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Singular Turdn numbers of stars

GAOXING SUN, HENG LI*, QINGHOU ZENG, AND JIANFENG HOU

Abstract: Suppose that G is a graph and H is a subgraph of
G. We call H singular if the vertices of H either have the same
degree in G or have pairwise distinct degrees in G. Let Ts(n, H)
be the largest number of edges of a graph with n vertices that does
not contain a singular copy of H. The problem of determining
Ts(n, H) was studied initially by Caro and Tuza, who obtained an
asymptotic bound for each H. In this paper, we consider the case
that H is a star, and determine the exact values of Tg(n, K1 2) for
all n, Ts(n, K1,4) and Ts(n, K1 2s4+1) for sufficiently large n.
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1. Introduction

The classical Turdn number of a graph H, denoted by ex(n, H), is the maxi-
mum number of edges in an n-vertex graph not containing H as a subgraph.
For H = K,y1, the only extremal graph is the so-called Turdn graph, de-
noted by T,(n), which is the balanced complete r-partite graph with each
part of size [n/r] or |n/r]. For general graph H with chromatic number
p + 1, Erdés-Stone-Simonovits Theorem [6] shows that

ex(n, H) = (1 - % + 0(1)) (Z)

Turdn type problem has been studied widely, see [15, 9, 12, 13, 14, 5], espe-
cially for bipartite graphs [3, 11, 7, 10].

Albertson [1] considered the maximum number of edges in graphs that
have no copy of K, with all degrees equal, and gave an exact bound. It was
extended by Caro and Tuza [4] who initiated the so-called singular Turdn
number. Let G be a graph, and let H be a subgraph of G. We say H is
singular in G if the vertices of H either have the same degree in G, or have
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pairwise distinct degrees in G. If G does not contain a singular H, then G
is singular H-free. The singular Turdn number, denoted by Ts(n, H), is the
largest number of edges of a singular H-free graph with n vertices. For general
graph H with r + 1 vertices and chromatic number p + 1, Caro and Tuza [4]
obtained an asymptotic bound by proving that

Ts(n, H) = (1 - pir + 0(1)> (Z)

Determining the exact value of Tg(n, H) seems not easy, even for special
H, and there are few theoretical results. For H = K3, Caro and Tuza showed
that Ts(4k + 2, K3) = 6k® + 6k + 1, and gave lower and upper bounds of
Ts(n, K3) for other cases of n. This was further improved by Gerbner, Patkds,
Vizer and Tuza [8], who showed the following theorem.

Theorem 1.1 (Gerbner, Patkds, Vizer and Tuza [8]). Let k be a nonnegative
integer. Then

(1) Ts(4, K3) =5, and Ts(4k, K3) = 6k*> — 2 if k > 2,
(2) Ts(4k + 1, K3) = 6k* + 2k, and
(3) 6k +8k +1 < Tg(4k + 3, K3) < 6k* + 8k + 3.

In this paper, we focus on the case that H is a star. Let ¢,(n) denote the
number of edges in the Turdn graph T, (n). We first consider Ts(n, K1 2541)
and establish the following theorem.

Theorem 1.2. For any integer s > 1 and sufficiently large n, there is an
absolute constant C(s) such that

Ts(n, Ki2541) = tasy1(n) + sn — C(s).

We also determine the exact value of Tg(n, K7 o) for all n, and Ts(n, K1 4)
for sufficiently large n as follows.

Theorem 1.3. Let k be any nonnegative integer. Then

(1) Ts(4k, K12) = 4k* + k if 0 < k < 3, and Ts(4k, K12) = 4k*> + 2k — 4 if
k>4,

(2) Ts(4k + 1, K1 9) = 4k* + 3k,

(3) Ts(4k + 2, Ky 9) = 4k + 6k + 1, and

(4) Ts(4k +3,K12) = 4k + 6k +2 if 0 < k < 1, and Ts(4k + 3, K1) =
4k + 7k if k> 2.
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Theorem 1.4. For sufficiently large n = ¢ (mod 8),we have

ta(n) +3n—20 ifL=0,
ta(n) + Bn - 18 ifr=1,
ta(n) +3n—17  if =2,
ta(n) + dn -8 4fr =3,
Ts(n, Ki4) = «n) 38 iy f _
ty(n) +5n =10  if £ =4,
ta(n) + ¥n -2 if (=5,
ta(n) +3n—17  if (=6,
ta(n) + Fn— 1L if0=17.

This paper is organized as follows. In Section 2, we determine the exact
values of the singular Turan number of stars with even number of vertices. In
Sections 3 and 4, we prove Theorems 1.3 and 1.4.

Notation. Let G = (V(G), E(G)) be a graph. For any v € V(G), denote
Ng(v) the set of neighbors of v in G and dg(v) the degree of v in G. Denote
by A(G) the maximum degree of G. For any S C V(G), let G[S] denote
the subgraph of G induced by S. Denote by e(G) the number of edges in G.
Usually, we write [k] .= {1,...,k}.

2. Singular Turan numbers of the star K 2541
In this section, we prove Theorem 1.2. We first present a useful lemma given
by Brouwer [2].

Lemma 2.1 (Brouwer [2]). If H is a K,1-free graph on n vertices which is
not r-partite, then H has at most t,.(n)—|n/r]+1 edges, assumingn > 2r+1.

We also give the following lemma, whose simple proof is left to the reader.

Lemma 2.2. Let G be an r-partite graph with V(G) = ViU Vo U---UV,(G)
and e(G) = t.(n) — f(G). Then, for each i € [r], there exists some constant
C(r) > 0 such that

il -2 < co1@).

Gerbner, Patkés, Vizer and Tuza [8] established a general upper bound
of Ts(n, H) in concluding remarks. We give a proof here for complement.

Lemma 2.3. Let n be a positive integer, and let H be a graph with r vertices.
Then

Ts(n,H) < ex(n, K,) + ex(n, H).
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Proof. Suppose that G is a singular H-free graph with n vertices. Let Gy
be the spanning subgraph induced by the edges that connect vertices of the
same degree, and let Gy = G — E(G4). Since G is H-free, we have

(1) e(Gh) < ex(n,H).

Note that G5 is K -free; otherwise G5 has a copy of H with all degree distinct.
This implies that e(G2) < ex(n, K,), which together with (1) yields that

e(Q) = e(Gy) + e(Ga) < ex(n, K,) +ex(n, H),

completing the proof of Lemma 2.3. O

Now, we define a kind of regular graph. The kth power of a graph G,
denoted by G*, has vertex set V(G) in which vertices are adjacent if the
distance between them in G is at most k. Note that C¥ is a 2k-regular graph
ifn>2k-+1.

Proof of Theorem 1.2. For the lower bound, we construct a graph G as
follows. Let a; < as < - -+ < ags11 be positive integers such that Z?f{l a;=mn
and Y01<;cj<osy1 @0y is maximum. Let Ko, a,,,, be a complete (25 + 1)-
partite graph with V.=V, UV, U -+ U Vosyq and |V;| = q; for i € [2s + 1].
Then, for each i € [2s + 1], we embed a 2s-regular graph Cj in V;, which
means that G[V;] is K 2s41-free. Moreover, G has no Kj 2,11 with all degree
distinct as G only has 25+ 1 distinct degrees. Thus, G is singular K o,1-free
with

e(G) = tast1(n) + sn— C(s),

We claim that there exists some constant Cs > 0 such that C(s) < Cys3.

Let b; = {ﬁJ —s+1i—1fori € [2s] and bysy1 = n — Z?il b;. Then, we

have by < by < - -+ < byey1 and 37511 b; = n. Recall that di<icj<ost1 @ity is
maximum. Clearly, we have

Z a;aj Z Z bzb] = Z bzb] + b25+1 Z bz

1<i<j<2s+1 1<i<j<2s+1 1<i<j<2s 1<i<2s

= t28+1(n) - 0(83).

Thu;, C(s) = tast1(n) — Zl§i<j§2$+1 aja; < tasy1(n) — (t25+1(n) - 0(53)) =
O(s°).
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Now we prove the upper bound. Suppose that n is sufficiently large. Let
G be a singular K o441-free graph with n vertices. Let G be the spanning
subgraph induced by the edges that connect vertices of the same degree, and
let Go = G — E(G1). Then Gy is K 2s41-free, which implies that

(2) e(Gh) <

Clearly, Gy is Kaqya-free. Tf e(Ga) < tagn(n) — | 525 | + 1, then

e(G) = e(G1)+e(Ga) < sn+taspi(n) — {251 1J +1 <tgsp1(n)+sn—C(s),
as desired. Suppose that
) ()= () - | 3" | +2

e(Gz) 2 tasy1(n %5 1 :

By Lemma 2.1, Gg is (2s + 1)-partite with V(G2) = A1 U Ao U -+~ U Agei1.
For each i € [2s + 1], it follows from Lemma 2.2 and (3) that

(4) Al =

Next, we show that all vertices in A; have the same degree in G.
Claim 2.4. For eachi € [2s+1], we have dg(u) = dg(v) for allu,v € A;.

Proof. Without loss of generality, we may assume that there exist z1, xo € A
such that dg(z1) # dg(x2). Let B; = {v € A;|dg,(v) < n — |A;| — 1}, then
e(Ge) < tosq1(n) — |By| for i € [2s + 1]. If there exists some ¢ such that
|Bi| > |A;|/2, then this together with (4) implies that

e(G) :e(G1) + €(G2)

< sn+tas1(n) — | Bi
225+ 1)
<tost1(n) + sn — Q(n),

< sn+tggp1(n) —

+O0(vn)

as desired. Otherwise, |B;| < |A;|/2 for each i € [2s + 1]. Then there exists
a vertex y € As such that dg,(y) = n — |As]. Let F be the family of all
(2s + 1)-sets {x1, 2, 23,...,22:11} with z; € A; for 3 < i < 2s+ 1. Then
\F| = [122%" | Ag|. Since dg,(y) = n — |As| and G has no Kjagy1 with all
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degree distinct, there exist 1 < i # j < 2s 4 1 such that dg(z;) = dg(z;).
This means that the edge z;z; ¢ E(G2). Sum over the sets in F gives that

e(Gy) has at least [T3°%! | Ay| missing edges in total. For a missing edge z;7;,
2s+1

if 4,5 > 3, then z;z; is counted at most ﬁ“ times. Otherwise, if 1 < 2
il
2s+1
. . A .
and j > 3, then z;z; is counted at most %‘lk‘ times. Thus, the number
J

of missing edges in Gy is at least min{|A4;| |3 < i < 2s + 1}. This together
with (4) implies that

n
2s+1

e(Gy) < tasy1(n) —

+0(Vn),

and then

n
25+ 1

e(G) = e(Gh)+e(G2) < sn+tasii(n)— +0(vn) < togy1(n)+sn—C(s).

This completes the proof of Claim 2.4. O

If there do not exist 7,7 € [2s + 1] and 7 # j such that |As| = |As|, then
we have that

e(G) = e(G1) + e(Ga) < sn+ Z |A;||Aj] < tasyr(n) + sn— C(s),

1<i<j<2s+1

as required. So, without loss of generality, we may suppose that |A;| = |As].
Let D; = A;\B; for each i € [2]. Recall that | B;| < |4;|/2. So, by (4), we have

n
Di| > |4;|/2 > -
(5) D> 14il/2 >

O(Vn).

Choose x € Dy and y € Do, we obtain that dg,(x) = dg,(y) = n—|A4|. Since
dg(x) # dg(y), we have dg, (z) # dg, (y). It follows from Gy is K os41-free
that either dg, (z) < 2s or dg, (y) < 2s. If dg, (z) < 2s, then dg, (2) < 2s for
all z € Dy by Claim 2.4. Thus,

(6) e(Gr) < sn— % = sn — Q(n).

(7) e(Gy) < sn— @ = sn — Q(n).
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In view of (6) and (7), we have
e(G) = e(Gr) + e(Ga) < sn—Qn) + tasy1(n) < tosy1(n) + sn— C(s).

Thus, for any singular K7 o441-free graph G with n vertices, e(G) < tas11(n)+
sn—C(s) for sufficiently large n. This completes the proof of Theorem 1.2. [J

3. Singular Turan number of K »

In this section, we consider the singular Turdn number of K; o and give a
proof of Theorem 1.3.

Proof of Theorem 1.3. Let G be a singular K o-free graph with n vertices.
Let G be the spanning subgraph induced by the edges that connect vertices
of the same degree, and let Go = G — E(G1). Note that A(G7) < 1. So,

8) e < 3]
Note that G' has no Ko with all degree distinct. This implies that, for each
uv € E(G2), we have dg(x) = dg(v) for x € Ng,(u) and dg(y) = dg(u) for
y € Ng,(v). It follows that G2[Ng,(u) U Ng,(v)] is a bipartite graph. In a
similar flavor for other edges, we conclude that G5 is a bipartite graph with
parts A and B.

Suppose that n =4k + i for 0 <7 < 3.

Case 1. i = 0. First, we give the lower bound of T's(4k, K 2) by showing
the following constructions: if & > 4, then let I’ be a graph by adding perfect
matchings in both parts of Koy or42; if 0 < k < 3, then let F' be a graph by
adding a perfect matching in one part of Ky ;. Then F' is singular K o-free
with

. 4% + 2k — 4 if k> 4,

(F) = AR + k if 0 <k <3.
Thus,
4k? 42k — 4 if k > 4,

Ts(4k, K >
5( 1’2)_{4k2+k if0<k<S3.

Next, we give the upper bound of G. Recall that G5 is a bipartite graph
with V(Gg) = AU B. If |A| < 2k — 2, then this together with (8) yields that

(9) e(G) = e(Gy)+e(Gy) < EJHAKn—]AD < 2kt (4k2—4) = 4k +2k—4.
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Suppose |A| = 2k — 1. If there exist vertices u € A, v € B satisfying dg, (u) =
2k+1 and dg, (v) = 2k—1, then the vertices in A (or B) have the same degree
in G. Since A is odd, dg(x) = 2k + 1 for all x € A. Similarly, dg(y) = 2k — 1
for all y € B. Thus,

(10) e(G) = (2k — 1)(2k + 1) = 4k* — 1.

Otherwise, every vertex in A (or B) misses at least one edge to the other part
in Go. This together with (8) yields that

(11) e(G) = e(G1) +e(Gy) < 2k + ((2k +1)(2k — 1) — (2k — 1)) = 4k* — 1.

Suppose |A| = 2k. Again, if there exist vertices u € A, v € B satisfying
dg,(u) = 2k and dg,(v) = 2k, then dg(z) < 2k + 1 for all z € V(G), and
either dg(z) = 2k for all x € A or dg(y) = 2k for all y € B. Thus,

(12) e(G) = (2k - 2k + 2k(2k +1))/2 = 4k* + k.

Otherwise, there are at least 2k edges missing in G5. This together with (8)
yields that

(13) e(G) = e(Gh) + e(Ga) < 2k + (2k - 2k — 2k) = 4k>.
Combining (9), (10), (11), (12) and (13), we have

4k* + 2k —4 if k>4
Ts(4k, K1) < =7
s 1’2){4k2+k if0<k<3.
Case 2. i = 1. First, we give the lower bound of Ts(4k + 1, K 2). Let
I be a graph by adding a perfect matching in the part with 2k vertices of
Kok k1. Thus,

Ts(4k +1,K19) > e(F) = 4k* + 3k

as I is singular K o-free.

Next, we consider the upper bound. Note that exactly one of |A| and
|B| is odd. If there exist vertices u € A, v € B satisfying dg,(u) = |B| and
de,(v) = |A], then the vertices in A (or B) have the same degree in G. Then
|B| < dg(z) < |B|+1 for all x € |A|. Moreover, if dg(z) = |B| + 1, then |A]
is even, and G[B] is empty. The similar statements also hold for the vertices
in |B|. Without loss of generality, we assume that |A| is even. Thus,

(14) e(G) = |A|(n — |A]) + ‘Qﬂ < 4k* + 3k.
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Otherwise, every vertex in A (or B) misses an edge to the other part in Go.
This together with (8) yields that

(15)  e(G) = e(Gh) + e(Ga) < EJ + (A — |A]) — |A]) < 4K2 + 2%,

Thus, by (14) and (15), we have
Ts(4k + 1, Ky 5) < 4k* + 3k.

Case 3. i = 2. Again, we give the lower bound of Ts(4k + 2, K o) firstly.
Let I’ be a graph by adding perfect matchings in both parts of Koy op42.
Thus,

Ts(4k +2,K19) > e(F) = 4k* + 6k + 1

as I is singular K o-free.
Next, we consider the upper bound. If |A| < 2k, then by (8),

(16) e(G) = e(G1) +e(Gq) < {gJ + |A|(n — |A|) < 4k* + 6k + 1.

Suppose |A| = 2k + 1. We claim that there do not exist vertices u € A and
v € B satisfying dg,(u) = 2k 4+ 1 and dg,(v) = 2k + 1. Since otherwise
dg(z) = 2k + 1 for all z € V(G) as |A| and |B| are odd. Thus, every vertex
in A (or B) misses at least one edge to the other part in G. This together
with (8) yields that

(17) e(G) = e(G1) +e(Ga) < 2k + 1+ ((2k+1)* — (2k + 1)) = 4k + 4k + 1.
Combining (16) and (17), we have
Ts(4k +2, K1 5) < 4k* + 6k + 1.

Case 4. i = 3. First, we give the lower bound of Ts(4k + 3, K1 2) by
showing the following constructions: if & > 2, then let I’ be a graph by adding
a perfect matching in the part with 2k vertices of Koy op43;if 0 < k < 1, then
let F' be the graph Koj41 2k42. Thus, we have

4k% + 7k if k> 2,

Ts(4k +3,K12) > e(F) =
s( 12) 2 e(F) {4k2+6kz+2 fo<k<l1.

as F'is singular K o-free.
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Next, we consider the upper bound. By the same argument as in Case 2,
we have either

e(G) = |A|(n — [A]) + ‘Qﬂ < 4k? + Tk,

or

6(G) = e(G) + e(Ga) < |5 | + (1Al(n = |A] — |A]) < 47 + 6k + 2

Thus, we have

4k% + Tk if k> 2,

Ts(4k + 3, K1 5) <
5 12) {4k2+6k+2 if0<k<l.

This completes the proof of Theorem 1.3. O
4. Singular Turan number of K 4

In this section, we consider the singular Turdan number of K;4 and prove
Theorem 1.4.

Firstly, we give the lower bound by the following construction: Let a1, as,
as, a4 be positive integers with Z?Zl a; = n. The choices of a; can be found
in Table 1. Let K} be the graph obtained from the complete 4-partite

a1,a2,a3,a4
graph Kg, a,.45,0, by adding a 3-regular graph to the parts with even vertices
and a 2-regular graph to the part with odd vertices. Then K} has 4

a1,a2,as,a4

distinct degrees, which means Kj, ,, .. ,, has no Kj 4 with all degree distinct.

Moreover, G[V;] is K 4-free for ¢ € [4]. So, G is singular K 4-free.
Table 1: The graph K}

a1,a2,a3,a4

n a as a3 a4 e(K3 apasas) | CO)

8k [ 2k—4|2k—2[2k+2|2k+4 | ts(n)+3n—20 20
8k+1[2k—4] 2k [2k+2[2k+3 | ty(n)+Fn— ] 1Z
8k+2 [ 2k—4 | 2k [2k+2 [ 2k+4 | t4(n)+5n—17 17
8k+3[2k—2] 2k [2k+2[2k+3|taln)+3n—-22 | B
8k+4 | 2k—2] 2k [2k+2]|2k+4 ] ts(n)+35n—10 10
8k+5[2k—2] 2k [2k+2[2k+5[tasln)+5n—- | P
8k+6 | 2k—2 [ 2k [2k+2[2k+6 | ts(n)+35n—17 17
8k+7[2k—2] 2k [2k+4[2k+5 [ tu(n)+gn— 1| L

Thus, for n = 8k + ¢ with 0 < /¢ < 7,

ts(n) + n—C) nisodd

Ts(n, Ki4) > ’
5(n, Ki4) > {t4(n) + %n_(j(g) n is even
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where C'({) is the constant given in Table 1.
We prove the upper bound of Ts(n, K7 4). Suppose that n is sufficiently
large. Let G* be a singular K 4-free graph with

(18) (@)= Tuln Kua) = ¥4m+ O nisedd
ty(n) +3n — C() niseven
where C({) is the constant given in Table 1.
Let G7 be the spanning subgraph induced by the edges that connect
vertices of the same degree, and let G5 = G* — E(G7). Since G is K 4-free,
we have dg+(v) < 3 for v € V(G*). Thus,

N 3n
(19) e(Gh) = -

By a similar argument as that in the proof of Theorem 1.2, we have the
following properties of G5, whose proof details are omitted.

Lemma 4.1. G% is 4-partite, and the vertices in each part have the same
degree in G*.

By Lemma 4.1, let G be a 4-partite graph with V(G5) = V1UV,UV3UV,.
For i € [4], it follows from e(G3) > e(G*) — 3n > t4(n) —Q(n) and Lemma 2.2
that

(20) Vil 2 n/4 = O(Vn).

Choose v; € V; such that dg:(v;) = min{dg:(v)|v € V;}. Then we have the
follow property.
Lemma 4.2. For each i € [4], we have dgs(vi) = n — |Vi|.

Proof. By contradiction, we may assume that dg;(v1) < n — [Vi] — 1. For
i € [4] and v € V;, we have dg«(v) = dg«(v;) by Lemma 4.1, which implies
that dg; (v) < dg;(vi). This together with (19) and (20) yields that

* * * 3
e(G) = ¢(G}) + e(G3) 5+22wm
i= lve%
3
§+Zm ~ [Vil) — Vil
11

< ta(n) + g+ 0(Vn),
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a contradiction to (18) when n is even.

Suppose that [V;] is odd for some j € [4]. Since dg: (v;) < dg:(v) < 3 for
v € Vj, we have dg: (v;) < 2.1f j = 1, we have dg-(v1) = da: (v1) 4+ dgz(v1) <
n — |[Vi| + 1. Thus,

Z de- (v

UEV(G*
;<|v1|<n|v1|+1 £ n|vr+3>>
=2
< tafm) + 1 (Val +3(n — A])
< ty(n) + %OnJrO(f)

a contradiction to (18). If j # 1, we have dg«(v1) < n— V1|42 and dg- (v;) <
n — |V;| + 2. Thus,

Z de- (v

vEV(G*
1
<3 ( Y. Wiln—Vil+2)+ > M!(n—\ViHi’)))
ie{l,5} i€[4]\{1,5}

1

< ta(n) + 5 (V[ + [V3]) + 3(n — V[ = [V3]))
10

< t4(n) + gn + O(\/_)

a contradiction to (18). O

Next, we consider the structure of G7 as follows.

Lemma 4.3. Fori € [4], if n is even, then all G7[V;] are 3-regular; otherwise,
all GY|V;] are 3-regular, expect one of Gi[V;] is 2-reqular.

Proof. According to the parity of n, we divide our proof into the following
two cases.

Case 1. n is even. For i € [4], it suffices to prove that dg: (v;) > 3. Indeed,
we have dg:(v) = 3 for v € V(G*) by the definition of v; and A(G}) < 3
which implies that all Gi[V;] are 3-regular.

By contradiction, we may assume that dg:(vi) < 2. Then dg«(v1) <
n — |Vi| +2 by Lemma 4.2. Recall that dg«(v) = dg-(v;) for each v € V; and
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each i € [4] by Lemma 4.1. We have dg-(v) < n — |Vi| + 2 for each v € V;.
For 2 <i <4, dg-(v) <n—|V;| + 3 for each v € V;. Thus,

Z de+(v

vEV(G*

1
<3 (wn— Wil +2)+ 3 Wil — IV +3>)
=2
1
< ta(n) + 5 2V +3(n — V1))
11
< t4(n) + P O(v/n),
where the last inequality follows from (20), a contradiction to (18).
Case 2. n is odd. Again, without loss of generality, we aim to prove that

(i) V1] is odd and dg; (v1) = 2;
(ii) Vil is even and dg:(v;) = 3 for 2 <4 < 4.

Indeed, as in the proof of Case 1, if dg:(v;) = 3, then G7(V;) is 3-regular and
dgs(v) = n —|Vi| for all v € V;. If all but one of G}[V;] are 3-regular, then
G35 is a complete 4-partite graph. Consider the part Vi with dg:(v1) < 2. All
the vertices in V; have the same degree both in G* and in G3, so do in G7.
Thus, G§[V1] is regular. Since |V;| is odd, G}[V4] is not 3-regular. To maximum
e(G*), G;[V4] should be 2-regular.

If there exists k € [4] such that dg:(vx) < 1, then dg«(v) < n —[Vi| +1
for each v € V. For i € [4)\ {k}, dg+(v) < n—|V;|+ 3 for each v € V;. Thus,

Z de- (v

'UEV(G*)
1
<3 (\Vk!<n—\vk!+1>+ > [iltn— |m|+3>)
1€[4], i#£k
10
<ta(n) + gn+0(Wn),

a contradiction to (18).

Thus, we have dg:(v;) > 2 for i € [4]. Suppose that there exist s and
t with 1 < s <t < 4 such that dg:(vs) = dg:(vi) = 2. Then dg-(v) <
n — |V;| + 2 for each v € V; and every i € {s,t}. Moreover, if i € [4] \ {s,t},
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then dg-(v) < n — |Vi| + 3 for v € V;. Again,

(G =5 Y da(v)

veV(G*)

1
=3 ( Yo Willn=Vil+2)+ > [Vil(n— |V +3)>
ic{s,t} i€[4]\{s,t}
10
< ta(n) + gn+0(/n),
a contradiction to (18). O

Next, we may assume that |V;| < |Vigq| for i € [3]. If n is even, then each
|Vi| is even and every Gj[V;] is 3-regular by Lemma 4.3. Thus,

(21) e(G) = gn

Note that |Viy1]| > |Vi| + 2 for ¢ € [3]. Thus,
(22) Vil <n/4-3.
For the case n = 8k, we have |V;]| < 2k — 3 by (22), and then |V;]| < 2k —4

as |V1| is even. We claim that |V1| = 2k — 4. Since otherwise, V| < 2k —6 as
|V1| is even. It follows from (21) that

* * * 3
e(G") = e(G}) +e(G3) = Sn + > Villvl
1<i<y<4
3
< on A+ [Vil(n = Vi) + ts(n — [VA])
3 — [Vi])?
< gn+[Vil(n - |V1|)+<n?|)1|)
< gn+t4<n) — 24,

a contradiction to (18). Thus, |Va| + [V3] + |V4| = 6k + 4. It follows from
|Vig1] > |Vi| + 2 that [V2| = 2k — 2. Note that

e(Gy) = > |Vil|Vj] = 20k* — 12k — 28 + |V3|(4k + 6 — [V3)).

1<i<j<4
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To maximum e(G3), we have |V3| = 2k+2 and |Vy| = 2k+4 as |V3| and |V4] are
even. Thus, G* is exactly the graph K3, 4 op 2 9519944 given in Table 1. For
the remaining cases of even n, analogous arguments are given in Appendix.

If n is odd, then exactly one part V; has odd vertices for some ¢ € [4] by
Lemma 4.3. Thus,

2Vl 3(n—[Vi) _ 30— Vi

(23) e(G7) = =5 5 5

For the case n = 8k 4 1, we consider ¢t = 1 firstly. Then

(24) Vo = W] =3

by Lemmas 4.2 and 4.3. Note that |V;1| > |V;| + 2 for ¢ = 2,3. This together
with (24) implies |V;| < 2k —5. We claim that |V3| = 2k — 5. Since otherwise,
V1| < 2k — 7 as |V4] is odd. It follows from (23) that

e(G") = e(GY) + e(G3)
3n — V1|

2 s )
1<i<j<4
3n — |V,
< 3Ly Wy i)+ tan — D)
< 11 +ta(n) 251
=g 4 ] )

a contradiction to (18). Thus, |Va| + [V3] + |V4| = 6k + 6. It follows from
Vier| > [Vi| +2 for i = 2,3 and (24) that 2k — 1 < [Va| < 2. If [Va| = 2k — 2,
then

e(Gs) = > |Vil|Vj| = 20k* — 10k + 10 + |V5|(4k + 8 — [V5]).

1<i<j<4

To maximum e(G%), we have |V3| = 2k + 2 and |V,| = 2k + 6. Thus, e(G35) =
t4(n) — 34. This together with (23) implies that

e(G") = e(GY) + e(G3)
_3n Wy -

2
11 () 9251
=—n n)— —
8 4 g’
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a contradiction to (18). If |Va| = 2k, then

e(Gy) = > |Vil|[V;] = 20k* — 6k — 30 + |V3|(4k + 6 — [V3)).

1<i<j<4

To maximum e(G%), we have |V3| = 2k + 2 and |Vy| = 2k + 4. Thus, e(G5) =
t4(n) — 30. This together with (23) implies that

e(G7) = e(Gh) + e(Gy)

3n — |V,
ZnTM+t4(n)—30
+tal) 15
8 : 8’

a contradiction to (18). By similar arguments given in Appendix, we have

Tn—12 ift=2

ta(n) + ¥n — 13
e(G*) = S ty(n) + 18—171 - % if t =3,
ta(n) + Yn— 12 ift =4

If t = 2,3, this leads to a contradiction to (18); if ¢ = 4, G* is exactly the
graph K3, 4 op ok+2.0k+3 given in Table 1. The remainder cases of Theorem 1.4
are analogous and we prove them in Appendix.

Appendix

In this section, we give the details of other cases of Theorem 1.4.
Case 1. n is even. It suffices to give upper bound of e(G%) as e(G}) =
3n/2. Note that |Vi11| > |Vi| + 2 for ¢ € [3]. Thus, we have |Vi| <n/4 — 3.
Subcase 1.1. n = 8k + 2. In this case, we have |Vi| < 2k — 4. If [V3] <
2k — 6, then

(n — [Va])

(G = Y MVl Waltn— ) +

1<i<j<4

< ty(n) — 28.

Suppose |Vi| = 2k — 4. It follows from |Vi41| > |V;| + 2 that |Va| < 2k. If
|V2| =2k — 2, then G(Gg) = e(KQk—4,2k—2,2k+4,2k+4) = t4(n) —25. If |V2| = 2]{?,
then 6(G§) = 6(K2k—4,2k,2k+2,2k+4) = t4(n) —17.

Subcase 1.2. n = 8k + 4. In this case, we have |Vj| < 2k — 2. If [V} <
2k — 4, then

(n — [Va])?

e(G3) < Vil(n — []) +

S t4(n) — 18.
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Suppose |V4| = 2k — 2. Tt follows from |V 41| > |V;| + 2 that |Va| = 2k. Thus,
e(G5) = e(Kak—2,2k,2k+2,2k+4) = ta(n) — 10.

Subcase 1.3. n = 8k + 6. In this case, we have |Vi| < 2k — 2. If |V}| <
2k — 4, then

(n — [Va])?

e(G3) < Vil(n = [V) + =

S t4(77,) — 20
Suppose |Vi| = 2k — 2. It follows from |V 41| > |V;| + 2 that |V| = 2k. Thus,
e(G3) = e(Kak—2,2k 2k+2,2k+6) = ta(n) — 17.

Case 2. n is odd. Since there is exactly one part V; with odd number of
vertices for some ¢ € [4], we have

2|V, 3(n — Vi 3n — |V
e(G) = |27s|+ (n2| i) _ n2| .

For t € [3], we have |[Vi41| — |Vi| > 3, and then

(25) Vil > |Va| 42> [Va| +4 > V1| + 7, fort = 1;
(26) Vil > [Va| +2 > [Vo| +5 > [V1] + 6, for t = 2;
(27) Vil > |Vs| +3 > [Vo| +4 > [Vi] + 6, for t = 3;
(28) Vil > [Va| +1 > |Va| +3 > [Vi| +5, for t = 4.

Subcase 2.1. n = 8k + 1 and t € {2,3,4}. In this case, we have |V;| <
2k — 4 by (26), (27) and (28). If |V4| < 2k — 6, then

3n — |V, 11 187
o) < P i Al s v < S+ ) -

where the last inequality follows from |V;| > |V1|. Thus, |Vi| = 2k — 4.
For t = 2, it follows from (26) that V2| < 2k — 1. Then

3n—|Va 1 243
Vol 4 e(Kop-st—32h2,2046) = Sn + ta(n) — 22,

e(G") < { 2
%T%l + e(Kok—a,26-1,2k+2,264+4) = 31+ ta(n) — 122

For t = 3, it follows from (27) that |V5| < 2k. Then

e(G*) < {%_TIVB' + e(Kok—1,26-2,2k+1,2k+6) = %n + ty(n) — 2%77
= ?)TL—TIV:;I + €(K2k:—4,2k,2k+172k+4) = %n + t4(n) _ 1_;,1
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For ¢t = 4, it follows from (28) that |V2| < 2k. Then

3n—|Va _ 11 211
e(GF) < {T4 + e(Kok—a2k—22k122k45) = gn +ta(n) — =,

%_TM + e(Kok—a2k 2k 42,2k+3) = g0+ ta(n) — 122,

Subcase 2.2. n # 8k + 1 and ¢ = 1. In this case, we have |V}| < 2k —3
by (25). If |V4| < 2k — 5, then

3n — |Vi| (n—W1))? 11 153
i A T < 2oy oty (n) — =2
2 3 Sgnthln -

Thus, |Vi| = 2k — 3. It follows from (25) that |V| = 2k. Thus,

e(GY) < + Vil(n = W) +

L e(Kop—sokoniosiia) = Bn+ta(n) — 2, n=8k+3,

e(G") < %_Tlvll + e(Kok—3.2k 2k42,26+6) = 2n +tg(n) — 2L n =8k +5,

‘v
Lt e(Kop—s onanrankss) = B+ ty(n) — 18, n=8k+7.

3n—|Vi
2

IN

Subcase 2.3. n # 8k + 1 and ¢ € {2,3,4}. In this case, we have |V;]
2k — 2 by (26), (27) and (28). If |V4| < 2k — 4, then

105

3n Vi (=2 _ 11
2 3 -8

where the last inequality follows from |V;| > |V;|. Thus, |V1| =2k — 2.
For t = 2, it follows from (26) that |V2| = 2k — 1. Thus,

e(GY) < + Vil(n = [Wi]) +

3n—|V:
Il 4 e(Kor—ook12kr20ha) = Bn+ta(n) =8, n=8k+3,
Sva
e(G*) < ?’”T“' + e(Kok-2,2%-1,2k42.264+6) = 2n+ ta(n) — 122, n =8k +5,
v
?mlel + e(Kok-22k—12ka2k16) = S0 +ta(n) — 2, n=8k+7.

For ¢t = 3, it follows from (27) that |V2| = 2k. Thus,
I 4 e(Kok—a ok oki1ok4a) = Sn+ta(n) — B, n=8k+3,
e(G*) < 3”}%' + e(Kok—22k26+1,26+6) = 30+ ta(n) — 122 n =8k +5,

3”;"/‘” + e(Kok—22k26+32k16) = 30+ ta(n) — 12, n=8k+T7.

For ¢t = 4, it follows from (28) that |V2| = 2k. Thus,

3"%'”" + e(Kok—22k26+226+3) = Fn+ta(n) — 2, n=8k+3,

e(G*) < %_TM' + e(Kok-2,2k 2k42,2645) = 2+ tg(n) — 2 n =8k +5,
%_TM + e(Kok—2,2k 2k +4,2k45) = %n +ta(n) — %17 n=8k+T.
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It is easy to check that the maximum value of e(G*) is achieved when
t=4.
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