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The 0-operator and real holomorphic vector fields

FRIEDRICH HASLINGER* AND DuoNG Ngoc Sonf

Abstract: Let (M,h) be a Hermitian manifold and ¢ a smooth
weight function on M. The 0-complex on weighted Bergman spaces
A%p,O)(M’ h,e~"%) of holomorphic (p,0)-forms was recently studied
in [10] and [9]. It was shown that if h is Kahler and a suitable
density condition holds, the 0-complex exhibits an interesting holo-
morphicity /duality property when (9¢) is holomorphic (i.e., when
the real gradient field grad, is a real holomorphic vector field.)
For general Hermitian metrics, this property does not hold without
the holomorphicity of the torsion tensor 7,"°.

In this paper, we investigate the existence of real-valued weight
functions with real holomorphic gradient fields on Kéhler and con-
formally Kéhler manifolds and their relationship to the d-complex
on weighted Bergman spaces. For Kahler metrics with multi-radial
potential functions on C", we determine all multi-radial weight
functions with real holomorphic gradient fields. For conformally
Kaéhler metrics on complex space forms, we first identify the metrics
having holomorphic torsion leading to several interesting examples
such as the Hopf manifold S?*~! x S! and the “half” hyperbolic
metric on the unit ball. For some of these metrics, we further de-
termine weight functions 1 with real holomorphic gradient fields.
They provide a wealth of triples (M, h,e~%) of Hermitian non-
Kéhler manifolds with weights for which the d-complex exhibits
the aforementioned holomorphicity /duality property. Among these
examples, we study in detail the d-complex on the unit ball with
the half hyperbolic metric and derive a new estimate for the 0-
equation.
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1. Introduction

Let (M, h) denote a manifold of complex dimension n with a Hermitian metric
h, and let 1) be a smooth real-valued function on M. Consider the Segal—
Bargmann spaces of (p,0)-forms

Al 0 (M, h,e™?)

= {u = > lusdz’ :/ lul2e™Vdvoly, < oo, uy holomorphic}.
M
|JI=p

Here J = (j1, ..., jp) are multiindices of length p and the summation is taken
over increasing indices; in holomorphic coordinates, the metric h has the
form hzdz? @ dz*, where [h;z] is a positive definite Hermitian matrix with
smooth coefficients; the volume element induced by the metric is denoted by
dvoly, := det(h;;) dA; the metric h induces a metric on tensors of each degree,

so for (1,0)-forms u = u;dz’ and v = v;dz’ one has (u,v); = hj’_“ujv,-C and
|ul? = (u, u)p, where [h7¥] is the transpose of the inverse matrix of [
Under suitable conditions (see [9], [10]) the complex derivative

0
= Z J L del dz?
|J|=p Jj=1
is a densely defined, in general unbounded operator
0: A%p’o)(M, h,e %) — A%erl,O)(M’ he ), 0<p<n-—1.
In order to determine the adjoint operator
5 A(p+1 0)(M,h,€7¢) — A(pO)(M7h?€7¢)

it is necessary to consider the nonvanishing Christoffel symbols for the Chern

connection in local coordinates 2!, ..., 2™

(1.1) b= h1hy;, i =T

For a general Hermitian metric, the torsion tensor Tzk may be nontrivial; it
is defined by

(1.2) =L =Ty Tip = The
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the torsion (1,0)-form is then obtained by taking the trace:
(1.3) T = T;Z-dzj.

We use h;j; and its inverse h¥! to lower and raise indices. For example, raising
and lowering indices of the torsion, we have

(1.4) T = Tihghti ™,

In particular, for a (0,1) form w = wy dz*, raising indices gives the “musical”
operator # acting on w and produces a (1,0) vector field w® := hkjug O
Now, if (9 — 7)f is a holomorphic vector field, the adjoint operator §* on
dom(9*) C A%LO)(M, h,e~¥) can be expressed in the form

(1.5) O = (u, 0 — 7)p,

see [10] for more details. If, in addition, the metric h is Ké&hlerian one has
7 = 0 and thus

(1.6) O*u = hFu;——

which means the complex vector field

RO 0

1. X:=h .
(1.7) 0zk 077

is holomorphic. In this case, the gradient field grad, is a real holomorphic
vector field in the terminology of [13]. There are important classes of Kéhler
manifolds admitting a function with real holomorphic gradient vector field,
for instance the gradient Kahler—Ricci solitons, see [2] and [13]. The existence
of real holomorphic gradient vector fields is also related to Calabi’s extremal
Kéhler metric [1] and to strong hypercontractivity of the weighted Laplacian
[6]. In [13] it is shown that the real holomorphicity of the gradient vector field
of a weight function implies Liouville theorems for weighted holomorphic,
or more generally, weighted harmonic functions and mappings. We shall see
quickly that the holomorphicity of the gradient field of a conformal factor is
also related to the holomorphicity of the torsion of the conformally Kahler
metric.
Here we continue our investigation of the d-complex

_ 1o} — 1o} _
(1.8) A (M, hye™) = Af o) (M, hye™?) = Al o) (M, h,e™?),

1] 1]
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and the corresponding complex Laplacian
(1.9) O, =00"+0"0: A} o)(M,h,e™) — A}y o)(M, h,e™),

which, under suitable assumptions, will be a densely defined self-adjoint op-
erator, see [10] and [9], where the classical case of the Segal-Bargmann space
with the Euclidean metric is treated.

For (p, 0)-forms with p > 2, the holomorphicity of (9 —7)F is not enough
for the adjoint 0* to have a simple formula analogous to (1.5). In order to
describe the formula for 9* on (2, 0)-forms, we write

1 . )
(1.10) v=3 Zvjkdz] AdZF = Zvjkdzj A dz",
Jik Jj<k

where vj; = —vy;. Define an operator T#%: A29(M) — AL (M) by
i s P
(1.11) TH(v) = §Tp Upsd2?,

where T, is given by (1.4). If u = u;dz’, then

1 Ou,  Ou; ; i
Js
Moreover, since vy, = —vgp, we find that
_ /0
(1.13) (Ou,0)y = 3 Tpgh*Phi (a—Zf)
Jk.p,q

The formula for 0* is then given by
(1.14) 0"v = Py (—(¢5 — T;)quhqjdzp + Tﬁ(v)) .

Here, Py, 4 is the orthogonal project_ion from L%I,O) (M, h,e¥) ontoA%LO) (M, h,
e~ %), see [10]. If h is Kéhler and (9v)* is holomorphic then, as in the case of
1-forms,

(1.15) v = —zﬁ;quhqjdzp.

In this case, the non-local orthogonal projection P, plays no role and 0*
reduces essentially to a “multiplication” operator. In the non-Kahler case, by
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inspecting (1.14), we find that the relevant condition is the holomorphicity of
the torsion tensor; the precise definition is as follows.

Definition 1.1. Let A be a Hermitian metric on a complex manifold. We say
that h has holomorphic torsion if

(1.16) ViT,™ =0,

where V is the Chern connection.

Clearly, h has holomorphic torsion if and only if the components of the
torsion 7,,"* (in any holomorphic coordinate system) are holomorphic. More-
over, it implies that 7 is a holomorphic (1,0)-vector field.

Let D and 95 be the Hilbert space adjoints of 0 in the Lebesgue space
L%p+170)(]\/[,h,e_w) and the weighted Begman space A%p+170)(]\/[, h,e™%), re-
spectively. In summary, we have the following theorem which generalizes [10,
Theorem 1.1].

Theorem 1.2. Let (M,h) be a complete Hermitian manifold with weight
eV, Assume that the torsion T," of the Chern connection is holomorphic.
If (0)! is holomorphic, then for n € dom(Dy), p = 0, that is holomorphic
in an open set U C M, Dyn is also holomorphic in U. In particular, if 9y is
densely defined in the Bergman space A%p,O)(M’ h,e™?), then

(1.17) Din=0,n

form € dom(9y).

In the following, we give two examples when the theorem applies. The first
example shows that in some situations it is necessary to consider non-Kahler
Hermitian metrics.

Example 1.3 (Hopf manifolds). The simplest examples of Hermitian non-
Kéhler metrics with holomorphic torsion are conformal flat metrics. On C",
these metrics are described explicitly in Proposition 3.3. They are of the form
9k = ¢~14;), in the standard coordinates of C", where ¢ is given in (3.7). For
example, in (3.7), if we take ¢j; to be ix the identity matrix and v = 0, then
we obtain the following metric on C™ \ {0} with holomorphic torsion:

481,
Let M := S?»! x S! be the standard n-dimensional Hopf manifold. It is
diffeomorphic to (C™ \ {0}) /G, where G is the infinite cyclic group generated
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by z — 32 acting freely and properly discontinuously on C" \ {0}, and has
the induced complex structure; see, e.g., [11] for more details. The Hermitian
metric g;7, in (1.18) is invariant under the action of G and descents to a natural
locally conformal Kéhler metric with holomorphic torsion on the standard
compact Hopf manifold. It is well-known that for n > 2 the first Betti number
b1(M) =1 and hence M admits no Kéhler metric; see [11].

Example 1.4. We revisit the following example in [10]. Let M = B" be the
unit ball in C" and let oz = (1 — |2|%)716, be a conformally flat metric. By
direct computations, we find that the torsion

(1.19) TP = 2P6] — 287

is nontrivial (unless n = 1) and holomorphic. Let 1) = a’log(1 — |2|?). Then
(1.20) (O)* = —azn:zi
o 1029

is a holomorphic vector field. The triple (M, h, e~?) satisfies the hypothesis of
Theorem 1.2, except that h is not complete. The J-complex on the Bergman
spaces A%p,O)(M ,h,e~¥) of holomorphic (p,0)-forms exhibits an interesting
holomorphicity /duality property similar to that on the Segal-Bargmann space;
see [10].

In this paper, we investigate conformally Kahler manifolds with holomor-
phic torsion and weight functions whose gradients are real holomorphic vector
fields. The first part is devoted to Kéhler metrics with multi-radial potential
functions. It is also shown that in many cases the real holomorphic vector
field is of the form

< 0
(1.21) Z=> Cjz 5

Jj=1

where C are real constants. In addition, we exploit an example where some
constants C; are zero, which means that the adjoint of 9 “forgets” some of
the variables.

In the second part we consider conformally Kéhler metrics. Let (M, h) be a
Kéhler manifold and let g = ¢~ 'h be a conformal metric. We study the condi-
tion on ¢ such that g has holomorphic torsion. This is the case precisely when
grad,, ¢ is a real holomorphic vector field. We determine all conformally Kéhler
metrics having holomorphic torsion on Kéhler spaces of constant holomorphic
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sectional curvature. We thus obtain a wealth of examples of Hermitian mani-
folds with holomorphic torsion. On some of these examples, we also determine
all real-valued functions ¢ whose real gradient fields grad ¢ are real holomor-
phic. On such a triple (M, g,e~%), the d-complex on the weighted Bergman
spaces exhibits an interesting holomorphicity /duality property. We analyze
the O-complex on the unit ball B" := {z € C": |z|> < 1} endowed with the
“half” hyperbolic metric,

ZjZk

and obtain the following result.

Theorem 1.5 (= Theorem 4.2). Let h be the half hyperbolic metric on the
unit ball B", a < 0, and ¢(z) = alog(1—|z|?). Then the complex Laplacian Oy
has a bounded inverse Nl, which is a compact operator on A%l,o) (B", h,e™¥)
with discrete spectrum. If

—Q, Zf n = 17
(1.23) v=qqmin{l —a,—2a}, if n=2,
n—aoa—1, if n>3,
then
~ 1
(1.24) | M) < =l

for each u € A%I,O) (B, h,e~%). In fact, the first positive eigenvalue of O, is
)\1 = V.
Consequently, if n = n;dz; € A%I,O) (B™, h,e~%) with On = 0, then f =

B*Nm is the canonical solution of Of = n, this means Of = n and f €
(ker 9)*. Moreover,

(125) [ PR
Ui~ e
< | (Zm

We also consider U(n)-invariant metrics on C" in a conformal class of a
given U(n)-invariant Kéahler metric. It is shown that there exists essentially

) (1—[2]*) " tdA.

Z i %j
J
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a 2-parameter family of U(n)-invariant conformal metrics with holomorphic
and nontrivial torsion. Moreover, with respect to such a metric, there exists
essentially a 2-parameter family of weight functions with real holomorphic
gradient fields.

2. Kihler metrics with multi-radial potential functions

We consider Kéhler metrics on C" with multi-radial potential functions

(2.1) X(21,29, ..y 2n) = X(T1,72, o, Th)

where r; = |2;]?, j = 1,...,n. For these metrics, we can determine explicitly
the multi-radial weight functions ¢ such that (9v)* is holomorphic.

Theorem 2.1. Let x(2) = X(|21], - - ., |2a]?) be a multi-radial potential func-
tion for a Kdihler metric in C*. If Y(2) = ¢(|z1?, ..., [2al?) is a multi-radial
weight function such that (O)* is holomorphic, then

_ n 0
(2.2) CIOEDY Cizig,
T Zj
Jj=1
where C}’s are real constant and
~ n 195%
(2.3) v=Co+ > Cirigr
— T'j
j=1
Proof. By direct computation, we find that
(2.4) hf_@(g. 3z P
’ ik or; ik T Zi%k ariorg |

Observe that 9x/9r; and 02x/0r;Ory, are real-valued. Observe that 9y /dr; >
0 for all j near the origin.
We claim that the inverse transpose matrix has the form

-1

T 195% _

(2.5) Wk = (%) Ojk + VikzjZk
j

for some matrix Vj;, with real-valued entries. Indeed, consider the system of
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equations with unknowns Vj,

—1
ov _ .
(2.6) ((%) 5jk + ijzjzk) hlfc = 5{,
J

which is equivalent to a system with real coefficients

1
ox d9’X 5% Z X
2. _ ‘/ _— frg
(2.7) <8rj> <8rj8rl> + (87"] Vie + Pt KTk Oror; 0

For fixed j, the system of equation for Vi, k =1,2,...,n, can be written as

a; +11b11 79b91 ‘e Tnbnl Vit a—1bﬂ
28) 7’11.?12 a; +'7’2622 . rnl')nQ ' V.jQ I | bjo |

rlé)ln rgl;zn ceeaj+ ;”nbm Vin —a;.lbjn
where
(2.9) aj = 9% >0, by = X ;
or; OryOry

all are real-valued. Clearly, at the origin r;1 =19 = -+ =1, = 0, the determi-

nant of the coefficient matrix is aj > 0. Thus, this system of linear equations
is uniquely solvable near the origin and the solution is real. The claim follows.
On the other hand, since ¢ is multi-radial, we have

o _ o
(2.10) FE 87“1@%'

This and (2.5) imply that

o (8 (5 (5

Since for each j the expression in the parenthesis is real-valued, it is holomor-
phic if and only if it is a constant. Thus

ti _
(2.12) Zc Zj—— azj
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where C1, Cs, ..., G, are real constants. Thus, (2.2) holds. Applying the flat
“musical” operator b to both sides, we find that 1) must satisfy the PDE

8#} 81/) n a 82,.,
(2.13) z o = 5 Z:IC jzihi = ZlCl@ + ZZZC S o

—Zl (ZC T]aT]>

whose general solution is

%
(2.14) b= C’o—i—ZCr]a .

j=1
The proof is complete. O

For example, let ¥ have the following form
X(r1,7re, .. rn) = Fi(r1) + Fa(ra) + -+« + Fo(ry),

where 7; = |2;]?, 7 = 1,...,n, with smooth real valued functions Fj, j =
1,...,n. Then we have a diagonal matrix

hj,; = 5jk(F]{ + T‘jF]/»/).

We have to suppose that all entries satisfy Fj+r;F} > 0. For the determinant
we get

n
H FI +TJF//
7=1

For hi* we get

(2.15) (%)

[T, (F! + 1, FY) 0 . 0
0 0 . Hﬁén(F]{ + Tij{’)

For this metric, we can always find a weight function 1 such that (9¢)* is holo-
morphic. In fact, we can determine all such multi-radial weight functions .
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Corollary 2.2. Let h be a Kdhler metric on C™ with a potential function

Fy(|2]?)
1

(216) X(Zlaz%"'azn):

n
j:

If (z1,...,z) = D2 ... |2al?) is a multi-radial weight, then (9)t is
holomorphic if and only if

(2.17) (21, 2) = Co+ Y Cjlz P Fi(|21).
j=1
If this is the case, then we obtain the real holomorphic vector field

W00 03N

(2.18) R JZ_; % g

Proof. Using (2.15), we find that

n

ik 1/}7'] T17r27"'7rn)
(219) hj ¢ Z ] F’—‘FTJF” .

Then (9¢)f is holomorphic if and only if

¢T‘j (T17T27 e 7Tn)
/ N
Fj+ ik

(2.20) =3¢

for some real constant C;. This PDE can be solved easily and the solutions
are given as in (2.17). The proof is complete. O

Example 2.3. We consider the polydisk
Dn = {z €C: |52 <1,j= 12n}

The Bergman metric on D™ is the Kahler metric with potential function
(2.21) X(z) =log K(z, z) :—2210g1—|z]\ )

which is decoupled and multi-radial. Applying Corollary 2.2 with Fj(r) =
—log(1 —7), we see that all multi-radial weight functions 1 with (9¢)* holo-
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morphic are of the form

(2.22) Y=+ Z

\JI2

Under a suitable condition on ~;, the d-complex on the Bergman spaces
A%(Dm,

h,e~%) is similar to that on the Bergman spaces on the unit ball with complex
hyperbolic metric, studied earlier in [10].

Another interesting decoupled multi-radial potential function is given in
the form

(2.23) X(ri,ra, o) = [ Gilry),
j=1

where G;(r)’s are real-valued function of a real variable. We have

hj; = 0;05x(21, 22, - - -, %n)

=G Gy 1(G +TJG NG Gy
G +r;GY

Gj

and for k # j, we have

! = !/
GJZ]Gka

(2.24) hji = 0;0kx (21, 22, - .., 2n) = X GG

Thus, the Kéhler metric is given by a rank-1 perturbation of a diagonal metric.
Precisely,

(2.25) b=y (GJG§ +1,G5GY = (G))*rj G;sz;zk> |
J

)
G GGy
Theorem 2.1 gives the following:

Corollary 2.4. Let h be a Kdhler metric on C™ with a potential function

(2.26) X(z1,. ..y H (2%

J=1
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Then a multi-radial weight function 1 (z1,. .., 2,) = O(|z1)3, ..., |2n]?) has the
property that (0V)* is holomorphic if and only if

(2.27) U(z) = Co+ Y Cjlz*G5(1% ) TT Gellzf),
=1 ke

where Cy, C1,...,C, are real constants, and G; = 0G,/0r;. In this case, the
holomorphic vector field is

I )
k — a2
(2.28) W o = 2=t

=1

In the rest of this section, we study in detail an example of Kahler metric
given by a multi-radial non-decoupled function, yet the weight function can
be chosen so that the adjoint 0*-operator “forgets” one variable.

Example 2.5. In the following we consider a non-decoupled example on C2
with potential function

1
(2.29) X(21,22) = Z|Zl|4 + |21 |z2* + |21 ] + |22

In the standard coordinates of C2, the metric is given by the matrix

T (laPF P+l 2z
(230) |:h/]k;:| - < 2122 ‘Z1|2 +1 )

with the determinant
(2.31) 5 = det [hz| = z1]' + 2z 2 + |2 + 1.

Therefore,

(2.32) {hjl_c} _ % <|z12 +1 —217% ) .

~Z1za a2+ |z +1

If (21, 22) = tp(r1,72) is a multi-radial weight with real holomorphic
gradient field, then Theorem 2.1 shows that

0

= 0
f 9 Y
(2.33) (0V)* = Cizy 9o + Cazo D2’
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where C; and Cy are two constants, and
1
(2.34) U(z1,22) = Chlz1? + Calza|* + (C1 + Co)| 2122 + §Cl|21|4'

We consider the case C7 =1 and Cy = 0 so that

4
z
(2.35) 9z, ) = EE Pl

and the corresponding Bergman spaces
(2.36) A%O’O)((CQ, h,e ) = {f : C* — C entire : /(C2 |f|2e™Y6 d) < oo}
and

(2.37)  Af0)(C* he™)

= {u = u1 dz1 + uo dze, uq, us entire : / \u\%e_wéd)\ < oo} ,
(C2

where |ul? = hﬁuju%. It is easily seen that these spaces are non-trivial.

We claim that A%o 0) (C2,h,e™?) does not contain monomials in zo: con-
sider the function f(z1,22) = 23%, for m € N. Using polar coordinates we
get

oo oo Ay 2.2 2
IfI? = 47r2/ / ram(rf +2rf 2 4 1)e 2= e vy drydiry
o Jo
2 [ > 2m+3 _—r2r2 5 3 —rd/2—r2
= 4rm ry" e 2 dry | (1) 4 2y +ry)e” VAT dry
0 0

for the inner integral we substitute s = 7#r3 and get

1 ) 1

m —s
S S e dS
2r%m+4 /0 ’

which shows that integration with respect to r; is divergent and hence the
claim follows.

In a similar way, we show that all functions 22§, for k € N,k > 2 and
(e 7,0 << k-2, belong to A%o,o) (C2, h,e~%). They even belong to dom(d).
Here, we have to take care for the slightly different norm in A%I,O) (C2%, h, e ¥):

(2.38)
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We have to consider the integral
/ / P2 (et + 28 03+ 1) e VTS iy drydr;
the critical summand is

oo
4
/ / T%’W%“Z 2 ey drydry;
o Jo

integration with respect to ro gives

2k+1,.2042 —r2r2 1 2k—1,.—20—2 f+1 _—s
r T e "l2pgdry = = r r s e % ds
0 ! 2 2 Jo ! !

L[ ok—9r-3 ¢
= = P23 gt o=s g
2 )0 1 ’

and we observe that 2k — 2¢ — 3 > 0, whenever ¢ < k — 2.
In order to show that the functions z¥z5, for k € N,k > 2 and £ € Z,0 <
¢ < k — 2 belong to dom(d), we first have to consider

(2.39) (2 28) = k2128 doy + 0282571 d,

now we compute

2 1 P

A  CTw

Z1%0 G~ 1
PG (ke + PR oy

0 o

and observe that in the first term the exponent for r; after integration with
respect to ry is again 2k — 2¢ — 3 and in the last term we have the right
exponents for z; and zy, namely |z1]?*|29|%. Hence the functions z¥z§, for
keNk>2and ¢ €Z,0<{¢<k—2 belong to dom(9).

It is clear that {2fzf k€ N,k >2 (€ 7,0 <{<k—2} is an orthog-
onal system in A%O 0) (C2%,h,e7?).

Let f € A(o 0)((:2, h,e~%). Then f can be written as its Taylor series

(2.40) f(21, 22) Z Carp 7] 25

which is uniformly convergent on compact subsets of C2. Hence, using polar
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coordinates we get

2w 27

(2.41) f(rlei¢1 , T26i¢2) e iad1 o~ iBe2 dp1dgs = cap r?rg,

472 Jo 0

and by Parseval’s formula
oo j i\ (2 2 2 20, 28
@42 [ [T e dondsy = 45 Y a3
(03
Computing the norm of f in A%O 0) (C2,h,e"¥), we see that
| £|?=4nr? / / Z |ca ,3|2rfargﬁ riF2ri4ra41) e_r?/Q_T%rg_r%rlrg drydrs,

and Lebesgue’s dominated convergence theorem implies that we can inter-
change integration and summation, so we have

o0 o0
| fII? =472 Z/o /0 \ca,g|2Tfargﬁ(ril+2rf+r§+1) e_T?/Q_T%Tg_Tfrlrz dridrs.
«

This implies that the system {2f25 k€ Nk >2 (€ Z,0< (< k—2}
is an orthogonal basis of A%070)(C2, h,e¥), as all other functions 224 do not
belong to A(o 0)((32, h,e~%). In addition we have that the operator 0 is densely
defined.

Since (9v)f = 2,0/0z1, we have for u = uy dz; + ug dzo € dom(9*)

(2.43) u = z1uy.

Thus, the adjoint 9* “forgets” the zo-variable, although the weight and the
metric both depend on z5.
Now let u = u1dzy + uadze € A%LO)((CQ, h, e‘w). Then

a’LLQ 8u1 2
2.44 2 _ |22 7
(2.44) |Oulj, 9 9% &
therefore

is also densely defined.
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Let
(2.46) v=uv2dz; Ndz € A?ZO)((CQ, h,e™¥).
Then, by the same computation as above, we get
(2.47) 8*1} = Ph,¢ (—lb]—-UlQhQ;) le + Phﬂ/, (—¢EU21h1;> dZQ = Z1V12 dZQ.

So we obtain for [J = 9*9 + 09* and u € A%I,O) (C%, h,e~¥) N dom(DJ) that

(2.48) Ou = <u1 + 21 g—zll) dz1 + Zlg—z dzs.

Proposition 2.6. The operator
(2.49) O: Af o) (C? h,e™) — A7) ) (C? b, e )

is densely defined and its spectrum consists of point eigenvalues with finite
multiplicities. Precisely, for k = 1,2, ..., the eigenvalues are \p, = k+ 1, with
multiplicity 2k — 1.

Proof. In order to determine the eigenvalues of [J, we consider the basis ele-
ments 225, for k € Nk >2and £ € Z,0 < ¢ < k — 2 and define

(2.50) v,ié = 228 dz) and fu,%l = 282 dzo.
Then we have
(2.51) Elv,;,z = (k+ 1)vj, and Evz,e = kuj .

Since £ € 7,0 < £ < k—2, the eigenvalues k and k+1 are of finite multiplicity
and as the functions 2§24, for k € N,k > 2and £ € Z,0 < ¢ < k—2 constitute
an orthogonal basis in the components of A%I,O) (C2,h,e™?) the operator O
has a compact resolvent. O

3. Conformally Kahler metrics

Let (M,h) be a Kéhler manifold and let g = ¢ 1h be a conformal met-
ric. In this section, we study the question when g has holomorphic torsion.
Our motivation comes from Theorem 1.2 which says essentially that if g has
holomorphic torsion and if v is a weight function such that (51&)ti is holomor-
phic, then the 9-complex on the Bergman spaces A?p’o)(M ,h,e~¥) exhibits an
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interesting holomorphicity/duality property, provided that some additional
density conditions hold; see also [10]. We first consider the case when (M, h)
is a complex space form of constant (negative, zero, or positive) curvature.
Using a result in [7], we determine all conformal metrics with holomorphic
torsion. We further determine the real-valued function whose gradient with
respect to the conformal metrics are real holomorphic. These results provide
several interesting examples in which the 0-complex has the aforementioned
holomorphicity property.

Proposition 3.1. Let (M, h) be a Kihler manifold of dimension n > 2 and
let g = ¢~ 'h be a conformally Kihler metric. Let 79 be the torsion form of g
and g the sharp “musical” operator associated to g. Then the following are
equivalent.

(i) g has holomorphic torsion,
(ii) (T_g)ﬁg is holomorphic,
(iii) (0¢)* is holomorphic.
Proof. (i) = (ii)” is simple and explained in the introduction. Now let TY,
and T,ﬁl be the Christoffel symbols and the components of the torsion of g and
let 0 = —log ¢. Then by direct calculation, we have f‘fd = Fil + ok(Slj . Thus,

(31) Tlgl = akélj - aléi,
(3.2) 79 = (n— 1)Zakdzk.
k=1

Lowering and raising the indices using g;; = €?h;; and its inverse

(3.3) Tprs = T;,‘Cl‘grkgdgp; =e 7 (o,;hrkéz — Ul‘hSZ(S;)
and
- g in O _
(3.4) (T9)% = (n —1)e Whopo— = (n = 1)(00)"
J

This shows that “(ii) <= (iii)”. Finally, from (3.3), T, is holomorphic if
and only if for each 7, e “oph"™ = ¢zh"* is holomorphic. This shows that (iii)
implies (i). The proof is complete. O

Thus, the existence of a conformal metric with holomorphic torsion is
equivalent to that of a nonvanishing real-valued solution ¢ to the equation
V;Vi¢ = 0. In many cases considered in this paper, non-constant solutions
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exist locally or globally on open manifolds. However, we point out that for
compact manifolds, the existence of global conformally Kéhler metrics with
nontrivial holomorphic torsion is related to the geometry of the manifolds. In
fact, as an application of the “Bochner technique” in differential geometry,
we have the following

Corollary 3.2. Let (M, h) be a compact Kihler manifold, and let R be the
Ricci curvature:

2

(3.5) Rﬂ_c - _8zj82k

log det(hey, ).

Suppose that (Rj,;) is non-positive. If g = ¢~ h is a conformally Kdihler metric
having holomorphic torsion, then g is homothetic to h.

For example, there is no conformally flat metric with holomorphic torsion
on complex flat tori C" /A, A being a lattice in C", other than the flat metrics.

Proof. If g has holomorphic torsion, then by Proposition 3.1, (5¢>)ti is holo-
morphic. By a result of Bochner (see [5, Theorem 2.4.1]), (0¢)* is parallel. In
particular, 99¢ = 0 and hence ¢ is pluriharmonic. But M is compact and the
maximum principle implies that ¢ is a constant. O

Remark 1. The proof of Proposition 3.1 above is purely local. Thus, we can
state a version of “(i) <= (ii)” for locally conformally Kéhler manifolds as
follows. Recall that if (M, g) is locally conformally Kéhler, then there exists
a closed 1-form @, the Lee form, that satisfies

(3.6) dw =0 N w,

where w = ig;zdz; A dzj, is the fundamental (1,1)-form in local coordinates
(see [12]). Condition (ii) is equivalent to the real holomorphicity of the Lee
field #%. Thus, g has holomorphic torsion if and only if the Lee vector field
6% is holomorphic. This property was studied in, e.g., [12], which also gives
an abundance of conformally Kéhler metrics on a Hopf manifold (as in Ex-
ample 1.3) with holomorphic Lee field and hence they all have holomorphic
torsion.

3.1. Conformal flat metrics on C™

Proposition 3.3. Let ¢ be a smooth function such that the set {¢ > 0}
is a nonempty open set in C™. Then, a conformally flat Hermitian metric
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95 = ¢ 0, on {¢ > 0} has holomorphic torsion if and only if

(3.7) o= czize+Red apz+7,
j.k=1 k=1

where c;i, is a Hermitian matriz, a € C and v € R.

Proof. From Proposition 3.1, the metric g has holomorphic torsion if and only
if 0¢/0zy, is holomorphic for each k, or equivalently,
0?9

(3.8) 5o =

This PDE has been solved explicitly by Gross and Qian in [7]. Real-valued
solutions to this equation are known to have the form (3.7). The proof is
complete. O

Example 3.4. In (3.7), if we take ¢;; to be the identity matrix, ay; = 0, and
~v =1, then we obtain on C" a conformally flat Hermitian metric

9;
(3.9) 9ik = 1 R

On the other hand, if we take ¢ to be minus the identity matrix, aj = 0,
and v = 1, then we obtain the metric

(3.10) g =

which is a conformally flat Hermitian metric on the unit ball B" := {|z] < 1},
cf. [10]. Both metrics have holomorphic torsion.

Theorem 3.5. Let M = B" and let

5
3.11 P e—
( ) g]k 1 o ‘Z|2

be a conformally flat metric on B™. If ¢ is a real-valued function on B™ such
that ()¢ is holomorphic, then

(3.12) Y(z) = A+ Blog(1l — |2]?)

for some real constants A and B.
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Proof. Let 1 be a weight function on the Hermitian manifold (B",g) such
that (0)* is holomorphic. Since g" = (1 — |z|?)dx;, we have

(3.13) (@0 = (1= 1) 3 vy

Thus, the holomorphicity of (9¢)F is equivalent to
(3.14) f9 = (1= |2y
is holomorphic for each k. Now, we compute

G(ka) . Zkf(k) 0

= — (k) _
(3.15) o5 1P 5 (=P og(1 — |2)) .
Therefore,
(3.16) zh = —f® log(1 — |2)?) + o™,

where v(*) is holomorphic in z;. Thus, both sides of (3.16) are real-analytic
in z;. Expanding in power series at z; = 0 (keeping other variables fixed), we
obtain

317)  fR(2) ZAlea v (z) = > Cozin (2) =D cpzbzl
5=0

p,qg=0

Plugging these into equation (3.16) above, we get

(3.18) Zcpq Atz — (Z Aw,i) (Z Bmz,TZ,T> +> Cuz,
=0 m=0 s=0

where

(3.19) log(1 — |2]%) Z Bz = log (1 - \Zj!Q) :

i#k

For each set (z;: j # k) fixed, the series involved in equation (3.18) above are
uniformly and absolutely convergent in a small disc {|zx| < r}. In particular,
we can expand the product of infinite sums on the right-hand side and equate
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the coefficients of monomials 2} z{. Thus, comparing the terms with bi-degree
(p+1,0), we have

(3.20) cpo=—Apt1Bo+Cpy1, p=0,1,2,....
Comparing terms of bi-degree (1, q) we get

(3.21) coo=—A1By+Cy, co1=—AoB1, coq=0"forqg>2.
Thus, by the reality of ¢, we have

(3.22) cpo=Top =0, Vp>2.

Then we find that

(3.23) Cp = ByA,, for p=10and p > 3.
Hence,
(3.24) U(k) = Bof(k) + C0,0%k + 617(),2]%.

Plugging this into the original equation (3.16), we find that

(3.25)  — AoBy|z|* + Z Cpgii T Zl = — (Z Aﬂ,ﬁ) <Z Bm@?@?) ~
=0 m=1

ptq=2

Equating the terms of bi-degree (p + 1, p) we have
(3.26) pp=—4A1B,, p>1
Equating the terms of bi-degree (p,p) we have
(3.27) Cp—1p=—A0By, p=1.
Taking the conjugate, we have

(3.28) Cpi1p = Copr1 = —AoBpr1.

There are no terms of bi-degree (p,q) if p < ¢ in (3.25). Thus, A3 = Ay =
.-+ = 0. On the other hand, equating the terms of bi-degree (p+ 2, p), we find
that

(329) - AQBp =Cpt+1p = —A_0Bp+1.
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This holds for all p if and only if Ag = Az = 0 and hence ¢o1 = ¢1 = 0.
Consequently,

(3.30) 2k(v = co0) = —f®(2) [log(1 — [2I*) — Bo] .

By the reality of 1, co, and log(1 — |2|?), and holomorphicity of f*)(z) in
all variables, we must have

(3.31) FO(2) = Avzp,
where A; does not depend on 21, 29, . . ., 2,. Thus,
(3.32)  ¥(z) = cop+ A1Bo+ Arlog(l — [2[*) = C1 + Ay log(1 — |2]?),

where C does not depend on z;. To show that ' is a constant, we assume
that [ # k. By the same argument with k is replaced by [, we have

(3.33) Y(z) = C1 + Ay log(1 — |2?)
for Ay a constant and C; does not depend on z;. We have
(334) C’l - Cl = (Al - Al) log(l - ’Z|2).

Applying 9?9202 to both sides, we have

2 . 52 " )
0= 5,00 (01 _ 01) = 5ot ((A1 — Ap)log(1 — 2| ))

= (A — A1)5k5l(1 —|2[*)2

This shows that A; = A; and Cy = C4. In particular, C; does not depend on
7z, for any [. This completes the proof. O

In Section 5.2 of [10], the authors studied the d-complex on the weighted
Bergman spaces A%p,O) (Bn,gj,;,e’w) where ¢ is given in (3.11) above and
P(2) = alog(l — |z|?). Theorem 3.5 shows that this choice of the weight
function is essentially the only one that makes the O-complex having the

holomorphicity/duality property.
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3.2. Conformal metrics on the complex projective space
The complex projective space CP" is the quotient space
(3.35) CP" = (C™\ {0}) / ~
where ~ is the equivalent relation
(3.36) (Zo, 21, .. Zn) ~ (24, 24, ..., Z,)

if and only if Z; = )\ZJ’. for some A € C. We denote by [Zy: Z1: -+ : Z,] the
equivalence class of (Zy, Z1, ..., Z,) and by 7: C"*1\ {0} — CP" the canoni-
cal projection. Then 7 induces a natural complex manifold structure on CP".
Moreover, CP" is covered by n+1 coordinate charts U; :=={[Zy: Z1: ---: Z,] €
CP": Z; # 0}, j =0,1,...,n, each of which is biholomorphic to C" via the
map

(337)  0i([Zo: Zv: - Z)) = (2/21. 21/ 2. 23] 2, Zn] 2

where the j** coordinate in the right-hand side is removed. The Fubini-Study
metric on CP" can be described in each coordinate chart U; = C". For ex-
ample, on Uy the Fubini—Study metric hrpg reduces to the Kéahler metric on
C™ given by

(3.38) hip = 00k log(1+ |2%), 2k = Zk/Z0, k=1,2,...,n.

Then hpg is a Kéahler metric of constant holomorphic sectional curvature
K = 2; see [11].
Proposition 3.1 and a result of Gross—Qian [7, §3.3] give the following

Proposition 3.6. Let ¢ be a smooth function such that the set {¢ > 0} is
a nonempty open set in C™. Then, a conformally Fubini-Study Hermitian
metric g, = qﬁ_lhj,; on {¢ > 0} has holomorphic torsion if and only if

n n
(3.39) (1+ |20 = c.izizk + Re Y awzi + 7,
Jk*<J
k=1 k=1
where ¢, is a Hermitian matriz, a € C and v € R.

Remark 2. Each function ¢ in (3.39) gives rise to a Hermitian metric con-
formal to the Fubini-Study metric on a subset Q@ = {¢ > 0} of C" C CP".
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Depending on the choice of coefficients, 2 may be bounded, unbounded, or
the whole C™. All conformal metrics on the whole CP™ with holomorphic tor-
sion can be found using a result of Futaki [5]. They arise as ¢~ hpg (hpg is
the Fubini-Study metric) where ¢ = ¢o+C', where ¢y is in the first eigenspace
of the Laplacian, and C' is a real constant, C' > —min ¢y.

A particularly interesting case is when c;; = 0, ay = 0 and v = 1. In this
case we have
Ejzk
1+ |22

is a Hermitian non-Ké&hler metric on C™ with holomorphic torsion. This metric
is analogous to the “half” hyperbolic metric on the unit ball discussed in the
next section. In the special case n = 1, this is the same as (3.9) and the metric
is the well-known Hamilton’s “cigar” soliton (a.k.a. the Witten’s blackhole.)

Theorem 3.7. Let g;; be as in (3.40). If 1 is real-valued function on (C", g;z)
such that (OY)? is holomorphic, then

(3.41) Y(z) = A+ Blog(1 + |z]?)

for A and B are two real constants.

The proof of this theorem is similar to that of Theorem 3.9 below. We
omit the details.

3.3. Conformally complex hyperbolic metrics

Combining Proposition 3.1 and Gross and Qian [7, Theorem 3.4], we have the
following

Proposition 3.8. Let B" be the unit ball in C™ and let
—— (1 =121 (5. ﬂ
(3.42) ha = (1= |2P) <5J + \zl2>

be the complex hyperbolic metric on B"™. Let g = ¢~ *h be a conformal metric
on B"™. Then g has holomorphic torsion if and only if

(3.43) (1—|z%¢ = Zcﬂ;zjik + Re <Z akzk> +7,
Jik k

where ¢ i is a Hermitian matriz, ay € C, and v € R.
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Remark 3. In [7], the following example was briefly discussed. For each
5 e R, put

(3.44) B = (1— |22)P! (@-k + 12_17’;’2> .

By the Sherman—Morrison formula, we find that the inverse transpose is
(3.45) B = (1= |21 (M = 2z

Thus, the torsion tensor takes the following form

ﬁ(z,ds; — z;0L)

I _ 1l I _
(3.46) T =Ty~ Ty = =2 7m

and h is not Kahler, unless 5 = 0 or n = 1. Tracing over the indices [ and k,
we find that

pln—1)z;

4 j=—
(3 7) Tj 1_’2‘2

Thus, h has holomorphic torsion if and only if 5 = 0 (Kéhler case) or § = 1.
In the latter case, h is the “half” hyperbolic metric, which is the only one in
this family having holomorphic torsion.

Theorem 3.9. Let ¢ be a function on B™ with the half hyperbolic metric,
then (0n)* is holomorphic if and only if

(3.48) Y(z) = A+ Blog(1 — |z]?),

where A and B are real constants.

Proof. Let Z = Z*0, = (9v). Since

(3.49) hki = (SM - lek,

we have

(3.50) 7% = WFyy = g — 2 >z
=1

If Z is holomorphic, then

=1
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Thus,

(3.52) Vg = 2y + 2z Ay

=1

Multiplying both sides with z; and summing over k, we obtain

(3.53) ZE Uiz = 275 + |2 Zzl%
=1 =1
Therefore,
(3.54) (1 —127) )zt = |27
=1

Combining this with (3.52), we obtain

- O W
(3.55) Vi = % (10 " |z|2wj 1=z
Equivalently,
0
(3.56) i (1= [=)¥5] = 0.

Thus, 1 satisfies the conditions in Theorem 3.5. Consequently,
(3.57) W(z) = A+ Blog(1 — |+[2),

where A and B are real constants. The proof is complete. O
3.4. Conformally U (n)-invariant Kihler metrics

In the sequel, we consider U(n)-invariant Kéhler metrics and radial weights.
?uppose that hj,; is a Kéhlerian metric induced by a radial potential h(z) =
h(|z|?), where h(r) is a real-valued function of a real variable. Precisely, we
have

(3.58) hip = 00 h(|21%) = 1 (|21%) 0 + 1" (|21) Zj2.
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Thus, hj, is a rank-one perturbation of a multiple of the identity matrix. For

h,x to be positive definite, we assume that W (r) > 0and rh"(r) + h'(r) > 0.
The Sherman—Morrison formula give the formula for the (transposed) inverse

= 1 iL”ZkE'
(359) hk] = ﬁ <6jk - ﬁ/ +7,}~Z//> o T= |Z|27

so that hzkhk3 = 5%_' , the Kronecker symbol.

Proposition 3.10. Let g be the conformally U(n)-invariant Kdhler metric
(3.60) gji = €0;0:h(| =)

and ¥(z) = (|2|?) is a real-valued radial weight function. Then (i — 7)* is
holomorphic if and only if

(3.61) D) = (n— Da(r) + Cy /0 " SO (W (s) + sH(s)) ds + C.

where C' and C are real constants.

Proof. We have

(3.62) iy = 0,0} — 08 = &' (50], — 23}
Then it follows that the torsion (1,0)-form of g7 is
(3.63) 7 = 1pd2" = (n — 1)5"Zd2"

If 4(2) = U(r), r = |2|%, is a radial weight, then O = ' (r)z;. For

_ _ 5
(3.64) (00 —7)F = ¢* (U5 —73) Dz
we get

(3.65) FF (g — ) = L= n = D

—= = Zj.
e?(h' 4+ rh')

Therefore (0¢ — 7)* is holomorphic if and only if

(3.66) Y = (n—1)5" + Cre® (W +rh"),
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for some constant C. So for another constant C' we have

D) = (n—1)5(r) + Ci /0 " T (W (s) + sH(s)) ds + C.

The proof is complete. O

Example 3.11. Considering the unit ball in C" and the hyperbolic metric
induced by the potential function h(r) = —log(1—7), we get h'(r)+rh"(r) =
(1—7)"2and

~ r 65'(8)
(3.67) D) = (n— Da(r) + 0/0 ot O
Take, for example, 6(r) = alog(1l — r), with o > 1 and
(3.68) U(r) =a(n—1)log(1 —r) — A(1 —r)* ' + B.

If D* denote the L*(M, h,e~%)-space adjoint of 9, then D*u is holomorphic
if w is a holomorphic (1,0)-form. However, if o # 0 and n > 3, then for a
holomorphic (2,0)-form v, D*v need not be holomorphic.

Proposition 3.12. Let ¢ be a radial positive function on C" m>2) o(z) =
o(|2[%). The Hermitian metric g;z := ¢~ (|2*)9;05h(|2]*) has holomorphic
torsion if and only if

(3.69) o(r) = A+ Bri/(r),

where A and B are two real constants.

Proof. From Proposition 3.1, ¢ has holomorphic torsion if and only if (9¢)*
is holomorphic. By direct computation,

ko QEI(T)ZJ — 1.2
(3.70) W = ) - ) r=|z|%

This is holomorphic for all I if and only if ¢(r)/(h/(r) + k" (r)) is constant:
(3.71) ¢ = B(W +rh") = B(rk')'.

Integrating this we complete the proof. O
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Hence, the conformally U(n)-invariant Kéhler metric
(3.72) g5 = " o,000(2?)
has holomorphic torsion if and only if
(3.73) 5(r) = —log(Corh(r) + Cs),

where the constant Cs has to be chosen such that Cyrh’(r) + Cs > 0.
This also determines the weight function : we use (3.61) and get

(3.74) U(r) = —Cylog(Corh/ (1) 4+ C3) + Cs,

where Cy =n —1—(C1/Cs).
With this choice of ¢ and ¢ we get for a (1,0)-form u = u;dz? € dom(9*)
that

(3.75) J*u=C} Z zjd2?

j=1

and for a (2,0)-form v = vpedz? A dz? € dom(0*) that

(3.76) Iv=—(Ch —Cy) Z 200, d2P.

q=1
Finally we have shown the following

Theorem 3.13. Let g be the conformally U(n)-invariant Kihler metric given
as in (3.72) together with a radial real-valued weight function (z) = 1(|z]?).
The vector field (0 — 7)* and the torsion operator T* are holmorphic if and

only if

(3.77) 5(r) = —log(Corh/(r) 4+ Cs)
and
(3.78) U(r) = —Cylog(Corh! (r) + Cs) + Cs,

where Cy =n — 1 — (C1/Cs) and the constant C3 has to be chosen such that
CQT‘h,(T) +C3 > 0. B

In this case we have for the vector field (0¢ —7)¢ = Cy > 210; and for
the torsion operator

T*(v) = —Cy D 2vpgdzP.

q=1
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4. The 8-complex on the unit ball with the
half hyperbolic metric

4.1. The half hyperbolic metric on the unit ball

Consider the half hyperbolic metric on the unit ball B™ C C" given in the
“standard” coordinate by

ijk
If g;5 = —0;0log(1 — |2?) is the complex hyperbolic metric, then hjr =

(1 —12*)gjz i-e., h is conformally Kéhler.
For some motivations, we list several basic curvature properties of this
metric as follows. We have,

Zi 21‘21
4.2 hg=—2— (6 ;
(4.2) J 5l 1_‘2’2( l+1—]z\2)

and therefore,

(4.3) Il = WMo = 1Z—j(5!§\2
Thus, the curvature of A is
Rijip = —hyi0;T%, ) ) o
= _1—71|z|2 <(5il(5jk + 16]_k7f|12 + 16il_21|€jr2 (fziyéczlP)
h.h.=
an =yl

Thus, the half hyperbolic metric has negative pointwise constant holomorphic
sectional curvature

Rpa€ €65 | 1
I B P

(45) K] = for ¢ = ¢0; € THO(M),

which is unbounded on B". The curvature satisfies additional symmetry

(4-6) Rz‘}kl_ = Rkl_ﬁ’
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and thus the first two Chern—Ricci curvatures are equal:

O gk 1 .
(4.7) Rij =h Rijkl = _1——]z|2hij’
2 i 1
(4.8) R;(J) = hURz‘jkl_ = =i
1— |2
and the third Chern-Ricci curvature is
B ._qilp_ __ n _

The half hyperbolic metric is (weak) Chern-Einstein with two different un-
bounded and negative Chern scalar curvatures

, - 2
(4.10) 5= iR = - _”‘2’2, §:=hRY = - _”‘2’2.
Using (3.3), we find that
(4.11) T, = 250, — 20,
is holomorphic. Furthermore,
(4.12) 4= _(n_l)izkai
k=1 U%

is also holomorphic.
4.2. The 9-complex

Theorem 3.9 suggests that we should choose the weight function

(4.13) Y(2) = alog(l — |z]%),
whose gradient is real holomorphic. Since

1

the weighted measure is

(4.15) e ¥dvol, = (1 — |z]?)~*dA.
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Then the corresponding Bergman space
(4.16)

A (B b = {1 € OB: 2 = [ 10~ o) dr < oo

is the “usual” Bergman space A2 ;(B") in the ball with parameter —a — 1,
which is of infinite dimension if v < 0. We thus assume that o < 0 from now
on.

For u = Y}, urdzy, we have

2

n

(4.17) [ul} == wjuph?® =3 fug]? -
k=1

n
Z ZpUk
k=1

The Bergman space A%Lo) (B", h,e~?) consists of (1,0)-forms with holomor-

phic coefficients u = 377 u;dz; such that

n

@18) = [ (z e -

k=1

n
Z ZrUk
k=1

2
) (1—|2)*)"*d) < 0.

Since the restrictions of polynomials onto B" are dense in each Bergman
spaces A%(B", (1 —|z|?)") for v > —1, the polynomials as well as (p, 0)-forms

with polynomial coefficients are dense in the respective Bergman spaces. Thus

0-operator is densely defined in A%p,()) (B", h,e~%) for each 0 < p < n.

Observe that
(4.19) (O)* = —aizki
e
is holomorphic, and by (4.12) we have that
(4.20) Op—7)f=n—-1-a)> 20

=1

This, together with an integration by parts argument, gives the formula for
o*:

Proposition 4.1. Let u = u;jdz; € A%LO)(IB%”,h,e*w). If Y73y ugzk belongs
to A%o,o) (B", h,e™?), then u € dom(9*) and

(4.21) Fu=Mn—-1-a) i 2iUj.

J=1
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Proof. The proof is essentially an integration by parts argument. But the
metric h is not complete and thus we need to verify the vanishing of the
“boundary” term directly. Let xz (0 < R < 1) be a family of smooth functions
of a real variable such that xg = 1 on (—oo, R], the support of xp is contained
in (—o0,1), and |[xz| < 2/(1 — R). By abuse of notation we write xr(z) =
xr(|2[*), so that Oxr/0Z = X (|2|*)2k-
Let v € A%o,o) (B™, h,e~?), then by integration by parts,

(4.22)

(XRU, OV) 2(Bn hy) = /}Bn hj%XRujv_ke*‘/’dvolh

= L3 =5 | a1~ o)

B" k=1 j=1

= 0 R 2 N -1-a
S T 3% I ETEES SeTE P (E R Elo e K2
"1 9%k j=1
=n—-—a-1) /}Bn (Z ukzk> XR(],ZP)E(I — |z[2)*°‘*1d/\
k
[0 (2 UM) Xa(l=)(1 — %) ~"ax.
k

Since xz(|2]*) = 0 for |2]? < R and x,(|z[*) < 2(1 — |2|*)7! for 0 < |2| < 1,
we can estimate the last integral as follows:

(4.23) L/v (Z ukzk> Yr(l2) (1 = 23"\
n k
Zukzk

k

<2

R<|z|<1

[o](1 = [o]*) 77 dA.

On the other hand, since both ), uxz; and v belong to A%O 0) (B, h,e”¥) =
A% (B"), the “standard” weighted Bergmann space in the ball with weight
(1 —|2/%)7*"1, the Hélder inequality implies that

(4.24) /B )

o] (1 = [2]*) 727 1dA

D ukzh
2
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: HUHAZLMI(ETL) < 0.
2 ac1(B)

This implies that the right-hand side (and hence both sides) of (4.23) tends
to 0 as R — 17. Letting R — 1~ in (4.22), using the denominated Lebesgue
convergence theorem, we obtain

e Y (Z kk> (1= [e)7tax
k
= ((TL — Q= 1) Zukzlm U)
k

hy

Consequently, the map v — (u, dv) h.y 18 continuous and thus u € dom(0%).
Moreover,

(4.26) Fu=n—a-1) Z Uk 2.
k
The proof is complete. O
For two-form v,sdz, A dzs, with v,.s = —vg., we have by (4.11),
1 n
(4.27) T (v) == iTp”vrsdzp = Z 2sUpsdp.

Therefore, by (1.14), we can verify as in Proposition 4.1 that

(4.28) Fv=—(n—a—2) Z 2sUrsd 2y

s=1

For u = u;dz;, we have

1 .
ou = - (% - g—:i) dzj A dzy,
J
and thus
4.2 ou=(n—a-—2) — — L) zidz,.
(4.29) J*Ou = (n — « ;;(azj M)z] Zk
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On the other hand,

(4.30) 00"u=(n—a—1) kz_:l (uk + Zz]a—:i) dzy.
= j=1
Consequently,

(4.31) D1u—(n—a—1u+zz<n—a—2aukJraW)zjdzk.

pa Oz; Oz

Unlike the cases of Segal-Bargmann space [9] and weighted Bergman space
with hyperbolic metric [10], this is not a diagonal operator. Nevertheless we
can apply the methods from Theorem 5.4 of [10] to get the following

Theorem 4.2. Let h be the half hyperbolic metric on the unit ball B", o < 0,
and (z) = alog(l — |z|2). Then the complex Laplacian Oy has a bounded
inverse Nl, which is a compact operator on A%LO)(IB%”,h, e™¥) with discrete
spectrum. In addition, if

—a, if n=1,
(4.32) v=qmin{l —a,—2a}, if n=2,
n—aoa-—1, if n>=3.
then
~ 1
(4.33) [N < = Jull

for each u € A(1 0)(183”, h,e™¥).

Consequently, if n = n;dz; € A?l’o)(IB”,h,e_w) with On = 0, thenf =
8*N1n is the canonical solution of Of = n, this means 0f = n and f €
(4.34)

(ker 9)*. Moreover,
2
LU a-lspyetave s [ (Zm )(1|z|2>-“-1dx

Remark 4. If n = 1 or n > 3, then the first positive eigenvalue of 0, is
A1 = n — 1 — « with the multiplicity n. If n = 2, there are three subcases:

'Z]'
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If -1 < a <0, then Ay = —2« is a simple eigenvalue and the corresponding
eigenspace F4 is spanned by zidzy — zodzq; if @ = —1, then Ay = 2 with
multiplicity 3 and E; is spanned by dz1,dzo, and z1dze — 29dzy; if a < —1,
then Ay = 1 — a with multiplicity 2 and FE; is spanned by dz; and dzs.

Proof. The subspaces
(4.35) A%Lo)(m) := span {ch‘]dzl: JIJ=ml=1,2,..., n} ,

m=20,1,2,..., are invariant under the action of 0. Using a standard result
in spectral theory (see Lemma 5.1 of [10] or [3]), we can study the spectrum of
Oy by studying the spectra of its restrictions onto finite dimensional subspaces
A%l,O) (m). If n = 1, then each subspace is one-dimensional. Moreover, write
z1 = z, we have

(4.36) O (2Fdz) = —(k + 1)azkdz.
We find that, when n = 1, 0, has simple eigenvalues —a, —2a, -+ — 400
since o < 0.

Consider the case n > 2. When m = 0, A%LO)(O) is spanned bydzy, dz, . ..
,dz, and O;(dz) = (n — a — 1) dz; and hence n — o — 1 is an eigenvalue
for O;. When m = 1, A%LO)(l) has dimension n? and is spanned by z;dzy,
7,k =1,...n. For example, if n = 2 then the matrix representation of [y in
the basis e1 := z1dz1, €9 := z1d29, €3 := 29dz1, and e4 := z9d2s is the following
constant column-sum matrix

2 -2« 0 0 0

0 1 -2« 1 0

(4.37) 0 1 1 -2« 0
0 0 0 2 —2a

whose eigenvalues are —2a and 2(1 — «), the latter has multiplicity 3, and

the matrix is diagonalizable. Observe that —2a is an eigenvalue for all n > 2.

Consider the case m = 2 and n = 2, A%LO)(Z) has a basis of 6 vectors:

e = z%dzl, ey = z%dzz, e3 = 2129dz1, €4 = 2129d29, €5 = z%dzl, andeg =



830 Friedrich Haslinger and Duong Ngoc Son

z%dzz. The matrix representation of ﬁl in this basis is

3 — 3a 0 0 0 0 0
0 1 -3« 1 0 0 0
0 2 2 -3« 0 0 0
(4.38) 0 0 0 2 -3« 2 0
0 0 0 1 1—3a 0
0 0 0 0 0 3 —3a

The eigenvalues of this matrix are 3(1 — «) (multiplicity 4) and —3a (multi-
plicity 2).

Let A = (A1, A2, ..., Ay) be a multi-index and let [A| = A;+ Ao+ -+ A,
If k # [, we define the multi-index

(439) Aj,l = ()\17 - 7/\l—17 A+ 1, /\l+17 ey )\j—h )‘j — 1, )‘j+1> - ,)\n),

when j > [ and similarly for [ < j. That is, the operation A — A;; adds 1 to

[""-index and subtracts 1 from j"*-index. Clearly, |A;;| = |A|.

If u = 2 dz where A = (A1, Mg, ..., A\,) is a multi-index, then

(4.40)  Chu= (Al +1D)(n—a—1) = |[A] +X) 2z + > N2tz
i

Suppose that e, = 22 dz, ,AY = (A],...,A)), [Ay| =m, y=1,2,...,N,
be a basis for the space A%I,O) (m). Write

(4.41) Oi(es) = Y ayges.

The matrix representation for CJ; on A%l 0y(m)) is a constant sum column
matrix; the sum of the entries of each column is

N
(4.42) Sty = (m+1)(n—a—1), N:n<n—|—m—1>’

B n—1
while the diagonal entries are of the form

(4.43) (m+1)(n—a—1)4+ X\ —m.
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Take v # . Clearly, if [, = I3 then a,g = 0. If [, # lg and if AZJB # A7,
then a3 = 0. Finally, if [, # lg and Ai,lﬁ = A7, then

(4.44) s =X\ =N +1.
Thus, we have for each fixed v,

(4.45) Y ap = > (N +1) =g\ +1).
p Bily#lpAL | =N

where ¢, equals the number of nonzero indices in the multi-index A7 other
than A; ; in particular, g, < n — 1. We first consider the case )\7W <m—2.
Then (4.43) shows that

(4.46) Oy 1= Gy — Z B
B#y

>((m+n—-—a—-1)+XN —m)—(n-1)(N +1)
=—am+1)+n-2)(m—X\)
—a(m+1)+2(n—2)

2(n —a—2).

VoV

If )\ZL = m — 1, then ¢, = 1 and in this case 0, = (m+ 1)(n — o — 2). If
Al =m, then ¢, = 0 and 6, = (m + 1)(n — a — 1). Thus, in any case
Y

(4.47) 0y =22(n—a—2).

By theorem of GerSgorin [4], the eigenvalues of [ap] must be in the union
of the circles centered at a., with radius R, = ay, — 0y, v = 1,2,..., N.
Consequently, the eigenvalues must be larger than 2(n —a —2). Moreover, for
m > 2, these eigenvalues of [J; on AZ o(m) are larger than —a(m + 1) — oco.
This shows that the inverse operator N; is bounded and compact.

When n =2, 2(n — a — 2) = —2a« is an eigenvalue and the corresponding
eigenspace in A%Lo)(l) is spanned by z1dze — zodz;. Thus the first positive
eigenvalue in this case is

(4.48) A1 = min{l — a, —2a}.

When n > 3, we always have 2(n —a — 2) > n — a — 1 since @ < 0 and
thus Ay = n — a — 1. The proof is complete. O
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