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Basic estimates for the generalized 0-complex
FrIEDRICH HASLINGER*

Dedicated to J.J. Kohn on his 90th birthday

Abstract: We study certain densely defined unbounded opera-
tors on the Segal-Bargmann space, related to the annihilation and
creation operators of quantum mechanics. We consider the corre-
sponding D-complex and study properties of the complex Lapla-
cian Op = DD* + D*D, where D is a differential operator of
polynomial type, in particular we discuss the corresponding ba-
sic estimates, where we express a commutator term as a sum of
squared norms.

Keywords: J-complex, Segal-Bargmann space, sum of squared
norms.

1. Introduction
We consider the classical Segal-Bargmann space

A(C e ") = {u: C" — C entire : / lu(2)]2e 1 dA(2) < oo}

n

with inner product

(u,v) :/ w(z)v(z) e dr(2).
For 0 < p < nlet A%p,O) ((C”,e"ZP) denote the space of (p,0)-forms with
coefficients in A2(C", e *"). We define

) g—f € AX(C™ ey j=1,... n}.

Zj

|2

dom(d) = {f € A%(C", e
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The operator df = Z] 1 az dzj is a densely defined closed operator

—l=

9 A2(C e ) — A2 g (Cm e,

The adjoint operator
0" 1 A% g (C e ) — A (Cm e

is given by 9%g = >°"_; zjg;, where g = >, g; dz; € dom(0*) and

dom(9") = {g € Afy ) (C", ™) - 3295 € A%(C", 7)),
7j=1

Hence one has

n n n a
(0f,9) Za—fdzﬂ’z:lgﬂdzﬂ :Z f',gj Zz]g] (f,0%g).
=1 j

Jj=1

This kind of duality is used to describe the annihilation and creation operators
in quantum mechanics [3], it is used by D.G. Quillen to represent Hermitian
forms as sums of squares [13] and by H. Render in the real analytic setting
to investigate sets of uniqueness for polyharmonic functions [14]. In [7] and
[8] the O-operator on weighted Bergman spaces on Hermitian manifolds is
investigated, a similar duality appears for instance on the unit ball endowed
with Bergman-Kéhler metric.

If one replaces the single derivative with respect to z; by a differential

operator of the form p]( 5 7...,%), where p; is a complex polynomial on
C" (we write pj(u) for pj(az1 ey %)u), the duality relation is now of the

form
(pj(u)ﬂv) = (u,p;*-v),

where p;f(zl, ..., %) is the polynomial p; with complex conjugate coefficients,
taken as multiplication operator. Newman and Shapiro [11], [12] use this
duality relation in their analysis of Fischer spaces of entire functions.

We generalize the 0-operator by setting

(1) Du = zn:pj(u) dz;,

where u € A2(C™, e~ 121", see [4].



Basic estimates for the generalized d-complex 585

Operating on (p,0)-forms we define

(2) Du = Z /zn:pk(uj)dzk/\dzj,

|Jl=p k=1

where u = 32,5, "uydzy is a (p,0)-form with coefficients in A*(C", e 2P,
here J = (ji,...,Jp) is a multiindex and dz; = dz;, A --- A dz;, and the
summation is taken only over increasing multiindices. We get again densely
defined closed operators and observe that D? = 0 and that we have

(3) (Du,v) = (u, D),

where u € dom(D) = {u € A?pjo)((C”, e Y Du e A?pﬂ’o)(@”, e ")} and

n
D'v= > "> pvjkdzk

|K|=p-1 j=1

for v =732, "vsdzy.

Replacing @ by D one gets a corresponding complex Laplacian Cp =
DD* 4+ D*D, for which one can use duality and the machinery of the 0-
Neumann operator ([9], [10]) in order to prove existence and boundedness of
the inverse to Op and to find the canonical solutions to the inhomogeneous
equations Du = o and D*v = f. In addition, studying the spectrum of [J for
0, one gets estimates for the canonical solutions, which are not attainable by
standard methods, see [7], section 5 and [8], section 4.

In the 0-Neumann problem the underlying Hilbert space is L?(Q) and
the O-operator is defined in the sense of distributions in order to become a
densely defined unbounded operator on L?(§2) with closed graph. The adjoint
operator 9* is again a differential operator. In our setting, the underlying
Hilbert space is A%(C", e*|2|2), the operator D is a densely defined unbounded
operator on A?(C", e"Z‘Q) with closed graph, the adjoint operator D* is now a
multiplication operator. This phenomenon is used to describe the commutator
equation [A, A'] = I of quantum mechanics on an appropriate Hilbert space,
see [3], Chapter 1. The abstract theory of unbounded operators on Hilbert
space is identical in both cases.

In our setting, the corresponding D-complex has the form

‘ 2

n _—|z D n —lz12y D no —|z2
Al 1 (C e )jA%p,O)((C Le 17 :>A%p+1,0)((c Le 0.

D* D*
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Similar to the classical d-complex (see [4]) we consider the generalized box
operator Cp p = D*D 4+ DD* as a densely defined self-adjoint operator on
A2 o0y (C e =P )w1th

dom(Op,) = {f € dom(D)Ndom(D*) : Df € dom(D*) and D* f € dom(D)}.

see [5] for more details.

The (p,0)-forms with polynomial components are dense in A%p,(])
(C”,e“ZP). In addition, the (p,0)-forms with polynomial components are
dense in dom(D) N dom(D*) endowed with the graph norm

wrs ([[ull® + [ Dull? + | D*ul|?)'/2,

See [5] and [6] for the details.
In [5] it is shown that the basic estimate

(4) lull* < C(IDull* + [[D*ul|*),

for any u € dom(D) N dom(D*) implies that (Jp; has a bounded inverse.
The basic estimate can easily be shown for the 0-complex (see [5]), whereas
for the more general D-complex one has major difficulties. From [5] we know
that for the basic estimates it suffices to show that there exists a constant
C > 0 such that

(5) [ull* < C > (pk, pjJug, w),
dk=1

for any (1,0)-form u = 37%_; u;dz; with polynomial components.
In this paper we will show that inequality (5) can be expressed by coercive-
ness of a corresponding densely defined Hermitian form on A%I,O) (Cm, e 12*) x
2
A%LO)(C", e l#),
In the last part we concentrate on n = 2 exhibiting some classes of ho-
mogeneous polynomials of arbitrary degree such that (5) holds.

2. Hermitian forms

We take the right hand side of (5) to define a Hermitian form.
Let

n
(6) Z pkapj U],Uk
Ji:k=1
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where u and v are (1,0)-forms with polynomial components.

Then

H: A%170)(C”,e_|z‘2) X A%LO)((C”,e_lZ

)y —cC

is a densely defined Hermitian form. This follows from

H(v,u)

([pk, P}]vj, k)

J 1

[(p}k-vppzuk) - (pkvppjuk)}

J 1

[Pk, P;) — (s, prvy)|

J 1

[(p;*uj,vak) - (pkuj»pjvk)}
1

M= 1= 1= 11

<

=

u,v)”

Condition (5) can be written in the form

(7)

1
Hwu) = ol

287

which means that the Hermitian form H is lower semibounded, and as C' > 0

even that H is coercive.

We just mention that associated with the form H there is an operator Ty
defined by Tpu := w, for u € dom(7y), where dom(7x) = {u € dom(H) :

there exists w, € A?LO)(C”@_‘Z'(Z) such that H(u,v) =

(wy,v) for v €

dom(H)}, where (w,,v) denotes the inner product in A%I,O) (C", e~ 1=*). Since

dom(H) is dense, the (1,0)-form is uniquely determined by u, and the oper-
ator T is well defined and linear. By definition, dom(7y) C dom(H), and

H(u,v) = (Tgu,v) for ue dom(Ty) and v € dom(H).

In our case, it’s easy to give an explicit expression for

Ty : Ay o) (C", e PPy — AR g (CP e IFF.
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We have

n n n

Thu = Z[p17p;]uj dz1 + Z[p%p;]uj dzg + -+ Z[pmp;]uj dzp.
j=1 j=1 j=1

See [15] for the general properties of Hermitian forms and the corresponding
operators.

3. Commutator terms as a sum of squared norms

In order to handle the expression

n
Z pknp] U],Uk)
Ji:k=1

we use the following operator theoretic method. Let A; and B;,j =1,...,n
be operators satisfying

[Aj, Ag] = [B), By] = [Aj, Bk| = 0,7 # k

and
[Aj,Bj} :],jzl,...,n

Let P and @ be polynomials of n variables and write A = (Ay,...,A,) and
B =(By,...,By).

The assumptions are satisfied, if one takes A; = 8‘9 and B; = z; the mul-
tiplication operator. The inspiration for this comes from quantum mechanics,
where the annihilation operator A; can be represented by the differentiation
with respect to z; on A%(C", e e ) and its adjoint, the creation operator Bj,
by the multiplication by z;.

Then
1
(8) QAP(B) = Y —P(B)QW(A),
la>0 ¢
where @ = (ay,...,q;,) are multiindices and |a] = a1 + -+ + «,, and ! =
agl. ..y, see [13], [16].
Applying (8) we get
* 1 «
(9) (oo vy, ) = D2 00wy ),

O['
la|>1



Basic estimates for the generalized d-complex 589

see [6], and try to express

n
j,k=1

as a sum of squared norms. See also [1] and [2] for the term squared norms
in a different context.

In the following we concentrate on polynomials of two complex variables
to demonstrate the method of squared norms, and to show for what kinds of
polynomials it is applicable.

Theorem 3.1. Let p1(z1,22) and pa(z1, 22) be polynomials of degree 2 with
real coefficients. Suppose that for by # 0 and as # 0 the polynomials have the
form

pl(zl, 22) = b1z122 + d12’1 + e129 and

2 2
p2(21, 22) = a2y + aszy +

261a2 2d1a2
by 21+ by Z

25

where di and ey are arbitrary real numbers, or for a1 # 0 and co # 0 the
polynomials have the form

2 2
p1(z1, 22) = a1z + diz1 and pa(z1, 22) = Ca25 + €22,

where dy and ey are arbitrary real numbers. Then
2
(10) [ul* < C > ([pks ) ug, ur),
G k=1

for any (1,0)-form u = 2]2:1 ujdz; with polynomial components.

Proof. We denote the first derivative with respect to z; by (10), and with
respect to zz by (01). It is easily seen that our polynomials p; and po satisfy

(11) pgm)*pgm) _ p§10)*p§10) 7 pgm)*pgw) _ p§01)*p§01).

So we can use the technique in the proof of Theorem 3.2 of [6] to compute
in the following way: If p1(21, 22) = a12? + dy21 and pa(21, 22) = 223 + €229,
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then
2
Y (s viluwswy) = 20t |w]* + 265 Jus |
7,k=1

Ouy
+ ||d1u1+2ala—||2

ou
+ ‘|€2U2+2028—2H2

If p1(21,22) = bz1290 + dz1 + ezo and pa(21, 20) = a2? + az2 + fz1 + gz
with bg = 2ad and bf = 2ae, then

2
Y (pjspilursuy) = Bllual® + da®|uz?
j,k=1
a’LLQ 8U1 2
+  lduy + fug + 20— +
| duy + fus a@ 022”
+ +gup + 202 +
leur + gus o 821!!

O

Finally we determine homogeneous polynomials p; and py of degree K
such that (5) holds.

Let a,b € R, a,b # 0. We consider the following homogeneous polynomials
of degree K: if K is even we set

K/2 (e
(12) p1(z1,22)" = az <2€> 2H26,2¢
=0
and
(K=2)/2 /g
13 b K—-20—-1 2€+1
(13) 221, 22)° Z <2£+1> ’

if K is odd we set

(K—1D)/2 /5
(14) pi(z1,22)" = a Z ( >K %2327

and
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(K-1/2 1 g
K—20-1_20+1
(15) 2(21,22)" = b Z <2€+1> 24

In addition we have

bp1(21, 22)" + apa(z1, 22)* = ab(z1 + z0)%,

for all cases.

The derivatives of p; and ps with respect to z; or zo yield homogeneous
polynomials of less degree, but of exactly the same type, for instance, we get
for K being even

(K=2/2 (7 4
pgw)* - Ka Z ( o0 )Z{<2e1zgej
=0
which corresponds to (14).

Lemma 3.2. Let p1 and pe be like in (12) and (13), or like in (14) and (15).
Then

0l)x (01 10)% (10 10)« (10 01)x (01
(16) p D plOn) = pl10 5100 (100 pL10) {01, 01

Proof. We have only to prove the first equality of (16), the second will then
follow by interchanging the roles of p; and po. First we consider (12) and (13):

(K-2)/2 K—1
01)*
pg ) — Kb Z ( ) K—20— 12557

O _ ru (Kfﬂ K-1 oK1 .
D1 2o 2041 8;:{(_%_2823”1’

and we have

(K=2/2 (7 4

10)* - Y/

Yl
£=0

1) _ ey (KZ2/2 K—1 gk—1
Po pard 2+ 1 az{(qzﬂazwﬂ'

Comparing the coefficients of the differential operators P(Ol) " and p gw)*
pglo) yields the desired result.
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Next we take (14) and (15):

(K-1)/2
péﬂl) — Kb Z ( ) K—20— 1234’

(01) (K 3)/2 K -1 aK—l
= Ka Z <%+ 1) 82{(—22—232§E+1?

and we have

(K-1)/2 /0
pgw) — Ka Z ( o )Z{( 20— 12315,
(=0

(10) _ jep (Kig:)/Q K-1 oK1
V%) yrd 2% +1 82{(7257282354»1 .

Finally, compare again the coefficients of the differential operators py
and p(lo)* (19 46 see that they coincide. O

(01)* (01)

Theorem 3.3. Let p1, py be homogeneous polynomials of degree K as in (12),
(13) or (14), (15). Then there exists a constant C' > 0 such that

2
(17) [ull* < C Y~ ([pk, Py, un),
J,k=1

for any (1,0)-form u = Z?Zl ujdz; with polynomial components.

Proof. We will express the right hand side of (17) as a sum of squared norms.
We use

* 1 )* («

s
see [6]. By Lemma 3.2 we have
P, 0D _ 00 (10) - (10)x (10) _ (01} 01)
and hence
2 10)+ (10 01
Z ( )* ( )u‘,uk) + (p§ )= ](C )Uj,uk)}
7,k=1
= [Ip{" " ur + p§ P + (1P ua + 8
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In order to get the corresponding equations for the derivatives of order 2,
we start with with the first order derivatives of p; and py and observe that
they are of the same type as the original polynomials, just of one degree lower.
We have for the derivatives of order 2 that

. 1. (20 (20 11)*, (11
2 o ol ( oy ) = 5(17; "o ) + (0 b g, )
|a]=2
1, (02)% (02)
+ 5 e ),
so we get
1< (20) (20) (1)« (11)
5 Z , uj,ug) + (p; oy ug,ur)]
Jk=1
2 2 1. m 11
= b P+ 2 Ve + 5

and

13 11)% (11 02)% (02)
IO i k) B P g, )]
k=1

[\

(11)

1 0
= Slpu+ b s

1
ws* + 2P+

For the derivatives of order m we have the following types of derivatives
together with the corresponding factor in formula (8):

1 1 1

p (m, 0); =D (m—1,1); o (m—2,2);...

1
“1(m = 1)!

We take the factor ; for the derivatives of type (m,0) and (m —1,1):

(I,m —1); % (0,m).

1 2 m * m m * m
SO g )+ I T g )]

m! et
1 -
= s P
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So, for the type (m — 1,1), the factor 1 — L. = mT_,l is left. We continue

(m—1)! m!

with what was left for type (m — 1,1) and get

m—1 2 m—1,1)x (m— m—2,2)% (m—
S 0 ) 4 G

~ uj, ug)]
j j
m! jk 1
m — m—1 _
= T Ly 4+ P 4 ur =+ py" |
Now the factor —L . — m=1 _ (m=Dm=2) ;o 1.¢ o the derivatives of

(m—2)12! m! m!2!
type (m — 2,2). So after ¢ — 1 steps, the factor

(m—=1)(m—=2)...(m—0+1)
m!(¢ —1)!

(18)

is left. Therefore we obtain for the factor in the next step

1 (m—-1)(m—-2)...(m—L+1) (m—1)(m—2)...(m—{)

(m— 0 m!(f —1)! mlf! ’

which is of the same type as (18) for the derivatives of type (m —£¢—1,¢+1).

In this way we can proceed until the derivatives of order K and observe
that for |«| = K one of the constants pg and p( ) is zero and the other
positive. So we get ¢p|lug||* and calug||?, for c1,co > 0; all other terms are

squared norms. O

Remark 3.4. a) If there exists a real constant C' # 0 such that pa(z1,22) =
Cp1(z1, 22), then we set [p1,pi] = A and get for the (1,0)-forms u = uydz; +

uodzy, where ug = —%:

2
> (Ipks piJug, ug) = (Aug, wr) — (Aug,ur) — (Aur,ug) + (Aug, ug) = 0.
Jik=1

So, (17) does not hold in this case.

b) Let p1(21, 22) = az? + bz 22 + c25 and P21, 22) = d2? + ez120 + f23 be
two homogeneous polynomials with real coefficients and suppose that condition
(16)

01)x (01 10)% (10 10)+_ (10 01)_(01
pé )pg )—pg )pg ) ) pg )pg ):pg )pg )

holds. The first equation gives

0 0 0 0
(ez1 +2f2) (b o + 2c 6—22> = (2az1 + b2y) <2d8—1 +e 8_22>
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which, by a comparison of the coefficients, yields
be = 4ad, ce = ae,bf = bd, 4cf = be.

The second equation of (16) gives no further information. If e # 0 and b # 0,
we obtain p1(21, 22) = az} + bz122 + az3 and pa(21,22) = dz3 + ez120 + d23,
where dad = be. If b =0, but e # 0, we get a = ¢. So, if we want py to be
non-trivial, we have to suppose that a # 0 and we get f = d = 0. Hence, in
this case: p1(21, 22) = a2} + azs and pa(21,22) = ez122. So, if we consider

@1 (21, 22) == 21 + 25 and qa(21, 22) == 2122

as basis polynomials for the solution of (16), we can express an arbitrary
nontrivial solution of (16) in the form

B g\ (o) _ (Bar+ Ba
1 0) \@ @ +og )’

where (? ?) is a real invertible matriz. A primitive function with respect
3
to z1 of the basis polynomial q is %1 + 2122 and a primitive function with
2 3
respect to z1 of the basis polynomial qo is %Zg + %2, which corresponds to
the polynomials z} + 32125 and 32229 + 23, which we consider in Theorem
3.8. Continuing this procedure one finally gets the polynomials (12), (13) and

(14), (15). In this way it was possible to guess what kind of homogeneous
polynomials of degree K can be chosen such that the basic estimate holds.
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