by Fy = FE + F*é , where

3 j 3 7

AT :
43) FE=v-1 _§' :1 S A, FS=+/-1 §_ 1:§4:
1,)= 1=1 a=

ofe .
~dxt A dy®.
ozt o 4
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We first describe the condition for S to be associative in terms of Fé in
Proposition 4.1. Using this, we show that the similar statement also holds for
Fy in Proposition 4.4.

Proposition 4.1. The following conditions are equivalent.

1. The graph S is an associative submanifold with an appropriate orienta-
tion.

2. (F8)3/6+ FS A xp=0.

3. (FS)3/6+ FS A xp =0 and p A*(F3)% = 0.

Remark 4.2. A similar statement for graphical submanifolds is given by
Harvey and Lawson in [3, Chapter IV, Theorem 2.4]. In terms of differential
equations for f, they obtained two equations (2)’ and (3)’, which correspond
to (2) and (3), respectively. Then, they stated that (1) and (2)’ are equivalent
in the theorem, and (3)’ appeared only in the proof. They first showed that
(1) and (3)’ are equivalent. Using the assumption that S is a graph, they
showed that (2)" implies (1). Since (3)’ obviously implies (2)’, they obtained
the equivalence. Actually, (2) and (3) are equivalent in general. See [6, Remark
3.3].

We can also consider the real Fourier—-Mukai transform of a coassociative
graph in associative T3-fibrations. In Proposition 6.1, we show that we obtain
the same equations as stated in [9].

Proof. Since (3) = (2) is obvious and the converse holds by [6, Remark
3.3], (2) and (3) are equivalent. We show the equivalence of (1) and (3). By
Lemma 3.3, S is associative with an appropriate orientation if and only if
xp(v1,v2,v3, +) = 0 for any p € S and vy, v9,v3 € T,,S. Set §; := 9/0z" and
Oy := 0/0y® for 1 < i < 3 and 4 < a < 7. Then, the tangent space of S is
spanned by v, va, v3, where

~or

a=4 O aa.

Uj = aj +
By (4.3), note that

vg- = da? +i(0;)F

where we set F' = —/—1F3. Since xp(vi,vq,v3, -) = 0 is equivalent to
v} Ay Al A =0, we have

(44) 0= (do' +i(0)F) A (da? +i(0n)F) A (da® +i(0)F) A .
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Since do'? A p = 0, this is equivalent to

0=1+ 1+ I3,
where
L= Y da"* " Ni(Ops2) F A,
keZ/3
Iy=Y_ da* Ni(Oks1)F Ni(Ops2)F N,
k€eZ/3

[3 = z(@l)F VAN Z(@Q)F VAN 2(63)F VAN @.
Since I; and I3 are linear combinations of dz'?3 A dy®®’s and I, is a linear
combination of do” Ady**®"’s, S is associative with an appropriate orientation

if and only if
(4.5) Li+13=0, I,=0.
Now, we compute Iy, Iy and I5. By (4.1), we have
3
Ii= Y da"™" N Ni(Op2) F A (da 2 Awpgo) = —da'P A wp Ai(0) F
keZ/3 k=1

Since (0 ) F is the linear combination of dy®’s and dz'* Aw* A F = 0 by (4.3),
we see that

N

3
L = —dz'® A Zz(ak) (wk VAN F) = —
k=1 k

(i(ak)d$123> Awi A F.
1

Then, by (4.2), we obtain
(4.6) L=—xpAF

Next, we compute I3. Since i(Jg)F is the linear combination of dy®’s, we
see that

I3 = —dz'® A ’L(@l)F A 2(82)F VAN Z(ag)F
and
i(Ds)i(9)i(01) (épi*) —i(0y)i(Dy) (%i(@l)F/\ F2>
=i(03) (—i(O)F Ni(O2) F N F)
— i(0)F A i(O)F A i(Ds)F.
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By (4.3), F3 is the linear combination of dz'?® A dy®*’s, and hence, we obtain
|
(4.7) I3 = —F°.
6
Finally, we compute I5. By (4.1), we have
da® A o = dz® A (d:zckJr1 A wig1 + dz T2 A Wk+2)-

Since i(0k)F is the linear combination of dy®’s, we see that

i(9,)i(3) (%F2> — (@) F N i(0))F.

Then, it follows that

. . 1
I =— Z (d:Ck’kJrl A Wit + dzF*+2 A ng) A i(Ok+2)1(Ok+1) <§F2)
kez/3

1
=— 5(12,1 + Ir9),

where
12,1 = Z di)?k’k+1 AN Wk+1 AN i(8k+2)i(8k+1)F2
keZ/3
= Z i(6k+2) (dxk’k-H N W1 N i(8k+1)F2)
kEZ/3
and

Lo =Y daz""F Awy N i(Ok)i(Opsa) F?
k€Z/3

= Z ’i(ak+2) (dxk’k+1 A wi N\ Z(ak)FQ) .
kezZ/3

Since dz®* ' A w1 A F? = 0, which is an 8-form, it follows that

La= " i(Oks2) (=i(Oksn)([d2 ) Awegn A F?)
keZ/3

= Z i(8k+2) (dxk N W1 N F2> .
kez/3

Similarly, we compute

1272 = Z i(8k+2) (—d$k+1 A wi N\ F2) .
kez/3
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Then, we obtain

21, = Z i(Ok+2) <F2 A (—dxk A wpg1 + dzFTEA wk))
keZ/3

= 37 i) (F2 A (=da™! Awgys +da¥*? Awgia)).
kez/3

By (4.2), we have i(0y) * ¢ = do**1 A wpyo — dz*2 A w1, and hence,

3

28y = = 3 i(0h) (F2 N il0h) %)
k=1

Since

—F2Ni(0) x o = —(F% %(i(0},) * ¢))vol
= (F? da"* A p)vol
= da® Ao A x(F?) = (o A *(F?), xdz")vol,

we see that 21y = S5_ (@ A *(F?2), dx*) x da®. The equation (4.3) implies
that *(F?) is the linear combination of dz® A dy®’s, and hence, ¢ A *(F?) is
the linear combination of dx® A dy**7’s. Then, we have (@ A*(F?), xdy®) = 0
for any 4 < a < 7. Hence, we obtain

1
(4.8) I, = igpA*(FQ).
Then, by (4.5), (4.6), (4.7) and (4.8), the proof is completed. O

Before going further, we rewrite the associator equality [3, Chapter IV,
Theorem 1.6]. This is very useful because Lemma 4.3 implies an identity
that will hold in more general settings. In [8], we show that it indeed holds
generally. Using this, we see that dDT connections for Go-manifolds minimize
a kind of the volume functional, which is called the Dirac-Born-Infeld (DBI)
action in physics, and this gives further applications. For more details, see [8].

Lemma 4.3. We have

1 2 1 1
(14 5UFR ) )+ o AP+ (R + e A x(FEPP

=det (idTX + (—\/—_1F‘v§)ﬁ) ,
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where (—v—lF*Vg)jj is a skew symmetric endomorphism of TX defined by
(—V=1F5)*u,v) = —/—1F5(u,v) foru,v e TX.

Proof. Define  : B — X = B x T* by «(z) = (z, f(z)). Set v; = 1,(9;) for

i =1,2,3. Then, by the associator equality [3, Chapter IV, Theorem 1.6], we

have

(4.9) |t* (01, 02, 03)|* + | % @(v1,va,v3,-)|> = |1 A vg Aws)?.

Then, since (*dz’ = dx' and (*dy® = df®, (4.1) implies that

o
=dz'? 4 dzt A (dF + dfST) + da® A (dfPS + dfTP) — da® A (dFYT + df5P)
_ (1 + <dm23,df45 + df67> + <dm31,df46 + df75> o <dx12,df47 + df56>) dm123,
where df? is short for df* Adf®. On the other hand, since Fézx/ -1 2224 dfe N
dy® by (4.3), we have

7
(FS)P =) = > > (df* Ndy™, dz™F 1 A wyya)
a,b=4 keZ/3

= 2 ((da®, df*®+df®) + (da®, dfO+df ™) — (2, df T+df))

Hence, we obtain

1
(410) L*(p(ah 827 83) = (p(vh Vg, 7}3) =1 + §<(F€)27 *‘P>
By the proof of Proposition 4.1, we have

| (1,02, v3, )% =[v] Avh Av] A
=L + I)* + | L

1 2
SEP| + glo xR

(4.11)
=[xp A Fg +

Next, we compute |v; A vy A v3|?. Since v; = 1,(9;) = 9; + df /0x?, we have

lur Avg Avg|? = det (ids + ‘AA)
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where id3 is the identity matrix of dimension 3, A is a 4 x 3 matrix defined
by A = (45

) and ‘A is the transpose of A. Denote by
4<a<T7,1<i<3

{O, T —1”1, +v —1/127 T —1#3} and {)\1, )\2, )\3}

the eigenvalues of (—v/—1F3) and *AA, respectively, where y; € R and
Aj > 0. Since

cvERr= () v (0 )

and {0, A\, A2, A3} are the eigenvalues of A'A, we see that

{0, 3, 13, 13} = {0, A1, Ag, As}

Since (—v/—1F$)* and A'A are conjugate to

A
0@ 0 —m & 0 —pe & 0 —pus3 and Ay 7
0 p2 0 30 A5

respectively, we obtain

det (idrx + (—V=TFS) =(1+p3)(1 + pd)(1 + 113)
=1+ )1+ X2) (14 As3)
=det (idz + ‘AA) = |v; A vy A vs]?

and the proof is completed. ]
Using Proposition 4.1, we obtain the following.
Proposition 4.4. The following conditions are equivalent.

1. The graph S is an associative submanifold with an appropriate orienta-
tion and V¥ is flat.

2. F3/6+ Fg Axp =0.

3. F3/64 Fg Axp =0 and p A *F = 0.

Proof. Since (3) = (2) is obvious and the converse holds by [6, Remark 3.3],
(2) and (3) are equivalent. We show the equivalence of (1) and (2). By (4.3),
we have (FE)? = 0 and FE A (FS)? = 0. Thus, we have FS = (Fg)? and

F )6+ Fg A xp = ((F*vg)?’/é’ +FSA w) + F8 A xp.
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By (4.3), (F$)3/6 + F& A *p and F& A x¢ are linear combinations of dz1?3 A
dy®©’s and da® A dy*7’s, respectively. Hence, (2) is equivalent to

(FS¥3 )6+ FSAxp=0 and FZAxp=0.

The first equation is equivalent to saying that S is an associative submanifold
with an appropriate orientation by Proposition 4.1. By (4.2) and (4.3), we
have FE A xp = FB A dy*57. Hence, FE A ¢ = 0 if and only if F§ = 0.
Then, the proof is completed. O

5. The real Fourier—Mukai transform for Cayley
T*-fibrations

In this section, we compute the real Fourier—-Mukai transform of Cayley cycles
and prove main theorems.

Let B C R* be an open set with coordinates (z°, 2!, 2% 23) and f =
(f4 f5,f% f") : B — T* be a smooth function with values in T%. We use
coordinates (y*,4°,9%,y") for T*. Put

S:={(z,f(x))|reB}

the graph of f, a 4-dimensional submanifold in X := B x T*. The standard
Spin(7)-structure ® on X is described as

q):dxo/\cp—i-h%

where we use ¢ in (4.1) and 7 is the Hodge star operator on ({0} x R?) x T,
Setting

= dz® 4+ da®, 1 = dz"? 4 d2t, 1 = d2® 4 dz'?,

wi = dy® + dy®", wo =dy*® +dy™, ws = —(dy*" + dy"®).

® is also described as

3
(5.1) ® = da®'B 4 dy®o7 4 ZTZ‘ A w;.
i=1

Note that ® in (3.5) is also described as in (5.1). Let

3
VP8 =d+v-1) Add

J=0
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be a Hermitian connection of a trivial complex line bundle B x C — B, where
Al . B — R is a smooth function.

Next, we consider the mirror side. The real Fourier—Mukai transform of
(S, VP) is the connection on X*(= X) defined by

3 7

Vi=d+V-1) Aldd’ + -1 fdy".
j=0 a=4

Then, its curvature 2-form Fvy is described as Fy = Fg + FS, where

ofre .
_dxt A dy®.
oxt v y

3 i 3 7
0AT . ~
B / } : i S / 2 :2 :
(52) FV = -1 %df /\dx], FV = —1

i,j=0 i=0 a=4

Note that the real Fourier-Mukai transform of S is the connection on X*(=X)
defined by

7
VS i=d+ V-1 fdy”
a=4

and its curvature 2-form is given by Fg. We first describe the condition for
S to be Cayley in terms of Fé in Theorem 5.1. Using this, we show that the
similar statement also holds for Fy in Theorem 5.7.

Theorem 5.1. Use the notation of Subsection 3.4. The graph S is a Cayley
submanifold with an appropriate orientation if and only if

1
2 (Fé 5 % (Fé)?’) =0 and = ((F$)?) =0.

Remark 5.2. A similar statement for graphical submanifolds is given by
Harvey and Lawson in [3, Chapter IV, Theorem 2.20]. They showed that S
is a Cayley submanifold with an appropriate orientation if and only if two
equations (1)’ and (2)’ are satisfied. These equations are given in terms of
differential equations for f and correspond to the two equations above. They
also showed that if the determinant of the Jacobian of f is never 1, (1)’ implies
(2)’. This is generalized in [7].

Thus, unlike the Go case ([6, Remark 3.3]), the first equation does not
always imply the second. Counterexamples are provided in [3, p. 132].

Proof. Set
Fi=—V-1F5=d® NF + F
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where I} : B — (R7)* and Fy : B — A%(R")* are given by

8f dx A dy®.

(5.3) Z or I Z Z

21a4

Set 9; := 0/0z" and 9, := 3/0y* for 0 <i < 3 and 4 < a < 7. By Lemma 3.7
and equations (3.10) and (3.13), S is Cayley with an appropriate orientation
if and only if A\*(a)(vo,v1,v2,v3) = 0 for any p € S, vg,v1,v9,v3 € TS and
a € span{dx!,---  daz® dy*,---  dy" }. The tangent space of S is spanned by
Vg, U1, V2, U3, Where
ey
Uj = 3]‘ + Z aﬁ] 0a

a=4

for 0 < j < 3. By (5.3), note that
vo = 0o+ Ff,  v; =05+ (i(0)) F)f
for 1 < j < 3. Then, we compute

V8 (a)(vo, v1, vz, v3)
= (dmo Ai(a) x7 0 —a A <p) (vo, 1, V2, v3)

= x7 (0, v1,v2,v3) — a(vo)p(v1,v2,v3) + Y a(vk)p(vo, V1, Vit2)

kezZ/3
= - <*7¢(Ulv U2,V3, * )7 > - <Oé F1>¢(U17U27U3)
+ ) a P(FF, vs1, Vkga)-
kEZ/3
Since — %7 @(v1,v9,v3, - ) = —i(v3)i(va)i(v1) *7 p = — *7 (vg A vg A v? Ap) =

s7(v8 A vy AV} A @), we have
VB () (vo, v1,v2, v3)

= <U? AV, AVSA @ — p(vr,v2,03) k7 FL + > o(FY, vpsn, vera) #7 03, *70é> :
keZ/3

By the proof of Proposition 4.1, we have

U?/\vg/\vg/\gpzll—&—lg—i—lg,
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where
1 2 |
(54) ]1 = _*7()0/\F2’ [2: 5@/\*71‘7‘2, [3: 6F2
Here, we set
(5.5)
Ji=T+ I — (v, va,03) %7 Fy + > @(FL vk, v) #7 (i(0)) F),
keZ/3
Jo =15 + Z go(Flﬁ,ka, Vg42) *7 dz®.
keZ/3
Then,
(5.6) VA () (g, v1, V2, v3) = (Jy + Ja, %70

Since x711, %713, I} are linear combinations of dy®’s and *7[5 is a linear com-
bination of dx'’s, the graph S is Cayley with an appropriate orientation if
and only if

J1:O and J2:0

To simplify these equations, we show the following.

Lemma 5.3. We have

1
90<IU17U2;U3) =1- 5*7 (90/\F22)7

Z (p(F{i,Uk_i_l, vk+2)dxk = — %7 (F1 AN Fy A Lp).
kezZ/3

Proof. The first equation follows from (4.10). We prove the second equation.
Since [} is a linear combination of dy®’s, the equation (4.1) implies that

C(Ff vp1, visa) = @(FF, i, (1(0k2) Fo)P) + @(FL, (i(0k1) o), Do)

We compute

P(FF, O, (i(Ok2) F2)*) = —wiid (FY, (i(Okr2) F2)?)
= —(F1 N i(Oky2) Fo, W)
= (i(Ok+2) (F1 A F2), we 1)
= (Fy A Fp, dz™2 Awpyq).
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Then, we have

cp(Flﬁ, Vk+1, Vkt2) = (F1 A F, dz* 2 A Wil — dz* 1 A Wk+2)
—(F1 A Fy,i(0k) *7 ©)
—(dmk Ay N Foxqp) = —<dmk, x7(F1 N Fo N\ @)).

By (4.1) and (5.3), Fy A Fy A ¢ is a linear combination of dz® A dy*>®"’s, and
hence, the proof is completed. O

Thus, by (5.4), (5.5) and Lemma 5.3, we see that

1 1
Jl :—*7@/\F2+6F23— (1—5*7 (g&/\Fg)) x7 FY
(57) +*7(F1/\F2/\§0)/\*7F2,
1
Jo —(pA*7F2 FiNFy N .
Now, we describe 72(F — xgF®/6) and 77 (F?).
Lemma 5.4. We have
2 1 3 2 | 1 2
277 F—g*gF =M% %7 *7@/\F2—6F2 + 1—5*7 ((p/\F2> *x7 Fy
— %7 (Fl N Fy A QD) A *7F2)),
\/gﬂé(FQ) =)\* (*7 (2F1 NFyayANp—@A *7F22>) )
Proof. Set
{60,"-,67}:{d$0,"',d$37dy4,-",dy7} and
{607'” 767}:{807'” 787}~
Then, by (3.10) and (3.6), we have
7
2m(F) =2 ) (F.A%(eh)) - A(e”)
pn=1

7
= Z (" NFy+ Fo,e® Aet +i(e,)p) - A2 (et)
o

=

Fhe“ FQ, ( ) >)')\2(€M).

—_

H=
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Since (F,i(e,)p) = *7(Fo A e’ N x7p) = (et %7(Fa A #7¢)), we obtain
(5.8) 212 (F) = M\ (Fy + #7(Fy A #70)) .

We also compute
7 7
T2 (xg F3) = Z xg 3 N2 (e)) - A2 (e!) Z (F3,X8(e)) - A2(e™).
u=1 pn=1

y (3.8), we have for 1 < <7
2X0(e!) = xg (eo Aet + i(eﬂ)ap) = sret 4 e A xgp = x7el + ¥ A el A k7,
and hence,

2(F3 XS(e")) = (3e° A Fy A F§ + Fy el 4+ €® A el A x7¢)
= 3(F) A F2,e" A x70) + (3, x7el).

The first term is computed as

3(Fy A F§, et Awrp) =3(ilen) (Fi A F§) 70

=347 (e, FO)FS — 2F1 A (i(e,) o) A Fy) A o)
=3(x7(FE N @) F1,e") — 657 (Fy A (i(en) Fo) A Fa A ).

The second term is computed as

=657 (F1 A (i(en) F2) A F2 A @) = 6(i(en) Fa, #7 (FL A Fy A @)
= —0 %7 (*7 (F1 Ay A (p) A et A *7F2)
= 6<*7 (*7 (F1 A F2 A QD) A *7F2) ,€M>.

Summarizing these equations, we obtain
(5.9)
225 %) = N2 (7 (F5 + 327 (FE A @) w7 Fi+ 647 (FL A By A ) Aar By ) ).
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Then, by (5.8) and (5.9), it follows that
2 1 3
27T7 <F — 6 *g F )
=\ (B + #7(Fy A #7¢0)

1
=% (B3 + 37 (Ff A @) #r i + 6 7 (Fl/\Fg/\(p)/\*7F2>>

1 1
:)\2 <*7 <*7§0/\F2 — 6F23 + <1 — 5 *7 (g@/\F;)) *7 F1
— k7 (f’—‘l/\}72/\()0)/\*7}72))7

which implies the first equation of Lemma 5.4.
Next, we compute 73(F?). By (3.10), we have

7
T (F?) = Z (F2 M%) - At(e!).
pn=1

For 1 < u <7, we have by (3.6)
VB(F2 M (e!)) =(2e° N Fy A Fy + F§,e® Ni(e,) %79 — e A )
=2(F1 A\ Fy,i(e) *79) — (F3,e" A )
and

2(F1 A Fayiey) x7 @) = = 2% (FL ANFa ANel' N o)
=2(x7 (F1 AN Fy A ), e,

—(F2 el A @) = —s7(e" Np A %7 F3) = — (%7 (np A *7F22) ,ely.
Hence, we obtain the second equation of Lemma 5.4. O

Then, by (5.7) and Lemma 5.4, we obtain

(5.10) s Jp = 2(A\%) 7! <7r$ (—F + % g F3>> ,
(5.11) *7Jy = —?(X‘)lw;‘(zﬂ).

Hence, by (5.10) and (5.11), we see that the graph S is Cayley with an
appropriate orientation if and only if 72 (F — xsF3/6) = 0 and 73(F?) =
0. O
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Before going further, we rewrite the Cayley equality [3, Chapter IV, The-
orem 1.28]. This is very useful because Lemma 5.5 implies an identity that
will hold in more general settings as in Lemma 4.3. We show that it indeed
holds generally and gives many applications. For more details, see [8].

Lemma 5.5. We have

(1 + AR @) + *8(F€)4> o

2
+2|mt (F5)?))|
:det(idTX + (*\/ *1Fg)ﬁ),
where (—v—lFé)ti 1s a skew symmetric endomorphism of T X defined by
(—V=1F3)*u,v) = —/—=1F3(u,v) foru,v e TX.

Proof. Define t : B — X = B x T* by «(z) = (z, f(x)). Set v; = 1.()
for i = 0,1,2,3. Then, by the Cayley equality [3, Chapter IV, Theorem 1.6],
which is equivalent to Lemma 3.6, we have

(5.12) ‘L*(D(ao, 01, Oa, 83)|2 + 8|T(U0,Ul, UQ,U3)|2 = ’vg A IANS AN U3|2,

where 7 is defined by (3.13). Then, since (*dz’ = da® and (*dy® = df®, (5.1)
implies that

P
:d.’E0123 + df4567 + o A (df45 + df67) + T A (df46 + df75) — T3 A (df47 + df56)
:(1 + *4(df4567) + <7_17df45 +df67>

+ <7_27df46 +d 75> . <7_37df47 +d 56>)alx01237
where 4 is the Hodge star on the space spanned by dy*,--- ,dy” and df® %

is short for df® A- - -Adf®. On the other hand, since FS = /=1 3.7 _, df*Ady®
by (5.2), we have

*S(ngl _ i e dfabcd A dyabcd
24 a,b,c,d=4 24
— %g (df4567 A dy4567) - (df4567> ’
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703
<(F€)27®> = Z Z< fab/\dyab,n/\wi>

7 3
=2 2. df®*, 7i){dy™, w;)
—9 (<7_17 f45 +d 67> + (1o,d 16 4 g 75> —(r3,d 7 4 g 56)) '

Hence, we obtain

1 *8(FS)4 2
(5.13) | ® (0, D1, D2, 03)[* = <1 + §<(F5)2,‘1>> +—F ) :
Next, we compute 8|7 (vg, v1, v2,v3)|2. By (3.13) and (5.6), we have
7 , T
8|7 (vo, v1,v2,v3) | Z (Xl (e")(vo, v1,v2,v3 ) =Y (s i+ #7da, )’
: u:l

Recall that #7.J; and *7.Jy are linear combinations of dy®’s and dx*’s, respec-
tively, and M is an isometry by Lemma 3.4. Then, by (5.10) and (5.11), we
obtain

7
8|7 (vo, v1,v2,v3) | Z (#71, ") + (7 ]z, €)?
(5.14) =

4|n? <F§ + é *g (F§)3) ‘2 +2|md ((F9)?) ’2.

By the same argument as in the proof of Lemma 4.3, we see that

’1}0 A U1 VAN () A ’U3|2 = det (idTX + (—\/ —1F€)ﬁ>

and the proof is completed. O

Using Theorem 5.1, we obtain the following Theorem 5.7. We first prove
the following lemma.

Lemma 5.6. Let U C R® be a Cayley subspace, a subspace of R® which is
a Cayley submanifold. Denote by UL the orthogonal complement of U. We
identify AKU* with the subspace of A*(R®)* by

AU = {a e AFR®* | i(v)a =0 for any v € U+ }.
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Then, o € A?U* is anti-self-dual with respect to the induced metric if and
only if w2(a) = 0.

Proof. Since U is Cayley, there is an orthonormal basis
{8/8%0, 78/81:378/83/4’ 7a/ay7}

with its dual {da2® .- da® dy* - - ,dy"} such that U is spanned by
0/02°, - 0/0x3, which is positively oriented, U~ is spanned by 9/dy*, - - |,
0/9y" and (5.1) holds.

Denote by *4 and *g the Hodge stars on U and R®, respectively. Then,
by (3.11), we have

dn2(a) =a + #(® A a)

3
= + *g (dy4567/\a+2a/\7'i/\wi)

=1

j=1

3
=@ + *4Q + *g (Z(a, ) dz123 A wi)

3
= + k40 + Z(a, Ti )W
j=1

Since {9/0x°,--- ,0/0x3} is positively oriented, { 71,72, 73 } is a basis of the
space of self-dual 2-forms on U. Hence, the proof is completed. O
Theorem 5.7. The following conditions are equivalent.

1. The graph S is a Cayley submanifold with an appropriate orientation
and if we identify —/—1F8 € Q*(B) with a 2-form on S, it is anti-
self-dual with respect to the induced metric and the orientation which
makes S Cayley.

1
2 (Fv + 6 *g F%) =0 and 7 (F%) =0.
Proof. By (5.2), we have (FE)? = 0 and (FE)2 A FS = 0. Thus, we have
FS =3FE A (F$)? + (FS5)3. Hence,

1
UL (Fv + 5% F%)

=72 ((Fé + é *g (F§)3> + (FéB + % *g (Fé8 A (F€)2)>> :
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Note that FS+x*s(FS)3/6, FE and xs (FE A (F5)?/2) are linear combinations
of da’ A dy®’s, dz*’s and dy®’s, respectively. Then, by (3.11) and (5.1), the
first term 72 (FS + 3(F$)3/6) is a linear combination of dz’ A dy®’s and the
second term 72 (FE + x5 (F8 A (F8)%/2)) is that of dz%’s and dy®*’s. Hence,
72 (Fg + *s [ /6) = 0 if and only if

1 1
(.15) w2 (F§+ 5o (F9)°) =0, w2 (B + 5 ws (FEA(FE?) ) =0,

Next, we consider 74 (F3) = n2 (FE)2 +2F8 A FS + (F$)?) = 0. By
the definition of A* in (3.6), (4.1) and (4.2), A*(dx?) is a linear combination
of dz’* A dy®®’s for each 1 < i < 3, and A (dy®) is a linear combination of
dr? A dy*®s and da?* A dyP’s for each 4 < a < 7. By (5.2), (FE)?, FE A FS
and (F5)? are linear combinations of dx®'?, dzk A dy®’s and dz' A dy®’s,
respectively. Hence, we have 72 ((F&)?) = 0 and 7% (FZ) = 0 if and only if

(5.16) i (FS)?) =0, =t (FEARS) =0,

The first equations of (5.15) and (5.16) are equivalent to saying that
S is a Cayley submanifold with an appropriate orientation by Theorem 5.1.
Thus, assuming that S is a Cayley submanifold, we may show that
T2 (F8 + x5 (FE A (FE)?/2)) = 0 and mf (FEAFS) = 0 if and only if
—\/—_ng is anti-self-dual with respect to the induced metric and the ori-
entation which makes S Cayley. For simplicity, set

(F)F = (—-V=1Fg),

where (—y/—1F5)* is defined in Lemma 5.5. Then, assuming that S is a
Cayley submanifold, 72 (FE + x5 (FE A (F)?/2)) = 0 and 72 (FE A FS) =
0 if and only if

(5.17) 72 (((drx + (F))™) RE) =0

by [7, Theorem A.8 (2)].

Now, we observe (5.17) pointwisely. Fix # € B and regard (F°)* =
(FS)f, @y € End(Tiy pa)X) = End(R®). By the definition of (FS), we
see that

o)~ or * ;1 ox? (x>8—ya’
) 0 Sofr 9
8ya) ooy Z ox? (x)axz

=0

(ide+(FS)ﬂ)*(a) 9 J of o

(idrx + (FS)P). (
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Then, we can regard (idrx + (F°)%), (9/02%) as an element of T, y(z))S
and (idrx + (F°)%). (0/0y®) as an element of Téym))s. Moreover, (idrx +
(F9)ulwy © Wo = TiapenS and (idrx + (F9)).ly © Vo — Téyf(x))S are
isomorphisms, where Wy and Vj are subspaces of R® spanned by 9/9zY,- -
0/0z® and 9/dy*,- -+ ,0/0y", respectively. Since FZ is a linear combination
of dx"’s, we see that

((idrx + (F%)H) N (=V=1Fg) € AQT(*z,f(:r))S

in the sense of Lemma 5.6. Then, by Lemma 5.6, (5.17) holds if and only if
((idrx + (F5)H) D (=/=1F8) € AQT(’;J(I))S is anti-self-dual with respect
to the induced metric and the orientation which makes S Cayley.

Since the identification between B and S is given by k : B 2 = —
(z, f(x)) € S and (dr), = (idrx + (F°)").|w,, where we identify T, B with
Woy, we obtain the desired statement. ]

6. The real Fourier—Mukai transform for associative
T3-fibrations

In this section, we compute the real Fourier-Mukai transform of coassociative
cycles using Theorems 5.1 and 5.7. It turns out that the real Fourier—-Mukai
transform of an associative cycle coincides with that of a coassociative cycle
as stated in [9].

Let B C R* be an open set with coordinates (y* 9% 9% ") and f =
(fY, f% f3) : B — T3 be a smooth function with values in T, where we use
coordinates (z!, 22, 23) for T3. Put

S:={(y,fly) |lyve B}

the graph of f, a 4-dimensional submanifold in X := B x 7. The manifold X
admits a Go-structure ¢ with its Hodge dual ¢ = %7¢ as in (4.1) and (4.2).
Let

7
VP =d+ V-1 A%dy"
a=4

be a Hermitian connection of a trivial complex line bundle B x C — B, where
AJ . B — R is a smooth function.

Next, we consider the mirror side. The real Fourier—Mukai transform of
(S, VP) is the connection on X*(= X) defined by

7 3
Vi=d+ V=1 A%y +V-1)_ flda’.
a=4

Jj=1
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Then, its curvature 2-form Fy is given by Fy = Fg + IS, where

6.1) F=+v-1 27: aAbdy“ ANdy’, F§ = \/—123: 27: a—fjdy“ A da?.
v aya ’ Y% aya

a,b:4 ]:1 a=4

We first describe the condition for S to be coassociative in terms of Fg.
Proposition 6.1. The following conditions are equivalent.

1. The graph S is a coassociative submanifold with an appropriate orien-
tation.

2. (FE)3/6 + FS Axp=0.

3. (FS)3/6+ FS Axp =0 and p A*(F5)% = 0.

Thus, we obtain the same equations as in Proposition 4.1.

Proof. Since (3) obviously implies (2) and the converse holds by [6, Remark
3.3], (2) and (3) are equivalent. We show the equivalence of (1) and (3). Fixing
x € S, we have an embedding

L:BXxT?*2Bx{*}xT*— BxT"

Let (2%, 21, 2% 2%) be coordinates for T#. We canonically identify FS on B x

(T3)* with a 2-form on B x (T*)* such that i(9/9z2°)FS = 0.
The manifold B x T* admits a Spin(7)-structure ® given by

® = dz® A o+ *7p,

and the graph S is coassociative if and only if ¢(S) is Cayley. Then, The-
orem 5.1 implies that S is a coassociative submanifold with an appropriate
orientation if and only if

78 (1 FE + (F)*/6) =0 and = ((FS)?) = 0.

We describe these equations in terms of the Ga-structure ¢ on B x T3.
By (3.12) and (3.8), we have
48 (*8F€> =% F5 + O A FS
= dz® A7 FS + (da® A o + *70) A FS
= dz® \ (57 + 9 NFG) + 70 N F,
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4r? (F)*) = (F)* + @ A xs(FS)?
= (F&)® + (da® A o+ #70) A da® N sr (FE)?
= da® A %7 FS N w70 4 (FS)3.

Hence, 7% (xs F'S + (Fg)?/6) = 0 is equivalent to
s s, 1 S\3 s, Limsys
*7Fv+80/\Fv+6*7 (F9)° A*7p =0, *790/\Fv+6(Fv) =0.

Since these two equations are equivalent by [6, Lemma 3.2], 79( *g Fé +
(F$)3/6) = 0 is equivalent to *7¢ A FS + (F9)%/6 = 0.
Next, we consider 72 ((F§)?) = 0. By Lemma 3.4, 72 ((Fg)?) = 0 if and
only if
(dz® Ni(af) %70 — a A g, (FS)?) =0

for any v € QY(B x T3). Since i(9/02°) FS = 0, this is equivalent to
0= (ang, (FF)?) =xangA(Fg)%) = (a,x1(p A ¥ (FG)%).

Hence, the proof is completed by [6, Remark 3.3]. O
Similarly, we obtain the following Proposition 6.2 from Theorem 5.7.
Proposition 6.2. The following conditions are equivalent.

1. The graph S is a coassociative submanifold with an appropriate orien-
tation and if we identify —/—1FE € Q2(B) with a 2-form on S, it
is anti-self-dual with respect to the induced metric and the orientation
which makes S coassociative.

2. F&/6+ Fg A xp =0.

3. Fe/6+ Fy Axp=0 and p A xF2 = 0.

Since the lemma corresponding to Lemma 5.6 would be interesting in
itself, we write it down here.

Lemma 6.3. Let U C R7 be a coassociative subspace, a subspace of R™ which
is a coassociative submanifold. Denote by UL the orthogonal complement of
U. We identify A¥U* with the subspace of A¥(R7)* by

AU = {a e AFRD* i(v)a =0 for any v € U+ }.

Then a € AN2U* is anti-self-dual with respect to the induced metric if and only
if a Axp =0.



1894 Kotaro Kawai and Hikaru Yamamoto

Proof. Since U is coassociative, there is an orthonormal basis {e; }7_; with
its dual {e®}7_; such that U is spanned by ey4,--- ,er, which is positively
oriented, U~ is spanned by ej,--- ,e3 and (3.1) holds. Setting w; = e* +
%7 wy = €40 — €57 and wy = — (" +¢%%), we have xp = 64567+Zkez/3 ek AL
wgt2. Then, it follows that

a A *xp = Z RN @ A wpyo = Z AR <a,wk+2>e4567.

keZ/3 kez/3
Since {ey, - ,er} is positively oriented, { wy,ws, w3 } is a basis of the space
of self-dual 2-forms on U. Hence, the proof is completed. O

By this lemma and results in [6], we can also prove Proposition 6.2 without
using Theorem 5.7.

7. Compatibilities with other connections

In this section, we post some evidences showing that Definition 1.3 we suggest
is compatible with deformed Donaldson-Thomas (dDT) connections for a
Go-manifold and deformed Hermitian Yang-Mills (dHYM) connections of a
Calabi-Yau 4-manifold.

Use the notation (and identities) of Subsection 3.4. Let X® be a compact
connected 8-manifold with a Spin(7)-structure ® and L — X be a smooth
complex line bundle with a Hermitian metric h. Set

Ao ={V | a Hermitian connection of (L,h)} = V ++/—1Q" -idy,

for a fixed connection V € Ay. We regard the curvature 2-form Fy of V as a
v/ —1R-valued closed 2-form on X.

Define maps ‘Fslpin(7) : Ag — /=102 and F2

Spin(7) - Ao — Q3 by

1
Fapin(r) (V) = 77 (FV tg* F%)
_1 (F + 1 +*<<F - 1*F3>/\<I>))
AV Y Ve TV ’
‘FS2pin(7) (v) = W?(FV)
Then, a Hermitian connection V of (L, h) satisfying
fslpin(7)<v) =0 and fszpin('?)(v) =0

is a Spin(7)-dDT connection defined in Definition 1.3.
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Lemma 7.1. Let (Y7, ¢, g) be a Go-manifold with the Hodge dual 7 € Q2.
Then, X8 = S x Y7 is a Spin(7)-manifold. Let L — Y be a smooth complex
line bundle with a Hermitian metric h. Identify a connection ¥V on Y7 with
that on X® by the pullback. Then, the following are equivalent.

1. V is a dDT connection in the sense of Ga, that is, Fg,(V) = %70 A
Fy +F$/6=0.

2. fslpin(7)(V) =0.

J. fslpin(7)(v) = ~7:52pin(7)(v> =0.

Proof. Recall that the induced Spin(7)-structure on X® is given by
q) = dl’ A 2 + *7@,

where z is a coordinate of S! and *; is the Hodge star on Y. By (3.8), we
have

xFy = dx A\ 7 Fy, *F% =dx A (>x<7F%)7

where * = *g is the Hodge star on X®. Then, we have

4 x fslpin(7) (V)

1 1
=dx N\ x7Fy + EF% + Fy A (dx A+ *x70) + 6d:1: A (%7 F2) A x7¢0

1 1
=dz A (*7Fv + oA Fy+ 6(*7F§) A *7¢> + %70 A\ Fy + gFg.
Thus, we see that (1) and (2) are equivalent by [6, Lemma 3.2].
The equivalence of (2) and (3) follows from [7, Proposition 3.3] since
F¢ = 0. This equivalence can also be proved by [6, Remark 3.3]. O

Lemma 7.2. Let (X%, J, g,w,Q) be a Calabi-Yau 4-manifold and L — X be
a complez line bundle with a Hermitian metric h. Equip X with a Spin(7)-
structure ® given by

1
o = 5(4)2 +RGQ

Suppose that V is a Hermitian connection such that the (0, 2)-part F%Q of Fy
vanishes. Then, we have fSQPinm(V) = 0. Moreover, V is a dHYM connection
with phase 1 on X8, that is, Im (w + Fv)4 =0, if and only if V is a Spin(7)-
dDT connection, that is, .Fslpin(7)(V) = 0.
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Proof. By [12, Proposition 2], A2T™* X is contained in the space of (3, 1), (1, 3),
(4,0) and (0,4)-forms. Since ng =0, F2 is a real (2,2)-form, which implies
that ’FSpln (V) =m3(F3) =0.

Next, we show the second statement. By [12, Proposition 2], we have
A2T*X = Rw @ A, where Ay is a subspace of A29T*X @ A%*T*X. Then,

we have

(Ag, Fépinn) (V) = (Ay, Fy + xF5 /6) = 0
since Fy is a (1,1)-form. Thus, Fg; (V) = 0 if and only if (w, Fy +
*F3 /6) = 0. Since xw = w?/6, we have

1
WA FS

1
<w,Fv+6*F%>Vol—*w/\Fv+6

V-1

1
= (PAFrTwAR) = 5 Im(w + Fo)t

Hence, the proof is completed. O

Remark 7.3. Note that dHYM connections do not depend on the holomor-
phic volume form 2. Then, since <X 8 J.g,w, e*\/*_wQ> is again a Calabi—Yau

manifold for § € R, Lemma 7.2 implies that for a Hermitian connection V
with Fg’2 =0, V is a dHYM connection with phase 1 if and only if V is a

Spin(7)-dDT connection with respect to &g = w?/2 4+ Re(e™V=10Q).
Appendix A. Notation

We summarize the notation used in this paper. We use the following for
a manifold X with a G- or Spin(7)-structure. Denote by g the associated
Riemannian metric.

‘ Notation ‘ Meaning ‘
i) The interior product
"X, FE) The space of all smooth sections of a vector bundle £ — X
QF QF = OF(X) = I'(X, A*T*X)

v € T*X v =g(v, -) forve TX
afeTX a=g(af, ) fora € T*X

vol The volume form induced from g

AET*X The subspace of A¥T*X corresponding to an ¢-dimensional
irreducible subrepresentation as in Subsection 3.4

Qk QF — I(X, AFT*X)

v The projection A*¥T*X — AFT*X or QF — QF
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