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Entropy of Bergman measures of a toric Kaehler
manifold

STEVE ZELDITCH* AND PIERRE FLURIN

Abstract: Associated to the Bergman kernels of a polarized toric
Kéhler manifold (M,w, L, h) are sequences of measures {uf}32,
parametrized by the points z € M. We determine the asymptotics
of the entropies H (p17) of these measures. The sequence pf in some
ways resembles a sequence of convolution powers; we determine
precisely when it actually is such a sequence. When (M,w) is a
Fano toric manifold with positive Ricci curvature, we show that
there exists a unique point zg (up to the real torus action) for
which pf has asymptotically maximal entropy. If the Kéhler metric
is Kédhler—Einstein, we show that the image of zp under the moment
map is the center of mass of the polytope. We also show that the
Gaussian measure on the space H°(M, L¥) induced by the Kihler
metric has maximal entropy at the balanced metric.

Keywords: Bergman kernel, holomorphic line bundle, measures
on moment polytope.

In [Z09], the second author introduced a sequence {uj}7, of probability
measures on the convex lattice polytope P C R™ associated to a toric Kéhler
manifold (M, w). The measures pf are supported on the dilated lattice points
PN %Z”ﬂ and depend on a choice of Hermitian metric h = e~% on the toric
line bundle L — M with w, = i00¢ = w. They also depend on a point
z € M, or more precisely on its image x = p(z) under the moment map

(1) pp i =p: M — P CR™,

associated to h. In the special case where M = CP! and w = wpg is the

Fubini-Study metric, the measures pj are the standard binomial measures
*

indexed by z € [0,1] and coincide with the kth convolution power p:¥ of the
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Bernoulli measure p, = 201+ (1—x)do on [0, 1]. More generally, for the Fubini—
Study metric hpg on the kth power of the standard line bundle O(k) — CP™
in any dimension, the measures pj are the standard multi-nomial distribu-
tions, which are also a sequence of convolution powers. For general toric Kah-
ler manifolds, the sequences {yf }72; is certainly not a sequence of convolution
powers. Yet, many of the classical results on convolution powers are also valid
for the sequence {pj}72: In [SoZ12] they are shown to satisfy a law of large
numbers and a large deviations principle; more recently, they were proved to
satisfy a central limit theorem [ZZ18]. The purpose of this note is to given
an asymptotic formula for the entropies of {du}}32,, extending the family of
probabilistic results one step further. We further investigate the points z and
metrics h for which the sequences have asymptotically maximal entropy. The
proofs are non-probabilistic and are based on Bergman kernel asymptotics,
and especially on the local CLT results in [ZZ18] and on the LDP in [SoZ12].

To state the result, we introduce some notation, referring to Section 1
and to [Z09, SoZ12, Z718] for much of the background. The moment map (1)
associated to this data defines a torus bundle of the open orbit of (C*)™
over the interior of the convex lattice polytope P. As reviewed in Section 1.2,
there is a natural basis {s4}ackp of the space H(M, L) of holomorphic
sections of the k-th power of L by eigensections s, of the T™ action. In a
standard frame ey, of L over M?, they correspond to monomials 2% on (C*)™.
The pointwise norms of z® in the open orbit are given by |z°‘]26_k‘p(z) where
h = e ? in a standard frame. The toric Kéhler potential ¢ on the open
orbit is T™-invariant and may be viewed as a convex function on R™. Its
Legendre transform w is a convex function on P known as the symplectic
potential. For instance, the symplectic potential of the Fubini-Study metric
is upg(z) = rlogx + (1 — x)log(l — x) (see Section 1.3).

For o € kP NZ™, we define

B |Za |2e—kap(z)

@ Pl 2) = F s,

where Qpx(a) is defined in (9). Further, we denote by Il : L?(M, L*) —
HO(M, L¥) the Szegd projector and by I, (2) the associated density of states,
i.e. the metric contraction of the diagonal of the kernel of IIx; see Section 1.2.
We now come to the main definition:

Definition 0.1. For any z € M° and k£ € N, we define the probability
measure on P C R™ by,

(3) | ( )‘2
1 Sa(2)[h, 1
T E I o= E Pk de
i IIh’“(zv’Z) F IIhk(Zv'z> " (OZ’Z) i

2
ackPNZm™ H Sa Hhk ackPNZ™
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Note that m > ackprzm Pre(a, z) = 1. The measures are T"-invari-

ant in z, and therefore define a family discrete measures on PN %Zm parame-
trized by points pup(z) € P. Although it is not explicit in the notation, puj
depends on the choice of Hermitian metric A on L. For background on ‘lattice
probability measures’ we refer to [GK].

Remark 1. All of the techniques and result of this article can be extended
to the case where u(z) € 9P, ie. z lies on the divisor at infinity of M.
Indeed, the formulae derive from the large deviations principle of [SoZ12] and
the convergence theorem for geodesics [S0Z07, SoZ10] and these results were
proved for all z, including z on the divisor at infinity. But since it is lengthier
and more technical to work at the boundary, for the sake of brevity we assume
z € M? in this article.

0.1. Asymptotics of entropy of uj

The (Shannon) entropy of a discrete probability measure with masses {pa }
is defined by (cf. [KS])

H=- Zpa In pg.
Thus, the entropy of pf is

Pri(a, 2) I Pri(a, 2)
Hhk (Z) Hhk (Z) .

@) Hpi)=— Y

ackPNZ™

The asymptotic entropy result is:

Theorem 0.2. Let h = e~? be a toric Hermitian metric on L — M and let
w, = 1009 be the corresponding Kihler metric. Then, as k — oo,

H(u) = %log(det ((2mek)(i901.)) + o(1)

Note that the entropy depends only on the image pp(2) = x¢ of z under
the moment map (1). Also, det(i00¢p) is the density of the volume form wg
relative to Lebesgue measure on the open orbit. As in [Ab98] it is convenient
to rewrite log det i00y in terms of the symplectic potential and its Hessian in
action-angle variables, with action variables € P and angle variables 8 on

,u,:l(x). We recall that the symplectic potential u is the Legendre transform
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of the open orbit Kéahler potential; we refer Section 1.3 and to [Ab98, Ab03]
for background. Then set,

(5) L(z) = %log det V?u(z) = —% log det 00,

and Theorem 0.2 may be reformulated as follows.

Theorem 0.3. Let h = e~¢ be a toric Hermitian metric on L — M and let
u be the open orbit symplectic potential. Then, as k — oo,

1 (2mek)
H (i) = = log(det —0——

) +o(1) = % log(2mek) — L(x) + o(1).

Note that the entropy of uniform measure pgpnz» on a set of r element is
log r. The number #(kP N Z™) of such lattice points is >~ k™#(P NZ™), so
that uniform measure on these lattice points has entropy mlog k +log #(P N
Z™). i is not uniform, but rather is approximately a discretized Gaussian
distribution centered at p(z) and of width k3 (see Lemma 1.2 and Lemma 1.3
for the precise statements). A discretized Gaussian of width k% and of height
k™ is concentrated in the ball B(z, k_%) and is similar to uniform measure
on that ball of the same height. This approximation accurately predicts the
leading order term log k™/2.

Remark 2. One may expect analogous results for non-compact infinite vol-
ume toric Kéhler manifolds, such as C™ with the Bargmann—Fock space of
analytic functions. The techniques of [F12] apply in that setting. However,
the large deviations results have not been established in such cases, and we
confine the article to compact Kéhler manifolds.

Theorem 0.3 specializes to known asymptotics of entropies of multinomial
distributions when (M, w) is complex projective space with Fubini-Study met-
ric. In dimension m = 1, the binomial distributions are convolution powers
1y = (pp)™* of the Bernoulli measure p, defined by p,({1}) = p, u,({0}) =
1 — p. In this case, the entropy asymptotics can be obtained from local cen-
tral limit theorems and Stirling’s formula, and according to [JSz99, Theo-
rem 2| and to [K98]), H(xf) has a complete asymptotic expansion in powers
of k=1 whose coefficients involve the Bernoulli numbers. The entropy of s, is
plogp + (1 — p)log(l — p) = ups(p), the Fubini-Study symplectic potential
(see Section 1.3 and [Ab98] for background). Thus, p(1—p) = (v%(p)) . The
parameter p € [0,1] is the image of the parameter z € CP! under the Fubini-
Study moment map. The kth convolution power 4% is the binomial measure,
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for which py, = (]Z)pe(l — p)*~*. Its Shannon entropy has the asymptotics
(see [JSz99, Corollary 1]),

H(ph) = 1ogk: + = L (1 + log(27p(1 — p)) + O(k_% +€).

To compare with Theorem 0. 3 we note that in the Fubini-Study case,
(@) = log 125, Uks (@) = ssys log(ups(w)) ! = logx(1 — o).

Now consider multinomial distributions, which correspond to the toric
Kéhler manifold M = CP™ with the Fubini-Study metric hpg on L = O(1).
The parameters p'corresponds to a point in A,,, = {p’ € RTH : Z;“Jrll p; =1},

which is polytope associated to CP™. Given k € Z>1, let a € Zm+1 and
let k = |a|. If # € R™*! et 9 = Hmtl et A random vector
X = (Xy,...,Xn41) has the multinomial distributions with parameters k

and p'if Prob[X = &) = (¥)p* where (£) = &

a al

It is proved in [CG12, Theorem 1] and [Mat78] that the multinomial

distributions with parameters k£ and p = (p1,...,pm+1) has the asymptotic
form,
He) = L log((2nke)™ et {3m 1) —2 nill Lo(h)
= —log((2mke © Dm — |3(m -2 :
Hyp B g P1-Pm+1 1k ), 12

Remark 3. Since Z;nﬁl pj = 1, there are only m independent p;. In the for-
mula of Theorem 0.2, the parameter m+1 in the multinomial case corresponds
to CIP™, so the coefficients of log k agree.

Aside from asymptotic entropies of multinomial distributions, there ex-
ist few general results on asymptotic entropies of convolution powers j**
Asymptotics of entropies to several orders for certain classes of discrete dis-
tributions as k — oo were obtained in [K98, JSz99|. In the case of sums
of i.i.d. real-valued random variables, i.e. convolution powers of probability
measures on R, Dyachkov proved in [D96, Theorem 2| that

1 1
H(pu**) ~ 5(1og k) + 3 log(2mea?) + o(1).

In view of the resemblence of the entropy asymptotics of the toric Kéhler
probability measures ;7 to convolution powers, it is natural to characteristic
the toric Hermitian line bundles (L, h) — (M,w) for which pj is a sequence
of convolution powers.
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Theorem 0.4. The sequence {u}}32, is a sequence of convolution powers
for all z if and only if Hilby(h) is balanced for all k, i.e. the density of states
I,k (2) = Dy is constant for all k. Hence, w is a Kdhler metric of constant
scalar curvature.

To prove Theorem 0.4 we first prove a result about balanced metrics on
any Kéhler manifold which seems of independent interest.

Proposition 0.5. For any Kdihler manifold (M,w, J), the following are equiv-
alent:

1. Hilbg(h) is balanced for all k, i.e. the density of states Ik (z) = Cy is
constant for all k.
2. Mk (z,w) = Ag[p (2, w)]*, where

o, _ dim HO(M, L) ¢ (2m)"Vol(P) F
T @r)mVol(P) (dimHO(M,L)> '

In the case of a toric Kdhler manifold,

) <#{aekﬁmzm}> ( (27)™V ol(P) )’“
k= .

(2m)™V ol(P) #{a e PNZ™}

We refer to [D02] for background and results on balanced and constant
scalar curvature metrics on toric Kahler manifolds.

0.2. Ricci curvature and measures of maximal entropy

The entropy H(u) of a discrete probability measure p is a measure of the
degree to which p is uniform. The larger the entropy, the more uniform the
measure, so that the measure of maximal entropy in a given family of probabil-
ity measures is the most uniform measure. This measure of maximal entropy
is often considered the most important. Hence it is natural to ask for which
z does pf have maximal entropy in the family pj, at least asymptotically as
k — oo. For instance, in the case of binomial measures u;k, p= %

Locating the point u(z) = x where uf has asymptotically maximal en-
tropy is related to the Ricci curvature of (M,w). We recall that the Ricci
curvature of the Kahler metric w,, is given by Ric(w) = —id0d log det(gg), i.e.

Ricky = —%gm(log det g;) where w = £g;zdz" A dz7. In [Ab9S] it is shown
that in the toric case,
1 1
(6) Ric = —5dd*logdet H = —2 > Hjjjrdxy A db;.
ik

Thus, the Ricci potential is the function —L(z) (5).
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Due to the inverse relation of i0d¢ and VZu, points where the Ricci po-
tential is maximal are points where (5) is minimal. In the simplest case of
the Fubini-Study symplectic potential on CP!, in a standard gauge the sym-
plectic potential satisfies, log ug(z) = —logx(1 — z), and j—; log upg(z) =
272+ (1 — z)~% The unique minimum point of log u},g occurs at z = 3. In
the case of multinomial distributions and Fubini-Study potentials in higher
dimensions, the maximum occurs at the center of mass of the simplex. These
are model cases of toric Fano Kéahler-Einstein manifolds. It turns out that
related statements are true for compact toric Kéahler manifolds with posi-
tive Ricci curvature. We recall that Ric(w) represents the first Chern class
c1(M) and Ric > 0 implies that (M,w) is a toric Fano manifold. That is, if
Ric(w) > 0, then w is a positively curved metric on the anti-canonical bundle
—Kx, hence —Kx is ample. A toric Fano manifold has a distinguished center,
namely the center of mass of polytope. We refer to [D08] for background and
results on toric Fano Kéhler manifolds and their preferred centers.

Theorem 0.6. For fized (L,h, M,w), the points v = pu(z) for which the
measures pj, have asymptotically mazximal entropy as k — oo occur at the
minimum points of L(x) (5). If (M,w) is Fano and Ric(w) is positive, then
there is a unique minimum. In the Kihler—Einstein Fano case, where Ric(w) =

aw, the point of maximal entropy is the center of mass of P (which equals 0
if P is put in the form of [M87]).

For instance, in the case of Fubini-Study metrics on CP™, the open
orbit Kéhler potential is log(1 + |w|?),w € C™, and —logdet VZp(p) =
(m + 1)p(p) — p. The unique point of maximal entropy is given by % =

L(1,...,1). In the gauge of Mabuchi [M87], where the polytope is translated

m

by —%(1, ..., 1), the unique point is 0 (see Section 1.4 for background on
gauges).

Remark 4. The Mabuchi functional M(w) on Ké&hler metrics involves the
relative entropy of wy' and of a background volume form. As shown in
[D02, Proposition 3.2.8], it is given on a toric Kéahler manifold by M(w) =
(2m)" Fo(u) where,

Fa(u) :/ L(x)dzx + udo — a/ udz,
P oP P

Vol(9P,d . )
where a = W where do is Euclidean surface measure.
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0.3. Differential entropy of the Gaussian measure v«

There is a second (and much simpler) problem regarding entropies of prob-
ability measures on a toric Kéhler manifold, or indeed on any polarized
Kéhler manifold. Associated to any Hermitian metric A on L is a sequence
{Hilby (h)}2, of Hermitian inner products on H°(M, L*). In turn the inner
product induces a Gaussian measure vy, on H(M, L¥). If we fix a background
metric hg, or corresponding inner product Gg, then the inner product Hilby
is represented by a positive Hermitian matrix P and the Gaussian measure
vl is represented by det Pe(PT'X.X) on CNe where Nj, = dimg HO(M, L*).

When a probability measure g on R™ has a density f relative to Lebesgue
measure dz, its differential entropy is defined by

H(fda) = = [ f@)log f(z)do.

(z=p)?
202

It is well-known that if f(z) = N(u,0) = \/21—7“7 exp (—
then,

) is a Gaussian,

h(fdz) = In(oVv2me).
We now calculate the differential entropy of the Gaussian measures 7.

Proposition 0.7. Let (L,h, M,w) be any polarized Kdihler manifold, and
let 4% be the associated Gaussian measure on HO(M,L¥). Then H(y}) =
—logdet Hilby(h). The Hermitian metric h for which H(y!) has mazimal
entropy is the balanced metric.

0.4. Further problems on the sequence of toric measures

Although entropy has a natural interpretation for a single probability measure
(its degree of uniformity), it plays a more essential role in the dynamics of
Markov chains (the Shannon-Breiman—-MacMillan theorem; see [KS]).

A well-known Markov chain is the so-called Wright—Fisher Markov chain:
Let X,, (n > 0) be the Markov chain with state space {0,..., N} and with
transition probabilities,

piy = P(Xop1) = j| X0 = i) = (f)(di(l ~ LN (=0, ).

A more general Wright—Fisher Markov chain is to define

pij = (j;[) Wl (1 — )N,
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where 1); are other weights of the lattice points. There is a straightforward
generalization to toric Kdhler manifolds by defining the right stochastic ma-
trix

P _ _|sa(B)lin
P Quv (@) (8, 8)

In fact, we could take any orthonormal basis {sy ;} and any points {ZN,k}iZ 1
and form the Markov chain with

(N) . _ ’3N,j(ZN,k)|;2LN
Ik Iy~ (285 23 k)

It might be of interest to determine the asymptotic entropy of this Markov
chain, which is closely related to the measures pf.

Remark 5. The article [DK] also considers entropy in the context of Bergman
kernels, but does not seem to overlap this article. It is devoted to the simpler
question of when the density of states II,x(z) has maximal entropy (it is
evidently the balanced metric) and its applications to black hole physics.

1. Background on toric varieties

We employ the same notation and terminology as in [SoZ12, ZZ18]. We re-
call that a toric Kéhler manifold is a Kéhler manifold (M, .J,w) on which
the complex torus (C*)™ acts holomorphically with an open orbit M°. We
choose a basepoint zy on the orbit open and identify M° = (C*)"™{zy}. The
underlying real torus is denoted T™ so that (C*)™ = T™ x R, which we
write in coordinates as z = e?/>*% in a multi-index notation. Thus, |z|? = €.
We often express the Kéhler potential in p coordinates.

We assume that M is a smooth projective toric Kdhler manifold, hence
that P is a Delzant polytope, i.e. that P is defined by a set of linear inequalities

(7) lp(x) = (z,vp) —, >0, r=1,...4d,

where v, is a primitive element of the lattice and inward-pointing normal to
the r-th (n — 1)-dimensional face of P. We denote by P° the interior of P
and by JP its boundary; P = P° UQJP.

1.1. Toric line bundles and their powers

We consider powers L*¥ — M of an ample toric line bundle L — M with
k € Z. A model case is that of powers O(k) — CP™ of the dual line bundle
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O(1) — CP™ of the hyperplane line bundle O(—1) — CP™. Positive powers
O(k) are ample line bundles and the holomorphic sections correspond to
monomials z* on C™*! with |a| = k. Negative powers have no holomorphic
sections.

The canonical line bundle I is the top exterior power of the holomor-
phic cotangent bundle; its sections are smooth (m,0) volume forms. Theo-
rem 0.6 concerns Fano toric Kéhler manifolds, namely manifolds with ample
anti-canonical line bundle (hence, negative canonical line bundle). A model
example is CP™, for which K = O(—(m + 1)).

We need to linearize (or quantize) the torus action so that it acts on
HO(M, L¥). Tt is sufficent to lift the action to L*. The lifting procedure is
described in [ZZ19, Lemma 1.1] for single Hamiltonians, and essentially the
same procedure works to define lifts of the commuting Hamiltonians of a
torus action. We equip L with a toric Hermitian metric h whose curvature
(1,1)-form w. The Hermitian metric ~ on L induces a Chern connection on
the S* bundle X;, = 9D} — M where D; C L* is the unit co-disk bundle
with respect to h. We then lift the Hamilton vector fields {g, generating the

torus action on M to contact vector fields & H = 51’;], — 27 H;R on X, where

f]’?l denotes the horizontal lift of £ and where R is the Reeb vector field gen-
erating rotations in the fibers of X — M. The vertical and horizontal parts
commute, and if £y, commute then their horizontal lifts commute. We may
choose generators so each {y; generates a 2n-periodic flow (such Hamiltoni-
ans are known as action variables). It is verified in [ZZ19, Lemma 2.6] that
é H, also generates a 2m-periodic flow. Together with R, one has a T+ action
on Xj,. The Hamiltonians H; are not uniquely defined because one may add
a constant c; to each without changing {y,. However, in order that the lifts
é H,; generate periodic flows, it is only possible to add a lattice point kezm
to the vector (Hy, ..., Hy,) of Hamiltonians. Thus, the possible lifts form a
7™ -family.

For each choice of lift and each power L* of the ample toric line bundle,
there exists a unique (up to scalars) torus-invariant section, whose restriction
to the open orbit we denote by er«. See [Fu] or [GS82, Section 5] (which treats
general compact Lie groups). In the case of O(k) — CP™ it corresponds to
the lattice point @ = 0. For k& = m + 1, the invariant section may be viewed

as the multivector (z; 6%1) ARERWA (zmg) dual to the meromorphic invariant

volume form dZ_z11 /ANERRIVAN dZZ—mm, which has an order 1 pole at each boundary
divisor.

A natural basis of the space of holomorphic sections H°(M, L¥) associated
to the kth power of an ample toric holomorphic line bundle L — M is the



Entropy of Bergman measures of a toric Kaehler manifold 279

basis of equivariant sections, i.e. holomorphic eigensections of the linearized
torus action. They are defined in the open orbit by the monomials z* where
« is a lattice point in the kth dilate of the polytope, a € kP N Z™. To be
more precise, on the open orbit s,(2) = z%r. Let I C Z™ be the subset
consisting of the weights in H°(M, L*) under the action of (C*)™, and let P,
be the convex hull of Ij,. Then P, = kP’ for a fixed convex polytope P’. We
denote the dimension of H°(M, L*) by Nj. For background, see [Ful.

1.2. Inner products and norms of monomials

We equip L with a toric Hermitian metric A whose curvature (1, 1)-form may
be expressed in terms of a local holomorphic frame ez, by w = i99dlog |ler||?.
Any hermitian metric h on L induces inner products Hilby(h) on H°(M, L¥),
defined by

Wh'

(8) (81, 82) Hilby (h) = /M(81(z), $59(2) )i A

The equivariant sections (monomials) are orthogonal with respect to any such
toric inner product. We often express the norm in terms of a local Kéahler
potential, |lep||2 = e™%, so that [sq(2)|2, = [2¥|2e %) for s, € HO(M, L*).
The L? norm-square of s, with respect to the natural inner product Hilby,(h)
induced by the Hermitian metric on H°(M, L¥) is given by,

9) Quele) = lsall = [ 12" FeDav, (),
Here, dV,, = (iddp)™ /m.
1.3. Kaihler potential, moment map and sympletic potential

An open-orbit Kéahler potential is a real-valued torus invariant function ¢
such that i90¢ = w on the open orbit. This potential is only defined up to
an additive pluri-harmonic torus invariant function (i.e. an affine function).
Recall that the log coordinates (p,f) on M° = (C*)™ are defined by setting
z = eP/?V=10 Gince the Kahler potential ¢ is T™-invariant, ¢(z) only
depends on the p variables, hence we may write it as ©(p) (e? = |2|?). The
associated moment map puy, is defined as the gradient of the Kéahler potential,

pn R — P CRY, p= Vo(p).
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The polytope P is the image of the moment map. The moment map pp : M —
R™ is only well-defined up to an additive constant vector; hence P is only
defined up to translation without further normalization. As this indicates,
there are a number of implicit choices in the definition of the Kéhler potential
and moment map.

Given the norming constants (9), a standard definition of the open-orbit
Kaéhler potential is,

elanp)
(10) e(p) == 10%( Z m) .

aePNZ™

The sum is essentially the density of states (the value of the Bergman kernel
on the diagonal) (see Section 1.6). More precisely, it is the modulus square
of the coefficient of the Bergman kernel relative to the invariant frame, i.e.
the ratio of the density of states and the norm square |er,|?* of the invariant
section. These definitions depend on the choice of linearization of the torus
action. If the invariant section corresponds to the lattice point aq, then the
exponent in e{*#) in (10) is translated to ef*—@0»),

We now consider the symplectic potential ug associated to ¢po, defined as
the Legendre transform of ¢ on R™:

(11) Utp(x) = (p*(x) = £¢($) = psel]g:n“x,p) _ (p(ep/ZJriG))-

It is a function on P, or in invariant terms it is a function on Lie(T™)* ~
Lie(R?)*. In general, the Legendre transform of a function on a vector space
V' is a function on the dual space V*.

Thus,

(12)  up(r) = (z,p0) — @lpa), €/ = (x) <= p, =2logu,' (x)

on P. The gradient V,u, is an inverse to j,,, on Mg on the open orbit, or
equivalently on P, in the sense that Vu, (i, (2)) = 2 as long as i, (2) ¢ OP.

The symplectic potential has canonical logarithmic singularities on 0P.
According to [Gu94] and to [D02] (Proposition 3.1.7),

(13) uo(x) =Y ly(x) log by () + fo
K

where fo € C*(P). The Guillemin canonical metric is the special case where

Jo=0.
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1.4. Gauges and examples

As mentioned above, Kahler potentials and the corresponding symplectic po-
tentials are not unique, and we refer to a choice of one potential as a choice
of gauge. The gauge symmetries of the pairs (¢, u) are as follows. We assume
that the arguments p of ¢ and x of u are related by x = uh(ep/Q).

0 = p+c,u—u—cforany c € R;

p(p) = @(p) +b-px =z +b=V(p(p)+b-p) beR™

wx) > ulz)+k-x,p—p+k;

If we only choose Kéhler potentials (10) corresponding to Bergman

kernels and torus-invariant sections, then bezZm.

Let us illustrate the definitions and ambiguities with the Kéahler potential,
moment map and symplectic potential for the Fubini-Study metric of CP™.
In the case of O(1) — CP!, a standard choice for the Fubini-Study Kéhler
potential is ¢(z) = log(1 + |2|?) = log(1 + ¢”) = ¢(e”) = ¢(p) (with a little
abuse of notation) and the moment map is pups(p) = % As in the intro-
duction, the polytope is [0, 1] and the correspondinng symplectic potential is
ups(z) = xlogzr + (1 — z)log(l — x).

However, other gauge choices are possible. If we allow all Chern classes
and intervals, a second choice of Kéhler potential is ¢, (p) = r?log cosh p. The
corresonding symplectic potential is,

up(z) = % ((T2 + 2) log(r* + ) + (r* — x) log(r® — x)) ,
where the parameter r determines the radius of the corresponding round S2,
and corresponding polytope is [—r% 72?]. The radius parametrizes the coho-
mology class of the Kéhler form, which is a translate of the centered polytope
[—3, %} with r? = %

As a higher dimensional example, consider the canonical bundle O(—(m+
1)) — CP™ with the Fubini-Study metric. The image of the moment map for
this potential is (m + 1) times the standard unit simplex in R™. The volume
form is given by wiiy = (%)m% and —log(1 + |2[*)™ ! is a Kéhler
potential for the Ricci form. On the other hand, one may express the volume
form in terms of the invariant (m,0) form J[/”; %, That changes the Kéhler
potential by — 3~ log [2;| and translates the simpfeX by —(1,1,---,1) so that

it is centered at 0.
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1.5. Fano toric Kahler manifolds

Theorem 0.6 pertains to Fano toric Ké&hler manifolds, namely those with
positive anti-canonical bundle. The polytope of a Fano Kéhler manifold has
a preferred center zp € P such that ¢;(x¢) = 1 for all j. As explained in
[D08, Section 3.1], this follows because the wedge product of the vector fields
generating the torus action is a meromorphic m-form on M with a simple pole
along each of the divisors corresponding to the faces. Its inverse is a section
of the anti-canonical bundle. The centre z is also the centre of mass of 0P
with its induced surface measure. The center is 0 if and only if the metric is
Kéhler—Einstein [M87, WZ04]; equivalently, vanishing of the Futaki invariant
is equivalent to the fact that the preferred center is the center of mass.

1.6. Szego (or, Bergman) kernels

The Szegd (or Bergman) kernels of a positive Hermitian line bundle (L, h) —
(M,w) are the kernels of the orthogonal projections Iyx : L*(M, LF) —
HO(M, L*) onto the spaces of holomorphic sections with respect to the in-
ner product Hilbg(h),

Wi
' )
m:

(14) es(z) = /M (2, w) - s(w)

where the - denotes the h-hermitian inner product at w. In terms of a local
frame e for L — M over an open set U C M, we may write sections as s = fe.
If {séC = fje%k :j=1,...,Ni} is an orthonormal basis for H°(M, L*), then
the Szegd kernel can be written in the form

(15) My (2,w) = Fe(z,w) e5*(2) @ eF*(w)
where
Ny —
(16) Fue(z,w) =Y fi(2) fi(w) ,  Nip =dim H*(M, L¥).
j=1

We also introduce the local kernel By(z,w), defined with respect to the uni-
tary frame:

e} (2) e} (w)

(17) Iy (2, w) = By(z,w) - ek ()ln ~ llek (w)]ln
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The density of states I,k (2) is the contraction of Il (z, w) with the hermitian
metric on the diagonal,

Ny
M (2) = > IsF ()7, = Fue(2,2) le(2)[3" = Bi(2,2),
=0

where in the first equality we record a standard abuse of notation in which
the diagonal of the Szegd kernel is identified with its contraction. On the
diagonal, we have the following asymptotic expansion the density of states,

(18) e (2) = K™ (ag + a1 S(2)k™ 1 + ag(2)k™ 2 + )

where S(z) is the scalar curvature of w. The leading order term ag = 1
(see Section 1.8) if TI,x (2, w) is the Szego kernel relative to the volume form

m

dV =%+
1.7. Bergman kernels for a toric variety

In the case of a toric variety, we have

a,

(19) Fr(z,w) = Z -

aciprmm @ne(@) 7

where Qux () is defined in (9). If we sift out the ath term of II,x by means
of Fourier analysis on T™, we obtain (2).

Let ¢(z,w) denote the almost analytic extension of ¢(z) from the diago-
nal, that is ¢ satisfies the condition 0¥ (2, w)|.—w = ¥ (2, w)|.—w = 0 for all
k € N and ¢(z,w)|,—y = ¢(2). The T™ action is by holomorphic isometries
of (M,w) and therefore

(20) F(D'z, d'w) = (2, w).

The Szego kernel (17) admits a parametrix with complex phase @. In the
case of a toric Kahler manifold, it takes the following simple form [STZ03].

Proposition 1.1. For any hermitian toric positive line bundle over a toric
variety, the Szegd kernel for the metrics hf; have the asymptotic expansions
in a local frame on M,

B (z,w) ~ ek (elzw _%(‘p(z)ﬂo(w)))Ak(z, w) mod k™,

where Ag(z,w) ~ k™ (1 + w + - ) is a semi-classical symbol of order

m and where the phase satisfies (20).



284 Steve Zelditch and Pierre Flurin

1.8. Facts from algebraic geometry

If L* is very ample (i.e. the vanishing theorem holds), then N, :=
dim H°(M, L*) satisfies

Np+1= X(Lk) :/ ekcl(L)Td(M) = agh™ + alkmfl T tap,
M

where

ap = % /M ca(L)™, a1 = (2(ml_1), /M c1(L)™ er (M),

Also, [w] = 27ei(L). Also
/ (2, 2)dV, = dim H°(M, L¥) = agk™ + a k™1 + - - -
M

with
w™ 1

ao = Vol, (M) = /Ma,al — %/MS(w)de.
Here, dV,, = ﬂ

m)

1.9. Asymptotic results on Qk(a) and P(a, 2)

In [SoZ12, (23)], the norming constants are expressed in terms of the sym-
plectic potential:

P

For interior o, and ay, with |a — ai| = O(3),
(22) Qi (ay) ~ k~m/2ekuo@)
and for all a and oy, with |a — ai| = O(3),

log k

(23) L log Qpe () = () + O )

k

The weights Pyr(a, 2) (2) of the dilate ,uz’l admit pointwise asymptotic
expansions. The following is [ZZ18, Lemma 5.1] (see (25) for the definition
of I7).
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Lemma 1.2. Pp(a,2) = Kk™2(2m) /2| det Hess(ug(2)|ze * ()1 +
O(1/k)), where O(1/k) is uniform in z, . If |u(z) — §| =

P (e, 2) = E™/2(21)7™/2| det Hess(uw(,uh(z))|%e_klz(%)(1 + O(1/k)),
where O(1/k) is uniform in z, o
1.10. Probabilistic results

In [SoZ12] the following is proved:

Proposition 1.3. Let (M, L, h,w) be a polarized toric Hermitian line bundle.
Then the means, resp. variances of uj, are given respectively by,

1.my(2) = pn(2) + O(k™1);
2. Y(2) = k~Hess ¢ + O(k72).

Moreover, the measures pj satisfy a weak law of large numbers; see (28).

Let h = e™¥ be a toric Hermitian metric on L. Recall that the symplectic
potential u, associated to ¢ is its Legendre transform: for z € P there is a
unique p(z) such that u,(e”®/2) = dp(p(x)) = x. If z = /2% then we
write p, = p = log|z|%. Then the Legendre transform is defined to be the
convex function

(24) up(z) = (z, p(x)) — o(p(x)).
Also define
(25) () = up(x) — (@, p2) + ©(p2).

Then I#(z) is a convex function on P with a minimum of value 0 at x = pp(2)
and with Hessian that of w.,.

1.11. Large deviations

In [SoZ12] it is proved that the measures pj satisfy a large deviations principle
with speed k and a rate function /# (25). The rate functions I* for {duj}
depend on whether z lies in the open orbit M° of M or on the divisor at
infinity D. The following is proved in [SoZ12].

Theorem 1.4. For any z € M, the probability measures i, satisfy a uniform
Laplace large deviations principle with rate k and with convex rate functions
17 >0 on P defined as follows:
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o If z € MO, the open orbit, then I?(x) = ug(x) — (z,log|z|) + ¢po(2),
where ¢po is the canonical Kdihler potential of the open orbit and g is
its Legendre transform, the symplectic potential;

o When z € ug'(F) for some face F of OP, then I*(x) restricted to
x € F is given by I*(x) = up(x) — (2/,log|Z’|) + ¢r(2), where log|Z'|
are orbit coordinates along F, ¢r is the canonical Kdihler potential for
the subtoric variety defined by F and up is its Legendre transform. On
the complement of F it is defined to be +00.

o When z is a fived point then I?(v) = 0 and elsewhere I*(x) = oco.

The local asymptotics of Lemma 1.2 (due to [ZZ18, Lemma 5.1]) are
derived from this large deviations principle.

1.12. Bernstein polynomials and associated measures

One approach to entropy of the measures puf is to recognize their relation
to Bernstein polynomials [Z09]. The Bernstein polynomials of a continuous
function f € C(P) of a general toric Kdhler manifold are quotients

_ Nhkf(x)
e (11, (), 1y, ()

(26) By (f)()

of a numerator polynomial Ny f(z) by the denominator IIx(z,z) with
pn(z) = . Here, uy is the moment map associated to the Kéhler form wy,
associated to h, and

o eF(us@)+(§ -2, Vuy (@)

Nuf@= Y )

ackPNZ™ Qnr ()

The numerator polynomials as well as the denominator admit complete
asymptotic expansions: there exist differential operators A, such that

N (D)~ o (F@) + kN f o)+

where the operators N are computable from the Bergman kernel expansion
for I,k (2, 2). In particular,

1

Nuf () = 5 (F(@)S (@) + Vil (2) - V2 ().
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where S(z) is the scalar curvature of the Kéhler metric wy,. Combining the
asymptotics of the numerator and denominator produces the asymptotics for

f e C=P).

(27)
B (f) (@)= f(2)+ L1 f(2)k "+ Lof(2)k 24+ L f(2)E™™ + O(k~™ ),

in C°°(P), where L; is a differential operator of order 2j depending only on
curvature invariants of the metric h; the expansion may be differentiated any
number of times.

The relevance of Bernstein polynomials to the measures (. is the following
easily verifiable formula [Z09]: if 2 = py(2) and h = e~?, then

Bt @) = [ f0)dui(y).
It follows that, for any f € C(P),

(28) tim [ i) = Fu().

k—o0

2. Proof of Theorem 0.2 on entropy asymptotics

In this section, we prove Theorem 0.2. Since it is a rather technical calculation,
we first give a detailed outline using prior results on the large deviations
principle reviewed in Section 1.11, and on Bernstein polynomials (reviewed
in Section 1.12). We then give a self-contained proof in Section 2.2. The
outline is quite detailed and helps as a guide to the self-contained proof.

2.1. Sketch of proof

The entropy of pj is given explicitly in (4). The weights Py« (e, 2) (2) of the
dilate u;’l admit pointwise asymptotic expansions in Lemma 1.2. We assume
that p(z) € P°, so that I*(z) = ug(x) — (x,log |z|) + ¢po(z). Unravelling the
logarithm in (4) gives,

1

29) H(u;) = ————— Prr(a, 2) (log Pk (v, 2) — log Ik (2, 2)) -
29 HOD) =~y 3 Pl (o Pis() ol . 2)
By (18),

1 1
30 I —— Prur (v, 2)log e (2, 2) ~ log(agk™) + O(=
B ) oz 2 P lolhu(e7) ~ loglaok™) + O()

:mlogk—kO(%).
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Therefore it suffices to determine the asymptotics of the first term of (29),

1

—m Z Phk(a,z) logPhk(a,z).

ackPNzZ™

By Lemma 1.2,

NI

(31) log Ppe(av, z) = log(E™/?(27)™™/?) + log | det Hess(ug (pn(2))]
- k:[z(%) +O(1/k)).

Since the first two terms are independent of a, we obtain a second term,

(32) (IT) _m S Pulanz)

ackPNZ™
X (log(km/Q(Qw)fmﬂ) + log | det Hess(uw(uh(z))\%)

= —log(k™?(27)7™/2) — log | det Hess(u¢(uh(z)))\% + O(%)

Thus, we are left with the third term,

(33) (IT1) 3 1%ﬁ@%z)@df(%)y

1
M (2,2) e fptm

We obtain asymptotics for this term using the asymptotics of Bernstein poly-
nomials as reviewed above. To make this connection, we define a function f,
so that

o) o)
Both sides extend with no complication from the lattice points ¢ to all z € P?.
By Theorem 1.4, it follows that term (III) is, up to errors of order O(y), the
Bernstein polynomial for

) = I*(

fo(x) = I*(x) = ug(x) — (z,log|z|) + Ppo(2).
Note that since u and ¢ are Legendre transforms, one has
u(x) + ¢(p) = (z,p), x = p(e).

By (27), the leading term in the asymptotic expansion of (/17) is 0. Since this
term is multiplied by k, this signals that (I/1) = O(1). Since f(u(z)) = 0,
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the leading order asymptotics is given by the second term,

1

(34)  (I11.0) Mif(@) = 5 (F@)S(y (0) + Vil (@) - V2 ()

= Vun(py ' (2)) - V2 (u(2)).

However, V2I* = V?uy, so the last term is Tr(I,,) = m.
Adding the contributions of (30)-(32)-(34) gives

(35)  H(ui)= )+ (II)+(111.0)
= log(k™) — log(K™/?(27)~™/?) — log | det Hess(uy(pn(2))|

D=

m 1
+5+M?

= %(1 + log(27k)) — log | det Hess(uq,(,uh(z))ﬁ + O(%),

agreeing with the formula of Theorem 0.2.

Remark 6. Above, we used that ag = 1 to simplify the first term.
2.2. A more detailed proof

We now give a more detailed proof without using prior results on Bernstein
polynomials.
Let Qp(y) := ekuo®) [p e (uo () —uo (y)+<Vuo(z),y—z>) 1o

Lemma 2.1. For all neighborhoods of the boundary of the polytope U we
have a uniform equivalent outside of U, Qx(y) = (2m)™/?|det V?uq(y)|~1/? x

k‘m/Qek”O(y)(l + ,2?’;2@5) where sUpyey yep—u|me(y)|< co.

Proof. Let f,(x) = uo(y) —uo(z)+ < Vug(x), z—y >. It is a positive function
that attains 0 only once in y and whose Hessian is V2u0|y at y. For positive
constants d; to be determined below,

(36)
Qk(y) _ ekuo(y)/ e k(@) g0
P
(37) = ekUO(y)( e~ k(V2uoly(z—y.a—y)+c (@) 10 4 K e Finfr-B.s,) fy(ﬂ?)).

B(y,dx)

infp_p(a,s) fu () and M(S (@) =V3ue(z—y,2—y)
— y = 3 .

5.
Let my 1= 557 65
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We have two bounds on Qk(y)

/ V2ug(z—y,z—y)— ktSMy dr

B(y, 5k)

< Qk( ) —kuo(y )</ efgvzuo(xfy,xfy)+k62Mg’“dw + VOI(P)efk (Simg’c
B(y,0k)

Now changing the variables in the integral leads to

/ Vzuo(z,z)fkézM;;k km/QdZ

B(0 \/_6k)

< Q ( ) —kuo(y) < / ef%VQuo(z,z)+k62M3k k,m/QdZ + VOI(P)efk 6imi’“
o B(0,Vk6%)

In order for the whole term to converge we need to choose 0 to carefully.

If we choose 6 = ek~ with o € (£,%) we'll obtain a exponential rate of

372
convergence.

More over as k goes to infinity, [ /zs,) em2Viw(=2) = | /det 27 (V2ug) |

Vi 2
(1+ Nk(ﬂék)m_ze_%) with (Ng)ken a bounded sequence.

Now we have the following sandwich:

, VEs)?
M (1 4 N (V)™ 2e 2
Qk( )/ det VZug(y)
( ) km/Zekuo(y)
(i3

< M (1 4 Ny (VRS 2e - Nk E ek ok 8ty

)
The first vanishing term comes from the term in ek9iMy" The final equiv-
alent is of the form:

Qr(y)/det V2uy(y)
(27r) 5 km/2 okuo(y)

=1+ ckdi =1+ =1+ Czk—éﬁ

With (¢} )ken a bounded sequence. In order to prove that (cf)ken is uni-
formly bounded over P — U, we just need to show that mg and M; are
uniformly bounded. For any neighborhood U of the boundary of P, P — U
is a compact set where ug is C*° and so where m‘; and Mg are uniformly

bounded. O
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2.3. Computation of the entropy

Now that we proved this technical lemma, we’ll use it and the asymptotics
of the Szegd kernel I1(z, z) = k™ + O(k™~') to obtain the following uniform
asymptotic for the individual probabilities of the sequence of measures: Let’s
take any neighborhood of the boundary U such that p(z) is in the interior of
P — U. We have that Vo € P — U such that ka € kP NZ™ for a certain k.

Eal et V2uo(y) (o) < >
z — _ o 1
Hile) Qr(a)k(2, 2) (27k)—m/2 € + k1/2 ¢

With |co|< M and M only depending on U.
Let’s split the calculation in two:

= > i) log(pi(p) — > pip)log(ui(p))

pelU peEP-U

Lemma 2.2. The first term goes to zero.

Proof. Let v, .= k& (Z)(};U Then

= () g (p)) = —i(U) log(ii(U) + pi(U) H ()

peU

Note that v is concentrated on a finite number of points that is equal to
\U|k™ + o(k?), hence H(vy,) < dlog(k) + constant and i (U) decrease expo-
nentially due to the LDP. This implies that the result.

- Zﬂk ) log (11 (P)) —k—o0 0 O
peU

We need to compute the second term H'(pf) of H(pf). Let’s split the
sum again in four parts. We’ll use the notation PV := (k‘P N Zm) Jk—U.

(38) Z i (o) log(( 27rk‘)m/2)

aeP!

(39) - Z pi (o) log(y/det V2ug(a))

aePV
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(40) + Y i)kl (a
aePU
Ca
(41) - Z AL log( W)
aEPU

Then trivially we have that [(41)|< log (1 + /&/L2) o 0 and that

—00
(38) = % log(27k) 4 o(1).
For (39) we need to notice that ug is strictly convex on the interior of
P, so it’s stricly concave on P — U. Consequently, log(|det VZug(a)|)!/? is a
continuous bounded function on P — U and the LDP implies that the term

converges to log(|det VQUO(,M(Z))P/Q)

The only difficult term to compute is the third term (40), which we’ll
denote Aj.

Lemma 2.3. limj_ o Az =

0[3

Proof. Let K := —V?uq(uu(2)). For a § arbitrary small, we have:

e Outside of Bjs(xg) we have I* > ¢(§)§? with €;(+) a strictly positive

function with a strictly positive lower bound.
k

e Inside of Bs(zg) we have fr(a) = |det Vzuo(a)\1/2<1 + kl‘j%)
det K|"/2(1 + €5 (a—x0)) such that ||e5(-)]|o < 615757 with 65’5 increasing
with § and decreasing with k such that it vanishes as k — oo and § — 0.

e Inside of Bs(zo) we also have that I*(2zo+0z)=3K (0x, 6z)+e3(6z)| oz |®
with ||e3()]|c0 < 00.

We treat the functions €; as increasing positive functions of d that vanish

at 0 and the functions €& as positive functions which vanish at 0 and are

increasing with ¢ and decreasing with k as kK — oco. We then have:

(42)
A3
Vdet K(27r)*m/2

nﬂZ
Z pi(a)kI* (a
vV det aehy
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(43)
B —mya [det V2ug(a)] Ca o~k (@) )12
— Z Kk~ Ak 1"’;{1/276 Dk ()
aEP]gﬂBa(xO)
+ Ok 2k (0)8%)
(44)
k
=k 3 ORISR (G, da)(1+ O(eh) + (k"))
dae(PY —z0)NBs(0)
+ O(k,l‘l‘m/Qe*kél((s)(SQ)
(45)

with the two O being uniformly bounded over (PY — z4) N Bj, (0).

Now let’s rescale 0x by k2 to get,
(46)
1 1
= /2 > e_iK(‘s‘”"h)iK(éz, 62)(1 4 O(ek) + O(kd®))
szeVk(PY —20)NB z;(0)
+ O(k1+m/2€fk€1(5)62)

Now the set PF := VE(PY — z0) N B, /z5(0) is for small enough ¢ and
interior x(y the set —( —x9) N B Vis- I we choose a specific sequence of
Ok = 35 with v € (3, 2) the series converges as k goes to infinity and all the
Os vanish from the limit.

The series is a truncated step function approximation of the following
integral

Since the integrand is Riemann integrable, we don’t need further arguments.
Finally,

/ K(x,x) _Ea) 2rm

m
lim A3 = ———— O
hooe 8 T 2ag(2m)m

Combining the asymptotics above for the terms (38)—(41), we obtain the
following asymptotics for the entropy of the measures pf:

z m 1 m
H(pk) Ko D log(27k) — 3 log(|det V2ug(w0)|) + =+ o(1)

This concludes the proof of Theorem 0.2.
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2.4. Point z for which pf has asymptotically maximal entropy:
proof of Theorem 0.6

We now consider the point x = pu(z) for which the measure pj has asymptot-
ically maximal entropy within the family {yj}. For Fano Kéhler manifolds,
we prove that there exists a unique point = u(z) at which pj has asymp-
totically maximal entropy. For Fano Kéhler manifolds with Kéahler—Einstein
metric, we prove that the unique point x € P is the point x = 0.

Proof. As mentioned in the introduction, it follows from Theorem 0.2 that the
points z such that pj has asymptotically maximal entropy are points where
the Ricci potential is maximal. Due to the inverse relation of detidd¢ and
L(z) = log(|det V?uq(zo)|) (5), points where the Ricci potential is maximal
lie in the inverse image under the moment map gy, of points x for which L(z)
is minimal (see Theorem 0.3). Since u is convex, we may remove the absolute
value.

It is proved in [Ab98, Theorem 2.8] that L(z) is a smooth function on
the interior of P and L(z) 1 oo as x — JP. Consequently, u has a global
minimum which lies in the interior of P. This proves existence for all toric
Kéhler manifolds.

If we assume that Ricci curvature Ric(w) is positive definite, then the
minimum is unique. Indeed, by (6), positive Ricci curvature is equivalent to
L(z) (5) being a strictly convex function. Since L(z) 1T oo as x — 0P, L(x)
is proper and strict convexity implies that the minimum of u is unique. We
state the result as the following,

Lemma 2.4. If (M,w) is a toric Fano manifold of positive Ricci curvature,
then there is a unique point py in the open orbit of mazximal entropy, corre-
sponding to a unique point xo = up,(e”/?) € P.

We now assume further that w is a toric Kahler—Einstein metric. In that
case, the equation Ric(w) = aw (for some C' > 0) implies that there exists a
constant vector b and ¢ € R so that

(47) — log det(i8dp)(p) = ap(p) +b- p+ c.

Indeed, 99(— log det(iddp)(p) — ap(p)) = 0 and therefore the difference po-
tential is a toric pluriharmonic function, hence a linear function. By Lemma
2.4, we get
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Lemma 2.5. If If (M, w) is a toric Kihler—Finstein Fano manifold of positive
Ricei curvature, then in the gauge (47), there is a unique critical point in the
open orbit where

(43) Vo) = u(e) =~

Alternatively, we may write the critical point equation in terms of the
symplectic potential u and the function L(z) (5). The Kéhler-Einstein equa-
tion (47) for the potentials then changes to,

(49) L(x) = ag(e”) +b-pp+ ¢, pnlps) =

Since u = L¢ (Legendre transform), and Vu(xr) = p;, '(r) one has u(r) =
x - pgp — ¢(eP7) and so (49) simplifies to,

(50) L(z) = a(z - Vu(z) — u(x)) +b- Vu(z) + ¢ = (az +b) - Vu — au(z) + c.

As mentioned in Section 1.3, toric Kahler potentials are not unique be-
cause of the gauge symmetries. For instance, one may add a linear function of
p to obtain an equivalent potential. The shift of gauge by an affine function
results in a translation of the Delzant polytope. According to [M87, Definition
3.6], there exists an open orbit toric Kéhler potential ¢ so that so that

d dz
(51) detD24p—e Y e S”1—12 Zj/\ % € C™(M,Q),

where z; are open orbit coordinates (in (C*)™ and C*°(M, Q) is the space of
smooth volume forms. We refer to (51) as the Mabuchi or Kahler-Einstein
gauge. In the gauge (51), the the potential satisfies,

—

(52) o = —log det(i90y)(p) (b = 0).

Combining with Lemma 2.5 gives,
Lemma 2.6. In the gauge (52) for the Kdihler potential, the unique point of
mazximal entropy solves the critical point equation,

Vop(p) =0, (<= u(e’?)=0).

It follows that in this gauge, the point zy € P for which y;° has asymp-
totically maximal entropy is the origin 0 € P.
This completes the proof of Theorem 0.6. O
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Remark 7. According to [M87], the origin in the gauge (51) is the center of
mass of the polytope P. This follows from the facts that, by [M87, Corollary
5.5, the so-called Futaki invariant ap = 0, and by [M87, Theorem 9.2.3], that
the center of mass of P is 0.

One may directly prove that the center of mass in the Kédhler—Einstein
gauge equals 0, i.e. the gauge ¢ such that —logdetiddy = ay, using the
moment map change of variables p5,(e”) = V,p(p) = z(p), which gives

_ 1 _ 1 2
Tmass = Vol(P) /de:L‘ = Vol(P) Jan V,p(p) det Vg dp.

Using the fact that deti0dp(e?) = det V%godp = e ¥ dp we get that

1
e ¥
(53) Tmass VOI(P) o Vp(e )dp

By (10), ¢(p) = maxqeprzm p-a+0(1) as p — oo. As long as maxaepnzm (p-
a) > €|p| for some € > 0 and large p, e~ is rapidly decreasing and one can
integrate by parts in (53) to prove that Tpyass = 0. The lower bound is true if
and only if 0 € P°. It must be the case that max,eprzm p-a > €|p| for large
p; otherwise, there exists direction in which ¢ does not go to +oo implying

that
Vol(P) :/ dx :/ e Pdp = o0
P R"

which is a contradiction thus proving the result.

Some further references for the existence of the potential satisfying (51)
are [WZ04, W15]. The formula (50) agrees with [WZ04, (2.18)]. They define
the parameters ¢, by,

/ yeexp{>_ coye}dy =0
P =1

if M admits a Kdhler—Einstein metric then ¢ = 0; in terms of our notation, ¢
is the center of mass of P. See also [W15, Page 3615] and [D08, Section 3.3].

Let us check the identities in the simplest case of CP' with Fubini-
Study metric. If we choose the gauge ups(z) = zlogz + (1 — x)log(l — )
in which P = [0,1], then log(ufg(z))™" = logz(1 —z), b = 1,a = —2.
Similar equations hold for CP™. If we choose a gauge for which u,(x) =
1((r* + 2)log(r® + z) + (r* — x)log(r* — x)) and P = [—r?,r?], then b = 0.
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3. Convolution powers and toric measure: proof of
Theorem 0.4

3.1. Proof of Proposition 0.5

First, we prove Proposition 0.5. For the reader’s convenience we recall that it
says that, for any Kéhler manifold (M, w, J), the following are equivalent:

1. Hilbyk(h) is balanced for all k, i.e. there exist constants Cj, so that the
density of states II,x(z) = C}, for all k.
2. Tk (z,w) = Ap(Ij (2, w))*, where

dim HO(M, L¥)  (dim HO(M, L)\"
vol(M,w) ¥ vol(M, w)

Proof. (1) = (2). If yk(z,2) = Cy for some constant Cj, then neces-

sarily Cj, = % If (1) holds, then the constant C’k in (1) is given

by this formula for all k. We then define Ay by Ay = Zk. Thus, Cy and Ag

are uniquely determined by the assumption (1) and by deﬁnltlon of Ay we
have I}k (z, 2) = Ag(Ilj(z,2))*. This equation holds along the totally real
submanifold {(z,%) : z € M} C M x M, where we identify the complexifica-
tion of M with M x M. Since Il (2, w) is holomorphic, the equation implies
My (2, w) = Ap(Ij (2, w))* for all (z,w) € M x M, ie. (1) = (2).

(2) = (1). Conversely assume (2). To prove (1) it suffices to prove that
Iy (z, 2) = Cy. If this is false, we introduce constants o < 1,3 > 1 and con-
sider the sets M_ = {z : lI;1(z,2) < aCy} and My = {z : (2, 2) > BCL}.
If (2, 2) = Cy is false, My must be non-empty open sets for some a <
1,5 > 1. Assuming (2), we have II;x(z, 2) < ACFa¥ in M_ and Ty (z, 2) >
ALCEBR in M. But 4,CF = Cp = Vl(M) dim H° (M L*), and standard
Bergman kernel asymptotics give Ilyk(z,2) =~ <5 I(M) dim HO(M, L*) +

(dim HO(M, L¥)). We then get the contradiction that g I(M) dim H°(M, L*)<
ok VOI(M) dim H°(M, L*) in M_ and VOI(M) dim Ho(M, L*) > Bkvoll(M) dim H°
(M, L¥), concluding the proof. O

Remark 8. We note that IT,x (2, w) is holomorphic in z and anti-holomorphic
in w. The density of states pr = II;x(2, z) is the metric contraction of the
diagonal values of II;x(z,w) by the metric e %) and therefore is not the
restriction of a holomorphic function on the complexification M x M to the
anti-diagonal. Hence, I1j,x(z, z) = C} does not imply that I,k (z, w) = Cj. But
the equation Iy (2, 2) = Ar(IIji(2,2))* is the restriction of a holomorphic
equation to the anti-diagonal and therefore extends to all of M x M.
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3.2. Proof of Theorem 0.4

To prove Theorem 0.4 we need to relate convolution powers of uj and the
two conditions in Proposition 0.5.
Define the lattice path ‘partition function’: For o € kP N Z™,

k
(54) Pela) = T 115 (16]_).

(B1ye-sBr):Bi€EP, L1+ +Br=ac  j=1

Then, we have

Lemma 3.1.
(2, 2) = AT (z,2))" <= PrQp = Ay

Proof. Recall from (19) that

2%w®
55 Fulnw)= Y ’
%) iz ackpozn Qn(a)

where Qpr (o) is defined in (9), and that

(2, y) = Fye(z,w)ef (2)ek (w).

On the other hand, by definition of the partition function, we also have

El(z,y) = Z Pr(a) z%w®

ackPNzZ™

If we contract the diagonal values of each kernel with the metric, the hypoth-
esis of the Lemma gives,

Fue(2,2) = Ap(Fpa (2, 2))F,

and comparing coefficients of the monomials completes the proof. O

Next, we evaluate the the Fourier transform ]:a;_%(ul)*k of the convolution
powers of uj.

Lemma 3.2. We have,

1 )
z\kk {a,€)
Froselit) (I (2, 2))* aek;zm Pela)e™
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Proof. By definition of the partition function (54),

k
Foselpi)™ = (Fi)H(6) = (z Maw)

th (Z, Z)

1
W g,

ackPNZ™
The following Lemma is the main step in the proof of Theorem 0.4.
Lemma 3.3. 1f = (u3)** for all k and all z € M° if and only if
i (2, 2)
(pi (2, 2))*
where Ay is the constant determined by Proposition 0.5.

Proof. By the definition (2) of Pyr(«),

(56) = Ap = Pr(a)Qk(a), Vk,ao € kPNZ™ Nz € M?,

i ) Pur(sz) i(a Pui(e2) ila,
(00 = Do R = (P )

Por(oz)  Poi(a,z)F N
<= sz (z,2) (1‘[};l G2k Va € kPNZ

1 _ 1 m
O @I GE) — TaEa)F P(a), VaekPNZ

11 N k m
— S —Pa)Qu(a), VaekPNZ™
Equality is only possible if the left side is independent of z and the right side
is independent of «. Therefore, both must be a constant, and the left side
must be the constant Ay determined by Proposition 0.5. O

We now complete the proof of Theorem 0.4. First assume that pf = (u$)**

for all k and all z € M°. Then by Lemma 3.3, (li}f(% = Ay for all k

and z € M?°) (hence for z € M). Then, by Proposition 0.5, II;x(z,2) is a
constant for all k, say Dy. The constant Dy is determined by integrating
and as in Lemma 0.5, Dy, = l(M) dim H°(M, L*¥). By the Bergman kernel
expansion (18), w is a CSC metric.

Conversely suppose that Hilby(h) is balanced for each k, i.e. that IIjx(z)

is constant. By Proposition 0.5, % = Ay for all k and z € M° and by

Lemma 3.3, pf = (%)™ for all k.
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3.3. Differential entropy of Gaussian measures on H°(M, L¥):
proof of Proposition 0.7

Proposition 0.7 is of a different nature from the preceding results, since it
concerns Gaussian measures on H%(M, L¥) induced by Hermitian metrics on
K, rather than the toric measures duj,. But it is related in that both concern
entropies of probability measures induced by Kéhler metrics. The proof is
rather simple, because we may reduce it to results of Donaldson on balanced
metrics.

Proof. The entropy H(yp|yr) of this Gaussian measure relative to that of the
background is — log det P.

In the case of a toric Kéhler manifold, we may represent an inner product
by the norming constants @, (). In fact the toric Gaussian measure is the

product measure
H \/Me_@hk (a)_lm,z>dx

ackPNZ™

Then det P = [l crpnzm @n, (). It follows that the differential entropy of
the associated Gaussian measure is

(57) H(yg, ) = —logdetHilbx(h) = — > log Qu, ().
* ackPnzm

Interestingly, (57) is the functional £ introduced by Donaldson in [D05,
(10)]. In [D05, Lemma 2] and [D05, Corollary 1] it is proved that a metric is
balanced if and only if it is a critical point of the functional L=1CL— %I on
the space IC of Kéhler metrics in the fixed (1, 1) class. In fact, as explained
there, § £ vanishes for all d¢ of integral zero if and only if the density of states
IT;x (z) is a constant. The second term —1 is only to fix the undetermined
constant in the Kéahler potential and may be omitted if we work with global
potentials on the open orbit. O
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