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Disjointness of Mobius from asymptotically periodic
functions

FE1 WEI

Abstract: We investigate Sarnak’s Mdobius Disjointness Conjec-
ture through asymptotically periodic functions. It is shown that
Sarnak’s conjecture for rigid dynamical systems is equivalent to
the disjointness of Mobius from asymptotically periodic functions.
We give sufficient conditions and a partial answer to the later one.
As an application, we show that Sarnak’s conjecture holds for a
class of rigid dynamical systems, which improves an earlier result
of Kanigowski-Lemanczyk-Radziwitl.

Keywords: Asymptotically periodic function, mean state, Mobius
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1. Introduction

Let N ={0,1,2,...} denote the set of natural numbers and N* = {1,2,...}.
Functions from N (or N*) into C are called arithmetic functions. Many prob-
lems in number theory can often be reformulated in terms of properties of
arithmetic functions. For example, the Mébius function u(n) is defined by 0
if n is not square free (i.e., divisible by a nontrivial square), and (—1)" if n
is the product of r distinct primes. It is well known that the Prime Number
Theorem is equivalent to that >, u(n) = o(z); the Riemann Hypothesis
holds if and only if >, ., u(n) = o(x27), for any € > 0.

An arithmetic function f is said to be disjoint from another one g if
SN f(n)g(n) = o(N). Disjointness is a commonly concerned relation be-
tween arithmetic functions. The disjointness of Mobius from arithmetic func-
tions plays an important role in number theory since they reflect certain
random distribution among the values of the M6bius function and are closely
related to the distribution of primes. For example, the disjointness of p(n)
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from periodic functions is equivalent to the prime number theorem in arith-
metic progressions. Sarnak ([35]) conjectured that the Mobius function is
disjoint from all arithmetic functions arising from any topological dynamical
systems with zero topological entropy. More specifically,

Conjecture 1 (Sarnak’s Mobius Disjointness Conjecture (SMDC)). Let X be
a compact Hausdorff space and T a continuous map on X with zero topological
entropy, then

R .
ngnooﬁgu(n)f(T w0) =0

for any xg € X and f € C(X).

In recent years, a lot of progress have been made on Conjecture 1. See
(2, 3, 11, 12, 18, 19, 20, 23, 26, 27, 33, 37, 39, 42, 43|, to list a few. In the
following, we shall discuss only the results that are more related to this paper.
Sarnak proved that SMDC is implied by Chowla’s conjecture which is stated
as follows [6].

Conjecture 2 (Chowla’s conjecture). Let ag, a1, as,. .., an, be distinct natu-
ral numbers, and is € {1,2} fors =0,1,2,...,m, not all is are even numbers.
Then

1N

Jdim =) 0t ag)pt (n+ar) - it (0 am) = 0.

n=1
Chowla’s conjecture is a longstanding open problem in number theory. It
is open even in one of its simplest forms: >, ju(n)u(n + 2) = o(N). This
estimate should be closely related to the twin prime conjecture.

1.1. Asymptotically periodic functions

In order to use tools from operator algebra to study Sarnak’s conjecture,
Ge introduced the following notion of asymptotically periodic function in the
survey paper [13] and proved that the Mébius function is disjoint from certain
asymptotically periodic functions.

Definition 1.1. A function f € [*°(N) is called asymptotically periodic!
if for any mean state E, there is a sequence {n; }‘;‘;1 of positive integers such
that f — A™ f has limit zero in Hpg.

!This definition is a little weaker than [13, Definition 5.7], in which the sequence
{n;}52, is independent of E.
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In the above definition, the action A on [*°(N), the algebra of all bounded
arithmetic functions endowed with the pointwise addition and multiplication,
is defined as

(1) Af(n) = f(n+1),

for all f € [*°(N) and n € N. The mean states E on [*°(N) are given by
certain limits of % 271:!;01 (n) along “ultrafilters” and ‘H g is the Hilbert space
obtained by the GNS construction on [*°(N) with respect to E. We refer
readers to Section 4 for more details.

In this paper, we further study properties of asymptotically periodic func-
tions, the Mobius disjointness of asymptotically periodic functions and give
some applications of these results to Sarnak’s conjecture. We first introduce

the following subclass of asymptotically periodic functions.

Definition 1.2. A function f € [*°(N) is called strongly asymptotically
periodic if for any mean state £, there is a sequence {n;}32; of positive
integers such that when j goes to infinity, f — A f converges to zero in Hg
uniformly with respect to all [ € N.

Here are some examples. The function 2™V is a strongly asymptotically
periodic function. For any strictly increasing sequence {N;}32, (No = 0)
and any bounded sequence {a;}32, of complex numbers, define f(n) = a;
when N; < n < Njii. Then f is strongly asymptotically periodic. If 0 is
an irrational number, then €2 is an asymptotically periodic function but
not in the strong sense. The function e2min*0 with ¢ irrational is disjoint from
all asymptotically periodic functions. These results and more examples of
strongly asymptotically periodic functions are shown in Section 4.

In [8], Eberlein introduced the notion of weakly almost periodic (WAP)
functions. These functions have been studied in dynamical systems (see e.g.,
[15, 36]). Moreover, all these functions can be realized in topological dynam-
ical systems with zero topological entropy (see [37, Theorem 9.1]). We shall
show that WAP functions belong to the class of asymptotically periodic func-
tions satisfying conditions (4) and (5) below, see Proposition 5.5.

Interestingly, there are strongly asymptotically periodic functions that
cannot be realized in any topological dynamical system with zero topological
entropy. In the following we give an example to illustrate it.

Proposition 1.3. Suppose s > 1 and mq,...,ms € N with at least one
m; > 1. Let f = A™(u?)--- A™s(u?). Then f(n) is a strongly asymptoti-
cally periodic functions. Moreover, f(n) cannot be realized in any topological
dynamical system with zero topological entropy, i.e., there does not exist a
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topological dynamical system (X, T) such that the topological entropy of T is
zero and f(n) = F(T™xg) for some F € C(X) and zp € X.

1.2. The Mobius disjointness of asymptotically periodic functions

We are interested in the following problem.
Problem 1. Is p disjoint from all asymptotically periodic functions?

We now explain a motivation for us to investigate the above problem. The
positive answer to Chowla’s conjecture implies that the set {A™u : n > 0} is
an orthogonal set (with respect to a given mean state) of vectors of the same
norm. Denote the norm of i as c¢. By Bessel’s inequality, we have

2) (1) > 5 0 A )P

neN

for any f € [°°(N). Assume that f is an asymptotically periodic function,
then there exists a sequence {n;}?2; of distinct positive integers such that
lim; o0 [(A™ p, f—A™ f)| = 0. This implies that lim;_,o [(A™ p, f)| = [, f)].
then (u, f) = 0 by the inequality (2).

The process of exploring Problem 1 motivates us to study the average
value of the Mobius function in short arithmetic progressions. Precisely, we
should estimate the second moment of this average: S0 | ST ju(n + kI)|2.
About this, we show the following result.

Theorem 1.4. Let k be a positive integer. Then for any h > 3,

< k loglogth.

2
Z,u(n+ kl) 208 logh

=1

1N
li —
(3) fmsup Z

N—o0 n=1

Throughout this paper, f < ¢ means that there is an absolute constant
¢, such that | f| < c|g|; f = g+ O(h) means f —g < h. We use (k) to denote
the Euler totient function.

We are more concerned about whether the left hand side of formula (3) is
still o(h?) when k is far large than h. The estimate presented in formula (3)
implies that this holds for k as large as exp(h°®) since k/¢(k) < loglog k.
We expect that the right hand side of formula (3) is o(h?) independent of
k > 1. This is likely to be true because the positive answer to Chowla’s
conjecture implies that the left hand side of formula (3) should be 5 h.

In Theorem 1.4, we can replace 1 by non-pretentious 1-bounded multi-
plicative functions such as the Liouville functions and p(n)x(n), where x is a
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Dirichlet character, see Proposition 6.1. Moreover, we recently extended The-
orem 1.4 to the case that p(n) is replaced by p(n)e(P(n)) for any P(z) € R[z]
([42]), and this is possible to be generalized to p(n) twisted by any nilsequence.

Using Theorem 1.4, we give a partial answer to Problem 1, which states
that p(n) is disjoint from a class of asymptotically periodic functions. Pre-
cisely,

Theorem 1.5. Let f € [°°(N) satisfying that for any mean state E, there
are sequences {h;}32, and {n;}32, of positive integers with

loglogh; n;

4 li =
(4) Jggo logh; @(n;) 0
such that
(5) lim — ZE If— A" f*) =0
Then we have

oy Z i

By the definition of strongly asymptotically periodicity, it is not hard to
check the following result as an application of Theorem 1.5.

Corollary 1.6. Problem 1 holds for all strongly asymptotically periodic func-
tions.

For solving Problem 1 completely, we provide a sufficient condition as
follows.

Proposition 1.7. Assume that

= 0(h2)7

N

(6) lim sup — Z

N—o0 _

h
Zu (n + ki)
=1

where the little “o0” term is independent of k > 1. Then Problem 1 holds.

It is unknown if the converse of the above proposition is true. It is proved
in Proposition 4.9 that the disjointness of Mébius from all strongly asymp-
totically periodic functions is equivalent to that for any given k,

= o(h?).

lim sup — Z

N—o0

h
Z,u (n+ ki)
=1
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Although many asymptotically periodic functions cannot be realized in
topological dynamical systems with zero topological entropy, they can be ap-
proximated measure-theoretically by realizable functions (see Theorem 7.2).
This leads to the following result.

Theorem 1.8. Assume that Sarnak’s Mébius Disjointness Conjecture is true,
then Problem 1 holds.

1.3. Applications to Sarnak’s conjecture for rigid dynamical
systems

Before introducing more results, we first recall the definition of rigid dynam-
ical system. Let (X, B,v,T) be a measure-preserving dynamical system, i.e.,
X is a compact metric space, T" a continuous map on X, B the Borel o-
algebra of subsets of X and v a T-invariant Borel probability measure. Such
a dynamical system is called rigid if there is a sequence {n;}32; of positive
integers such that for any f € L?(X,v),

. n; 2 —
jlggo\lfoT flz2@wy = 0.

Rigid dynamical systems contain dynamical systems with discrete spectrum
and a large class of skew products on the torus over a rotation of the circle
[25]. In the following for simplicity, we use (X,v,T) to denote a measure-
preserving dynamical system.

From the viewpoint of dynamical systems, asymptotically periodic func-
tions correspond to rigid measure-preserving dynamical systems (see Theorem
5.3). The major tool we use to build this connection between arithmetics and
dynamics is angie (of natural numbers), which was introduced by Ge in [13].
We refer readers to Section 3 for knowledge on angie. Based on this con-
nection, corresponding to Problem 1, it is natural to consider the following
problem.

Problem 2 (Sarnak’s conjecture for rigid dynamical systems). Let X be a
compact metric space and 1" a continuous map on X. Suppose xo € X satisfies
the following condition: for any v in the weak* closure of {% SN o7y, :
N = 1,2,...} in the space of Borel probability measures on X, there is a
dense set F C C(X), such that for each g(x) € F we can find a sequence
{n;}521 (may depend on v, g) of positive integers satisfying

(7) jhjgo lgoT" — gll72(,y = 0.
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Is it true that for any f € C(X),

- —0?
NIEHOONZ“ -0

Proposition 1.9. Problem 1 holds if and only if Problem 2 holds.

When v satisfies the condition in Problem 2, (X, T, v) is rigid and then has
zero measure-theoretic entropy (see e.g., [34, Example 5.3.3]), while (X, T)
may not have zero topological entropy, see the paragraphs below Proposition
7.1 for an example. Recently, in [23], Kanigowski, Lemanczyk and Radziwilt
gave a partial answer to Problem 2.

Theorem 1.10. [23, Theorem 2.1] With the same assumptions as Problem
2, if T is a homeomorphism and for each g(x) € F we can find a sequence
{nj};?‘;l (may depend on v, g) of positive integers satisfying ez’ther
(BPV rigidity): there is a constant ¢ > 0 such that ) pln; p < ¢ for any
j=1,2,..., and
Jim lg o T — gl[72,) = 0.

or
(PR rigidity): for some § > 0, the following holds:

né

!
Jlggo Z lgo T — g|[72,y = 0.

Then for any f € C(X),

]&520*2# -0

Employing the estimate we obtained in Theorem 1.4, we improve the
above theorem to the following.

Theorem 1.11. With the same assumptions as Problem 2, if T is a contin-
uous map and for each g(x) € F, there are sequences {h;}52; and {n;}32; of
positive integers with

loglogh; n; _ 0

(8) ]Hgo logh; @(n;)
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satisfying
h;
9) JE)T&—”Z:HQOTMJ —gl720y = 0.
1
Then for any f € C(X),
Jm Z pl =0

Moreover, the above disjointness also holds over short intervals in average,

that is
h

hm hmsupNhZ‘Z,u (n+ 1) f(T" "z ‘—0
=1

h—oo N0

In comparison with Theorem 1.10, we relax T' to a continuous map. Also
both BPV rigidity and PR rigidity are included in the scenario described by
conditions (8), (9). See Remark 8.1 for details. There are examples that satisfy
conditions (8), (9), but not BPV rigidity and PR rigidity (see Remark 8.3).
Indeed, we show that conditions (8), (9) hold for any (X, v, T) with discrete
spectrum in Proposition 5.4, while the set of these dynamical systems are
not strictly contained in the set of rigid dynamical systems satisfying BPV
rigidity or PR rigidity (see Remark 8.4).

Related to the above result, we recently proved that Sarnak’s conjecture
holds for product flows between rigid dynamical systems satisfying conditions
in Theorem 1.11 and affine linear flows on compact abelian groups of zero
topological entropy [42].

Our paper is organized as follows. In Section 2, we list some frequently
used notation, and prove some preliminary results. In Section 3, we study
properties of anqgies and describe the topological characterizations of an-
qies in terms of the generating arithmetic functions. We perform the GNS
constructions on angies, and show some examples of asymptotically and
strongly asymptotically periodic functions in Section 4, where Proposition 1.3
is proved. In Section 5, we study the connections between arithmetic func-
tions and measure-preserving dynamical systems. In Section 6, we show the
estimate about the self-correlations of the Mobius stated in Theorem 1.4. In
Section 7, we prove Theorems 1.5, 1.8, and Proposition 1.7. As applications,
we prove Proposition 1.9 and Theorem 1.11 in Section 8.

This work arose as part of my Ph.D. thesis at the Chinese Academy of
Sciences [40] under the supervision of Professor Liming Ge. We refer to [7, 22]
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for basics and preliminary results in operator algebra, to [14, 21] for that on
topological dynamics and number theory.

2. Preliminaries

In this section, we prove some preliminary results. First, we list some notation
that will be used.

Let H be a Hilbert space. Denote by B(H) the algebra consists of all
bounded linear operators on H. By Riesz representation theorem, for any
T € B(H), there is a unique bounded linear operator T™* satisfying (T'z,y) =
(x, T*y) for any z,y € H. Such a T* is called the adjoint of T. We call a norm-
closed *-subalgebra of B(H) a C*-algebra. In this paper, we always assume
that all C*-algebras are unital.

Suppose that A is a C*-algebra. We use A to denote the set of all bounded
linear functionals on A. Denote by (A*); the unit ball in A%, i.e., (A*); = {p €
A® 2 ||p|| < 1}. In general, the space A* can be equipped with many topological
structures. Among them, the norm topology and weak* topology are used
most frequently. For p € A" its norm is given by ||p|| = SUPze A |z <1 P(2)]-
When = € A, the equation 0,(p) = |p(z)| defines a semi-norm on A% The
family {0, : © € A} of semi-norms determines the weak* topology on A*.
Note that each py € A" has a base of neighborhoods consisting of sets of
the form {p € A* : |p(z;) — po(x;)| < €} (j = 1,...,m), where € > 0 and
L1,y Ty € A

A non-zero linear functional p on an abelian C*-algebra A is called a
multiplicative state if for any A, B € A, p(AB) = p(A)p(B).

Suppose now that A is an abelian C*-algebra and X is its maximal ideal
space. We define the map v : A — C(X) by

(10) v()p) =p(f), fEA peX.

Here we use the fact that X is also the space of all multiplicative states of A.
The map + is known as the Gelfand transform from A onto C'(X), which is
a *-isomorphism (see, e.g., [7, Theorem 2.1]).

It is known that the above Hausdorff space X is weak™ compact. Next
we show that A is countably generated as an abelian C*-algebra if and only
if X is metrizable and the topology induced by the metric coincides with the
weak® topology. The sufficient part directly follows from [22, Remark 3.4.15].
The necessary part is shown in the following proposition.

Proposition 2.1. Let A be an abelian C*-algebra. If A is countably gen-
erated, then (A")) is metrizable and the topology induced by the metric is
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equivalent to the weak* topology on (A%),. In particular, the mazimal ideal
space of A is a compact metrizable space.

Proof. Since A is countably generated, there is a countable dense subset in
A. Let {g1,92,...} be a dense subset of (A);, the unit ball in A. For any
p1,p2 € (A", we define d(py, p2) = S50, I(pl—gw. It is not hard to check
that d is a metric on (A%);. Moreover, for any net {p, } of elements of (A%);,
the net {d(pa, p)} converges to 0 is equivalent to the condition that, for any
i > 1, the net {p,(g;)} converges to p(g;).

Next, we show that the weak*® topology is equivalent to the topology
induced by the metric d on (A*);. Suppose that the net {p,} of elements in
(A*)1, weak* converges to p. Then, for any i > 1, the net {p,(g;)} converges to
p(gi). Thus the net {d(pa, p)} converges to 0. Conversely, if the net {d(pa, p)}
converges to 0, where p, € (A*)1, then {p.(g;)} converges to p(g;) for any
i > 1. Note that, for any «, ||pa|| < 1. Then for any g € A, the net {p,(g)}
converges to p(g). So the net {p,} is weak* convergent to p in (A%);.

By Alaoglu-Bourbaki theorem (A"); is weak® compact. Let X be the
maximal ideal space of A. Then, relative to the weak™ topology, X is a closed
subset of (A*);. From the above analysis, we see that the weak* topology on
(A"); coincides with the topology induced by the metric d on it. Thus X is a
compact metrizable space. O

Proposition 2.2. Suppose that A is a C*-subalgebra of [*°(N) and X the
maximal ideal space of A. Let v : N — X be the map given by

(11) un): frf(n),

for any f € A. Then the weak™ closure of L(N) is X (write «(N) = X).

Proof. Assume on the contrary that ¢(N) # X. Choose y € X \ ((N). By
Urysohn’s lemma, there is a G € C(X) such that G(y) = 1 and G(z) = 0 for
any z € ((N). By equation (10), for any n € N, 0 = G(u(n)) = ¢(n)(7"'G) =
(v1G)(n). Then v~1(G) = 0 and G = 0 correspondingly. This contradicts
G(y) = 1. Hence ((N) = X. O

If ¢ is injective, then we can view N as a subset of X. For A = [*(N),
¢ is injective. We shall use SN to denote the maximal ideal space of [*°(N),
which is also known as the Stone-Cech compactification of N [4]. Since (*°(N)
is not a separable C*-algebra, it is not countably generated as a C*-algebra.
Correspondingly, the maximal ideal space SN is not metrizable.
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3. Angqie of N

In this section, we briefly introduce the concept of angie and list some results
that will be used later. For more about angie, we refer to [13] and [41].

Definition 3.1. Let X be a compact Hausdorff space and + a map from N
to X with dense range. We call X an angqgie (of N) if ¢(n) — «(n +1) is a
well-defined map on ¢(N) and it can be extended to a continuous map from
X into itself. If we denote this extended map by o4, we also call (X,04) an
angie (of N).

We now explain a little about the above notion. For a general map ¢ :
N — X, «(n) = t(n + 1) may not be well-defined, such as ¢ : N — St (the
unit circle) defined as t(n) = €*™v". Even though «(n) — u(n + 1) is well
defined, it may not induce a continuous map on X, such as ¢ : N — S!
defined as «(n) = e2™*0 with @ irrational. So an angie of N preserves the
addition structure of natural numbers when N is mapped to X. Here is a

simple example of angie.

Example 3.2. Let 6 be an irrational number with 0 < # < 1. Define ¢ : n —

e?™m9 3 map from N into S'. It is easy to see that ¢ has a dense range in S'

and 2™y 2min+1)0 — o27if 2mind jpduces a continuous map z — €270z,

denoted by o4 on S'. Thus (S!,04) is an angie of N.

Next we consider how to construct angies of N. One way to obtain angies
of N is to construct point transitive topological dynamical systems. Recall
that a topological dynamical system (or, equivalently an N-dynamics) is a
pair (X, T'), where X is a compact Hausdorff space and 7" a continuous map
on X. Suppose that (X,T,xp) is a point transitive topological dynamical
system, i.e., the set {T"x¢ : n € N} is dense in X. Then ¢ : n — Tz is a
map from N to X with dense range. It is easy to see that ¢(n) — «(n+1) can
be extended to the continuous map 7" on X. Then (X,T) is an angie of N.
Summarize the above analysis, we conclude that an N-dynamics (X, T') is an
anqie of N if it is point transitive. In this construction, the structure of anqie
depends on the choice of the transitive point.

Another method to construct angies is through C*-algebras.

Proposition 3.3. Suppose that A is a C*-subalgebra of I*°(N) and X the
mazimal ideal space of A. Then X is an angie of N with the map ¢ given by
equation (11) if and only if A is closed under the action A defined in (1),
i.e., Af € A for any f € A.
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Proof. Suppose that X is an angie of N. Then the map ¢(n) — ¢(n + 1) is
extended to a continuous map on X, denoted by o4. Given f € A, assume
that ' = ~(f) € C(X) (see equation (10)). Note that F oos € C(X). Let
g=7"YFooa)in A. Then g(n) = Fooa(t(n)) = F(u(n+1)) = f(n+1) =
Af(n). Thus g = Af in A. This shows that A is A-invariant.

On the other hand, suppose that A is closed under A. Let o4 be the map
from X to itself given by oap(f) = p(Af) for any p € X and f € A. It is easy
to see that o4(t(n)) = ¢t(n+1). Now we show that o4 is a continuous map on
X. If {po} is a weak™ convergent net of elements of X, with limit p, then for
any [ € A, pa(Af) = (04pa)(f) converges to p(Af) = (04p)(f). Thus the
net {o4pa} weak™ converges to o4p in X. Hence 04 is the continuous map
on X extended by ¢(n) — ¢(n+ 1) and X is an anqgie of N. O

From the above proposition, we can obtain anqies of N through construct-
ing A-invariant C*-subalgebras of {°°(N). In particular, we often consider the
anqie generated by a single arithmetic function f, i.e., the C*-algebra gener-
ated by {1, A7f : j € N}. Denote it by A;. We use X to denote the maximal
ideal space of Ay. From Proposition 3.3, we know that ¢(n) +— ¢(n+1) can be
extended to a continuous map on Xy, denoted by o4. We also call (Xf,04)
or Ay the angie generated by f. Let f(N) denote the closure of f(N) in the
complex plane C. Since Ay contains f, there is a continuous map from Xy

onto f(N). But these two spaces may not be the same.

The following theorem describes Xy in terms of f(N) and gives a repre-
sentation of o4 (corresponding to the Bernoulli shift on a product space).

Theorem 3.4. [13, Theorem 2.3[Suppose that f is a function in 1°°(N) and
that Xy is the maximal ideal space of the angie Ay generated by f. Denote

by [y f(N) the Cartesian product of f(N) indexed by N, endowed with the

product topology. Assume that B is the Bernoulli shift on [y f(N) defined by

B : (ao,al,ag,...) — (al,ag,ag,...).

Let F be the map from Xy into [y f(N), such that for any p € Xy,

(12) F(p) = (p(f),p(Af),...).

The following statements hold.
(1) The space Xy is homeomorphic to F(Xy).
(ii) F(Xy) is the closure of {(f(n), f(n+1),...) :n € N} in [Iy f(N).
(71t) The restriction of the Bernoulli shift B on F(Xy) is identified with
oa on Xy.



Disjointness of Mobius from asymptotically periodic functions 875

Remark 3.5. It follows from the above theorem that for f € (*(N), X;
can be identified as the set of all pointwise limits of sequences {A"f, n =
0,1,2,...} in [°°(N). This still holds when the semigroup N is replaced by the
group Z or a general abelian topological group G. While for the case of Z or
G, X has been extensively studied in dynamical systems (see e.g., [8], [36]
and [15]). In [8], Eberlein introduced the concept of weakly almost periodic
function, i.e., f € [*°(G) with X; weak compact in [*°(G). Let W(G) denote
the set of these functions. In [36], Veech introduced a *-subalgebra K(G) of
[*°(G) consisting of all f € [*°(G) with Xy norm separable in [*°(G), which
contains W (G). Recently, the Mobius disjointness of W(Z) has been proved
in [37] and that of K(Z) has been proved in [20].

Applying Theorem 3.4, we can obtain many interesting examples of angies
(Xy,04). The following two examples are given in [13, 41].

Example 3.6. Let f(n) = ¢*™V" for n € N. Then X ¢ is homeomorphic
to {e*%f(n) :n € N} USY a subset of C, denoted by X. And o4 is the
identity map on S*, while, on the set {ffif(n) :n € N}, 04 maps e*%f(n)
to e_n;ﬂf(n +1).

Example 3.7. Suppose that € is irrational and f(n) = e2mn*0 then X 7 is
homeomorphic to S x St. Moreover, if we identify S! x S with R/Z x R/Z,
then we can rewrite the map o4 as

oalar, ) = (_01 ;) (Z;) t (209> ’

At the end of this section, we state the following result which will be used
in later parts of this paper. Recall that for two topological dynamical systems
(X1,T1) and (X3, T5), if there is a continuous surjective map ¢ from X; onto
X such that p o T} = Th o, we call ¢ a factor map and (Xs,T3) a factor
of (X1,T1). Moreover, if ¢ is a homeomorphism, we say that (X7,77) and
(X2, Ty) are (topologically) conjugate (to each other).

Proposition 3.8. Let f be an arithmetic function realized in (X,T), i.e.,
there is a continuous function g € C(X) and xy € X such that f(n) =
g(T"xy). Suppose that Xy is the maximal ideal space of the angie generated
by f. LetY be the closure of the set {T"xo :n € N} in X. Then (Xf,04) is
a factor of (Y, T).

Proof. Since ¢ : n — T"xg is a map from N to Y with dense range, it
induces an embedding from C(Y") into {*°(N) (denoted by ¢ again), i.e., for
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any h € C(Y), o(h)(n) = h(T™zp). Then o(C(Y)) is a C*-subalgebra of
1°°(N). Denote the maximal ideal space of o(C/(Y)) by Y. By Proposition 2.2,
the map 7™z + ¢(n) can be extended to a homeomorphism from Y onto Y
(denoted by o again). Note that o(g) = f. So Ay, the anqgie generated by f,
is a *-subalgebra of o(C(Y")).

Since each multiplicative state on o(C(Y)) (an element in V) is also a
multiplicative state on Ay (an element in Xy) and that every maximal ideal
in Ay extends to a maximal ideal (may not be unique) in o(C(Y’)), the induced
map 7 from Y onto X given by

w(p)(h) = p(h), pEY, he A

is continuous and surjective. It is not hard to check that Top:Y — Xy is a
factor map. Then (X7, 04) is a factor of (Y,T)). O

4. Mean states and asymptotically periodic functions

In number theory, we are often more concerned about the estimates of the
form % Y n<z f(n). For this purpose, we shall consider states on [*°(N) given
by certain limits of % ZnNz_Ol (n) along “ultrafilters”. Then the inner product
of two functions f and g given by the states is exactly certain limits of sums
like & S0 f(n)g(n).

Recall that SN is the maximal ideal space of {*°(N). Elements in SN\ N
are called free wltrafilters. By Proposition 2.2, N is dense in SN. Given a
free ultrafilter w, for any f € [°°(N), there is a subsequence {m;}32; of N
(depending on f) such that w(f) = lim;_o f(m;). We usually write w(f) =
limy,—,, f(n), called the limit of f at w.

For a C*-subalgebra A of [°°(N), the linear functional p is called a state
on A if p(1) =1 and p(f) > 0 for any f € A with f > 0. We shall study the

A-invariant states on angies defined below.

Definition 4.1. Suppose that A is an A-invariant C*-subalgebra of [*°(N),
ie., Af € A for any f € A. A state p on A is called A-invariant, or
“invariant” for short, if p(Af) = p(f) for any f € A.

Invariant states may or may not be related to average values of functions.
Here we give an example to explain this phenomena.

Example 4.2. Let G = U2 {n? —n,n?> —n+1,...,n? — 1} be a subset
of Nyand G,, = {i € G: 0 < i <n—1}. Define F,(f) = ﬁzz‘eGn f@@)
for f € [*°(N). Then for each given f the function n — F,(f) gives rise to
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a function in {*°(N). Choose w € SN\ N, and define F,,(f) = lim, ., F,,(f).
Then F,, is an A-invariant state on [*°(N). If x4 is the characteristic function
supported on G, then F,(xg) = 1. But the relative density of G in N is zero.
Thus F,(f) does not depend on the average sum Sy f(0).

On the other hand, there are A-invariant states depending on average
values of functions, which are called “mean states” in [13, Definition 5.3].

Definition 4.3. Suppose w € fN\N is a given free ultrafilter. For any n € N
and any f in [*°(N), we define E,(f) = 1 ;:& (7). Then, for each given f,
the function n — E, (f) gives rise to another function in [**(N). The limit of
E,(f) at w is denoted by E,(f). Then E,, is an A-invariant state defined on

[*°(N) or called “a mean state” (or, “a mean” for short).

From now on, we shall use £ to denote a given mean state on [*°(N)
(depending on a free ultrafilter). For a real-valued function f € [*°(N), we
always have:

lﬂg.}fEZf E(f) <limsup — Zf

=0 n—oo T

Suppose A is a countably generated anqgie of N. For each N € N, define
the state py on A by pn(f) = ¥ E oL £(5). So {pn}3_, is a sequence in
(A")1. By Proposition 2.1, (Af); is metrlzable and compact, so there is a
subsequence {px,, }>°_; that converges to some p € (A*);. We call this p the
limit of pn,, or the state given (uniquely) by the sequence { Ny, }2°_;. It is not
hard to check that p is an A-invariant state, and for any free ultrafilter w in
the closure of {N,, : m =1,2,3,...} in BN, the restriction of E, on A is p.

Now we perform the GNS construction on [*°(N) with respect to E. Define
(f.g)s = (), the semi-inner product on £(N) and ||f]l5 = ({f, f)£)}.
the semi-norm on (*°(N) (see [22, Proposition 4.3.1]). We use K to denote the
subalgebra of [°°(N) containing all f so that E(|f]?) = (f, f)r = 0. Then K
is a closed two-sided ideal in {*°(N). Thus B := [*°(N)/K is a C*-algebra, and
(, ) induces an inner product on B. For f € [®°(N), we may use f (or simply
f if there is no ambiguity) to denote the coset f + K in B. When f,§ € B,
we still use

(13) (f,3)p = E(fg) = lim — Zf

n—wn
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to denote the inner product on B and

N =

(14) 1Flle = (F. )e)t = (lim - er )

n—w n

for the (Hilbert space) vector norm on B. The completion of B under this
norm is denoted by Hg.

Remark 4.4. Our later results will depend on E but not on a specific one.
Therefore, our definitions or properties stated later are for any mean state E.
For example, if f and g are orthogonal, E(fg) = 0 holds for any mean state
E. The orthogonality of arithmetic functions may be viewed as disjointness
between two functions in number theory.

Next, we study some properties of (strongly) asymptotically periodic func-
tions (Definitions 1.3 and 1.4). We start from the following generalized no-
tion of periodicity that introduced in [13, Section 5]. An arithmetic function
f € I*°(N) is said to be essentially periodic (or “e-periodic”) if there is an
integer ng > 1 such that f = A™ f in Hp. The smallest such ng (> 1) is
called the e-period of f. From the definition of strongly asymptotically pe-
riodic functions, it is easy to see that e-periodic functions belong exactly to
this class.

In the following, we use e(x) to denote €*™ for simplicity, and 1g to
denote the indicator of a predicate S, that is 1¢ = 1 when S is true and 1g = 0
when S is false. It is not hard to check that e(y/n) is an e-periodic function
of e-period 1. Note that arithmetic functions satisfying f(n) = f(n + 1) for
all n must be constant ones. Thus e-periodic functions are far from periodic
ones. In the following, we shall construct e-periodic functions with e-period
k, for any k > 1.

Example 4.5. Let {m;}52; and {n;}32; be two sequences of positive in-
tegers with lim; .o m; = lim;j_,,n; = oo. For any given ¢, choose a =
{0,1,...,1},8 = {1,0,...,0} as two vectors of length q. We construct the
function f (written as {f(n)}52,) successively:

BB Baa---aBB---B--
——

aa ..
— ) ——

mi ni ma2 no

Then f is an e-periodic function with e-period ¢, and so a strongly asymp-
totically periodic function.
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The proof of the above fact is more involved. Here are some details.

By limj oo mj = lim;_,o, n; = 00, for any € > 0, there is an jp such that
qmgj,qn; > %4’1 when j > jo. Then the number of n between 1 and N satisfy-
ing f(n—+q) # f(n) is less than 2qjo+gNe. Moreover, limy o SN I f(n+
q) — f(n)]? < limN_mo(% + ¢ge) < ge. Since € is arbitrarily small, it follows
that imy_eo & Soa_y |f(n +q) — f(n)|?> = 0. It is easy to see that for any
positive integer | < ¢ — 1, limy_,o0 7 SN f(n+1) = f(n)|* # 0. Hence f is
an e-periodic function with e-period gq.

In Example 4.5, if the two sequences {m;}32; and {n;}32; further satisfy
im0 %7 = a # 0, then we can show that f is not the weak limit of periodic
functions. That is for any mean state E, there does not exist a sequence
{fn}22, of periodic functions, such that the limit of f — f,, is zero in Hpg.

Using a similar argument to the proof of Example 4.5, we have the fol-
lowing result.

Example 4.6. Let {N;}32, be a sequence of natural numbers with No = 0
and lim;j_oo(Nji1 — Nj) = o0o. Let ¢ > 1 and a > 0 be given integers. Define
f(n) to be ajly=q(mod q) When Nj <n < Njiq for j=0,1,..., where {a;}3%,
is a sequence of compler numbers with sup; |a;| < oo. Then f is an e-periodic
function with e-period q, and so a strongly asymptotically periodic function.

By Definitions 1.1 and 1.2, e-periodic and strongly asymptotically peri-
odic functions are asymptotically periodic. There are many asymptotically
periodic functions that are far from e-periodic ones. For example, if 0 is ir-
rational then f(n) = e(nf) is asymptotically periodic. But it is not the weak
(or [2-) limit of e-periodic functions. In fact, we have the following result.

Proposition 4.7. Let 6 be an irrational number and f(n) = e(nf). Then f
1s orthogonal to all e-periodic functions, that is for any e-periodic function g,
E(fg) = 0 holds for all mean states E.

Proof. Suppose that the e-period of g is k. Given a mean state E, by the A-
invariance of E, E(fg) = (f,9)g = (A% f, A%g)p = (A* f, gV for any [ > 1.
Thus (f,9)e = (= Y12 A f, g) g. For any € > 0, we can choose a sufficiently
large integer m such that |- 37" e((n + k)0)] = |X 3% e(lkd)| < € for
any n € N. Hence ||-L 37", A f||p < e. It follows from the Cauchy-Schwarz
inequality that |(f, 9)r| < €||g|l;~. Letting € — 0. Then (f,g)r = 0. O

Next, we provide another example of strongly asymptotically periodic
function.
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Example 4.8. Let f € [*°(N). Suppose that the closure of {(f(n), f(n +
1),...):n e N} inIly f(N), endowed with the product topology, is countable.
Then f is a strongly asymptotically periodic function.

In the following, we give some detailed argument for the above nontriv-
ial fact. Denote A, as the anqgie generated by f and X; as the maximal
ideal space of A;. By Theorem 3.4, X; is homeomorphic to the closure of
{(f(n),f(n+1),...) : n € N} in [[y f(N) and so is a countable space. Let
E be a mean state on [*°(N). Then the restriction E on Ay is an invariant
state on Ay. By Theorem 5.1, there is a o 4-invariant probability measure v
on Xy such that E(g) = fo g(z) dv for any g € Ay. Since Xy is a countable
and compact metric space, v must be an atomic measure. Assume that v
is supported at x1,x9,... in Xy. For each x;, there are two nature numbers
s; and t; such that A=%{x;} N A~%{x;} # (. Thus there is a k; such that
AFig, = ;. Set n; = ngl k;. So for each [ > 1,

If — A fl2 = B(f — A f2)

= [ 7= se A @ av

= Zlf ) = f 0 A" (202 V({2 })
= Y [f@m) = fo A (@) v({zm}).

m=j+1
Then
If = A% fl2 <4l > v({zn}) =0
m=j+1

as j goes to co. Hence f is a strongly asymptotically periodic function.

Proposition 4.9. The Mdébius function is disjoint from all strongly asymp-
totically periodic functions if and only if for any given integer ¢ > 1,

= o(h?).

N

(15) lim sup — Z

N—o0 —

h
Zu n+ ql)

=1

Proof. We first prove “ = 7 part. Given integers ¢ > 1 and a > 0. Take
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a; = e(f;) such that

> u(n)eld5) lnza(mod g =

N;j<n<Nji1

> un)|.
N;j<n<Njt1
n=a(mod q)

Then the Mobius disjointness of f(n) for any f(n) defined as in Example 4.6
is equivalent to

1 m—1
lim — Z Z un)| =0
m=00 N, j=0 | N;<n<Nji1

n=a(mod q)
for any sequence {N;}52, with Ny = 0 and lim; oo (Nj11 — Nj) = oo. This is
further equivalent to (see e.g., [19, Lemma 5.2])

1 N m~+h
16 lim lim su n)| = 0.
(16) fim s 5230 ln)
n=a(mod q)
It is not hard to check that for IV large enough,
N h 1 q N m-+hq
SO IPICEX VISP IDD u(n)| + O(N)
n=111=1 a=1m=1 n=m

Note that ¢ is given and by the trivial estimate,

Z,u +ql

By equations (16) and (17), we obtain equation (15).

We then prove “ <= 7 part. Let f(n) be a strongly asymptotically periodic
function. It suffices to show that for any mean state E, (f,u)g = E(fu) = 0.
By the strongly asymptotical periodicity of f, for any € > 0, there is a positive
integer ng such that

< lun sup — Z

ey n 1

Zu n+ql)|.

limsup — N Z

N—o0 n=1

(18) If — Ao fllp < e

for any [ € N. By equation (15), there is a sufficiently large Iy such that

2

N
lim sup — n+lng)| <e.
oy 3 o
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This implies
1 &

(19) = > A < e
011

Note that for any I € N, (f,u)g = (A" f Alroy)p = (Ao f — f Ao\ p +
(f, A"y . Then

lo lo
Q0 (fome = YA - LA (S A
=1

lo =1

By the Cauchy-Schwarz inequality and equations (18), (19), (20), we conclude
that |(f, u)g| < €(||f|i + 1) for any € > 0. Letting € — 0, (f,u)p =0. O

There are many arithmetic functions that are not asymptotically periodic,
such as f(n) = e(n?#) with @ irrational. This follows from the fact [|f —
A™f||p = V2 for any m > 1 and any mean state E. Moreover, this function
is orthogonal to all asymptotically periodic functions, which is claimed in [13,
Theorem 5.9] without proof. Here we give the proof in the following theorem.

Theorem 4.10. Let f(n) = e(n?0) with 0 irrational. We have

(i) For any | #m, (A'f, A" f) g = 0 for any mean state E.

(ii) The function f is orthogonal to all asymptotically periodic functions
in [*°(N).

Proof. (i) This result is true as

N
mvﬂﬁﬂE:dm—mﬂm~m1%§:dm—ammn:0

N
oo N

(ii) Let g be an asymptotically periodic function. Assume on the contrary that
|(f,9)E| > 0 for some § > 0. By definition, there is a sequence {n;}32; such
that lim;_, ||[A™ g —g||z = 0. So when j is large enough, ||[A™ g—g|/r < §/2.
By the Cauchy-Schwarz inequality and the fact that ||f||z = 1, we have

(9. A% flel = [{g—A"g, A" fg+ (A% g, A" [l
> [(A%g, A" f)pl —[{g — A" g, A" f) gl
> §/2.

It follows from (i) that the set {A™ f : j = 1,2,...} is an orthogonal set in
Hp. By Bessel’s inequality, ||g[|% > >°32, [(g, A™ f) g|* = co. This contradicts
the fact that g € [*°(N). Hence (f, g)g = 0 for any mean state E. O



Disjointness of Mobius from asymptotically periodic functions 883

Remark 4.11. Based on the above proof, an arithmetic function is orthog-
onal to all asymptotically periodic functions if it satisfies condition (i) of
Theorem 4.10.

Theorem 4.12. Let r > 2 and pu,(n) = 1 if n is r-th power-free and zero
otherwise. For any s > 1 and mq,...,ms € N, T]7_; A™ (u,) is strongly
asymptotically periodic.

Proof. It suffices to prove that p, is strongly asymptotically periodic. Let p;
be the j-th prime, define the sequence {n;}32; by n; = pips---pj. By [30],
for any positive integer m, we have for any mean state F,

1
pr—=2

<,u7"7A )UTE— hm _ZMT Mrn+m) H(l_%)H(l—i_

p plm

).

So for any positive integer I, (i, A" u,\g > {jt,, A" j1,.) p. Moreover,

(|41 — AlnjﬂrHQE <|lpr — AanTHJQE = 2(pur, MT)E — 2(pr, AV ) B

. = M( 1 -1
_2; e H o pg 1+pr_2)
_ Y L 1
—21;[(1 pr)(l pgj( 7 2) )

tends to 0 when j goes to infinity. Then {u, — A" e }521 converges to zero
in Hp uniformly with respect to all [ € N. O

Now we prove Proposition 1.3.

Proof of Proposition 1.3. We know that f = A™ (u?)--- A™(u?) is strongly
asymptotically periodic by Theorem 4.12. Let (X, 04) be the anqie generated
by f. Then by Theorem 3.4, we describe Xy as a closed subspace 5(7« of {0, 1}¥
and represent oy as the Bernoulli shift B on the space. It follows from [35]
that ()?f, B) has positive topological entropy and then (X¢,04) has positive
entropy. Assume on the contrary that there is a dynamical system (X,T)
with the topological entropy of T' zero, such that f(n) = F(1T™x) for some
F € C(X) and zy € X. By Proposition 3.8, the topological entropy of T
is greater than or equal to that of o 4. This contradicts the assumption that
the topological entropy of T' is zero. Hence f(n) cannot be realized in any
dynamical systems with zero topological entropy. O

In the next section, we shall see that the angie of N generated by any
asymptotically periodic function is closely related to a rigid dynamical system.
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5. os-invariant measures

Suppose that (X,04) (or A) is an angie of N. It is a basic fact that a con-
tinuous map on X is always (Borel) measurable. Then o4 is a measurable
transformation. We call a (Borel) measure v on X o4-invariant if for any
Borel set F of X, v(F) = v((04)"*F). In the following, we show that for any
given invariant state on A, there is an induced o 4-invariant Borel probability
measure on X.

Theorem 5.1. Let (X,04) (or.A) be an angie of N. Suppose p is an invariant
state on A. Then there is a unique oa-invariant Borel probability measure v
on X such that for any g € A,

(21) (o) = [ gla) v

where g(x) is the image of g under the Gelfand transform (see equation (10)).

Proof. Since p is an invariant state on A and A = C'(X), p can be viewed as
a state on C'(X) satisfying p(f ooa) = p(f) for any f € C(X). By the Riesz
representation theorem, there is a unique Borel measure v on X, such that
for any f € C(X),

(22) o) = [ s v

Moreover, v is regular and it has the property that for any compact subset
K cCX,

(23) v(K) =1inf{p(h) : h € C(X),h|x = 1}.

In the following, we show that v(o;'(F)) = v(F) for any Borel set F. First
we prove that if v(F) = 0, then v(o;'(F)) = 0. In fact, by the regularity of
v, for any € > 0, there is a compact set K C o, (F) such that

(24) v(oH(F)) < v(K) +e.

Note that o4(K) C F. So v(oa(K)) = 0. By equation (23), there is an
h € C(X) such that hl,,(x) = 1 and p(h) < €. By equation (23) again,
V(K) < p(hooa) = p(h) < e. Then v(o;'(F)) < 2¢ by equation (24). Since
e can be arbitrarily small, v(o;'(F)) = 0.

Now we assume that v(F') # 0. By Lusin’s Theorem, there is a sequence
{fn}2, in C(X) and a Borel set G with v(G) = 0, such that ||f,|| < 1 and
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lim,, o0 fn(x) = xp(x) for any 2 € X \ G, where yp is the characteristic
function supported on F. Thus lim, o frn © 04(x) = xr 0 oa(z) for z €
X\ o ;'G. By the analysis in the above paragraph, v(o ;' G) = 0. By equation
(22) and the Lebesgue Dominated Convergence Theorem,

lim p(fn) = hm/fn ) dv = v(F)

n—oo n—oo

and
lim p(f000) = lim [ f0oa@) dv = (o7 (F))

n—o0

Since p(fn) = p(fn o A), we obtain v(F) = l/(O'Al(F)) as claimed.
Finally, it follows from p(1) = 1 that v(X) = 1. Thus v is a 0 4-invariant
Borel probability measure on X. O

We call the o 4-invariant (Borel) probability measure v given by equation
(21) the measure induced by p. Suppose A is a countably generated angie of
N, then by Proposition 2.1, (Af); is a compact metrizable space. Hence for
any mean state E on [*°(N), there is a sequence {Nm}m , of positive integers
such that for any g € A, F(g) = lim, 00 o S Nm 1 g(n). By Theorem 5.1,
there is a g 4-invariant probability measure v on X such that for any g € A,

Np—1
1

(25) Jim 5 2 ol = /. gtayav.

On the other hand, for any z € X define a Borel probability measure 6, on
X such that for any Borel set B in B, 0,(B) = 1 if x € B, and 0 otherwise.
For each IV > 1, define

1 N-1
(26) SN = v > Sonya-
n=0

It is easy to check that dx, is a Borel probability measure on X. Now fix
x = 1(0), i.e., the multiplicative state on A given by ¢(0) : f — f(0) for any
f € A. Then

1 Np,—1
/ g(x)don,, .0y = ~— Z / 2)dd (oo = v D 9(n
m n=0

holds for any g € A, correspondingly ¢g(z) € C'(X). By equation (25),

tim [ g@)db, 0 = [ gla)a.

m—oo | x
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We call v the (weak™®) limit of oy, ). In [9], ¢(0) is also called the quasi-
generic for v along { N, }o_;.

Remark 5.2. Let Ay be the angie generated by f and X; the maximal ideal
space of Af. By Theorem 3.4, Xy is the closure of {(f(n), f(n+1),...):n €
N} in [Ty f(N). Suppose that p is an invariant state on A ¢, and v the measure
induced by p. Naturally, v can be extended to a probability measure (denote
by ) on [y f(N), which is defined by #(F) = v(F N X}) for any Borel set F
of [Ty f(N). It is easy to see that v is B-invariant, where B is the Bernoulli
shift on [[y f(N). In the following, we still use v to denote ¥ if it makes no

ambiguity.

Next, we discuss the connection between asymptotically periodic func-
tions and rigid dynamical systems.

Theorem 5.3. Suppose that f is an asymptotically periodic function. Let
(X¢,04) (or, As) be the angie generated by f. Let E be a mean state and v
the measure induced by E on Xy. Then (Xy,v,04) is rigid.

Proof. By the definition of asymptotically periodic function, there is a se-
quence of positive integers {n;}52, with lim;_,o E(]A" f — f|*) = 0. It is not
hard to check that for any g € Ay, lim;_,o E(|A™ g — g*) = 0. Thus for any
g(z) € C(Xy), by equation (21), we have

(27) lim [ |go(oa)(x) - gla)dv = 0.
J=o0 )X

By Lusin’s Theorem, for any Borel set F' of X, there is a sequence {g, }52; of
continuous functions on Xy with ||g,|| < 1 such that lim, . gn(2) = xr(2)
for almost all . Then by Lebesgue’s Dominated Convergence Theorem, for
any € > 0, there is a gn, such that [y [xr () = gn,(z)|dv < ¢/3. By equation
(27), there is a sufficiently large K such that fo |9no0(04)™ (2) =gy (7)]?dv <
¢/3 when j > K. Thus

Ao EAF) = [ o oa) (@)~ xr@lds

IN

/Xf IXFo(04)"(x) = gn, o (04)™ (z)|dv
+ /Xf |gno ° (UA)nj (Z‘) — Gng (fL‘)|dV

+ [ Nona) — xrtedy < e
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Hence lim;_,o v((04) ™™ FAF) = 0. O

It is known that for a measure-preserving dynamical system (X,v,T)
with 7" a homeomorphism, if v has discrete spectrum, then 7" is rigid (see
e.g., [34])). In the following, we show that this rigidity satisfies conditions
(8), (9) in Theorem 1.11.

Proposition 5.4. Let X be a compact metric space and T : X — X be a
homeomorphism. Let v be a T-invariant probability measure on X . Suppose
that v has discrete spectrum. Then (X,v,T) satisfies conditions (8), (9) in
Theorem 1.11. That is, for any g(x) € L*(X,v), there are sequences {h;}32,
and {n;}32, of positive integers with

loglogh; n;

(28) Jggo log h; W =0
such that

hJ
(29) Jlgg}oj; lg o T — gll72,) = 0.

Proof. Since v has discrete spectrum, by definition there is a standard or-
thogonal basis {gs(7)}32, in L*(X,v) with g,(Tx) = e*™sg (x) for some
real number Ay, where s = 1,2,.... Let g(z) # 0 € L*(X,v), write g(z) =
o2y asgs(z). Then ||g||%2(y) =32, las|* < 0o. For j =1,2,..., choose ¢; =
190220,/ and Ny = 1 with Y%, Ja,f? < G Let £; — 2||g||i2<y>eNj/ej.
Choose n; such that [e2™™iAs — 1] < 1/t; for s = 1,...,Nj, where 1 <
j < th Let h; = t1/2 By the choice of n; and hj, as well as the estimate
W&I 20 << loglogn;, 1t is not hard to check that they satisfy condition (28).
en

h,
1 & )
FZHQOT% —gl72) = HzasgsoTl"f Zasgs )72
71 1
— _ZZ‘GS‘ |e2mlnjx\g_ ‘2
Jl 1s=1
] 00
— _ZZ|QS| |62mlng)\s 1|2+_Z Z |as| |62mln])\g_ |2
hiim = hi 15 o= N;+1
h l2 6]‘ ]||g||L2(z/) .
= hZN||g”L2(V)t2+ §f+§<]—>0 as j — oo.
7 1=1 J
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O

Proposition 5.5. Let f € [*°(Z) be a weakly almost periodic function (see
Remark 3.5 for definition). Then fi (=f restricted to N) belongs to the class
of asymptotically periodic functions described by conditions (4) and (5). That
is, for any mean state E, there are sequences {h;}32, and {n;}32, of positive
integers with

loglogh; n;

(30) Jlggo logh; @(nj) =0

such that

(31) lim — iE(\f — A" f12) = 0.
j—oo hyj

J =1

Proof. Let Ay be the C*-algebra of °°(Z) generated by 1 and {A"f : n > 0}.
We use X to denote the maximal ideal space of A; and o4 the homeomor-
phism on Xy induced by n + n +1 on Z. Let E be a mean state on {*°(N)
depending on w (see Definition 4.3), where w is in the weak* closure of the se-
quence {Np, }2°_; of positive integers in SN. Then E can be naturally treated
as a state on Ay in the way that

g~ E(g1)

for any g(n) € Ay, where g;(n) is the restriction of g(n) to N. Define the state
pN,, on Ag by pn, (9) = N—lm S Nm L g(n) for any g € Ay. So E is in the weak*
closure of {pn,, }>°_; in (A‘nf)l. Since (.Aﬂf)l is compact and metrizable, there
is a subsequence { N, }52, of positive integers satisfying for any g € Ay,

| Nmeol
(32) Bg) = Jlim 57— nZ:% g(n).

By Theorem 5.1, there is a 0 4-invariant probability measure v on Xy such
that for any g € Ay,

Npo—1
) | R -
(33) Jim - 3 )= /. gty

where g(z) is the image of g(n) under the Gelfand transform. Thanks to
[20, Proposition 5.1], v has discrete spectrum. By Proposition 5.4, there are
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sequences {n;}72; and {h;}32; of positive integers satisfying condition (30)
such that

tim LY F(m)™ ) = o)l = .

J 1=1

By equations (32) and (33),

2dv = 0.

lim —ZE |f — Al f1?) = hm —Z/Xf (o4)™z) — f(x)

i=oo hj i hi =
]

To summarize, through invariant states we establish a connection between
arithmetics and measurable dynamics. Specifically, for any given arithmetic
function f in [*°(N), it corresponds to a measure-preserving dynamical system
(X¢,v,04). So we can apply tools in ergodic theory to study the system
(X¢,v,04) and further study properties of f.

6. Proof of Theorem 1.4

Theorem 1.4 comes from a general result on the average of bounded multi-
plicative functions in short arithmetic progressions (see Proposition 6.1 be-
low). In the statement of the next result, we shall use the following distance
function of Granville and Soundararajan,

NI

Di(f(n). g(n): 2) (Z 1— Re(f(p)g(p))>

p<z p

ptk

for two multiplicative functions f(n) and g(n) with |f(n)|, |g(n)| < 1 for all
n > 1. This distance function was used in [1] to measure the pretentious-
ness between any multiplicative function f(n) and some function for which
exceptional modulus k& does exist. Throughout define

My (f;2;:T) : = inf Di(f,n— n';x)?

[t|<T

My(f;k;z;T) = inf  inf Dy(fx, n— n';z)?

x(mod k) |t|<T
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Proposition 6.1. Let X be large enough with 1 < k < (log X)'/32. Let
3 < h < X/k. Let f(n) be a multiplicative function with |f(n)| < 1 for all
n>1. Then

ko 2X a+hk
> > f)
(34) (a1 =X n=a(mod k)
k_loglogh 1 M (f;k; X;2X) +1
REX o(k .
< o( )<¢(k) log h (1ogX)1/300 exp(My(fi k; X 2X)))

The major ingredient of our proof of the above result is the estimate [28]
on averages of multiplicative functions in short intervals and the large sieve.
We defer the proof to Appendix C. Here we list some recent results on averages
of multiplicative functions in short arithmetic progressions: the method used
in [29] can give that the coefficient before loﬁ)lgo%h is k in formula (34); [23,
Theorem 3.1] gave the result that when f = u(n), then for any € > 0, the left
hand side of formula (34)< eh* X p(k), whenever 3-,, 1/p < (1—€) 3,1, 1/p;
For general multiplicative function, [24, Theorem 1.6, Corollary 1.7] gave the
result that for any € > 0, the left hand side of formula (34)< eh?X ¢ (k) when
k is hEQ—typical (i.e., there are not many prime factors of k less than h62).

The reason that we give the estimate in form of formula (34) is that our
main interest is to concern about when k is far larger than h, whether the first
term of the right hand side of formula (34) is still h2X ¢(k)op(1). According to
our result, this is true if & is as large as exp(h°™) since k/@(k) < loglog k. We
believe that the coefficient before (loglogh)/logh(= op(1)) in formula (34)
can be as small as O(1), an absolute constant independent of k. Actually,
note that

1 X |h 2 kX wo+hk 2
T ) = Y u(n)| +0(1)
n=1|l=1 a=lz=1| _n=x
n=a(mod k)
It is likely to believe that
kX a+hk 2
. 1 5
(35) lim sup = az_:l xz_:l n; p(n)| = o(h?),
T n=a(mod k)

where the little “0” term is independent of k£ > 1. This is implied by a positive
answer to the Chowla conjecture. For a general non-pretentious multiplicative
function f(n) with |f(n)| < 1 for any n € N, equation (35) in which u(n) is
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replaced by f(n) would be implied by a positive answer to Elliott’s conjecture
(see [10, Conjecture I1], [29]).

As an application of Proposition 6.1, we shall prove certain self correla-
tions of the Mobius function which is stated in Theorem 1.4. In this proof,
we need the following known result about the non-pretentious nature of
p(n)1 k=1 (see e.g., [29, Lemma C.1]).

Lemma 6.2. Let X be large enough with k < log X. Let f(n) = p(n)1 (i p=1-
Then
inf M(f;d; X;2X) > (1/3 —¢€)loglog X + O(1),

1<d<k

where € > 0 is sufficiently small.

Proof of Theorem 1.4. Given k > 1 and h > 2. For X large enough with
log X > h2k,

2X h k 2X h
2 12 nln+ KOF =2 Z |2 nln+RDF
n=X I=1 a=1 n=X =1

n=a(mod k)

k. 2X/k  h

=" > 1D plkm+kl+a) + O(h%k)

a=1m=x/k I=1
2X/k  (m+h+1)k

k
=X 2| > umP+0rk)

a=1m=X/k n=(m+1)k

n=a(mod k)
k  2X x+hk
=X 21 > umP+00k)
a:”ﬁf n=a(mod k)
1 k 2X z+hk
(36) =+ 21 > um)P+0X)
a=1zx=X

n=x
n=a(mod k)
k/d  2x  w/d+hk/d

Y Y Y wdn)P +OX)

dk  a=1 =X  n—a/d
(a,k/d)=1 n=a(mod k/d)

1 k/d  2X/d x+hk/d 9
= > Z ;\ > ) p= ()|

d n=x
n=a(mod k/d)
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k/d  2X/d wt+hk/d )
- —zd > X | X umlwa] +0),
/:1) v=X/d n= a(mod k/d)

Summarize the above, we have

2X h
(37) > Z (n+ kD)[?
n=X I=1
k/d  2X/d x+hk/d

= OUID S ol (D SRS S ] AR CTeS!
dlk .~

(a, ]i;l/id) 17 X/d n= a(mod k/d)

Then for X large enough, by Proposition 6.1 and Lemma 6.2,

2X  h
Do 1D u(n+ kD

n=X I[=1
1 k/d loglogh |
- dh*X/do(k/d
<<k,(% "X/ dp(k/ )(Sg(k/d) o/ +(logX)1/400)
1 loglogh h2X
=h*X(_ )
dF d’” logh (log X )1/400
_loglogh h2X
d il 1
< E( D g (log X)T0
kloglogh h2X
<h’X .
N o(k) logh + (log X )1/400
Hence
(38) hmsup_Z\Zh:un—Fkl)F«h? k loglogh
N—=o00 n—l I—1 QO(]C) logh 3
as claimed. .

7. Proofs of Theorems 1.5, 1.8, and Proposition 1.7

As an application of Theorem 1.4, at the beginning of this section, we prove
that the Mobius function is disjoint from certain asymptotically periodic func-
tions (i.e., Theorem 1.5).
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Proof of Theorem 1.5. Assume on the contrary, there is an f € [*°(N) with
conditions (4) and (5) such that limy_eo & Son_y p(n)f(n) # 0, then there
is a constant ¢g > 0 and a mean state E such that

(39) [(f, el = o

By conditions (4) and (5), there are correspondingly sequences {h;}52, and
{n;}52¢ of positive integers with

loglogh; n;

40 im —— =0
( ) j—o0 log hj cp(nj)
and
(41) ;g—ZMfmwmﬂ
hj =1
Let & = sziecsy- By Theorem 1.4, formulas (40) and (41), there is a ko
such that
hig
— Z [A™ f — [T < 62
ko j=1
and
1 &
o Ao}, < 57
hio 1=
For any [ € N,

(fouyp = (Ao f, Ao p) = (AT f — f, Ao 1)y 4 (f, Ao ) .

Then

hkO hko

1 1
‘<f7,UJ>E’ _ h Z<Alnk0f f Alnkou> <f _ZAlnk0M>E‘
ko =1 ko 1=1
hig hig
ZIIA””‘OJ‘ flle - II/LHE+H—ZAZ”’“°/LHE-HfIIE
o 15 ko =1
hig 1 hig
( Sl f = flE)" + 1l LS Aol | flls
ko =1 hio 1=

<O(| i +1) = cof2.



894 Fei Wei

Here we applied the Cauchy-Schwarz inequality to the first and second in-
equalities in the above, and the fact that ||u||g < [|pllie = 1 and [|f]|g <
|| f|lze=. This contradicts formula (39). Hence the claim in this theorem holds.

O

Now we prove Proposition 1.7.

Proof of Proposition 1.7. Assume on the contrary that Problem 1 does not
hold, that is, there is an asymptotically periodic function f(n) such that
limy_o0 & SN u(n)f(n) # 0. Then there is a ¢y > 0, a mean state E and
a sequence {n;}32; of positive numbers such that

(42) (s £ e > o

and

(43 i 47— [l =0

Let 0 = W By formula (6), choose a sufficiently large ly with

(44) ZA%HE <3,

0 =1
for any k > 1. By equation (43), there is an ng such that

20

Ao
4 f = flle < 57

Then by the triangle inequality,

—an Ao f| g <—ZZ||A<J Do g Aimo |

ll]l

- —Zzuf A flp < 6.

lljl

By the A-invariance of E and the Cauchy-Schwarz inequality,

1 & 1 &
%ZWW WW>+M%ZM%
=1

=1

(fime
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1 & . 1 &
< LS - A Nl S0 Al e
0=1 0=1
<61+ fllie) = co/2.
This contradicts formula (42). Hence formula (6) implies Problem 1. O

In the rest of this section, we shall prove Theorem 1.8, which states that
if SMDC holds, then p is disjoint from all asymptotically periodic functions.
Before proving it, we need some preparations. We first provide a property of
asymptotically periodic functions.

Proposition 7.1. Let f be an asymptotically periodic function and p an
invariant state on Ay. Then for the measure-preserving dynamical system
(X¢,v,04) with v the probability measure induced by p on Xy, the measure-
theoretic entropy of o4 is zero.

The above proposition follows immediately from Theorem 5.3 and [34,
Example 5.3.3]. The basic connection between topological entropy (denoted
by h(T)) and measure-theoretic entropy (denoted by h,(T")) is the variational
principle (see, e.g., [38, Theorem 8.6]). It states that for any topological dy-
namical system (X, T), h(T') = sup{h,(T) : v is a T-invariant Borel proba-
bility measure on X }. By this principle, it is easy to see that if A(T") = 0,
then h,(T') = 0 for any T-invariant probability measure v.

Here is an interesting example about topological entropy and measure-
theoretic entropy. By Theorem 4.12, 442 is an asymptotically periodic function.
So by Proposition 7.1, for any measure induced by a mean state p on Xz,
the measure-theoretic entropy of o4 is zero. While Peckner proved in [32]
that there is a 04-invariant measure on X2 such that the measure-theoretic
entropy of o4 is equal to % log 2, which equals the topological entropy of o 4.
So the measure-theoretic entropy varies with respect to different measures.

The following lemma is a consequence of Proposition 7.1 and [9, Lemmas
4.28, 4.29], which are used to prove the equivalence between SMDC and the
Moébius disjointness of completely deterministic sequences.

Lemma 7.2. Let f be an asymptotically periodic function and Ay be the
angie generated by f. Suppose { Ny, }2°_1 is a strictly increasing sequence of
positive integers such that Ny,|Ny,+1. Further suppose the sequence { Ny, }2°_4
satisfies the condition that there is an A-invariant state p on Ay, such that
for any h € Af, p(h) = limy,_00 Nim SN h(n). Then for any € > 0, there
is an arithmetic function g with finite range, and a subsequence { Ny},
such that
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(i) for (X4,04) the angie generated by g, the topological entropy of o4 is
zero.

(i6) i S | £ () — g(n)] < .

Based on such connections between asymptotically periodic functions and
arithmetic functions with associated anqies having zero entropy, we are ready
to prove Theorem 1.8.

Proof of Theorem 1.8. Assume on the contrary that there is some asymptoti-
cally periodic function f such that limy_ & SN p(n) f(n) # 0, then there
is a constant ¢ > 0 and an increasing sequence { N, }>°_; of positive integers
with Ny, |Npp41 such that

(45)

For each N,,, define a state pn,, on Ay by pn,, (h) = Ning;”l h(n) for
any h € Ay. It follows from Proposition 2.1 that there is a subsequence
{PN,.) 1721 and a state p on Ay, such that p(h) = lim; N o Yo m”) h(n)
for any h € Ay. Then p is A-invariant. By Lemma 7.2, there is a g(n ) with

the topological entropy of (Xgy,04) zero, and a subsequence of { N},
(denoted by {N,,)}i2, again), such that

Ny

)]
> 1fn) n)| < 5

m(l) n=1

(46)

Applying Sarnak’s Mobius Disjointness Conjecture to (Xg, 04),

m(l) 1 Nm(l>

(47) lim Z p(n 1(0))) = lim

l—00 Nm(l) el l—00 Nm(l) e

where g(x) is the image of g(n) in C'(X,) under the Gelfand transform (see
equation (10)). By equations (46) and (47), we obtain a result which con-
tradicts formula (45). Then p is disjoint from all asymptotically periodic
functions. O

8. Disjointness of Mobius from rigid dynamical systems

In this section, we shall prove Theorem 1.11, Corollary 8.2 and Proposition
1.9.
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Proof of Theorem 1.11. Assume on the contrary, there is an f € C(X) such
that
Jm S Z p)f (T"0) 0,

then there is a constant ¢y > 0 and an increasing sequence {N,,}2>_; of
positive integers such that

(48) > 2c¢.

Since X is a compact metric space, C'(X) is countably generated as an abelian
C*-algebra. By Proposition 2.1, there is a subsequence of {N,,}5°_; (denoted
by {Nm}5_4 again for convenience) and a T-invariant measure v on X, such
that vy, = N ZN’" ! drng, weak™ converges to v as m — oo, i.e., for any

fed(X),

Np—1
nlbi_l)lloo/)(f(ib)dVNm :n%i_rpooNLm nzz% F(T"z) :/Xf(m)du

By formula (48) and the condition stated in this theorem, there is a g € C'(X)
and sequences {h;}52; and {n;}32; of positive integers with

. loglogh; Ny
lim ——— =0,
j—o0 logh cp(n])
such that
hi—1
(49) lim —— Z lg o T — gl|72(,) = 0,
]—)oo j =0
and
1|
(50) N > u(n)g(T"xo)| > co.
n=1

Choose a free ultrafilter w in the closure of { N, : m = 1,2,3,...} in SN. Then
the mean state F on [*°(N) defined by E(h) = limy,, ., Nim S No L h(n) for
any h € [*°(N) is A-invariant. Recall the GNS construction in Section 4, we
use {, )gp and || - ||z to denote the inner product and norm induced by E on
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H g, respectively (see equations (13) and (14)). Let g(n) = g(T™x). Then by
equation (50), we have

(51) (9, 1) E| = co.
For any [ = 1,2, ..., note that

Np—1

v 1
lgo T = gl = Jim <= 3 oI a) — g(T"an) P
n=0
So by equation (49),
=
(52) lim — Z 14" g — g|[% = 0.

By an argument similar to the proof in Theorem 1.5, we have |(g, 1) 5| < co/2.
This contradicts formula (51). Hence we obtain

(53) lim — ZM f(T™xg) = 0.

N—oo N

This completes the proof of the first part of this theorem.
In the rest, we show the second part of the claim in this theorem, which
states the above disjointness holds over short intervals in average, that is

lim lim sup J\}h Z ’ Z,u(n + l)f(T”H:ro)‘ = 0.

h=00 N—oo n=1 =1

It is not hard to check that the above is equivalent to for any increasing
sequence {N;}22, of natural numbers with Ny = 0 and lim; o (Nj41 — Nj) =
007

. 1 m—1
Jn eSS | <o
M j=0 | N;j<n<N,i1

(see e.g., [19, Lemma 5.2]). Take {0;}3%, such that

> uln)f(T zo)e(9;) =

N;j<n<Nji1

Y. uln)f(T"a)|.

N;j<n<Nji1
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Define s(n) = e(f;) when N; < n < Njy1, j = 0,1,.... According to the
above analysis, it suffices to prove that

(54) lim — Z p(n )s(n) = 0.

N—oo N

Then s(n) is an e-periodic function with e-period 1. Namely, for any mean
state ' and [ € N,

E(ls(n + 1) - s(n)?) = 0.

Let (Xs,04) be the anqgie generated by s(n) and s(z) be the image of s(n)
in C(X;) under the Gelfand transform. Let G be the algebra generated by
{1,550 (64)"(z) : n = 0,1,...}. Then G is dense in C(X;). By Theorem
5.3, for any mean sate F, it induces a measure s in the weak* closure of
{% Zg;ol S(oaymu0) : N =1,2,...} in the space of Borel probability measures
on X, satisfying

E(IS(n+l)—S(n)l2):/ 50 (04)!(2) — 5(2)|*dr = 0

s

for any | € N. By the above equation and the triangle inequality, it is not hard
to check that conditions (8) and (9) in Theorem 1.11 hold for (X x X,, T x
oa, (z0,(0)) with F x G a dense set in C(X x X). By a similar argument
to prove (53), we have

A}gnoo N Z p(n) f(T"x0)s((o04)"e(0)) = 0.

Note that 5((0.4)"t(0)) = s(n). We obtain equation (54). Now we complete
the proof of this theorem. O

Remark 8.1. Both BPV rigidity and PR rigidity in Theorem 1.10 are in-
cluded in conditions (8), (9) in Theorem 1.11. Firstly, %Tfj) = Il ;57 =
[Ty, (1 — %)71 < exp(X ), p) = O(1) by the BPV rigidity, so (8) holds
for any sequence {h;}32; with lim; ,. h; = co. By BPV rigidity, there is a
subsequence of {n;}52; (denoted by {n;}32; again for convenience) such that
lgoT™ — gllr2@) < 2% Choose h; = j. Then by the triangle inequality and
T-invariance of v, ||g o T™ — g|| 12y < l[lg o T™ — g|r2()- So

1hJ 2

h—Z||goTl”J—g||Lz(V)_4 — 0, as j — oo,
7 =1
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as claimed in formula (9). Secondly, we explain that PR rigidity is a Special

case of (8) and (9). Let h; = nf. Then lim;_, 1Ofgolgo;ngj Jéj) = ( since ( 5 <

loglogn;.

Next, we give an example that satisfies conditions (8), (9), but not BPV
rigidity and PR rigidity. Let n = (?(0), u?(1),...) and B the Bernoulli shift
on {0,1}N. Let X, be the closure of {B"y:n =0,1,...} in {0,1}. We call
(X, B) the square-free flow. The study of dynamical properties of the square-
free flow have received much attention (see, e.g., [5, 32, 35]). In [35], Sarnak
proved that (X, B) is proximal (i.e., for any z,y € X, inf,>1 d(T”x Thy) =
0) and it is topologically ergodic havmg topological entropy —s 6 log2. As a
result of Theorem 1.11, we obtain the following Mobius dlSJOlDtHeSS for the
square-free flow?.

Corollary 8.2. Let (X,), B) be the square-free flow. Then for any f € C(X,),

lim —Z,u =0.

N—oo N

Proof. For i = 0,1,..., let m; : X, — {0,1} be the projection map from
X, onto its i-th coordinate. Let F be the *-subalgebra of C(X,) generated
by {mo,71,...}. By the Stone-Weierstrass theorem (see, e.g., [22, Theorem
3.4.14]), F is dense in C'(X,)). By [35], there is a B-invariant measure v such
that < SN 6y weak* converges to v as N — oo. Let p; be the [-th prime
and n; = pips- .- p?. By an argument similar to the proof in Theorem 4.12,
fort=0,1,...,

lmi 0 B™ — mil[32,) = lim — Z (B ") — i (B )

N—>oo
_ 1NZI| +in; +n) — 120 + )
= Jim pr(i+In;+n) —p(i +n
N—-1
T 2 R YARND
= Jim 5 3 ny ) = o)
12 1
<=@1-JJ¢ ).
2 2 _
™ p>pj p 2

2There are some other methods to prove Corollary 8.2. Our primary interest
here is to provide an example that distinguish Theorem 1.11 we obtained from [23,
Theorem 2.1] (presented in Theorem 1.10 in this paper).



Disjointness of Mobius from asymptotically periodic functions 901

Then, for any increasing sequence {h;}32; of positive integers,

h;j—1 h;j—1

]11)12101] % |70 B! Jf7r1||L2(V) < hm hlj % jrz(lpgj(lerQ 1_ 2)—1) =0.
It is not hard to check that for any g € F,
hij—1
Jim g 123 lg o B = gl|72(,) = 0.
Hence by Theorem 1.11, we obtain the claim in this corollary. O

Remark 8.3. In the following, we explain that for any 7;, ¢ = 0,1, ..., in the
above dense set F of C'(X), there is no sequence {n;}32, satisfying BPV and
PR rigidity in Theorem 1.10.

On one hand, by the argument in Corollary 8.2,

12 1
A 2 -1
IIWioB"J—Wz’HLz(V)—p(l_ 11« p2_2) )

p*n;

If lim;_,o || © B™ — 7TiH2L2(u) = 0, it is not hard to check that there is a
subsequence {n;, }001 with p? - - - p?|n;,, where ps is the s-th prime. Then
PO, 11) > s+ o, — 00 as s — oo by Mertens” Theorem (see e.g., [21]). So
{n;}52; does not satisfy BPR rigidity in Theorem 1.10.

On the other hand, for a given § > 0 and (n])g <1< hy = ng with
J sufficiently large, note that the number of distinct prime factors of In; is

Os(logn;), we have

s 0 B™ — 7|72,

71T2(1— I1 (1+p21_2)_1)
p2{in;
12 1
Zp(l_];[(l _2 2<h 21_11 (1+p2—2)>
p2>h§'
12 1 ogn]

Hence, lim_,o Egzl s 0 B — wi]\%Q(y) # 0. So the sequence {n;}52; does
not satisfy PR rigidity in Theorem 1.10.
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Remark 8.4. For the square-free flow (X, B), let v be the B-invariant mea-
sure such that 7 is generic for v. Then v has discrete spectrum by [5]. From
Corollary 8.2 and Remark 8.3, we know that (X, B,v) satisfies conditions
(8), (9) in Theorem 1.11, but not BPV rigidity and PR rigidity in Theorem
1.10.

By a similar argument to the proof of Corollary 8.2, the conclusion also
holds for  replaced by (ITy fir (my), [Ty pir (m+1), -, TIEy pin(myn), -+,
where r > 2, w > 1 and my,...,my, € N are given, p,.(n) = 1 if n is r-th
power-free and zero otherwise.

At the end, let us prove Proposition 1.9.

Proof of Proposition 1.9. We first show that Problem 1 implies Problem 2.
Let f € C(X). Then for any v in the weak* closure of {& S0 Orug, :
N =0,1,2,...} in the space of Borel probability measures on X, there is a
sequence {n;}?2; (may depend on v) of positive integers satisfying

(55) Jim 1f 0T — fll72q, = 0.

Let g(n) = f(T™xo). In the following, we want to show that g(n) is an asymp-
totically periodic function. Let A, be the angie generated by g(n) and E be a
mean state. Then there is a sequence {N,, }2°_; of positive integers such that
for any h € Ay, E(h) = limy,—,00 N%n SNt h(n). By Theorem 5.1, there is
a probability measure v; on Xy, such that

1 Np—1

(56) E(h) :ﬁ}@wN—m ;::O h(n) —/Xf h(z)dv (),

where h(z) is the image of h(n) under the Gelfand transform in C'(Xy). This
implies that Nim Zg;"o_l Orn, weak* converges to 14 in the space of Borel
probability measures on X ;. Choose a v in the weak™® closure of the sequence
{Nim SNt Sy 12O, in the space of Borel probability measures on X. When

restricted to Xy, v is identified as vy by Proposition 3.8. Then by equation
(55), there is a sequence {n;}?2; of positive integers such that

lim /X If o T (2) — f(x)|?dv(z) = 0.

j—00

Note that the image of A" ¢g(n) under the Gelfand transform is f o 7™ (z) in
C(Xy). Then by equation (56),

lim E(|A"g — g[*) = 0.
Jj—o0
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So g is an asymptotically periodic function. Assume that Problem 1 holds,
then

J&E%ONZ“ :Nli&ﬁzﬂ =0

In the remaining part, we prove that Problem 2 implies the disjoint-
ness of p from all asymptotically periodic function. Suppose that h(n) is an
asymptotically periodic function, i.e., for any mean state E, there is a se-
quence {n;}52; of positive integers such that lim; o [|h — A" h| g = 0. Let
(Xn,04) (or Ap) be the angie generated by h. Let zy = ¢(0) (corresponding
to (h(0),R(1),...))€ Xj. Suppose that NLMZNM ! (o a)na, Weak™ converges
to a Borel probability measure v as m — oo. Choose a free ultrafilter w in
the weak™ closure of {N,, : m =1,2,3,...} in SN. Then applying Theorems
5.1 to the mean state E depending on w, we obtain for any f(n) € Ay,

Np—1

B = Jim, 5= 3 Fo = [ flayav),

m p=0

where f(z) is the image of f(n) under the Gelfand transform (see equation
(10)). Then for any f(z) € C(Xp), limj o0 || f 0 (64)" () — f(2)| 120) = 0.
So (Xp, 04, x0) satisfies the condition in Problem 2. Hence

i 5y S MR = i 3 .
Appendix A. Mean and large values theorems

In this section, we list some lemmas that are used in the proof of Lemma
C.1. They are hybrid versions of the corresponding results in [28]. We refers
readers to [24, Section 3] or [31, Theorems 6.4; 8.3] for detailed proofs about
Lemmas A.1, A.2, and A .4.

Lemma A.1. Let T, N,k > 1 and {a, }22 be a sequence of complex numbers.
Then

S [ axn i < (o + ANy 3 P

x(mod k) n<N n<N
(n,k)=1
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Lemma A.2. Let T,N,k > 1 and {a,} be any complex numbers. Let &
be a subset of {x(mod k)} x [=T,T| satisfying that |t — u| > 1 whenever
(x,t), (x,u) € & with t # u. Then

S 1Y anxntP < (p(k)T + @N) log(3k) D lan|*

(x,t)e€ n<N n<N
(n,k)=1

Applying the above lemma with an argument similar to the proof of [28,
Lemma 8], we have the following.

Lemma A.3. Let PT >2, k>1and V > 0. Write

PX(S)Z Z apX(p)

S
p<p<ep P

with |ap| <1 forp <2P. Let R(T,V) be a subset of {(x.t) € {x(mod k)} x
[—=T,T] : Py(1+1it) > V~} satisfying |t — u| > 1 whenever (x,t), (x,u) €
R(T,V) with t # w. Then

HAR(T, V) < (KI5 V2 exp (21(1(%(”)

- log log(KT)).

The following is a hybrid version of “Halasz inequality for integers” stated
in [28, Lemma 9].

Lemma A.4. With the same assumptions as Lemma A.2. We have

. k 1
ST anx(n)n”? < (#N—I— |E|(KT)= log(2kT)) > anl*.
(x;t)€€ n<N (n%)N
n,k)=1

When a,, is supported on the set of primes, we have the following hybrid
version of “Haldsz inequality for primes” stated in [28, Lemma 11].

Lemma A.5. Let P,T > 2 and k < (logP)%fe. Let £ be a subset of
{x(mod k)} x [=T,T] satisfying that [t — u| > 1 whenever (x,t),(x,u) € €
with t # u. Then

ool Y apx(ep™f
(x,t)eE P<p<2P
log P Y
2 )
(log(P +1T))5+¢ P<p<2P log P

< (@(k)P + |E|P exp(—
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where € is a sufficiently small positive number.

Proof. By the duality principle applied to (x(p)p™) p<p<2 P,(x,t)e€, it is enough
to prove that for any complex numbers 7, ;,

> dogpl > mex(@)p”|”

P<p<2P (x,t)e€
<(1E1P exp(-———BL )(1og(P+ 1)) +o(0)P) 3 Il
Z. . Xt
(log(P + 1)) 7+ W

Let f(z) be a smooth compactly supported function on [1/2,5/2] such that
f(x)=1for 1 <z <2and f decays to zero outside of the interval [1,2]. Let
[ denote the Mellin transform of f. Then f(x+iy) <4 (1+|y|~2) uniformly
in |z] < A. Then

S logp] Y x| <Zlogp! S mex(@)p P f( f

P<p<2P (x,t)eE (x.t)ee
!

il(t— p
<D I D_(og ™ T xo () £ ()]
(th)v(thl)Eg pl

]

il(t— _ p
2 Il 2o0ogp)p ™ T @)X F(H)]
(Xat)a(letl)eg pl

X17X

When x is not a principal character modulo k&, Perron’s formula with the
zero-free region for L(s, x) gives for |o| < T,

)(log(P 4 T))*.

, log P
3" px(p) < Pexp(— Ea.
P<p<2P (log(P +T))3

a+b

Combining with ab < , we have

l

S sl Y logp)p" NG xE (P f (%)\

(6t)»(x1,t1)€E P
X17X
2 2 log P s
<X (nal+ aal)Pe(- ) (og(P+ T)
(6t),(x1,t1) €€ (log(P +1T))3
X17#X
log P 5 )
< |E]P exp(— Y1og(P+T))° 3 |nel

(log(P +T))5" (xh)EE
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It follows from a similar argument to the proof of Lemma 11 in [28] that

Z Mt ot |

l
> (log p)p™ = xo (p!) f (g)‘

(ot), (ot €€ o P
[
il(t—t1) P
<Y (el + I ) (| Y og )™ £ (5)]| + log Plog k)
(th)v(X:tl)Eg pt

log P
< (k)P + |E|P exp(——2——)(log T)? + |€|log klog P) 3_ [nyul®
(logT)5+¢ (xt) €

O

The proofs of the next two lemmas are almost the same as the proofs
of Lemmas 12, 13 in [28] with the following small differences: instead of the
standard mean value theorem for Dirichlet polynomials, we apply Lemma
A.1; one obtains the extra factor ¢(k)/k due to the coefficients are supported
on the integers (n, k) = 1.

Lemma A.6. Let X, H > 1 and Q > P > 2. Suppose that app = bpycp,

pim, P <p <Q, where the sequences {am, }m, {bm }m, {cp}p are bounded. Let
k> 1 and M be a collection of Dirichlet characters modulo k. Let

Quales)= Y cpX(p)

and

B bmx(m) 1
Rym(x,s) = Z ms  #{P<q<Q:qm,qisaprime} +1

X67%S2X67%
Let T, C[-T.T], and T ={j e N: [Hlog P| < j < HlogQ}. Then

> [ » e

yem ' Tx x<m<ox

< Hlog(%) x Y Z/T Q. (x, L+ it) Ry (x, 1 +it)dt

XEM jJET
p(k) p(k)T + (p(k)/k)X (1 1
T X (7+5)
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POT+ (WMWY g~ anl

+ X m

X<m<2X
(mk[[pe,<or)=1

Lemma A.7. Let k,T > 1, Y, > Y > 2 and | = [{232]. Let {am}m and

{cp}p be bounded sequences. Suppose that X is sufficiently large. Let

Q(X»S) _ Z CPX(p)

S
vi<p<ay; P

and
Rogs)= Y et
X/Yosm<2X/Ys
Then
T . . k T k
[ 101ty Boo P < B o) Lo+ A2
x(mod k)~

The following Parseval bound follows exactly in the same way as [28,
Lemma 14] with no need to consider the difference of two averages as the
integral function.

Lemma A.8. Suppose that {a,}5°_; be a bounded sequence. Assume that
X>2and1 < h<X. Write

2X 1
(57) v / an2dz

z<n<z+h

14+iX/h X/h 14-2iT
A(s)|? — A(s)|?|ds|.
< [ A Plas| + s SEE [ A(s) Plds

Appendix B. Lemmas on multiplicative functions

In this section, we give some lemmas on the pointwise bounds of Dirichlet
polynomials with coefficients supported on integers coprime to a fixed number.
We start from the following lemma which has almost identical proof to that
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of [1, Corollary 2.2] with the small modification: one applies the refinement
of the Haldsz-Montgometry-Tenenbaum result ([16, Corollary 1]), rather than
the Haldsz inequality. This leads to that the bound O(%) is improved by

O(h).
Lemma B.1. Letx >3, 1<k <zand1 <T < (logx)%. Let f(n) be a
multiplicative function with |f(n)| <1 for all n € N. Then

Ly ) < P (1) 4 1 exp(- M T) + ).
" e

While for large T" in the above lemma, it follows directly from [24, Lemma
2.2] that

Lemma B.2. Let x > 3, 1 < k < z and (10gm)i < T < x. Let f(n) be a
multiplicative function with |f(n)] <1 for alln € N. Then

Z f ( )<(Mk(f x; T)+1)exp( Mk(fm%T))—F(logx)—s—i),

(nk) 1

Combining with Lemmas B.1 and B.2, we have the following Halasz-type
inequality for the mean values of multiplicative functions.

Lemma B.3. Let x > 3 and 1 < k,T < z. Let f(n) be a multiplicative
function with |f(n)| <1 for alln € N. Then

LY ) < A () 1) exp( M3 7)) (08 ) ).

(n k)=1

The following lemma follows immediately from Lemma B.3 and partial
summation.

Lemma B.4. Let x > 3 and 1 < k, Ty < x. Suppose that x is a Dirichlet
character modulo k. Let f(n) be a multiplicative function with |f(n)| < 1,

and let
f(n
S f(n)x(n)

r<n<2z

Let

(58) L(fx;z;To) = inf Dy(fx,n — n'Fio;z)2
[to]<To
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Then
|F(x, 0 +it)]
<<x10$<([/(fx; x;To) + 1) exp(—L(fx; x; To)) + Tio + (log x)ft%)

Actually, in the proof of Theorem C.1, we also need to apply the Halasz-
type inequality to a Dirichlet polynomial of the form F, g(x,s) in Lemma
A.6 with the coefficients not quite multiplicative. Using Lemma B.4, a similar
argument to the proof of Lemma 3 in [28] gives the following result.

Proposition B.5. Let X > Q > P > 2. Let 1 < k, Ty < X and x be
a Dirichlet character modulo k. Let f(n) be a multiplicative function with
[f(n)| <1 and

RPN (070 1

xnZax ™ #{P<q<Q:qlm,qisaprime}+1

Suppose that §(n) is the characteristic function supported on the set of all
integers between 1 and 2X which is coprime to [[p<,<qp- Then for anyt,

[R(x, 1+ it)]

IOgQ@«L(éfX;X; To) + D exp(—=L(0fx; X;To)) + 7{0 + (log x)_é)

logP k
log X log X
0g
3log @ log )

where L(0fx; X;To) is defined as equation (58).

+ (log X) exp(— );

Appendix C. Proof of Proposition 6.1

In this section we shall first prove Proposition 6.1, which states that the
average of a 1-bounded multiplicative function is small for almost all short
arithmetic progressions when it it not x(p)p pretentious. The proof of this
result can be reduced to proving the following lemma.

Lemma C.1. Let X be large enough such that 1 < k < (log X)/32. Suppose
that 2 < h < X/k. Let f(n) be a multiplicative function with |f(n)] <1 for
alln > 1, and let

Py 3 Jxn

s
X<n<2X n
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Then, for any T > 1,

> / F(x,1+it)|%dt

x(mod k)
k
P

(k)T (k) k loglogh 1
(X/h T )(w(k) log h +(10gX)1/300)

N @Zf) (Me(f: ks X3 2X) 4 1) exp(— M f: b X;2X)).

Some results used below are given in Appendices A and B. We first show
that the above lemma implies Proposition 6.1.

Proof of Proposition 6.1 (Assume that Lemma C.1 holds). By the Parseval
bound stated in formula (57) and Lemma C.1,

Z /2X x+hk ‘2
)x(n)| dz
k2h2X mod &)
1+4
< X /+kh 3 f(i‘ |ds|
x(mod k)’ X<m<4X
X/kh /1+2iT F(m)

+ max = |ds|

>3 T x(% k) 7 1T ‘X<;4X ‘

©*(k) ; k loglogh 1 (k) My(f;k; X;2X) +1

< (G togh + Gor ) T B eV (e K30
Hence
Eo2x z+hk
> X X s |
(a?;lzl e=X n:a(mod k)

1 x+hk 1 2X
DBIIDJE TS SN =P oD
(aak)llx X x(mod k) =X x1,x2(mod k)

k x+hk z+hk
(3 wone) (£ 500 (E 70v0n)
(aai):l
1 2X z+hk
— f(n
QD(k z;( (mod k)’ nzf:f ‘
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1 2X xz+hk
_ f(n)x(n)| dx
oW 2 b |2 )
k loglogh 1 My (f;k; X52X) +1
h X o(k ' -
< o( )(90(/'6) log h + (log X )1/300 eXp(Mk(f;k‘;X;ZX)))

Now we start to prove Lemma C.1.

Proof of Lemma C.1. Since the hybrid mean value theorem (see Lemma A.1)
gives the bound O(@(# + @)), we can assume that T < X. Let x1 be
the character modulo k minimizing the distance infj;<ox Di(fx, n nit; X).
Let t; be the real number minimizing Di(fx1,n — n; X). Then for any
x(mod k) and [t| < 2X, Di(fx,n — n'; X) > Dp(fx1,n — n'; X). Next
we claim that for y # x; and any ¢ with |¢| < 22X

€)v/loglog X + O(1

(59) 2Dk (fx,n — n; X) > ( \/_

and for y = x1 and |t — t1] > 1,

(60) 2Dk (fx1,n = ' X) >

1
(—= —¢)V/Ioglog X + O(1)

V3
where € > 0 is sufficiently small. In fact, suppose first that f is unimodular,
ie, [f(n)| =1 for all n > 1. By the triangle inequality of Dy (see, e.g., [17,
Lemma 3.1]),

2D (fx, n = 0 X) > Dp(fx,n = 0™ X) + Dp(fxa,n — n'; X)
= Di(fsn = x(n)n™" X) + Di(f,n = xa(n)n'™; X)
> Di(ff,n = Xax(n)n' =" X)
=Di(1,n — x1x(n) Z(tl*t);X).

If f is not unimodular, by means of the method used in [24, Lemma 2.2], we
can model f by a stochastic multiplicative function f such that {f(n)}, being
a sequence of unimodular random variables defined on certain probability
space, and for each prime p the expectation Ef(p) = f(p). By linearity of the
expectation, we thus have

Di(fx,n+— nit; X)2 = Z 1~ Re(p"x(P)EE(p)) = E(Dk(fx,n — n“;X)Q).

p<z p

ptk
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Since f is unimodular, 2D (fx, n +— n'; X) > Dy(1,n — Yox(n)n'@=9; X).
Hence formulas (59) and (60) hold.
Write [0, 7] = £1 U Lo, where

5

L1={0<t<T:|t—t1] < (log X)s},

Lo={0<t<T:|t—ti] > (logX)w}.

We now first estimate Y 00 1) [z, [F (X, 1 + it)|*dt. By means of similar
ideas in the proof of [28, Proposition 1], we first split the integral over Lo
into several parts according to the typical factorization when n is restricted
to a dense subset S C [X,2X]. Recall that S in [28] is defined to be the set
of all integers X < n < 2X having at least one prime factor in each interval
[P;,Q;] for j < J, where J is chosen to be the largest index j such that
Q; < exp((log X )%) The choice of P;j, Q); needs to satisfy some requirements
as in [28]. Now we set the same parameters a; := + —n(1 + %), n = 1/150,

H; = j2P "/(10g Q1)3, Z; == [veN: |HjlogP;] <v < HjlogQ,] as in
[28]. Define for v € 7,

) f(m)x(m) 1

R, m. 1414t) .=
o1, (X 1+ it) ms ${P; <p<Qj:pm}+1

Xe V' Hj<m<aXe "/ Hj

and

Qu,H, (X, 8) = Z M

qS
P;<q<Q;
o1y S fw D/ H;

Let 7; denote the set of all (x,t) € {x(mod k)} x Lo with j the smallest
index such that for all v € Z;, |Quu,(x, 1 +it)] < e~¥/Hi. Let U be the
complement of union of 7;. We may also write that for some sets 7; ., Uy, C Lo,

7} = Ux(mod k‘){X} X 7;7)( and u = Ux(mod k){X} X Z/[X. Then

(61) 3 /\Fx,1+zt|dt Z 3 / F(x, 1+ it)[2dt

x(mod k) J=1 x(mod k)

+ > / F(x,1+it)|%dt.

x(mod k)
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By the the fundamental lemma of the sieve,

log P, log P
Z 1< X‘P(k) 0g 17 (1- _)71 < (k) log k .
X<m<2X k log Q] P;<p<Q; p k log Qj @(k)
(m,k HPJ'SPSQJ' p)=1 plk
Using Lemma A.6 with H = Hj;, P;,Q = Qj and a,, = by, = f(m)x(m),

¢p = f(p)x(p) and the above 1nequahty, we obtain

\F(X, 1+ it)|2dt
x(mod k)

< H, log QJ 5> Z/ Q01+ i) Rpr (x, 1 + it) Pt

7 x(mod k) veT;

+s0(k)<p(k) + (p(k)/k)X (_ 1 Llong)
k X Hj P p(k)logQ;/"

Here the second term contributes totally to the right-hand side of formula
(61),

o(k) o(R)T + (p(k) /)X 1 1k logP
S SR LA e

so(k)/k)X<<logQ1)% L logpl)
P ISP (k) log Qs

so(k)so(/~f)T+(so(/f)/k)X((long)%+ k logP1>

2 X pi (k) log Q1)

p(k) p(k)T + (
k X

62) <

<

1
In the above, we use the relation that H; = j2P7 " /(log Ql)% and log P; >
852 /nlog Qj-1 + 16%/nlog j.
Now for 1 < j < J, we focus on bounding

E; = HjlogQ; Y. Z/ |Qu,ar, (X, 1+ it) Ry, (x, 1+ it)[*dt.

x(mod k) veL;

Estimate of E;. We repeat the argument in [28, Section 8.1] with the dif-
ference that the standard mean-value theorem is replaced by the “hybrid



914 Fei Wei

mean-value theorem” (Lemma A.1),

(k)T | (k)
(63) E <<(X/Q1+ ) pi &

Estimate of £; for 2 < j < J. Let 7/, = {t € T,,|Qrm,_,(x;1 +

_T'Ut]'_l
it)| > e it} forr € Zjq. Then Tjy = Uer,_, Tjy I T = 0, we set

Jx
Jre 1Qrm,_, (x, 1+ it)]2dt = 0. Then
IX
_o%5Y )
E; < Hjlog Qj Z Z Z e Hi / ‘Rvij (x, 1+ Zt)’th.
veL; reZj 1 x(mod k) Ti'x
By an argument similar to [28, Section 8.2] and Lemmas A.1, A.7, we obtain

(k) k)T k), 1

64 B, .
(64) i< 5y K 2P

Estimate of Y (.00 ) Jiy [F(x. 1+ it)|%dt. Let P = exp((log X)%1),Q =
exp(—28X ) H = (log X)si. Set T = [|Hlog P|, Hlog Q. For v € I, write

log log X

Qur(x,s) = 3 f()x(p) 7

pS
P<p<Q
ev/H SPSE(U+1)/H

and

Ros(x,s) 5 f(n)x(n) 1

Xe v/H<n<2Xe v/H ne t{p € [P, Q] : pln} + i

Note that k < log X and then (k,[[p<,<qp) = 1. Applying Lemma A.6 with
A = by, = f(m)x(m), ¢, = f(p)x(p), we have that for some vy € Z,

m)Xx
> [y e

x(mod k) "7 X<m<2X

@ ¥ /|QvoH(X71+lt)Rv0H(X,1+Zt)\2dt

x(mod k)

(k) p(B)T + (p(k)/R)X (1 1N (k)T + (p(k)/k)X log P (k)
R X (E+F)+ X logQ k

< H?*log?(
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Recall that W C [0, T is called a set of well-spaced points if for any ¢1,ts € W,
we have |t; — ta| > 1. There is a well-spaced set £, C U, such that

/u |Quo, 11 (X: 14it) Ry 11 (X, 14it) Pdt < Y |Qug,rr (X, 14it) Ry 11 (X, 14+it) .

X teLy

Let
U = U {x} x L.

x(mod k)
Since log Py—1 > % loglog Qi1 > %log log X, P; > (log X)% By definition
of U', for each (x,t) € U, there is a v € Ty such that |Qu m,(x,1 + it)| >
e~7v/Hs By Lemma A.3,

U | < |Zy|(kT)? D (kT)1 X0 & T31x°0),
We now also consider separately the cases
Us == {(x,t) €U : |Quo,u(x, 1+ it)| < (log X) 1%},

Uy, = {(x,t) €U’ |Quur(x, 1+ it)| > (log X) ™'}

For Us, applying Lemma A 4,

Z |Quo. i1 (X, 1+ it) Ry 1 (x, 1 + it)|*dt

(X)t)eus
1 o
K Y |Ruu(x, 1+ it)]
<10g X) (th)eus
<<;(Xe_”/H + [Us|(KT)?)(log 2kT) < =
(log X )20 o 8 Xe—v/H ™ (log X )19

Now it remains to estimate

> 1Quor (X, 1+ it) Ry i (x, 1+ it) .
(th)euL

By Lemma A.3, we obtain |y | < exp((log X)/64+°()) We now give a point-
wise bound to Ry, m(x,1+it) for (x,t) € U as follows.
(k)

. 1 log @
5 R, 1+t 2 (log X))~ to) 5%
(6 ) (XI,II})%}IE{L | O,H(X7 + 1 )| << k ( Og ) IOgP
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We mainly use Proposition B.5 to prove the above inequality. Suppose 6(n) =
1("7Hpgng p=1(n). Then

Di(foxon o nts X)? = 3 L7 R@T 0@ ()

p<z p

ptk
66 , Q1
(66) >Di(fx.n—n' X)2 =" =

p=p P
>De(fx,n— n'; X)? — 6i4 loglog X.
By bounds (59) and (60), for x # x1 and any ¢t with [¢| < 2X,
(67) Dy (fox,n + n'; X)? > (1/16) log log X
and for x = x7 and |t — t1| > 1,
(68) Dy (fox1,n — n'; X)* > (1/16) loglog X.

Hence applying the above bounds and Proposition B.5 with Ty = %(log X )%,
we conclude

(p(k) —Lo(1) IOgQ
69 R, J 1+t log X — .
(69) X&;ﬂﬁgl 0. (X, 1+ it)] < == (log X) 716 log P
X#X1
and for y = x1,
k 1
(70) max |Ryo.ir(x1, 1 +it)| < il )(logX)fll_GJ”’(l) ogQ-
[t|<X,|t— t1\>(logz)64 k IOgP

Note that Uy, € Ly = {t € [0,T] : |t — t1] > (log X)# }. Hence we obtain
formula (65). Based on the Haldsz bound (65) and the condition that k& <
(log X)'/32_ it follows, from the similar process in [28, Section 8.3] with the
Halész inequality for primes replaced by a hybrid version of it (Lemma A.5),
that

71 —| dt
) x(% k) /MX X<m<2X mlﬂt ‘
< Py X 4 (k) ) 1o )73+,
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Combining bounds (62), (63), (64), (71) with formula (61), we obtain

(72) > |F(x, 1+ it)dt
x(mod k) Ls
p(k) (BT | (k) (logQ1)s | k logPi 1
<% (X/QlJr k )( P w(k‘)logQ1+(1ogX)é>’

Thanks to equation (69), an argument similar to the proof of (72) leads to

(73) > |F X, 14 it)|%dt
x(mod k)
XFX1
p(k) o(k)T (k) ((logQ)s =k logP 1
(X/Q1+ k )( plé—" +<P(k’)10gQ1+(logX)é>‘

Now we are just left with estimating

/ [F(x1, 1+ it)|dt.
L1

We first assume that

(74)  (My(fx1: X;2X) + 1) exp(—Mj(fx1; X5 2X)) > (log X) 75

Now we write £; = Lo1 U Lo2 as a disjoint union, where
Lo1={teLy:|t—ti] < (Mi(fxi;X;2X)+ 1) exp(Mi(fx1; X;2X))},

and

Loo = {te Ly (Mp(fx1;X;2X) + 1) exp(Mi(fxi; X;2X))
< |t — 1] < (log X)),

For t € Ly1, by Lemma B.4 with T = (log X )51, we have for |t| < T < X,

(k)
K

F(xi,1+1t) < (Mg(fx1; X;2X) + 1) exp(—=Mp(fx1; X;2X)).

For t € Ly, by Lemma B.4 with T = ‘t_;l', we have for [t| < T < X,

k) 1
F(xi,1+it) < ==
O, L+ it) < = Tt
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this is because that (M (fx1;X;2X) + 1) texp(Mi(fx1; X;2X)) > 1 and
(L(fx1; X; To) + 1) exp(—L(fx1: X; Tp)) < (log X)~12+°() by equation (60).
Hence

(75)

2
k
/ P, 14 it) 2t < £
Ly

k?

(M (fxa; X;52X) + 1) exp(—= My (fx1; X;2X)).

Note that My(fx1;X;2X) = Mg(f; k; X;2X). Therefore, collecting equa-
tions (72), (73) and (75), we conclude that

> / F(x, 14 it)[*dt

x(mod k)

76 p(k) (BT | (k) (logQ1)s  k logPi 1
R I P +<P(k)10gQ1+(logX)$)

0> (k)
kZ

If condition (74) does not hold, then

+

(Mp(f; k5 X52X) + 1) exp(=My(f; k; X5 2X)).

Mi(fx1; X;2X) > (5/64 — o(1)) log log X.

So equation (68) holds for any [t| < 2X by equation (66). Further using (67)
and Proposition B.5 with 7 = (log X)%,

(k) 7i+0(1)10gQ
Y 1 2 (log X) 16 =
(a1 [Ru b (x, 1+ it)] < == (log X) log P

By the above pointwise bound, an argument similar to the proof of equation
(72) leads to

Z / X7 1+t |2dt < ‘Pg@ (@(k‘)T n g&(kﬁ) )((log Q1)§

x(mod q) X/Ql k Pla_n
k log P 1 )
p(k)log Q1 (log X)es

which implies formula (76)
Note that n = 150 In case h < exp((logX)l/Q), we choose ()1 = h

and P, = (logh) . in case exp((logX)2) < h < X, we choose Q; =

1 (1/4)(log h)—1/100
exp((log X)z), P = @ . Hence from the formula (76), we ob-
tain the inequality in the statement of this lemma. O
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