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Sums of CR and projective dual CR functions
DaviD E. BARRETT* AND DusTy E. GRUNDMEIER

To Joseph J. Kohn

Abstract: A smooth, strongly C-convex, real hypersurface S in
CP™ admits a projective dual CR structure in addition to the stan-
dard CR structure. Given a smooth function v on S, we provide
characterizations for when u can be decomposed as a sum of a
CR function and a dual CR function. Following work of Lee on
pluriharmonic boundary values, we provide a characterization us-
ing differential forms. We further provide a characterization using
tangential vector fields in the style of Audibert and Bedford.

Keywords: CR functions, pluriharmonic, projective duality.

1. Introduction

A smooth real hypersurface S in complex projective space CP" is strongly C-
convex if it is locally projectively equivalent to a strongly convex hypersurface.
(Such S are automatically strongly pseudoconvex. See [Bar, §5] for equivalent
characterizations. We do not automatically assume S to be compact.)

For p € S we let H,S = T,5 N JT,,S, the maximal complex subspace of
T,S. (Here J: T,CP" — T,CP" is the complex structure tensor.)

In addition to the standard CR structure, S admits a projective dual CR
structure: if

(1.1) no complex tangent hyperplane for S passes through the origin

this may be defined as the unique CR structure for which the functions

9p
0z

1.2 w;i(z) = j=1...,n
(12) O m )
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are CR, where p is a defining function for S (so p is R-valued with Q =
{z: p(z) < 0} and dp # 0 along bD). (Note that the values of the w; along S
will not depend on the choice of p.) The structure defined by this condition is
projectively-invariant; along with a localization argument it follows that this
construction induces a projectively-invariant CR structure on all of S even
when (1.1) fails. (See [Bar, §6], [BG, §3] and [BE, §4] for more detail.)

The two CR structures share the same maximal complex subspaces ([Bar,
§6], [APS, §2.5]).

Given a smooth function u on S, the goal of the current paper is to
characterize whether u can be decomposed as the sum of a CR function and a
dual CR function. The projective decomposition problem is a natural analogue
of the problem of attempting to decompose a function as a sum of a CR
and conjugate-CR function, that is, of characterizing traces of pluriharmonic
functions. We prove characterizations in terms of tangential vector fields (see
section 3 for precise definitions of the vector fields X and 7" and section 5 for
precise definitions of X and Tjkg).

Theorem A. For S C C" (n = 2) strongly C-convezx and simply-connected,
the following conditions on smooth u: S — C are equivalent:

(1.3a) u decomposes as a sum f + g where f is CR and g is dual-CR;
(1.3b) XXTu=0=TTXu.

This result extends the main projective decomposition theorem of [BG]
to non-circular hypersurfaces.

In higher dimensions, we give a second order vector field condition. We
need to introduce the following additional condition:

(%) zjw; + zpwy, # 0 for all 7, k.

(In particular, all z; and w; are non-zero.)

Theorem B. For S C C" (n > 2) strongly C-convex and simply-connected
and satisfying (%) the following conditions on smooth u: S — C are equiva-
lent.

(1.4a) u decomposes as a sum f + g where f is CR and g is dual-CR;
(1.4b) for all distinct j, k,{ we have

(1.5) Xjkﬁuu =0.

The condition (x) allows for the relatively straightforward statement of
(1.5), but when it fails we will see in Proposition 38 that it can be repaired (at
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least locally) by a linear change of variable, leading to a slightly less elegant
version of (1.5).

The paper is organized as follows. In §2, we adapt Lee’s characterization
of CR pluriharmonic functions from [Lee| to the projective decomposition
problem. In §3, we give a vector field characterization in two dimensions, and
we prove Theorem A. In §4, we provide an alternate construction for the
vector fields in Theorem A. In §5, we set up a vector field characterization
in 3 or more dimensions, and we prove Theorem B. Finally in §6, we con-
clude by reviewing the pluriharmonic boundary value problem. In particular,
we show the results on the sphere are remarkably similar to our projective
decomposition results.

2. Operators d’ and d”

For S as above define an H-form of degree k on S to be a smoothly-varying
C-valued alternating k-tensor on each H,S.

Proposition 1. For smooth u: S — C there are uniquely-determined degree
one H-forms d'v and d"u satisfying

o dul, =du+d"u;
e d'u is C-linear with respect to the standard CR structure on S;
e d"u is C-linear with respect to the projective dual CR structure on S.

The operators d' and d’ are linear.

Lemma 2. The standard complex structure tensor J: Hp,S — H,S and the
corresponding projective dual tensor J*: Hp,S — Hp,S satisfy ker(J* — J) =

{0}.

Proof of Lemma 2. Working locally we may assume after possible applica-
tion of a projective automorphism that (1.1) holds so that we have a local
diffeomorphism [Bar, Thm. 16]

'Ds: S —C"
(21, ..y 2n) = (w1(2), ..., we(2))
with
T = (D'(p) o JoD'(p).

Quoting from [Bar, §6.4] we may choose projective transformations x1, x2
so that

x1(0) =p



374 David E. Barrett and Dusty E. Grundmeier

x2 (Ds(p)) =0
Ty (x7'(S)) =C"' xR

and
21 28121 + 201z
/ : :
x2°Dgoxi) (0): e :
( ) ( ) Zn—1 2iﬁn—1zn—1%’2ian—1zn—l
U —u

with 0 < 3 < (in fact of — 57 = 1/4).

zZ1
If x4 (0) - : € ker(J* — J) then
Zn—1

0

121 21
(x20Dgox1) (0)-| - =i(x20Dgox1) (0)-
12n—1 Zn—1

0 0

(since the y; are holomorphic) and so we must have —283;2; + 20;2; =
—208jz; — 2a5z5, hence 4052 =0 and z; =0 for j =1,...,n — 1. O

Note that the argument above also yields the following.
Addendum 3. D’(p) is not C-linear on any complex line in H,S.

From dimension considerations Lemma 2 has the following consequence.
Corollary 4. The map J — J*: H,S — H,S is surjective.

Proof of Proposition 1. Let H,S denote the real dual of H,S. We claim that
for any w in H;S ® C there are unique wy,ws € HyS so that w is the sum of

the J-linear o/ & wi —twy o J and the J*-linear w” def wy — iwsy o J*. We then
set d'u = (dul ), d"u = (dul,)".
To prove the claim we show that the map
H:S x H:S — H:S®C

(wl,wg) — <W1 —‘rbdg) +i(—w1 o J—(,UQ @) J*)
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is bijective. By dimension considerations it suffices to show that the map is

injective. But a pair (wy,ws) in the kernel must satisfy wy = —wq, wy o J =
—wqp0J* = wyoJ*, hence wyo(J—J*) = 0. From Corollary 4 we now conclude
that w1 = 0 = ws. O

We note for future reference that u is CR if and only if du| g = d'u; this
is equivalent in turn to the condition d”’u = 0. Similarly, u is dual CR if and
only if d'u = 0.

Remark 5. Later on we will make use of a corresponding decomposition of
H,S ® C: we claim that any vector V' € H,S ® C decomposes uniquely as
V' + V" where V' = Vi +iJ*V) and V" = Vi + 1JV; for real Vi, Va € H,S;
equivalently, we claim that the map

H,S x H,S — H,S ® C
(Vi,Va) = (Vi + Vo) + i (J*Vi + JV3)

is bijective. By dimension considerations it suffices to show that the map is
injective. But a pair (V4,V2) in the kernel must satisfy V3 = V5, J*V} =
—JV, = JV, forcing Vi, = 0 = V5 by Lemma 2.

Setting

H)S ={V +il*V:V € H,S}
H!'S ={V +iJV:V € H,S}

we have shown that
H,S®C=H,S® H)S.

A complex vector field on S with values in HS ® C is in fact H'-valued if
and only if it is annihilated by J*-linear 1-forms; it is H”-valued if and only
if it is annihilated by J-linear 1-forms. ¢

Moving forward, we will also need linear operators d " and d" mapping
functions on S to 1-forms on S and satistying d'u|,, = d'u,d"u|, = d"u. The

operators d’ and d” are not uniquely determined but explicit choices of such
operators are offered in (3.9) and (5.8) below and these also yield formulas
for d" and d”.

Let u be a smooth function on S. We pose the question of whether u may
be decomposed as the sum of a CR function and a dual CR function. This
problem — previously examined in [BG| — is a natural analogue of the classical
problem of characterizing functions decomposable (at least locally) as the sum
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of a CR function and a conjugate-CR function (equivalently, of characterizing
traces of pluriharmonic functions). Results on the latter problem are reviewed
in §6 below.

Theorem 6. If S is strongly C-conver and simply-connected and 6 is a C-
valued contact form on S (that is, a non-vanishing complex 1-form with 9|H =
0) then the following conditions on smooth u: S — C are equivalent:

(2.1a) u decomposes as a sum f + g where f is CR and g is dual-CR;
(2.1b) there is a scalar function A so that d'u + A0 is closed.

Note that if S fails to be simply-connected the result will still hold locally.

An explicit choice of contact form 6 is offered in (3.4) (and again in (5.5))
below. (That choice is not R-valued.)

Theorem 6 and its proof are adapted from [Lee, Lemma 3.1].

Proof. If u decomposes as a sum f 4 g where f is CR and g is dual-CR then
from the discussion following the proof of Proposition 1 we have d'uf "

d |, = df|,;, hence d'v = df — A for smooth scalar A and so (2.1b) holds.
Conversely, if (2.1b) holds we may write d'u + N0 = df; it follows that

d'v = df|,, = d'f|, and hence that f is CR and that g def - f satisfies
d'g = 0 and thus is dual CR. O

Note that (2.1b) implies that
(2.2) dd'u|,, = —Xdf|,,.

Note that the strong pseudoconvexity of S guarantees that df|  1s nowhere-
vanishing.

We may define

dc?’u]H

2. =
23) .

then check whether or not this works. See Theorem A for the result of this
approach.

In higher dimension we have the following result.
Theorem 7. For S, 6 and u as in Theorem 6 the following are equivalent:

(2.4a) there is a smooth scalar function X so that (2.2) holds;
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(2.4b) w may be decomposed as the sum of a CR function and a dual CR
function.

Proof. The discussion above shows that (2.4b) implies (2.4a).
Suppose on the other hand that the necessary condition (2.4a) holds.
Then the restriction of d(d'u + M) = dd'u + Adf + d\ A 6 to H vanishes
identically. In view of the dimension condition and the non-degeneracy of H,
Lemma 3.2 from [Lee] tells us that a closed 2-form whose restriction to H
vanishes must vanish identically, hence in particular d(d'v+ A0) = 0 and thus
(2.1b) holds. Theorem 6 now furnishes the desired decomposition. O

3. The projective decomposition problem for n = 2

We make the standing assumption that S is a strongly C-convex hypersur-
face satisfying (1.1). (Note that (1.1) holds automatically if S is a compact
hypersurface enclosing 0 [APS, §2.5].)

We define w;(z) and wq(z) as in (1.2).

Lemma 8. We have
3.1a) 2wy + zowy =1 on S
) wy dzy + wo dzo + 21 dwy + 29 dwy = 0 as 1-forms on S

3.1c) wy dz1 + wo dzg = 0 as forms on H
3.1d) z1 dwy + zo dwe = 0 as forms on H

Proof. Equation (3.1a) is immediate; (3.1b) follows from differentiation of
(3.1a). Equation (3.1c) follows from the fact that dp vanishes along H,S;
then (3.1d) follows by combining (3.1b) with (3.1c). O

Lemma 9. At each point of S at least one of
le A dZQ VAN dw1
le A dZQ A d’LUQ

s non-zero as a 3-form on S

Proof. From Addendum 3 we see that at least one of the dw; fails to be
C-linear; the claim follows immediately. O

Lemma 10. The intersection of S with {z; = 0} has no relative interior.

Proof. This follows from the strong pseudoconvexity of S. O
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Proposition 11. There are uniquely-defined tangential vector fields X, T on
S satisfying

X2’1=0 XZQZO XU)1:ZQ X’LUQZ—Zl
(32) TZl = W2 TZQ = —w1 TU)l =0 ng =0.

T and X take values in H' and H", respectively.

Proof. Consider p € S and suppose that dz; A dze A dwy # 0 at p; then
linear independence guarantees the existence and uniqueness of X and 7" in a
neighborhood of p satisfying all conditions above other than Xw,; = —2; and
Twge = 0. If z5(p) # 0 then the remaining equations follow from differentiation
of zywy + zowe = 1; if 29(p) = 0 then by Lemma 10 the remaining equations
still must hold at many points near to p, hence by passing to the limit they
must also hold at p.

A similar argument holds if dz; Adze Adwsy # 0 at p; uniqueness guarantees
that the local solutions patch together to form a global solution. O

Let T = [X, T]. (This corresponds to iR in the notation from [BG].)

Proposition 12. We have

Ty =—2 Tz =—2
(33) Twl = W1 T’LUQ = W2.
Proof. These follow directly from (3.2). O

Proposition 13. We have
T, X]=-2X [T,T] = 2T.

Proof. By Lemma 9 it suffices to use (3.2) and (3.3) to test both sides against
Zj, Wy. |
Now let
N = z9dz; — 21 dzy

(3.4) 0" = wy dwy — wy dwsy

0 = —wy dz1 — wadze = 21 dwy + 2o dws.

(The equivalence of the two descriptions of 6 follows from (3.1b).)
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Lemma 14. We have
(3.5) du= (Tu)n + (Xu)n" + (Tu) 6.
Proof. Direct computation using (3.4) reveals that

dz1 = won' — 210
dzg = —w1 0 — 220
(3.6) dwy = 227’]” + w6

de = —2’177/, + w29;

using (3.2) it follows that that (3.5) holds for u = z1, 22, w1 or wo.
From Lemma 9 we see that this implies the general case. O

Lemma 15. We have

6(X) =0 7(X) =0 7'(X) = 1
(37 (1) =0 W(T) =1 7'(T) =0
6(Y) =1 7(1) =0 W'() =0

Note that from 6(X) = 0 = 0(T") we see that 6 is a contact form on S; as
we quote below from §2 above we will use this choice of contact form. Note

also that (3.7) shows that 1/, 7" and 6 are linearly independent at each point
of S.

Proof. From (3.4) and (3.2) we have

Q(X) = —wl(le) - U}Q(XZQ) =0
H(T) = Zl(T’LUl) — ZQ(T’LUQ) =0
Q(T) == —wl(Tzl) - 'U.)Q(TZQ) =1.

Similar computations serve to verify the remaining entries. O

From (3.4) and (3.6) we find that

dny = —2dzy Ndzp =217 N0
(3.8) dn’ = —2dw; A dws = —27" N0
df = dz A dwy +dze ANdwy =1 A1,
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Returning to the discussion from §2 we now set

d'u = (Tu) 7'
(3.9) A" = (Xu)n"
d®u = (Yu) 6
so that
d=d +d' +d°
and
@u!H =du

Ziﬁu|H =d"u

d0u|H =0.

In Proposition 16 and Theorem A below, the strongly C-convex hyper-
surface S C C? is assumed to be simply-connected. (In the case of compact
S, the simple-connectivity holds automatically since S will be diffeomorphic
to the sphere S — one way to show this is to extend the result in [Sem, §5]
using the results of [Lem].)

Proposition 16. If the equivalent conditions of Theorem 6 hold (with the
above choice of ) then \=Yf = XTf = XTu.

Proof. From the proof of Theorem 6 we have

du+X=df+df+df
=d'f+(Yf)o;

matching terms we find that A =T f = XTf = XTu as claimed. O

We need to better understand the condition that d'u+(XTu) 6 = (Tu) 7'+
(XTwu)0 is closed, i.e.,

0=d(Tu) An'+ (Tu)-dn +d(XTu) A0+ (XTu) - do
= ((TTu)n' + (XTu)n" + (YTu)0) An' +2(Tu)n' A6
+ (TXTu)n' + (XXTu)n" + (YXTu)0) N0 — (XTu)n" Anf
= (—YTu+2Tu+TXTu) n N0+ (XXTu) 5" N
= (2Tu— [V, Tu+TTXu) ' N+ (XXTu) n" N0
= (TTXu) n' N0+ (XXTu) n" N6.
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We have proved the following.

Theorem A. For S C C" (n = 2) strongly C-convex and simply-connected,
the following conditions on smooth u: S — C are equivalent:

(3.10a) u decomposes as a sum f + g where f is CR and g is dual-CR;
(3.10b) XXTu=0=TTXu.

4. Alternate construction of X, T and Y

In this section we set out an alternate approach to the development of the
vector fields X, T, T.
Let 3 = {(21, 29, w1, w3) € C*| 21wy + 22wy = 1}. (See Remark 21 below.)
The holomorphic vector fields

0 0
X_Z28—U)1_218—u)2
0 0
T_w28_zl_wla—22
0 0 0
V=—z15-—25—+wi5—+wys—

821 822 awl 8w2 .

on C* are tangent to J'. We have

[Xvﬂ =Y
(4.1) Y, X] = —-2X
YV, T] = 2T.

Consider the diffeomorphism
DL S sTgcd
(21, 22) = (21, 22, w1(2), wa(2)) .

with Ty & D%(S). Using Addendum 3 we see that I's is a totally real 3-
manifold inside the complex 3-manifold J'.

Proposition 17. We have

(422) (DY) X = (X + 06X +0T) |,
(4.2b) (D§) T = (T +BX+vT)|p,



382 David E. Barrett and Dusty E. Grundmeier

(120) (D§) T =¥+ (XB-TOX + (XY~ Ta)T + (09 — af)Y) |1,

for certain smooth functions «, 8, 1, ¢.

Proof. Quoting (4.1) from [BG] (but correcting typos in the last two entries)
there are smooth functions «, 3, 1, ¢ satisfying

XZ1 = aws XZy = —awy
XwWy = ¢Z2 XWy = —¢71
Tz = Yws TZy = —Ywy
Tw, = 87, Twy = —f7;.

The first two lines of (4.2) follow from applying both sides to the functions
2, %, wj, w;: for (4.2a) application of either side to

21, 227517227 w1, U)Q,El,@g
leads to

07 07 QWsg, —QW1, W1, W2, ¢527 _Qszlv

respectively, while a similar computation verifies (4.2b). The remaining line
(4.2¢) now follows from a bracket computation using the previous results. [

Any vector field V' (with values in T9") defined on I's may be written
uniquely as V"8 4 ynormal where Va8 and JV ™2l are tangent to I's.

Proposition 18. We have

(0%), X =2 (%1, )™

X
(@g)*T:Q(T\FS)tang
(i) 729"

Thus X is the unique vector field on S pushing forward to twice the
tangential part of X — that is, X = 2(@%);1((X]F5)ta“g) — and similarly for
T and Y.

We will prove Proposition 18 as a consequence of a related result using
type considerations. Recall that any vector field V' on a subset of I decom-
poses uniquely as V(10 4 V(O with

1
me:EW—UW
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1
Vo - 5 (V+iJV).

Holomorphic vector fields are of type (1,0).

Proposition 19. We have

Proof. These follow directly from Proposition 17. O
Lemma 20. IfV is a vector field tangent to I's then V = 2(V (10))tang
Proof. This follows from 2V 10 =V — i JV. O

Proof of Proposition 18. Apply Lemma 20 to the results of Proposition 19.
O

Remark 21. We may identify J* with an open subset of the full incidence
manifold

J déf {((Zo A 22), (wo LWy wg)) S (C]P’Q X (CIP2 ‘ 2ZoWp + 21W1 + 2oW9 = O}

important in projective duality theory (as discussed in [APS, §3.2]) via the
map

7 —)j\{ZO'LU() :0}

(21,29, w1, wo) — ((1: 21 : 22), (1 1wy :wy)).
We may also identify 7' with SL(2,C) via (21,29, w1, we) — (2} 02).
Then the flows exp(t Re X'), exp(t Re T) and exp(t Re )) correspond to right-
multiplication by (1), (1, ?) and (eat &) respectively.

5. The projective decomposition problem for n > 2

Again we make the standing assumption that S is a strongly C-convex hy-
persurface satisfying (1.1).
We define wg(z) as in (1.2).
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Lemma 22. We have

5.1a) w1+ -+ zpw, =1 0on S

5.1b) widz + -+ +wpdz, + 21 dwy + - -+ + 2z, dw, = 0 as 1-forms on S
5.1¢) wydzy + -+ wpdz, =0 as forms on H
5.1d) z1dwy + -+ - + 2z, dw, =0 as forms on H.

(
(
(
(

Proof. Like Lemma 8. O

Proposition 23. For 1 < 5.k < n, j # k, there are uniquely-determined
tangential vector fields X, Tj, on S satisfying

Xijg =0 Tjkwg =0
2k l :j W l :j
0 otherwise 0 otherwise.

The Tji and X, take values in H' and H", respectively.

For k = j, we set X;; =0 =T};.
Note the relation

(5.3) 2j Xke + 2 Xej + 2 X = 0.

Proposition 24. There is a uniquely-determined tangential vector field T on
S satisfying

Tz = —2 e YTz, =—2z,
(5.4) Tw; = wy . Tw, = w,.

Proofs of Propositions 23 and 24. These are similar to the proof of Proposi-
tion 11. O

Proposition 25. We have

[T,Xjk] = —2X;;
[TvTjk] = 2Tjk'

Proof. Similar to the proof of Proposition 13. O
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Proposition 26. For p € S we have

H), = Span {Tj.: 1 < j,k < n}

HI’)' =Span{X;x: 1 < j k<n}.
Proof. First note that dimc H, = n — 1 = dimc H,); then note that after
possibly reordering the coordinates we may assume that zyw; # 0 at p and

thus that Ti9,..., T}, are linearly independent in Hzla while X1, ..., Xy, are
linearly independent in H,. O

Now let

/
Mk = 2k dzj — zjdz,

(5.5) n;»/k = wy, dwj — w; dwy,
0=—-widznn — - —wydz, = z1dwy + - - + 2, dw,.
Note that
(5.6) df = dz; Ndwy + -+ -+ dz, N\ dw,

and that d6| 5 1s non-degenerate.
Lemma 27. We have

1

1
(BT du= 53 (T a5 D () i+ (Tu) 6.
J:k Jk

Proof. Check that the result holds for v = z; or wj, then apply adapted
version of Lemma 9. ]

Following (3.9) we set

~ 1
du=g > (L) 1y,

jik
1
(5.8) d"u = 3 > (Xjru)
ik
d’u = (Tu) o

so that again
d=d +d" + d
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Let w be an H-form of degree two. We will say that w has

e type (2,0) if w is J-bilinear;

e type (0,2) if w is J*-bilinear;

e type (1,1) if it can be written as a finite sum of wedge products of
J-linear H-forms of degree one with J*-linear H-forms of degree one.

From standard arguments we obtain the following.

Proposition 28. Every H-form w of degree two decomposes uniquely as a
sum w0 4+ w02 4 WD of forms of specified type.

Recall the decomposition of H,S ® C from Remark 5.

Lemma 29. If an H-form w has type (1,1) then
wV'+ V' W+ W) =w (VW) —w (W, V"),

Proof. Using the definition of a form of type (1,1) and the last sentence of
Remark 5 we have w (V/, W) =0 = w (V”,W"); the claim follows. O

Proposition 30. dcj/u‘H = % > (XemTjru) mg, Ay ; in particular, dc?’u]H

j7k7‘€7m
has type (1,1).
Proof. We first show that dc?’u|H has type (1,1).
Note first that dn}k|H has type (2,0), dn,|,, has type (0,2) and dG’H has

type (1,1).
From direct inspection we now find that

(dJlu\H) ©2_y
(dgﬁu‘H)@’O) =0
(ddul ) > =0,

It suffices now to show that (dJ’u! H)(Q’O) = 0; this follows from taking
(2,0)-components in

0 = ddul,,

= dcj’u‘H + dglwu|H + ddou‘H.
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Ignoring the cancelling (2,0)-terms now find that
a1 1 an !
ddu|H = B) Zd (Tjku) 77jk|H
j7k

1
=1 ;: (XemTjetw) M N 11| -
J,K,£,m

For conciseness we now fix p € S and set

(5.9) Vp = dcz’u(p)|H

387

Lemma 31. The condition (2.2) holds (at p) if and only if there is a scalar

A satisfying
Vp (Tjis Xom) = X - dO (T, Xom)
forall j,k, 0, m.

Proof. This follows from Proposition 30 along with Lemma 29 and Proposi-

tion 26.
Proposition 32. Suppose that

e T is a vector field taking values in H';
e X is a vector field taking values in H";

o dI(T,X)=0.
Then v, (T, X) = —XTu(p).

Lemma 33. We can write

N
(5.10) u=C+fi+g+> figi+E
j=3
with
e all fj are CR;
o all f;(p) = 0;
e all g; are dual CR;
e all gj(p) =0;
e all second derivatives of E vanish at p.

O
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Proof. The computations from the proof of Lemma 2 show that
Span {dz;(p), dwy(p)} = T,S ® C.

A “Taylor polynomial”-type argument now serves to prove the Lemma. [

Proof of Proposition 32. Invoking the decomposition from Lemma 33 we note
first that

(5.11) dC =0=—XT(C)(p)
and
(5.12) dd'gy = 0 = —XTg5(p).

Next we note that
d fi =dfy = df; = dfi — (Y1)
(since d” f; = 0) and thus
(5.13) dd' f1(T, X) = (Tf1)(p) - dO(T, X) = 0

(using 0(T") = 0 = 6(X)).
For the general term f;g; we have
d (f395) = d'(;) 95
= (dfj - dofj) 9i
=g;dfy — g5 (Tf;)0

and so
dd' (f;g;) = —df; Adg; —d (g; (Tf;)) A0 — g; (Y f;) do
dd' (f;95) |, = —df; Ndgs|,, — 95 (X f;) 6],
dd' (f;g;) (T, X) = — (df; Adg;) (T, X) = —Tf; - Xg;
thus

(5.14)  dd (f39;) (T, X)(p) = =T ;(p) - Xg;(p) = —XT(f;9;)(p)-
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Adding (5.11), (5.13), (5.12) and (5.14) and recalling (5.9) and (5.10) we
obtain

vp (T, X) = —XTu(p).

O
Let
)N(jkg = ijgj + wi Xk
Tjkg = Zjng + 2T
The X1 and Tixe take values in H” and H', respectively with
J J
)N(jkezm =0 Tjkfwm =0
(5.15)
—zjwy m=j —2w;j m=j
~ — 2R Wy m=k ~ —ZpWy m==k
Xjkewnm = Tikezm =
zZjw; + zpwp m=4{ zZjw; + zpwp m=1{
0 otherwise 0 otherwise.

Lemma 34. For j, k,{ distinct we have d@( ikes Xjx) = 0 = dO(T, ]kg)

Proof. Using (5.6) we find that df( ]kg,Xjk) = —wyzjz, + wezjzp = 0 and
d6(Tx, Xjre) =

For X € HZ’)S we set

—2zpwjwg + zgwjwyg = 0. O]

xto = {1 € HyS: do(T, X)(p) = 0}
X+ = {T € HyS: v, (T, X) = 0}.

Lemma 35. 1. Ifz; # 0 the vectors {X;(p): k # j} form a basis for H).
2. If (%) holds and k # j the vectors {Tixe(p): € & {j,k}} form a basis of

1L

X jk;dg (p)-
Proof. In each case we have the right number of linearly independent vectors
in the indicated space. O

The following result is based on Theorem 3 in [Aud].
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Theorem B. For S C C" (n > 2) strongly C-convex and simply-connected
and satisfying (x) the following conditions on smooth u: S — C are equiva-

lent.

(5.16a) u decomposes as a sum f + g where f is CR and g is dual-CR;
(5.16b) for all distinct j, k,{ we have

(5.17) XjxTjreu = 0.

Proof. 1f (5.16a) holds then using (2.2) along with Lemma 34 and Proposition
32 we have

XjrTjeeu(p) = vp (Tju, X; )

=\-db (Tjke, Xjk:) ()
=0

for distinct j, k, ¢.
If (2.1b) holds then fixing j the above computation along with Lemma 35

yields Xj;:p D Xf,j" for k # j, thus there are A\ so that
Xjk —Vp = AkX]k —db.
For distinct &1, ko not equal to j we have

2o Xjky = Vp = Ny 2y X ke, = dO

Zk1Xjk2 - Vp = )‘k22k1Xjk2 — db;
using (5.3) this yields

Zij1k2 - Vp = (ZlﬁXjkz - Zkszkl) - Vp
= (/\kQZleij — /\klzkszkl) — d&;

but repeating the above argument there is also A\* with z; Xy, = v, =
2j\* Xk, = df and the non-degeneracy of df then yields

Mo 2k Ko = Mea 22 Xy = N2 X kae = A2 Ko = A" 20 X -
From the independence of X, , Xji, and the fact that z;, and 2, are non-

zero we obtain Ag, = \* = A, .
By Lemma 31 (2.2) holds; by Theorem 7 we then have (5.16a). O
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Remark 36. The proof of Theorem B shows that if u satisfies (5.16a) then
it also must satisfy

Tjk)?jkgu = 0 for distinct j, k, £.

In particular, (5.17) implies the companion condition (5.18). On the other

hand, the equations T7TXu = 0 and XXTu = 0 from Theorem A do not
imply each other locally (see Example 21 in [BG]) but they do imply each
other when S is compact and circular (see Theorem B in [BG]). ¢

Remark 37.

(a) Recall that in higher dimensions we required an additional second order

vector field condition, given in (). Failure of condition (x) may be
repaired (at least locally) by a linear change of coordinates as shown in
the following proposition.

Proposition 38. For p € S there is a linear transformation T so that
T(S) satisfies (x) at T(p) (hence also in a neighborhood of T (p)).

21 w1
Proof. Weset z=1 1 |, w=
ZTL wn

If M is an invertible square matrix then replacing z by Mz the trans-
formation law from [Bar,§6] tells us that w is replaced by ‘M ~!w. From
(3.1a) we know that z and w are non-zero; choosing M from a Zariski-
open dense set of matrices we may assume that all entries of the new
vectors z,w are non-zero.

With this in place we make a further change of variables, replacing z

1 ay - ay 1 0 --- 0

01 - 0 g 1 - 0
by ) z and w by , w.

00 - 1 ap 0 1
We find that

for 1 < j the sum z1wi + z;w; is replaced by ziw1 + zjw; + w1 > arzk
ke{1,5}

and that

for 1 < k < £ the sum zrwi+zewy is replaced by zrwi+zewe—w1 (arzi + acze).

For a Zariski-open dense set of a;’s the transformed sums will all be
non-zero. Ol
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(b) From Theorem B and Proposition 38 it follows easily that for any
relatively compact open U C S there are finitely many vector fields
Xi,..., Xy with values in H” and T, ..., Ty with values in H’' so that
decomposable functions on U are characterized by the system

)?kfku:Oforkzl...,N.

6. Pluriharmonic boundary values

One inspiration for the current paper comes from the problem of charac-
terizing the boundary values of pluriharmonic functions. The pluriharmonic
boundary value problem has a long history, and we refer the reader to the
introduction of [BG]| for an outline of the history. We briefly recall some key
results.

Nirenberg observed that there is no second order system of differential op-
erators which is tangential to the boundary of the ball in C? that characterizes
pluriharmonic boundary values (see [BG] for a discussion of this result). Bed-
ford [Bed1] provided a system of third order operators that solved the global
problem for the unit ball. In higher dimensions, Audibert [Aud] and Bedford
[Bed] solved the global and local problems using second order systems. Bed-
ford and Federbush [BeFe| extended these results to the case of embedded
CR manifolds, and Lee extended the results to abstract CR manifolds.

Our results parallel the results on the sphere, and we briefly recall the
local results on the sphere. Define the tangential vector fields

0 — 0 0

Lk =2j— — 2 — Lji =z; — 2k
J Jazk 62]- J ]8zk aZj

for 1 < j, k < n. Further let
Ejkg = ij[j + Zkzgk.

Theorem 39. [Aud] Suppose S is a relatively open subset of S*"~1, and u
is smooth on S.

1. u extends to a pluriharmonic function on a one-sided neighborhood of
S if and only if

ijlezrsu =0= ijzlersu

for 1 < g k. l,m,r, s <n.
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2. If n > 2, then u extends to a pluriharmonic function on a one-sided

neighborhood of S if and only if

ijfjkgu =0

for all distinct j,k, £.

[APS]

[Aud]

[Bar]

[Bed1]

[Bed2]

[BeFe]

[Lee]

[Lem]
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