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Abstract: In this note, under the positivity assumption of the
pseudohermitian curvature, we derive the existence theorem for
pseudo-Einstein contact forms and rigidity theorems for Sasakian
space forms in a closed spherical strictly pseudoconvex CR 3-
manifold of the nonnegative CR Paneitz operator with a kernel con-
sisting of the CR pluriharmonic functions and the CR Q-curvature
is pluriharmonic.
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1. Introduction

A Riemannian manifold is Einstein if the Ricci curvature tensor is function-
proportional to its Riemannian metric. For dimension greater than 2, it is
equivalent to the constant-proportional case. In contrast to the Riemannian
geometry situation, there is an analog notion that a strictly pseudoconvex
CR (2n + 1)-manifold is pseudo-Einstein if the pseudohermitian Ricci curva-
ture tensor is function-proportional to its Levi metric. The pseudo-Einstein
condition is less rigid than the Einstein condition in Riemannian geometry.
Indeed, in the case n > 2, the CR contracted Bianchi identity does not imply
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the pseudohermitian scalar curvature R to be a constant due to the presence
of pseudohermitian torsion

Raﬁvﬁ = Ra - z(n - 1)14@573.

Any contact form on a closed strictly pseudoconvex 3-manifold is actually
pseudo-Einstein since the pseudohermitian Ricci tensor has only one compo-
nent ;7.

In [Lee88|, J. Lee showed that the obstruction to the existence of a
pseudo-Einstein contact form 6 is that its first Chern class ¢;(710M) van-
ishes. Indeed, for a closed strictly pseudoconvex (2n + 1)-manifold (M, J, )
with ¢;(ThoM) = 0 and n > 2, he proved that M admits a globally de-
fined pseudo-Einstein contact form if either M admits a contact form 6 with
nonnegative pseudohermitian Ricci curvature tensor or the vanishing pseudo-
hermitian torsion. However, his method couldn’t be applied to the case n =1
directly.

So it is natural to focus on the existence theorem of pseudo-Einstein con-
tact forms for n = 1. Of course, we must find another appropriate definition
for the pseudo-Einstein contact form. In fact, by Lemma 2.2 below, it is rea-
sonable to view

Wi = (R —iAn,7) =0
as the pseudo-Einstein contact form in a closed strictly pseudoconvex CR
3-manifold (M, J,0).

Before we start to work on the existence of pseudo-Einstein contact forms
in a closed strictly pseudoconvex CR 3-manifold, we make the following ob-
servations in a closed strictly pseudoconvex CR (2n+1)-manifold (M, J) with
a choice of pseudohermitian contact form 6.

(i) For n > 2: Assume that the pseudohermitian Ricci curvature is pos-
itive, it is well-known ([KK64], [Lee88]) that we have the solvability of the
inhomogeneous tangential Cauchy-Riemann equation

(1.1a) Opp =1
for any dp-closed (0, 1)-form 7. That is to say that

0,1 B
Hy' (M) = 0.

(ii) For n = 1: We consider a closed strictly pseudoconvex CR 3-manifold
(M, 0) with ¢1(Th oM ) = 0. There is a pure imaginary 1-form

(1.2) o= O'TQT — 010" + ool
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such that
dwi = do.

Kohn’s result (Lemma 3.2 below) implies that there is a complex function
p=u+ive CF (M)

and v = 70" € QO (M) Nker (O0,) such that

(13) Dop = 070" — 16"

with

51)(0791) =0.

Here O, = 2 (51,5: —1—5251;) is the Kohn-Rossi Laplacian. Thus it is natural
to ask when we have the solvability of the inhomogeneous tangential Cauchy-
Riemann equation (i.e. v = 0)

(1.4) Oy = 070"

In this paper, we focus on the existence of pseudo-Einstein contact forms
as in Corollary 1.1, Theorem 1.2 and Theorem 1.4, an upper bound eigenvalue
estimate for the CR Paneitz operator as in Theorem 1.3, Corollary 1.3 and
its applications to the CR rigidity theorem for Sasakian space forms as in
Corollary 1.3 and Corollary 1.4 in a closed spherical, strictly pseudoconvex
CR 3-manifold.

We first state one of the main theorems as follows:

Theorem 1.1. If (M, J,0) is a closed strictly pseudoconvex CR 3-manifold
with c1(ThpM) = 0. Then

N U . . . . .
(i) =e 540 s a pseudo-FEinstein contact form if and only if f satisfies

the third-order partial differential equation
(1.5) Pif =i(Auvg —70) -
Here Py is a third-order CR pluriharmonic operator

Pif = fin +idnft

~ (f+2u)
(ii) In particular, 0 = e 559 is a pseudo-Finstein contact form for a CR-

pluriharmonic function f if and only if the equality holds:

(1.6) (A7 — 710) = 0.
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As a consequence, we are able to show that one of the existence theorems
for the pseudo-Einstein contact form in this paper.

Corollary 1.1. Let (M, J,0) be a closed strictly pseudoconvex CR 3-manifold
with c1(T1goM) = 0. Then M admits a globally defined pseudo-Einstein con-

tact form 5 for any CR-pluriharmonic function f if the pseudohermi-

tian torsion is vanishing (Sasakian). More precisely, we have
71,0 = 0.

Note that we do not know whether v = 0 holds in the situation as in Corol-
lary 1.1. However, by deriving the Bochner-type estimate as in the Lemma
3.4, we can conclude

v7=0

under certain pseudohermitian geometric assumptions and obtain the solv-
ability of the inhomogeneous tangential Cauchy-Riemann equation (1.4):

Theorem 1.2. Let (M, J,0) be a closed strictly pseudoconver CR 3-manifold
with ¢1(T1,0M) = 0 and nonnegative CR Paneitz operator Py. Assume that
the pseudohermitian curvature is %-positive

R(z) > |Anl(x)

for all x € M. Then § =50 s a pseudo-Finstein contact form for any

CR-pluriharmonic function f if and only if the inhomogeneous tangential
Cauchy-Riemann equation (1.4) is solvable.

We observe that, for a strictly pseudoconvex 3-manifold (M3, J,6), we
have the invariance property for the CR pluriharmonic operator P; and CR
Paneitz operator Py. It is to say that, for rescaled contact form 6 = €290, we
have

(17) ]51 = 673gP1 and .[50 = 674gP().

Then the nonnegativity of CR Paneitz operator Py is CR conformal invari-
ant ([H93]). Since the CR Paneitz operator P, is nonnegative ([CCCO07]) if
the pseudohermitian torsion is vanishing, it follows from Theorem 1.2 and
Corollary 1.1 that
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Corollary 1.2. Let (M, J,0) be a closed strictly pseudoconvex CR 3-manifold
with ¢1(T10M) = 0. Assume that the manifold is Sasakian and the Tanaka-
Webster scalar curvature is positive. Then we have the solvability of the in-
homogeneous tangential Cauchy-Riemann equation (1.4). That is to say that
the Kohn—Rossi cohomology class of 070" is vanishing.

When the torsion is nonvanishing, with the help of the notion of Cpy-
convezity, we have the eigenvalue estimate for the CR Paneitz operator Fp in
terms of the CR Q-curvature.

Theorem 1.3. Let (M, J,0) be a closed strictly pseudoconvexr CR 3-manifold
of c1(T1,o0M) = 0 and the nonnegative CR Paneitz operator Py has kernel con-
sisting of the CR pluritharmonic functions. Assume that the pseudohermitian

curvature is %—positive

R(z) > [Aul(z)

(f+2u)

and Ay 1(z) =0 for all x € M. If6 =e "3 0 is a pseudo-Einstein contact
form for any CR-pluriharmonic function f, then one can derive the upper
bound estimate for the first eigenvalue of the CR Paneitz operator Py

(1.8) 2 [ @ pde < [ Q% an

where the decomposition Q = Quer + QF and u = ey + ut is with respect to
the CR Paneitz operator Py. Here A is the positive constant as in (2.4).

For a closed strictly pseudoconvex CR 3-manifold of vanishing pseudo-
hermitian torsion (Sasakian), we have

(1.9) ker P, = ker P.

In general, we only have ker P, & ker Fy. Then combining Theorem 1.3, Corol-
lary 1.2 and (3.2), we have the following CR rigidity theorem ([T69]) in a
Sasakian manifold due to the eigenvalue estimate of the CR, Paneitz operator
(1.8).

Corollary 1.3. Let (M, J,0) be a closed, strictly pseudoconver CR 3-manifold
with ¢1(T10M) = 0. Assume that the manifold is Sasakian and the Tanaka-
Webster scalar curvature is positive, then

2 [ @hran < [ (@ dp.
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In additional, if the CR Q-curvature is pluriharmonic (i.e. Q+ = 0), then
(M, J,0) is the Sasakian space form with the positive constant Tanaka- Webster
scalar curvature and vanishing torsion.

We observe that any compact simply connect Sasakian 3-manifold with
the positive Tanaka-Webster scalar curvature is diffeomorphic to the sphere
S3. This result was proved by Belgun ([B00]) as a part of the classification
of three dimensional Sasakian manifolds. Also we refer to [HS16] for higher
dimensional Sasakian manifolds.

Finally, if we do not assume the torsion is vanishing (non-Sasakian), we
can derive another existence theorem for the pseudo-Einstein contact form
with the stronger condition.

Theorem 1.4. Let (M, J,0) be a closed strictly pseudoconver CR 3-manifold
with ¢1(T1,0M) = 0 and the nonnegative CR Paneitz operator Py has kernel
consisting of the CR pluriharmonic functions. Assume that the pseudohermi-
tian curvature s %-positive

R(x) > [An(z)
and Au,T(x) =0 forallz € M. If the CR Q-curvature is pluriharmonic, then

v = 0.

~ (f+2u) . . . .
Hence 8 = 7520 is a pseudo-Einstein contact form for any CR-plurihar-

monic function f.

As a consequence of Theorem 1.4, we have the another CR rigidity theo-
rem for Sasakian space forms ([T69]) in a spherical CR 3-manifold.

Corollary 1.4. Let (M, J,0) be a closed spherical strictly pseudoconvex CR
3-manifold of ci(T1,0M) = 0 and the pluriharmonic CR Q-curvature. Assume
that the CR Paneitz operator Py is nonnegative with kernel consisting of the
CR pluriharmonic functions and the pseudohermitian curvature is %—posz’tive

R(z) > |Anl(x)

with Ay 7(z) =0 for all z € M. Then (M, J,0) is the Sasakian space form.

We conclude the introduction with the outline of the paper. In Section 2,
we derive some preliminary results and indicate the geometry and topology
of CR 3-manifolds with the positivity of pseudohermitian curvature. In Sec-
tion 3, we prove main Theorems such as Theorem 1.3 and Corollary 1.4. In
Appendix, we survey basic notions in the pseudohermitian (strictly pseudo-
convex CR) geometry.
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2. Preliminaries

In this section, we will derive some necessary ingredients for the proof of
main results. In particular, we define the positivity of pseudohermitian cur-
vature and indicate the geometry and topology of strictly pseudoconvex CR
3-manifolds.

Definition 2.1. We say that a strictly pseudoconver CR 3-manifolds is Cp-
convex if the pseudohermitian curvature is Cy-positive, for a positive constant
Co. That is

(2.1) (R—CoTor)(X,X) = Ra'z!—2CRe[i(Ajzzlz)] >0

for any X = 27y € Ty o(M).

Before giving the proof of Theorem 1.3, we explain why we introduce the
notion of Cy-convexity as follows:

Lemma 2.1 ([CaCC20]). Let M be a closed strictly pseudoconvexr CR 3-
manifold. For any nonnegative constant Cy, Cy-convexity is equivalent to the
curvature-torsion pinching condition

R(fL‘) > 200|A11 ‘ (37)

for all x € M. Moreover, if M is Cy-positive with Cy > %, then M admits a
Riemannian metric of positive scalar curvature. In particular, it is the case if

R(f) > |A11 ’(SL‘)

Definition 2.2 ([Lee88]). (i) A contact form 0 on a closed strictly pseudo-
conver CR (2n + 1)-manifold (M, 0) is said to be pseudo-FEinstein for n > 2
if the pseudohermitian Ricci tensor Raﬁ is proportional to the Levi form hag,
i.e.,

R

where R = haﬁRaB is the Tanaka-Webster scalar curvature of (J,6).

(i) (Lemma 2.2) Note that any contact form on a closed strictly pseu-
doconver 3-manifold is actually pseudo-FEinstein (since the pseudohermitian
Ricci tensor has only one component Ry7). Then we define a contact form 6
on a closed strictly pseudoconver CR 3-manifold (M, 0) to be pseudo-Einstein
if the following tensor is vanishing

Wi = (R —idy 1) =0.
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(iii) We define the first Chern class ¢1(T1oM) € H*(M,R) for the holomor-
phic tangent bundle TYOM by

1

e (TYOM) = 5 [dwa]

™

1 o « 8 -
= 5 [Ra50" A 0° + Auuad” N O — Agp o0 A 6]
(iv) Note that any pseudo-Einstein manifold (M*"+1 ), the first Chern class
c1(ThoM) of Ty o(M) is vanishing ([Lee88]).

Next let us recall the equivalent definitions of the pseudo-Einsteinian
(2n + 1)-manifold for n > 2 and n =1 as well.

Lemma 2.2 ([Lee88], [CCKL19]). (i) If (M, J,0) is a strictly pseudocon-
ver CR (2n + 1)-manifold for n > 2, then the following propositions are all
equivalent:

_—EBp _
af T n'Tap?
(2) (w2 + LRO) is closed,
(3) W= (Ra —inAag,’) =0.
As for n =1, we still have the equivalence between (2) and (3).
(it) By the equivalence of (2) and (3), we see the first Chern class ¢1(T1,0M)
is vanishing if (M, J,0) is a pseudo-Finsteinian 3-manifold.

Proof. The equivalence of (1) and (2) could be found in [Lee88| for n > 2. The
proof of (2) <= (3) for n > 2 is the same with n = 1. So, for simplification,
we just give the prove the equivalence of (2) and (3) for n = 1.

Because

dwi = ROV A"+ Ay 100 A0 — App 07 A0,
we have
d(wl +iRY) = dof+i(R10"+Ry0") AO— RO A6
= i [(R1—idy 1) 00+ (Ry+idg, ) 0T A6
Hence
d(w} +iR0) =0 = Ry —id; 1 =0.

We recall some useful notations.
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Definition 2.3 ([Lee88]). (i) Let (M, J,0) be a three-dimensional strictly
pseudoconvex CR manifold. We define

Py = (Pip)6',

which is an operator that characterizes CR-pluriharmonic functions. Here
Pro = @7t +iAnet and Pp = (P1)0Y, the conjugate of P. The CR Paneitz
operator Py is defined by

(22) Pop = (8(Pi) + 55(Py))

where 0y is the divergence operator that takes (1,0)-forms to functions by
0p(010") = o1, ' and, similarly, 6,(070") = o7'. We observe that

(2.3) / (Po + Po,dyo)rs dp = —/ Pop - ¢ du
M M

with dp = 0 A df. One can check that Py is self-adjoint, that is, (Pyp, ) =
(p, Pow) for all smooth functions ¢ and 1. For the details about these oper-
ators, the reader can make references to [GL8S], [HI3], [Lee88], [GG05] and
[FHO3].

(i1) On a complete pseudohermitian 3-manifold (M, J,0), we call the
Paneitz operator Py with respect to (J,0) essentially positive if there exists
a constant A > 0 such that

(2.4) / Pop - pdp > A/ PP dp
M M

for all real smooth functions ¢ € (ker Py)* (i.e. perpendicular to the kernel
of Py in the L? norm with respect to the volume form du = 6 A df). We say
that Py is nonnegative if

/ FPop - odp > 0
M

for all real smooth functions .

Remark 2.1. 1. The notions of Paneitz operator Py and ()-curvature were
initially introduced on a Riemannian manifold, and were considered as a kind
of generalization of Laplacian and Gaussian curvature on a two-dimensional
manifold, respectively ([H93]).

2. The kernel of the CR Paneitz operator Py is infinite dimensional, con-
taining all C'R-pluriharmonic functions.
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3. Let (M, J,0) be a closed strictly pseudoconvex 3-manifold with vanish-
ing pseudohermitian torsion. Then the corresponding CR Paneitz operator
Py is essentially positive ([CCCO07]).

Finally, we define the CR @-curvature in a pseudohermitian 3-manifold

(2.5) Q= —Re(R1 —iAy; 1)1 = —Re(R ;1 — iy 11)-

1 .
Q= _E[AbR — Z(All,ﬁ - Aﬁ,ll)]-

Now for # = €276, under this conformal change, it is known that we have the
following transformation laws ([H93]):

_ 3
(2.6) Q=e"(Qo+ 1707)
and
) _3 0 0 0
(27) W1 = (RJ — ZAHJ) =€ ’Y{R’l — ZAHj - 6P1’y],

Finally, we recall that

Definition 2.4. We call a CR structure J spherical if Cartan curvature ten-
sor Q11 vanishes identically. Here

!

) 21
GRH + 531411 —Anog—FA

Qu = 3 I

Note that (M, J,0) is called a spherical CR 3-manifold if J is a spherical
structure. We observe that the spherical structure is CR invariant and a closed
spherical CR 3-manifold (M, J,0) is locally CR equivalent to the standard CR
3-sphere (S3, J, 5) In additional, if M s simply connected, then (M, J,0) is
the standard CR 3-sphere.

3. Proofs of main theorems

In this section, we prove the main theorems. We start from the groundwork
for Theorem 1.1.
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Lemma 3.1. If (M, J,0) is a closed strictly pseudoconver 3-manifold with
c1(Th1oM) = 0, then there is a pure imaginary 1-form

o =00t — 010" +iogh
with dw} = do such that
R=Rjy=o07,+0,7—00
(3.1) - : .
All,T =01, + 1001 — AIIUT

Proof. Because
1 1
Cl(TI,OM) = —% [dwl} = 07
we know there is a pure imaginary 1-form

o= UTOT — 010" + oo

such that
dwi = do.
By the structure equation
{ o = ig* p o7
dot = A0 N O'
we have
do = (07,0" +0140) A0+ o7dd" — (0,707 + 00,00) A O}~
010" + i (010" + 04 707) A0 + ioodd
= 5 + o1~ UQ) A QT — (0170 + i0071 — UTAH) O NG+ .
O-T,O — iUO,T — 0'1Aﬁ) 6 N HT.
Due to
do = dw} = Ri70" N O™+ Ay, 100 A0 — App 07 A,
we derive

R=Rg=01,+0,1—00
All,T = 01,0 T 00,1 — AllaT
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We would need need the J.J. Kohn’s Hodge theory for the d; complex
(see [K64]):

Lemma 3.2. If (M, J,0) is a closed strictly pseudoconvex CR (2n + 1)-
manifold and n € Q% (M), a smooth (0,1)-form on M with
51;77 = 0,

then there are a smooth complex function ¢ € CZ (M) and a smooth (0,1)-
form v € QY (M) such that

(?7 — 51,(,9) = € ker (),

where Oy = 2 (5552 + 5:55) is the Kohn-Rossi Laplacian.
Subsequently, we deduce the expression for W;. We denote v; := A7.

Lemma 3.3. If (M, J,0) is a closed strictly pseudoconver CR 3-manifold
with c1(TyoM) = 0, then there are uw € C° (M) and v = 0! € Q%1 (M)
with

M1~ N1~ 0
such that

(3.2) Wi = 2Piu+i (A — M) -

Proof. By choosing n = O’TQT as in Lemma 3.2, where o is chosen from Lemma
3.1, there are

p=u+iveCF (M)

and
v = 70" € Q" (M) Nker (O)
such that
(3.3) 0T =1+
Note that
(3.4) Opy =0= 0,y =0=177, =0
and

(3.5) o1 = (P); + -
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Thus
o = (@) mt+tnn by (3.5)
= (@) by (34)
= (@) 111 +i(®)o1 by (A5)
@)1+ [@) 0+ An@)1] by (45)

and

0711 = ¢ 11 from (3.3) and (3.4)
imply

Wi = Ry—idyq
= o011t 0o — o0+ iAnor by (3.1)
= e+ @) m +iAn(@) 1 —ino +idn (et +7) .
= 2 (Uju + iAnuT) +i(Auvg — 710)
= 2Piu+i (A —70)
This completes the proof. O

Now we are ready to give the proof of Theorem 1.1:

Proof. (Proof of Theorem 1.1) Set
0 = e*.

By the transformation law (refer to Lemma 5.4 in [H93] or Lemma 3.1 in

[CW18]), we know
(3.6) Wi =e 2 (W) — 6PL)N),

where the notation with “tilde” means such quantity corresponds to the new
contact form 0. With the help of (3.6) and Lemma 3.3, we have

Wi =0

if and only if
Wi =6PA
if and only if
6PN =2Pu—+i(Anyr— o) -



424 Der-Chen Chang et al.

That is to say
Pif =i(Auyg —70)
for

f=(6\—2u).

Remark 3.1. From (1.5) and

Y101 = N0 T A + A = Ay + A,

we could deduce f satisfies the fourth-order partial differential equation
(3.7) Pof =2 [(Aum) 1 — (Agm) ]

where Py is the CR Paneitz operator (see section 2). This suggests us there
is an obstruction to the existence of pseudo-Einstein contact form pertaining
to the CR Paneitz operator. See Theorem 1.2 below for more details.

As for the proof of the case of vanishing pseudohermitian torsion:

Proof. (Proof of Corollary 1.1)
Setting A1; = 0 in (1.6), by Theorem 1.1, it suffices to show that

7,0 =0
in order to have a globally defined pseudo-Einstein contact form =5
Note that, from (3.2) and A;; =0,

(38) R}l = ZUTll - i71,0~
Utilizing integration by parts, it follows from (3.8) and 47, = 0 that
2
0 Jar ol dp
= Jar 11,0001
—fum (—iR’T + 2iu71ﬁ> . dpu

)

= ifym (R,o - 2“,1?0) T dp

)

= —ify M (R,O - 2“,1T0) dp
= 0.

I IA
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The third equality comes from (A.5) and A;; = 0. Then

Y1,0 = 0.

O

Before giving the proof of Theorem 1.2, we need the following Bochner-
type equality.
Lemma 3.4. Let (M, J,0) be a closed strictly pseudoconvex CR 3-manifold

~  (f+2w)
and § = 7520 is a pseudo-Finstein contact form. Then we have

39 [er=To) () du+2 [ hualdut 5 [ (Pof) i =o.
M M M

Proof. From Theorem 1.1 and the commutation formula, it follows that

(f+2u)

G=c 3 0
is a pseudo-Einstein contact form if and only if
(3.10) Pif =iAnng + By — a1

By the fact that 7, 1 = 0, it’s easy to see

/ (Prf) ypdp I/ (i + 1A f7) ypdp = i/ An frygdp.
M M M

Then, substituting (3.10) into the last equality and adding its conjugation,
we have

(311) = [ Tor@fy)du= [ @R=Tor) () du+2 [ paldn

On the other hand, the equality (3.10) and the commutation formulas
enable us to get

fM (Pf) frdp = fM (iA11’7T+R’Vl)deN_fMVlfﬁld:u
= [y (A + Ry) frdp
+ u (= far +ifro — Bfr) dp
= JuiAurrfrdp+ [y (= fag +if) die
= [y tAupfrde + [y (=g +ifor — iAfi) du
= i [y (Anpfr — Agmnh) de
= —JuTor(dvf,”)dp.
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By the definition of the CR Paneitz operator, we obtain
(3.12)

| o) sl == [ (Pu) S (Pef) f) du=2 [ Tor (df.7) dn
M M M

Therefore, it follows from the equalities (3.11) and (3.12) that

| er=Tontopdu+2 [ faldus [ (Pof) fau=o.

Then we are done. O
Such equality enables us to prove Theorem 1.2 as follows:

Proof. (Proof of Theorem 1.2) From the equality (3.9) and the hypotheses,
it is clear that if # = e~ 3 0 is a pseudo-Einstein contact form, then

v = 0.

Hence we can solve the inhomogeneous tangential Cauchy-Riemann equation
gbtp = UTQT

by Lemma 3.2. Note that this implicitly implies f is CR-pluriharmonic. So
the sufficient part is completed.
As for the necessary part, it’s obvious from Theorem 1.1. O

Before to go further, we need the following key lemma.

Lemma 3.5. Let (M, J,0) be a closed strictly pseudoconvex CR 3-manifold
with ¢1(Th0M) = 0. Then, with the notations as above, the following equality
holds

(3.13) S (R— %Tor — %Tor/) (v,y)dp+ [y |’y171|2 du+
' S Qudp + [y (Pout) utdp = 0.

Here Tor' (7,7) = =i (A 177 - Amam ).
Proof. From the equality (3.2), we are able to get
(Ral - 7;1411,1) wo= Wi

2 (ugyy + 1ANUT) 77+ ALY — 00T
2 (ugyy + iAnug) ¥+ iAnTT — (%,ﬁ - R%) -
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Taking the integration over M of both sides and its conjugation, we have,
by the fact that v, 7 =0,

i fur (An o = Amam) di+ o (2R = Tor) (4,7) dp+
2 fo [l dp =2 [y, Tor (dyu, ) dp = 0.

That is
(3.14)

1 1
/ (R — =Tor — —Tor’) (v,7) dp + / |fyl,1\2 dp — / Tor (dpu,~y) dpu = 0.
M 2 2 M M
On the other hand, it follows from the equality (3.2) that
(3.15) (R —iAuy) up = Wiug = [2Pru+ i (Anng — m0)] ug

By the fact that v, 7 = 0, we see that

Jurougdp = [y nugedp
(3.16) = — Jum (ugr — Aqqua) dpe
= [y Aquamdp.

It follows from (3.15) and (3.16) that

2 [or Qudp +2 [y (Pow) udps
=i [y [(Anupyy — Apuamn) — conjldp
= =2 [y, Tor (dyu,~) dp.

Thus by (3.14)

s (B = §Tor — 5Tor') (v,7) dp+ [y |y |* dp+
S Qudp + [ (Pout) utdu = 0.

Proof. (proof of Theorem 1.3 and Corollary 1.3) If we assume that
ker P, = ker F.
Then we also have

(3.17) 0 = [y (R—§Tor —3Tor') (v,7) dp+ [y Inal* dput
Jar Qutdu + [y, (Pout) utdp.
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Here we have used the fact that Py is self-adjoint and

/ Tor (dyuxer,y) dp = 0.
M

~ 2w o, . . .
Nowif§ = e "5 0 isa pseudo-Einstein contact form for any CR-plurihar-

monic function f, it follows from (3.9) that
v=0

and then

0:/ Quld,qu/ (Poul> uld,u:/ QluLd,qu/ (PouL) utdp.
M M M M

By the Hoélder’s inequality and essentially positivity of the CR Paneitz oper-
ator, we have

Jy Qutdp + [y (Pout) utdp

> A Sy ) dp = (fy(QF)dp)2) (fy () )z
> [y (wh)?dp)z = ([ (Q1)dp)2] ([ (u™)?dp)>
and then
0= A(f (@R} - (] (@t
Hence

| @ dn= 22 [ i

Furthermore, if the CR Q-curvature is pluriharmonic (i.e. Q+ = 0), then

and by (3.2)

Hence 0 is also a globally defined pseudo-Einstein contact form. Moreover, if
the pseudohermitian torsion is vanishing, then (M, J, 6) is the Sasakian space
form. O

Proof. (proof of Theorem 1.4 and Corollary 1.4) As before

S Qutdu+ [y, (Pout) utdp [y Qtutdu + [y (Pout) utdu
A [y (wh)?du
0

VIVl
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if
(3.18) Qt=o.

It follows from (3.17) that

1 1
(3.19) 0> / (R — =Tor — —Tor') (v, 7) dpe +/ Iyl dps,
M 2 2 M

if (3.18) holds. Hence

7=0
if the pseudohermitian curvature is %—positz’ve and A;; 7 = 0. It follows from
Theorem 1.2 that M admits a globally defined pseudo-Einstein contact form
~ (+20)
f=e 3 0.

Furthermore, if the CR Q-curvature is pluriharmonic (i.e. Q+ = 0), then

and by (3.2),

Hence 6 is also a globally defined pseudo-Einstein contact form and R is a
positive constant.
Now if (M, J,0) is spherical and pseudo-Einstein, we have

Wi =Ry —iA,71=0

and
iR711 = 3RA11 + 62.141170 — 4A11,T1'

By cancelling R 11, one derives
3RA11 + 6iA1170 — 3A117T1 =0.

On the other hand, it follows from the commutation relation ([Lee88])
that

At — A11,T1 = 1A+ 2RA,

)

we obtain
—3RA;; + QAHﬂ - 3A11,T1 =0
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and then

2
—2/ ‘1411,1|2 dp + 3/ ‘All,T‘ dp = 3/ R ’An|2 dp.
M M M

Hence
—2/ | Av1|* dp = 3/ R|Au|* dp.
M M

Moreover, since R is a positive constant, then
AH =0.

It follows that (M, J,0) is the Sasakian space form with positive constant
Tanaka-Webster scalar curvature and vanishing pseudohermitian torsion. [J

Appendix A. Appendix section

In this appendix, we introduce some basic notions from pseudohermitian ge-
ometry as in [Lee88].

Definition A.1. Let M be a smooth manifold and ¢ C TM a subbundle. A
CR structure on & consists of an endomorphism J : € — & with J*> = —id
such that the following integrability condition holds.

L IfX)Y €&, then so is [JX, Y]+ [X,JY].

2. J([JX, Y]+ [X,JY]) = [JX,JY] - [X,Y].

The CR structure J can be extended to £ ® C, which we can then de-
compose into the direct sum of eigenspaces of J. The eigenvalues of J are ¢
and —i, and the corresponding eigenspaces will be denoted by T%° and 701!,
respectively. The integrability condition can then be reformulated as

X,Y € 7" implies [X,Y] € T,

Now consider a closed 2n+ 1-manifold M with a cooriented contact struc-
ture £ = ker §. This means that 8 A df"™ # 0. The Reeb vector field of 8 is
the vector field T" uniquely determined by the equations

(A1) O(T) =1, and do(T,-) = 0.

A pseudohermitian manifold is a triple (M?"1 0, J), where 0 is a
contact form on M and J is a CR structure on ker . The Levi form ( , ) is
the Hermitian form on T defined by

H(Z,W) = (Z,W) = —i(d0,Z N\W ).
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We can extend this Hermitian form ( , ) to T%! by defining <7, W> =

(Z, W) for all Z,W € T*Y. Furthermore, the Levi form naturally induces a
Hermitian form on the dual bundle of 7%°, and hence on all induced tensor
bundles.

We now restrict ourselves to strictly pseudoconvex CR manifolds, or
in other words, compatible complex structures J. This means that the Levi
form induces a Hermitian metric (-, )9 by

(V.U) 19 = d6(V, JU).

The associated norm is defined as usual: V|5, = (V, V) s. It follows that H
also gives rise to a Hermitian metric for 7%°, and hence we obtain Hermitian
metrics on all induced tensor bundles. By integrating this Hermitian metric
over M with respect to the volume form du = 6 A df”, we get an L*-inner
product on the space of sections of each tensor bundle.

The pseudohermitian connection or Tanaka-Webster connection
([Ta75], [WeT8]) of (J,0) is the connection V on TM ® C (and extended to
tensors) given in terms of a local frame {Z,} for T1° by

VZy=w © 25, VZyg=ws’©Z5 VT =0,
where w,” is the 1-form uniquely determined by the following equations:

A9 = 0" Aw.” + 0 A TP
(A.2) Ta ANO* =0
wa” + w/ga =0.

Here 7¢ is called the pseudohermitian torsion, which we can also write as
T = Aageﬁ .

The components A,g satisfy
Aap = Aga.

We often consider the torsion tensor given by

Ajg=A%Z0® 0° + A% 75 © 6°.
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We now consider the curvature of the Tanaka-Webster connection in terms
of the coframe {# = 6°,0%,6°}. The second structure equation gives

Q" = Q5% = dwp™ — wg” Aw,®,
Q% =00 =0’ =" = = 0.

In [We78, Formulas 1.33 and 1.35], Webster showed that the curvature
(23% can be written as
(A.3)
Qg% = Rgapgep NG + Wﬁapgp NE— Wagﬁeﬁ NGO+ 1i0g AT —iTg A O,

where the coefficients satisfy
Rpaps = Rojop = Rapop = Rpaps, Wsay = Whag.

In addition, by [Lee88, (2.4)] the coefficients W,”, are determined by the
torsion,

WP, = Aa,”.
Contraction of (A.3) yields

(A4) Qo™ = dwa® = Rys0” N 07 + W, *,0° NG — Wz"560° N6
' = Rys0" N7 + App®0” NO — Asz®0” N O

We will denote components of covariant derivatives by indices preceded
by a comma. For instance, we write A,g .. Here the indices {0, o, 8} indicate
derivatives with respect to {7, Z,, Z B}' For derivatives of a scalar function,
we will often omit the comma. For example, o = Zap, 0,5 = Z5Zap —
wa(Z5)Zyp, o = T for a (smooth) function .

In particular, we define the followings for n = 1. For a real function ¢,
the subgradient V) is defined by Vip € € and (Z, Vi), = dp(Z) for all
vector fields Z tangent to the contact plane. Locally Vyp = 121 + 1 27. We
can use the connection to define the subhessian as the complex linear map

(VI Tio@ Ty — Tio® Toa,

(VI2p(Z) = V2 V.
Also
A = Tr (V1)) = (11 + o11).
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Forall Z =2'7, € T, we define

. 1.1 2
Ric(Z,Z) =Wz 'z = I_/V|_Z\L9,
Tor(Z,Z) = 2Re iAjpx'a’.

We also need the following commutation relations ([Lee88]).

(A.5)

Cro1 —Crio = CrgAn —kCr Ay, g,
Crot —Crio = CraAm —kCrAm;,
CI,IT — CLTI = iC[yo + EW (Y.

Here C} denotes a coefficient of a tensor with multi-index I consisting of only
1 and 1, and k is the number of 1’s minus the number of 1’s in I.
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