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On the generalized shuffle-exchange problem*

XIAOMING SUN, YUAN SUN, KEWEN WU, AND ZHIYU XIA

Abstract: We investigate the shuffle-exchange problem in this pa-
per: given a permutation 7 on [n] x [m] and two permutation groups
G on [n] and H on [m], the goal is to generate m by alternately
using the following two types of operations:

e Select ¢g1,92,...,9m € G and perform each g; on the i-th
column of [n] x [m] in parallel;

o Select hy,hg,...,h, € H and perform each h; on the j-th
row of [n] x [m] in parallel.

We discuss the shuffle-exchange, i.e., the composition of these al-
lowable operations, from the perspective of the Cayley graph.

For cases where the base groups G and H are both cyclic groups,
we prove that the diameter of the underlying Cayley graph, i.e.,
the minimum number of steps sufficient to achieve any permuta-
tion, is upper bounded by O (min {n + m, nlogm, mlogn}), which
is asymptotically optimal when min{n,m} = O(1) or n = O(m).
The main idea is to simulate the shuffle-exchange over symmetric
groups with cyclic operations and further accelerate the process
with the low-depth periodic switching network. For the shuffle-
exchange over general groups, we characterize the reachability of
any two given vertices on the Cayley graph, and prove the min-
imum number of steps to achieve a permutation, if possible, is
O(nm). This implies that though a connected component of the
Cayley graph could contain exponential number of vertices, its di-
ameter is only at most a polynomial of n, m.

1. Introduction

Given a group G with its generator set S, Cayley graph [6] T'(G, S) is defined
as an undirected simple graph I'(G, S) = (V, A): the vertex set V' is G, and the
edge set gathers all S-reachable pair {x,y}, for which there exists g € G such
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that y = g o . Numerous specific Cayley graphs [6], defined to rigorously
model puzzles and games [10], have been studied from the perspective of
both graph theory [6, 16] and computational group theory [1, 11, 12, 20]. The
research on the Cayley graph usually focuses on the following two problems
1, 11]:

o« REACHABILITY. This asks if there exists a path between a given pair
of vertices.

o DIAMETER. This asks for the longest distance between two (reachable)
vertices.

One natural example is that of the shuffle-exchange, which finds applica-
tions in switching network theory, parallel processing, sorting networks, etc
[3, 4, 13]. The shuffle-exchange is a composition of permutations selected from
generator sets SESg s, The shuffle-exchange set, i.e., SESg s ., gathers
all possible permutations 7 constructed in one of the following ways:

¢ Row-permutations. Choose 71,7,...,7, € Sy, and construct m =
n row-i.
i=1Ti

+ Col-permutations. Choose 01,02,...,0, € S, and construct m =
m col-j
J=1%7

Permutations in SESg, s, permute elements on each row (or each column)
simultaneously. Putting it differently, we have SESg s, = SES{id},S[m] U
SESSM’{id} where SES{id},S[m] and SESSM,{;d} gather the row-permutations and
col-permutations respectively. Note that SES{id},S[m] and SESSM’{id} are sub-
groups of Sp,jx[m)- Thus, without loss of generality, we treat a shuffle-exchange
as a process where row-permutations and col-permutations are performed in
an alternative fashion. We say a shuffle-exchange is of k-norm if it is a com-
position of k permutations selected from the shuffle-exchange set SESg, s,,,-
For a given permutation m € Spyjx[m], We say 7 is of k-norm, denoted by
SENs,; 8, (7) = k, if no (k — 1)-norm shuffle-exchange can achieve 7.

It is known [13] that the whole graph is connected (i.e., (SESg,, s,,,) =
Sin)x[m])- Meanwhile, the diameter of the shuffle-exchange Cayley graph is 3
(i.e., max, SENs, s, (0) = 3). Moreover, the shortest path between any two
vertices (i.e., the shuffle-exchange achieving given 7) can be computed effi-
ciently. These results are also called 2-dimensional Shuffle Exchange Problem.

Based on this, one expanding direction is to think about high dimension,
which leads to the well-known conjecture Shuffle Ezchange Conjecture [4]
with many applications in switching network design. In this paper, we focus
on another expanding version of this problem on dimension 2, which is an
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independent new problem. We investigate a generalized version of the shuffle-
exchange, where the base group Sy}, Sy, are replaced with general groups
G, H. One natural example is the cyclic shuffle-exchange that represents the
weakest transitive groups. The cyclic group C,, (resp., C,,) only allows row
(resp., column) shifts. See Figure 1 as an example.
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Figure 1: Sort numbers in a matrix via a cyclic shuffle-exchange.

Based on the cyclic shuffle-exchange, the Loopover is a puzzle aiming to
sort a disordered grid (See Figure 1) [17]. In each step, the player can select
one row/column and then shift it. It is not hard to provide an O(n?)-step
solution for an n x n Loopover instance. This is indeed essentially optimal by
a straightforward counting argument. In the following sections, we will give
an O(n)-norm cyclic shuffle-exchange solution, which implies the same upper
bound.

Main Results. For the k-dimension shuffle-exchange over symmetric groups,
we show:

« DIAMETER. For all positive integers k and n, permutations in Sy,
can be achieved by a (2k — 1)-norm k-dimension shuffle-exchange over
symmetric groups.

For the shuffle-exchange over cyclic permutations groups, we show:

o REACHABILITY. If either n or m is even, then cyclic shuffle-exchange
can achieve all permutations. Otherwise, a cyclic shuffle-exchange can
and only can achieve all even permutations.

o DIAMETER. Define d(n,m) = min {n + m,nlogm, mlogn}. Any even
permutation can be achieved by an O(d(n,m))-norm cyclic shuffle-
exchange. Furthermore, when n or m is even, any odd permutation
can also achieved by an O(d(n,m))-norm cyclic shuffle-exchange.

For the shuffle-exchange over general group G, H, we show:

« CONNECTIVITY. Assume integers n,m > 2. (SESg i) = Sy« [m) if and
only if G, H are transitive and G or H includes an odd permutation.
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« DIAMETER. All achievable permutation can be achieved by an O(nm)-
norm (G, H)-shuffle-exchange.

Related works. The general study of Cayley graph problem has a long
history. Cayley graph was first introduced by Cayley [6], which represents
a group by a directed graph. The motivation is to study the relationship
between a group and its generating sets. See survey [14]. A natural problem
on this topic is that given G and one of its generator sets S, how long the
diameter of the Cayley graph is. This is widely studied in the language of
computational group theory [1, 11].

For special cases of the Cayley graph diameter problem, there are many
intriguing results in puzzles and games [10]. The phrase “God’s number”
represents the diameter of the Cayley graph of the 3-level RUBIK’S CUBE
PuzzLE, which is shown to be 20 [19]. After that, several works focused on
properties of n-level Rubik’s Cube Puzzle [7, 8]. Another interesting puzzle
closely related to Cayley graph is (n? — 1)-PUZZLE [18].

Another special case of Cayley graph diameter problem is Shuffle Ex-
change Conjecture [4]. Given a permutation, the aim is to rearrange it by a
switching network with specific ordered layers. [5] gave a proof for this con-
jecture, but later [2] showed the proof is incomplete. Researchers also focus
on permutation rearrangement by switching networks [9, 15].

Organization. In Section 2, we give formal definitions and notations, and in-
troduce the diameter result of the shuffle-exchange over symmetric groups. In
Section 3, we extend it to the k-dimension shuffle-exchange and upper-bound
the diameter, which also leads to a low-depth periodic switching network. In
Section 4, we study a specific case, the cyclic shuffle-exchange. In Section 5, we
investigate the general case, where the shuffle-exchange is based on arbitrary
groups. In Section 6, we summarize this paper and list further directions.

2. Preliminaries

For integers n and m, [n| denotes {1,2,...,n} and [n,m] denotes {n,n +
1,...,m}. Notation 4+, is defined as a looping operator where a +, b equals
to the unique integer in [n] equivalent to a + b modulo n, and —,, is defined
similarly.

Permutation groups. In this paper, S; denotes the symmetric group over
set T" and A denotes the alternating group over T. In the following content,
we use expression [[J to compose several pair-wise commutative permuta-
tions. The commutativity may be sometimes not noted, when it is obvious in
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context. For non-commutative permutations, we use expression [Jo[Jo---o[]
instead. For a subset S C Sy, (S) < Sy denotes the group generated by the
elements in S.

Define idr as the identity in S7. Define (L)” € Sy as the t-spanning shift
over [n] s.t. (L)n(x) = z+ntforallz € [n]. C,, denotes the cyclic permutation
group, which gathers all (L)n for t € [0,n — 1]. Note that C, < Ay, for
all odd n. Define (z < y)r € Sp as the swap of z,y in T. For notations
idr, (i))n, (x <> y)7, the subscripts n, T may be omitted when they are clear
in context. Given a partition P of a set T, i.e. a set of pair-wise disjoint
subset from T whose union equals to T', define P-invariant permutation group
ST < Sy as ST := {0 € St | o(P) = P for all P € P}. Furthermore, for
permutation o € ST and subset P € P, define op € Sp as ap(p) = o(p) for
all p € P, when the universal set T and the partition P are fixed in context.
Given group G < Sy, define the orbit of x € T over G as {¢g(z) | g € G}.
Define an equivalence relation ~ where for z,y € T, © ~ y if and only if their
orbits are the same one. The relation partitions 7" into several subsets, called
a family of orbits for G or the orbits of G, denoted as T'/G. Note that for
group G with orbits P, G < ST holds.

Given i € [n| and o € Sy, define orovi ¢ Sinjx(m) as o x,y) =
(z,0(y)) if z = i, and 0" (z, y) = (z,y) otherwise. Similarly, define 7" ¢
Sin)xjm] for j € [m] and 7 € Sp,). Formally, o and 7" equal to idy ® o
and 7 ® idg;, respectively.

Shuffle-exchange. Given G < Sy, H < Sy, define the (G, H)-shuffle-
exchange permutation set SESg g C Sppjx[m) over G, H as

row-1 (

row-1¢

SESg i = {Hie[n] ot oy, ... 0 € H} U {Hje[m] 7r§°1'j | T4,y Tm € G}.

Note that in the most case, SESg # is not a subgroup, but a subset of Sy,j ]
since it may not be close for composing. Actually, SESg i can be treated as an
union of 2 subgroups SESyiay, i, SES¢ figy. For integer & and 7y, 7o, ..., 7 €
SESG i, we say mp o ...omg o is a k-norm (G, H)-shuffle-exchange. For
m € (SESq i), define the (G, H)-shuffle-exchange norm SENg g(7) as the
minimum integer k satisfying there exists a k-norm (G, H)-shuffle-exchange
achieving 7. Besides, for S C (SES¢ i), define

SEN¢ 1 (S) == max SENg, 1 (7).

In group theory, SENg r(-) is also called word norm with respect to SES¢ o,
with the following properties:
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« identity of indiscernibles: SENg g (o) = 0 if and only if o = id;
o symmetry: for all o, SENg g (o) = SENg g (c71);
o triangle inequality: for all o, m, SENgG g (moo) < SENg g (0)+SENg g ().

Furthermore, we list some other properties of SENg (-):

o partial order: it G’ < G and H' < H, SENg (o) < SENg v (0);
o transitivity: for all permutation o and group G,G’, H, H',

SENg)H(O') S SENG/’H/ (O’) . SENGJ.[(SESG/’H/).

Shuffle-exchange over symmetric groups. In order to make the pa-
per self-contained, we first show how to achieve an arbitrary permutation
in Sppjxm) With a 3-norm (S}, Spyy)-shuffle-exchange, which is given by [13].

Theorem 1. SENS[n],S[m] (S[n]x[m]) < 3.

Proof. Let 0 € Spjxm)- Assume o(i,j) = (i, ') for all (i,7) € [n] x [m].
Construct a bipartite multigraph G = (U UV, E, r) first, with the vertex sets
U = {uy,ug,...;un}t, V = {v1,v2,...,0,}, the edge set E = [n] x [m] and the
edge identifier r : E — U x V defined as for (4, j) € [n]x[m], 7(i,j) = (u;, vir).

For all u; € U, degq(u;) equals to m, the number of elements in [n] X [m]
permuted to row i by o. Besides, for all v; € V, degg(v;) also equals to
m, the number of elements in a row. So, G is a regular bipartite graph and
Hall’s theorem says there exists a family of perfect matchings M, a partition
MyUMyU--- UM, = E such that for all subset M;, every distinct e, es in
M; do not share endpoints, i.e. both the first and the second components of
r(e1) and r(ez) are different respectively.

1 2 U

1 1(22)](2,1)

2 | (31)(1,1)

3 1(1,2)](3,2)

Vv

U1 V2 U3

Figure 2: An example of 0 € Sy, and its corresponding bipartite multi-
graph. Notice that there exists a multiple edge from u; to vs.

Next we give the achieving shuffle-exchange w3 o 9 o 71, where m =
n ow-1 _ m col-i _ n ow-1 ;o
[T, 7 me = [Ii%, 557" and w3 = [[in, w35 For all (i,5) € [n] x [m]
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with (7, 7) contained in My, let

-/

Wl,i(j) =1 7T2’t(2') = i,, and 7T3’i/(t) =7.

First, we will show they are well-defined permutations in Sp,; and Sy,,).

« Note that the definition says all m1; for i € [n] is defined and the
preimage set of these 7y ; is [m]. Besides, different j;, jo must be mapped
to different images by all 7y ;, otherwise (7, j1), (7, j2) would be contained
in the same M; with a shared endpoint u;, which conflicts with that M;
is a matching. So, my 1,71 2,..., T are well-defined permutations in
S[m}.

« For all ¢t € [m], since a pair with some ¢ as the first component ap-
pears in M, for exactly one time, mp; is defined with the preimage
set of [n]. The fact that M; is a matching, i.e. different vertices in U
is linked with different vertices in V, ensures my; is also an injection.
Thus, 721, T2, .. ., T2, are well-defined permutations in S,

« For all t € [m], pair p with the second component of r(p) for some
i’ appears in M, for exactly one time, which implies that all 73, for
i’ € [n] is defined, with the preimage set of [m]. For some fixed i and
distinct t1,t9, let p1 € My, ,pa € M,, satisfying the second components
of r(p1),r(p2) are 7. Note such pq,ps are unique. Since p; # py are
permuted to the same row by o, they must be permuted to different
columns, which implies 73 is an injection. So, 731, m32,..., 73, are
well-defined permutations in Sy,

Second, it is easy to show o = w3 o my o m; via tracing all elements in
[n] x [m], for example (7, 7) with ¢, (¢, j') defined as above:

(i,5) = (i,1) = (@',1) = (', j') = 0 (i, j)

3. k-dimension shuffle-exchange over symmetric groups
We can extend shuffle-exchanges to a k-dimension version, (G4™*)-shuffle-

exchanges, with the base set SES’S“ES]im C Spyr defined as follows. See Figure 3
from examples.

k
SESIScEd]im _ U Sflifl;l}x"'x{jifl}x[n}X{ji+1}><"'X{jk}Ulr*-vji*l»ji+1a-~-vjk€[n}}
=1



2626 Xiaoming Sun et al.

Figure 3: 3 types of permutations in SES‘g’[jim.

Besides, define the (G4™*)-shuffle-exchange norm SENIS“;};’“ for permutations
and sets similarly as that in above text. Note that Theorem 1 can be natu-
rally generalized to that SENsg s, (Ssxr) < 3, which directly upper-bounds

Theorem 2. SENg[—jim(S[n]k) <2k —1.

Proof. By induction, assume SEN’ggj]im(S[n]k) < 2k —1 for some k > 2. For the
case on k + 1, given m € Sp,x, construct e Sin)x[nk] Via arbitrary bijection
n between [n]* and [n*] as

(i, ) = (x(t,0(7), 0~ (7, 0(5))2, 7(6,0(5))s, -, (0, 10(5) k1)
for all (i,7) € [n] x [n¥]. Theorem 1 says there exist 7}, 75 € SESs,, ia} and
T € SES{id},S[nk] such that n' = 73 o 1y o 7. Back to Sp,» and construct

1,72, T3 € Spr where for all i € [n],j € [n]¥,

Wg(i,j) - (WZ(Z} 77_1(3))1, n(ﬂé(ia 77_1(.]))))

It is easy to verify that m = w3 0w o my. Furthermore, 7, 75 € SESs,,, {iay and
Th € SES{id},S[nk] imply that 7, m3 € SESS[”],{id[n]k} and my € SES{id[n]},S[n]k'
So, we have

k -dim k -dim k -dim
SEN VU (S ) < 2 SENST V™ (SES g ) + SENE VU (SES gy s ).

Note that SESg,, i, .} C SEsgf;”'dim. Thus sENg[:]F 1)'dim(SESS[n],{id[n]k}) _
1. Besides, we will prove that SENG MM (SES (g, 1.5, ) < SENE™(S,,0)
holds. Let t = SEN§ ™ (S, ). For 7 € SES {idgu )5y With 7 = @, idgy ©

where 71,72, ..., T € Spk, there exists w1, mi2, ..., Mt € SES’SCES]‘m such



On the generalized shuffle-exchange problem 2627

that 7, = m 4 0...0om g 0m; for all i € [n]. Thus, we have

n

m=@idy @migo--omgom
i=1

= (@ Id{l} X Wi,t) O+++0 (@ Id{l} (024 ﬂ-i,2> o (@ Id{z} X Wi,t) .

i=1 i=1 i=1

Since P}, idy @ m; € SESéﬁ:l)_dim for all 5 € [k],
(k+1)-dim
SENSW <SES{id[n]},S[n]k) <t

Combining the induction assumption, we prove SENé’:l)'dim(S[n]kﬂ) <
2k + 1, which closes the induction and finishes the proof. O

Theorem 2 further implies an interesting result, which is equivalent to a
low-depth periodic switching network investigated in [4]. It is also a key tool
to prove some other results in this paper.

Lemma 1. Given an integer n, let N = 2". For all o € Syyj, there erist
integers $1,Sa, ..., Sop—1 and sets Ty, Ty, ..., Ton—1 C [N] satisfying

e 11,12, t1 + 84, t2 + 55 are distinct for all distinct t1,t2 € T};
e and o =T (Ter, (t < (t+51))).

Proof. First, we build a mapping 7 : [2]™ — [N] such that n(z) = > (z; —
1)2071 + 1. Tt is trivial to verify that 7 is a bijection. (n71(+) could be treated
as somehow a binary representation of integers. To keep the consistency of
notations, we assume it is between [2]” and [N], although it may be more
standard to define it between [0, N —1] and {0, 1}™.) Let 7 be the permutation

1

in Spj» obtained by o with n conjugated, i.e. 7 = 7" o 0 on. Note that

Theorem 2 says SESQ{;‘T“(W) < 2n — 1 by a shuffle-exchange # = 19, _10---0
7o o 1. Thus, o can decomposed as

og=nomon !

:7]07r2n_10-~-o7r2077107]_1

=(nomyp-10n )0 -o(nomont)o(pomon)

Consider some term (7o m; o n~!), denoted as oy, for example. Assume 7; €
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S[{Q]{Z}_kixmlj_kiem} holds! for all ¢ € [2n — 1] since m; € SEsg[gliim- Thus, o;

can be decomposed as

. -1
0; = H no ((Wi){j—ki}xm ® Id{j—ki}x[Q}) °n

j*kiep]

Note that for all j_, € [2], no ((ﬂ'i){j}fkix[g] ® ldm) on~!is either id or
M(J—k;» 1) <> n(j—k,,2)) since [{j}_k, % [2]| = 2. Furthermore, the definition
of 1 says that n(j_x,,2) — n(j_x,1) = 2K~! always holds. To summarize,
for all i € [2n — 1], let s; = 251 and T; C [N] gather all (j_s,, 1) for all
J—k; € [2] satisfying (Wi){j_kixp]} #id. (s4,T})icjan—1] satisfies the conditions
and finishes the proof. O

Lemma 1 constructs a “(2logy(N) — 1)-depth” swap decomposition of
7 € Sy when N is a power of 2. Actually, it can be extended to a construction
for general N, with loss of a constant fact on the depth. Note that on any
continuous range from [/N] with the length of a power of 2, Lemma 1 ensures
that any permutations can be achieved with the depth of O(log(N)). It is
easy to see that constant number of appropriate “sub-permutations” achieve
arbitrary o € Sy}, which leads to the following corollary.

Corollary 1. Given an integer n, for all @ € Sy, there exist £ = O(logn),
S1,82,...,8¢0 and sets Ty, Ty, ..., Ty C [n] satisfying

o t1,lo,t1 + S, ta + s; are distinct for all distinct t1,ty € T; fori € [{],
e and = Hf:1 (HteTi (t e (t+ Sz)))

4. Shuffle-exchange over cyclic permutation groups

In this section, we focus on the shuffle-exchanges over cyclic permutation
groups. A straightforward parity analysis says an odd permutation in Sp,)x )
cannot be achieved by a (C,,, C,,)-shuffle-exchange with odd n, m.

Fact 1. If n and m are odd, o ¢ (SESc, c,,) for all 0 € Spxim) \ Ap]x[m)-

In the other cases, we can upper-bound the shuffle-exchange norm as the
following theorems say.

'We simplify expressions a1, ..., @1, @i 1,..-y00, Q1yevny @i 1yt Gig1,. .., 0
and {a1} X - x{a;—1} xT x{a;41} x---x{ag} with a_;, la_;,t and {a}_; xT
respectively, when the number /¢ is clear in context. Here, symbols a,,t,T can be
arbitrary.
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Theorem 3. Ifn orm is even,

SENc, c,, (S[n}x[m]) = O(min(n + m,nlogm,mlogn)).

Theorem 4. SENc, c,, (A[n]x[m]) = O(min(n + m,nlogm,mlogn)).

The main idea to decompose a given permutation ¢ is to decompose it first
into a (S, Spyy)-shuffle-exchange, which allows rows or columns permuted
arbitrarily instead of cyclically. Theorem 1 shows that to achieve an arbitrary
permutation, a 3-norm shuffle-exchange is sufficient (no matter the parity of
n, m or the target permutation). Thus, our task is converted to design cyclic
shuffle-exchanges achieving permutations in SESg s, . For the case where
n or m is even first, the methods to achieve SES{id}S[m] are summarized as
follows:

m s even O(m)-norm by Corollary 2
O(nlog m)-norm by Corollary 3
n is even O(m + log n)-norm by Corollary 4
O(nlog m)-norm by Corollary 5

Note that SESS[n],{id} can be achieved in the same way. Thus, there are 3
ways to achieve a constant Sp,; X Sy, shuffle-exchange, which leads to Theo-
rem 3:

e O(m)-norm for SES{id}S[m]; O(n + log m)-norm for SESS[”],{id}
= O(n + m)-norm;

« O(nlogm)-norm for SES{id},S[m], O(n + log m)-norm for SESSM,{id}
= O(nlogm)-norm;

 O(m)-norm for SES(iqy s, O(mlogn)-norm for SESg | riay
= O(mlogn)-norm.

The basic idea to handle the cases with odd n,m is similar, which is
described in Subsection 4.3.

4.1. Cases with even m

Our methods are based on the following observation. As that shown in Fig-
ure 4, a cyclic shuffle-exchange “\ @M B I achieves an swap between &
and 2.

The strategy in Figure 4, called the basic strategy in the following text, is
a starting point of our shuffle-exchange design. Obverse that:
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i,
wlulz]a|l &fs|ulz]a zlals|w wlals|ulD [3|efs]a 2wy |a
1 & & 1 1 3
2 1 1 2 2 1
3 2 2 g B 2
o O

Figure 4: Swap & and E via a cyclic shuffle-exchange.

e Via a similar shuffle-exchange, any swap in row-1 can be achieved ac-
tually, with a pair of conjugate shifts to move the target piece to the
column-1 first and “undo” the shift in the end, if necessary. For example,
«J O <UD D swaps € and E.

o Besides achieving a swap in row-1, the shuffle-exchange also rotates
column-1 (excluding the first position) from 123 to 231.

o YT AY actually does the same thing in row-1, while rotates
123 reversely to 231.

To achieve a permutation on a single row, for example row-1, we decompose it
O(m) swaps. The key idea is that a pair of swaps can be achieved via the basic
strategy, with opposite direction to rotate column-1, which cancels the change
on column-1. This observation directly implies SES gy, A,y can be achieved by
a cyclic shuffle-exchange, i.e., SESfigya,,, < (SENg, c,.). However, a trivial
method requires to achieve the n permutations row by row, and achieve at
most m pairs of swaps for each one of them, which leads to a O(nm)-norm
cyclic shuffle-exchange.

We will introduce two different parallelizing tricks to reduce the norm
down to O(n + m) and O(nlogm) respectively. The first way is to achieve
permutations on non-adjacent rows in parallel. The trick is that 7,7, ..., 7%
can be achieved in parallel by a 5-norm cyclic shuffle-exchange, where each
permutation swaps 2 positions in the same row and the rows for them are
distinct and pair-wise non-adjacent. In fact, it is just a simple variant of the
basic strategy, with the only difference that all target rows is shifted while
just row-1 shifted originally at step 2 and step 4.

Lemma 2. SENCH,(Cm (SES{id},A[m]) = O(m)

Proof. Divide [n] into [n] = ULV UW such that i and i+, 1 are not contained
in the same subset for all i € [n]. Decompose o into o = oy 0 oy 0 oy where

ov = [Liey(0:)™ ", and oy, ow are defined in the same way. Consider oy
as an example. Note that every permutation in Ay, can be decomposed into

2m swaps. Assume o; = (Jiom > Kiam) © --- 0 (Ji1 ¢ ki) for all i € [n].
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Then, we claim oy = T, 0 Toyp—1 0+ - 071 where for all t € [2m], 7 € Sy ),
satisfying SENc, ¢, () = O(1), is defined as

row-i row-% col-1
o _— LY s _1\tt+1
Ty 1= H] (]z,t 1) o (( 1) ) o HJ (kz,t ]z,t) o (( 1) ) °©
1€ 1€

row-1 ‘ col-1 row-1
11 (J'i,t - ki,t) ° ((—1) ) o] (1 - J'i,t) :
€U ieU

First, 7o, 0- - -o7; achieves (0;)"" for all i € U, i.e., oy (p) = Tomo- - -071(p)
for any position p on some row-i where ¢ € U. It can be proved by showing
7 achieves (j; 1 <> ki)™ for alli € U.

col-1

o Let p = (i,j) be a position on row-i which is not (i, j;+) or (i, k;+). Note
that (4, +m 1 —m Jit) and (4, j 4+ 1 —p, ki) are not on col-1. Thus,

row-1i

Tt(p) = H (ji,t - 1) _ © H (ki,t - ji,t) ©

€U icU

row-1 Tow-1
H (ji,t - k‘i,t) ° H (1 - ji,t) (p) = p.
€U

icU

o Without loss of generality, assume ¢ is even. Note that i+, 1 and i —, 1
are not in U. Trace (¢, ;) and (¢, k; ;) during 7:
(@, Jie) = (6,1) = (i 40 1,1) = (040 1,1) = (6,1) = (i, 1 4+m kit —m Jit)
(Z 1 +m it T m ji,t) — (Z, ki,t)
(7/ kz t) (71 kz t +m -_m ji,t) — (27 ki,t +m 1 -_”m ji,t) — (’L» 1) — (Z - n 17 1)
= (@ =n1,1) = (4,1) = (4, 4ie)
Second, if p is not on any row-i where ¢ € U, 1o, 0 - - - 0 7y keeps p invariant.

Specifically, if p is not on col-1, it keeps invariant obviously. Besides, it is easy
to check the following fact for all ¢ € [n] \ U:

(i+n1

. 1—n 1
Tt(zv]-) = EZ +Z2
(t—n2

)

,1) iftisodd and i+, 1 &€ U,
,1) iftisevenandi—,1¢U,
1) iftisoddand i+, 1€ U,
1) iftisevenandi—, 1€ U.

Combining the property of U, that j € U implies j +, 1,j —p 1 € U, we
have that 71 0 7(i,1) = (4,1) for all even ¢ and ¢ € [n] \ U, and that 79, o
-- o7 also keeps such (7,1) invariant. Thus, SENc, c,,(0v), SENc, ¢, (ov),
SENc, c,. (ow) are O(m), which implies SENc, ¢, (0) = O(m) as the result.
]
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Corollary 2. If m is even, SENc, c,, <SES{id},§[m]) =0O(m).

Proof. Let o be an arbitrary permutation in SES{id}’S[m] which can be repre-
sented as a composition of permutations on each row, i.e., 0 = Hie[n] ;o
where 0; € Sy, for all i € [n]. Construct © = [l;epy W™ € SESqigyc,,
satisfying m; = (A) if 0; is odd, and m; = id otherwise. Since m is even
and (A) is an odd permutation, ¢’ := 7o ¢ is in SESyigy a,,,- Lemma 2 says
SENc, c,,(0') = O(m). Note that 0 = 7! o ¢/ where 7~! is in SES¢, c,,.
Thus, SENg, c,.(0) = O(m). O

The second way is to achieve swaps on the same row in parallel. Now, we
focus on a single even permutation on, for example, row-1. The trick is that
swaps with the same spanning, i.e. (i1 <> i1 +m £), (iz <> G2 +m £), ..., (ix <>
ir +mt), can be achieved in parallel using another variant of the base strategy
with also norm of 5, as that shown in the following figure.

Figure 5: Achieve 3 swaps in parallel.

Previous works show a special swap decomposition that an arbitrary per-
mutation can be decomposed into a few “good” components, of which each
one is a composition of several swaps with the same spanning, as Corollary 1
says. Thus, an O(logm)-norm cyclic shuffle-exchange is sufficient to achieve
o in row-1. Note that this shuffle-exchange may change the other rows. Recall
the strategy in Figure 5. The direction of row shifts is arbitrary, which means
if even number of swaps are on col-¢, the change on col-i can be recovered by
alternating shift direction selection. So, we design a “plus version” decompo-
sition in Lemma 3 for even permutations, in which there are even number of
swaps on each column.

Lemma 3. For all 7 € Ay, there exist { = O(logn), s; € [n] and sets
T; C [n] for j € [£] satisfying
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e 11,02, + 85,12 + 55 are distinct for all distinct i1,i2 € T};

e T = HieTz(i < (i+nse))o---0 HieT1 (i <> (i +n 51));
e and each i € [n] is contained in even sets among Ty, Ty, ..., Ty.

Proof. Corollary 1 says there exist ¢, (s;)jeje, (1) jeeq satisfying the first 2
constraints. Our aim is to append Sp11,Spr12,...,8¢ and Tpi1,Tpyo, ..., Ty
to satisfy the third constraint. We say i € [n] contained by an odd number of
sets among 1,75, ....,Tj is an odd position up to j, gathered by a set denoted
as ;. For positive integer k let 7, = max Sy ox—2. Define

o Spyop—1=—|Tk/2], Setor = |Tk/2];
o Tyyop—1 = Sovyon—2 N [re — /2] +1,74), Togor = Tpyon—1 — |7/2].

Note that the odd positions up to ¢ + 2k — 2 in [ry — [7%/2] + 1,75 are
contained in Ty 4or—1 and not in Ty o, which implies they are not in Sy o
and 7,41 < [r/2]. So, there exists k = O(logn) such that r, < 1, due to
the initial case 1 < n. Let £ = ¢’ + 2k — 1 where ¢ = O(logn). We claim
€, (55)je10, (T);epq satisfy all the 3 constraints.

Recalling these definitions, the first constraint is met obviously. For pairs
(seyor—1, Torror—1) and (Spyok, T o), note that (7 <+ i+, spqor—1) = (i —
|rK/2] <> i — [76/2] 4+n Se2r) holds, and the swaps in some groups, i.e.
(i <> i+ s;) for ¢ € T}, are pair-wise commutative since the first constraint
satisfied. So, we have

H (i <> (i +pn Sps2k)) © H (1 4> (i +n Sert2k—-1)) = id,

€Ty o, €Ty g1

i.e. the appended swaps actually do nothing except changing the parity of
the “hitting number”, which means the first constraint is satisfied. Since 7
is even, the total number of swaps is also even, which implies the number of
odd positions up to £ is even. Then max Sy = r, < 1 means max Sy = 0, i.e.
there is no odd position finally, which satisfies the third constraint. O

Lemma 4. For all m € Ay, and r € [n], SENg, c,, (77%7") = O(logm).

Proof. Let m be an arbitrary permutation in A[,,. Decompose 7 in the way of
Lemma 3 and get £, (s;);cq and (T});ejq. Define a1, a24, ..., ap; for i € [m]
as a list with alternating 1 on the position j where ¢ € T}, and 0 on the
others, or formally,

1 if j=1and i € 11,
aj; =14 (—1)miteitta—Li if 5 > 1 and i € T},
0 ifi ¢ Tj.
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We claim 77°%" = 150 --- 0 1y o 71 where 7; for all j € [¢], with the norm of
O(1), is defined as

col-i row-r col-i row-r col-i
ne (o) o () o () o(zy) o ID(ay)
iET; iE€Ty iET;
First, 7; achieves HieTj (i <> i+ s;) on row-r, i.e., for all positions p on
row-r, 7j(p) = [lier, (i ¢> i+s;)""(p). Trace all positions p = (r, i) on row-r
during 7; as follows.
(r+n aji,9) = (1 +n a5, i) = s o
(r8) = (ri b 57) = (risy) S
(ryi) — (ry0) = (13 —m 85) = (1 —n Qjiyi —m S5) — e _
(r —n @jisi —m ;) = (1,5 —m 85) i —=ms; €15,
(ryi) = (1 —m 85) = (r,i —m 8;) = (r,i) — (r,7) otherwise.
Note that ¢ € T; and @ —, s; € T} cannot be satisfied at the same time due
to the definition of T}.
Then, define permutation o € Sy, as

7 ifi=r,
o(i)=4q 1+,2 ifi=r—,1and
t+, 1 otherwise,

i.e., o shifts the elements in [n] except r. With this notation, we have 7;
achieves [];c(n) (6%+)° on the other rows except row-r, since 7; moves (k, i)

for some ¢ € Tj and k # r as follows:

(k‘ +n aj,i,i) — (l{I +n @i, % —n S]') —
(k +n @i, —n Sj) — (k +n aj i, Z) — (k +n 2a;,, Z)
(k “+n a]-,,-,i) — (k +n Qj,i, ’L) —
(k,Z) - (kvl) - (k +n a]}iai)

if k+naj: =,
(k,i) —
lf k} +n Aj,i 76 T.

Decompose 7; into the action on row-r and that on the others as 7; =
[Lier, T ° [Lier, (i <> i+ s;). It is obvious that for any ji,j> € [(],
[lier, (o%1:1)°° and [lier,, (i <> i+ sj,) are commutative. So, we have 7 o
-+ 07Ty 0Ty equals to

[T @ e [[Geits)o-o ] @) o [JGwi+s)

iE€T, i€T, i€Ty €Ty
_ (H (O_ae,i)col»i 0--+0 H (O_am‘,)col»i) o (H(Z oi4 Se) 0---0 H(l PN i+31)>
1€Ty €T 1€Ty €T

Z col-i
a;; _
— (O’ JEele] J,l) ° 7_‘_lfow r.

i€[m]
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Recall the second constraint in Lemma 3 says each i € [m] is contained in
even number of sets among 17,75, ..., T;. So, Z]-e[g] a;; = 0 according to the
definition, and 7y 0 - -+ 0 79 0 71 = 7V as the result. O

Corollary 3. If m is even, for all m € Sy, and r € [n], SENc, c,, (7"%7") =
O(logm).

Proof. If 7 is even, Lemma 4 says SENc, ¢, (7°%") = O(logm). Otherwise,
we have

SENc, ., (1) < SENe, ., (70 (1)n)™ ) +SENe, ., (=15 ) = Ollogm)

since 7o ( 1 ),, is odd and (:_1))““”"" is in SESc, c,,- O

m

N
4.2. Cases with even n

Our solution to the cases with even n is to pre-process the given 7. In detail,
we append an extra swap (1 <> 2) on each odd row-i, where 7; is odd, to
obtain 7’ € SES{id}A[m]. Lemma 5 shows how these swaps on different rows
be achieved in parallel using the first kind of parallelization in Subsection 4.1.
Recalling that in the proof for Lemma 2, the parity of permutations ensures
col-1 recovered, which is not satisfied now. Here, we utilize Corollary 3, which
shows the existence of a O(logn)-norm cyclic shuffle-exchange achieving a
permutation on a single row, to recover col-1.

Lemma 5. If n is even, for all w € SES{id},S[m]: there exists T € Sy [m) with
SENc, c,. (1) = O(logn) such that o 7 € SES(iay.a,

m] "

PT’OOf. Define 7 := Hie[n]:mgA[m] (1 « 2)r0w—i which satisfies moT € SES{id}A[

obviously. Partition [n] into [n] = U UV U W and define 77, 7y and 7y as
Lemma 2. We claim SENg, ¢, (7)) = O(logn) as well as 7y and 7yy. Consider
the following 5-norm cyclic shuffle-exchange

col-1 row-1 col-1 row-1 col-1
/ P — p— —
w=(1) e I (1) o(=) o IT (=) =(a)

i€U:m; is odd 1€U:m; is odd

m]

7(; o 7y will not move anyone out of col-1 eventually, which is shown by
tracing (¢,7) € [n] x [2,m]:

(t,j—1) = (G+,1,j—-1)—
(i4nL,j—1) = (i,j = 1) = (i,§) = (i,])
(77] -m 1) — (17]) — (77])

invariant — (i,j) otherwise.

if i € U, m; is odd and j = 2,

ifi e U, m; is odd and j > 2,
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Then, Corollary 3 says SENc, c,,(7{; o 7o) = log(n), which also implies that
SENg, c,, (1v) = log(n). Similarly, 7y, 7w can also be achieved by O(logn)-
norm shuffle-exchanges, and SENg¢, ¢,, (7) = log(n) as the result. O

Combined with Corollary 2 and Corollary 3, Lemma 5 leads to the fol-
lowing corollaries.

Corollary 4. If n is even, SENc, c,. (SES{id}S[m]) = O(m + logn).
Corollary 5. If n is even, SENc, c,. (SES{id}7§[7n]) = O(nlogm).
4.3. Cases with odd n,m

Theorem 1 says m equals to a composition of 7y, wy, T3 € SENSM Sim - HOWeVer,
although assuming 7 is even, someone among w1, mo, w3 could still be odd,
which can not be achieved by a cyclic shuffle-exchange with odd n, m. Our
solution is to switch the parity, utilizing the following simple equalities

(1 o 2)row—1 o ((1 o 2)row—1 o (1 o 2)501—1) o (1 o 2)(:01—1 —id
(1 PN 2)col—1 o ((1 VRN 2)001—1 o (1 o 2)row—1) o (1 VAN 2)row—1 —id

with a negligible cost due to the following fact.

Fact 2. (1 < 2)™% 1o (1 < 2)° and (1 + 2)° o (1 < 2)™%! can be
achieved by 4-norm cyclic shuffle-exchanges.

Proof. 1t can be verified that

(14 2)row—1 o (1 ¢ 2)(:01_1 _ (%)COH o (g)row—l o (_—1>)col—1 . (_—1>)row_1.

Note that (1 ¢+ 2)®F o (1 ¢ 2)%1 = ((1 ¢ 2)™%1 o (1 ¢ 2)°h)~1 So,
SENg, ¢, (1 » 2) o (1 45 2)7" 1) < 4 also holds. 0

Using a similar method as that for Lemma 5, an even permutation in
SES{id},S[m] is switched into a permutation in SES{;d}A[m] with O(logn) cost.
Then, Lemma 2 and Lemma 4 help us deal with the rest of the process.

Lemma 6. For odd n,m and m € SES{;d}’S[m] N Appxjm], there exists T €
Sin)xm) with SENg, c,,(7) = O(logn) such that o T € SES(iay A, -

Proof. Assume 7 = [[icpy o} where 01,09,...,04 € Spy). Let S C [n]

gather all i € [n] with o; odd. Define 7 = [[,cg(1 > 2)™"" then 7o 7 €
SESiay, Ap,y Obviously. Note that |S| is even since 7 is even. Thus, there is a
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partition [n] = U UV U W satisfying U, V, W are non-adjacent sets and all
\UNS], VNS |WNS|are even. We claim 7y = [[;cpng(1 ¢ 2)™% can be
achieve by a O(logn)-norm cyclic shuffle-exchange. Note the argument can
also be applied to 7y and .

Via a similar analysis as that in the proof of Lemma 5, there exists 7y,
with norm of 5 such that 77; o 7y will not move anyone out of col-1 eventually.
Recall that |[U N S| is even, which implies 7y is even. Besides, n,m are odd
implies 7, € (SESc, c,.) < Appjx[m) is even, which is followed by that 77,07y is
even. Thus, Lemma 4 says SENc, ¢, (7,077) = O(logn). So, SENc, ¢, (Tv) =
O(logn), as well as 7y, Ty and 7. O

Proof of Theorem 4. If n or m is even, Theorem 3 can be directly applied.
So, we assume n, m are odd in the proof.

Let 7 be an arbitrary even permutation in A,y [, Theorem 1 says there
exist mp,m3 € SES{id}S[ and my € SESS[ {idy such that 7 = 73 0 mp o 7.
Consider the parity of 71, w9 and 3.

o If m and my are odd, define 7} = (1 2% lom = (1 2)o
(1 2yt 7l =m0 (1« 2)“’1 Ly =id and 7} = 73;

o If o and 73 are odd, define 7 = 7,7y =id, 75 = (1 + 2)601'1 0Ty, Ty =
(1 2)% 1o (1 ¢ 2)“’1 Land 7§ = w3 0 (1 ¢ 2)7oL

o If 7 and 73 are odd, define 7} = (1 > 2)"™" Lo, 7 = (1 < 2)°o
(1 ¢ 2yl = (1 <3 2)omyo(1 4 2)° 7 = (1 < 2)%1o(1 <
2)°Fl and 74 = w3 0 (1 ¢ 2)T% 1

o If all 71,7y and 73 are even, define 7] = m, 7y = id, 75 = Mo, 72 = id
and 75 = 3.

Note that in all these cases, 1 = 74 o 79 0 mh o 71 o ] where 7}, 7h, 7} are
even and 7,7 are of constant-norm. Since n,m are odd, Lemma 6 says
there exist o1, o9, 73 with O(logn + logm)-norm, satisfying 7} o 01,75 0 03 €
SES{id}A[ and 7 0 0y € SESA {idy- Using Lemma and Lemma 4, the
analysis for Theorem 3 also leads to SENc, c,.(SESa,.4,,,) = O(min(n +
m,nlogm,mlogn)). Thus, we have

SENc,, c,, (m) =SENc,, c,, (75 0 7o 0 h o 71 0 1)
=SENc, c,, (15 003) 005 oo (nhoos) ooy o o(riooi)oor )
<3SENc, ¢, (SESa,,4},;) + O(logn + logm)
<O(min(n + m, nlog m,mlogn)).
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5. Shuffle-exchange over general groups

In this section, we discuss a generalized version, the shuffle-exchange over
arbitrary given groups G < Sy, H < Sp,). Note that SESg y may not
achieve all permutations in Sp,)x[,). We have given an example in Section
3: (SESc,, c,.) = Apmixim] < Spjxm)] When n,m are odd. Another example is
that (SESq g) cannot be transitive when G or H is not transitive, and ex-
tremely, (SESgigy giay) = {id}. Our main result on the shuffle-exchange over
general groups is a characterization of (SES¢ 7). We further show that once
7 is achievable, m can be achieved by an O(nm)-norm shuffle-exchange.

For ¢ in some permutation group G, our characterization cares about the
parity of o on the orbits of G. We introduce a linear space to describe such
local parity as follows. Given a partition P of a set T, define the orbit-wise
parity (¥ : SE — F} as ((F(0))p = 1 if and only if op is odd for all P € P.2
Given subspace U < F5,V < F¥ | define the row-column spanning space

My = span (U @ F] + F§ @ V) <F5,

i.e. My y is spanned by all M = u®z+y®v foru € U,v € V,z € FL,y € F5.

Theorem 5. Given G < S[n]7H < S[m] and ™ € S[n]x[m]; SENG’H<7T) =
O(nm) if the following conditions are met. Otherwise, m ¢ (SESq i)-

L. 05 i S((n)jG)x (fm) /1)

2. Tyxm) 18 in {idy} ® H for all fiz-points U € [n]/G;
3. mxv is in G @ {idv} for all fix-points V € [m]/H;
4. C(["}/G)X([m]/H)(ﬂ') 18 1N MC[n]/G(GLC['m]/H(H).

We first focus on a single orbit U x V' of (SES¢ g) where U € [n|/G,V €
[m]/H. Lemma 7 provide a useful gadget, which achieves 3-switching in U x V'
with 4-norm. Note that an even permutation can be decomposition into 3-
cycles. Thus, with Lemma 7, a (G, H)-shuffle-exchange can achieve any even
permutation on U x V and keep the other part fixed, as Corollary 6 says.

Lemma 7. Let G < Sy, H < Sy and U € [n]/G,V € [m]/H with
|U|, |V| > 2. For all distinct p1,pa,ps € U x V, SENg u((p1 p2 p3)) = O(1).

Proof. Assume p; = (y1,21),p2 = (y2,22) and ps = (y3,x3). Define o as
follows.

o If y3 =yo and x1 = x3, let 0 =id.

2Given a set S (or an object, like a partition for example, which could be treated
as a set), the notation F§ here stands for a space gathering all |S|-dimension Fy
vector, in which components are labeled by elements in S.
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o Ify; = yo = ys3, select 01 € G s.t. 01(y3) # y3 which exists since |U| > 2.

Furthermore, select o9 € H s.t. o3(x3) = x1, where such o9 exists since

. . row- -
V is an orbit on H. Define o = a3 1) ook
row-y3

o Ify; = yo # ys, select o1 € H satisfying o1(x3) = x;1. Define 0 = o]
o If y1, 90, y3 are distinct and x1, xo, x3 are distinct, select o1 € G,09 € H

s.t. o1(22) = 21 and o3(y3) = y;1. Define 0 = 03" ** o O'TOI'M.

The detail shuffle-exchange design depends on the relative position of the 3
positions. We do not list all cases since the others can be reduced to the listed
ones directly.

Note that o(p1),o(ps) are on the same row, and o(p1),o(ps) are on the
same column. Select 71 € G, 72 € H such that 71°" ¥ (o(p2)) = o(p1) and
5 (0(p3)) = o(p1). It can be verified that

col-z1 row-y1

(T2col—z1)—1 o (T{ow—yl)—l 0TS oT = (o(p1) o(p3) a(p2))-

Conjugating by o, we have

col-z1 Trow-y1

Lo (r5 ) o () o 1 o7 oo = (p1 ps p2) = (p1 P2 p3) ",

o o(m
which finishes the proof. O

Note all # € Ap can be decomposed as a composition of O(|7T]) 3-
cycles. Lemma 7 says a 3-cycle can be achieved with a constant-norm shuffle-
exchange, which directly leads to the following corollary.

Corollary 6. Given G < Sp,, H < Sy, and U € [n]/G,V € [m]/H with
\U|,|V| =22, SENg g (7 @ idgy7) = O(|U| - |V|) for all m € Ayxy.

Obviously, (SESg,#) is a subgroup of S q)x(jmj/#)- Assume G, H are
fix-point-free. Corollary 6 also shows that orbit-wise even 7 can be archived
via performing algorithms used in Corollary 6 on each orbit. Next, we de-
scribe orbit-wise parity of a permutation in S(,)/q)x (jm)/m) as a vector from

Fg[n]/ )x(lml/ H), and define a linear space M¢qy ¢(m), which is spanned by
orbit-wise parity vectors of all permutations in SESg . The definition of
M (@).cca) leads to the following conclusion: m can be cancel to a permutation
even on all orbits, with a (G, H)-shuffle-exchange, if and only if the orbit-wise
parity vector ((m) is in M) c(m)- Thus, for some 7 with ((7) € M¢@).c(m)
use such (G, H)-shuffle-exchange to transform it into an orbit-wise even per-
mutation, which can be archived orbit-by-orbit by Corollary 6. For some 7
with ((7) € M¢),c(m), no such (G, H)-shuffle-exchange works to transform
7 into an orbit-wise even one, which also says m € SES¢ g since id is orbit-
wise even! We believe the insight about parity fundamentally illusions the
construction of (SES¢ i) and also leads to the characterization in Theorem 5.
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Proof of Theorem 5. In the first step, we assume for 7, these conditions are
met. We construct a O(nm)-norm (G, H)-shuffle-exchange achieving 7. At
beginning, recall that condition 1 says ™ € S(ju)/q)x(m)/H) and condition 4
says ¢ ([7/G)x([ml/H) (m) is in Memsa(y,cim/a (). Thus, there exist (Vs )oeq and
(w;)rem such that

((m) = Z (o) ®v, + Z wr ® (7).

ceG TeEH

Note that it can be simplified since that G, H are groups and ( is a linear
mapping. That is, there exists ¢(") € G for all V € [m]/H and (1) ¢
H)yepm)/c such that

(1) (my= Y o eer+ Y ewa((r)

Veiml/H Ueh]/G

where ey, ey are indicators (with dimension notation omitted for convenience)
s.t. (ey)s =1 if and only if U = S. Let

T = H (T(U))row—Ul o H (O_(V))col—Vl o

Ueln]/G velm|/H

where Uy, V7 means arbitrary elements in U, V. Decompose 7 and obtain

= H (T(U))TOW'Ul o H (U(V))col-Vl o H TUxy @ idev

Ueln]/G Velm|/H Ueln]/G
Velm]|/H
= I (o (o) o mr) @ idiye
e
Velm]/H

Recall that (1) implies

((muy =) + ¢,

Meanwhile,
(U)\row-U; (V)\col-V; _ (U)\row-U; (V)\col-V4
(™o o), = () (o),

= (i) + <o),

Thus, 77, is always even, and it suffices to show SENg g (7') = O(nm).
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Note that 7’ € S([n]/G)x([m}/H)~ For any fix-point U € [n]/G,V S [m}/H
with U, [V| = 1, 7,y and @, are commutative because U x V' is a
fix-point of S([n]/G)x([m]/H)~ Thus, we have

= H ﬂbxv o H ﬂ'fn]xv o H be[m].
Ueln]/G,Ve[m]/H Velm]/H Ueln]/G
[ULIV]=2 V=1 |U|=1

Conditions 2 and 3 ensure that the second and the third term can be achieved
within 1-norm, and Corollary 6 says the first term on each orbit can be
achieved within O(|U] - |V|)-norm. Totally, a O(nm)-norm (G, H)-shuffle-
exchange achieves m as desired.

In the second step, we show a permutation cannot be achieved if someone
among these conditions is not met. When condition 1 not met, there exists
(y,z) € [n] x [m] mapped to (z,w) such that either y, z are not in the same
orbit from [n]/G, or xz,w are not in the same orbit from [m]/H. In this
first case for example, SESyiqy i does not change the first coordinate while
SES¢ {iqy cannot move y out of y-orbit. When condition 2 (which is well-
defined when condition 1 met) not met, )y ¢ G ® {idy} for some fix-
point V' € [m]/H. Since V is a fix-point, op,xy = id for all o € SESay i,
which implies (SESq i) pmyxv = G ® {idy }. Thus, 7,y € G ® {idy } implies
7 & (SES¢ i). For the same reason, m ¢ (SES¢ ) when condition 3 not met.
Note that

C(SESeir) = C(SEScgiay) + C(SESgiay.) = C(G) @ FYVH 4 FIVC @ ¢(H).

Thus, (((SES¢.ir)) = span(C(SESe,i)) = M(a).cay and ((7) € M)
is a necessary condition of 7 € (SES¢ i), as condition 4 says. O

6. Conclusion

Throughout this paper, we discuss the problem of achieving a permutation
via a low-norm shuffle-exchange from the perspective of the Cayley graph.
We give a clean and computationally efficient characterization for connectiv-
ity and reachability, as well as a polynomial upper bound for diameter for
the shuffle-exchange over general groups. We also focus that on the cyclic
group base, and provide a nearly optimal low-norm shuffle-exchange. The
work somehow gives a general framework to research the construction of gen-
erated groups over 2-dimension set, and explore the properties the Cayley
graph in a new direction.
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We recognize that our work is only the beginning of the research about the
shuffie-exchange. The problems listed as follows could be further directions
on this topic.

o For the cyclic group case, there still exists a gap between our upper
bound and the counting lower bound. We conjecture our construction
may be optimal and the lower bound can be improved by a more careful
analysis.

o We believe the cyclic group is the weakest one with respect to the
shuffle-exchange. So, we conjecture

SENg, 1 ((SES¢,u)) = O(SENc, ¢, ((SESc, c,.)))

for all G < Sy, and H < Sp,,). For the general case, we only provide an
upper bound of O(nm), which is so far from optimal in our opinion.

o Furthermore, we wonder whether our model can be realized in reality to
accelerate algorithms for permutation rearrangement. In parallel com-
puting, for example, under the memristor model one can perform the
same permutation on each row (or column) of a matrix [21]. Currently,
there is technique barrier on implementing different permutations on
each row (or column) in parallel.
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