Pure and Applied Mathematics Quarterly
Volume 18, Number 2, 437-461, 2022

A fully-nonlinear flow and quermassintegral inequalities
in the sphere
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Dedicated to Joseph Kohn on the occasion of his 90th birthday

Abstract: This expository paper presents the current knowledge
of particular fully nonlinear curvature flows with local forcing term,
so-called locally constrained curvature flows. We focus on the spher-
ical ambient space. The flows are designed to preserve a quermass-
integral and to de-/increase the other quermassintegrals. The con-
vergence of this flow to a round sphere would settle the full set
of quermassintegral inequalities for convex domains of the sphere,
but a full proof is still missing. Here we collect what is known and
hope to attract wide attention to this interesting problem.

1. Introduction

Let M™ be a smooth, closed and connected manifold and let X : M™ — S**!
be the embedding of a strictly convex hypersurface. Let p € S*™! be a point
in the interior of the convex body enclosed by M, such that M lies in the
interior of the hemisphere determined by p and denote by

(1.1) ds* = dp?® + ¢(p)?dz?

the metric in polar coordinates around p, where ¢(p) = sin(p), p € [0, %), is
the radial distance, and dz? is the induced standard metric on S™.
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We consider the following locally constrained curvature flow in the sphere:

(1.2) %—f — (eard(p) — u%l)(\;\)

X(-,0) = Xo()-

)2

where X (z,t) € S"*! is the position vector of the evolving hypersurface M (t),
v the outward unit normal, u = ($(p)2,v), A = (A,---, \,) the principal

8—/77
curvatures, Xo : My < S™*! the initial embedded hypersurface, o, the k-th
elementary symmetric function, and ¢, = U(’;:—EI()I) = Z—jrlf, I=(1,---,1).

The particular interest in these flows stems from its monotonicity proper-
ties with respect to the quermassintegrals for convex bodies €2 in the sphere.
Let M = 09, set

.A_1 :VOI(Q), ./40 I/ dug,
M

(1.3) A = / o1 (\)dpy + nVol(2),
M
M

m—1

where 2 < m < n. Here g is the induced metric on M and dy, is the associated
volume element.

The monotonicity properties of those functionals along the flow (1.2) fol-
low from the following Hsiung-Minkowski identities (see Proposition 2.6):

(14) (m+1) /M Wit () = (n —m) /M S om(N), 0<m<n-—1.

With the help of the evolution equations (see Proposition 2.9):

(1.5) OA = /M <cn,k¢’(p) - u"(’:&?)) Ay,

and

_ / g 1(>‘)
10 0= (+1) [ o) (ense o) —u S

we deduce that along the flow (1.2) for 0 < k£ < n — 1, the following mono-
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tonicity relations hold:

>0, ifl<k-—1;
(1.7) oA =0, ifl=k—1;
<0, ifl>k—1

Hence, if one can prove that the flow (1.2) moves an arbitrary convex hyper-
surface to a round sphere, then the following conjecture would turn into a
theorem:

Conjecture 1.1.

(1.8) A < &§r(Ag), V—1<I<k<n,

»

where &, is the unique positive function defined on (0,00) such that “ =
holds when M is a geodesic sphere. “ = 7 holds if and only if M is a geodesic
sphere.

Flow (1.2) is another example of hypersurface flows which have been
introduced recently with goals to establish optimal geometric inequalities
[7, 3, 8, 9, 11] for hypersurfaces in space forms. These locally constrained
flows are associated to the optimal solutions to the problems of calculus of
variations in geometric setting. The counterpart of (1.2) in R"*! was consid-
ered in [8, 9], where the longtime existence and convergence were proved by
transforming the equation to corresponding inverse type PDE on S™ for the
support function. In the case of S™*!, up to several special values of k and I,
this conjecture is open until today, see for example [3, 4, 13]. The main issue
is that so far we can not control the curvature along the flow (1.2) from above
(except the case k = 0 [8]). All the other a priori estimates for this flow are
in place and this note is supposed to collect those estimates.

The rest of this article is organized as follows. In section 2, we list some
basic facts for k-th elementary symmetric functions, hypersurfaces in S**+!
and evolution equations. In section 3, we prove the C%, C! a priori estimates

and uniform bounds of F' = U(’;:—&S\) In section 4, we prove the strict convexity

of M(t) along the flow (1.2) if My is convex. In the last section, we give a
discussion of the C? estimate.

2. Preliminary

We first recall some well-known facts about k-th elementary symmetric func-
tions, hypersurfaces in S**!, and then give some evolution equations along
the flow (1.2).
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2.1. Elementary symmetric functions

For any k =1,---,n, and A = (A, , \,), the k-th elementary symmetric
function is defined as follows

1< << < <n

and oy = 1. First, we denote by o (A |i) the symmetric function with A\; = 0
and oy (A |ij) the symmetric function with A; = X\; = 0.

Proposition 2.1. Let A= (A1,...,\p) ER" and k=1,--- ,n, then

Uk(/\) = Ok(/\’i) + )\idkfl(/\’i), V1 < 1 S n,
> Niok—1(A|i) = kow(N),

Z or(Ai) = (n — E)op(N).

Viewing oj as a function on symmetric matrices, we also denote by
o(W'|i) the symmetric function with W deleting the i-row and i-column
and o (W |ij ) the symmetric function with W deleting the 7, j-rows and ¢, j-
columns. Then we have the following identities.

Proposition 2.2. Suppose W = (W;;) is diagonal, and m is a positive inte-
ger, then
00, (W) oma(W i), ifi=j,
oWij 0, ifi # j.
and
O—m72(W|ik)7 ZfZ:j7k:l7Z7ék7

_O'me(Wﬁk)v ’LfZ:l,j:k’,Z#],
, otherwise .

Pom(W)
OWi;OWy

Recall that the Garding’s cone is defined as
(2.2) Ie={AeR":0;()\) >0,V1 <i<k}.

The following properties are well known.
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Proposition 2.3. Let A € Ty and k € {1,2,--- ,n}. Suppose that
AL 2 2 A 2 2 Ay,
then we have

(2.3) ok—1(An) > op—1(Aln—1) > -+ > 0,1 (Alk) > -+ > o_1(A|1) > 0;
(24) A > >M>0, op(N) <CFA - N
(2.5) Uk()\) > M- )\k, Zf)\ € Fk-ﬁ-l;

k_ !
where C} = m

The generalized Newton-MacLaurin inequality is as follows, which will be
used all the time. See [17].

Proposition 2.4. For A€l andk >1>0,r>s>0, k>r, 1> s, we
have

26) lakm/cfi -

2.2. Hypersurfaces in S**?!

The following lemma is well known, e.g. [8].

Lemma 2.5. Let M™ C S""! be a closed hypersurface with induced metric
g. Let ® = ®(p) = [y ¢(r)dr, then

(2.7) ViV;® = ¢'(p)gi; — hiju,

recall u = (p(p) -2, v).

We have the following Hsiung-Minkowski identities, see [8].

Proposition 2.6. Let M be a closed hypersurface in S"*'. Then, for m =
0717"' 7n_17

(2.8) (m+1) [ wrna () = @ =m) [ & (p)an).

where we use the convention that oy = 1.
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Next, we state the gradient and hessian of the support function v =
(qﬁ(p)a%, v) under the induced metric g on M, see [8].

Lemma 2.7. The support function u satisfies

(2.9) Viu =g hiy V@,
(2.10) Vzvju nglvmhijvlcb + (b/hij — (h2)iju,

where (h?)ij = g™ himhii.
2.3. Evolution equations

Let M(t) be a smooth family of closed hypersurfaces in S"*!, and X (-, )
denote a point on M (t). The following basic evolution equations for normal
variations are well known, e.g. [6].

Proposition 2.8. Under the flow 0,X = f(X(-,t))v in the sphere we have
the following evolution equations

(2.11) Orgij =21 hij,

(2.12) Ordpg =for1(N)dpg,

(2.13) Othiy = — ViV f + f(h?)i; — fgij,
(2.14) Ophly = =NV if = fg"" (h*)mj — [0

From Proposition 2.8, we can obtain the evolution of the quermassinte-
grals in the sphere.

Proposition 2.9. Along the flow 0;X = f(X(-,t))v in the sphere, we have
for0<I<n-1

(2.15) @AP:U+U%QWHQHW%
and
(2.16) 8p4,1::ja[fdum

where Q) is the domain enclosed by the closed hypersurface. Moreover, if the
flow is (1.2) and h(t) € T'xy1, then we have

>0, ifl<k-—1;
(2.17) Al =0, ifl=Fk-1,
<0, ifl>k—1.
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Proof. (2.15) and (2.16) follow directly form Proposition 2.8. (2.17) follows
from (2.8), (2.15) and the Newton-MacLaurin inequality. O

Let (M,g) be a hypersurface in S"*! with induced metric g. We now
give the local expressions of the induced metric, second fundamental form,
Weingarten curvatures etc. when M is a graph of a smooth and positive
function p(z) on S™. Let 0y,--- ,0, be a local frame along M and d, be the
vector field along the radial direction. Then the support function, induced
metric, inverse metric matrix, second fundamental form can be expressed
as follows. For simplicity, all the covariant derivatives with respect to the
standard spherical metric e;; will also be denoted as V when there is no
confusion in the context.

(2.18)
¢2
P+ Vo]
(2.19)
Gij :¢2€¢j + PPy
(2.20)
1 P’
- (W — "7
e ¢ + IVPIQ)’
(2.21)
1
hi :W(—¢Vivj,0 +2¢' pipj + 0*¢'eij),
(2.22)
i 1 im PP
- S e

RN e T

where all the covariant derivatives V and p; are w.r.t. the spherical metric

)(_¢vmvjp + 2¢/pmpj + ¢2¢I€mj)a

€ij-
We now consider the flow equation (1.2) of radial graphs over S" in S"*+1.

Let
¢

Vo + Vo
It is known that if a family of radial graphs satisfy 0;X = fr, then the
evolution of the scalar function p = p(X(z,1),t) satisfies

(2.23) Op = fw.

The following is a well known commutator identity.
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Lemma 2.10. Let h;j be the second fundamental form and g;; be the induced
metric of a hypersurface in S*Tt. Then

Vithml = vmVIhij + hij(hQ)ml - (hQ)ijhml + hil(h2)mj - (h2>ilhmj
(2.24) + [hmiGij — NijGmi + Pmjgic — higmg].

Lemma 2.11. Along the flow (1.2) in S*™™!, the graph function p and the
support function u = <¢(,0)8%, v) evolve as follows

/ /

(2.25) Op — uFijViVjp = %u(cn,k — Fijgij) + %uFijpipj

Oy — uFijV,»Vju = =, VOV
(2.26) + EVOVu + (e — 2uF) ¢ + u>F7(h?);;,
where F = —UL’;:ES) and F = gTI;.
Proof. The function p satisfies

op = (cnpd — uF)w,

and
/ /

uF"p;; = —uwF + EuF”gij - EuF”pl»pj.

Hence (2.25) holds.
Applying Lemma 2.7, we can obtain

ou—uF9uy; = f¢ —VOVf —uF9[VhyVO+ ¢ hij — (h?)iu]
= (cpd —uF)¢ — VOV (cprd — uF)
—u[VFV® + ¢'F — F9(h?);;u]
=~k VOVY + FVOVu + (it — 2uF) ¢ + u> F7(h?),;.
|
Lemma 2.12. Let h;j be the second fundamental form and g;; be the induced

metric of a hypersurface in S*! and F = U(’;zé)(\’)\) Then

ViV, F =F**V ,Vghi; + F**"N 15V by
(2.27) + [FP(h*)ag — F*Thyy — F(h*)ij — gij),
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af _ _OF aBfyn — __0°F
where F'*P = Bhes and F = Bhugohy

Proof.

ViV, F =F**N,V ihag + F*P "N ihagV jhey
=F°PV ,Vghij + F*%N hasV b,
+ FPij(h%)ag — (h*)ishap + hig(h?)a; — (h*)ighaj
+ (hapgij — Mijgap + higgaj — hajgis)]
=F*V ,Vghij + F*N hasV ik,
(2.28) + [FP(h%)ag — FJhyj — F(h%)ij — gi3]-

O

Lemma 2.13. Let h;j be the second fundamental form and g;; be the induced

metric of a hypersurface in S*™ and F = aff:—(l)(j‘) Then along the flow (1.2)

Ophs — uF™N Vb =uF ™ PN By Y hpg + ViUV F
+V,juV'F + FVh,V®
— (cn i@’ + uF)(R?)!
+ B [u(F™ (W) — F™™) + ¢'F — ¢ pt]
(2.29) + 2uF 6},

and

WF — uF™V,,Vi|F =2F™V,,uV,F + FVOVF
(2.30) — [eanF™ (h?)t — F21¢ +uF > F™ — ol
Proof. By the tensorial property, we do not distinguish upper and lower in-

dexes in this proof whenever applicable. We need the fact that V¢/ = —V®,
and then we can obtain

athé’ = — ViVj(enrd' — uF) — (cand’ — UF)(h2>ij — (en ' — uF)(F;
= — ok ViV;¢ + uV,VF + VuV,F 4+ VuV,F + FV,Vu
— (cn i’ — uF)(h)ij = (copd — uF)d}
=Cn k(¢ 9ij — uhij) + ViuV;F + V,uV,;F
+ F[VhjV® + qb/hij — u(hQ)ij]
+ u[F™N 1, Vihig + F™ P i1y Vi hy,
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+ (F™(B?) g — F™™)hig — F((h*)ij — gij)]

— (cnpd' —uF)(B*)iy = (capd’ — uF)s;
=u[F™V , Vihij 4 F™ PN 11,0V | + ViV F

+ V,uV;F + FVh;;V®

— (capd’ +uF)(h?)y

+ hij [u(F™(h?)y — F™™) + ¢'F — Cn kU]

+ 2uFd}.

Finally, (2.30) follows from
OuF = Fo;h!.
O

Lemma 2.14. Let h;j be the second fundamental form and g;; be the induced
metric of a hypersurface in S and F = 0(’;:—3/8‘) Then along the flow (1.2)

O (uF) — uF™V Vi (uF) =F[cp, x| VO + (copd — 2uF)¢’ + u? F™ (h?)]
+ u[uF(Z F™ —cp )
- (Cn,kal(hQ)ml - F2)¢l]
(2.31) + FVOV (uF),

and
O(71) = uF ™V Vi(T) =F IV Vi + = VuViF + FYSV(-)
7 /

h! i
+ 2leVmuVl(j) - (an% + F)(h?); + 2F

/
. F
+ hi[F™™ — (Cn,k_fQ - 35)(?/ — Cnk

(2.32) + vy,

u?
3. A priori estimates

Since My is strictly convex, there is T > 0 such that flow (1.2) exists and the
solution M (t) is strictly convex for all 0 < ¢ < T'. This will be assumed in the
rest of this section.
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3.1. CY estimate

Theorem 3.1. Let My be a strictly convex, radial graph of positive function
po over S* embedded in S"T. If M(t) solves the flow (1.2) with the initial
value My, then for any (z,t) € S™ x [0,T)

1 i < < .
(3.1) min po(z) < p(z,t) < Izlé%iipo(z)

Proof. At critical points of p, we have the following critical point conditions,
(3.2) Vp=0, w=1 u=g¢,

and then the Weingarten curvature is

1 1 /
(3.3) h; = E(_pij + ¢9'eij),
and then

ori1(N) o ok (—5F +ei)

(3.4) F="000 =6 ot rey)

So at the critical point, we have

Uk+1(—% + €i5)
ak(_gg/ +eij)

(3.5) Oip = cop¢ —uF = copd — ¢

By standard maximum principle, this proves the upper and lower bounds
for p. O

3.2. C! estimates

Lemma 3.2. Let F(\) = ”g:(l/(\;), and ¢ = F(I) = Z—jrf where I =
(1,---,1). Then

y F? g
(3.6) S FIN > ——, > F">cpp, VAETL
Cn.k

1 i

Moreover, if X € Tjy1, then S F¥ < n —k.
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Proof. The proof below is from [3]. We first derive

ZF”)\Q _ Z Uk(/\|i)/\?0kfak+1ak,1(Mi))\f
7

)
Ok

[010k 11— (k+2)0k12]ok—0kt1[010k—(k+1)ok 1]

2
Tk

B (k+1)az+17(k+2)ak+20k
= 57

> ktlpz_ 1 p2

n—=k Cn,k ’

where the last inequality follows from Newton-McLaurin inequality.
Similarly, we have

SR = Y 7k A1)k (N) =Tk 1 (N Tk1 (Al2)

Ok
(38) _ (n_k)ai_(n_§+1)ak+10'k—l
o
k
—k
> Z+1 = Cnk;

where the last inequality follows from Newton-McLaurin inequality. If A €
Iky1, then o4 1041 > 0 and we conclude that 3 F% < n — k from the

second identity in (3.8).

Theorem 3.3. Let My be a strictly convex, radial graph of a positive function
po over S™ embedded in S*TL. If M(t) solves the flow (1.2) with the initial

value My, then for any (z,t) € S* x [0,T)

(3.9) u(z,t) > minu(z,0).

zES™

As a consequence, we have C* bound for p, that is,
(3.10) plerny < C,

where C' depends only on the initial data.

Proof. For any fixed t € (0,7T"), we have at the minimum point of u(z,t),

Vu=0.
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So from Lemma 2.11, we have

Oy — uFijuij :cmk\V(I)\Q + (cnk® — 2uF) ¢’ + u2Fij(h2)ij

1
(3.11) >n k| VO* + cp (¢ — —uF)* >0,
C

n,k

which finishes the proof of (3.9). O
3.3. Uniform bounds of F

Lemma 3.4. Let A\ = (A,---,\,) € Iy, and \y > -+ > \,. Then for
1<m<n-—1, we have

(3.12)
m(n —m)om(N)? = (m+1)(n —m+ D)omr(Nom1(d) (A — An)?

~

Om ()2 N2

where  ~ g means C( Ty 9 < f < C(n,m)g for some constant C'(n,m) > 0.

Proof. The case m =1 is trivial, as

(n — 1)0’1()\)2 — anQ(A) = Z()\Z — )\j)Q.

1<j
We may assume 1 < m < n. By direct computation we can derive

m(n —m)om(A)? — (m+1)(n—m+ 1)oms1(N)om_1(N)
[mom(M][(n = m)om(N)] = [(m + om0 —m + Dom-1(A)]

(At QDI o MA] = A MR o1 O10)
—Z Jon 1)

= Z Ai = Apom—1 (M) om (A7) — om—1(Al7)om(Ali)]

= Z (A = X)[(om-1(Alif) + Ajom—2(Aif)) (om(Alif) + Aiom—1(Alij))
— (om- 1(Alij) + /\-Gm 2(Alif)) (Gm(Alig) + Ajom—1(Alig))]
=2 (= X) - A = A)[om-1(Ali5)* — om—a(Alif)om(A]ij)]

1<j
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~ D0 (= Ao (i),

i<j

where the last ~ follows from Newton-MacLaurin inequality. Then we can
obtain

m(n —m)on(A\)? — (m+1)(n—m+ 1)omi1(N)om_1()\)

om(A)?
m—1(A]ij)?
~ i — A\ 20m-1(A[i)
;( J) O'm()\)Q
(A1 Amo1)? s (AL A Am)?
~ (A — A )2 + (N — )
m%;] j (AL Am)? i<%:<g J (AL Am)?
(A N Ams1)
+ N — )2 J
Z<]Z<m< J) (/\1 ,.Am)Q
Z (>‘i ]) Z ()‘z - )‘7)2 Z (/\z )‘]) )\m+1
m<i<j A'?” i<m<j /\12 i<j<m ()\Z)\])2
No\m - >\n)2 + (/\1 - )\n)Q + ()\1 - )\m)Q /\72n+1
A2, A AT A%,
(/\1 — /\n>2
A2 ’
where )/\\Z means that A; is omitted. The proof is finished. O

Due to Lemma 3.4, we obtain the uniform bound of F' as follows.

Theorem 3.5. Let My be a strictly convex, radial graph of positive function
po over S® embedded in S"Tt. If M(t) solves the flow (1.2) with the initial
value My, then for any (z,t) € S* x [0,T)

1

(3.13) &<

F<C,

where C depends only on n, k and the initial data.

Proof. For any fixed t € (0,7"), we have at the critical points of F,

VFEF =0.
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So from Lemma 2.13, we can get

(3.14)
tj(h2),. y
F9(h%)is L] +uF[> FP — ).

OF = uFVVV,F = = e 2[5 -
n,k

In the following, we divide the proof of (3.13) into three cases.
Firstly, for the Case: 1 < k <n — 2, we know from Lemma 3.4,

(3.15)
F9(h?);; B L (k+1)"- Uk;+1 (k+2)okr20r (A — M\p)?
2 Cn.k Tht1 AT ’
and
ii (n—k)op — (n—k+1)0ks106-1 A — )2
(3.16) > F' — i = B ~ L e )
k 1
Thus
Fz] (h2)
3.17 -~ Y i -
(3.17) 72 o > Cn -

Hence (3.13) holds.
Secondly, for the Case: k = 0, we can directly get,

Fi(h?); 1

1 >
(318) 20
and
(3.19) S F" —cpy =0,

so we can get F' < C' from (3.14). To prove the lower bound of F', we consider
the minimum point of wF', and then we can get F' > % from (2.31). Hence
(3.13) holds.
Lastly, we consider the Case: k = n— 1 in the following. It is easy to know
Fii(h?);; 1

2 SRR S
(3.20) =0
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and
(3.21) (n— k) = cnpe > 3 F — i >0,

so we can get F' > & from (3.14).
To prove the upper bound of F', we consider the maximum point of P :=
F —i—%. At the maximum point of P, we have

1
u
and then
P — uF9V,V ;P =0,F — uFV,;V;F
1 . 9
2 {Otu = uF”VZ-Vju} —uF" . ﬁviuvju
=2F"V;uV;F + FVOVF + uF[Y _ F" — ¢, 4]

1
- [ — k| VO + FVOVU + (cp ¢ — 2uF) ¢

+ U2Fij(h2)ij:|
Fii . 2
—Uu . EVZUVJU
=uF[Y F" = cyp ]
2

1 F
(3.23) - [ — cn,k|V<I>|2 + (cni® — 2uF)¢’ + T
u Cn,k

So we can get F' < C from (3.23). Hence (3.13) holds.

4. Preserving convexity

In this section, we prove the flow (1.2) preserves convexity in S"*1. Denote

T > 0 to be largest time, up to which all flow hypersurfaces are strictly convex.

Furthermore denote by T is the largest time of existence of a smooth solution
o (1.2). Recall that I'y is the k-th Garding cone, see (2.2).

Theorem 4.1. Let M(t) be an oriented immersed connected hypersurface
in S"* with a positive semi-definite second fundamental form h(t) € Tpyiq
satisfying equation (1.2) for t € [0,T*), then M(t) is strictly convex for all
te (0,7%).
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Here we provide two proofs. The first proof follows from the following
lemma.

Lemma 4.2. Along the solution of (1.2) with a strictly convex initial hyper-
surface Mo C S™*L all flow hypersurfaces M(t) = X (M, t) are strictly convex
up to T, i.e. T =T%, with a uniform estimate

b > cd;,
where ¢ = c(supyy, p, infag, p,n, k, T).

Proof. We calculate the evolution equation of the inverse {0’} = {nI}1,
which is well defined up to T'. We suppose that T" < T™.

Db = — b ITES,

FINN b =2F960 N hibs N s hobd, — FO6T N,V hibs,,
Viu =h}V;®,
and by the evolution equation for h{ , we deduce
b — uFIN, Vb — FV OV, b
= — u(FP" 4+ 2P )V hpg V7 hesb'bL, — bV FV @ — b,V FV™®
(4.1) — uF7hy kb + (cppd + uF) — ¢/ Fb)
+ uF giib™ + ey, gub™ — 2uFbb,
2 ) ) ) )
< - FuViFVJFb}”bﬁn —VPVIFY,,® — b, Vi FV™®
+ U1 (0)by, + a(t) — 2uFb;,

where we used the inverse concavity of F', cf. Theorem 2.3 in [1] and where
1; are smooth functions which are uniformly bounded up to T, due to the
uniform upper and lower bounds of F'.

We use a well known trick to estimate the maximal eigenvalue of b, e.g.
compare Lemma 6.1 [5]. Let

Q =sup{bin'n’ | gyn'’ =1},
and suppose this function attains a maximum at (o, &y) with tg < T, i.e.

Q(to, &) = sup Q.

[O,to] x M
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Choose coordinates in (tg, &) with

i = 0ij, biy = A1, AT < <AL

n

Let n be the vector field n = (0,...,0,1) and define

O— bijn'n’

gijninj ’

then locally around (g, &y) we have Q < @ and the derivatives coincide. Thus
at (to,&p) the function Q and by satisfy the same evolution equation and we
may show that the right hand side of (4.1) is negative at the point (to,&p) in
these coordinates, yielding a contradiction.

In these coordinates we obtain

b — uFIN, Vbt — FV' OV, bl
2
< — F“(VHF)QA;Z’ — 2\ VLV, @+ oy (A o(t) — 2uF A

2
< - Fu(VnF)2>\EQ + (Vi F)? 4 ce(Va®)? + 1 (DA, + a(t) — 2uF A,

<0,

for small € and large A 2. Hence we obtain that ;! does not blow up at T, in
contradiction to the definition of T' < T™. Hence we must have T' = T", with
a uniform lower bound on h;; on finite intervals. The proof is complete. [

The second proof is from the Constant Rank Theorem in Bian-Guan
[2], along the lines of proof of Theorem 6.1 in [8] (where the constant rank
theorem was proved for a general flow in R*™!). For (1.2) in S"*!, we have
an extra good term which is associated to the curvature K = 1. We outline
the arguments here with necessary modification.

Proof. Let W = (¢"™hyy,;), and [(t) be the minimal rank of W. Suppose at W
is degenerate (xo,T"), such that W (T') attains minimal rank [ < n at xq. Set

or2(W(z,1))

(p(l’, t) = Ul+1(W(:E7t)) + al+1(W(x,t))'

It is proved in section 2 in [2] that ¢ is in CbL.
As in Bian-Guan [2], near (zo,7), the index set {1,2,---,n} can be di-
vided in to two subsets B, G, where for i € B, the eigenvalues of {W;;}, A; is
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small and for j € G, \; is strictly positive away from 0. As in [2], we may as-
sume at each point of computation, {W;;} is diagonal. Notice that W;; < Cp
for all © € B.

Denote G = uF — ¢y ¢’ and F = 7e21 Q) From (2.14) we recall

ok ()

(4.2) hi = V'V,G + Gg* (h?) + G.
So we have the following equality

Z Gaﬁ@aﬁ — ¥

1 [e%
=O0(p+ Y [VWy|) - WZ > GWiaWis
',jeB 71 afB i£jEB
(B Z Z G®(Wii 001 (B) — Wy Z Wija)
afB i€B jEB
X (Wii,ﬁal( ~ Wi ) Wjjs)
jEB
o1(Bli)* — o2(Bli) s WijaWijp
-2 [O’l(G) + G« ijalVijf
;3 o1(B)? %];; Wi;
Bli)* — 02(B
43)  + > [m(@) + (Bli)* "2 ), Z GPWisas — O Wi |.
ieB a1(B)
By (4.2) and (2.29),
(4.4)
Oihi; = u[F*PN oV ghii + F* 1N hagVihog] + O(p + Y [VWij|) + 2uF,
ijEB

where we used the facts V,u = O(p), V;V,u = O(p + |[VW;;]) and V,;V,;® =
¢ +O0(p), Vi € B.
As GoF = yFes,

Z Ga Wi af — Wi =u Z Faﬁvav/ghii — agh;
ap
(4.5) =0(p+ > |VWij|) = uF P "W, W,p; — 2uF.

i,jEB
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Since F' satisfies the structure condition in [2],

Fo‘ﬁ’WWa ; ; ap Vij,aVVijf '
5iWon +QZZF 2 0
af jEG J
We obtain
Y GPoup — 1 < Clo+|Vepl) = C Y VW] = 2uF ) [0u(G)
1,jEB i€eB
o1(Bli)* - Uz(B!i)]
01(B)? ’

Following the analysis in the proof of Theorem 3.2 in [2], it yields

> G pup — o1 < Clo + |Vo|) — 2uFoy(G).

This is a contradiction from the standard strong maximum principle for
parabolic equations. O

Remark 4.3. The preservation convexity of flow (1.2) when k =0 was first
observed by JS and Chao Xia [15].

Since in the case of k = 0, the longtime existence and convergence was
proved in [8], the following sharp inequality follows.

Proposition 4.4. If Q C S**! is convez, then
Vol(Q) <& _1(A;) VI>0,
with equality holds iff Q) is a convexr geodesic ball.
5. Discussion of C? estimate

The curvature estimate for flow (1.2) is still open. In the case of R"*1 ¢/ =1,
the corresponding flow is

(5.1) Xt = (e — uF(N))v.

Flow (5.1) has the same curvature estimate issue. In [9, 10] the flow (5.1)
was converted to a corresponding inverse type flow for the Euclidean support
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function u of the evolving convex body parametrized on the outer normals
(i.e. on S™). The longtime existence and convergence of the admissible solution
were proved in [9, 10].

Below we will convert flow (1.2) to an evolution of convex bodies in R™*!
and we write down the evolution equation of the corresponding Euclidean
support function @ on S™.

Introduce a new variable 7 satisfying
(5.2) & _1

dp ¢
Let w=+/1+ [V7[%, one can compute the unit outward normal v=1(1, —Yp),
and

(5.3) U :g,

(5.4) gij =%eij + PiPj:

55 o (e = ),

(5.6) hij :g(_%j + iy + ¢lei),

(5.7) b :¢%(eim - szzm)(—vmj + ¢ m ) + ¢ emy).

It follows from (2.23) that the evolution equation for 7 is

1
Oy =~ p = f

¢ ¢
(5.8) :Cn,k%/ - UZES)
From (5.7),
h’ —d)iw(eim — Vz;m )(=Ymj + & Ymj + &'emy)
:(b% (e™ — 7:A;m)(—%m + Y + emg) + (¢ — 135}
(5.9) i Eé}

¢ 7w
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where
i _ m
hy = e“/w{<€ w?

)(_’ij + Tm7Y;j + emj)a

which is the Weingarten tensor of the graph M (over S™) of radial function
p =€ in R"*1. Since M(t) is strictly convex (i.e. {h%} > 0), and ¢/ — 1 =
cosp —1 <0, thus {71,;} > 0. That is M is strictly convex.

We have

Op =pOyy

/ ~2 /
. -1 .
~ P~ Ok+1 (h; o 5;)
¢ Ok pw

(510) =Cn .k

Let @ be the support function of the strictly convex body M , and z and v be
the unit radial vector and the unit outer normal vector of M, respectively.
Then from p(z,t)(z-v) = u(v,t), we can get log p(z,t) = logu(v,t) —log(z-v)
and

L 0p(z,t) 1 o A
Seh) ot awplen Tl -
1 ou(y,t) 1 L
S a(vt) ot * u(v,t) [(Va = p(z,8)2) - 1]
1 ou(y,t)
Cav,t) ot

Denote W =: {u;; + ud;;} = {E;}_l and we can get the evolution equation
of u as follows

atﬂ:gatﬁ
0
¢ puoky s W1
S e B Ny
Cni g = g gy 5 )

(5.11) —: G(W=~, @, Vii).

This equation is of inverse type, and the question is whether (5.11) exists for
all time?
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