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Twisted Milnor Hypersurfaces

JINGFANG L1AN, FEI HAN, HAaO L1*, AND ZHI LU

Abstract: In this paper, we study twisted Milnor hypersur-
faces and compute their A-genus and Atiyah-Singer-Milnor a-
invariant. Our tool to compute the a-invariant is Zhang’s analytic
Rokhlin congruence formula. We also give some applications about
the geometry, more precisely, group actions and existence of Rie-
mannian metrics of positive scalar curvature on twisted Milnor
hypersurfaces.

Keywords: Twisted Milnor hypersurface, A-genus, « invariant,
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1. Introduction
1.1. Twisted Milnor hypersurfaces

Denote by H,, », the Milnor hypersurface, which is the smooth hypersurface
in CP™ x CP™, the product of two complex projective spaces, defined by
the equation

(1.1) ToYo + + -+ + xpyr = 0, k = min{ny, na},

where [xo @ @1 @ -+ @ Ty, ) and [yo : 1 ¢ -+ Yp,) are the homogeneous
coordinates on CP™ and CP™ respectively. Then H,, ,, is Poincaré dual
to the cohomology class u + v € H*(CP™ x CP™), where u and v are the
generators of H*(CP™,7Z) and H*(CP",7Z) respectively. It is well-known
that Milnor hypersurfaces can be used as generators in the unitary bordism
ring QU (cf [16, Section 4.1]).

In this paper, we consider a generalization of the Milnor hypersurfaces,
namely hypersurfaces in certain classes of quasitoric manifolds with polytope
being the product of two simplicies A™ x A™ and characteristic matrices
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being block lower triangular rather than block diagonal. For details and the
background of quasitoric manifolds, see Section 2.

The quasitoric manifold discussed here can also be regarded as the pro-
jective bundle over CP™ with fiber CP™, i.e.

V=CP(n* &-- - &n®=aC)— CP",

where 7 is the tautological line bundle over CP™ and C is the trivial line bun-
dle. Let v be the vertical tautological line bundle over V. Let u = ¢1(7),v =
c1(¥) € H%(V,Z) be the first Chern classes of 77 and 7, the complex conjuga-
tions of n and 7 respectively. Denote I = (i1, - ,ip,).

Definition 1.1. Denote by HY , (di,d2) a smooth hypersurface in V
Poincaré dual to diu + dsv, which we call o twisted Milnor hypersur-
face.

Remark 1.

1. WhenI=0=(0,---,0), thnz(l, 1) is the classical Milnor hypersur-
face Hy, p,.

2. When1 =0, ny < ng, the smooth hypersurface H?
as the zero locus of the equation

dy, 1) has a model

1,n2(

l‘glyo + x(i‘hyl 4+ xillynl =0,

which is the generalization of equation (1.1). Howewver, for general

twisted Milnor hypersurface H}nm(dl,dz), such algebraic geometric
models do not exist. Furthermore, whether the twisted Milnor hyper-
surface can be realized as an algebraic subvariety of V' is still unknown
since it is related to Hodge conjecture.

3. V=CPn®1a@---®n®naC) is a quasitoric manifold over the product
A" x A™ of two simplices. In particular, by the classification of two
stage generalized Bott manifolds in [9], V' can represent all two stage
Bott towers up to diffeomorphism. Furthermore, each V is also a pro-
jective toric variety [15, p. 306] and when I is negative, the complex
structures on these projective toric varieties coincide with the natural
complex structures on the projective bundles.

4. When I = (1,0,---,0), V becomes L(ni,ny) = CP(n& C™). It was
shown in [25] that any generator of the unitary bordism ring QU can be
found in Z{L(n1,ns)).
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The main purpose of this paper is to study some index theoretical invari-

ants of the twisted Milnor hypersurfaces H} o (A1 dz) More precisely, we will

first pay much attention on the calculatlons of the A—genus and the Atiyah-
Milnor-Singer a-invariant for HY , (di,dz) and then give some applications
by applying classical results in geometry.

1.2. A—genus and Atiyah-Milnor-Singer a-invariant

Let M be a 4k-dimensional closed oriented smooth manifold. Let the formal
Chern roots of TM ® C be {+xz;,1 < j < 2k}. The Hirzebruch A-genus is
the characteristic number of M defined by

A = <H a2 [M]> .
e sinh(x;/2)

If the dimension of M is not divisible by 4, define the A- -genus of M to be 0.
The A- genus gives a ring homomorphism A Q50 = Q.

Let M be an n-dimensional closed smooth spin manifold. The projection
map 7 : M — pt induces an Umkehr homomorphism

m: KO(M) — KO™"(pt) = KO, (pt),

which is constructed by using the Thom isomorphism for spin bundles in KO-
theory. The Atiyah-Milnor-Singer a-invariant is defined to be a(M) = m(1).
The a-invariant gives a ring homomorphism

o QP KO, (pt)

([5, §6, Chapter V], c.f. [23, §16, Chapter I1I}).

For spin manifolds, the A-genus and a-invariant are the topological indices
of the Atiyah-Singer Dirac operators. By the Bott periodicity, K O-theory is
8 periodic. One has

0, forn=3,56,7modS,
KO, (pt) =< 7Z, forn=0,4mod S8,
Zo, forn =1,2 mod 8.

and
(M) = {A(M), for n = 0 mod 8,

%ﬁ(M) for n =4 mod 8.

See [23, §7, Chapter II] for details.
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The ﬁ—genus and a-invariants have profound applications in geometry.
Atiyah and Hirzebruch [1] proved that if a compact group acts non-trivially
on a compact spin manifold, then the equivariant index of the spin Dirac
operator vanishes, and in particular, the A—genus of the compact manifold
vanishes. Gromov-Lawson [14] proved that a simply connected closed non-
spin manifold of dimension > 5 always carries a Riemannian metric of posi-
tive scalar curvature. In the spin case, it is well known that the a-invariant
vanishes when the manifolds carry a Riemannian metric of positive scalar
curvature (due to Lichnerowicz [22] in dimension 4k and Hitchin [18] in di-
mension 8k + 1,8k + 2). Stolz [27] proved that a simply connected, closed
spin manifold of dimension> 5 carries a Riemannian metric of positive scalar
curvature if and only if the a-invariant vanishes.

The g—genus and a-invariant have been computed on some classes of
manifolds. Brooks [6] computed the A-genus of complex hypersurfaces and
complete intersections in complex projective spaces. Applying his analytic
Rokhlin congruence formula established in [29, 31], Zhang [32] computed the
a-invariant of hypersurfaces in complex projective spaces and characterized
all the 8k + 2 dimensional hypersurfaces carrying a Riemannian metric of
positive scalar curvature. In [13], H. Feng, B. Zhang generalized the result in
[32] to 8k + 2 dimensional complete intersections of two hypersurfaces in com-
plex projective spaces. Applying the analytic Rokhlin congruence formula to
general complete intersections and using the Seiberg-Witten invariant in di-
mension 4, Fang and Shao [12] gave the the necessary and sufficient condition
for a complete intersection complex projective spaces carrying a Riemannian
metric of positive scalar curvature. Recently, Baraglia [2] recovered the for-
mula for the a-invariant of general complete intersections obtained in [12]
with a different approach.

In this paper, we will compute the /T—genus as well as the a-invariant of
twisted Milnor hypersurfaces and give some applications. The real dimension
of twisted Milnor hypersurfaces is always even. We will compute the g—genus
without mentioning dimensions (when the dimension is not divisible by 4, the
ﬁ—genus is automatically 0), and compute the a-invariant when the dimension
is congruent to 2 mod 8, i.e. when ny + ne = 2 mod 4.

In the famous book [16, §3.2], the A-genus and the elliptic genus of Mil-
nor hypersurfaces have been computed by using the universal genus. The
universal genus method in [16] does not work for the computation of the A-
genus of twisted Milnor hypersurfaces due to the twistings. We will directly
compute it here by combining the characteristic functions and the twisting
information. To compute the a-invariant, our main tool is Zhang’s analytic
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Rokhlin congruence formula. In the application to the existence of Rieman-
nian metric of positive scalar curvature on twisted Minor hypersurfaces, we
express the a-invariants by using the dyadic expansion following Zhang [32].
During the calculation, we discover a very interesting number A(n, (), which
is closely related to several classical numbers in number theory. These are
summarized in Appendix A.

In a forthcoming paper, we will study the elliptic genus and Witten genus
of the twisted Milnor hypersurfaces.

1.3. Main results
Given I = (i1, ,ipn,). Denote oy = 3772, i;. Set

(1.2)
Fnl,ng,I(dh dQ) =

J

-
- datno—1 R
Zm_;( l > <d1+"12—1+01 —3-m D) + 21 l] 7‘)
b)

m nq r
0<r<nas N9+ l:
VI<j<r ? J; 7
”
l]Zl,legm,Ogmjglj
=1
1<s1<59<+++ 5,<ng2
where
l = (117”' 717’)7m: (mh'" 7m7“)78 = (ZSU'” ,Zsr)
and

f . ll lr - o : .
(- () (5) s Fom

Theorem 1.2 (Theorem 3.6). For ny +ng = 1 mod 2, one has
(1.3) A(HY . (d1,do)) = Foy ny1(dy,do) — Fpy y 1(—dy, —ds).
Since V' is a complex manifold, it carries a canonical spin® structure.
Proposition 1.3 (Proposition 2.5). If there exist ki, ko € Z such that
di =2ki+n+1—01,do =2k +n9+ 1,

then H}“m (dy,ds) is a spin manifold carrying the induced spin structure from

the spin® structure of V.
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Convention Throughout this paper, when we say H, n2(d1, dy) is spin, it
always means HY . — (di,dy) carries the induced spin structure from the

spin® structure of V.

Remark 2. If I is negative and dy,dy are positive, then H, m(dl,dg) s
a hyperplane section of V. By the Lefschetz hyperplane theorem (c.f. [21,
Chapter V]), i* : H*(V,Z) — H?*(H}, ,,(d1,d2),Z) is an isomorphism for
ni +ng > 3. Then Proposition 1.3 actually gives the necessary and suffcient
condition for H n2(d1,d2) to be spin. Furthermore, the embedding i induces
an isomorphism on their fundamental groups. Since m (V) =0, HE . (dy,ds)

ni,n2
is simply connected, and hence the spin structure is unique.

Theorem 1.4 (Theorem 3.8). Assume that HE , (di,dz) is spin and ny +

ne =4k +2 (i.e., dim H, dy,d2) =2 mod 8). "Then one has

ni 77,2(

(1.4) o(H} mime (1, d2)) = oy ny1(dy, d2) mod 2.

Corollary 1.5 (Example 3.1, 3.2). Take I = 0. For ny + ny = 1 mod 2, we
have

(1'5) A( ni,n2 (dlv d2)) (nl N kl) <n2 N k2>§

ny n2

and when HY . (dy,dy) is spin and ny + ny = 2 mod 4, we have

(1.6) a(H. | (dy, dy)) = (”1 - kl) <”2 * k2> mod 2.

ni ng

In particular, we have A(HY mne (1, 1)) =0, which coincides with the result in
[16, p. 40] that the A-genus of a Milnor hypersurface always vanishes.

Corollary 1.6 (Example 3.3). HQ(J;LZ’ )(1,n2 + 1) is spin for 7 = 0 mod 2,
and

AHZE V(1 ng +1) £0 <= j#0,-2.

Remark 3. From this corollary, we see that for the non-twisted case we have
A(Hgm(l,ng + 1)) = 0, for the twisted case we have A(Hg;g’m’o)(l,ng +

1)) # 0(j # —2). This provides a good example and illustrate the difference
between twisted Milnor hypersurfaces and the untwisted Milnor hypersurfaces.
4ctually, we give a family of twisted Milnor hypersurfaces with non vanishing

A-genus, see Subsection 3./.
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Corollary 1.7 (Example 3.5). Forn; =1,ne =1 mod 4,

k14 1\ (ne+k no + k
I _(m 2 2 2 2
oz(Hm,m(dl,d2)) = ( 1 ) ( o ) +01<n2 n 1) mod 2.

Corollary 1.8 (Example 3.6). For ny = 2,n2 = 0 mod 4, denote o9 =

1<j<k<ng

a(H), ,,(dy,dy))

ni,n2

B ki +2 no + ko U%—Qag (2k1+3)(71 ng + ko
= + | = +
9 - 2 2 ng + 1

ko +1 k
+(a%—202)<n2+ 2+ >+02<n2+ 2) mod 2.

ng + 2 ng + 2

The Atiyah-Hirzebruch vanishing theorem [1] asserts that if the circle
St acts nontrivially on a connected spin manifold M, then A(M) = 0. We
therefore have

Corollary 1.9. If H,Elm(dl,dg) is spin and Fy, n,1(d1,d2) — Fpy ny 1(—di,
—dy) does not vanish, then HY , (di,d3) does not admit a nontrivial circle
action.

Based on formula (1.2), we have

Corollary 1.10 (Example 3.4). If ny is even, then A(HL | (dy,1)) =0, V L.

ni,n2

In fact, when I = 0, Corollary 1.10 has a geometric interpretation. Observe
that if n; < ng and dy = 1, the smooth hypersurface H? , (dy,1) can be
described as the zero locus of equation

1,12

l‘glyo + xf1y1 +--+ mzllym =0,

where [xo : @1 -+ @ Ty, ) and [yo @ Y1 ¢ -+ Yp,) are the homogeneous
coordinates on CP™ | reps. CP™. There exists a natural circle action on
HY, ,.,(dy,1) defined by

Aofwg:ixy oot =[zo: Axy o0 Axy, ]

Afyoryrs o i yna] = [yo s APy ATy
where \ € St
Naturally we would like to ask
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Problem 1. Does there exist a non-trivial circle action on HX  (dy,1) for

ni,n2
I+07

Assume H] | (dy,dy) is spin and dim HY  (dy,dy) > 5. By [19, Theorem
A], for any oriented manifold M?", any codimension 2 homology class is
represented by a submanifold K C M, and (M, K) is n-connected. In the
following, let us assume H}H ns(d1,d2) to be simply connected.

Applying Stolz theorem [27], a spin HL  (dy,ds) admits a Riemannian

ni,n2
metric of positive scalar curvature (PSC) if and only if a(HY ,,,(d1,d2)) =

Corollary 1.11. The spin twisted Milnor hypersurface Hy, 712(
a Riemannian metric of PSC iff Fy, n,1(d1,d2) =0 mod 2.

dy,dy) admits

Motivated by Zhang’s results in [32], we use the dyadic expansion coeffi-
cients to characterize the existence of Riemannian metric of PSC for twisted
Milnor hypersurfaces. Let ax(n) be the coefficient in the dyadic expansion of
n € Z:

n=aop(n) +ai(n)2' +ax(n)2® +--- +ar(n)2*,3 k € Z.

We are able to give the characterisation for the existence of PSC on two types
of twisted Milnor hypersurfaces.

Corollary 1.12 (Corollary 4.9). Assume ny = 1, ny +ng = 2 mod 4, and
ki = —%‘11_"1 ko = —%I_CIZ are integers. Then the spin H1 n2(d1,d2)
does not admit a Riemannian metric of PSC if and only if one of the following
conditions holds,

® ko >0, kg =0 mod 4, ky =0 mod 2, and V i,az([%}) +a;([%]) < 1;

e k>0, ko =1mod 4, 0y =1 mod 2, and V 1, az([ ) +ai([]) < 1,

e ko >0,ky=2mod4, ky+o; =0mod 2, andV i az([%])—i—az( 2]) < 1;

e ko < -—ng—1, ko =0mod 4, ky =0 mod 2, and V ¢ az([m])
ai([7]) < 1

® ko< -—ng—1, —ks=2mod 4, ki1 +01 =0 mod 2, V1 az([W])—f—
ai([7]) < 1,

e ko< -—-ny—1, ko =3mod 4, 0y =1mod 2, and V i a&[@})—i—
a;(["2]) < 1.

Corollary 1.13 (Corollary 4.10). Assume ny = 2, ny +ny = 2 mod 4, and
fy = -tz g, = _nebleds gre jngegers. Then the spin Hj ,,(dy, dy)
does not admit a Riemannian metric of PSC if and only if one of the following
condition holds

® ko >0, ks =0mod 4, k1 =0 or 1 mod 4, V i,al([f]) +ai(%) < 1;
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e ky >0, ke =1mod4, (k1+2)+"f—2202_|_(2k1-53)01 = 1mod 2,V i, a;([2])+
al(%) <L

o ky >0, ks =2mod 4 (k1+2)+01 oy = 1mod 2,V i, a;([2]) +a; (%) <
1.

o ky >0, ks =3 mod 4, (")) + w =1 mod 2,V 4,a;([2]) +

a;(f) < 1;

. k2 =y — 1’ (k1+1)2(1€1+2) + 0'1(0'1*22161*3) =1 mod 2;

o ky < —2, —ky =0 mod 4, ky =0 or 1 mod 4, V i, a;([ZE25=12]) +
az(%) S 1,’

e ky < —ng — 2, —ky = 1 mod 4, (kl;z) —|—M = 1 mod 2,
Vi, ap([FR]) + ap(R) < 1

o ks < —ny—2, ks = 2mod 4, ("}?) + 0} -0y = 1 mod 2,V i,
i [E522)) +ai() < 1

e ky < —ng—2, —ko = 3 mod 4, (k12+2)+w—0251m0d 2,
Vi, ap([FR]) + ap(R) < 1

This paper is organized as follows. In Section 2, we give some topological
preliminaries on twisted Milnor hypersurfaces. In Section 3, we give explicit
formulas for A- genus and « invariant of H,, m(dl, d2) by Fy, n,1(dy, d2). Dur-
ing the computation, we use the binomial number A(n,[) and its properties.
In Section 4, we give some applications of these two index invariants in un-
derstanding the geometry of twisted Milnor hypersurfaces. We collect some
interesting relations between the number A(n,[) with four classical numbers
as well as some properties about the parity of combinatorial numbers in Ap-
pendix A and Appendix B.

2. Topological preliminaries on twisted Milnor hypersurfaces

Let P™ be a simple convex polytope of dimension n. A quasitoric manifold
[11] M?™ over P™ is a smooth T"-manifold M?" satisfying the following two
conditions:

1. the action is locally standard;
2. there is continuous projection 7 : M?" — P™ whose fibers are T"-orbits.

Note that 2 says that the orbit space of T on M?" is homeomorphic to P".

Denote by F the set of codimension one faces of P™. For every F' € F | let
x € Int(F). The isotropy group of x is a codimension one subgroup of 7™; this
isotropy subgroup is determined by a primitive vector v € Z"; thus defines a
characteristic function X\ : F — Z", and we call its corresponding matrix
the characteristic matrix (more details can be found in [11].)
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For example, identify 7" with T /{(g,--- ,g),g € T™) and T™ acts on
CP™ in the usual manner, the quotient space is then the simplex A™, where

Then CP™ can be viewed as a quasitoric manifold over the simplex A™ with
characteristic matrix:

10 0 —1
01 -1
0 1 -1

Now let’s consider more complicated combinatorics: the product of two
simplices A™ x A" . For example, A' x A? looks like

X —

The product of two projective spacess CP™ x CP™ is a quasitoric mani-
fold over the polytope A™ x A™ with the block diagonal characteristic matrix:

ni
——
10 - 0 —1
0 1 -1
0 1 -1
1 -1
n2.
1 -1

Twisting the block diagonal characteristic matrix to be a block lower
triangular characteristic matrix can give interesting new quasitoric manifolds.
Let V' be a quasitoric manifold, whose corresponding polytope is A™ x A"
while the characteristic matrix is
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ni
—_—
10 .-+ 0 -1
01 —1
0 1 -1
11 1 -1
Nng.
Iny 1 -1

V' can also be considered as the total space of the projectivisation
cPm® @ - @n®m @C) —» CP™

(c.f. [7, Section 7.8]), where 7 is the tautological line bundle over CP™ . Denote
by 77 the conjugate bundle of 1. Let v be the tautological vertical line bundle
over V. The manifold V is the total space of a bundle over CP™ with fiber
Cpm.

The tangent bundle and cohomology ring structure of V' are clear from
the following theorem.

Theorem 2.1 (Borel and Hirzebruch [4]). Let p: CP(§) — X be the projec-
tivization of a complex n-plane bundle £ over a complex manifold X, and ~y the
tautological vertical line bundle over CP(&). Then there is an isomorphism of
vector bundles

TCPE) @ C=pTX & (7® ),
where C denotes a trivial line bundle over CP(§). Futhermore,

HY(CP(£);2) = H*(X)[ea ()] /{en(7 @ p7€))-

In this paper, X = CP™ £ = n®1 @ ... @n®n & C. Let u = p*c1(7),v =
c1(7). By the above theorem, we have

TV & C = p'TCP" 5@ p*(n®" @ --- @ 0% ¢ C),

H*(V) = H*(CP"; Z) ] /en,n (V@ p* (" @ --- @ "2 @ C)).

Furthermore

Fopn®* @--en®2eC)=Fepm®) e e FRp )6 (7 C).
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and
T =14+ a(7) +an®) =140 —iu
Thus we have

(V)= (1+u)" (1 +v) ﬁ(l + v —iju).
j=1

Therefore
aV)y=m+1—o)u+ (ng+1)v
and the total Pontryagin class
p(V) = (1 +u®)" 1+ (v —qu)?) - (1 + (v = inyu)?) (1 + 07).
We also have H*(CP™;Z) = Z[u]/{u™ ™) and therefore
H*(V) 2 Zu, ]/ (u™ ™ v(v — i1u) - - - (v — ipyu)).

The following result should be known to experts, although we did’t find

it in the literature. We state it here and give a proof.

Lemma 2.2.
(umo™ [V]) = 1.

Proof. There is a fibration CP™ — V — CP™. By the multiplicative
property of Euler characteristics for fibration [26, p. 481], we have x (V) =
X(CP™)x(CP™). Since H*(CP™,Z) = Z[u]/{(u"™') with deg u = 2, the odd
dimension of H*(CP™,Z) vanishes,

\(CP") = 3 (=1 Rank(H¥(CP",2)) = n + 1.
i=0
Based on (¢, 4n, (V), [V]) = x(V),
X(V)=(n1+1)(ny + 1).
And v =0, so
Crytne (V) = (n1 + 1) (ng + Du™ 0™,

Therefore

((n1 + Du"™ (ng + D)o, [V]) = (n1 + 1)(n2 + 1)
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O

Since H2m+72) (V) =2 Z[y™u"2], assume u™ Fop"2tF = gomom2 for 0 <

k‘gnl.

Lemma 2.3.

_ -P1 -Pn
Pr = > A iy
V1<i<ng, p;>0
p1+p2+-+pny =k

Proof. If k = 0, obviously 3y = 1.
If 0 < k < nq, since v(v —igu) - - - (v — ip,u) = 0, we have

0=v"(v—iu)--(v—inu)
Jluvnzwtkfl 4 (_1)kakukvn2

=By —o1fr—1 +- -+ (—1)k0kﬁo)ukv”2

UTL2+/€

where o; is the i-th elementary symmetric polynomial in {ij, - -

Br — 01Pk—1+ -+ (—1)kokﬁo = 0.

Thus Sy is the unique solution of the equation.

ni+1

On the other hand, since u = 0, we have

1 1
(1 - ilu) (1 - inz)
n2 n2

= Q_(=D'oru) [T +djut -+ (i)™ u™)

L= (1—du)-- (1 —ipu)

=0 j=1
n2 ' S om
SOSEILTTD SIS SRR ST
=0 m=0 pi+-+pn,=m
=3 (Ve
k=0 m+i=k

= Z B+ (—1)o1fe—1+ - + (=1)*orfo)u”,

from which we see that 8, = > it -imr? as desired.

V1<i<na, pi=0
p1t+p2+-+pny=k

ying }- SO
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Remark 4. In this paper, we will mainly use the expression in Lemma 2.3.
One can also give an expression of By, by the elementary symmetry polynomials

Of{ilv o 72'712};

|

- k—p_p1_p2 Pn p:
By, = D O e e S ST
p1+2p2+--+n2pn, =k b1 Pna:

where p =p1 + -+ + P,
Corollary 2.4.
(it V) = B = 0 i

V1<i<na, p;>0
p1+p2+-+pny, =k

We set

_dl—(nl—l—l—al)
N 2

:dQ_(n2+1)

kl 9 )

7k2

where o1 = 3772 i;.

Proposition 2.5. If ki, ko € Z, then HE  (dy,ds) is a spin manifold car-

n1,n2

rying the induced spin structure (c.f. [31]).

Proof. Since V' is a complex manifold, it carries a canonical spin® structure
[20].
As H}Mm(dl, dy) is Poincaré dual to dyu + dyv, by adjunction formula,

there exists a complex line bundle £ over V' with ¢;(§) = dyu+ dav, such that

the normal bundle v of the inclusion H} o (1, d2) <5 V is the pullback of .
Therefore we have

TVgx, , (ddn) = THy, y(dr,do) @ v = THy, , (di,do) @0 (€)

n1,m9 n1,m2 n1,m2

and so
i*e(V) = c(HY . (dy,dy))i*c(v)

ni,n2

Futhermore, we have

c(Hy, o, (di,do)) = {c(V)(1 + diu + dyv) ™'}

and
Cl(H}Lle(dl, dg)) = (711 +1—- g1 — dl)z*u + (TLQ +1— dg)i*v.
Thus wy = ¢; =0 mod 2, HY . (dy,dy) is spin. O
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3. A—genus and a-invariant of twisted Milnor hypersurfaces

In this section, we compute the A-genus and a-invariant of H , ! (di,d).
The computation involves two combinatoric numbers, including A(n,[) and
Foy no1(di, da), which we will deal with in Subsections 3.1 and 3.2 first.

3.1. The number A(n,l)

Define
!

1 1

1 noo0<l<n;
A(n,l) = n! mgo( ) (m)m ’ ==

0, otherwise.

Denote by
o Bm(1)
T(w) = - Z m!

m=0
the Todd series (c.f. [10]). Let T (z) be the n-th derivative of T'(z).
Lemma 3.1. The following identity holds,

i U)mT(m) (v) = (T'(v) —UT/ {iA ) ZT( ) }

|
m=0 m: =1

Proof. When n =1,

T(v) = vT"(v) = (T(v) = vT'(v)) {A(1,1)(=v)"}

holds since A(1,1) = 1.

When n = 2, since T'(v) = we have

T(v) — oT'(v) + %T”(v) = (T(v) = vT' (W) +T(v)}

Since A(2,1) = 1 and A(2,2) = 1, the lemma holds.
Assume the lemma holds for any integer < n. Multiply v to both sides of

z”

|
-0 m:

3

T (v) = (T(v) — T (v {ZAnl ”lT(v)l—l},
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we have
3 O pe ) — o) — 0T () {f:Am, 1><—v>"—lT<v>l—1}.
m=0 =1

Differentiating the left hand side gives

d

a{vT(v) _UQT/(U)+---+(_1)” lm (n— 1)( )+ (— 1)n7T(”)(0)}
=(T(v) +vT'(v)) = (20T"(v) + *T"(v)) + -+ + (—1)"—1{%T(n—1) (v)

T'L

n o | (n+1)o™
o T+ (<) {

n! n!

=T(v) — (=1 +2)vT"(v) + -+ (=1)" (=1 + —)ﬁ
—1T("+1)(v)
=T(v) —vT'(v) 4 -+ (—1)7@7@) (v) + (—1)"ET("+1)(U)

:(T( - UT/ {ZA n, l n lT(fU)ll} _ MTUHJ)(U),

n!

which equals to the differentiation of the right hand side:

So we get

n!

(_v)n-H (n+1) 1" 'n l -1
T (v) = v(T"( ZA (n,1)( T(v)
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Since v*T"(v) = (T'(v) — vT"(v))(2T (v) — v — 2), we have

—v n+1
((n +) g

_UQT//(U) n o .
e {;A(n,l)(—v) lT(v)l }

v(T(v) —ovT'(v)) d | . _1
— — g {; A(n, 1)(=v)" T (v)! }

(T(v) —vT"(v))(2T(v) — v — 2)

_ P {Z Aln, l)(—U)an(U)ll}

=1

v(T(v) —oT'(v)) d | . .
- 1 g {; A(n, 1)(=v)"'T(v)! }

T(v) —vT'(v) i

n+1
{ero-o-23 a0 oo 5 Aot
=1 =1
Thus

T(v) —oT'(v) +--- + ﬂT(n)(v) + ﬂT(nH)(U)

n! (n+1)!
=(T(0) = oT' () {D_ Al )(=0)" T ()}
=1
W H{@T(v) —v—2) Zn: A(n, 1)(=v)" T (0)"
=1
oS Aoy
=1
IO o) o= 1) 3 Al ) T
=1
o S Ao T )
=1

i HRT(v) —v+(n—1)) Z Al n) (o) T (v)! 1
=1
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+v Z A(n, 1) - (n — 1) (—o)" T (v)!!

—v i A(n, D) (=) (1 = DT (0)' 2T (v)}
=1

T fo70) 04 (0 - 1) > A=) 1)
=1

30 = m) A1) - (~o) T ()
=1
03 A (=) - DT(0) T ()}
=1

T = 0T0) SN o7(w) — o 41— 1) A (o) T ()

n+1 ey

—vT'(v zn:A = 1D)T(v) 2
=1

For the first part in the bracket, we have

ST (v) — v+ 1= 1) A(n, ) (—v)" ' T(v)'

~

=2

1
n

A n ZT( ) zn:A(n, l)(_v)nflJrlT(,U)lfl
=1

~

1
+> (1-1A —0)" T (p)
=1

= 2A(n,l — 1)(—=v)" T @) + Z A(n, 1) (=v)" T ()1

=1

3
T
Lo

~

="

+3 (1= DA, )(=v)" T (v)?

I~

+

[E
Il
—_

(A(n, 1) + 2A(n, 1 — 1)) (—v)" 1T (v)! 1

(]

~

+
MJ

(1= DA, (=) T (v)"
l

Il
R

For the second part in the bracket, Since vT"(v) = T'(v)(v —T'(v) 4+ 1), we
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len:(l—l)A(n,l)( )" T (v +lznj (I-1)A —0)"'T(v)’
+§(—1><z—1>A<n (=) T ()

:lz:(l—l)A(n 1) (—v)" T (o) i(l—wl(nl—l)( )T (v)
+l§;<—1><z—1>A<n D~y 'T(0)

—Tlijw—lm(n D+ (1= 2)A(n,1 = D} —o)HT(0)!
—g:la—lm(n,m PUT(w)

Combining them together, we have

T(v)—vT’(v)—i—--'—i-( o) (")(v)—i—ﬂT("H)(v)

n! (n+1)!
n+1
=(T(0) = oT(0)) Y- —— (Al ) + Aln, L = 1)(~0)" T ()
=1
=5 A+ L) ()T () O
=1

3.2. The number F,, ., 1(d1,d2)

3.1) i) =
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be the j-function (c.f. [3, p. 167]). Denote Q(x) := j~*(z). It is not hard to
see that

(3.2) Qa) = e

Denote

(3.3)
Fnl,nz,I(dly d?) =

r datna—1 | v
ij f di+ni—1+01 75‘ m 2+7212 + E l] - T
Z (_1)j:1 - 2 7= )
m

0<r<n n + i [
r>n2 n .
vi<j<r =

.

1;>1,5 " 1;<n1,0<m; <l;
=1
1<s1<s2<++ $,<M2

where we denote | = (Iy,-+- ,1),m = (my, - ,m;), 5= (ig, -+ ,is,) and

I I LY . L N
4 — T =
&4 (5)= ()~ () it

Let k; = dl_m%, ko = %, where kq, ko are not necessary integer.

Proposition 3.2. Let V,u,v,dy,ds be as in Section 2. One has

n2
dyu+dov

Fnunzl(dla d?) = <Q(u)n1+1Q(U) H Q(U - iju)e 2 ’ [V]>

Jj=1

The rest of this subsection is devoted to the proof of this proposition. We
will proceed by two steps.

-~ dyu-+dov
In the expansion of A(M) e~ = with respect to u, observe that only

ni + 1 terms
{unlvnz’ un1—lvn2+1 .

) ?

Un2+2}

survive, as u™ =0,V m > n;y.
Let 41,72 be small circles around u = 0 (resp. v = 0), we have

n2
dju+tdov

Q" 1Q() [] QG - e 5™, V)
(3.5) = dyusdyo

n WM Q) T2, Qv —iu)e” 2
—Zﬁk-(l)zﬁﬁz@m Qo) TT}2, Q(v — iju)

- omi um —k+1gna+k+1

dudv.
k=0
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Recall that dyu + dov = (2k; + ny + 1 — o1)u + (2k2 + ny + 1)v and
Q(z) = e 2T(x). So
ni+1 . . dutdyy
wm T QU — i;u)Qv)e =, [V])
j=1

dyutdov

=(Quw)™ " Q(v) HQU—% >, VD)

d1u+d2'u v (n14+1Du Z] I(U l )

:< n1+1T HT 1}—2] 2 2 2 P ’[V]>

=(T(u)" 7T (v) HT v —iju)e kruthzv V)

7j=1

=(T(u)™ e T (v H{T ) — ijul"(v) + -+ (_Zﬁ)m T (v)}ek2v, [V]),

where the last equation uses the Taylor expansion:

T(v—iu)=T(v)+ I—'ZT,(U)U +- 4 iT("l)(v)u”1 mod u™ !,

nl!

The rest will be calculated by two steps.

3.2.1. The first step In this step, to make the notations simpler, denote

1 T ni+1_kiu
by = — ?{ —(u) © du
vy

27 ymtl

and thus
T(u)" e =1+ byu+ -+ bpu™+ -,

where 7 is a small circle around u =0, 0 < m < ny.

1 T ni+1_ ku k
bnl = . f (U) ‘ du = met )
2mi Jy  umt! ni

where (";:lrk) is the generalised binomial coefficient defined as

("“Lk): (m 4 k). (k+1) Vn €N, keZ.

Lemma 3.3.

' )
ni ni.
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Proof.
1 T(u)n1+1eku 1 " )
5 du =— mi+l ku_
27 % um+1 U 5 ]{v<1 — e—“) e e U
1 % e(nitk+1)u ;
_27Ti v (eu —_ 1)n1+1 u
1 (1+t)mtk .
(mtEk
=", )
Furthermore,
ni1+1 . . djutdov
w" Q@ —iwQ)e™ =, [V])
j=1
ni no n1 Zku )
:((Z bmu H{ Z T(Pk)( )}ekg ’ [VD
m=0 k=1 pr=0

ni
=3 bmu™)T(v
m=0
ni . n T(pl)(/u) T(p"Q)(U)
XSO DL D O ViR AR PR
p=0 -

p1t-+Pny=p
V1<k<n27pk ZO

yet V)

n1 T(pl)( ) T(pn2)(v)
E Pn
= Z u™{) bmp E (=1)P -t - iny? o o~ }
m=0 Pr+APny=p s
V1<k<na,prp>0

(T (v)et, [V])

mni1 m 1

SD OIS SN DR C N N

m=0 p=0 P11+ +Pny=p e
V1<k<na,prp>0

T(Pl)(v) T(an)(v)

pi! an! kov
pnetni—m+1 T(v)e dv

~
ny m )
— b g1 -Qno .p1 pnz (—1)
o m-—p 21 . Zn2 . Zl . n2 27TZ
m=0 p:() p1+...+pn2 =p

q1 +---+qn2 =Nni1—m
V1<k<na,pk,qr >0
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{T(p”(v) T(”"Q)(v)}T( Jekzv

pl! an

pnetnit+l-m dv
v
ni m P
_ b -q1 -qngo (_1)
= m—p b ing 271i
m=0 p=0 p1t-+Pny=p

Q1+t Gng =n1—m+p
V1<k<nz,qr>pr>0

(1) (Png)
(I T2 O ()
p1: an-
pnetnit+l-m

dv
.

ni ni
q
LD DD > ity
t=0 m=tqit+ - +gny,=n1—tp1+-+ppn,=m—t
V1<k<n2,qx >0 pr<qx,V1<k<ns

1 {T(I;l)!(v) . T(Z:i)!(v) }(_U)m_tT(v)ekQU
. %7{ e dv (Let t =m — p)
S gn
=257 2 T ing” Z >
=0 Z:zl qr=n1—1 m=t 3" pr=m—t
V1<k<no,qr>0 Pe<qk

{ (- v)PlT(P1>(U) . (71]):!7712 T(:ﬂnz)(u) }T(v)ekzv

Pny! d
V.
ﬁ vn2 +ni1+1-t

Note that for fixed integers qi,- -, ¢n, With > 32, gz = ny — t, we have

|
Mot et P1 Pny
Pr<qk
mZ_t g EnTO) (T ()
N=03% pe=N P! Pn!
Pe<qk

(—v) B T() (v)

1<k<ns Ik

H Z T(mk)( ).

1<k<ng my=0
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Thus
(3.6)
sl T . dutdyo
wm T QU — i;u)Qv)e™ =, [V])
j=1
n dk _p)m m
" o LS SRR ()
_ 1 -Qng =1 mr= kov
= Z bt Z 2111 st lng 277” ﬁ vn2+1+(n1—t) T(v)e dv

t=0 Z qr=n1—t
V1<k<n2 No ) >0

1
— P1
thZ > il
t=0 r=01<s1<82<+ 8,<ng

r Pk

_ e
k‘ljl(TnkZ_O %T(mk)(v)) 1k
— — nag—r v
j'{y pnetl+ni—t T(v) ’ e dv,
where {p1,---,p,} be a positive partition of n; — t.

Lemma 3.4. Let {p1,--- ,pr} be a positive partition of ny —t. Then

Pk

[Ti=( Zo ( ,:ik & () (v)) k
TS na+1—r kv
%}g pnatltni—t T(v)" e dv
=(-1)m" Z Alpy,1y) - Alpy, 1) (—1)! <n2 +1+ k‘lz - 1">'
V1<k<r,1<l,<pj Ny +

[ i
Proof. By Lemma 3.1,

m
2T () = (T(v) — T (v ZApk,lk )Pl (v) T,

mpg 0 lk 1
Thus
r Pk _u)™k
L JLGE ST
T = k — T(U)ng—i-l—rekzvdv
T Jy v

I1( S5 Alpr, b) (o) ()1

1 =1 L=
- 7( e (T(0) =0T’ ()" T (v)"> " kv gy
mi Jy v
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—\P i ()T
= > %%YA(PM) Agj;aﬁi; P T) (T(v) — T’ (v))"

[E
. T(U)n2+l—r6k2vdv

= Z A(p1, 1) ---Alpy, 1)

V1<k<r1<lp<pk
I=li++lr

= Z A(p1,ly) -~ Alpr, 1)

ST,

1=l 4+,

S A ORI D) 1O by

21 T(U)ern2+1+l

dv

(_1)p—lf (—(622_61))2)TT(U)n2+1+lek2U
2mi Jy (L”l)%vnzﬂﬂ

ev—

[+ko—
- ) A(pr,hh) -+ Alpy, ) (—1)7 <n2+ s 7”>' (By Lemma 3.3)
V1<k<r1<li<py ng+i
I=l1+Hr
Ll
To sum up
ni+1 M . dyutdyy
Q)" T @ —ijwQv)e™ =, [V])
j=1
ni
P LD DI SR
=0 0<r<ns
p=p1+-+pr=ni—t
V1<k<rpe>1

1<s51<52< + 5,<nga

> Alpi,l) - Alpr, 1,)(=1)" <n2 + ko +1— 7’)

V1<k<r ng +1
1<lk<p
1=+t

= 2 bupi (D
0<r<na

p=p1+-+pr<ni

V1<k<rp>1

1<s51<82<++ <3y

Z A(p1, L) - Alpr, Z’r)(—l)l <n2 +hko 41— r)

V1<k<r ng +1
1<l <py
I=l1+ o+,

0<r<ns U + l
V1<k<r, 1<l
=l +41<n
1<s51<82<+ <y
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Z bm*p(_isl)plA(pla ll) T (_Z‘s»prA(pra lr)'
p1t+pr<ni
V1<k<r,pp>lk

3.2.2. The second step

Lemma 3.5. For any fized {ly, -+ 1., 81, , 8}, let L =13 + -+ 1., we
have

Z bmfp(_isl)plA(plv ll) e (_Z'Sr)prA(pm lr)

p1+-+pr<ni
Pr >, V1<k<r

_ oy (_1)zm<f> <n1+k1 —g-m>
1<j<r m m ’

0<m;<l,
m=mi+---+mp

where | = (ly, -+ 0),m = (my,--,m;),§ = (is, - ,is,) and (rl?:) =
I Ly o -
(mll) e (mr), 8= 300 my -,
Proof.
iy = 5= f D, L § T g
270 ym—ptl 271 J, umtl
Thus
Z bnﬁp ' (_i81)p1A(p17 ll) e (_isr)prA(pm lr)
pi1+-+pr<ni
Pr >, V1<k<r
. QL% (—igyu)P* A(p1, ll);i—isru)prA(pT,l,ﬁ)T(u)mHekludu.
pitdpr<ng ST u
pr >k, V1<k<r
Since (—is,u)P* A(lk, pr) = 0, pr > nq
— Z L % (_islu)plA(p]J ll) e (_isru)prA(pT7 ZT)T(u)n1+1ek1Udu
27i Jy ymtl

pr >k, V1<k<r

1 {3 (—isu)™ A(my, 1;)}

j=1 m;=l; 41k
— T(w) M gy,
57 ﬁ s (w)M T e dy
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By Lemma A.1,

Z u™A(m, 1) = (e* — 1)
m=l

T

(e = 1)

_ 1 Jj=1 ni+1 _kiu
%jé e T(u)™ ™ e du
r l; s (L —Mjls, U
1 l:[l anzj:o(_l)l] J(ij)e o
:T j{ = . T(u)n1+1€k1udu
T Jy un
A Ll i lj—m; (l1 ) . (l'r ) 6—(.7glmjisj)u
P IR S e A U
m1=0 my=0 2mi Y U
[ ky —5-m
= oS (MM T (By Lemma 3.3) O
1<j<r m m
0<m, <l,
m:ijl m]-

Combining Lemma 3.4 and Lemma 3.5, we deduce Proposition 3.2.
3.3. A—genus and a-invariant

Recall that in Section 2, we have shown that

C(H,IL17H2 (dl, dg)) = Z*(C(V)(l +diu + dzv)_l),

n2

c(V)=(14+u)™ (1 +0) U(l + v —iju).
Therefore
PUH, o, (d1s do)) = i {(14u?)™ H (140%) ﬁ(1+(v*ig‘U)2)(1+(d1U+d20)2)_1}
j=1

The characteristic power series of the A-genus is just % = Q(z)

for z = z2.
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For ny +ns = 1 mod 2, by Poincaré duality and Proposition 3.2, one has

(3.7)
A( ni,ne (d17 dg))

( n1+1Q H Q v — Z] (d1u + dg’U) , [V] N (d1u + d20)>

€d1 utdav 1

n1+1 d11 +(121;
( Q H Q (d]_u —+ d2v)€d1u+dzv (dlu + d2U> {VD
d1u+d2v —dqu—dgv
( n1+1Q HQ ’U—’L] 2 —e 3 ),[V]>

7L1 na,I (d17 d2) 7L1 na,I (_dla _d2)
So we have

Theorem 3.6. Forny +ns = 1 mod 2 and dy,ds € Z.

AHY, ,, (dy, da)) = Fpy ny1(d,d2) = Fy gy 1(—dy, —dy).
The a-invariant (§6, Chapter V in [5]) is a ring homomorphism
o QP KO, (pt).
As is well known, KO, is 8 periodic,

0, forn=3,56,7mod S8,
KO, (pt) = Z, forn=0,4mod S8,
Zso, form =1,2 mod 8,

and
A(M), forn=0mod 8,
Mﬂ={

%Q(M) for n =4 mod 8.

The a-invariant of an 8k 4 2 dimensional manifold is the mod 2 index of
Atiyah-Singer Dirac operator, which is usually difficult to compute. To per-
form the computation, we need to use the following analytic Rokhlin congru-
ence formula due to Zhang.

Theorem 3.7 (Zhang [29, 30, 31], c.f. [32]). Let M be a compact connected
spint-manifold of dimension 8k + 4, € is a complex line bundle on M with
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c1(€) = wo(TM). B is the spin submanifold of M Poincaré dual to ¢1(§) €
H?(M;Z), then B carries an induced spin structure and

c1(8)

>, [M]) mod 2.

a(B) = (A(M)e

Thus when dimgH! . (dy,d>) = 2 mod 8, applying Zhang’s theorem, we

have e
a(Hrlu,m (dlv dQ))
5.3 =(AV)FE W)
=(QMu)" T Qv — iu)Qv)e ™7, [V]) mod 2.
j=1

By Proposition 3.2, we have

Theorem 3.8. If H! dy,dz) is spin (i.e ki, ke € Z see Convention 1.3)
and ny + ny = 2 mod 4, then

17”2(

a(H!

ni,n2

(dl,dg)) = Fnl,ng,I(dladQ) mod 2.
3.4. Some examples

In this subsection, we assume n; + no = 1 mod 2 when discussing A-genus
and n; + ne = 2 mod 4 when discussing a-invariant.

Observation: From formula (3.6), we can see that terms with r greater than
the number of non-zero elements in I vanish. In particular, if I =0 or I =
(7,0,--+,0), Fy, ny1(dy, dz) has a simpler expression. More precisely, if I = 0,
non-vanishing terms appears only when r = 0, namely 3.9; if I = (5,0,---,0),
we will see that non-vanishing terms happen only when r = 0, 1. See Example
3.3.

By above observation, we have

(3.9) o mao(di, do) = (”l t kl) ('”2 + k2>.

ny ng
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Example 3.1. When I =0, V = CP™ x CP™, H), , (1,1) is the usual
Milnor hypersurface. We have

A(HO (17 1)) = Fn17n270 L, ) - Fnhnz,o(_lv _1)

ni,n2 1
(BN (B (- (5
(310) <Zf> <’§i§> ( >< " >
= (A)(E) (2o ()
=0
and

(3.11) a(HY ,,(1,1)) = <n7> <n7> =0 mod 2,

ng

which coincides with the result in [16, p. 40] that the ﬁ—genus of Milnor
hypersurface always vanishes.

Example 3.2. When 1 =0,V =CP™ x CP™, we have

A\( nl na (d17 d2)) - nl,nQ,I 0<d17 d2> Fnl,’nz,I:O(_d17 _d2)
di+n1—1 da+ns—1 —di+n1—1 —do+ns—1
— 2 2 _ 2 2
B n1+k:1 n2+k2 o —]{71—1 —kg—l
B ny na ni na
ny + ki (ng + ke
=(1=(=1 ni+ng
1= (M R ()
_ofm + ki [no + ko
N ni »)

When ki = —%1_‘11,/{2 = —%Pd? are integers, HY ny(d1, d2) is spin
and
1. A(Hgl ng(dhdz)) <— i<k <0or —ng<ky< 0,’
2. a(H?  (di,ds)) = ("1+k1)("2+k2) mod 2.

n2

ni,n2

Example 3.3. When 1= (5,0,---,0), j € Z, By the previous observation,

AHGS O (dy, dy)) =

ni,ne
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ny + k1 no + ko -k -1 —ky—1 m {
‘ ny+ k1 —mj ng+ ke +1—1
ni n2 +1
B R A |
n1 N2 +1

and

a(HG% 0 (dy, dy))

ni,n2

_(m + Ky ng + ko
- n1 »)

R ny+kr—mg\ [(ne+ke+1—
AR () (L))

=1 m=0

Assume ng = 2,n1 +ny =1 mod 2, dy = 1,dy =no+1 (ie. by = -1+ %,
ke = 0). Therefore

AHZE D (1, ng + 1))

_ 1+3 -5\ (1 S m+1 (5 —m)j -1
(5 G C) s e () ()
J.J

R

Thus

AHTY O ny +1) £0 <= j#0 or —2.

2,7’L2

Note that if j = 0 mod 2, then Héf,;g""’o)(l, ng + 1) is spin.
Since E(Hgn2(1,ng + 1) = 0, this provides a good example to illustrate

the difference between twisted Milnor hypersurface and non twisted one.

Example 3.4. Assume dy = dy =1 and ky = =57, ks = =2 are integers,
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then HE  (1,1) is spin and

ni,n2

(3.12)

Fn17n271(17 1)

_ Z (_1)Z;:1mj f n1+—"1§"1—§-m Tl2+_Tnz+ Z§:1 lj—’l"
m ni no—+ Zg':l lj ’

0<r<nas

V1<y<r
1;>1,0<n1,0<m; <l;
1<s1<s2<++ 5.<na

Claim:

%—i_z‘;zllj_r =0.
ne + 31l

In fact, let m =" + 370 4 lj —r, n=mna+ 3 1;, we have

e m is a positive integer, since ,l; > 1, 375 1 l; —r > 0 and ky = 52
integer.
o m <, since F+ 3 g lj—r<ng+3i gl &= —r<2
Thus (') = 0.
Therefore Fy,, n,1(1,1) = 0. Similarly, Fy,, n,1(—1,—1) = 0. Thus
Tyl I
A(Hnl,nz(L 1)) = 07 a(Hnl,n2(17 1)) = O
Remark 5. More generally, as long as ny is even and dy = 1, we have
A(Hy, n,(d1,1)) =0, a(Hy, ,,(d1, 1)) = 0.

Example 3.5. Forni; =1 and ny = 1 mod 4, we have

_ i(—l)m { ny+k—ism\ (no+ka+1—1
- m ny ng + 1

_ ny + ks \ < . , ky 4+ 1\ [(ng + ko
= ) <n2+1>2( ™14k zsm)+< ) >< g >m0d2.

m=0

_ ng + ko . ki+1 ny + ko
:<n2+1> Z (1+k1—(1+k1—23))+< 1 )( - )mon.
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—0, no + ko n k1+1 no + ks mod 2.
ng +1 1 ng

Example 3.6. Forny =2 and ny =0 mod 4, we have

O[(H’}LLTLQ (d17 d2)>

_ ]{31+2 n2+k:2
- 2 N9y

l .

m l n1+k1—zsm n2+k2+l—1

- 2 () )
1<1<2 m=0 m 1 n2
1<s5<n2

Z Z (—1)mtme h la \ (n1+ k1 —ig,m1 — ig,mo
my mo ni

1<<2 0<mi<ly
1<l2<2 0<m2<l>
1<s1<s52<n2

’ ng+ko+1l +1o—2
ng + 1 + o

_ ki1 +2 g + ko 0‘%—20’2 (2k1+3)0‘1 ng + ko
= + | = +
2 N9 2 2 ng + 1

ko +1 k
+(a%—202)<n2+ 2+ )—1—02(”2—:_22) mod 2.

g + 2 o

4. Applications

In this section, we give some applications of ﬁ—genus and a-invariant of
twisted Milnor hypersurfaces.

First, we investigate the existence of circle actions on twisted Milnor hy-
persurfaces.

Theorem 4.1 (Atiyah-Hirzebruch [1]). If the circle S* acts nontrivially on
a connected spin manifold M, then A(M) = 0.

Since we have given the sufficient and necessary conditions for non van-
ishing A-genus about spin twisted Milnor hypersurfaces in Example 3.2 and
3.3, we have

Corollary 4.2.

(1) Assume I =0, ny +ny is odd and k; € Z,k; < —n; or k; > 0,0 =1,2.
Then there does not exist non-trivial circle actions on Hnolm(dl, da);
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(2) Assume ng is odd and j # 0,—2 is even. Then there does not ex-
ist non-trivial circle action on the twisted spin Milnor hypersurface
HIO 01y 4 1),

2,n9

Let a;(n) be the coefficient in the dyadic expansion of n € Z:
n = ag(n) + a1(n)2' + az(n)2? + - + an(n)2™.

Theorem 4.3 (Lucas Theorem [24]). For any k € Z,

(n—l— k) _ ﬁ (ai(n-i- k)) mod 2.
n o\ ai(n)

The following properties are based on Lucas Theorem, where the case
k > 0 is due to Zhang [32], and a proof is included for local completeness.

Proposition 4.4. (":k) =1mod 2,neNkeZiff

(4.1) a;(n) +ai(k) <1,Vi>0, for k> 0;
. ai(—k—1—n)+ai(n) <1,Vi>0, fork<-n-—1.

Proof. If k > 0, by Lucas Theorem,

(n—i—k) =1 mod 2 < H(az(n—i—k)) =1 mod 2,
n

i=0 @i (n)
which equals to

a; (TL + k})
a;(n)

Since k = (n+ k) —n,

Vng’gm,< >—1,i‘e.V0§i§m,ai(n+k)zai(n).

(n+k)=ao(n +k)2° +ar(n+k)2" + -+ ap(n + k)2™ + -+,
we have
Z a;(k)2" = Z(ai(n + k) — a;(n))2".
i=0 i=0

In general, a;(k) # a;(n + k) — a;(n), but if a;(n + k) > a;(n), and since
a;(n+k) <1, we have 0 < a;(n+ k) — a;(n) < 1. And since the factorization
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is unique, therefore
0<ai(n+k)—ain) <1 <= a;(k) =ai(n+k)—ai(n).

Thus

k
(n—i— )Elmon < V0 <i<m,a;(k)+a;(n)=a(n+k) <Ll

Ifk<—n,
() ()
Thus

5

We give a useful tool to simplify our computation.

k-1
( . ) =1lmod2 <= V0<i<ka(—k—1-n)+a;(n) <1.

O

Proposition 4.5 (Appendix B.3). For any nonnegative integers m,n, we
have

L9 m+n 0 mod 2, n-m or[§]-[F]is odd,
(42) n - ([%][25%}) mod 2, otherwise.
Theorem 4.6 (Stolz [27]). Let M be a simply connected, closed manifold of
dimension> 5. Then M does not admit a Riemannian metric of PSC iff M
is a spin manifold and o(M) # 0.

By [19, Theorem A], for any oriented manifold M?", any codimension
2 homology class is represented by a submanifold K C M, and (M, K) is
n-connected. In the following discussion, let us assume HY . (dy,d2) to be
simply connected.

Thus a spin HE , (di,dy) with dimension no less than than 5 does not

ni,n2

admit a Riemannian metric of PSC iff a(HY | (dy,ds)) # 0.

ni,n2

Corollary 4.7. HL . (1,1) always admits a Riemannian metric of PSC (Ex-

ni,n2
ample 3.4). In particular, Milnor hypersurfaces always admit a Riemannian
metric of PSC (Example 3.1).
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Corollary 4. 8 When ki = —%Fdl, ko = —%1_‘12 are integers, The spin
hypersurface HY, ,,.(d1,ds) of CP™ x CP™ does not admit a Riemannian
metric of PSC if and only if ¥ i, a;(k;) + a;(ng) < 1,1 =1,2 (Example 3.2)

Motivated by Zhang’s work in [32], we give the sufficient and necessary
conditions for the existence of Riemannian metric of positive scalar curvature
on the HY  (dy,ds), which are described in Example 3.5 and 3.6.

ni,n2

Corollary 4.9. Assume ny + ng = 2 mod 4, n1=1andk; = —%M,

ko = —"2H=% qre integers. A spin H, i n2(d1, dy) does not admit a Rieman-
nian metric of PSC if and only if one of the following conditions satisfied

e ky >0, ko =0 mod 4, ki =0 mod 2,Vi,az([ 2]) +ai([%]) < 1;

® ko >0, ks =1 mod 4, 01 =1 mod 2, Via,([ 2]) +ai([%2]) < 1;

e ko >0, ko =2mod 4, k1 + 01 =0 mod 2, V 1, az([’f])—l—az(u])gl;

® ko < —ng —1, —ky = 0 mod 4, k; = 0 mod 2, Vzaz([W])—i—
ai([7]) <15

o ky < —ny—1, —ky =2 mod 4, k1 +01 =0 mod 2, V i, a; ([ZE21=22]) +
a;([2]) < 1;

o ko § —ng — 1, —kg = 3 mod 4, 01 = 1 mod 2,V i,ai([W]) +
a;([7]) < 1.

Proof In the following we assume ng = 4m + 1 for some m € Z. And since
H, nQ(dl,dg) is spin, k1, ko € Z.
By Example 3.5, we know that

k1 +1 ng + ko no + ko
( TLan(dladQ)) ( 1 >< o ) +0—1(n2—|—1> mOd 2

1 If —ngy < ky <0, clearly o = 0. Thus H.
metric of PSC.
2 If ky > 0, a(HY ,,(di,d2)) = (ky + 1) (") 4 09 (72152) mod 2.

ni,n2 no+1
(1) If k3 = 0 mod 4, assume kg = 4k, for some k € Z. Then
(n2+k2) — (4m+1+4k) = (m+k) mod 2

HY ., (d1,dy) admits a Riemannian

n2 Am+1 k
(i) = (M ts) = (G = 0 mod 2.
Thus

( ny nz(dladZ)) = (kl + 1) (m]j k) mod 2.

So H} ., (dy,dz) does not admit a Riemannian metric of PSC iff
R ng
kl = 0 mod Q,V Z,ai([z}) + az([z]) < 1.



Twisted Milnor Hypersurfaces 959

(2) If ko = 1 mod 4, assume kg = 4k + 1, for some k € Z. Thus

m+k
o n1n2(d1,d2))501< f >m0d2.

So HE . (dy,ds) does not admit a Riemannian metric of PSC iff

ni,n2

k
o1 =1 mod 2,Vi7ai([—2]) + ai([@

4 4])§1.

(3) If ko = 2 mod 4, assume ky = 4k + 2, for some k € Z. Thus

m+k
( nlng(dladQ))E(k1+1+Ul)< I >mod 2.

So HY . (dy,ds) does not admit a Riemannian metric of PSC iff

ni,n2

"2y <1

k
(k’l—l—al) = 0 mod 2,V7L,ai([—2 )+az<[z >

1
(4) If ko = 3 mod 4, assume kg = 4k + 3, for some k € Z. Thus

o(H,

(dl,dg)) = 0 mod 2.

ni,n2

So Hy, ,,(d1,dy) always admits a Riemannian metric of PSC.

3 If ko < —ng — 1, the analysis is similar to the case ko > 0. O

Corollary 4.10. Assume ni+no =2 mod 4, n=2and k= —
ko = —%1_(12 are integers. A spin H m ny(d1,d2) does mot admit a Rieman-
nian metric of PSC if and only if one of the following condition satisfied

® ky>0,ky=0mod 4, ky =0 or 1 mod 4, Vi,az([ 2)) +ai(%) < 15

e ko >0, ky=1mod 4, (kl;Q)—&-U%;QUQ—i—(%l;g)m = 1mod 2,V i, a;([%])+
a;i(%) < 1;

e ky >0, ky = 2mod 4, (k1+2)+0%—02 =1 mod 2,V i, a;([%]) +ai(%) <

ni+l—di—o1
) ;

1;
o ky >0, ky = 3 mod 4, (Ff?) 4 ACMEEZN) — 4 164 2, 4, a;([E2]) +
a;("¢) < 1;
o by =—no—1, (k1+1)2(k]+2) + 01(0172%]73) =1 mod 2;
. kg < — 2, —ky =0mod 4, k1 =0 or 1 mod 4, V i, a;([“R27="2]) +
no
4
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e ky < —ng — 2, —ko = 1 mod 4, (k12+2) —l—% = 1 mod 2,
Vi, ap([FR]) + ap(R) < 1

o ky < —np—2, —ky = 2mod 4, ("}?) + 0} -0y = 1 mod 2,V 4,
o ((FE2=) + aa() < 1

o ko < —ny—2, —ky = 3 mod 4, (k1;2)+W—0251m0d2,
Vi, ap([FR]) + ap(R) < 1

Proof. Assume ny = 4m, for some m € Z. The following discussion is similar
to Corollary 4.9.

1 For ke > 0:
O[( ni ng(dlﬂd2>)
_ ki+2\ (4m + ko +(_U%—202+(2]€1+3)0’1) 4m + ko
o 2 dm 2 2 Im+1

Am+ ky + 1 Am + ky
2
_9 d2
+on 02)( Am + 2 >+02<4m—|—2> o

(1) If k2 = 0 mod 4, assume kg = 4k, then

a(H), ,,(dy,dy))

ni,n2

ki +2\ (4m + 4k +(_(7%—202+(21<:1+3)al) 4m + 4k
2 Am 2 2 4m +1

dm + 4k + 1 dm + 4k
2_
+ (o7 202)< A+ 2 >+02< ot >m0d2

_ (k1 +2) (mA+k +(_a§%7202+(2k1+3)01) dm+1+4k—1
L2 m 2 2 dm+1

dm+2+4k—-1)+3
+(O’%—20’2)< 4m:—2 ) )

4 2+4k -2
+02<m+ + >m0d2

4dm + 2

E<k1+2> <m+k> nod 2.
2 m

And (2+k1) = 1 mod 2 equals to a1 (k1) = 0, more precisely, k1 =
0 or 1 mod 4.
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So HE . (dy,ds) does not admit a Riemannian metric of PSC iff

ni,n2

k1 =0or 1 mod 4,V i,ai([%}) + ai(%) <1.
(2) If ky =1 mod 4, assume ky = 4k + 1, then
O}, (dr, dp)) = {(75%) + A5 4 BRERRY (") mod 2.
So HY . (dy,ds) does not admit a Riemannian metric of PSC iff

ni,n2

<k‘1 —|—2> n O'% — 209 n (2]431 +3)O’1

2 2 2
. ]f2 »)
= 1 mod 2,Vz,ai([z]) —|—ai(Z) <1

(3) If ky = 2 mod 4, assume ky = 4k + 2, then
( ni,ne (d17 d2)) ((k1+2) + 01 0_2)(m+k) mod 2.

(4) If k2 = 3 mod 4, assume kg = 4k + 3, then
a(HE ,,(dd2)) = (M) + w)(m;k) mod 2.

2 If —ny < ky < 0, HY
PSC.

3 If ko = —ng — 1, then
o(H! L n2<d1’d ) = Brtat?) | oulen=2a=d) g g
So HY  (dy,dy) does not admit a Riemannian metric of PSC iff

n1,n2

(dy,dy) always admits a Riemannian metric of

(k1+1)(1€1+2) 01(01—2k1—3)
2 + 2

=1 mod 2.

4 If ks < —no — 2, the argument is similar to the case kg > 0. O

Appendix A. Relations between A(n,l) and some classical
numbers

The number

l
Ly (= (Dyme, 0<1<mg

n
0, otherwise
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appearing in Section 3.1 has a generating function
/

e®— nY
V(e — > An, Dz F
1,n>0

and A(n, 1) can be obtained recursively by A(n,l) = L(A(n—1,1) + A(n —1,
[ —1)) and A(0,0) = 1.

Lemma A.1. A(n,l) has the following relations with the Stirling number,
Bell number, Bernoulli number (c.f. [10]), and divided difference (c.f. [8]).

(1) Let S(n,l) be the Stirling number of the second kind which is generated

by
D 5 S0,y
1,n>0 n:
we have
n!
S(n,l) = WA(n, l)

and

ZA(n, Du™ = (e* —1)%.

n=I

(2) Let B,, be the Bell number, we have

" pl

B, =Y —A(n,l).

=0

3

o~

(3) Let B, (0) be the Bernoulli number which is generated by

x > "
er —1 nz::OBn(O)H’
we have
" nl
Bo(0) =S A(n,1).
0= A
(4) Let P,[0,1,2,--- 1] be the I-th divided difference for P,(x) = z", we
have

n!
Pn[(), 1,2,--- ,l] = FA(n, l).
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Proof. (1): Stirling number of second kind is of recurrence relation:
Sn,l)=1S(n—1,1)+Sn—-1,1—1).

Thus

I Lo - 1)
S0 = g S= L) + <<n — 1))!

Since A(n, 1) is of the same recurrence with £.S(n, 1),

S(n—1,1—-1)}.

/!
A(n,l) = —=S(n,l).

n!
By definition,
I N e I AT
So
ZA(n,l)u”
n=lI
o) l
— Z l| Z (_1)lm< l >mnun
n=lI n m=0 m

3

I
M-
=

)

T

S =
WE

)
&
3

3
]
(=}
3
I

3

Il
T
=

T

3
N
~—

G

3

e

|

i
—_
3
£
3
~—

3
Il
=)
3

3
I

I
|
N
T
3
T =
N—————
)
=
3
|
- -
—~ o
|
=
T
3
s =
N——
g0
T
=&
3

ﬁ
<)
T
-

i
o
S
|
—_
=
|
‘2
3
—~
|
—_
~
|
3
S
~~
N———
3:

n=0 n! m=0 m
-1 u”

=(e* — 1)l — ES(n, l)
n=0 """

1
D
<
|
!
~
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Note that S(n,l) =0 for n <.
(2): A simple consequence of (1),

n

B,=Y8n=%" %A(n, ).

=0 1=0
(3):
(1 g =S DS S
z;o H—IA(nJ)x _g I+1 ;A(n,l)x _g l+1(€ - 1) er — 1

0 Il>n
1 l=n

Ty o xy,, L<n
0<t1 <to <<ty <l

By induction:

e Claim 1: A(l,1) = ¥P[0,1,2,- -+ ,I] = 1 is true.
By the recurrence, A(1,1) =1 = 3 P1[0,1] is true and A(n,1) = 0 for
I >mnorl<0.Assume A(l,1) =1 is true for any integer less than n.
An,n) =2(An—-1,n)+An—-1,n—-1)=An—-1n—-1)=--- =
A(1,1).
So the claim is proved.

e Claim 2: A(n,l) = Tll—!!Pn[O, 1,2,-- 1] is true.
By claim 1, A(l,1) is true, assume A(n,!) is true for all integers [ and
n less than [ 4+ 1 and n + 1, respectively.

A(n+1,1)

= 1(A(n, )+ A(n,l—1))

I (1—1)
= Pa[0,1,2, -+ .1
w1l I+

Pn[071727“' 7l_1])

n! n!



:(n+1)!

:(n+1)!

Twisted Milnor Hypersurfaces

Il !
= ty ety + Z ty -
| Z n !
(n+1)! 1<i<n-1 (n+1)! 1<i<n41-1
t;€{0,1,2- I} t;€{0,1,2--- ,1—1}
t1<to<--<tp_y t1<to<--<tpy1-y
l!
*—{ Z tl e tn—ltn—i-l—l
(n+1)! 1<i<n—1
t:€{0,1,2- 1}

t1<to<-<tpy1-1=l

+ > tre -1}
1<i<n+1-1
t;€{0,1,2-- i}
1) <to<--<tpy1<l

l!
Z b1 tnitni1

t:€{1,2:+ 1}
t1<ta<---<tp41<l

[!
P’n,+1[0>1727' o 71}

Appendix B. Some combinatorial properties

Let a;(n) denote the coefficient in dyadic expansion of n:

n = ag(n) + a1(n)2' + as(n)2* + - - + a;(n)2,

where ¢ € Z is a finite integer.

965
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The following properties are based on the Lucas Theorem and Proposition

4.4.

Proposition B.1. For m,n € N,

Proof.

(

<4m + n) = (m + [%]> mod 2.
4m m

If n =0 mod 4, assume n = 4k,
dm +4k\  (dm 44k -1V (dm - 4k)!!
4m ) (4m — D)4k — 1)1 (4K)1(4m)!!
(4m + 4k — D! (2m + 2k)!

T (dm — D4k — DI (2k)!(2m)!

(dm+4k — DI (2m+2k— 1)1 (2m + 2k)!!

T (dm — DAk — DI (2m — D2k — DI (2k)1(2m)!!
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(4m + 4k — 1)!! @Cm+2k—-DI (m+Ek)!
(4m — D4k — DI (2m — D2k — DI kIm!

= (m—i— k) mod 2.
m

For the other dimensions, the analysis is similar. O

Proposition B.2. For m,n € N,

dm+1+n\ |0 mod 2, n is odd;
dm + 1 (m;[%]) mod 2, n is even.

Proof. When n,4m + 1 are both odd, we have ag(4m + 1) = 1,a9(n) = 1. By

Proposition 4.4, (4mt11+") is even.
When n = 4k,
m+k
k

Im+1+n B 4k +4m + 1
dm+1 ) 4k

When n = 4k + 2,

(m + k) mod 2.
m

dm + 1+ 4k + 2 dm + 1+ 4k + 2)!! (4m + 4k + 2)!!
4m+1 dm + D4k + DI (dm ) (4K + 2)!!
F(2m + 2k +1)!

Am + DAk + D)1 (2m)!(2k + 1)!
Am+1+4k+ 20 2m+2k+ DI (m+ k)
dm + DNk + DI (2m — DIk + DI (m)!(k)!

E(m—i—k) mod 2. O
m

_( )
( )
(4m A+ 1+ 4k +2)
( )
_( )
( )

Corollary B.3. For m,n € N,

(m + n) {O mod 2, n-m or [§]-[F] is odd

= ([%][Z[]%]) mod 2, otherwise.
4

n

Proof. When n - m is odd, n,m are both odd, we have ag(m) = 1,a9(n) =1
and by Proposition 4.4, (™™) is even.

For any I € N

A1+2 = ag(41+2)+a1 (4142)2" +- - = 2(21+1) = a1(414+2) = ag(21+1) = 1;
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Similarly,
A+3=1+4l+2) = a1(4l+3) =1.

When [3] - [%] is odd, then n,m € {4l; + 2,4l + 3|l1,lo € N}. Thus

a1(n) = a1(m) = 1. By Proposition 4.4, (™™) is even.

When [5] - [%] is even, we have

e if n = 4k, then (") = (4’“7:’") = (kJ[rﬂ_[Lj%]) = ([%EZ][%]) mod 2;

e if n = 4k + 1, we only need to conélider that r4n is an even number,
since the case n,m € {2k + 1|k € Z} has been discussed above. By
Proposition B.2.

() = (51 = (F1715) mod 2

o if n = 4k 4+ 2, we only need to consider m = 4[,4] + 1, since the
case n,m € {4ly + 2,4ls + 3|l1,l2 € N} has been discussed above. By
Proposition B.2 and B.1.

m+n m+n 4k + 2 + 41 k+1
= = = mod 2,
n m 4] k
m-+n m+n 4k +2+41+1 k+1
= = = mod 2;
n m 41 +1 k

e if n =4k 4 3, we only need to consider m = 4. By Proposition B.2,
m+4n\ _[(m+tn) 4k +3+ 41 _ kE+1 mod 2. 0
n m 41 k
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