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Abstract: In the present work, we investigate the relationship
between compact strongly pseudoconvex CR manifolds and the
singularities of their Stein fillings. We compute the dimensions of
Kohn-Rossi cohomology groups with values in holomorphic vector
bundles in terms of local cohomology groups. As an application, we
solve the classical complex Plateau problem for compact strongly
pseudoconvex CR manifold X when its Stein filling V' has only
isolated complete intersection singularities. This generalizes earlier
results of Yau.
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1. Introduction

The classical complex Plateau problem is one of the fundamental questions
of complex geometry. It asks which odd dimensional real submanifolds of
CV are boundaries of Stein manifolds. CR manifolds are abstract models
of boundaries of complex manifolds. In fact, Boutet de Monvel ([3]) proved
that any compact strongly pseudoconvex CR manifold of dimension at least
five can be CR embedded in some complex Euclidean space. A beautiful
theorem of Harvey and Lawson ([11], [12]) says that these CR manifolds
are the boundaries of Stein spaces with only isolated normal singularities.
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Throughout this paper we shall assume that X is a compact connected CR
manifold of real dimension 2n — 1 > 5 and V is the Stein filling of X. What
remains to be determined is the necessary and sufficient conditions on X for
nonexistence of singularities inside V.

One of the most important invariants in CR geometry is the so-called
Kohn-Rossi cohomology groups introduced by Kohn and Rossi in [16]. Of
course it would be of interest to compute the dimensions of these groups.
In [29], the second named author related the Kohn-Rossi cohomology group
HP9(X) to the local cohomology groups at the singularities of V' and answered
affirmatively a conjecture of Kohn and Rossi from [16]. In case the singularities
of V' are hypersurface singularities, the Kohn-Rossi cohomology groups were
computed explicitly. This allows him to solve the complex Plateau problem
in the hypersurface case.

It has been an interesting question to compute the dy-cohomology groups
of forms with values in a holomorphic vector bundle (cf. [16], [24]). In the
first part of this paper, following the ideas of Yau ([29]), we shall consider the
dimensions of these groups in terms of local cohomology.

Theorem 1.1. Let V be an n-dimensional reduced irreducible Stein space
with smooth boundary X. We assume that V is imbedded in a slightly larger
reduced irreducible complex space V' with V' smooth near X = 0V . Suppose
F is a coherent analytic sheaf on V' such that % is locally free near X. If V
is strongly pseudoconvex, then the dimensions of the Kohn-Rossi cohomology
groups

dim H?? (X, F) Zdlqu+1 (V. @ F) for 1<qg<n-—2,
xeZUS

where S is the singular locus of V' and Z is the set of all points of V where
F is not locally free.

Corollary 1.2. Suppose that V' is strongly pseudoconvez. If V' is perfect (i.e.,
the stalks O, of the structure sheaf are Cohen-Macaulay rings) and F is
locally free, then

dim H* (X, #) =0 for 1<q<n—2.
If V is smooth and F is locally free, then
dim H (X, #)=0 for 1<q<n-—2.

We next study the relationship between the vanishing of Kohn-Rossi co-
homology groups of X and the corresponding properties of V.
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Proposition 1.3. Suppose, with the above notations, that V' is strongly pseu-
doconvex and n = 3. Then the following statements are equivalent:

1. HY(X) =0 for1 <qg<n—2;
2. The Stein filling V of X 1is perfect;
3. depthwy, =n, v € V, where wy is the canonical sheaf of V.

Corollary 1.4. Let (V,x) be a normal isolated singularity of dimension
n > 3. If (V,z) is Cohen-Macaulay, then it is Gorenstein if and only if the
projective dimension pdg (wy,z) is finite.

Proposition 1.5. Let X be a strongly pseudoconvexr CR manifold of dimen-
sion 2n — 1 = 5. Suppose X is the boundary of a strongly pseudoconver man-
ifold which is a modification of a Stein space at normal isolated singularities.
If one of the following conditions hold,

o HY(X) =0 for 1 < q < n— 2 and the projective dimension of Q**
(the double dual of Q) is finite;

o H%(X,0) =0 for 1 < q<n-—2 and the projective dimension of the
tangent sheaf © is finite,

then V is smooth.

The theory of Buchsbaum-Eisenbud ([5]) gives free resolutions of the ex-
terior products of certain modules. These resolutions can be used to calculate
local cohomology groups.

Proposition 1.6. Let (V,z) be an isolated Gorenstein singularity of dimen-
sion n and F a coherent analytic sheaf on V. Suppose F, is given by the
following exact sequence

0— o™ -2 0N 5 2, —0,
and F is locally free on V' \ {x}. Then

0 if p+qg<n-—1,
dim Sp(coker ¢*) if p+q=n.

dim H?

1, (VAT) = {

Here ¢* = (ON)" — (07)* is the dual map of ¢, coker ¢* = (O7)*/Im ¢*,
and Sp(coker ¢*) is the p-th symmetric power of the O,-module coker ¢*.

As a result of Theorem 1.1 and Proposition 1.6, we can obtain the follow-
ing:
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Theorem 1.7. Suppose X is the boundary of a strongly pseudoconvexr mani-
fold of dimension n > 3 which is a modification of a Stein space V' at isolated
singularities. Let S be the singular set of V. If the singularities (V,z), © € S
are complete intersections, then

0 if pHg<n—2,1<¢q< 2,
> TF if p+q—n—1,1< < 2,
dim HP4(X) = { *€5
TP df ptrg=mn,1<qg<n—2,
zeS
0 if ptg=2n+1,1<qg<n—-2, 0<p<n,

where
72 =dime S, (Exth,, (. Ovz))

S, (1)

mfiS (ﬁglz) + Jp(f1, ) ( (ﬁUI) . ﬁgj;")

=dim¢

Moreover, the complex space V' is smooth if and only if
H" 7 14(X) =0

for some 1 <g<n—2.

When the Stein filling V" has only isolated complete intersection singular-
ities, Theorem 1.7 answers the complex Plateau problem in the affirmative
sense.

2. Preliminaries

In this section, we shall recall some basic notations and definitions.

2.1. Depth
Let R be a commutative ring with unit, M an R-module and ay,--- ,a, a
sequence of elements of R. We say aq,--- ,a, is an M-regular sequence if the

following conditions are satisfied:

e For each 1 < i < r, q; is not a zero-divisor on the module

M/(ala e 7ai—l)M7
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o M#(ay, -, a,)M.

When all a; belong to an ideal I, we say aq, - - - ,a, is an M-regular sequence
in I. If, moreover, there is no b € I such that ay,--- ,a,, b is M-regular, then
ai,--- ,a. is said to be a maximal M-regular sequence in I.

If R is a noetherian ring, M is a finite R-module and [ is an ideal of R
with IM # M, we call the length of the maximal M-regular sequence in [
the I-depth of M and denote it by depth;(M). When (R, m) is a local ring
we write depth M for depth,, M and call it simply the depth of M. Moreover,
if (R, m) is a noetherian local ring, then R is said to be Cohen-Macaulay if
depth R = dim R.

2.2. Projective dimensions

Given a module M, a projective resolution of M is an infinite exact sequence
of modules

o= Po= P —>P—>F—->M=0

with all the P; projective. Every module possesses a projective resolution.
The length of a finite resolution is the subscript n such that P, is nonzero
and P; = 0 for ¢ greater than n. If M admits a finite projective resolution,
the minimal length among all finite projective resolutions of M is called its
projective dimension and denoted pdp(M). If M does not admit a finite
projective resolution, then by convention the projective dimension is said to
be infinite.

Theorem 2.1 (Auslander-Buchsbaum). If R is a commutative Noetherian
local ring and M is a non-zero finitely generated R-module of finite projective
dimension, then

pdgr(M) + depth M = depth R.
2.3. Symmetric and exterior algebras

We follow the exposition of [5]. Let R be a commutative ring with unit. The
tensor algebra of the R-module M is the graded, noncommutative algebra

Tr(M)=R®M&®(MerM)®---,

where the product of 11 Q- - -®x,, and Y1 Q- - Ry, IS 1R+ + - RTH QYL R+ + - QY.

The symmetric algebra of M is the algebra Sg(M) obtained from Tr(M)
by imposing the commutative law, that is, by factoring out the two-sided
ideal generated by the relations t @ y —y ® x for all x,y € M.
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The exterior algebra of M is the algebra AgM obtained from Tr(M) by
imposing skew-commutativity, that is, by factoring out the two-sided ideal
generated by the elements 72 = z ® x for all z € M. (From the formula
(z+y)R((x+y) =zR@r+rRQy+yRr+yRy we see that 2@y +y @ x goes
to 0 in AgM for all z,y € M, so that AgpM really is skew-commutative.)

We define the d-th symmetric power of M, written Sg 4(M) or Sg(M), to
be the image in Sgp(M) of M ® --- ® M (d factors) in Tr(M) and the d-th
exterior power AYM to be the image in AgM of M ® --- ® M (d factors) in
Tr(M).

2.4. Local cohomology

Let A be a closed subset in a topological space Y and .7 a sheaf of abelian
groups on Y. We define I'4 (Y, o) as the subgroup of all elements of I (Y, &7)
whose supports are contained in A. If

0o € >¢" - C*— -

is the canonical (or any other) flabby resolution of &7, we define the groups
H' (Y, o) as the cohomology groups of the complex

0Ty (Y,%O) Ty (Y,%l) T (Y,%Q) o

and call them the groups of local cohomology with supports in A and coeffi-
cients in o7 .

2.5. CR manifolds and pseudoconvexity
Let X be a connected real manifold of dimension 2n — 1 and S an (n — 1)-

dimensional subbundle of CTx such that

e SNS=1{0}.
o If L, L’ are local sections of S, then so is [L, L].

The manifold X, together with the structure .9, is called a CR manifold.

Let Lyi,---, L,_1 be alocal frame of S. Choose a purely imaginary local
section N of CTx such that Ly,---, L,_1, Ly, -, Ly_1, N span CTx. Then
the matrix (¢;;) defined by
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is Hermitian, and is called Levi form. The number of non-zero eigenvalues
and the absolute value of the signature of (¢;;) at each point are independent
of the choice of Ly, ---, L,_1, N. X is said to be strongly pseudoconvex if
the Levi form is definite at each point of X.

Throughout this paper, we always assume that X is a real hypersurface
of a complex manifold M. Suppose that X is locally defined by r = 0, where
r is a real smooth function on M with |dr| =1 on X. For each point xz € X
the Levi form at z is the Hermitian form on the (n — 1)-dimensional space
T Jbox N CTx , given by

(L1, Ly) = 200, Ly A L),

where Tjj(,)z is the space of holomorphic vectors at x.

Let M be a complex manifold with smooth boundary X = 0M such that
M = M U X is compact. M is said to be strongly pseudoconvex if the Levi
form is positive definite at each point of X. If M is strongly pseudoconvex,
then it is a modification of a Stein space V with isolated singularities. In this
case, we also say V is strongly pseudoconvex.

2.6. Cotangent sheaf and tangent sheaf

We shall define the sheaf of germs of holomorphic 1-forms for arbitrary com-
plex space V. Let us first consider a model space W in a domain D C C"
with ideal . C Op. Let Qp be the sheaf of germs of holomorphic 1-forms on
D. Then the map

I = Qp, f—df

sends .#? into .#{)p and hence, by passing to residue classes, a morphism
«a j/]Q — QD/jQD

We put Qp = coker o, this is a coherent sheaf on V. The case of an arbitrary
complex space is handled by gluing. Let {U;} be an open covering of V' such
that there exists a biholomorphic map 7; : U; — V; onto a model space V;.
Then we can define the sheaf Q; = Qpy, = Qy, via 7;. The isomorphisms
T{l or; : UyNU; — U; NU; give rise to isomorphisms 0;; : Qi|v,nu, —
Qj|v,nu; such that 6;;0;, = 0. Hence we have an Oy-sheaf Qy on X such
that Qv |y, = €. This sheaf is coherent on V' and called the sheaf of germs
of holomorphic 1-forms on V or the cotangent sheaf of V. Note that Qi is

locally free if and only if V' is regular.
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We write QF, = APQy (with the usual convention that Q0 = &y) and
refer to it as the sheaf of holomorphic p-forms. The tangent sheaf Oy of V is
defined to be the dual sheaf of Qy, i.e. Oy = Q.

If V is normal, then we can define the canonical sheaf of V as wy =
0.7, , where Vi, is the regular part of V' and 0 : Vi, — V' is the inclusion
map.

2.7. Isolated singularities

We shall often denote by (V,z) the pair of an analytic space V' with a point
x € V such that V\{z} is smooth and pure dimensional. We call such a pair an
isolated singularity (even in case V' is smooth). Two pairs (V,z) and (W,y)
are equivalent if there exist a neighborhood V' C V of z, a neighborhood
W' C W of y and an isomorphism f : V' — W' such that f(z) = y. An
equivalent class of such pairs is called a germ of isolated singularities and
denoted also by (V, x).

The singularity (V, ) is said to be Cohen-Macaulay if the local ring Oy,
is Cohen-Macaulay. Moreover, if (V) z) is Cohen-Macaulay and the canonical
sheaf wy is free, then we say (V,x) is a Gorenstein singularity.

2.8. Isolated complete intersection singularities

The conventions followed are those of Looijenga ([18]). Let (U, z) be a complex
manifold germ of dimension N, and (V,z) C (U,z) an analytic subgerm of
dimension n which is given by an ideal Z C Op,. We say that Z defines a
complete intersection at x if Z admits m = N — n generators fi,---, fn_n.

Moreover, if the common zero set of fi, -, fy_n and the N — n form
dfy A -+ Ndfn—y is contained in {z}, then we say that (V,z) is an isolated
complete intersection singularity (this includes the case that (V, z) is regular).
Given a coordinate 2y, - - , zy for (U, z), let J be the ideal in Oy, generated
by the determinants of the (N —n) x (N — n) submatrices of the Jacobian
matrix (2—2) The definition of 7 is independent of the choices of generators
and the singularity (V,z) is isolated if and only if J D m* for some k > 1,
where m,, is the maximal ideal of &y ,. The number dimm,/m?2 is called the
embedding dimension of (V,z) and dimm,/m2 — n is called the embedding
codimension of (V, x).

If (V,z) is a complete intersection at z, then the ring 0, = Opy,/T
is a Gorenstein ring of dimension n and the sequence fy,- -, fnv_n is Op-
regular. Moreover, if (V,z) is an isolated complete intersection singularity,
then depth 7,70, = n. For a proof one may refer to [19].
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3. Kohn-Rossi’s 8,-complex

In this section, we shall recall the theory of Kohn and Rossi. Let M’ be a
complex manifold and X C M’ a real hypersurface. Assume that X is locally
defined by r = 0, where 7 is a real smooth function on M’ with |dr| =1 on
X. Let &/P? be the sheaf of germs of smooth differential forms of type (p, q)
on M'. Let E be a holomorphic vector bundle over M’ and & (F) the sheaf
of germs of holomorphic sections of E. Let

AP? (M’ E) = {sections of @71 ® O(E) over M'}

and
CP1(M' E)={¢pc APY(M' E); Or N¢=0on X}.
It is easy to shown that

acri(M' E) c cPit (M E).

Let €P9(FE) denote the sheaves of germs of C?? (M', E') on M'. Then there is
a natural injection

0— ¢PIE) — dP1® O(E).
The quotient sheaf
#9(E) = (/"1 ® O(F)) [7(E)

is a locally free sheaf supported on X. We have the following commutative
diagram:

0 — ¥PI(F) —— AdPIRQ0(FE) —— PBPY(E) —— 0
J,é lg J/éb
0 —— ¢PIYE) —— P Q@ O(E) —— BPT(E) —— 0

where 0, is the quotient map which is induced by 0. Let BP9 (X, E) denote
the space of sections of #P(E). Since ¢P4(FE) is fine, the induced sequence
of global sections

0 —s CP* (M, E) — AP* (M', E) — B"* (X, E) — 0
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is exact. Since 9% = 0, it follows that 5,? = 0, so we have the boundary
complex

0 B (X, B) 2 B (X, E) % - 2 Brn1 (X, E) 5 0,

In fact, following Tanaka [24], the boundary complex can be reformulated in
a way independent of the imbedding X C M.

Definition 3.1. The cohomology of the above boundary complex is called
Kohn-Rossi cohomology and is denoted by H?? (X, O'(E)). In the special case
when F is a trivial line bundle, we may write HP4(X) for H?9 (X, 0).

Let M be a Hermitian complex manifold of complex dimension n with
smooth boundary X = OM such that M = M U X is compact. We shall
assume, without loss of generality, that M is imbedded in a slightly larger
open manifold M’ and that X is locally defined by the equation r = 0, where
r is a real smooth function with » < 0 inside M, r > 0 outside M, and
|dr| =1 on X. Suppose E is a holomorphic vector bundle over M’. Let

APT (M, E) = {sections of &/??® O(F) over M},
AP (M, E) = {sections of @/"! ® O(E) over M}.

Let g be a Hermitian metric on M’ and let dV stand for the Riemannian
volume form on A’. Then one can define a natural inner product on AP4CTy,.
Let h be a Hermitian metric on E and we denote by (e, ) the corresponding
inner product on APICTYy; ® E. We define global scalar product for E-valued
forms by

(6, ) = /M<¢, W)V, for 6.0 A (3,E).

Let L% denote the Hilbert space obtained by completing A9 (M, E) under

the above inner product. We shall henceforth use the symbol d to mean the
closure of 8|Ap,q(ﬁ E) with respect to L9 Let 0* be the Hilbert space adjoint

of 0. Further we define the unbounded operator Ag = 90* 4 9*0. Finally we
define the space HP? (M, E) by

HP (M, E) = {$ € Dom(Az); Azp =0} .

There are several natural cohomology groups associated to the d-complex
on the holomorphic vector bundle E over Hermitian manifold M’. Consider
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the following two vector spaces:

{oe (M, E); dp=0}

HPY (M, E) = AP (M. E) ,
- {qs € Apa (M, E) . Hp = o}
HP4 (]\47 E) = BApa (M, E) .

As a consequence of his beautiful solution of the O-Neumann problem, Kohn
proved the following:

Theorem 3.2 ([15, 16]). If M is strongly pseudoconvex and q > 0, then
H? (M, E) = 1P (M, B),

and they are finite dimensional.

On the other hand, the Dolbeault theorem asserts that
HP (M, E) = HY (M, @ 6(E)),

where QP denotes the sheaf of germs of holomorphic p-forms on M. The
relationship between these important groups and the preceding one is the
following theorem.

Theorem 3.3 ([15, 14]). If M is strongly pseudoconvexr and q > 0, then
H?9 (M, E) = HP (M, B).

Proof. For the convenience of the reader, we will show that this theorem fol-
lows from Theorem 3.2 and the Andreotti-Grauert theory. Since M is strongly
pseudoconvex, one can find a single strictly plurisubharmonic defining func-
tion r for all of M by Grauert [7]. So there is a neighborhood U of M
in M’ and a smooth strictly plurisubharmonic function r» on U such that
UNM ={zx € U; r(x) < 0}. Since M is compact, there exists oo > 0 such
that {—30p < r < 0o} € U. Let x be a smooth function on M’ such that
0<x<l,x=1lon{r>—-d}and xy=0o0n M\ {r > —2dp}. Then

r= (T+350)X—350
is a smooth function on M UU and 7 =r on {r > —dp}. Let

Ms={r<dtc M, 0<d<d.
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Then My = M and My is 1-convex since ¥ = 7 is strictly plurisubharmonic
on {r > —dp}.
Let us consider the restriction maps

H" (M, B) — H"* (M, E) — H"" (M, E).

By Theorem 3.2, HP4 (M, E) is finite dimensional. So we can choose 0-closed
¢; € AP (M, E), 1 =1,---,d, such that their cohomology classes generate

a basis of HP (M, E) If 6 > 0 is small enough, then we may assume that
¢; € AP (Ms, E) for 1 <i < d. So we can conclude that

HP (M, E) —s HP4 (M, E)
is surjective. On the other hand, the restriction map
HY (Ms;,® @ O(E)) — H* (M, @ O(E))
is isomorphic by the Andreotti-Grauert theory ([1]) and hence
HP4 (M;, E) — HP9 (M, E)

is isomorphic by Dolbeault theorem. Then we can conclude that the restriction
map

HPa (H, E) — HP (M, E)
is an isomorphism. O

We next consider the duality theorem. Let
cPa (M, E) ={pc API(M,E); OrAN¢p=0o0n X}.

Since
acra (M, E) C cpatl (M, E) ,
one can therefore form the cohomology
o ccra(M,B); do=0}
dCpa—1 (M, E)

Hyt (M,E) = {
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Theorem 3.4 ([16]). If M is strongly pseudoconvez, then
HE1 (M, E) = (H"*p’"fq (M, E*))* for 0<q<n,
where £ is the dual bundle of E.
4. Computation of Kohn-Rossi’s 8,-cohomology

In this section, we will compute Kohn-Rossi’s y-cohomology in terms of local
cohomology. Let us fix the notations. Let V' be an n-dimensional reduced
irreducible Stein space with smooth boundary X = 0V. We assume that V'
is imbedded in a slightly larger reduced irreducible complex space V' with V’
smooth near X and that X is defined by the equation r = 0, where r is a real
smooth function with 7 < 0 inside V, r > 0 outside V, and |dr| =1 on X.

Suppose Z is a coherent analytic sheaf on V' and % is locally free near
X. Let QP denote the sheaf of germs of holomorphic p-forms on V'. Let S be
the singular locus of V' and Z the set of all points of V' where the coherent
sheaf .# is not locally free. Then S and Z are compact analytic sets in V.
Since V is Stein, we can conclude

W=SUZ=A{x1, - ,om}
is a finite set. For every z; € W (1 < ¢ < m), the local cohomology group
Hf{zxi} (V,QF @ F)

is finite dimensional for 0 < ¢ < n — 1. Note that dim H{

(2} (V,QP) is the

so-called Brieskorn number of type (p, q) at the point x;.

Theorem 4.1. Suppose, with the above notations, that V is strongly pseudo-
convex, then the dimensions of the Kohn-Rossi cohomology groups

(1)  dim B (X, 7) =Y dim HI L (VP @.F) for 1<qg<n—2.
=1

Proof. By the desingularization theorem of Hironaka, we can find a proper
modification p : N' — V' such that N’ is smooth, N &€ N’ is strongly
pseudoconvex and g : N\ p~1(S) — V \ S is biholomorphic. Then the
coherent sheaf ;*.% is locally free on N \ p~1(Z). By a theorem of Rossi (cf.
[21], Theorem 3.5), we can find another modification 7 : M’ — N’ such that
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1. M’ is smooth, M & M’ is strongly pseudoconvex and OM = X;
2. 7: M\ (no7) %) — N\ p~(Z) is biholomorphic;
3. The coherent sheaf

&=(por)'F /T (o))

is locally free on M’, where .7 ((po7)*.F) C (o 7)*.% is the torsion
subsheaf. Hence there exists a holomorphic vector bundle E over M’
such that & = O(F).

Then 7 = po7 : M — V is a modification of V' at the points 1, -+, Zp,.
Let A = 7= (W) be the exceptional set of 7. Then 7 : M\ A — V \ W is
biholomorphic and & = 7*.% on M \ A. For the simplicity of notation, we
also denote by QP the sheaf of germs of holomorphic p-forms on M.

We claim that there exists a smooth nonnegative strictly plurisubhar-
monic exhaustion function ¢ on V' such that W = {¢ = 0}. In fact, suppose
the maximal ideal m,, C O, is generated by fi1,- -, fin,- We may assume
that fir € 0 (U;) and {z € U;; fi(z) =+ = fin,(x) = 0} = {x;}, where U,
is an open neighborhood of z; such that U; N U; = 0. Let A\;, 1 < i < m be
cut-off functions such that SuppA; € U;, 0 < A\; < 1 and A\; = 1 near z;.
Then the function

> Ailog (Z ’fik:’2>
i=1 k

is quasi-plurisubharmonic on V. If 4 is a smooth strictly plurisubharmonic
exhaustion function on V', we may select a convex increasing function x such
that

> Ailog (Dmﬁ) +xot
=1 k

is strictly plurisubharmonic and exhaustion. Then we can take

¢ = exp {Z A; log (Z !fik\2> +xo ¢} :
i=1 k

It is obvious ¢(z) = 0 if and only if z € W. So there exists a smooth non-
negative plurisubharmonic exhaustion function ¢ = ¢ o m on M such that
A ={p =0} and g is strictly plurisubharmonic on M \ A. Put

M, ={x € M; p(x) <r}.
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Let AP (M, E) be the space of E-valued (p, ¢)-forms with compact sup-
ports in M and HP? (M, E) the cohomology group with compact support.
We claim that the natural inclusion map

i AP (M, E) — ¢ (M, E)
induce isomorphisms
(2) HPS (M, B) = HP (M, E) for 1<q<n-1
In fact, our claim follows from the following commutative diagram:
HP (M, E) B Hy* (M, E)

~ J{ Serre duality = J{ Theorem 3.4

) g (s (1))

Following Laufer [17], we consider the sheaf cohomology with support at
infinity. There is a natural exact sequence

0 — AP* (M, E) — AP (M, E) —s A% (M, E) — 0,

Then the sheaf cohomology with support at infinity HZ (M, QP @ &) is the
cohomology of the quotient complex (Agg‘ (M, E) ,5).
Another natural exact sequence is

0 — A" (M, B) — A (M, E) — A5 (M, E) — 0.

The cohomology of (A&* (M, E) ,5) is denoted by HZ (M, P& ) Con-
sider the following commutative diagram:

0 —— AP* (M,E) —— AP (M, E) AR (M, E) 0

! l l

0 —— A*(M,E) —— AP*(M,E) —— AL*(M,E) —— 0
It follows from Theorem 3.3 and the five lemma that

(3) HE, (M0 @ &) = HL (M, © &) for g

WV

1.



698 Xiankui Meng and Stephen Shing-Toung Yau

Now the following commutative diagram with exact rows

0 —— AP*(M,E) —— A+ (M,E) —— Az (M,E) —— 0

l l l

0 — CPa (M, E) s AP (M, E) — 5 BP(X,E) —— 0
gives
(4) H&(H,Qp(@cg’)%Hp’q(X,é”) for 1<g<n—-2
by (2) and the five lemma.
We need to compute the sheaf cohomology with support at infinity. By

Laufer [17],

HL (M, QP ® &) = lim HY'(M\ M, QP @ &).

On the other hand, by Andreotti and Grauert [1],
HI(M\ AP RE)— HI(M\ M, R &)

is isomorphic for ¢ < n — 2 and r > 0. So we have

(5) HIL (M, Q@ &)= HI(M\AQPRE) for ¢g<n—2.

Since m: M\ A — V' \ W is biholomorphic and

QP®£|M/\A :ﬂ'* ((Qp®y)|vl\w),

we have

(6) HI(M\AQXPeE) =ZHI(V\W,QF),
and

(7) HPU(X, 7)=HPI(X,E).

Let us consider the following local cohomology exact sequence:

— HI(V,P @ .F) = HI (V\ W, @ F) —» HIF (V,0F @ F)
- H"N (VP @ .F) = HTN(V\W, P .F) —---
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By Cartan’s Theorem B, we have

(8) HI(V\W, P @ .F) = HI (V0P @ F) for ¢>1.
Finally, we can conclude

(9) HP(X, Z)= HFH (V, QP @ F) for 1<qg<n—2.

by the equations from (3) to (8), and hence

(10) dime’q(X,y):Zdimngi(KQp®§) for 1<q¢<n—2.
i—1

Finally, we note that the sheaf QP ® .% in (1) can be replaced by its double
dual. O

To compute local cohomology groups, let us recall the following vanishing
theorem.

Proposition 4.2 (cf. [2]). Let W be a complex space and 4 a coherent ana-
lytic sheaf on W. Suppose x € W and m is an integer. Then depth¥, > m
if and only if
H?x} (V,9)=0 for qg<m.

If V is perfect, then depth &, = dim &, for x € V by definition. If . is

locally free, then
depth %, = depth 0, = dim 0.

Moreover, if V' is smooth, then V is Cohen-Macaulay and € is locally free.

So we have the following corollary.

Corollary 4.3. Suppose, with the above notations, that V is strongly pseu-
doconvex. If V' is perfect and % is locally free, then

dim H*4 (X, #Z) =0 for 1<q<n—2.
If V' is smooth and F is locally free, then
dim AP (X, #)=0 for 1<q<n-—2.
Let us recall the Serre duality theorem for strongly pseudoconvex CR

manifolds. In fact, by Theorem 4.1, this theorem is equivalent to the duality
theorem of Naruki [20] for local cohomology groups.
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Theorem 4.4 ([24]). Let X be a compact strongly pseudoconvez CR manifold
of dimension 2n — 1. Then for any (p,q) we have

HPI(X) = H" P (X)),

Now we can prove the following proposition.
Proposition 4.5. The following statements are equivalent:

1. HY(X) =0 for1<qg<n—2;
2. The Stein filling V' of X 1is perfect;
3. depthwy, =n, x € V, where wy is the canonical sheaf of V.

Proof. By Theorem 4.1, the condition

HY(X)=0 for 1<qg<n—2
is equivalent to

H?x}(V,ﬁ)z() for 2<g<n—-1, xz€b.
Since V' is normal by assumption, we have
H{,y (V,0) = Hi,y (V,0) = 0.

By Proposition 4.2, we can conclude that

HY(X)=0 for 1<qg<n—2

if and only if
depth(0,) =n, VreV.
By duality theorem for strongly pseudoconvex CR manifold,
H™(X)2 g™ 171(X) for 1<qg<n—2

So the condition
H*(X)=0 for 1<qg<n—2

is equivalent to

H{qz}(VaWV):O for 2<g<n—-1, zeb.
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However, the canonical sheaf wy is reflexive and hence

So we can get the desired conclusion by Proposition 4.2. O

Corollary 4.6. Let (V,z) be a normal isolated singularity of dimension
n = 3. If (V,x) is Cohen-Macaulay, then it is Gorenstein if and only if the
projective dimension pdg (wy,z) is finite.

Proof. We have shown that (V,z) is Cohen-Macaulay iff depthwy, = n.
If pdg (wyy) is finite, then pd, (wy,) = 0 by the Auslander-Buchsbaum
formula

pdg, (wyz) + depthwy,, = depth .

Thus wy,, is a free &,-module and hence (V, x) is Gorenstein. O

Duco van Straten and Joseph Steenbrink solved Zariski-Lipman conjec-
ture in case of isolated singularities of dimension at least three.

Theorem 4.7 ([23]). If (V,z) is an isolated singularity of dimension n > 2
and ©, = % is free, then (V,x) is in fact smooth.

Proposition 4.8. Let X be a strongly pseudoconvex CR manifold of dimen-
sion 2n — 1 = 5. Suppose X is the boundary of a strongly pseudoconvex man-
ifold which is a modification of a Stein space at normal isolated singularities.
If one of the following conditions hold,

o HY (X) =0 for 1 < q < n— 2 and the projective dimension of Q**
(the double dual of Q) is finite;

o H%(X,0) =0 for 1 < q<n-—2 and the projective dimension of the
tangent sheaf © is finite,

then V' is smooth.

Proof. Let QY = Q™. The condition H"9 (X) =0, 1 < ¢ < n — 2 implies
H?Z} (V,Qm) =0 for 2<qg<n—1, z€s.
Here S is the singular locus of V. Since QU is reflexive,

HyY,y (v,01) = i, (v,0l) = 0.
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By Proposition 4.2, we have depth Q] = n. If the projective dimension of
QM is finite, then

pdg () + depth QY = depth 0, 2 €S

by the formula of Auslander-Buchsbaum. So we can conclude that the pro-
jective dimension of Q1 is zero and hence QU is locally free. In this case, the
tangent sheaf © = Q* = (Qm)* is locally free too. By Theorem 4.7, we can
conclude V' is smooth. Similarly, one can prove the second statement of this
Proposition. O

5. Free resolutions of the exterior powers of a module

Let R be a noetherian commutative ring with unit and M a free R-module
of finite rank N. Let S, (R™) be the k-th symmetric power of R™. It is
a free module of rank (m;fgl) Let {e1, -+ ,en} be a basis of R™ and let
e, © -+ © e, be the symmetric product of e;,,--- ,e; . We denote by AP M
the p-th exterior product of M. Then any element of Sy (R™) ® AP"*M can

be written as

> T €5, O Oey,
1<iy, - ,ixg <M
where T, .. ;, € AP"*M and Lis oy singe
of the symbols {1,---  k}. Let wy,--+ ,wy, be given elements of M. Then we
can define a sequence CP(wy, - -+ ,wp,):

= Fily"‘,ik for every permutation 7

0— 8, (R™) 25 Sy (R™) @AM — -
5 S (R™) @ AP 2 APM — 0,

where each operation 0y is a R-linear operator defined by

Ok, Z Fih'“ in€in © O e,
1<ty ik <m

() "
= Z Zwi A Fi7j1’...7jk71€jl (ORRRNONCF R

1<g1, e Jk—1<m =1
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The sequence CP(wy, - - ,wy) is a complex since

O © 8k+1 ( Z Fi1,"' g1 G O © eik-ﬂ)

1<in, - ig+1<Sm

m
= 0O ( Z Zwi/\f‘i,irl,_,_,i;eia @"'@6,2)

(12) 1<), i, <mi=1
= > Y wiAwi AT g6 O O,
1<, Jk—1Sm 1<, j<m
=0.
Here, we use the fact that I'; ; ;.. j, . = Ijiji ey
We need to compute the homology of CP(wy, -+ ,wy,). For this, let us
recall a beautiful theorem of Saito. Let wy,--- ,w;, be given elements of M
and (01,---,0n) a basis of M, then we can write
WL A ANwpy, = Z iy i 91‘1/\"'/\9im.

1<i1 < <im <N

Let I be the ideal of R generated by the coefficients a;, ..
im < N. (We put I = R when m = 0.) Then we define

1<y <o <

“slmo

ZF ={weANM: wAw A ANwp =0}, k=0,1,2,--,

H* = Zk/(iwiAAk*1M>, k=0,1,2--.

=1

In the case when m = 0, we understand Z* =0, H* =0 for k =0,1,2,---.
Now Saito’s theorem can be stated:

Theorem 5.1 ([22]).

1. There exists an integer s = 0 such that
I*H* =0 for k=0,1,2,---.

2. If 0 < k < depth;(R), then H* = 0.

Now we can prove the following theorem which is due to Buchsbaum and
Eisenbud. For a generalization of this result, one can refer to [27].

Theorem 5.2 ([4]). Let R be a noetherian commutative ring with unit, and
M a free R-module of finite rank. Let wy,--- ,wm be given elements of M
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and I the ideal of R generated by the coefficients of wi A -+ A wy. Then
CP(wy, -+ ,wn) is a free resolution of

APM/ (ZMAAI’ 1M> AP <M/ wi, - ,wm)>

in case of p < depth;(R).

Proof. 1t is obvious that Ho(CP(w1, - ,wm)) = AI’M/(Zgl wi A Ap’lM).
For higher homology, we prove it by double induction on (p, m). When p =
0, the theorem is trivially valid. Inductively, suppose the theorem holds for
p—1 2> 0 and all m. We need to prove the theorem for p and all m. For fixed

p, we again use induction on m. If m = 1, then the complex CP(w;) is given
by

(13) 0 — AOM 228 AN — o — APTIM S AP — 0.
So by Theorem 5.1, the homology

{weAP*M :wAw =0}

(14)  Hi(CP(w)) = V=S,

=0 for k=1

Suppose that the theorem is also valid for p and m — 1. We need to show
that the theorem holds for p and m. Let

I'= Z Fil,"wik e, @ -©e € ker@k, k>1.
ISSCTRENAN ()
Then
m
(15) Zwi A Fi,jl,"'yjk—l =0 for 1 < jl, ce 7jk—1 <m.
If k = 1, then
(16) > wi AL =0.
=1

After acting by the operation ws A - - - w,, A @, we obtain

(17) OJ1/\"'wm/\F1=0.
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By assumption, p < depth;(R), Theorem 5.1 implies that there exist I';;1 €
AP72M, 1 < i < m such that

(18) Fl = ZUJZ‘ N Fi71.
i=1

Substituting this into (16) gives

(19) Zwi VAN (FZ — W1 VAN Fi,l) =0.
i=2
We may think
> (Ti—wi A1) e €8 (Rm_l) ® APTIM
i=2

Let I be the ideal generated by the coefficients of wy A - - - wy,. Then I D I
and hence

depth;(R) > depth;(R) > p.
By inductive assumption, the first homology of CP(ws, - -+ ,wy,) is zero. So we

can conclude that there exist I'; ; € AP"2M, 2 <4,j < msuch that I'; ; =T,
and

(20) Fj —wi A Fj,l = Zwi A Fi,j for 2 < ]
1=2

N

m.
Setting I'; ; = I'; 1, then we have

m
(21) Fj = Zwi VAN Fi,j for 1 < ]
i=1

N

m.

The element © == >° Ty, e;0e; € Sy (R™)@AP~2M satisfies 02(0) =T

1<i,j<m
If £ > 2, then we can define

f = Z Fi1,-~- Jk—1,1 €ig ©--Oe , € Sk?—l (Rm) ® A;D*kM_

1<in, - ig—1<m

The equations

m
(22) Do wiAlig g1 =0, 1<ji,---,jr2<m
=1
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imply [ € ker Ok_1, where Jj_; is the differential of CP Hwry, - ,wm). By
inductive assumption, the homology Hy_1(CP~1(wy,- -+ ,wm)) = 0. Therefore,
one can find I';, L€ ANPTRIN 1 <y, -+ i < meso that

ool
m

(23) Ljgpan = Zwi ATligi ety 1<, Jk—1 <M,

i=1

and Fir(l)y"'7ir(k—1)»1 = Iy .. 4,1 for every permutation 7 of the symbols
{1,-+- ,k — 1}. Plugging (23) into (15), we compute that

m
> wi Alijy iy

i=1

m
= wi AT gy + > @i AT e

i=2
m
(24) =W AT gt + 2w ADige s
i=2
m m
=wi A (Z wi AL j . ,jkfl,l) + Y wi ATij e oy
=2 i=2
m
=D wil (Fz‘,ju-njkfl —wi A Fi,jn-njkfl,l)
i=2
for 1 < j1, -, Jr_1 < m. If we set
=3 (Fi1,~-~,ik—wl/\ri1,-~,ik,l) €, O+ -Oe;, € S (Rm*1)®Ap*kM,
2<i1, ik Sm
then we have [’ € ker O),, where Jj, is the differential of C? (wa,+++ , wm). How-
ever, by inductive assumption, the homology Hy(CP(wa, -+ ,wm)) = 0. So we
can conclude that there exist I'; .. ;. € APE=INL 2 Ly, - Jik41 S M

such that
m

(25) th...,]‘k — w1 A Fjl,'“,jk,l = Zwi A Fi,j1,~-~,jk for 2 < j17 T ;jk: <m
=2

T

and Fi‘r(1)7"wi7—(k+1) = Ldr,e ik
Finally, we can set

for every permutation 7 of {2,--- k4 1}.

(26) Fi17-~-,ik+1 = i17"',257"',ik+171
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if there exists some 1 < s < k such that ix = 1. Then we have

m
(27) Ly = Zwi ADij e for 1< i,k <m.
i=1
If we define
O = Z Fil,'wikﬂ SORERNO) T c Sk+1 (Rm) ® Ap—k—lM’

1<, i <m
then Oyy1(©) =T'. This finish the inductive step. O
For the following applications, let us consider the map
Op: Sy (R™) — Spm1 (R™M) @ M
and its dual map

0y + (Sp-1 (R™) @ M)" — (S, (R™))" .

Let {e1, -+ ,emn} be a basis of R™ and {61, ,0x} a basis of M. Then

{ea © - Oey; mzip>ip > 2, > 1}

is a basis of S, (R™). The multi-indices (iy,--- ,4,) < (4}, ,i,) if and only
if

is <i, and dp=1i; when k>s
for some 1 < s < p. This gives an order of the set {(i1,--- ,ip)}. Similarly,
let

WV

(6@ 0e, @0 m2ji=jz-2jp=1, N>j>1}

be a basis of S,_1 (R™)® M. The element wy, € M, 1 < k < m can be written
as

N
WE = Z wkﬂj,
j=1

where wy; € R for 1 < j < N. Under the isomorphism M = RYN, wy, can be
represented by the 1 x N matrix

Wi = (Wkla te aWkN)~
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Then the map
Op : Zril:“wip €y O Oe, — Zwk A Lkji o€ © - © €5,

can be represented by a matrix.
Let us choose the dual basis {ef,--- e}, } for (R™)" such that e} (e;) =
d;j. Then the set {efl ©--0 efp} forms a basis of (S, (R™))". Similarly, let

{07,---,0%} be the basis of M* such that 05 (6;) = dx;. Then
{000

Jp—1

07}

is a basis of (S,—1 (R™) ® M)". Under these bases, let J,(wq, - ,wy,) be the
matrix determined by

9% (Spr (R™ @ M) — (S, (R™))".

P
Then Jy,(w1, - -+ ,wm) is the transpose of the matrix corresponding to J,.
If p=1, then
w1
(25) Ti(wn,- - wm) =
Wm
If m =1, then
(29) Jp(wi) =w; for p>1

When m = 2, we have

w 0 0 0 0 O

wy wi 0 0 0 O

0 we w; 0 0 O

0 0 W2 W1 0 0
(30) Ip(wi,we) = ) :

O 0o 0 O -+ w 0

0 0 0 0 s W2 W

0O 0 0 0 -+ 0 w
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In general, the matrix Jp(wi, -+ ,wy) can be given inductively by

Proposition 5.3. Under the isomorphisms
(Sp (R™)" =S, (R™),  (Sp-1 (R™) @ M)" =S, (R™) @ R,

we have

Sy (R™)
Ip(wi, -+ wm) (Sp-1 (R™) @ RN)

coker Jy = (S, (R™))"/Im 0, =

Given a module whose projective dimension is equal or less than one, the
local cohomology groups with values in the exterior products of this module
can be computed by the above resolutions given by Buchsbaum-Eisenbud.

Proposition 5.4. Let (V,z) be an isolated Gorenstein singularity of dimen-
sion n and F a coherent analytic sheaf on V. Suppose F, is given by the
following exact sequence

0— 0™ -2 6N 5 7, —0,
and F is locally free on V' \ {x}. Then

(32)  dim H?

0 ] g _17
- v

dimc Sp(coker ¢*) if p+q=mn,
and the module

Sy(coker ¢*) = [S, (0;)]"/ Im 0y,
where 9} is the dual map of 9y : S, (OF) = Sp—1 (OF) @ OF.

Proof. We may assume that M = 0% and ¢ is given by (w1, -+ ,wn), where
w1, ,wny are elements of M. Then

Fp =M/ (w1, ,wWm) .
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Let I be the ideal of 0, generated by the coefficients of wy A - -+ A wy,. Then
depth;(0,) = dimV = n,
since (V, z) is Cohen-Macaulay and .Z is locally free on V' \ {z}. For a proof,

see for instance Theorem 30 and Theroem 31 of [19]. By Theorem 5.2, the
complex CP(wy, -+ , W)

00— S, (™) 25 S, 1 (™) @AM — - 25 APM — AP,

is a free resolution of the &, -module AP.%, for p < n. Then we have

(33) Ext’f@z (NPF#,,0,)=0 for k>p
since the length of CP(wy, -+ ,wy,) is p and
(34) Exty, (AP, O0) =[S, (07")]"/Tm 8} = coker 0.

By the right exactness of the symmetric algebra (cf. [5]), we have
(35) Extl, (AP.#,, O,) = S,(coker ¢*).
Since (V, x) is Gorenstein, by local duality (cf. [9]),

(36) dim H?

(ny (V,APF) = dim Exty, (APF,, Oy).

Then

(37) dim H?

0 if <n—1,
mv,Aw‘)—{ oS

dim Sy (coker ¢*) if p+q=n.

Note that S,(coker ¢*) = 0 iff coker ¢* = 0 iff . %, is free as an O,-module. O

In view of Theorem 4.1 and Proposition 5.4, we can conclude the following
result:

Theorem 5.5. Let V' be an n-dimensional strongly pseudoconvex reduced ir-
reducible Stein space with smooth boundary X. We assume that V is imbedded
in a slightly larger reduced irreducible complex space V' with V' smooth near
X = 0V. Suppose F is a reflexive sheaf (F = F**) on V' such that F is
locally free mear X and let Z be the set of all points of V where F is not
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locally free. Let r = rank (ﬁhf\z). Suppose that, for x € Z, the singularity
(V,x) is Gorenstein and F, is given by

0— 0™ 25 6N &5 2, — 0.

Let p < rand 1 < g < n — 2. Then the dimensions of the Kohn-Rossi
cohomology groups

. 0,q P o 0 Zf p+q<n_27
dim 7 (X, APF) = > dimg Sp(coker ¢f) if p+qg=n—1.
r€Z

Moreover, F is locally free on V if and only if HO" P~1 (X AP.F) = 0 for
some integer 1 < p < min{n — 2,r}.

6. The complex Plateau problem

Let U be a complex manifold of dimension N and let V' be a complex analytic
subvariety of U. Let .# be the ideal sheaf of V in U and let 7, be the sheaf
of germs of holomorphic p-forms on U. In case of p < 0, we may understand
QF, = 0. Then the sheaf of germs of holomophic p-forms on V is given by

O = [{fa+dgnis fge s acs seop),

It is a sheaf of Oy -modules. By the construction of cotangent sheaf, there is
an exact sequence of Oy -modules

N{;—%QU|V—>Q‘/—>O,

where Np = (#/#?) |y is the conormal sheaf of V in U, and Quly =
(Qu/ Q) |v denotes the analytic restriction of Qp to V. Call a closed com-
plex subspace V' of a complex manifold U locally a complete intersection if
the ideal .# can be generated, locally, by codim(V, U) holomorphic functions.
In this case .#/.#2 is locally free of rank codim(V,U). If now, in addition,
the space V is reduced, then the sequence

O%N;—%QU’\/—)Q‘/—)O

is exact, cf. [8]. Note that N> and Q/|y are locally free sheaves of &y -modules.
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Let (U, z) be a complex manifold germ of dimension N, and (V,z) C (U, x)
an isolated complete intersection singularity of dimension n. We may suppose
Visgivenby fi =---= fl,=0and dfi A--- Adfy, #00on V \ {z}. Then we

have the following exact sequence of Oy ,-modules
0— e?m i) (QU‘V)I — Qvﬂj —0

and (Qu|v), is a free Oy z-module of rank N. Let ch; be the restriction of dfy
to V. Then the map ¢ is given by dfi,--- ,df,, and

o = (), / (A dfm).

Let us write

dfk_(%.. %)7 L <k<m,

821 ’ o 8ZN
and
of of
6f’ﬂl af’ﬂl
dfm b5 7 oo
As in Section 5, we can define the matrix J, (f1,-- -, fi) inductively by

(39) Jp (fr, -+ fm) =

As a consequence of Theorem 5.5 and Serre duality theorem for compact
strongly pseudoconvex CR manifolds, we have

Theorem 6.1. Suppose X is the boundary of a strongly pseudoconver mani-
fold of dimension n > 3 which is a modification of a Stein space V at isolated
singularities. Let S be the singular set of V. If the singularities (V,x), x € S
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are complete intersections, then

0 if p+qg<n—2,
1

T8 if ptg=n-—
dim HP(X) = { *<5

P df ptg=n, 1<qg<n-2,
zeS
0 if prgq=n+1,1<g<n—-2, 0<p<n,

where
72 =dimg S, (Extly,, (Qva, Ov2))
s, (1)
S fi Sy (OF) + Tofr e ) (S () @ 635)

=dimc¢

Moreover, the complex space V is smooth if and only if H" 9~14(X) = 0 for
some 1 < qg<n—2.

Proof. Tt suffices to compute dim H??(X) in case p + ¢ < n — 1 because
dim H?Y(X) = dim H" P"" 7 1(X)

by Theorem 4.4. In view of Theorem 4.1,

dim HP9(X ZdlmHg:}l V,QP),
z€eS
for 1 < ¢ < n— 2, s0 we only need to compute the dimension of H{ }(V, Qr).

Now we can apply Proposition 5.4 to get the desired conclusion. For the
convenience of the reader, we give here the proof again. Let I be the ideal
of Oy, generated by dfy A --- A dfy,. Then depth;(0v ) = n, since (V, ) is
an isolated complete intersection singularity. By Theorem 5.2, the complex

CP (Ci}/la 7&};1):
oy .
0— 8, (01) = Syt (67) @ N (Qwly), — -+ 25 A (Quly),
is a free resolution of the Oy ,-module Qz"/yz. Then we have

0, if k> p;

E tk Qp 76) x| =
Xﬁvﬂ( Vi V’) {coker(?;, it k=np,
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where . .
OME (Sp_1 (ﬁ‘%) ® A (QU\v)x) — <5p (ﬁ\%))
is the dual map of d,. By local duality,

(40) dim Hf{lx}

since isolated complete intersection singularities are Gorenstein. Thus

(V,07) = dim Exty,* (%) . Ov.s)

0, it p+q<mn;

dimH? (V. 0F) = i
‘” coker 9y, if p+q=n.

Under the isomorphisms

(8 (012)) = 5y (60).
(S (1) @ A (Qlv),) = S (01) @ O,

the map J, can be represented by

Jp (A, dfm) = Sy (00) @ O, — S, (01,) -

So we have
coker 9 = 5 (ﬁ{%)
P Ime(Cflﬁ,"‘,gf;q)
N s, (a1
Sy i S (O3 ) + I Jy(dfu, - df)
and hence
7'5 = dim(c Sp ( (Tx)

S i S (0,) + B fr o fu) (Spr (07,) © 6F.)

If V' is smooth, then H??(X) =0 for 1 < ¢ < n — 2 by Theorem 4.1. For
the other direction, suppose H" 9~19(X) = 0 for some 1 < ¢ < n — 2. Then
for every x € S, we have

s, (61

W s (o) + Blfr o F) (So (07) © G,

=0.
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So the rank of the matrix

(42) Jp(f17"'afm):

is equal to the rank of S, (ﬁﬁlm) In other words, the columns of the matrix

Jp (f1,-++, fm) are linearly independent at x. In particular, the columns of

Jp1 (f1, s fm
(13) ( __________ <O>>

are linearly independent at z. But this implies the rank of J,_1 (f1,--- , fin)
is equal to the rank of S,_; (ﬁg“:E) By induction, we can conclude that the
Jacobi matrix

on ... Oh

0z1 oz
(44) Jl(fl?'” 7fm): . .

82’1 8ZN

has rank m at z. So x is a smooth point of V and hence V is a smooth
manifold. 0

We should note that the computations of the local cohomology group
fo}(V, QOP) is due to Naruki [20] and Vosegaard [25]. In fact, 72 is the p-th
generalized Tjurina number at x defined by Vosegaard.

By the above formula, it is obvious that the numbers 72 (0 < p < n —1)
coincide for hypersurface singularities. However, one can find concrete exam-
ples to show these numbers are different in general. The results of Greuel ([9])
and Naruki ([20]) show that all of the these numbers coincide for weighted
homogeneous isolated complete intersection singularities. Thus we have the
following corollary:

Corollary 6.2. Suppose X is the boundary of a strongly pseudoconvexr mani-
fold of dimension n = 3 which is a modification of a Stein space V' at isolated
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singularities x1,--- ,xs. If there exist integers 1 < q¢,¢ < n —2 and q # ¢
such that

dim A" 77 19(X) # dim "7 ~57 (X),

then (V,x;) is not a hypersurface singularity for some 1 <i < s.
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