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The algebra of derivations of quasi-modular forms from
mirror symmetry”*

MURAD ALIM, VADYM KURYLENKO, AND MARTIN VOGRIN

Abstract: We study moduli spaces of mirror non-compact Calabi-
Yau threefolds enhanced with choices of differential forms. The
differential forms are elements of the middle dimensional cohomol-
ogy whose variation is described by a variation of mixed Hodge
structures which is equipped with a flat Gauss-Manin connection.
We construct graded differential rings of special functions on these
moduli spaces and show that they contain rings of quasi-modular
forms. We show that the algebra of derivations of quasi-modular
forms can be obtained from the Gauss—Manin connection con-
tracted with vector fields on the enhanced moduli spaces. We pro-
vide examples for this construction given by the mirrors of the
canonical bundles of P2 and Fs.
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1. Introduction

The study of mirror symmetry, which was discovered in the context of string
theory, has had a remarkable impact on mathematics putting forward new
connections between different research areas such as symplectic and alge-
braic geometry. In particular the field of enumerative geometry has benefited
greatly from the study of mirror symmetry starting from the predictions of the
numbers of rational curves of arbitrary degree on the quintic from the study
of variation of Hodge structure of the mirror family [11], see also [15, 51] and
references therein.

A particularly fruitful arena of studies has been the interplay of mod-
ularity and geometry in the study of generating functions appearing in the
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enumerative geometry of families of Calabi-Yau (CY) manifolds. The quasi-
modular forms studied by Kaneko and Zagier [28] appear for instance ex-
plicitly in the study of higher genus mirror symmetry of families of ellip-
tic curves [18]. The appearance of quasi-modular forms has moreover been
a recurrent theme in the study of higher genus Gromov-Witten invariants
for families of CY threefolds. The modularity of Gromov-Witten generating
functions of CY families is related to the appearance of elliptic curves or K3
surfaces in the geometries. This can be either explicitly as factors of product
spaces as for instance in [9], see also [37] and references therein as well as
[47] for a recent treatment. Alternatively the CY families are elliptic or K3
fibrations as in e. g. [26, 25, 33, 5, 32]. In the case of mirror symmetry of
non-compact CY families the modularity can be traced to the appearance of
mirror curves, a locus where the mirror families of canonical bundles over Fano
manifolds degenerate. The latter modularity has been extensively studied, see
e. g. [27, 1, 6, 14], as well as [22] and references therein.

For higher genus mirror symmetry of generic families of CY threefolds a
set of special functions on the moduli spaces which form a differential ring,
i. e. are closed under derivations, was put forward for the mirror quintic by
Yamaguchi and Yau [52] and generalized to arbitrary families in [3]. It was
shown that the generating functions of higher genus Gromov-Witten invari-
ants are polynomial in these special functions. An isomorphic differential ring
of special functions for the mirror quintic was independently put forward by
Movasati [39] (see also [41]),! working on the moduli space of the mirror quin-
tic enhanced with choices of differential forms. The motivation of Movasati’s
construction came from the study of the geometric realization of modular
forms which we briefly outline in the following.

In [38], Movasati defined the moduli space T of pairs (E, (w1,ws)), where
E is an elliptic curve and (wy,ws) is a basis of H(FE,C) such that w; is
holomorphic and the intersection pairing of w; and wy is 1. It was observed
that the ring of regular function Ot is closely related to the ring of quasi-
modular forms and can be equipped with a differential structure coming from
a special vector field on T, equivalent to the Ramanujan differential relations
between the Eisenstein series

FE2 - F EsFEy — E FE¢Ey — E?
aTEQ = 2T4’ 87'E4 = %; aTE6 = %7
where 0, := %a%. Moreover, two other natural differential structures on Ot

were identified in [40], such that all together they constitute an sly(C) Lie

!The equivalence of the two constructions was shown in [4] and generalized to
other families.
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algebra. This Lie algebra is a realization of the sly(C) triple of derivations
acting on the ring of quasi-modular forms, see for instance [53].

A similar construction can be carried out for more general varieties. Con-
sider a pair (X,w), where X is a compact Calabi-Yau variety of dimension n
of fixed topological type, i.e. X is diffeomorphic to some fixed variety Xy, and
w is a basis of H"(X, C), respecting the Hodge filtration F* (see Definition 9)
and such that the intersection pairing in this basis takes the form of a fixed
constant matrix. Let T be a moduli space of such pairs. Analogously to the
case of elliptic curves, there is a set of distinguished differential structures on
the ring of regular functions Ot. They are defined by the special (modular)
vector fields R; on T, defined by

Ofpfu *fufur Ofufuo o Opp
Ofpsifo Ofuifor *fuifao -+ Ofifo
(1.1) Vewy = : : : : : We,
Ofifn Opifun Opifus oo *f1f
Ofofn Ofofun Ofofus - Ofofo

where w; is a frame of H"(X/T) defined in the section 3.2, fi = rk F*/Fk+!
and *,p is an a x b matrix with entries in O-.

The construction of moduli spaces, together with the modular vector fields
on them was carried out for a number of compact families: compact CY
threefolds in [39, 4, 2], Dwork families in [44, 46|, genus 2 hyperelliptic curves
in [12], K3 surfaces in [2, 46], elliptic K3 surfaces in [19, 7] and abelian varieties
in [20]. The program of constructing moduli spaces of varieties enhanced with
differential forms and investigating their properties was named Gauss-Manin
Connection in Disguise (GMCD), see [42].

Besides the (modular) vector field, there are other distinguished vector
fields inducing differential structures on Ot. Let G be the following algebraic

group
G = {g € GL(b,, C)| g preserves filtration and gdg™ = ®},

where b, = dim H"(X,C) is the n-th Betti number, ® is a constant skew-
symmetric matrix, and let Lie(G) denote its Lie algebra. The special vector
fields Ry on T can be defined as

VR,wt = gut, g € Lie(G).

Any vector field on T can be viewed as a derivation on Ot. We refer to
the algebra of derivations coming from the vector fields Ry and the modular
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vector fields R; as the Gauss-Manin Lie algebra.? It is a a generalization of
the algebra of derivations on the ring of quasi-modular forms to more general
rings associated to CY varieties. The algebra of derivations for elliptic curves
was characterized in the framework of GMCD in [40]. It was computed for
compact CY threefolds in [4], for Dwork families in [44, 46] and for elliptic
K3 surfaces in [7]. In [23] the framework of GMCD was studied in the case
of elliptically fibered CY manifolds of various dimensions. In particular the
authors of [23] identify an sl5(C) Lie subalgebra corresponding to the algebra
of derivations of quasi-modular forms, which in their case is directly related
to the modularity of the elliptic fiber. In the present work, we identify an
sly(C) Lie subalgebra of the Gauss-Manin Lie algebra which is more indirect
and which is related to the modular structure of the mirror curves appearing
in the study of mirror symmetry of non-compact CY threefolds.

This work is concerned with the study of the local structure of moduli
spaces T for non-compact CY threefolds mirror to toric CY threefolds. These
are of the form

s—1 s—1 ;
XI{WJFZ%MZOIUWGC, yieC*,Hyi’“zl},

=0 =0

where Q! is the charge matrix defining the toric CY, s is the number of 1-
dimensional cones in the corresponding fan and %k runs from 1 to s — 3. The
middle cohomology of such varieties does not carry a pure Hodge structure,
but instead — a mixed Hodge structure. We construct locally a moduli space T
of non-compact CY varieties enhanced with differential forms. By (not neces-
sarily compact) CY threefold enhanced with differential forms we refer to the
pair (X, w), where X is a CY threefold and w is a basis of its middle cohomol-
ogy, respecting both the Hodge filtration F'* and the weight filtration W, on
H3(X,C). We further require that the pairing on Gr}¥ = W;/W;_; takes the
form of some fixed constant matrix ®; for all 7. As for compact families, the
ring of regular functions Ot can be equipped with a set of derivations coming
from the modular vector fields (1.1), as well as the derivations corresponding
to elements in Lie(G), giving the full Gauss-Manin Lie algebra.

The program is applied to two cases of interest, the mirror families to
local P? and local Hirzebruch surface Fs, as an illustration. The developed
techniques are universal and can be generalized to other non-compact CY
varieties, as well as variations of mixed Hodge structure associated to different
geometries. For the mirrors of local P2 and [y, the local structure of the

ZNote that it has also been called AMSY Lie algebra in [46, 45].
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moduli spaces can partially be characterized by the inclusion of differential
rings of the mirror curves into the differential ring of the non-compact CY
threefold family. The following structural theorem gives the isomorphism of
differential rings in the case of the mirror of local P?:

Theorem 1. There is an isomorphism between the ring of reqular functions
Ot for the mirror of local P? equipped with the differential structure coming
from a modular vector field R on T and the ring of quasi-modular forms on
['o(3) with the derivation Oy.

For the mirror of local Fy we prove the following theorem, relating the
differential ring of the family of non-compact CY threefold to the differential
ring of the associated mirror curve:

Theorem 2. The ring of reqular functions Ot for the mirror of local Fy
equipped with the differential structures coming from modular vector fields Ry
and Ry contains as a differential sub-ring the ring of quasi-modular forms on
['0(2) with the derivation Oy.

Moreover, the Gauss-Manin Lie algebra is computed in both cases and the
following theorem characterize its relation to the Gauss-Manin Lie algebra of
the associated mirror curve:

Theorem 3. There is an slo(C) Lie subalgebra of the Gauss-Manin Lie al-
gebra & for mirrors of local P? and local .

Organization of the paper

This paper is organized as follows: In the second section we briefly review
quasi-modular forms and construct the algebra of derivations on it. In the
third section we review the theory of enhanced CY varieties and their moduli
spaces. We recall in detail the construction for elliptic curves. In the fourth
section we review the construction of variation of mixed Hodge structure for
families of non-compact CY threefolds and propose a definition of enhanced
CY wvarieties for non-compact situations, extending the GMCD program to
the case of mixed Hodge structures. At the end of the article, we apply the
construction to two families, mirror to non-compact CY threefolds and prove
Theorems 1, 2 and 3.

2. Modular forms and differential operators
2.1. Basic definitions

In this section we review some basic definitions of quasi-modular forms and
their associated algebra of derivations, see [28, 17, 53] for more background.
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Let H= {r € C| Im7 > 0} be the upper half plane and H = HU Q U {ico}
be the extended upper half plane, which is closed under the natural SLy(Z)
action

at +b a b
T —7.T= m, for <C d) —’YESLQ(Z)

Let N be a positive integer, then the principal congruence subgroup of level

N is
T(N) = {(i Z) € SLy(Z) : (CC‘ Z) = <(1) ?) mod N}.

A subgroup I of SLy(Z) is called a congruence subgroup if I'(N) C T". For
example,

(2.1)  To(N) = {(Z Z) € SLy(Z) : (Z‘ Z) = (; :) mod N}.

Definition 1. A multiplier system is a map v : SLg(Z) — C*, such that if
we denote

Jo(7,2) = v(y)(ez + d)F
for v € SLy(Z), then

Jok (7172, 2) = Juk (1, 2) vk (72, 2)

and
jv,k(_’)/a Z) = <_1)kjv,k(77 Z)'

Definition 2. A modular form of weight k € Z with respect to a congruence
subgroup I' and a multiplier system v is a function f : H — P! such that the
following conditions hold:

L f(y.m) = v(y) (et + A)*f(1), Vv = <Z Z) € T, where (et + d)f is

called the automorphy factor,
2. f is holomorphic on H,
3. f is holomorphic at the cusps in the sense that the function

(et +d) % f(y.7)

is holomorphic at 7 = ico for any v € PSLy(Z) = SLo(Z)/{=£l1}.
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The ring of modular forms for I" and v is denoted by M(I',v). It is natu-
rally graded by the weight and finitely generated. If the multiplier system v
is trivial we simply omit it from notation. For example,

M (SLy(Z)) = @) My(SLa(Z)) = C[Ey, Eg]

ke2Z
is finitely generated by the Eisenstein series £y and Eg defined by

2k1

S q"
Z ’ for qg= e2mr

EQk(T) qn
n:l

1—2k:

where ( is the Riemann (-function.

Definition 3. A quasi-modular form on T" of weight k € Z and depth p € N
is a holomorphic function f : H — P!, holomorphic at the cusps, such that
there exist p 4 1 holomorphic functions fy, ..., fp, such that

(CT+d)kf(7-T):i:fi(T)< ‘ ) Vv el.

ct+d
If a multiplier system is involved, one just has to multiply the right-hand side
by v(7).

Example 1. The Eisenstein series Fs is a quasi-modular form of depth 1
and weight 2 for I' = SLy(Z)

Bx(1.7) = (er + )2 Bal(r) + o (o7 + d).

The ring of quasi-modular forms for SLy(Z) is finitely generated
M(SLs(Z)) = C[Es, E4, Eg).
2.2. sl3(C) Lie algebra of derivations

Unlike the ring of modular forms, the ring of quasi-modular forms is closed

under the action of 0, = 271” 5-- For example, in the case of I' = SLy(Z) we

have the following relations

E? - FE E Ey — E EgEy — E?
(22) 0B =Pt gE = IS0 g = ST
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called the Ramanujan relations.

In addition to the derivation 9, we can define two more derivations on
M(SLy(Z)), as it was done in [53, 54]. Due to the fact that M(SLy(Z)) =
C|Es, Ey, Eg], we can write any quasi-modular form f of weight k& as a poly-
nomial in Fs

f=Py(Bp) = anks,
with a,, € M(SL2(Z)) of weight k — 2n. Define
o0f = —12P;(Ey).
The other operator simply returns the weight of the quasi-modular form
W(f) =kf.

Proposition 1. The operators 0;, 0 and W defined above form an sly(C)
Lie algebra

(23) (W ]=20, [Wo]=-2, [9,.0]=W

It is possible to construct this algebra of derivations for the other congruence
subgroups as well (see section 5.3 in [53]).

Remark 4. There exists a similar Lie algebra of derivations in the case of
Jacobi modular forms, see [48].

2.3. Differential rings of quasi-modular forms

In this section we review the differential rings of quasi-modular forms de-
scribed in [36] (see also [6]) for the congruence subgroups I'g(N) with N = 1* 3
2, 3. For suitable multiplier systems on I'g(N) (see loc.cit.) consider the fol-
lowing weight one modular forms:

N A B C
1 Ea(r)/ B Ba(r) 1o (B e
9 (64n(2f)2‘;+n(7)j4)1/4 77(7)42 93/2 n(2T)24
(27 g(T1)27’(2T) 12 1/3 T](QT)ﬁ g(TS?
3 n(37) +7z(7) ) 17(7) 3 n(37)
n(T)n(37) n(37) n(7)

3Here 1* corresponds to I'o(1)* — the unique normal index 2 subgroup of I'(1).
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where 7n(7) denotes the Dedekind n-function

23— Be(r)2\ B
n(r) = <E4( )17256( ) > '

Although some of these functions are not single-valued, their squares are.
Moreover, the modular forms B and C can be written in terms of A and a
weight 0 modular form « — the Hauptmodul. The following holds:

B=(1-a)Y"A, C=a'"4,

where r =6 for N =1%, r =4 for N =2 and r = 3 for N = 3.
Define also the analogue of the Eisenstein series Fy as

(2.4) E =0;log B"C".

Definition 4. By a differential ring of quasi-modular forms on I'g(N) we
would mean a polynomial ring modulo the above relations:

Ry =Cla, A,B,C,E]/(B"— (1 —a)A",C" — aA")
with differential relations given by

dra = a(l —a)A?

1 Ccr—B"
ta= AP+ ).
1 2

_ 1 2
0:C = —C(B+ A?),

I Y
0rE = o-(E” - AY).

The other derivations on the ring are given by
(2.6) H:f—kf,
and

(27) F f — —2’/“8Epf<E),
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for a weight k quasi-modular form f € M(I'o(N)), where Py(E) is viewed as a
formal expansion of f in E, as in the section 2. The Lie algebra of derivations
iss [Q(C)

3. Moduli space of enhanced CY varieties
3.1. Hodge structures

Definition 5. A pure Z-Hodge structure of weight n € Z is a pair (Hz, F'*),
where Hy is a lattice, i. e. a finitely generated free abelian group, and F'® is
a decreasing (Hodge) filtration on He = Hy ®7 C

0OCF'c---c F' = Hg,

such that FP @ Fn—r+l ~ He.

Definition 6. A polarization of a Z-Hodge structure (Hy, F'*) is a bilinear
form

<_7_> :HZ®HZ_>Z7
such that:

e [t is symmetric if n is even and skew-symmetric if n is odd,

e The orthogonal complement of FP is Fn—P+!

e For o, 3 € He the hermitian form (Ca, 3) is positive definite, where
C is the so-called Weil operator which acts on HP? := FP N F4 by
multiplication with #79.

A Hodge structure is called polarizable if it admits a polarization.

Definition 7. A wvariation of Hodge structure on a complex variety B is a
pair (Hz, F*) such that

e Hyz is a locally constant sheaf of finitely generated Z-modules on B,
e F* is a finite decreasing filtration on H = Hyz ®z O by holomorphic
subbundles,

such that

e For each b € B the fibers 7 form a Hodge filtration on (Hz), @z C,
e The Gauss-Manin conection V : H — H ® Qf defined by

Vis® f) =s&df,
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for s € Hz and f € Og, satisfies the Griffiths’ transversality condition
~1 1
VFP C FP7" ®0, Qp-

A variation of Hodge structure is said to be polarizable if there exists a V-flat
bilinear pairing

(—, =)  Hz @Hy — Z,
such that it polarizes (Hz) for each b € B.

Definition 8. A Calabi- Yau variety is a non-singular quasi-projective variety
X, such that the canonical sheaf wy is trivial and H'(X,Ox) = 0 for 0 <
1 < dim X.

Example 2. Let 7 : X — B be a family of compact CY varieties of dimension
n. The middle cohomology of a general fibre X, = 7=1(b), b € B carries a
Hodge structure (H™(X3,Z), F*(X3)), naturally polarized by

n(n—1)

(3.1) @8 = (D" [ ang  apeH(X,2),

and there is a polarized variation of Hodge structure (H%(X/B), F*), where
H3(X/B) = R"m.Z, and F* are unique vector subbundles of H"(X' /B) =
H3 (X /B) ®z Og such that Fy = F'*(X3). The variation of Hodge structure
is naturally polarized by (3.1).

3.2. Enhanced families

Definition 9. An enhanced compact CY wariety of dimension n is a pair
(X,w), where X is a compact CY variety of dimension n and

w=(wi,...,wi...,wp, )", b, =dim H"(X,C),
is a basis of H"(X, C) compatible with the Hodge filtration, i. e.
(W1, -+ s Wetim F*)
spans a basis of F*, and such that
() = @,

for a constant non-degenerate matrix ®. We call a basis w satisfying the above
conditions compatible.
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In this paper we focus on the local structure of the moduli space T rather
than its global structure which requires a more careful study. We will denote
by X/T the associated family of enhanced CY varieties over it. For construc-
tion of the moduli space T in some specific examples we refer for example to
[43]. Consider a family X' /B of smooth CY varieties as in Example 2. Around
any point b € B we can choose a Zariski open neighborhood V;, C B and a
global frame wj, of the vector bundle H"(X'/ B)|Vb , such that at every point '
of Vj, the basis wy, (V') is compatible. All other frames with this property can be
constructed by a transformation of wy by a non-singular lower block-triangular
b, X b, matrix

*fn:fn Ofnvfnfl Ofnyfan tee OfnafO
*fnflyfn *fnflafnfl Ofnflyfan e OfnflafO
(3.2) S= : : : : : ;
ffofo  Kfufar Ffofae oo Opf
*f07fn *f()vfnfl *fO:fn72 st *fO,fO

where fp = rk F*/F**1 and *qp 18 an a X b matrix, satisfying
(3.3) SPS™ = P.

We denote the corresponding frame by wy = Swy. Define U to be the under-

lying complex variety of
Spec (C [smd L})
Y detS])’
ind

where s;7¢ are the algebraically independent entries of the matrix 5, then a

patch T of the moduli space T can be constructed as the fiber product
-T— = % Xc U.

Since we are going to work only with structures that do not require a con-
struction of the global moduli space T, we choose an analytic neighborhood
Vp inside of V4, and an analytic neighborhood Uy C U of the point S = Id.
Further in this paper we abuse notation and by T we mean

TZVO Xc Uo-

On the algebraic de Rham cohomology H"(X/T) there exists an algebraic
Gauss-Manin connection [29]

(3.4) YV H (X/T) = HY(X/T) @0, O,
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where Ot is the ring of regular functions and Q% is an Or-module of differen-
tial 1-forms on T. Using the local description of T, we can calculate the Gauss-
Manin connection (3.4) from the Gauss-Manin connection on H™(X'/B). Let

Vwy = Awy,
with an Qf-valued matrix A, then in the basis w; we have
(3.5) Vws = (dS + SA)S  wy.
3.3. Gauss-Manin Lie algebra

It was shown in [40] that in the case of elliptic curves the ring of regular
functions Ot equipped with a differential structure coming from a certain
vector field R on T is isomorphic, as a differential ring, to the ring of quasi-
modular forms of [28] with derivation 0;. In other words, the Ramanujan
differential equations (2.2) are equivalent to the existence of a (modular)
vector field R on T. There exists a similar algebraic structure on the rings
of regular functions Ot for more general varieties. It can be formalized by
introducing special (modular) vector fields on T.

Definition 10. A modular vector field R is a rational vector field on T such

that
Ofn:fn *fnvfnfl Ofnafn72 o Ofn,fo
O sifo Ofpifon *fuifuo -+ Ofifo
(3.6) VRwe = : : : : f | wy
Opfn Opfuy Opfnn oo xpf
Oforfn Ofofucr Ofosfus - Ofofo

where fr =rk .7-"’“/.7:’“+1 and x4 is an a x b matrix with entries in Or.

Moreover, it is possible to define a set of vector fields, corresponding to
derivations on O, generalizing (2.3).
Let G be the algebraic group consisting of all matrices S defined above,

G = {g € GL(b,, C)| g is of the form (3.2) and gdg™ = ®}.

Theorem 5. [4] For every element g € Lie(G) there is a unique vector field
Rg on T such that

VR, Wt = guw.

Definition 11. The Gauss-Manin Lie algebra & is an Or-module generated
by the vector fields Ry and the modular vector fields.



1050 Murad Alim et al.

3.4. Elliptic curve

We review the case of a family of elliptic curves following the work of [40].
Consider an affine variety in the weighted projective space P(1,2, 3) given by

1

432700}a

(37  {W=af+ad+a}— 2 Vommmy =0f, 2eP'\{0,
with x; being the homogeneous coordinates on P(1,2,3). There is an action
of the finite group Zy x Zs on it given by

Lo : (71,72, 13) — (Haw1, T2, piax3), Z3: (v1,T2,23) — (U371, f3Ta, T3),

where p; is an i-th root of unity. A resolution of the quotient family gives rise
to a family of smooth elliptic curves with a general fiber £,. The monodromy
group of this family is T'g(1)* — the unique index two subgroup of SLo(Z).
The periods of the holomorphic differential

—(L‘ldl'g A dl’g + 2!172d$1 AN dl’g — 3x3d$1 A dLL‘Q
Q) = Resw—g ,

w
are annihilated by the following Picard-Fuchs operator

0? —122(60 +5)(60 +1), 6= zdi.
z

Fix a basis
w = (9, (1 —4322)VeQ)™,

of HY(E,,C). Tt respects the Hodge filtration, i. e. Q € F'}, (1 — 4322)Ve) €
F? and the pairing is

/ QA (1 - 4322) V0 = —1.
B,

In other words, the pairing matrix is

® = (wi,wj) = <(1) _01) ;

in this basis. The tranformations of the basis preserving filtration condition
are of the form
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The pairing condition (3.3) implies
s= (= )
S21 S22
Therefore the moduli space T of enhanced elliptic curves is three-dimensional

and we use a coordinate patch {z, so1, S22}

Proposition 2. There is a unique vector field R on T, such that
0 1
Vwewt = <O O) Wk

d d d
R=(1- 4322)zs§2& - 321332@ —602(1 — 4322«)532@.

It is given by

Proof. Existence and uniqness follow from a direct computation. O

We consider the group

559 0 *
G=<¢(S5= |822€C,821€C .
S21 S22

Its Lie algebra is easily computable and has two generators

0 -1 0
= —S) St = ,
922 (3822 S=Id < 0 1)
_ 0 0
S=Id 1 o)

0
o = (5.-5) 57!
To find the corresponding vector fields, we look for solutions of the system

0821

9599 dsg1

(il*vai +i2.V_a + Z.3*VL) Wt = P2xWt,

of four linear equations for three variables 414, 194, 735. Note, that if there is a
solution it is unique. We find the following;:

0 0 )
=827 So1 7 = .

g22 ’ g21
8522 6521 522 8521

The vector field Ry,, is the so-called radial vector field.

R
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Proposition 3. The algebra generated by the vector fields R, Rg,,, Rg,, i
isomorphic to the sly(C) Lie algebra.

Proof. The proof follows from the explicit evaluation of the commutation
relations. Explicitly, we find

[R’ Rgm] = R9227 [Ra Rg22] = —2R, [Rg217 Rgzz] = 2R921' U

The construction of this section leads to version of a theorem of [40] for
the family (3.7).

Theorem 6. There is a Ting isomorphism between the ring of reqular func-
tions Ot equipped with differential structures coming form the vector fields
R, Rg,,, Rgs and the differential ring Ry« with the differential structures de-
scribed in the section 2.3.

Proof. The isomorphism is given by sending (z, s22, S21) to
a =432z, A = S99, E = (1 — 8642)s3, — 12591599

Then modular vector field R is equivalent to the differential relations from
2.3. Moreover, the action of Rg,, and Ry, is equivalent to the action of W
and 0 respectively. O

4. Non-compact CY varieties and mixed Hodge structure
4.1. Local CY and mirror families

In this work we consider toric CY threefolds which are given by the total space
of a bundle over a surface or a curve, we call these local CY threefolds. Toric
varieties can be described by a fan X, but substantial amount of information
about it is encapsulated by a charge matrix Q¢ that encodes the linear rela-
tions between one dimensional cones Y(1) of the fan X, i. e. Y2525 Qjv; = 0
for v; € (1) and s = |X(1)|. The mirror families of such varieties are known

to have the following form, see e. g. [31, 30, 13, 24]:

(4.1)
s—1 s—1
X = {uv+Fa(yi)=uv+Za¢yi=O | u,v € C,y; E(C*,Hyi b= }
=0 =0

It is also common to set as a mirror family a family of curves

s—1 s—1 )
. Qi
- E_{Fa(y")—zai%—olweC,Hyz-k_ }
=0 i=0
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We are interested in a special class of local CY varieties, namely canonical
bundles over del Pezzo surfaces. In this case all the information can be encoded
in a 2-dimensional reflexive polytope A. In particular, the set of the one
dimensional cones v; of the fan ¥ corresponds to the set A(A) of the integral
points m; of the polytope A, thus the coordinates y; can be parametrized by

== it € €

for m; = (mji1,m;2) € A(A). Hence the information about the general fibre
Xgq of X is encoded in the polynomial

Fo(ti,t2) = Z a;t".
miGA(A)

The parameters a; redundantly describe the deformations of complex struc-
ture on Xg4. The GIT quotient of the space of parameters a; by the natural
torus action induced by the action F'(t1,t3) — Ao F (A1t1, Aata) gives the com-
plex structure moduli space B, for which the torus-invariant local coordinates
can be chosen as z, = (—1)@* ia?;“.

The holomorphic 3-form on X, is given by the residue of the top form on
the ambient space

1 dt; dt
) = Res ——1/\—2/\du/\dv R
Fa(tl,t2)+uv t1 to

where Res is the residue map
Res : H*(C? x (C*)*\ Xq) = H*(X,),

which sends an w € H*(C?x (C*)?\ X,) to J,w, with v € Hy(C?x (C*)*\ X,)
being a cycle around uv + Fg(t1,t2) = 0. The periods of the holomorphic 3-
form satisfy Picard-Fuchs equations, which are obtained from a GKZ system

[21] of differential equations
9\ 9\ "%

I\ Q=0 Hy(X,, 7).

|: H <aal) (8%) ][‘/ ) ’76 3( )

4.2. Mixed Hodge structure

zQ}C >0 7,6;);C <0

In contrast to the compact CY varieties, cohomology groups of non-compact
CY varieties are naturally endowed with a mixed Hodge structure introduced
by [16].
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Definition 12. A mized Hodge structure (Hz, We, F*®) is a Z-module Hy,
together with an increasing (weight) filtration W, on Hy = Hz ®z Q and a
decreasing (Hodge) filtration F'*, which defines a pure Q-Hodge structure of
weight i on the graded piece Gr}¥ = W;/W;_;.

A mixed Hodge structure (Hy, W,, F'*) is called graded-polarizable if the
induced Hodge structure on Gr}" is polarizable for all i.

i
Definition 13. A wvariation of mized Hodge structure on a complex variety
B is a triple (Hz, W, F*), where

1. Hz is a locally constant sheaf of finitely generated Z-modules on B,

2. W, is an increasing filtration of Hg = Hz ®z Q by locally constant
subsheaves,

3. F* is a decreasing filtration on H = Hz ®z Og by holomorphic subbun-
dles, satisfying Griffiths’ transversality,

such that for each b € B the filtrations F; and W, define a mixed Hodge
structure. A variation of mixed Hodge structure is called graded-polarizable if
there exists a pairing (—, —), flat with respect to the Gauss-Manin connection

V on each Gr)¥ = Wi/W_1.

A mixed Hodge structure on the middle cohomology H?(X,,C) for the
families (4.1) was described in [8, 35] (see also [50]). Define the following ring:

Sa =Sk, Sh= € curr,
k>0 meA(A(k))

where tj is an additional parameter and
A(k) = {mEZQQRQI%GA}

for k > 1, A(0) = {0} C R?. The grading is given by deg(t§t™) = k. Define
also the following differential operators on Sa

Dy =0, +toFa, D; =0, +t0,F,, 1=12,
and a C-vector space
s—1
Rr, =Sa/(>_DiSa).
i=0
There is a decreasing filtration on Ry,

0c&celce?c...,
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with £7% being a subspace generated by monomials of degree < k.

There is also an increasing filtration. Define I(A]) to be the homogeneous

ideals in SA generated as C-subspaces by all monomials t&¢™ (k > 1) with m €
A(k) which does not belong to any face of codimension j. Since everything

belongs to the codimension 0 face, we get [ g)) = (. Everything that belongs to
the face of codimension 2 also belongs to some face of codimension 1, therefore
I(Al) C I(AQ). There are no faces of codimension 3, thus Ig’) = D1 Sk , which

contains the last two, and set [XL) = SA. These form an increasing filtration
on Sa:

0=10 1P 1 c1P c 1 =sa,

which defines under the quotient an increasing filtration on Rp,:
0=12yCIy Cl CIgCI4:RFa,

where Z; is the image of I(Aj) in Rg,.
Let us consider Sala] = Sa ® Cla] and

Rr.la] = Salal/(}_ DiSalal).
i=0
On Sala] we can define the following differential operators:

0
D, = — + tot".
a; 8(11‘ + 0

Since they commute with D;, they descend to Rp, [a].

Theorem 7 ([35]). There is an isomorphism
r:Rp, = H*(Xg,C).

Ezxplicitly for every a it is given by

— A— AduAdv
(Fa(tl, tg) + uv)k“ tl t2

—DFEL ™ dty dt
r(tht™) = Resy, ( (=1) ! 2 ) .

Therefore, as a consequence, the filtrations &, , Le define a mized Hodge struc-
ture on H?(Xg4,C), namely FO=F = v(E7%) and W3 = r(Zy), Wy = W5 =
r(Zs), We = r(Z4). Moreover the derivations D,, correspond to the Gauss-
Manin connection V s _.

da;



1056 Murad Alim et al.

Remark 8 ([35]). The weight 3 filtration space Wj is in fact just the first
cohomology of the corresponding curve ¥.,, which is the compactification of
a fibre of (4.2) at a:

W3H?(Xq) = H (X,).

For the families (4.1) there is an inclusion WsH?(X,) = HY(X,) C
H3(X,). We define a polarization (—, —) to be equal to the intersection pair-
ing on W3H3(X,) and 0 otherwise. It was shown in [35] that this pairing is
flat on Gr}" with respect to the Gauss-Manin connection. Since in the case of
local del Pezzo all the mirror curves are elliptic curves (see [13]), in a suitable
basis the pairing matrix is

Obn—2)x(bn—-2) O(b—2)x2
0o -1 1,
02><(bn—2) 1 O

where O,xp is an a X b block of zeroes.
4.3. Enhanced non-compact CY varieties

An important property of the intersection pairing in the case of compact CY
varieties is that it is flat with respect to the Gauss-Manin connection. In the
case of variation of mixed Hodge structure we no longer have this property, but
we have flatness of the pairing on the graded components Gr)¥ = W;/W;_;.
This fact motivates the following definition.

Definition 14. An enhanced CY wvariety of dimension n is a pair (X,w),
where X is a CY variety of dimension n and

w=(wi,...,wi...,wp, )", b, =dim H"(X,C),
is a basis of H"(X,C) such that:
e [t respects the Hodge filtration, i. e.
(Wi -+, Waim F*)

spans F*;
e it respects the weight filtration, i. e.

(Whyy —dim Wi15 - - - s Wh,)

spans Wg;
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e the pairing (—, —) on Cr!” takes the form of a constant matrix ®; in
this basis for all i.

The construction of the moduli space of enhanced varieties, as well as
the Gauss-Manin Lie algebra generalize to this setting. The difference is the
additional constraints imposed on the entries of S by the second condition
above. It sets some of the lower-diagonal blocks to zero, in a similar fashion
as the Hodge filtration condition sets the upper-diagonal blocks of S to zero.
Moreover, the pairing condition of the Definition 9 is imposed on each graded
component of the weight filtration separately.

5. Examples from mirror symmetry

The construction of section 4 is applied to two families of non-comact CY
threefolds, mirrors to local P? and local Fy. We construct the rings of regular
functions on T and the Gauss-Manin Lie algebra and prove Theorems 1, 2
and 3.

5.1. Local P2
5.1.1. Setup The first example we study is the total space of the canonical

bundle over the projective plane P2. It is defined by the toric charge vectors
Q = (-3,1,1,1) and the mirror family is given by

X = {uv + apyo + a1y1 + agys +asys =0 | u,v € C,y, € C*, ylzgyg _ 1} |
0
We have

a
Fa(tl, tg) = ag + a1t1 + aots + —3
litle

The torus invariant coordinate reads

ajao0as3

- —,
ag

and the Picard-Fuchs operator is

L= (6% 3230+ 1)(30 +2))8, 6= z%.

The middle cohomology can be identified as

H3(X,) 2Ry, = Cl®Ctyd Ct2,
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by the theorem 7, where we denote the general fibre of X by X, to emphasize
the dependence on z. The mixed Hodge structure described in the previous
section is

OZWQCW3:W4:W5:Cto@Ct(2)CW6:RFa,

0=F'CF*=CICF*=CloCtyc F' =F"=TRp,.
We can generate it with the help of D,,:

Day(1) = (i o) () =to, Dlte) =t

There is a patch of the moduli space B, where

d
uy = —30 = 32— = 30,

holds. Thus we can take (€2, VoQ, V3Q) as a basis of H3(X) that satisfies first
two conditions from the Definition 14. The only non-zero pairing is between
Vo and V3Q. It is the Yukawa coupling Y311 for local P2, namely

1

20, Vp) =Ygy = — o
(Vo Vol) = Yin = —gm—575

In the basis
w= (2, Ve Y111 V39),

the pairing has the form

00 O
0 0 —1
01 0
. 0 -1
5.1.2. Moduli space T Let us fix &3 = (1 0 and &g = (O) We

saw in the previous subsection that w is a basis satisfying the conditions of
the Definition 14, therefore we can construct (locally) the moduli space T by
considering the complex structure modulus z and algebraically independent
entries of the matrix S. The requirement on S to preserve the Hodge filtration
restricts it to the lower-diagonal form

S11 0 0
S = S91 S22 0
531 832 833
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The second condition — preservation of the weight filtration, sets s9; = s31 =
0. Next, we have to satisfy the condition that

<_7 _>|Gr}3’V = (1)33 <_7 _>|Grgv = (1)67

note that Gry and Grgv are empty. The second condition is empty, and the
first one implies sy = s33 , thus we have

1 0 0
S=10 s33 0
0 s32 833

The element sq17 corresponds to the normalization of the holomorphic 3-form.
One can check that it is constant with respect to the modular vector field and
we set it to be 1 for simplicity.

5.1.3. Modular vector field and Gauss-Manin Lie algebra Modular
vector fields have the form

VRUJt =

o O O

O O *

O *x O
&

We make a choice of normalization inspired by [6]

0 Y=it) 0
(5.1) Vewe= [0 0 1]w.
0 0 0

The Gauss-Manin connection matrix in the basis w reads

0 1 0
Vow=10 0 Y1 |w=Apw.
0 182 0
Let
N
N Z@z 328832 3385337
then,
Iz _ . 0S ., . 085
(52) Vth: ;(SAQS 1)+13288—:325 1+Z3385—335 ! Wt.
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Proposition 4. There exists a unique modular vector field R on T. It is given
by

2833 0 5, O 18zs3, 0O

T Yino: 0s T Yin Oss’
Proof. Using non-degeneracy of the Gauss-Manin connection we equate the
right hand sides of the equations (5.1) and (5.2). In such a way one obtains
a system of linear equations that has a unique solution for (i,,i32,33). O

Introduce f = df (R) for f € Or, then the existence of R is equivalent to
the following differential structure on the ring Or:

s L2 -l
Z= 2853V,
C 3y -1
Coo 2
§33 = —532833 .
Theorem 1. There is an isomorphism between the ring of reqular functions

O7 equipped with the differential structure R and the ring Rs of quasi-modular
forms on I'o(3) with the derivation O;.

Proof. Define
A = +/—3s33, a =27z,
B=(1-272)3A, C =334, E =dlog(B*C*)(R),

Then we can rewrite the differential ring as

&= ol —a)A?
A:%@E+&—Bﬁ,
B:%ME—ML

¢ = %C(E +A?),

B = S(B - A%,

which is the differential ring R3 of quasi-modular forms on I'g(3) in 2.3. O

5.1.4. Gauss-Manin Lie algebra

Theorem 3 (Part 1). The Gauss-Manin Lie algebra for local P? is spanned
by
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2835 0 5 0 18zs3, 0
R=->-—— 532533 )

Yin 0z 3833 Yin 8832
R 0 n 0

= S _— S —_—

933 33 8833 32 68327
0

Rg32 = 83388—327

and it is isomorphic to sly(C).

Proof. Lie(G) is generated by

9 0 0 0
d33 = (aS—S> S_l =10 -1 0 R

33 S=Id 0 0 1

9 0 0 0
go1 = (aS) St =0 0 0

532 S=Id 01 0

The corresponding vector fields are exactly Rg,, and Rg,,. It can be checked
explicitly that commutators are
[R’ Rg32] = R9337 [R’ Rg33] = —2R, [Rgsw Rgas] = 2R932' O

5.2. Local Fq
The canonical bundle over the second Hirzebruch surface Ky, is defined by

the toric charge vectors Q1 = (—2,1,0,1,0) and Q2 = (0,0,1,—2,1) and the
mirror family is given by

4
X—{uv—l—Zaiyi—mu,UG(C,ykG(C*,yl—gg—l,%—l}.

We have
as a4
Fo(ty,t2) = ag + aity + asty + — + 5.
t1 t1to

The torus-invariant coordinates are

aias 5 204
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and the Picard-Fuchs operators read

L, = 91(91 — 2(92) — 221(2(91 -+ 1)91 ,
£2 = 9%—22(91—292—1)(91—292), 91:2’2—

The middle cohomology can be written as
3 ~ _ to 2
H (Xz) = RFa =ClpCty th D Cto.
1
The mixed Hodge structure is

t
OZWQCWgZCto@Ct(Q)CW4:W5:W3@Ct—OCWﬁZRFa,
1

t
0=F'cF*=Cl1 CFZ:(jl@CtOEB(Ct—O CF'=F'=Rp,.
1
Using the Gauss-Manin connection we obtain

t
Dy, (1) = to, Doy (to) = t(2)7 Do, (1) = i

On the moduli space B there is a patch where

0

ag— = —206, a3i =0 — 20,
8ao

6a3

therefore in the basis
(Q7 V(917292)Q7 v@l Qa vzl Q) )

the pairing has the form

00 0 0
00 0 0
00 0 —Yin
0 0 Yin 0
where Y711 is the Yukawa coupling
1

T (1—421)2 — 64222
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5.2.1. Moduli space Let us fix

<1>3:<(1) _01>, q>4:(o), @6:(0).

In addition to the complex structure moduli z; and zy we need to identify
the independent elements of the matrix S. The Hodge filtration condition
restricts it to the lower-block diagonal form

S11 0 0 0
g_ |52 S22 s 0
s31 S32 s33 0

541 S42 543 S44

The weight filtration condition gives

S11 0 0 0

| 0 522 so3 O
5= 0 0 S33 0
0 0 543 S44

The conditions on the pairing on Gry and Grgv are empty and the corre-
sponding condition on Grgv gives us the final form of S:

S11 0 0 0

| 0 s22 s23 O

(53) =10 o s 0
0 0 s43 su

Moreover, we again set s;; = 1.

5.2.2. Modular vector fields We define modular vector fields by

i) Y
(5.4) VR, wy =

W,

o O OO
o O O
O = O O

0
0
0
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and
0 Y3 '(t) Yii(t) 0
0 0 0 1
(55) szwt = 0 0 0 0 W,
0 0 0 0

for some Y;(t) € Or.

Theorem 9. There exist unique modular vector fields Ry, Ry € X(T) satisfy-
ing (5.4) and (5.5).

The proof is analogous to the proof of Proposition 4.
The existence of the modular vector fields is equivalent to two differential
structures on O7. By defining

Onf=df(R) and O, f = df(Ry)
for f € Or, we can write

Or, 21 =215%4595 (S22 + (1 — 421) (1 — 429) 503 — 421 (1 + 42)599)
Ory 72 =220(—1 4 429) 55,555 (S03 + 421592)
Or S92 =42053, (523 + 421592)
Or 593 =225 4595 <(522 + 593)% — 4223§3> ,
Or 843 = — 22133432_21 ((—1 + 429)s93(—543 + 422844)
+599 (843 — 429843 + 422(1 — 1021 + 82122)844)) ,
(5.6) Or Sas = — 524555 (221(—1 4 429) 503544 + S22 (543 + (—1 + 42)544))) ,
Ory 21 =21 (1 — 421)(1 — 429) 544555 ,
Ory 2o =225(1 — 429)544555 ,
Or, 822 = — 429844,
OryS23 =Su3 + 221544 + 221503544555 + 82122544(1 — $23537),
Ory S43 =221 (1 — 4zQ)544s§21 (843 — 422844,

87—2844 :221(—1 + 422)8348521.

Theorem 2. The differential ring (Ot,0r,,0r,) contains as differential sub-
ring the ring Ry of quasi-modular forms on I'y(2) (see 2.3).
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Proof. By introducing a new variable

6422 29
U=-—y>,
(1 —2z)?
and
A= /21 —4z)s, B=(1-u)*A,  C=u*4,

E =0, log(B4C4) _ 2 — 8533543 — 821(1 + 8,22)

2 9’
$33
the differential ring relations can be rewritten as
Oryu = u(1 — u)A?,
1 c* - B*
8T1A = 7A(E + T)v

8
0, B = éB(E — A%,

1
0nC = SC(E+ A?),

O E = %(EQ — AY,

1065

which is the differential ring Ry. Furthermore, one can check that all of the

functions u, A, B, C, FE are independent of 5.

5.2.3. Gauss-Manin Lie algebra

O

Theorem 3 (Part 2). The Gauss-Manin Lie algebra for local Fy is isomorphic
to the semi-direct product £y X slo(C), where £y denotes the Lie algebra of
type 'V, as classified in [10], corresponding to an ideal of & generated by Ry,

Rg,, and R

g23-

Proof. In this case Lie(G) is generated by

00 0 0
0 1 01 00
f22 = (38225>S S:Idi 000 0f’
0 000
0 0 00
0 0010
=(—g5)s5! =
923 (3823 ) S=Id 0000}
0 0 00
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0 0 0 O
0 0O 0 0 O
= (—9)9°! — ,
f1s (3543 ) S=Id 0000
0O 01 0
0O 0 0 O
0 00 0 O
- S) 5t -
fud (a S44 ) S=Id 00 -10
00 0 1

The associated vector fields Ry, on T defined by Vg o, Wt = Gijwr are

R + 0
=35 So3

g22 228 522 » 3823
0

Rass = 3441 D593’
0

R = 5441 D543’
0 0

R —_— 3—.

g44 — 8446 4 + 8543

Together with Ry and Ry these vector fields form the Gauss-Manin Lie algebra
® and the commutation relations are the following:

R, Rg44] = —2R17 Ry, Rg43] = Ry, [R g = 2Rg.5.
[Rlv R } [Rh R923] = Ry, {Rl g2 ] =0,
[R9437 ] = R 923> [R9437 Rgzs] =0, [RQ Rq 2) =0,
[R Ro] = Rq, [Rg44, R923] = —Rg.;, [RQM, Rg”} =0,

[Re, 923] =0, [Ra, 922] = Ro, [Rgzs Rgzz} =Ry,

The first line above is the sly(C) Lie algebra corresponding to the quasi-
modular forms. The last line is the 3-dimensional algebra £y according to
the Bianchi’s classification and it is an ideal in the Gauss-Manin Lie algebra
®. Therefore, we have

@ggv >45[2(C). O
6. Conclusion
In this article we studied moduli spaces of mirror non-compact CY threefolds

enhanced with choices of differential forms in their middle cohomology. Cer-
tain vector fields contracted with the Gauss-Manin connection give rise in
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this context to a Lie-algebra which was put forward in [4] for arbitrary CY
threefolds, generalizing an earlier similar construction for the elliptic curve
[40] and the mirror quintic [39].

In particular the resulting Lie algebra in the case of elliptic curves [40]
is isomorphic to the sl3(C) Lie algebra of derivations associated to quasi-
modular forms. The appearance of this Lie algebra as a Lie subalgebra of the
full Gauss—Manin Lie algebra for families of CY threefolds is often connected
to the appearance of classical quasi-modular forms. An sly(C) Lie subalgebra
was for example studied in the context of elliptically fibered CY manifolds
[23], where the modularity is originating from the elliptic fibers. In our work
we explored a different source of classical modular objects* which appear in
the moduli spaces of CY geometries, namely the case of the mirror families
of non-compact CY threefolds. The appearance of classical modular forms in
this context is related to the mirror curve.

We focused on the cases where the mirror curves of the mirror geometries
are of genus one and studied the enhanced moduli spaces and the Gauss-
Manin connection of the variation of mixed Hodge structure. We identified
the sl5(C) Lie subalgebra corresponding to the algebra of derivations of quasi-
modular forms in the cases of the mirrors of local P? and local Fy. We note
that the mirror geometry of local Fo has two parameters, although the moduli
space is only one-dimensional, this was already addressed, for instance, in [1]
and is related to the fact that Fo has two distinct curve classes but only one
non-trivial four-cycle. On the level of the Gauss-Manin Lie algebra we note
that the additional parameter gives rise to an additional vector field, enlarging
the sl3(C) algebra of derivations of the quasi-modular forms in this case. It
would be interesting to find an interpretation in the context of modular forms
for this enhancement.

It is natural to expect that the study of the analogous moduli spaces of
enhanced mirror CY families where the mirror curve is of genus higher than
one would give rise to algebraic structures associated to modular objects
associated to higher genus curves. The GMCD program for certain genus two
curves was recently studied in [12] giving rise to differential rings of Siegel
modular forms and their associated algebraic structures. Differential rings
attached to genus two curves were studied in [34, 49] in the context of mirror
symmetry, it would be interesting to recover the corresponding Gauss-Manin
Lie algebras in these cases.

4We use the terminology classical modular objects to refer to modular structures
which have been widely studied, such as quasi-modular forms, Siegel and Jacobi
forms. For generic compact CY manifolds the analogues of the modular structures
are referred to as CY modular forms in [42] and are in general not expressible in
terms of classical modular forms.
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