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Abstract: We prove that for a bounded domain in C™ with the
Bergman metric of constant holomorphic sectional curvature be-
ing biholomorphic to a ball is equivalent to the hyperconvexity or
the exhaustiveness of the Bergman-Calabi diastasis. By finding its
connection with the Bergman representative coordinate, we give
explicit formulas of the Bergman-Calabi diastasis and show that it
has bounded gradient. In particular, we prove that any bounded
domain whose Bergman metric has constant holomorphic sectional
curvature is Lu Qi-Keng. We also extend a theorem of Lu towards
the incomplete situation and characterize pseudoconvex domains
that are biholomorphic to a ball possibly less a relatively closed
pluripolar set.
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1. Introduction

In [23], Lu proved his well-known uniformization theorem: a bounded domain
in C™ with a complete Bergman metric of constant holomorphic sectional
curvature is biholomorphic to the Euclidean ball. For a bounded domain
Q C C" fix a point zp € Q and let A, = {z € Q| K(z,20) = 0} be
the zero set of the Bergman kernel K (-, zp). Since A, is an analytic variety,
as domains Q2 \ A, and Q have the same Bergman kernel K and Bergman
metric g. Consider on Q \ A, the Kéhler potential

K(z,2)K (20, 20)
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for the Bergman metric g = d0®,,. Locally, the right hand side of (1) coin-
cides with Calabi’s diastasis [3]. We call the function ®,,(z) the Bergman-
Calabi diastasis relative to zg. In this paper, we shall prove the following main
theorem.

Theorem 1.1. Let Q C C™ be a bounded domain whose Bergman metric has
its holomorphic sectional curvature identically equal to a negative constant
—c2. Then the followings are equivalent:

(i) Q is Bergman complete;

(ii) for some zy € Q, ®,,(z) blows up to infinity at the boundary of );
(iii) € is hyperconvex;

(iv) 2 is biholomorphic to the Buclidean ball B™ and n = 2/c? — 1.

Remarks.

(a) The equivalence between (i) and (iv) is exactly Lu’s theorem [23]. A
domain is said to be Bergman complete if it is a complete metric space
with respect to the distance induced by the Bergman metric.

(b) It follows from the transformation rule of the Bergman kernel that the
Bergman-Calabi diastasis is invariant under biholomorphic mappings in
the sense that if f is a biholomorphic map from 21 to {29, then

(I)Ql;zo (Z) = (bQQ,f(zo)(f(Z))

Thus, Condition (ii) is preserved under biholomorphic mappings. For
general bounded domains, as demonstrated by our examples in Propo-
sition 3.1, Condition (ii) does not imply the Bergman completeness.
(c) Under the constant negative holomorphic sectional curvature assump-
tion in Theorem 1.1, Condition (ii) in fact implies that  is Bergman
exhaustive, namely its Bergman kernel function K(z, z) blowing up to
infinity at any boundary point (see Proposition 5.1). When n = 1,
Chen in [4] proved that if a bounded domain in C is Bergman exhaus-
tive then it is Bergman complete; moreover, the converse is not true as
shown by Zwonek [36]. When n > 2, the Bergman exhaustiveness and
completeness do not imply each other in general (see [18, Chap. 15]).
For example, the Hartogs triangle H := {2z € C? : |z1] < |2a] < 1} is
Bergman exhaustive. But from (b) we know that H does not satisfy
Condition (ii) and is not Bergman complete, as it is biholomorphic to
D x D*.
The motivation of Condition (ii) in Theorem 1.1 comes from the work [6]
of Cheung and the second author who proved that if a bounded convex
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domain in C™ with a Hermitian metric of constant negative holomorphic
sectional curvature such that all metric components blow up to infinity
at the boundary, then the domain is biholomorphic to a ball (see also
[7, 33]).

A bounded domain is said to be hyperconvex if there exists a continuous
negative plurisubharmonic exhaustion function. Ohsawa in [28] proved
that a bounded hyperconvex domain is Bergman exhaustive. Blocki and
Pflug in [1] and Herbort in [14] independently proved that a bounded
hyperconvex domain is Bergman complete. On the other hand, by the
works of Diederich and Fornaess [9], Kerzman and Rosay [20] and De-
mailly [8] it is known that any pseudoconvex domain with C'*-smooth
boundary is hyperconvex. Previously, it was shown that any pseudocon-
vex domain with C''-smooth boundary is both Bergman exhaustive (see
[29]) and Bergman complete (see [27]). In this paper, instead of impos-
ing boundary regularity conditions, we place curvature conditions on
the domain.

Theorem 1.1 says that under the constant negative holomorphic sec-
tional curvature assumption, the Bergman completeness, exhaustiveness
of the Bergman-Calabi diastasis, and hyperconvexity are all equivalent
to one another, and either of them is equivalent to the domain being
biholomorphic to a ball. Our proof of Theorem 1.1 is carried out as

2) (i) = (iii) = (i) = (iv) = (ii).

The second and third implications follow from [1, 14] and [23], respec-
tively. We prove the first and last implications of (2) in Section 3, where
we additionally give a direct proof of the fact that (ii) = (iv). There-
fore, the equivalence between (ii) and (iv) can be proved straightfor-
wardly without using Lu’s theorem.

Unlike the complete Kéhler-Einstein metric which is known to exist on
any bounded pseudoconvex domain as shown by Cheng and Yau [5] and Mok
and Yau [25], the Bergman metric is incomplete in many cases. To find more
applications in Kéhler geometry, our second motivation is to give an exten-
sion of Lu’s theorem to a wider class of domains without the completeness
assumption. Let 2 C C" be a bounded domain with the Bergman metric g.
Recall that €2 is called a Lu Qi-Keng domain if for any p € 2, its Bergman ker-
nel K (-,p) has no zero set. At p € Q, the Bergman representative coordinate

T(z)

(3) walz) =Y 9 () (K(Z,p)_l a%

= (w1, ..., wy)7 is defined as

- 0
K(Z,t)— ﬁ

J

log K (t, t)) ,

j=1 t=p t=p
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where (¢%) = (g,3)~". It is well known that T'(z) is holomorphic on € less
the zero set of K(-,p).

Our second theorem shows that a bounded domain is Lu Qi-Keng if its
Bergman metric has constant holomorphic sectional curvature, and in this
case the Bergman representative coordinate 7" maps {2 to a ball. Moreover,
we give explicit formulas for the Bergman-Calabi diastasis, whose gradient is
proved to be bounded.

Theorem 1.2. Let Q) C C™ be a bounded domain whose Bergman metric g
has its holomorphic sectional curvature identically equal to a negative constant
—c%. Then for any p € S it holds that

1) the Bergman kernel K(-,p) has no zero set;

2) T defined by (3) maps Q to {(wi,...,wn)" : 35 521 Wagaps(P)W5 <
22}

3) the Bergman-Calabi diastasis relative to p can be written as

—2 & —_—
@) )= loa[1-5 D walasus( |, ze;
a,f=1

4) for any zy € Q, the length of 0®., measured by g is less than /2|c|~!,
namely,

00, 2(p) < 2672

Previously, Lu’s theorem in [23] yields the above conclusions 1) —4) under
the additional assumption that €2 is Bergman complete. Theorem 1.2 also says
that the map T is holomorphic on 2. However, if the completeness assump-
tion in Lu’s theorem is dropped completely, then one cannot expect the same
conclusion as what he proved, namely the domain being necessarily biholo-
morphic to the ball. In fact, if £ is a non-empty relatively closed pluripolar
subset of B", then any domain in C™ that is biholomorphic to B" \ £ admits
an incomplete Bergman metric of constant holomorphic sectional curvature.
We say a set E is pluripolar if there exists a plurisubharmonic function ¢
in C" such that ¢ = —oo on F, and a result [31] of Siciak implies that the
Bergman spaces on B" \ E and on B" are the same.

Our third theorem extends Lu’s theorem towards the Bergman-incomplete
situation. For simplicity, a domain € is said to satisfy Condition (x) if there
exists some point p € {2 such that

1. |K(z,p)| is bounded from above by a finite constant C > 0 for any
z € €

2. the Bergman representative coordinate I' defined at p is continuous up
to €.
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Theorem 1.3. Let Q2 C C” be a bounded pseudoconvexr domain whose Bergman
metric has its holomorphic sectional curvature identically equal to a nega-
tive constant —c*. If Q satisfies Condition (x), then € is biholomorphic to

the Euclidean ball B™ possibly less a relatively closed pluripolar set E and
n=2/c*—1.

The pseudoconvexity in Theorem 1.3 is a necessary assumption. For ex-
ample, if we remove from B",n > 2, a non-pluripolar compact subset G of
Lebesgue R?"-measure zero such that B" \ G is connected, then by Hartogs’
extension theorem the Bergman metric on B" \ G extends to B" so the asser-
tion of Theorem 1.3 fails.

Based on Theorem 1.1, we prove Theorem 1.3 in Section 4 by using a result
of Pflug and Zwonek [30] on the so-called L?-domain of holomorphy, which is
the domain of existence of some L? holomorphic function. The boundary of
a bounded L?-domain of holomorphy contains no pluripolar part, so we get

Corollary 1.4. Let Q C C" be a bounded L?*-domain of holomorphy such
that the holomorphic sectional curvature of the Bergman metric on ) is iden-
tically equal to a negative constant —c?. If Q) satisfies Condition (%), then Q
is biholomorphic to the Euclidean ball B" and n = 2/c® — 1.

2. Bergman potentials with self-bounded gradient

For a bounded domain 2 C C", its Bergman kernel is defined as
K(z,t) := Zgoj(z)apj(t), z,t €,

where {;}52, is a complete orthonormal basis for the space of L? holomor-
phic functions. This definition does not depend on the choice of the basis.
One checks that log K(z, z) is smooth and strictly plurisubharmonic, and
thus defines the Bergman metric g as

- — " PlogK(z2,2) o
5 5(2) Xo X5 = ——" X, X3,
( ) ag:lgab’(z) B agl azaa% B

for z € Qand X € C™.
We first prove the following lemma which links the Bergman representa-
tive coordinate and the Bergman-Calabi diastasis.

Lemma 2.1. Let Q) be a bounded domain in C". For any zy € 2, let ®,, be
the Bergman-Calabi diastasis relative to zy defined by (1). Then,



486 Robert Xin Dong and Bun Wong

1) the length of 0., measured by the Bergman metric at any p € Q\ A,
18

n

(6) 0D, [2(p) = D wal(20)90z(p)ws(20),

a,f=1

where T(z) = (wq,...,w,)" is the Bergman representative coordinate
defined by (3).

2) for anyp € Q, T maps Q\ A, to a ball of radius R if and only if for any
20 € Q, the length of 0., measured by the Bergman metric on Q\ A,,
1s less than R. Here, R is a positive constant depending only on §2.

Proof. 1) Denote the complex gradient operators by V, := (8%1, ceey %)T and
Vs = (6%1, s %)7, where 7 is the transpose of a matrix. By the definition

of the Bergman-Calabi diastasis,

K (2, 20) |

—VE(I)ZO = VE lOg K(z Z)

= K (20,2) 'V:K(20,2) — Vzlog K(z, 2).

In particular, at any p € Q\ A,,,
- V2|z:p (I)ZO = K(Z(]?p)il VE‘z:p K(Z()a Z) - V5|z:p 10gK(Z, Z)'
Then (3) implies that
T(ZO) = _[G_l(p)]7v5|z:p (IDZO’

where G := (g,5) and [G7]” = (¢7*) is the inverse transpose of G. Therefore,

n

> wal20)gaz(P)ws(z0) = T(20) G(p)T(20)
a,B=1

= (V.| @2,)"G(p) 'G()G(p) '] Val.—, 2
= (VZ’z:p ‘on)T[G(P)_lr v2|z:p (I)zo
= |aq)zo|§(p)7

which is the square of the length of V,®,, measured by the Bergman metric
at p.

2) The direction of =. For any zp € 2, from 1) we know that at any
p € Q\ A, the square of the length of 0¥, measured by the Bergman metric
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is Yo s=1 Wa(20)9a5(P)ws(20), which is less than R* by assumption. Since p
is arbitrary, the length of 0®,, is less than R on 2\ A,,.

The direction of <=. For any p € 2, take the Bergman representative co-
ordinate 7', which is defined on Q\ A, by (3). For any zy € Q\ A, the left hand
side of (6) is less than R? since p € Q\ A,,. So is the right hand side. There-
fo;"e, T maps Q\ A, to a ball defined as {(w1, ..., wn)" : 370 521 Waga5(p)Ws <
R} O

Remark. If at p the Bergman metric satisfies

(7) 903 (P) = dagp,

then the right hand side of (6) reduces to |T(z0)[?, and the ball in 2) is a
Euclidean ball B”.
Moreover, we get the following lemma.

Lemma 2.2. Let Q C C"™ be a bounded domain whose Bergman metric has
its holomorphic sectional curvature identically equal to a negative constant
—c%. At p € Q, assume that the Bergman metric satisfies (7) and take the
Bergman representative coordinate T'(z) = (wy, ..., wy,) defined by (3). Then,

1) the Bergman-Calabi diastasis relative to p can be written as

_ c?
(8) Pp(2) = 0_22 log (1 - E‘T(2)|2> , 2 €Q\ Ay

2) T maps Q) to the ball B" := {w € C" : |w|* < 2¢72}.

Proof. At any p € Q, by [23] there exists a neighbourhood U, such that the
Bergman kernel can be locally decomposed as

-2

2 2 -
(9) K(z,z2) = (1 - 62|T(z)|2> JTOHTE) - e U,

where f is holomorphic on U,. The map T defined by (3) is holomorphic on
Q\ A,, where A, := {2z € Q| K(z,p) = 0} is the zero set of the Bergman
kernel K(-,p). Let ' := {2z € Q\ A, : T(z) € B"} be the set of points in
2\ A, that are mapped into the ball. In particular, U, C 2. By (9) and the
theory of power series, one may duplicate the variable with its conjugate so
that the full Bergman kernel can be complex analytically continued as

=2

2 n 2 -
(10) K(z,20) = (1 - % Z wa(Z)wa(Zo)> f TN+ T 2 5 € Up.
a=1
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Then for any z, 29 € U,

(1= SIT()R)F T (1~ G{T(2)}) 7 e 1T
0., (2) = log ——
-9 i 1wa<z> o) T

— log [(1_ %‘T(Z')F)( ‘1— —Zwa 2)wa(20) ’_Q]J

which yields that

Pp(20) = P20 (p) = ;—22 log (1 - %|T(Zo)’2> :

On the other hand, the Bergman-Calabi diastasis ®,(z) relative to p is defined
on Q\ A, and thus on €/, where = log (1 - —|T( )| ) can be defined. Since

these two real-analytic functions coincide on U, they are identical to each
other on . That is,

(11) O,(z) = ;—22 log (1 - %|T(z)\2> . zeq.

1) We claim that no point in 2\ A, is mapped outside the ball B" by T

If not, suppose there exists some point ¢ € Q\ A, that is mapped to
{w e C™: |w|? > 2¢72}. Choose some point gg € . Since Q \ A, is path-
connected, one can choose a path v that connects gy and ¢. Suppose under T'
the image of v intersects OB" firstly at some point T'(q1).

Along the path ~ take a sequence of points (¢;)ieny C ' such that ¢; — ¢;.
Then by (11),

-2 c? 9
¢p(Qz)=c—210g 1—§IT(qz)\ :

Here, as ¢ — q1, the left hand side is finite but the right hand side blows up
to infinity. This is a contradiction, so we have thus proved our claim, which
says that (' = Q\ A,. Therefore, (11) in fact holds on 2\ A,.

2) Since T' maps 2\ A, to the ball B" and satisfies

(12) IT(2)]* < 2¢72,

by the Riemann removable singularity theorem, T' extends across the ana-
lytic variety A4, to the whole domain Q with |7'(z)|*> < 2¢™2. The maximum
modulus principle yields that (12) in fact holds on €. O
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Lemma 2.2 implies Theorem 1.2, part 1), which says that a bounded do-
main is Lu Qi-Keng if its Bergman metric has constant holomorphic sectional
curvature.

Proof of Theorem 1.2, part 1). We first assume that at p the Bergman metric
satisfies (7). Let A, be the zero set of the Bergman kernel K (-,p). Suppose
A, # (0. Then take some point ¢ € A, and take a sequence of points (z;)jen C
'\ A, such that z; — ¢. By (8),

Dy(z5) = 2 log{1- §’T(2j)| ~

Letting z; — ¢, we see that the above left hand side blows up to infinity, but
the right hand side is finite. This is a contradiction, so A, = (). Generally,
for each p € Q, one performs a possible linear transformation F' from € to
Q such that the Bergman metric on Qy at F(p) satisfies (7). Since F is a
biholomorphism, the Bergman metric on €2y also has constant holomorphic
sectional curvature. Then, by the previous argument Kg, (-, F'(p)) has no zero
set. So does K (-, p) due to the transformation rule of the Bergman kernel. [

Using Theorem 1.2, part 1), and following the arguments of Bochner [2]
and Lu [23], we prove the remaining parts of Theorem 1.2, which can be seen
as a generalization of Lemma 2.2.

Proof of Theorem 1.2, the remaining parts. For simplicity, let K = K(-,-)
denote the Bergman kernel on 2. The holomorphic sectional curvature of
the Bergman metric is defined as

-2
RQ(Z,X) = ( Z gaBXaXﬁ) Z Ri}kl_inijylv z€Q, X eC,
a,8=1 i kl=1

where the curvature tensor is given by

O*log K PlogK  PlogK

__ ONegK N~ g
Rt T a%; 9 Qurdwows Ow;0mOw,

=959k + Yii9x; — K72(KK'31J - Ki’fKﬁ)

Rijkl‘ =
7

+ K1Y ¢PNKK 5 — KuKg) (KK, — KK,).
a,f=1
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If the curvature is identically —c?, then (cf. [2, 15])

2

Riia = —5 (9539 + 9i19%3):
which implies that
(13)
0*log K PlogK  PlogK f

n
_ Ba o o
D) + g G0
Ow; Ow; 0w 0wy leg Dw; 0wy, 05 TW; 00w, 2<g”g“ 9ir9xi)

Consider the test function

-2 2 & .
o(w) = glog (1 -5 Z wagaﬁ(p)wﬁ) )

a,B=1

Then, ¢ induces a Kéhler metric whose holomorphic sectional curvature is also
identically equal to —c?, with a similar identity as (13). Direct computations
and [23, Lemma 2] yield that

0?log K P¢(w)

— = —F— = gaB(p)v

Oow,0wg 0 Ow,0wg w0
_OPlgK | _Pw) | _
Ow, 0w 0wg |  Ow, 0w, 0wz we0 S

The partial derivatives of order 4 can be computed directly from (13); further-
more, the partial derivatives of higher order can be successively computed by
taking all possible successive derivatives of (13). As a result, they all vanish
at w = 0. By the uniqueness of the Taylor expansion, it holds that

-2

2 I Ed _
K(Z, z) _ (1 . 5 Z wa(z)gag(p)w,@(Z)}) eF(T(z))+F(T(Z))7 = U}D7
a,f=1

for some holomorphic function F'. By the theory of power series, one gets on U,
the local formula (4). Let Q' := {z € Q : 3.0 5_; wa(2)g,5(0)Wa(2) < 2¢2}
be the set of points in € that are mapped into the ball. Similar to the proof
of Lemma 2.2, one checks that (4) in fact hold true for each z € . By
the contradiction argument as demonstrated in the proof of Lemma 2.2, we
further observe that ' = Q and thus have proved both 2) and 3).

Part 4) then follows from 2) of Lemma 2.1. O
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Part 4) of Theorem 1.2 says that the potential ®,, has a self-bounded
gradient measured by the Bergman metric. On the Cartan classical domains,
the first author and Li and Treuer in [11] computed explicitly the (bounded)
length of 0log K (z, z). Lee in [22] studied Ké&hler-Einstein metrics admitting a
global potential whose gradient has a constant length. However, the potential
log K(z,2) does not always have a self-bounded gradient in the Bergman
metric on general bounded symmetric domains. An example of such a domain,
which is biholomorphic to the bidisc, was constructed by Zimmer in [35]. For
convenience, define the following property.

Definition 2.3. A domain Q@ C C" has Property (xx) if
|610gK(Z7 Z)‘g

s uniformly bounded on Q.

Notice that Property (xx) is equivalent to: there exists C' > 0 such that

010 K (2, 2)(X)| < C o) (X.X)

for all X € C™ and z € Q. Zimmer’s example shows that Property (xx) is not
invariant under biholomorphisms, and by imitating his construction we are
able to prove

Proposition 2.4. There exists a bounded domain Q biholomorphic to B>
which does not have Property (%x).

Proof. For a holomorphic function ¢ : D — I — {0} define
Fw : IB2 — (C2
(21, 22) = (¥(22)21, 22) -
Since 1 is nowhere vanishing, F' is injective and hence is a biholomorphism
onto its image. Let Qy := F;(B?) C B2 We claim that there exists some 1

such that (2, does not have Property (%x).
Notice that

Fi(2) = <w<52> @b’(zla)Zl) :

So det [, (21, 22) = 1(22) and

0
a—@log\det Fj(21,2)|? log |1(22)/]?

_ ‘i
N (92:2
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Further, if g is the Bergman metric on B2, then for X := (0, 2) € C?,

) Ozo

1-— ’21|2
(1 =]z = |22]?)?

9(z1,22) (X, 7) =

So

1— |z |° — |20)?

|2 log |det F (21, 20) | _ ’w’w)

~ Y(22) V1—|z?
g(Zl,Zz) (X7 X) | ’
In particular, putting z; = 0, we get
|%log|detF’ (0, 22)|?| /(2
(14) 2 s 212 ),
Y(z2)

9(0,22) (X, 7)

Let v : D — D — {0} be a covering map. Then ¢ is an infinitesimal
isometry with respect to the Poincaré metrics and so

W) 1
2l(w)log iy 1 [

for all w € D. Then

¢/ (w)| 2 1
1 —|wl]®) =2log
¥ (w)] ( ) [ (w)]
is unbounded since (D) = D — {0}. For this choice of ¢, either side of (14)
is unbounded so the domain € does not have Property (). O

Proposition 2.4 says that under the constant negative holomorphic sec-
tional curvature assumption, the bounded domain may not have Property
(%%) in general.

3. Proof of Theorem 1.1

A bounded domain €2 is said to be hyperconvex, if there exists a continuous
plurisubharmonic function ¢ such that the sublevel set {z € Q: p(z) < ¢} is
relatively compact in €2 for all ¢ < 0. Next, we will show the implication (ii)
— (iii) under the constant holomorphic sectional curvature assumption in
Theorem 1.1.
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Proof of Theorem 1.1, (ii) = (iii). By the definition of the Bergman kernel
and the Cauchy-Schwarz inequality, the Bergman-Calabi diastasis ®,, > 0.
By 1) of Theorem 1.2, ¢, is non-negatively defined on 2. We claim that the
negative continuous function ¢ := —(5¢*®., +1)~" is an exhaustion function
for Q, i.e., the sublevel set {z € Q: p(z) < N} is relatively compact in  for
all N < 0. If not, then there exists a point w € 92N {z € Q: 120, +1 <
—N~1}. Taking a sequence of points (z;);en C € that tends to w, we know
that limos., e P (2j) < —4¢2(1 4+ N™') < +oo, which contradicts the fact
that ®,, blows up to infinity at 0€).

To verify the plurisubharmonicity of ¢ by Theorem 1.2, we make the
following computation

00p = 0 ((%2@20 + 1)—2%85@0)
1

1 1 1, S
= —2(102@20 +1) 31028@01028@20 + (Zc%bz(, +1) 21833@0

1 a1 1 _ -
— (102@0 +1)73 ((Zc%zg - 1)189 — 271200, (4¢7?) 16<I>Z0>

1 _
> (ZCZCDZO +1)732(4¢7 )72 (20_29 - 6@203(1)20)

>0,

which implies the hyperconvexity of €. O

Proof of Theorem 1.1, (iv) = (ii). It suffices to verify that for some fixed
p € 1, the Bergman-Calabi diastasis ®,(z) blows up to infinity at 0. After
a possible linear transformation of domains, we may assume that (7) holds at
p. By (8) and Theorem 1.2,

where T'(z) = (w1, ..., wy) is the Bergman representative coordinate at p de-
fined by (3).

By (iv), T': © — B™ is a biholomorphic map that sends p to w = 0.
Moreover, the map T' is proper. As z approaches 02, ®,(z) blows up to
infinity uniformly as T'(z) approaches OB" = {w € C" : |w|*> = 2¢2}. That
is, (iv) = (ii). O

We also give a direct proof of (ii) = (iv) without relying on Lu’s theo-
rem.
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A direct proof of (11) = (iv). For zy € €, after a possible linear transforma-
tion of domains, we may assume that (7) holds at zp. By (8) and Theorem
1.2,

where T'(z) = (wy,...,wy,) is the Bergman representative coordinate at z
defined by (3). Thus, ®,,(z) blows up to infinity if and only if 7'(z) approaches
OB™ = {w € C" : |w|* = 2¢7?}. Therefore, by Condition (ii) and Theorem
1.2, z approaches 9f2 if and only if T'(z) approaches OB". Consequently, the
holomorphic map T : 2 — B™ is proper. The Remmert proper mapping
theorem then implies that the map 7" : 2 — B" is a branched covering, and
the branched points are exactly those at which the determinant of the complex
Jacobian of T vanishes. However, by our Proposition 5.2 the determinant
Dr(z) does not vanish, so 7' :  — B" is an unbranched covering map. As
B" is simply connected, T" becomes a biholomorphism. O

The rest of this section is devoted to the proof of the following proposition.

Proposition 3.1. There exist bounded domains in C™ which satisfy Condi-
tion (i) but are not Bergman complete.

Proof. We first deal with the case of n = 1. Let C, :=={z € C:r < |2| < 1},
0 < r < 1, be an annulus. It is well-known that a bounded planar domain
Q2 with C*°-smooth boundary is simply connected if and only if K(z,w) # 0
for all z,w € Q. Thus, there exist zg,wy € C, such that K(zg,wy) = 0. Let
A, ={z € Cr|K(z,20) = 0} # 0 be the zero set of the Bergman kernel
K (-, 29). Since A, is an analytic variety, as domains C,. \ A,, and C,. have the
same Bergman kernel and metric. Then, the domain C, \ A,, is not Bergman
complete.

We will show that @, (z) blows up to infinity at 9(C,\ A,,) = A,,U9C,. To
see this, for any point ¢ € \ A, and any sequence of points {z;}jen C C, such
that z; — q as j — oo, it holds that |K(zj, 20)|> — 0, so ®,,(z;) — oo. For
any point s € dC, and any sequence of points {s;}jen C Cr such that s; — s
as j — 00, the explicit formula of the Bergman kernel on C, implies that
| K (s}, 20)|* remains finite, whereas K (s;, s;) — oo. Therefore, ®.,(s;) — oo
and consequently C,. \ A, satisfies Condition (ii).

By the product property of the Bergman kernel, higher dimensional ex-
amples can also be constructed by considering B"~! x {C,.\ A,,} C C" when
n > 2. U
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Remark. After the completion of this paper, we were kindly informed by
Pflug that the Skwarczynski invariant distance pg = p in [32] is related to
the Bergman-Calabi diastasis ®,, in the following way:

—210g(1 — p(z0, 7)) = Bay(2).

Hence, Condition (i7) is equivalent to the fact that pq(zo,z) — 1 if z tends
to 09Q. He also pointed out that the implication (iv) to (i7) follows directly
from a simple calculation of pgn (0, z) showing that this function tends to 1 if
z — 0B™.

4. Proofs of Theorem 1.3 and Corollary 1.4

Proof of Theorem 1.3. For any boundary point ¢ € 0f) such that

(15) limsup K (z,z) < oo,
Q>5z—q

the results of Pflug [29] and Pflug and Zwonek [30] say that ¢ € int(2) and
there exists a neighbourhood U of ¢ such that P := U \ € is a pluripolar
set. Taking all boundary points ¢; that satisfy (15), we get the corresponding
neighbourhoods U; and pluripolar sets ;. Then the (bounded) domain

J

has the same Lebesgue measure as €2 due to the pluripolarity. Moreover, BY)
coincides with the non-pluripolar part of 99 in view of [30].
Let w € 982 be an arbitrary boundary point such that

limsup K(z,z) = oo.
zZ—w

By the assumption Condition (%), it follows that

K K
(16) lim sup ®,(z) > limsup log w = 0.
Q3z—w Q3z—w

Since the Bergman representative coordinate 7'(z) at p defined by (3) is con-
tinuous up to €2, for any two sequences of points (z;) en, (w;)jen C £, both
approaching w, it holds that
(17) lim 7'(z;) = lim T'(w;).

]*)OO

Jj—00
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After a possible linear transformation of domains we may assume that (7)
holds at p. By Theorem 1.2, the Bergman-Calabi diastasis ®, relative to p
can be written as

(18) Q) (2) = —log (1 - é\T(z)F) , z€Q.

Therefore, (16) further implies

ol 0(2) =
in view of (17) and (18). Since w is arbitrary, we know that the Bergman-
Calabi diastasis ®, blows up to infinity at all points in o9,

Next, we will see that as domains  and  have the same Bergman metric.
Notice that P; = U; N 0 is relatively closed in Uj. Restrict any function
feL*NO) to U; \ Pj. By aresult [31] of Siciak there exists a function
F € L*NO(U;) such that F = f on U;\ P;. Hence we get an L? holomorphic
extension to QUU;. By the same procedure, we extend f to Q, whose Bergman
metric also has constant holomorphic sectional curvature. Then, Theorem 1.1
guarantees that © is biholomorphic to the Euclidean ball B" and n = 2 /2 —1.
Define the set

E=P=JU;nor=0noQ,
J

J

which is relatively closed in €. Since the biholomorphic (pre)images and
countable union of pluripolar sets are still pluripolar, the proof of Theorem
1.3 is now complete. O

We will use Theorem 1.3 to prove Corollary 1.4 as follows.

Proof of Corollary 1.4. An L?-domain of holomorphy is pseudoconvex, and
the boundary of a bounded L?-domain of holomorphy contains no pluripolar
part, cf. [30, 17]. By Theorem 1.3, the possible pluripolar set E is empty and
the domain is biholomorphic to the ball. O

An extension of Theorem 1.3 to Riemann surfaces is given in [10].
5. Results on the exhaustiveness

We say a domain {2 is Bergman exhaustive if at any zo € 02,

lim K(z,z) = oc.
O0>z—20
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Under the constant holomorphic sectional curvature assumption in Theorem
1.1, Condition (ii) implies the Bergman exhaustiveness by Proposition 5.1
below.

Proposition 5.1. Let D be a bounded homogeneous domain in C* n > 1.
Then the Bergman kernel K on D satisfies

C
K& 2 S e oo ()

where dp is the Fuclidean distance function to boundary of D and C' > 0. In
particular, D is Bergman exhaustive.

z€D,

Proof. The Bergman metric on D is complete, cf. [23]. By (5), let V :=
det(g,z) denote the Bergman volume form, and let V' be its coefficient in the
Euclidean coordinate such that V = V(%)”dzl Adzy A ... Ndzn Adzy,. Consider
the function B(z) := V(z)/K(z, z). Due to the transformation formula of the
Bergman kernel, B is invariant under biholomorphic mappings in the sense
that if ¢ is a biholomorphic map from D to €2, then Bp(z) = Bq(¢(z)). For
any two points p, ¢ in D, which is homogeneous, there exists a biholomorphic
self-map ¢ on D such that ¢(p) = ¢. So B(p) = B(q) and thus B is a constant
function on D. From this, one easily sees that the Bergman metric on D is a
(complete) Kéhler-Einstein metric. Since D is pseudoconvex, by the argument
of Mok and Yau in [25], we know that

C
V> —0————
=~ 0% (—logdp)?’
which implies the desired lower bound estimate for K. Moreover, as z tends
to the boundary of D, K(z, z) blows up to infinity. O

Proposition 5.1 particularly implies the Bergman exhaustiveness of a
bounded domain that is biholomorphic to a ball. See also [21, Proposition
5.2] for a proof of the fact that a bounded homogeneous domain is Bergman
exhaustive. In general, the Bergman exhaustiveness is not biholomorphically
invariant. For instance, the Hartogs triangle H is Bergman exhaustive, but its
biholomorphic image D x D* is neither homogeneous nor Bergman exhaustive.

A general problem raised by Yau [34, pp. 679] is to characterize manifolds
whose Bergman metrics are Kéhler-Einstein. Our results in Section 1 can be
viewed as a particular case of Yau’s problem of which the Bergman metric is
of constant negative holomorphic sectional curvature. When the manifold is a
smoothly bounded strictly pseudoconvex domain, Cheng conjectured that the
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Bergman metric is Kédhler-Einstein if and only if the domain is biholomorphic
to the ball. After the previous works of Fu and the second author [12] and
Nemirovski and Shafikov [26], the Cheng conjecture was then confirmed by
Huang and Xiao in [16]. Recently in his 2021 thesis [24], Alec Martin used
the Bergman invariant function to characterize the CR-spherical boundary
of a strongly pseudoconvex domain, and thus gave somehow an alternative
argument in the final step of proving Cheng’s conjecture. On the other hand,
Kohn’s subelliptic estimate in his theory of the d-Neumann problem [13] was
applied by Kerzman in [19] to show that on a bounded strictly pseudoconvex
domain € with C*°-smooth boundary, for each fixed zg € 2, the Bergman
kernel K (-, zp) is C* up to the boundary. He also gave in [19, p.151-152]
an example of a simply-connected planar domain D whose Bergman kernel
K (-, zp) blows up to infinity at dD. One can check from the following formula
in Proposition 5.2 that in Kerzman’s example the determinant of the Jacobian
of a Bergman representative coordinate is unbounded.

Our next result gives an explicit formula of the Bergman (Kéhler-Einstein)
volume form.

Proposition 5.2. Let Q) C C" be a bounded domain whose Bergman metric g
has its holomorphic sectional curvature identically equal to a negative constant
—c?. Let V be the coefficient in the Euclidean coordinate of the Bergman
volume form V := det(g,5) such that V = V(Edzy Adzy A o A dzg A dzy,.
Then,

2 n

—n—1
(19) V() =IDr) PV () (1—% > waga5<p>w—ﬁ) ,

a,B8=1

where T(z) = (w1, ..., wy,) s the Bergman representative coordinate at p €
and Dp(z) is the determinant of the complex Jacobian of T In particular,
Dr(z) does not vanish on Q.

Proof. For simplicity, assume that (7) holds at p. By (8) and Theorem 1.2,
part 1), the Bergman-Calabi diastasis ®, relative to p can be written as

-2 c? 9
Q,(2) = 0_210g 1-— §|T(z)| , 2 €,

Direct computations yield that

020, (=)
9op(2) = 5 zag%
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] 2 2 0zo  0%Zp
- Ow;(2) Ow;(2)
= § T- it A s )
(W) 0zo 0zg ’

where

0? —2 L,
Tij(w) := Dwn T (C—glog(l - 5 vl ))

gives a Kéahler metric on B". Therefore,

c? et
V(2) = det(g,5) = |Dr(2)]* det(T;3) = | Dr(2)|? (1 - 5\T(2)I2> :

For general p, one may use the formula (4) instead of (8) to get (19), which
yields that the branch locus is empty. O

As a final remark, our method also yields the following statement easily.

Theorem 5.3. Let 0 C C" be a bounded domain whose Bergman metric has
its holomorphic sectional curvature identically equal to a negative constant
—c?. Assume that §) is Bergman exhaustive and there exists some point p € Q
such that |K(-,p)| is bounded from above on Q by a finite constant. Then, €
is biholomorphic to the Euclidean ball B™ and n = 2/c® — 1.
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