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On the Kéahler-Ricei flow on Fano manifolds®

BIN Guo, DuoNG H. PHONG, AND JACOB STURM

Abstract: A short proof of the convergence of the Kéhler-Ricci
flow on Fano manifolds admitting a Kéhler-Einstein metric or a
Ka&hler-Ricci soliton is given, using a variety of recent techniques.
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1. Introduction

In 2002, G. Perelman announced that he could show the convergence of the
Kéhler-Ricci flow on Fano manifolds admitting a Kéhler-Einstein metric. This
led to many attempts to supply a detailed proof, including [18, 19, 20] and
[2]. Perhaps the most transparent proof is that of Collins and Székelyhidi [2],
which incorporated ideas from [19] and a general version allowing a twisting.
The understanding of the Kahler-Ricci flow has progressed considerably since
that time, and many new ideas and techniques have been introduced. The
purpose of this brief note is to point out that, if one combines the ideas and
techniques of Darvas-Rubinstein [3], Boucksom-Eyssidieux-Guedj [1], Collins-
Székelyhidi [2], Kolodziej [6], and Phong-Song-Sturm-Weinkove [9, 10, 11], a
relatively short proof can now be written down. Thus we shall prove the
following;:

Theorem 1. Let (M, g) be a compact Kahler manifold with ¢; (M) > 0.If g is
Kéhler-Einstein, then the Kéhler-Ricci flow with any initial metric in ¢q (M)
will converge smoothly and exponentially fast to a Kéahler-Einstein metric.
More generally, if g is a Kéhler-Ricci soliton with vector field X, then the
Kéhler-Ricci flow with any initial metric in ¢; (M) which is invariant under
Im X will converge smoothly and exponentially fast to a Kéhler-Ricci soliton,
after modified by the one-parameter group generated by X.

Remark. Compared to the works [20, 2], our theorem provides a more precise
convergence property of the Kéhler-Ricci flow when there is a Kéhler-Ricci
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soliton, namely, the gauge transformation is simply given by the group gen-
erated by X. Finally we remark that the theorem still holds when the initial
metric is not necessarily invariant under Im X, by the recent work of Dervan-

Székelyhidi [4].
2. Proof of the Theorem

It may be instructive to compare the proof below to that of [18] which treats
the simpler case of Fano manifolds admitting a Ké&hler-Einstein metric and
no non-trivial holomorphic vector fields. There one develops a relative version
of Kolodziej’s capacity theory [6] to get a one-sided bound on the potential.
Then, combining the Moser-Trudinger [16, 8] inequality with a Harnack in-
equality, one gets the full C° bound. The higher order estimates are obtained
by applying parabolic versions of Yau’s estimates [21].

The present proof also begins with the Moser-Trudinger inequality, which
is now available for Kéahler-Einstein or Kéhler-Ricci soliton manifold with
holomorphic vector fields [3]. But we obtain C'“ estimates for the potentials
directly from recent arguments introduced in [5] using [1, 6]. Higher order
estimates and convergence can be obtained now more efficiently by combining
techniques from [13, 11].

We begin by introducing the notation. Let (M, wp) be a compact Kéhler
manifold with ¢ (M) > 0 and X be a holomorphic vector field whose imagi-
nary part Im X is a Killing vector field with respect to wg. Write Kx for the
space of Kéhler metrics in ¢; (M) that are invariant under Im X. We write

Px(M,w) = {p € C(M,R) | wy +i0dp € Kx, (Im X)(p) = 0}

to be the space of Kéhler potentials in Kx. Given w € Kx, we define the
Hamiltonian 0x , as the real-valued function satisfying

Lxw = iéex,w, / eIxwym = / W' =V.
M M
We define the Ricci potential f = f,, by
(2.1) — Ric(w) +w = i00f, / e =V.
M

We write

UX w = .fw + HX,UJ
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to be the modified Ricci potential, which satisfies
(2.2) — Ric(w) + w + Lxw = i0dux,,,

where Lx denote the Lie derivative in the direction of X. It is known ([17, 11])
that if Cx 3 w = wy+i00¢p then Oxw = Oxw,+Xpand ||0x |0 < Clwo, X)
is uniformly bounded.

A Kahler metric wgg is a Kahler-Ricei soliton associated with X if
UX wrs = 07 ie.

RiC(wKS) = wgs + Lxwks.

The modified Mabuchi K-energy jux ., : Px(M,wy) — R is defined by the
variation ([17])

1 .
S wo () = N Sp(R—n—V; X7 — X(uxw))e?“w",  ixuw,(0) =0

where w = wy + i00y in the integral.
We will consider the following normalized Kdhler-Ricci flow ([11], [17])

(2.3) é;_o: = —Ric(w) +w, w(0) = wo,

where wy € Kx is a fixed Kéahler metric in ¢;(M). It is well-known that the
solution w(t) exists and lies in Ky for all ¢ € [0, 00).
We recall Perelman’s estimates along the flow (2.3).

Lemma 1 ([13]). There exists a constant C' = C'(M,wp) > 0 independent of
t such that

[fulleo + I Vatullco + 1A fullco < C
where w = w(t) is the Kéhler metric along the flow (2.3).

Let Aut(M) be the automorphism group of M and aut(M) be the Lie
algebra, i.e. the space of all real vector fields X such that LxJ = 0, where J
is the complex structure on M, and denote

autx (M) ={Y € aut(M) | LxY = [X,Y] = 0}.

Write G = Autx (M) to be the connected Lie group whose Lie algebra is
auty (M). It follows that for any ¢ € G, do(X) = X.
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For any o € G, we define o - 0 to be the Kéhler potential of o*wy =
wp + 1000 - 0 (suitably normalized). Furthermore for any ¢ € Px(M,wp),
define

c-p=poog+aoc-0

which is the Kahler potential of o*w, where w = wq 4 100¢.

We recall the following Moser-Trudinger inequality from [3]. It is the ex-
tension to the case of Kéhler-Ricci soliton manifolds with holomorphic vector
fields of the sharp version for Kéhler-Einstein manifolds with aut(AM) = 0 in
[8] of the inequality originally proved in [16]:

Lemma 2 (Theorem 8.1 in [3]). If M admits a Kéahler-Ricci soliton met-
ric associated to the holomorphic vector field X, then there exist positive
constants C' and D depending only on wg and X such that

KX wo (SO) > CJG(GSO) - D7 \V/QO € PX(Mv OJO),

where Jg(Gy) = infyeq Ju (0 - ¢) and J,, is the Aubin-Yau J-functional
with the reference metric wy.

The following lemma, which is a version of estimates in [5], is the key
starting point:

Lemma 3. Let {t;} be an arbitrary sequence of times, and denote w; =
w(tj) = wo +100p;. Then there exists a uniform constant C' > 0 and 0; € G
with

(2.4) 195llcerw < €

if we set w; = ojw; € Kx, and w; = wo + i@é?/)j, sup,,¢; = 0. In particular,
(2.5) C7lwf <@} < Cug.

Proof of Lemma 3. From Lemma 2, for each j there exists a 0; € G such that
Jc(Gpj) > Jug(0) - ) — L and Juy (05 - ¢5) < O uxwy () +C71D+1 <
C(wo, X), since the modified Mabuchi K-energy fix ., is non-increasing along
the flow. It follows by a straightforward calculation that fz, = o7 fu; so fs,
is also uniformly bounded by Lemma 1. From the equation (2.1), the metric
@; satisfies the complex Monge-Ampere equation

(2.6) O = (wo + 100t;)" = e~ W TSPar V)T i
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where ¢; is a normalizing constant so that both sides have the same integral
over M. It follows from the normalizing condition % Ju eI wi =1 and
equation (2.6) that

V :/ e~ (Wamsupar i) =fupteiyn > ecf/ et =eV = ¢; <0.
M M
So
(2.7) (wo + 100;)" < Cle™Wimsupn i) yn — Ce_lz’fwg

where C' = C(wp,X) > 0 depends on the bound on fg, and fy,. 1% =
1h; — sup,, 1 belongs to a set Sy for some A = A(wp, X) > 0, which is

Sy i={ € Px(M,wp) C Ex(M,wp) | suptp = 0 and J,, () < A}.
M

S4 is compact under the weak L'(M,wq)-topology in €% (M, wp), and each
1 € S4 has zero Lelong numbers at any point 2 € M. This implies, as in [1],
that for any p > 0, there exists a constant Cj, = C'(wp, A, p) > 0 such that

(2.8) /M el < Oy, Vi€ Sa.

Combining equations (2.7) and (2.8) and Kolodziej’s theorem ([6]), for p > 1,
there exist an o = a(n,p) € (0,1) and C' = C(wp, A, p) > 0 such that

(2.9) 4]l g (M) < C-

The estimate (2.5) follows next from the equation (2.6). The lemma is proved.

We can give now the proof of the theorem. Let @;(s) := ojw(t; + s) for
s € ]0,3]. Then w;(s) satisfies the Kdhler-Ricci flow equation

0w;(s) o N . -

(2.10) ﬁ = —Ric(@;(s)) + @;(s), @;(0) = w;.
Let ;(s) = wo +i0d;(s). The equation (2.10) is equivalent to the following
complex Monge-Ampere equation for 1;(s)
(2.11) 6%(5) ~ log (wo + 100v;(s))

n
5 wg

+1(8) + fuor  ¥5(0) = 4y,
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where 1/~)j is the Kéhler potential of the initial metric @; with sup,, q/jj = 0.
Equations (2.5) and (2.9) imply that

145 (0)llco + | j(s)llco < Clwo, X).

0
5o

We recall the following parabolic version of Yau’s estimates for complex
Monge-Ampeére equations. O

Lemma 4 (Proposition 2.1 in [15]). Suppose ¢ € PSH(M,wy) satisfies the
parabolic Monge-Ampeére equation

0 wo + 100¢@)"
%Zlogw‘ﬂﬂ‘i‘fm ©(0) = o
Wo

for some smooth function fy : M — R. Then for any k£ € N, there exists
a smooth function Cj : (0,00) — R4 which depends only on ||¢g||ce and
[¢lt=ollco such that

o ller(mwe) < Cr(t), Vit e (0,00).

We now apply Lemma 4 to conclude that for each & € N, there exists a
constant Cy = C(wp, X) > 0 such that

Wj(S)HCk(M,wO) < Ck, Vsell,2].

In particular, this implies the metric o7 (w(t; + 1)) has a uniformly bounded
Kéhler potential and its derivatives are also uniformly bounded.

Since t; > 0 is arbitrarily chosen, we conclude that for any ¢ > 1, there
exists a 0; € GG such that

a{f(w(t)) = wp + i85¢t, with ”thCk(MMO) < Ck(wg, X).

Let n; = exp(tX) be the one-parameter group generated by X, and A(t)
be the first nonzero eigenvalue of the d-operator associated to 1} (w(t)). Since
A(t) is also the corresponding eigenvalue of o (w(t)), which satisfies uniform
estimates and hence forms a compact set, we conclude that

inf A(t) > 0.
te[0,00)

On the other hand, since M admits a Kéhler-Ricci soliton, by [17] we
have

inf “ > —00.
PP (M) nx, 0(()0)
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Applying Theorem 3 in [11] we conclude that @, = n;(w(t)) converge expo-
nentially fast to a Kéhler-Ricci soliton metric, observing that n; (w(t)) satisfies
the modified Kihler-Ricci flow defined in [11].

The proof of the theorem is complete.

3. Additional remarks

We also observe that another proof of the convergence of the Kéahler-Ricci
flow can also be obtained using the ideas in [10, 11] and the recent result in
[5]. For example, if M is Kahler-Einstein, then the K-energy is bounded from
below, and by [5], the lowest strictly positive eigenvalue of the Laplacian on
vector fields is uniformly bounded away from 0 along the Kéhler-Ricci flow.
By the main result of [10], the flow converges.

References

[1] BoucksoM, S., EvssipiEUX, P., and V. GUEDJ, “Introduction
to the Kahler-Ricci flow”, Lecture Notes in Math., 2086, Springer,
2013. MR3185331

[2] Corrins, T., and G. SzEKELYHIDI, “The twisted Ké&hler-Ricci
flow” J. Reine Angew. Math. 716 (2016), 179-205. 53C44 (32Q20
53C5h5) MR3518375

[3] DArRvAs T. and Y. RUBINSTEIN. “Tian’s properness conjectures and
Finsler geometry of the space of Kéhler metrics”. J. Amer. Math. Soc.
30 (2017), 347-387. MR3600039

[4] DERVAN, R. and G. SZEKELYHIDI, “The Kéhler-Ricci flow and optimal
degenerations”, arXiv: 1612.07299 MR4146359

[5] Guo, B., D.H. PHONG, and J. STURM, “Kéhler-Einstein metrics and
eigenvalue gaps”, arXiv: 2001.05794

[6] KoLoDzIEJ, S. “Holder continuity of solutions to the complex Monge-
Ampeére equation with the right hand side in LP. The case of compact
Kéhler manifolds”. Math. Ann. 342, 379-386 (2008) MR2425147

[7] NADEL, A., “Multiplier ideal sheaves and Kéhler-Einstein metrics of pos-
itive scalar curvature”. Ann. of Math. 132 (1990) 549-596. MR1078269

[8] PHONG, D. H., J. SONG, J. STURM, and B. WEINKOVE, “The Moser-
Trudinger inequality on Kéhler-Einstein manifolds” Amer. J. of Math.
130 no 4 (2008) 1067-1085. MR2427008


http://www.ams.org/mathscinet-getitem?mr=3185331
http://www.ams.org/mathscinet-getitem?mr=3518375
http://www.ams.org/mathscinet-getitem?mr=3600039
http://www.ams.org/mathscinet-getitem?mr=4146359
http://www.ams.org/mathscinet-getitem?mr=2425147
http://www.ams.org/mathscinet-getitem?mr=1078269
http://www.ams.org/mathscinet-getitem?mr=2427008

280

[9]

[10]

Bin Guo et al.

PHONG, D.H., J. SONG, J. STURM, and B. WEINKOVE, “The Kéhler-
Ricci flow with positive bisectional curvature”. Invent. Math. 173 (2008),
no. 3, 651-665. MR2425138

PHONG, D. H., J. SONG, J. STURM, and B. WEINKOVE, “The Kéahler-
Ricci flow and the 0 operator on vector fields”. J. Differential Geom. 81
(2009), no. 3, 631-647. MR2487603

PronG, D. H., J. SONG, J. STURM, and B. WEINKOVE, “The modified
Kéhler-Ricci flow and solitons”, arXiv:0809.0941, 2008.

PHONG, D.H. and J. STURM, “Lectures on stability and constant scalar
curvature”. Handbook of geometric analysis, No. 3, 357 — 436, Adv. Lect.
Math. (ALM), 14, Int. Press, Somerville, MA, 2010. MR2743451

SESUM, N. and G. TIAN, “Bounding scalar curvature and diameter
along the Kahler Ricci flow (after Perelman)”. J. Inst. Math. Jussieu 7
(2008), no. 3, 575-587 MR2427424

Stu, Y.T., “The existence of Kahler-Einstein metrics on manifolds with
positive anticanonical line bundle and a suitable finite symmetry group”.
Ann. of Math. 127 (1988) 585-627. MR0942521

SZEKELYHIDI, G. and V. TOSATTI, “Regularity of weak solutions of
a complex Monge-Ampeére equation”, Anal. PDE 4 (2011), no. 3, 369—
378 MR2872120

TiaN, G., “Kéhler-Einstein metrics with positive scalar curvature”. In-
ventiones Math. 130 (1997) 1-37. MR1471884

TiAN G. and X. H. ZHU, “A new holomorphic invariant and unique-
ness of Kéahler-Ricci solitons”. Comment. Math. Helv. 77 (2002), 297
325. MR1915043

TiaN G. and X. H. ZHU, “Convergence of Kéhler-Ricci flow”. J. Amer.
Math. Soc. 20 (2007), no. 3, 675-699. MR2291916

TiAN G. and X. H. ZHU, “Convergence of the Kéhler-Ricci flow on Fano
manifolds”. J. Reine Angew. Math. 678 (2013), 223-245. MR3056108

TIAN G., ZHANG, S., ZHANG, Z., and X. H. ZHU, “Perelman’s entropy
and Kahler-Ricci flow on a Fano manifold”. Trans. Amer. Math. Soc. 365
(2013), no. 12, 6669-6695. MR3105766

Yau, S.T., “On the Ricci curvature of a compact Kéhler manifold and
the complex Monge-Ampere equation. I.” Comm. Pure Appl. Math. 31
(1978), no. 3, 339-411 MR0480350


http://www.ams.org/mathscinet-getitem?mr=2425138
http://www.ams.org/mathscinet-getitem?mr=2487603
http://www.ams.org/mathscinet-getitem?mr=2743451
http://www.ams.org/mathscinet-getitem?mr=2427424
http://www.ams.org/mathscinet-getitem?mr=0942521
http://www.ams.org/mathscinet-getitem?mr=2872120
http://www.ams.org/mathscinet-getitem?mr=1471884
http://www.ams.org/mathscinet-getitem?mr=1915043
http://www.ams.org/mathscinet-getitem?mr=2291916
http://www.ams.org/mathscinet-getitem?mr=3056108
http://www.ams.org/mathscinet-getitem?mr=3105766
http://www.ams.org/mathscinet-getitem?mr=0480350

On the Kéahler-Ricci flow on Fano manifolds

Bin Guo

Department of Mathematics & Computer Science
Rutgers University

Newark

NJ 07102

USA
E-mail: bguo@rutgers.edu

Duong H. Phong

Department of Mathematics
Columbia University

New York

NY 10027

USA

E-mail: phong@math.columbia.edu

Jacob Sturm

Department of Mathematics & Computer Science
Rutgers University

Newark

NJ 07102

USA

E-mail: sturm@newark.rutgers.edu

081


mailto:bguo@rutgers.edu
mailto:phong@math.columbia.edu
mailto:sturm@newark.rutgers.edu

	Introduction
	Proof of the Theorem
	Additional remarks
	References

