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Generating Picard modular forms by means of invariant

theory
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Dedicated to Don Zagier on the occasion of his 70th birthday

Abstract: We use the description of the Picard modular surface
for discriminant —3 as a moduli space of curves of genus 3 to gen-
erate all vector-valued Picard modular forms from bi-covariants for
the action of GLy on the space of pairs of binary forms of bidegree
(4,1). The universal binary forms of degree 4 and 1 correspond to
a meromorphic modular form of weight (4, —2) and a holomorphic
Eisenstein series of weight (1, 1).
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1. Introduction

Some Shimura varieties can be interpreted as moduli spaces of curves and
such an interpretation offers extra ways to study these Shimura varieties.
More precisely, in a number of cases a dense open part of the Shimura va-
riety is the image of a moduli space of curves under a morphism of finite
degree. Examples are the moduli space of principally polarized abelian va-
rieties of dimension 2 (resp. 3) where we have the Torelli map My — As
(resp. M3 — A3) from the moduli space of curves of genus 2 (resp. 3). Igusa
[15] used this to describe the generators for the rings of scalar-valued Siegel
modular forms of degree 2 and later Tsuyumine [31] extended this to the case
of degree 3. In joint work with Carel Faber [2, 3] we used the description
of M5 as a stack quotient of GLs to extend the work of Igusa by describing
how invariant theory makes it possible to efficiently generate all vector-valued
Siegel modular forms (of level 1) of degree 2 from one universal vector-valued
meromorphic Siegel modular form xg 2 and one scalar-valued holomorphic
form y10. Similarly, in [4], we used the description of an open part of M3 as
a stack quotient of GL3 to generate all Siegel and Teichmiiller modular forms
from a universal meromorphic Teichmiiller modular form x40 -1 of genus 3
and the form xg, a square root of a Siegel modular form y1g. These universal
vector-valued modular forms xg 2 for genus 2 and x4, —1 for genus 3 can be
seen as giving the equation of the universal curve over the moduli space while
the scalar-valued ones 19 and xig are related to the discriminants of these
equations.

It is natural to try to extend this to other Shimura varieties. In [2§]
Shimura gave a list of arithmetic ball quotients that are moduli spaces of
curves. This list was extended to a complete list by Rohde, see [25, 18].

Here we treat one case of Shimura’s list, a quotient of the 2-ball that gives
the moduli of genus 3 curves that are triple cyclic covers of the projective line.
The period domain of such curves is a Picard modular surface associated to
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the group of unitary similitudes GU(2, 1,Q(y/—3)). These periods were first
studied by Picard in the late 19th century in a series of papers [22, 23, 24].

We show how all vector-valued modular forms on the moduli space in
question can be generated by invariant theory from two universal modular
forms, one meromorphic form x4 _o of weight (4, —2), and a holomorphic
Eisenstein series £ of weight (1,1). Multiplication of x4 _o by the scalar-
valued modular form (, related to the discriminant, makes x4 2 holomor-
phic. These three forms are Teichmiiller modular forms, but can be viewed
as Picard modular forms on an appropriate congruence subgroup. The two
vector-valued forms x4, 2 and E;; can be interpreted as the quartic and the
linear term f4 and f; in the equation of the universal canonical curve over
the moduli space

y3f1:f4~

Like in the cases of Siegel modular forms of degree 2 and 3, the interpre-
tation of our moduli space as a stack quotient enables the use of invariant
theory. This moduli space is a stack quotient of a twisted version of the ac-
tion of GLy on Vy x Vi, where V; is the standard representation of GLy and
V, = Sym*(V1). The invariant theory used is that of covariants (or more pre-
cisely, bi-covariants) for this action. The generators of the ring of bi-covariants
are known classically. The construction of modular forms is realized by substi-
tuting the coordinates of the basic forms x4, _2 and Ej; in the covariants. In
general, a covariant yields a meromorphic modular form with possible poles
only along the curve T7 where the scalar-valued form ( vanishes. This curve
Ty is the locus where the Jacobian of our genus 3 curve is a product of an
abelian surface and a fixed elliptic curve with multiplication by third roots of
unity.

In order to apply this effectively, we need to construct explicitly Fourier-
Jacobi expansions of the generating modular forms ¢, x4,—2 and E; ;. We use
gradients of theta functions to construct these basic forms.

To check holomorphicity of the modular forms obtained from covariants
we need also the Taylor expansions of these generating forms along the mod-
ular curve 7T} on our Picard modular surface.

As an application, we show how to construct the generators of rings of
scalar-valued modular forms and of modules of vector-valued modular forms
from invariants and covariants. In particular, we determine generators of mod-
ules of vector-valued Picard modular forms of weight (4, k).

As a possible further application, we mention that the description of mod-
ular forms by covariants should allow a description and construction of these
Picard modular forms in positive characteristic.
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It is a great pleasure to dedicate this paper to Don Zagier who through
his work and in his contacts with us has been a source of inspiration for both
of us.

2. Picard modular forms

We briefly recall the notion of Picard modular forms on the 2-ball. We refer
to [9, 5] for more details. Let F' = Q(y/—3) with ring of integers Or = Z|p]
for a primitive third root of unity p and units Of = ug. We consider the
non-degenerate Hermitian form h of signature (2,1) on the F-vector space
7 = F3 given by

/ /! /
Z129 + 2122 + 2323,

where the prime indicates the Galois conjugate. It defines an algebraic group
G over QQ consisting of the similitudes of A

G(Q) = {g € GL(3, F) : h(gz) = n(g)h(2)}

with multiplier homomorphism n : G — G,,. This is a group of type
GU(2,1, F). We let G° = ker(n). The two arithmetic groups of interest are

I'=G%2Z), T1=G"Z)Nkerdet .

After choosing an embedding F' < C we can identify F' ®g R with C and
G(R) acts on the complex vector space Zgr = Z ®qg R via the standard repre-
sentation. An element g of GT(R) = {g € G(R) : n(g) > 0} preserves the set
of negative complex lines

%:{L:LCZ®QR7dimcL:1,h|L<0}.

The action can be given explicitly by first identifying B via u = z3/z2 and
v = 21/2z9 with a complex 2-ball

B = {(u,v) € C*:v+v+uu < 0}.
Then an element g = (g;;) acts by

g (u,v) = (93111 + 932 + g33u g11v + gi12 + 913U>
’ G210 + g22 + ga3u’ g21v + g2 + Gazu
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The quotient Xp = I'\*B is called a Picard modular surface. It is not compact,
but can be compactified by adding one cusp. It was studied in detail by
Holzapfel and Feustel, see [12, 8]. The two congruence subgroups

IV-3]={yeTl:y=13(modv-3)} and I4[v-3]=T[vV=-3nNT,

will also play a role here. For later use we record the following lemma, see
27, p. 329).

Lemma 2.1. The following siz elements generate the arithmetic group
I'[vV—=3]: g0 = pls and
10 1 00 1.0 0
- /=5 ~11p-1
g1 (8(1) ( 03(1)(1)> <1p—p2001 )7

1v=30 1 le Pal
1=10'1 0).05= .
g 9§ 9)9 0 1-p? 1

The quotient Xp =5 = I'[v/—3]\B can be compactified by adding four
cusps represented by [1:0:0],[0:1:0] [p:1:1] and [p:1: —1]. We have
an isomorphism

L/T[V-3] =&y x ug, g+ (o(g),det(g)),

'QOO

where &, is the symmetric group and o(g) is the permutation of the four
cusps. The pg—part is generated by —13 and ¢g; = diag(1, 1, p), while the
G —part is generated by:

0 -1 0 -1 0 O 1 p? 1
rm=]—-1 0 0], =10 —-120 and r3=|0 1 0
0 0 -1 0 0 1 0 -1 1

Note that I'y /T'1[v/—3] >~ &4 and the three elements 71,y and 73 correspond
to the permutations (12),(34) and (234) in Sy.
The action of GT(R) on B defines two factors of automorphy:
J1(9,u,v) = g21v + ga2 + gozu

. . Gaou+ Gzz  Gsv + G
J2(g,u,v) = det(g) (Glzu 1+ Gy Grov + Gn)

where G;; denotes the minor of g;;. We have

det(jQ(gv U>U)) = j1<g7U, U)/det(g) :
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The factor of automorphy j, agrees with the canonical factor of automorphy
as defined by Satake, see [26, Chapter I1.5]; see also [29].

For a pair (j, k) of integers and g € GT(R), we define a slash operator on
functions f : B — Sym?(C?),

(Fling) (u,v) = ji(g, u,v) " Sym’ (ja2(g, u,v) ™) f(g - (u, v)).

For a discrete subgroup I'" of GT(R) Nkern and a character y of I of finite
order, we define the space of modular forms of weight (7, k) and character x
on I as

M; (T, x) = {f B — Symj((C2) | f holomorphic, f|;rg = x(g) fforg € F’} )

We denote by S; (I, x) the subspace of cusp forms of M; (I, x). For j =0,
that is, for scalar-valued forms, we shorten these notations by just writing
M(I, x) and Sk(I", x), and My (I'") and Si(I") if x is trivial. We have the
graded ring of modular forms on I with

MIT') = M(I").

k>0

We apply this to the case where I'' equals to one of the groups I', 'y, I'[/—3]
and T'1[v/—3].
Remark 2.2. The isomorphism I'[v/—3]/T1[v/—3] = us via g — det(g) gives

a decomposition
Mj (D1 [V=3]) = @i M;x(T[v=3], det')
and similarly, I'/T'; = ug via g — det(g) gives
M;(T1) = @_g M, (T, det!) .

However, since —13 € I" acts by (—1)7% on M; ;(I'1) here we may restrict [
by j 4+ k = [(mod2), that is, [ € {0,2,4} or [ € {1,3,5}. But note that if we
view a modular form on I'; as a modular form on T'y[y/—3] the notation of
the character may change since I'/T'1 2 g, but T'[v/=3]/T'1[v/—3] & 3.

We have two order 2 characters on I'. The first one is det®, while the
second one, denoted €, comes from the isomorphism T'/T'1[v/—3] & &4 X pg
and the map &4 X ug — {£1} given by (o, z) — sgn(o) with sgn the sign
character on &y.
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The isomorphism I'y /Ty [v/—3] = &4 makes M, (T'1[v/—3]) into a repre-
sentation of G4 and we have

M;n(Ty,€) = Mjp(T1[v/=3])"1,

with s[14] the alternating & -representation and with M; (T';[v/=3])*""] de-
noting the subspace of M; ;(I'1[v/—3]) where &4 acts via the alternating char-
acter.

By [12] the Baily-Borel compactification X3 of Xpy=3 =T[V—3\B
can be identified with P? C IP3 given by the hyperplane x1 + 2y + 23+ x4 = 0
with the action of I'/T'[/=3] = &4 x gy given by x; — sgn(o) z,(;) and jip

acting trivially. Moreover, Xl’il[ /=3 can be identified with the 3-fold cover

given by ¢ = H1§i<j§4(33i — ;).

The factor of automorphy j; corresponds to an orbifold line bundle L
on I'\'B and the factor js to a rank 2 orbifold vector bundle U. If we define
js = det(g) to be the third factor of automorphy we have det(j2) = j1/Js3.
This factor js corresponds to R = det(U)™! ® L, see [1]. Note that R is a
torsion line bundle.

When we speak of weight (j, k,1) we refer to the factor of automorphy
71 Sy (j2) 7.

The M (T")-module

M) = @ M)

j,kEZZQ

can be made into a ring; indeed a modular form on I' of weight (7, k,!)
is a section of Sym/(U) ® L* @ R! on T'\'B and the canonical projection
Sym®(U) @ Sym®(U) — Sym®™(U) and the usual multiplication of line bun-
dles determines the ring structure. Similarly, we have a ring structure on the
M(T'1)-module M(T'y) = @&M;,(I'1).

We now briefly summarize what is known about Picard modular forms
on the groups in question. Shiga studied in the sixties Picard modular forms
using theta functions in [27]. In the eighties, Feustel and Holzapfel determined
a few rings of scalar-valued modular forms, see below. In the nineties, Finis
constructed a number of scalar-valued Hecke eigenforms of small weight and
determined Hecke eigenvalues in [9]. Shintani discussed the notion of vector-
valued modular forms in [30].

Bergstrom and one of us studied in [1] the cohomology of local systems
on the arithmetic quotient T'y[v/—3]\B and gave dimension formulas for the
spaces S; ;1 ([v/=3]). The interpretation of the Picard modular surface as
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a moduli of curves was used there to determine experimentally by count-
ing points over finite fields Hecke eigenvalues of Picard modular forms on
I'1[v/—3]. Motivated by the early experimental results of [1] we constructed
in [5] a number of vector-valued modular forms and determined the structure
of a few modules of vector-valued modular forms.

We finish this section by recalling some results of Feustel and Holzapfel,
[8, 12] on the structure of some graded rings of scalar-valued modular forms.
There exist modular forms ; € M3(I'[y/=3]) for i = 0,1,2, and a form
¢ € S(T'[v/=3],det ) such that

M(T[v/=3]) = Clgo, o1,2], and M(I1[v=3]) = Clgo, o1, %2,¢]/(R),

where (R) is the ideal generated by the relation
; P
1 L — — — ).
(1) ¢ 37\/_—3%@1@2(@1 o) (w2 — o) (2 — ¢1)

The constant —p/37y/=3 is due to our normalizations, see later. The ¢; are
related with the coordinates z; of the Baily-Borel compactification Xli‘[ V=3
via

1 = Qo+P1+p2, To = —3Po+P1+Pa, T3 = Po—3 P1+p2, T4 = Po+P1—3 P2,

and the action of &4 by x; — sgn(0),(; makes Ms(I'[v/=3]) into the Sy-
representation s[2,1%] corresponding to the partition (2,1,1) of 4.

The form ¢ € Se(I'[v/—3], det) is G -anti-invariant. We thus can view ¢
as an element of Sg(I'y,€).

One defines Eisenstein series E; of weight ¢ on the group I' or a smaller
group by

2
Eg = @p + % + ¢35 — 5(800@1 + pop2 + prp2) € Mg(L),
Ey = (=0 + @1+ v2) (o — @1 + p2) (o + 1 — @2)

with Eg S MQ(F[\/ —3]) N Mg(Fhe), and F5 € Mlg(F) by

1
Ey = —5(800 + o1 4+ ©2) (=30 + ©1 + ¥2) (Yo — 3p1 + ¥2) (o + ¢1 — 3p2) .

Then we can describe the rings of modular forms on I and T'y:

M(T) = C[Eg, E12, EZ], and M(T) = C[Es, E1z, B2, CEy, ¢*]/(Ry),
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with the ideal (R;) generated by the relation (Fy()? = E2¢? and
(2) p2'9312¢° =9 E3E 1, —8ESE}, + 6 B2, — 24 EgE2E 1y +16 Eg + E3, .

We also have
M(Fl, 6) = (C[E67 E97 E127 CQ]/<R/)

with (R’) generated by the relation (2).
3. A modular embedding

The arithmetic quotient Xp = I'\'B parametrizes principally polarized abelian
threefolds with multiplication by Op. So there is a morphism Xp — A3(C).
We now describe the corresponding modular embedding I'\'B — Sp(6, Z)\ 93
with $3 the Siegel upper half space of degree 3

A3 = {7 € Mat(3,C) : 7" = 7,Im(7) > 0}.

Such modular embeddings were considered by Picard, Shiga and Holzapfel,
see [22, 27, 13].

The lattice O3 with Hermitian form h = 212} + 292} + 232} determines
an alternating form (2/v/3)Im(h) and by taking as Z-basis of this lattice

€1 = (p2a070)7 €2 = (07p270)7 €3 = (070702)7
fl = (07p70)7 f2 = (p7070)7 f3 = (070,[))

we can identify it with the standard symplectic lattice generated by ey, e, es,
fr, fa, f3 with (e;,e;) = 0, (fi, f;) = 0, (e, f;) = d;j. Here (, ) denotes the
alternating form that is the imaginary part of the Hermitian form. This defines
an embedding I' — Sp(6,Z).

If we take instead the symplectic basis (e, e3, — fa2, f1, f3,€2) we get the
following modular embedding

t:B —9H3, o:1 —Sp(6,Z)

given by
u2i|—2p2v ,02U pu’—pv
—p 1—p
t(u,v) = u —p? u
pu?— p2v P2 12020
- u -
P P
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and for g = (a;; + pbij)

a1 —bi a3z —biz —bin bz bz a2 — b2
as; —bs1 aszz3 —bsz —b3z1  b3sa b3z asp — b3

U(g) _ b1 b1z a11 —Q12 —ai3 bi2
—ba1 —bas —a21 a22 23 —bao
—b31 —b33 —asy  as2 a33 —b3o

a1 — bay a3 —baz  —boy b2 ba3z ag — b

The pullback of the stabilizer in Sp(6,7Z) of ¢(28) is the group I'. This can be
derived from the Torelli theorem applied to curves of genus 3 that are triple
cyclic covers of P!,

Let E be the Hodge bundle on A3(C), that is, the cotangent bundle of
the universal abelian threefold along the zero section. Via the map ¢ we can
pull back E to I'\'B.

We wish to express the pull back of the Hodge bundle in terms of the
automorphic bundles L, U and R associated to the factors of automorphy 7y,
J2 and js.

Lemma 3.1. The pullback of the Hodge bundle E over As(C) to T'1\B is
isomorphic to U @ L. The pullback of det(E) is L? @ R~

Proof. The second statement follows from the first when one uses det(U) =
L ® R~'. In order to prove the first one, we observe that the Hodge bundle
corresponds to the factor of automorphy (cr + d) for Sp(6,R) acting on 3.
With 7 = «(u,v) and o(g) = (a,b;c,d) we find for diagonal matrices g =
diag(g1, 92, g3) with g; = a; + pb; that ci(u,v) + d equals

a9 0 —bg
—bgp*u g3 —bsu
b 0 —by

with characteristic polynomial (X — g2)(X — g3)(X — g2). Since g respects
the Hermitian form, we have g1g2 = ¢3g3 = 1, and therefore js(g, (u,v)) =
diag(gs, g2) and j1(g, (u,v)) = go. Hence, up to a base change we have ¢7 +
d = ja(g, (u,v)) ® ji(g, (u,v)). Since arbitrary Hermitian matrices can be
diagonalized the lemma follows. O

4. Modular curves

Picard modular surfaces contain modular curves defined by positive vectors
in the lattice O%. Though these curves were considered by Feustel, Kudla,
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Cogdell and others, their geometry on these surfaces did not yet get the
attention that their counterparts on Hilbert modular surfaces got. Here we
need just two curves that play a role.

A vector w = (a,b,c) € O% with positive norm ab’ + a’b + cc’ defines a
I-ball B, inside B = {L : L C Zg : dimc L = 1, < 0} by the condition
L 1w, or equivalently by

(3) a+bVv+du=0.

This defines a curve in I'\*B and also in the Baily-Borel compactification X7
We can define a modular curve Ty in I'\'B as the union of all curves defined
by equations (3) with ab’ + a’b+ ¢ = N. Its closure in X7 is also denoted
Ty.

In the following, we need the two curves 77 and T5. The curve T, was
studied in [21].

The curve 77 has one irreducible component on X} as one sees by verifying
that the action of I' on positive vectors (a,b,c) with ab/ + a’'b + ¢ = 1
is transitive using the generators of I', see Section 2. It can be defined by
u = 0 and viewed as a quotient of the upper half plane $§ embedded in
B by 7 +— (0,v/=37). The image in [';[\/=3]\B is isomorphic to T'o(3)\$
with I'g(3) the usual congruence subgroup of SL(2,Z). The modular form ¢
vanishes on 7 since ((—u,v) = —((u,v).

The curve T5 is a Shimura curve associated to the unit group of a maximal

order in the quaternion algebra (%) of discriminant 6. The curve T5 has

one irreducible component on X} and it can be defined by v = —1 and is the
fixed point locus of the involution

¢ (u,v) = (—u/v,1/v)

that is induced by the symmetry (21, 22, 23) +— (22, 21, —23) of our Hermitian
form z12 + 2422 + 2325. The involution ¢ induces an action on spaces of
modular forms. The action on a modular form f € My (T'[y/—3]) restricted to
v = —1 is by multiplication by (—1)*. In particular, the Eisenstein series Eqg
vanishes on the fixed point locus of €.

More precisely, on X;: the modular forms (¢ and E? give rise to the cycle
relations:

6\ = [T1], I\ = [T7],
where A; represents the first Chern class of L and the classes [T1] and [T5]

are QQ-classes on the orbifold X7 in the sense of Mumford [20]. Indeed, the
modular forms (6 and Eg that live on Xt have divisors 6T} and 275, where
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the multiplicities come from the fact that a generic point of T} (resp. T3) has
a stabilizer of order 6 (resp. of order 2). Equivalently, one can also work on
lel[ e where one has the modular forms ¢ and Fg with divisors T} and T;
see for example the Taylor expansion of ¢ along v = 0 in Section 15. The
volume form on the orbifold defines a class Tp, see [6].

Corollary 4.1. If [Ty] denotes for N € Z>q the Q-class of the curve Ty on
X;., then the series Y. %_o[Tn] ¢V equals F ® Ay with

F=—-1/6+6q+9¢+42¢*+78¢*+0(¢)

a modular form in M3(T'o(3), (3))-

Proof. We can work on the minimal resolution of singularities Xrl[ v=3 of
Xl’il[ e and consider the classes [T] there that are defined by a linear
combination (with Q-coefficients) of T plus a sum of resolution curves such
that T is orthogonal to the cusp resolutions. Then we can use the result
of Cogdell [6, Thm. on page 126], the analogue for Picard modular surfaces
of the Hirzebruch-Zagier theorem on curves on Hilbert modular surfaces. It
says that 3y [T%]¢"Y is a modular form of weight 3 on T'g(3) with Dirichlet
character. Since dim M3(To(3), (5)) = 2 and we know the coefficients of ¢ and

3
¢?, this identifies the modular form. O

In the Baily-Borel compactification le[ VA identified with P? viewed as
the hyperplane 1 + 29 + 23 + x4 = 0 in P? and with the action of &, given
by z; + sgn(o)s(;, the lines ; = x; describe the six components of 7.
Similarly, the curve T, has three components and is given by x; + x; = 0 for
1<i<y <4

We now describe the image of 77 under the modular embedding ¢ con-
structed in the preceding section. The image in $3 under ¢ of the curve given
by u =0 is

T 0 72
0 1+p O € 93 :T11 = Tog = —2T19
T2 0 T

In particular, «(T7) C A1 C Ag, with Ay ; the moduli of abelian varieties
that are products. The equations 71 = 792 and 71 + 272 = 0 define two
Humbert surfaces of discriminant 4 in Aj, cf. [10, p. 210].

The fact that «(77) is contained in A3 ; means that an abelian threefold
X representing a point of T3 splits as a product X = X5 x X; with X5 a



Picard modular forms by means of invariant theory 107

principally polarized abelian surface and X; an elliptic curve. Since X; has
multiplication by p the curve X is rigid. This means that the Hodge bundle
E restricted to an irreducible component of 71 on X, /=3 has a trivial factor.
By Lemma 3.1 the Hodge bundle E splits as U ¢ L and since the action of p
on the 2-dimensional factor X has eigenvalues (p, p?) (see [1, Section 5.5]),
we see that this constant factor is contained in U.

This means that the bundle U restricted to an irreducible component T’
of our modular curve Tt on Xp /=3 is of the form Or & N with N the
line bundle obtained by the restriction of det(U); its sections correspond to
modular forms of weight 1.

However, the curve T} on I'1[v/=3]\B is reducible with six smooth irre-
ducible components meeting in ordinary double points.

Lemma 4.2. Let f be a meromorphic modular form of weight (j,k) on
I'y[v/—3] that is holomorphic outside the curve Ty. If f has order r along
T1, then the first non-zero Taylor term of f along 11 is an element of

@ M (T1(3)),

with M,Es)(l“l(i%)) the space of meromorphic modular forms of weight k on
I'1(3) that are holomorphic outside the orbit of o = (1 — p?)/3 €  and have
order at least s at 1.

Proof. Restricting the vector bundle Sym? (U) ® L* to an irreducible compo-
nent 7' of the modular curve T} gives the vector bundle B = @7_,N®(+k),
Moreover, the conormal space of the component T' of T} in T’y [v/—3]\B when
pulled back to $) can be identified with a fibre of the line bundle N, as one
sees by looking at the action of p on the deformation space of an abelian
threefold X = X5 x X7 representing a point of 7. Thus the conormal bundle
of T' can be identified with N. The rth term in the Taylor expansion along T’
of f, viewed as a section of Sym’(U)® L¥, is a section of B® N, Correcting
for the double point of T} lying on a component 7', that is represented by 7y,
implies the result. O

For later use we discuss the Taylor development of modular forms along
the curve Tj. Recall that this curve is represented by v = 0 in B. Now
we can apply Proposition 8.4 of [5] that we recall here for convenience: Let
f € M;,(T[y/=3],det') and write

)
f(U,\/—_37)=Z [ : }u”

n20 L1 ()
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We write I'(3) for the principal congruence subgroup of SL(2,Z), and I'1(3),
I'o(3) for the usual congruence subgroups.

Proposition 4.3. The first component fflo) s a modular form of weight k+n
onT'1(3) and a cusp form if n > 0. Moreover, fém) vanishes unless n+j—m =
I mod 3. The function f(gm) is a modular form of weight k+m on I'1(3), while
forn > 0 the function f,sm) s a quasi-modular form of weight k +m +n on
I (3).

The proof was not given in [5]. Since we use this proposition and a variant
later, we give some details. The modular embedding of 71 on Xp, /=5 is given
by

0 b a v—=3b 0
— | ¢/v/—3 d 0f, T+ (0,vV/=37).
¢ d 0 0 1

We write F' € M;x(T[v/=3],det') as
F(0)

F(u,v) =1 : with  F(m) = Z EM™ (p)u™ .
F@) n=0

Changing coordinates by setting f,(Lm) (1) = Fém)(\/—?)T), the modularity of
F implies the following equation.

Equation 4.4.

o (10)
2| =
A )
- FOEED
(er +d)FISym’ (_CT/—L_/d_—g (1)> > (et +d)™" : " u”
. n=0 £0) ez
ct+d

Here the matrix Sym’ (_;Z /—t/d—_?) (1)> is a lower diagonal matrix with

entry on place (r,s) for r > s equal to

(j e r> <\/_—is> (er + T
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From this it follows that F™ is a modular form (and not only quasi-modular)
ifF,,(”):Oforallp<mandu<n.

Modular forms on I'y(3). For later use we recall some facts about elliptic
modular forms of level 3. Recall that the ring of modular forms on I'(3) equals

M(I'(3)) =C[0,¢], where d(r)= Y ¢V and o(r)=
acOp 77(7—)

with ¢ and ¢ of weight 1 and n(7) = ¢"/?*T],>,(1 — ¢") the Dedekind eta-
function, and for 7 € §) we set as usual ¢ = ™. Since I'1(3)/I'(3) is cyclic
of order 3 generated by T'= (1) and ¥|yT = p1, we get the structure of
the ring of modular forms on I'y(3)

M(I'1(3)) = C[¥9,%°).

For example, the form F of Corollary 4.1 is (54 ¢3 —13) /6. To lighten notation
we will sometimes use the relation

P — ) =P
Note that

MQk(Fl(S)) = Mgk(ro(g)) and Mgk+1(rl(3)) = M2k+1(F0(3), (g)) .

By a result of Kaneko-Zagier (see [17, Proposition 1, part b]) we know that
the graded ring M (I';1(3)) of quasi-modular forms on I';(3) is given by

M(I'1(3)) = M(I'1(3)) @ Cleg] ~ C[d,1°, ea] ,

where eg is the Eisenstein series of weight 2 on SL(2, Z). We normalise ey such
that its Fourier expansion is given by

er(7)=1-24 Z o1(n)q".

n>1

Examples of modular forms of level 3 are given by 0;(7) = Y c0, 0/¢V® €
M;1(T'1(3)). Observe that ©; is a cusp form as soon as j > 1 and identically
zero if § #Z 0 mod 6. For example, we have Oy = 9} and

Op = 693 (9° — 270%) = 69U™nS, Oy = O (7716 T 18+ 729¢8) :
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Recall that M,ET)(F;L(S)) is the space of meromorphic modular forms of
weight & that are holomorphic outside the orbit of 7o = (1 — p?)/3 and have
order at least r at 9.

The form ¢ is non-zero outside the orbit of 9. Multiplication by ¢~
provides an isomorphism for r € Z

(4) M(T1(3)) = Mo(T(3)) = C.
5. A stack quotient

In this section, we discuss the moduli stack of curves of genus 3 that are a
cyclic cover of degree 3 of the projective line. We consider smooth projective
curves C over C of genus 3 together an automorphism « of order 3 such that
the eigenvalues on H(C,Q},) are p, p, p>. An isomorphism (C, ) — (C”, /)
is an isomorphism v : C — €' such that va = o'v. We let N denote the
moduli stack over C of such curves.

A choice wy,ws of a basis of the p-eigenspace H(C,Q})? defines a mor-
phism of degree 3 to C'/a = P!. By the holomorphic Lefschetz fixed point
formula the automorphism « has five fixed points on C', four of which have
action by p on the tangent space and one with action by p?.

The p-eigenspace of Sym*(H(C, Q%)) has dimension 7, whereas the p-
eigenspace of H(C, (L)®*) has dimension 6. (This follows from the holomor-
phic Lefschetz formula; or by the simple argument that the ternary quartic
defining the canonical image of C' in P? must lie in an eigenspace and all ele-
ments with eigenvalue 1 or p? are divisible by 7, a generator of H°(C, Qlc)pg,
and this would give a reducible equation.) After choosing a generator n of
HO(C,QL)”" we thus find a non-trivial relation

4
3 3 § : 4—1
b177 w1 + b277 Wy = a; Wq lw2
1=0

with b;,a; € C. By setting f; = bixy + bpxg and fy = Z?:o aix‘f—im% and
observing that f; is not identically zero, we obtain an equation

(5) y3f1 = fa.

This represents the canonical image of C'. A different normalization is ob-
tained by putting y = §/f1 which gives §° = f4fZ. By putting the zero of f;
at infinity we find yet another normalization: an affine equation u® = f with
f of degree 4 in v. The map « corresponds to the field exension C(u,v)/C(v).
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Changing the choice of basis of H°(C,QL)? corresponds to an action of
GLs. Changing the basis 1 corresponds to an action of G,,. Together this
defines an action of the subgroup G = GL; x GLy C GL3 on H°(C,Q}) that
preserves the decomposition in eigenspaces for .

Let V' be the 2-dimensional C-vector space generated by elements 1, 5.
We view V as the standard representation of GL,. We consider elements
fieVand fy € Sym4(V). If the discriminant of fyf; does not vanish, the
equation y3f; = f4 defines an equation of a smooth projective curve C' of
genus 3 with an automorphism « given by y +— py. The space H°(C,Q})
comes with a basis consisting of the forms (in affine coordinates) n = dz/ f1v,
wi = dx/y?, wy = dx/ fry?.

An element (a, b; c,d) € GLg acts on f; and f; by

Ja(w1, 22) = falaxy +bxo, co1 +dxs),  fi(w1,22) = fi(azy +bxo, co1 +dxy),
and we can define an action
y = y/(cxy + dzs) .

However, in order to get the right stack quotient we need to consider
a twisted action. We define V,,,,, for m € Zsp and n € Z as the GLg-
representation

Sym™ (V) @ det(V)®".

The underlying space of V;,,,, can and will be identified with Sym™(V'), but
the action of GL, is different.

We define an action of G,, on Vi _o @ Vi1 by letting ¢ € G,, act via
(x1,22) + (tx1,txe). Via y — ty this leaves the equation (5) unchanged. It
corresponds to the action of the diagonal G,, in G. Then the action of the
diagonal G,, in GLg on Vy_o & Vi1 is given by (f4, f1) = (f1,t3f1); hence
the central pus C GLg acts trivially.

We let Y be the subset of Vj _ox V) ; of pairs (f4, f1) such that the discrim-
inant of fy f1 is not zero. Moreover, we let P(Y) be the image in P(Vy _o® V) 1).
The stack quotient that we need is obtained by first dividing by the diagonal
Gy, in G to get P()) and then dividing by the action of PG C PGL(3) on
P(Y). Equivalently, we directly take the stack quotient [V/G]. Summarizing
we get the following result.

Proposition 5.1. The stack quotient [Y/G| represents the moduli stack of
curves N.
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Note that the central pgIdy acts trivially on the equation (5) but —11Idy
acts by fi — — f1. Hence the stabilizer of a generic element is ug as it should.

We can extend ) to the open subset )’ of V4 _o @ Vj 1 consisting of pairs
(fa, f1) such that either

1. f4 has one double zero: f; = h2hy with deg(h;) = i and disc(hohy f1) #
0, or
2. f4 = fihs with hg of degree 3 and disc(f4) # 0.

The locus )’ has a complement of codimension 2 in Vj o & Vi 5.

In Case (1) the equation y3f; = h?hy (or equivalently y® = h2hyf?)
defines a curve of genus 2 which is a triple cyclic cover of PL. In Case (2) the
equation y® = hs defines a 3-pointed genus 1 curve C; with as marked points
the three points of the fibre of C; — P! defined by f; = 0.

The space N can be viewed as a Hurwitz space and can be compactified
as such. We will deal with this in the next section.

Remark 5.2. Relation with ternary quartics. We conclude this section
by giving the relationship with a stack quotient description of the moduli of
non-hyperelliptic curves of genus 3. It is well-known that the moduli space
MBY of non-hyperelliptic curves of genus 3 can be described as a stack quo-
tient associated to the action of GL3 on ternary quartics. Since we are using
canonical curves as in (5) we get an embedding of stacks N — ML,

Let W be a 3-dimensional vector space and let

Wy -1 = Sym* (W) @ det(W) ™!

This space can be regarded as the space of ternary quartics with a twisted
GL(W) action. The element tidy in the diagonal G,, in GL(W) acts via
f = tf for a quartic f € Wag_1. We let Z C Wyo_1 be the subset of
quartics with non-zero discriminants. The stack quotient [Z/GL(W)] can be
identified with ME", see [4].

To connect it to our case we write W = W' @ W with W’ = (z1, x2) and
W” = (y). The element diag(1, 1, p) acts Wy _1 and the p*-eigenspace is

Sym*(W') @ det(W") ™' @ (W") "' @ W' @ det(W') ™' @ (W")*?
With det(W’) = W” we find the GL(W’) representation (W) _o & (W')11

Note that det(W’) and W” differ by the action of the diagonal psz in GLg
when viewed as subgroup of G.
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6. The Hurwitz space

We briefly discuss a compactification of N as a Hurwitz space. We consider
admissible triple cyclic covers f : C' — P where C is a nodal curve of genus 3
and P a stable curve of genus 0 with marked points pg, {p1, ..., ps} together
with an order 3 automorphism « such that C'/« is isomorphic to P, f equals
the map C — C/a and « fixes the p; while acting by p? (resp. by p) on
the tangent space of py (resp. of p; with i # 0). Here admissible is taken in
the sense of Harris-Mumford, see for example [11, p. 175]. The marking of
P1,...,p4 is taken unordered, that is, modulo the action of the symmetric
group &,. We denote this space by A.

It allows a morphism N — m0,1+4 = m0,5/64 with Mg,n the usual
Deligne-Mumford moduli stack of stable n-pointed curves of genus g.

Note that the moduli space m0,1+4 of marked stable curves of genus 0
has a stratification with five strata according to the topological type of the
genus 0 curve.

There is a corresponding stratification of N'. We now describe the five
types of curves (C, P, ) corresponding to the strata of Mo 144. These are:

1. C is smooth.

2. C'is a union C1UCs of curves C; of genus ¢ with automorphisms a; and
ag of order 3. The unique node is a fixed point of a; and as. Moreover,
this point is of type p? for ap and of type p for a;.

3. C'is a linear chain of three curves C; of genus 1 with automorphisms «;
(1 =1,2,3) and the two nodes are fixed points. Moreover, the action of
oy and az is by p, while for the middle one the action by ay is by p%.

4. C'is a join of a genus 1 curve C7 with an automorphism a7 that acts
by p and a rational curve Cy = P! with an automorphism o that acts
by x +— pz. The curve C' is obtained by identifying the three points of
an ai-orbit of length 3 with 1, p, p?> on P!,

5. C consists of the union of a genus 1 curve C with an order 3 automor-
phism a; and two P!’s with automorphism x — 1/(1 — z), say Cy and
CY{, that intersect each other in 0, 1 and co such that C; and C} are
disjoint, while C7 and Cj intersect in a fixed point of a1. Moreover, the
action of ay is by p.

The corresponding strata are denoted by N fori = 1,...,5 with V] = N.

The first three cases represent curves whose generalized Jacobian is an
abelian variety. The dimensions of the strata are 2, 1, 0, 1, 0 respectively.

The strata Ny and N, correspond to the two cases (1) and (2) of the
preceding section. To connect it with the quartics discussed there, one con-
siders for the case A5 the space HO(C’Q,Qlcz@P)) with P the point of (9
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shared with (. This space has dimension 3 and the action of as on it has
eigenvalues p, p, p?. A choice of basis can be used to generate an equation of
type 2 f1 = h3hg as in the smooth case. For A one considers H°(C1,0(Q))
with @ the degree 3 divisor of intersection points.

On the Hurwitz space N we have the Hodge bundle E. It allows a decom-
position in p and p?-eigenspaces of dimension 2 and 1.

7. The Torelli morphism

The homology H;(C,Z) of a smooth curve C' given by an equation (4), or in
other words of type (1) of the preceding section, is a projective Z[p]-module of
rank 3, hence isomorphic to a direct sum of ideals of Z[p], and since F' = Q(p)
has class number 1, it can be identified with A = O% with Op = Z[p]. More-
over, if have chosen an embedding F' < C we obtain a 3-dimensional complex
vector space W = Hy(C,R) = H,(C,Z) ®g R. The Jacobian variety of such a
curve C' is a principally polarized abelian threefold W/A with complex mul-
tiplication by the ring of integers Op. The polarization defines an alternating
integral form on the lattice A. The corresponding Hermitian form on W may
be normalized to the form

/ / !
2129 + 2122 + 2323,

where z +— 2’ corresponds to the Galois automorphism of F/Q. This form
has signature (2,1).
The Torelli map that associates to a curve C its Jacobian defines a map

TN —=T\B.

Note that our generic curve, given by an equation yf; = f4, has an auto-
morphism group of order 3, while the generic Jacobian of such a curve has an
automorphism group of order 6.

Recall that on I'\'B we have the basic orbifold vector bundle U cor-
responding to the factor of automorphy j. We may identify N with the
stack quotient [V/G] by Proposition 5.1 and consider the pullback of U on
Y CVy o x V.

Proposition 7.1. The Torelli map T induces an orbifold morphism of degree
2 with the property that the pullback of the orbifold bundle U is the equivariant
bundle V. The image of T is the open part where the cusp form ( does not
vanish.
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Proof. The first statement follows from the construction in Section 5. The
second statement follows from [12, Thm. 6.1.3] or even already from Picard’s
papers [22, 23, 24]. O

8. Teichmiiller modular forms

We begin by noting that we have two notions of modular forms here, Picard
modular forms and Teichmiiller modular forms. On the Hurwitz space N we
have the Hodge bundle that agrees on

N = N7 UNy UN;

(where ‘ct’ refers to compact type) with the pullback 7*(E) under the Torelli
morphism and thus admits a decomposition 7*(E) = 7*(U) & 7*(L). Further-
more, det(7*(U)) and 7*(L) differ by a torsion line bundle 7*(R)™!.

We will denote 7%(E) again by E. We thus can speak of Teichmiiller mod-
ular forms with a character: a Teichmiiller modular form of weight (j, k, 1) is
a section on N of

Ejrs = Sym! ("(U)) @ 7°(L)* @ 7*(R)".

Proposition 8.1. A section of E;; over N extends to a section of Ejki

over N

The proof is a slight adaptation of the proof of Proposition 14.1 in [4] and
is omitted.

We can pull back Picard modular forms via the Torelli map. Since the
Torelli map is of degree 2, there can be more Teichmiller modular forms
than Picard modular forms, that is, Teichmiiller modular forms that are not
pullbacks of Picard modular forms.

An example of a Teichmiiller modular form that is not a Picard modular
form on T is the form ¢3 € S1g(I'[v/=3]). Since —13 acts trivially on B and ¢
changes sign under —13, the form ¢? does not live on I'. But it lives on A as
we now show.

Lemma 8.2. The form (3 is a Teichmiiller modular form of weight (0,18, 3)

Proof. On M3 we have a Teichmiiller form of weight 9, see [4]. The pullback
under the morphism N — M3 of y9 under the morphism N — M3 gives a
Teichmiiller form ¢’ of weight (0, 18,3) on A" that does not vanish outside
the divisor of {. As a calculation shows, the pullback of xg via ¢ : 28 — $3 to
['[v/=3]\B gives a non-zero multiple of the modular form ¢3 € Sg(T'[v/=3]).
Hence ¢’ coincides with a non-zero multiple of (3. O
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Remark 8.3. The form (3 can be constructed algebraically as Ichikawa does
in [14, p. 1059] for x9. One observes that the natural map of rank 6 sheaves
Symz(E) — W*(w?/Qth) with 7 : C — N the universal curve, is an iso-
morphism on A, and by [19, Thm 5.10] taking the determinant thus gives a
morphism L8 ® R™* — L? ® R~!3. This morphism extends over A/'*, but
vanishes on N3. This gives a section of L'® @ R3.

Remark 8.4. If we consider the moduli stack N[I';] of curves of genus 3 that
are a triple cyclic cover of P! with a Jacobian with a I';-level structure, then
¢ is a Teichmiiller modular form on A[I'1] of weight (0,6, 1), but it is not a
Picard modular form on T'y. Its square ¢? is a Picard modular form on I';.

The involution —1 (fibrewise) on E induces an involution 6 on the space
HO(NE;x,;) and on H(N,E;x,). The pullback of M;;(T) to N lands
in the (+1)-eigenspace HO(N,E; ;)" of 6.

Lemma 8.5. We have }IO(N7 Ej,k,l)+ = T*(Mj,k,l(r))~

Proof. We have HO N, 7*(E; 41)) T = 7*(HY(T(N), Ej 1)) = 75(M; 11(T)),
where the last equality follows from the Koecher principle for Picard modular
forms. Proposition 8.1 concludes the proof. O

We now show that Teichmiuller modular forms can be viewed as Picard
modular forms on a congruence subgroup.

Corollary 8.6. For the (—1)-eigenspace of 6 we have
HON By is)™ = M4 (T[v/=3])"""]

Proof. Multiplication by ¢ € Sp¢1(I'[v/—3]) maps f-anti-invariant forms to
f-invariant ones, that is, Picard modular forms. The fact that ( is &4 anti-
invariant completes the proof. O

Recall the character € obtained from the sign character on &4 as defined
in Section 2. We have

Mj,k(rh e) = Mj,k(r1[\/?3])s[14] )

We define an index 2 subgroup ['; of 'y as the kernel of €. Thus a Teichmiiller
form can be viewed as a Picard modular form on I'y.
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9. Covariants of pairs of binary forms of degree 4 and 1

We recall some classical invariant theory. As before we have the C-vector
space V' = (x1,z2) and we write V,, for Sym"(V'), the space of binary forms
of degree n. Consider for a given tuple (ng,...,n,) the GLy-representation

V=V, &--DV,, .

A covariant of V of order m and degree d is an equivariant polynomial map
¢V — Vp, that is homogeneous of degree d:

Hlg-v)=g-0(), étv)=t1p(v) forallv eV, tecG,y,.
The covariants form a doubly graded ring
CV) =®amCV)am -

A covariant of order m = 0 is called an invariant. One can view it as a
polynomial in the coefficients of the r-tuple (fi,..., f;) € V of binary forms
that is invariant under the action of SLs.

Classical invariant theory provides a Sli-equivariant linear map from
Vin @ Vie = Vipgn—aok via f ® g — (f, 9)k, where the expression (f,g)x is
called the kth-transvectant and it is given by

k k k
()= (m—k:)!(n—k;)!z(_l)j<k> ok f oy

In! i k=jg..0 9.0 9.,.k=3"

Covariants of V can be identified with the invariants of V@ V3 2V @ V)Y via
the map that associates to a covariant of order m the transvectant (¢(v), "),
with [ € V;. For a good reference, we refer to Draisma [7].

We are interested in the action of GLy on V4 @ Vi and the correspond-
ing covariants. Equivalently, we can look at the invariants of the action on
Vi@ 2V;. We write f for the covariant which is the universal binary quartic
(corresponding to the identity map on V) and h and [ for the universal linear
terms:

4 3 2,2 3 4
[ = apri+a1xiratagrivytazrixy+asxsy, b= bori+biza, | =lori+ho,

The following result is classical; we refer to [7].
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Proposition 9.1. The 20 generating invariants of Vy @ 2Vy are given by:

Na La= (01, Ia=(f(f, 2 I =(fh")s,
[l a, sz = (f,021P)a, Isa=(f,h%)a, Iss = (f,1"),
D2 Too = ((F, 2 °Da, Tz = ((f, f)2, h*1%)a,
Pa b)Y, Tos = ((f, 2,1, Toq = ((f, (f. f)2)1, h%s,
(f,

(f,
(f,

121—

H2)1. k06, Toz = ((f,(f. f)2)1, h*1%)e.
NP, Tos = ((f, (f, )2)1, h*1)s,
N2 hl®)s,  Ioz = ((f,(f, )2)1,1%e.

We get the generating covariants of V; @ V4 by substituting lp = —x5 and
Iy = x1 in the generating invariants of V; @ 2 V1; we denote these covariants
by Jap.e, Where a is degree in the coefficients of f, b is the degree in the
coeflicients of h and c is the degree in x1 and xo. If we write

7

(f;
(
((f;
((f;
((f;
((f
((f

I’

s:C(Viw2Vi) = C(Va Vi)

for this substitution, we find the following table for the images under s of the
twenty generators:

Is 1 159 I3, Is1 Is5 2 Is 3 I54 Is 5 Is I 2

Jaoo | Joa | J300 | Jra0 | Jiz1 | Ji22e | J113 | Ji04 | a0 | J231

Ig 3 Ig 4 Is 5 Ig 1 Iy o Iy 3 Iy 4 Iy s Iy Iy 7

Jooo | o3 | Jooa | Jaeo | J3sa | J3a2 | 333 | J324 | S35 | J306

Some simple examples are
J20,0 = (12apas — 3araz + a3)/6,
and Jo 11 = h, Ji04 = f/70. The discriminants of f and fh are given by
32 (Jg,on - 6J§,0,0) and 32 (JS,O,O - 6J§,0,0)J12,4,0-
These invariants satisfy many relations, for example we have
(6) 525005, + 26136 J54 + 1750 J7 4 g J5,00 — 2625 J7 4 g J2,00J2,40 = 0.

Remark 9.2. We may view V as the dual of VV; then we can view Sym™ (V)
as the set of homogeneous polynomial maps V'V — C of degree m, and as
such it carries a natural left action of GL(V') by composition. Instead of the
representation V = @V, we can also consider twisted cases V = ®;_;Vy, m,
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with, as before, V}, ,,, = Sym"™ (V) @ det(V)®™ and consider covariants for this
GLa-representation. That is, taking V¥ = @Vn\f’mi we look at GLy-equivariant
embeddings

Vik = OVY) = &,Sym™ (V).
10. From covariants to modular forms

By definition a Teichmiiller modular form of weight (7, k,[) is a section of
Sym? (U) @ det(U)* @ R™* on Nt. Here we write again U for 7*(U). We
identify the Hurwitz space N with the quotient stack [} /G]. Under the Torelli
morphism 7 : [V/G] 2 N — T\®B the pullback of the bundle U is the
equivariant bundle V. Therefore, modular forms pull back to bi-covariants
for the action of G on Y. If the modular form is of weight (7, k,[), that is,
a section of Sym?(U) ® det(U)F @ R'** the corresponding bi-covariant lies
by Remark 9.2 in a space of bi-covariants that is given as the image of GLo-
equivariant map

Vie = O(Vi_2®&Vi1),

where O(Vy,_o ® V1 1) is the ring of polynomial functions on V4 _o @ V; 1. The
character of the modular form can be read off from the action of the diagonal
G,, € GLs.

Thus we see that a section of Sym’(U) ® L* ® R' on T'\'B pulls back to
a covariant for the action of GLy on Vj _o @ V; 1, and this covariant can be
identified with a covariant for the (untwisted) action on V, @& V;. Moreover, we
are identifying covariants of the action of GLy on Vj; & V; with invariants of
the action on V;® V1 ®V; as explained in Section 9. Thus our section provides
a covariant J, ., where the index (a, b, ¢) indicates that it has degree a in the
a;, degree b in the b; and degree ¢ in x1, xo. Clearly, we have j = c¢. Moreover,
we find k = (3b— ¢)/2, since the action of the diagonal G,,, C GLg is by ° on
Vi,—2, by t3 on Vi1, by t~1 on the component V;, the dual of V1,1 but twisted
back by det™!, and by ¢* on det(V). If we start with a Picard modular form,
then a + b + c is even.

Let

M = @ H W, Ejpa)
be the ring of modular forms, where the ring structure is obtained in a similar

way as for Picard modular forms, see Section 2. Restricting to N we get a
map

M-S c(VieWn).

Since the image of the Torelli map on N is the complement of 77, the locus
where the cusp form ( vanishes, as discussed in Section 4, a covariant defines



120 Fabien Cléry and Gerard van der Geer

a meromorphic modular form that is holomorphic outside this divisor. Thus
we can complement the map p by a ring homomorphism

(7) M - C(Vi@ Vi) - M[1/(]

with the property that v o u = idy;. Note that ¢ is a Teichmiiller modular
form of weight 6 with character det as explained in Remark 8.4.

On our quotient stack N we have two diagonal sections corresponding to
the universal quartic f4 and universal linear form f;. We put

X4,—2 = V(f4), X1,1 = V(fl) .

Here x4,—2 (resp. x1,1) is a meromorphic Teichmiiller modular form of weight
(7, k, 1) = (4,-2,1) (resp. (1,1, 1)) and we wish to identify these meromorphic
modular forms. For this we need an estimate on the pole orders along the curve
Ty. By Corollary 8.6 we may view these Teichmiiller forms as Picard modular

forms on I'1[v/—3].

Lemma 10.1. The meromorphic modular form x4,—o has order —1 along the
curve Th. The meromorphic modular form x1.1 is holomorphic.

Proof. In order to prove that the order of both x11 and x4, is at least —1 we
may use the restriction of the Teichmiiller modular form x40 1 constructed
in [4]. It is known that it has a pole of order 1 along the hyperelliptic locus
in Ms. The relation between y40,_1 and the pair (x4,—2,x1,1) is provided
by Remark 5.2. From this we can conclude the result since the order of i
satisfies a congruence condition, see (8) below. But we shall give a direct
argument that gives more information.

We may view X1, and x4,_2 as meromorphic Picard modular forms on
I'1[v/=3]. We start with the Taylor expansion along T} given by u = 0

X9 (m)
xi1=|"d) with X377 = Z fy(lm)u"
Xl,l n>r

We assume that y;1 has order r along T3. Using the action of (1,1, p) and
—13 we see that a non-zero term fr(lm) satisfies the congruence condition

(8) n =m (mod6) .

In particular, by a slight variant of Proposition 4.3, a non-zero term fr(m) is a
meromorphic modular form of weight 1+m+1 on I';(3), regular outside (the

orbit of) 7y = (1—p?)/3 and with order at least 7 at 7. The space Ml(l) (T'1(3))



Picard modular forms by means of invariant theory 121

is generated by ¥ = 3 o, ¢™(®) and we know that MTT)(F1(3)) is generated
by 9", as explained in (4) at the end of Section 3. This implies that ﬁ(m)
is divisible by 0", so £i™ = "¢ with ¢ € My 1(T1(3)) for m = 0 or 1.
But then ¢ is a non-zero multiple of Y"1, implying that fr(m) is a non-zero
multiple of 9”1, The anti-invariance of x;1 implies that r = 0 (mod 6).
Thus the order of x1,1 equals the order of Xﬁf’{.

Since holomorphic Picard modular forms have weight (j > 0,k > 0), the

order s of x4,_2 along T} is negative. If we write Xi@g = D n>s gy(lm)u” for

m =0,...,4, then for non-zero gﬁlm) we have
(9) n=m+ 3(mod6).

Moreover, g™ € M£32)+S+m(F1(3)). For non-zero M,gs)(Fl(S)) we need —2 +
s+ m > s, hence using the congruence restriction (9), we see m = 2 for
Non-zero ggm) and it is a non-zero multiple of ¥*. We then have that ggﬂ =0

unless m = 3, and in fact it is quasi-modular and one observes that it is not

zero by applying the Equation 4.4 to 9°. Similarly ggil% = 0 unless m = 4.

Using again Equation 4.4 we see ord(xf)_Z) = ord(Xf)_z) + 2.

The discriminant of f; and of f4f; are invariants that define scalar-valued
modular forms. These invariants are given by Ay = J3,,—6J3 5 and Ay J7,
up to non-zero multiplicative scalars. The weight of v(Ay) is 0 and that of
v(J14,0) is 6, and these are units outside T37. Therefore v(Ay) is constant
and v(J14,0) must be a multiple of (. Now we have the equality J; 40 =
apb} — arbob? + agb3b? — agbiby + asby and we can vary ay and by, while
keeping b; and ag,...,az fixed. Then the term a4bf must yield under v a
regular expression and we infer that

ord(gW) +40rd(fO) = s +2+4r >0,
where we write ¢ = Xz(f),2 and fO = xﬂ, hence r > 0 and x1,; is holomor-
phic. Since dim M 1(I'[y/=3],det) = 1 we can identify x;; with a non-zero
multiple of a generator F; 1 of Mj 1(I'[v/—3], det) constructed in [5]. We con-
clude from the development given there that it has order 0 with féo) being a
non-zero multiple of ¥ and that Xﬁ has order 1.

Keeping now by, b; fixed and varying one of ag,...,as4, we see that all
terms aob‘f7 albgb:{’, agb%b%, a3bgbl in Ji 40 must give regular forms. Using this
regularity we find that

ord(g®,..., ") =(>1,>1,>-1,>0,>1).



122 Fabien Cléry and Gerard van der Geer

But using the congruence condition (9) we see
Ord(g(0)7 s 79(4)) = (Z 37 > 47 - _17 > 07 > 1) )

which proves that the order of x4 o along 77 equals —1. O

Corollary 10.2. The modular form xi11 generates M 1(I'[v/—3],det). The
modular form x4 _o generates My 4(T'[v/—3], det?).

Proof. By [5] we know that dim M ;(I'[v/—3],det) = 1. In [1] it was shown
that dim Sy 4(I'[v/—3],det ?) = 1. As ¢ vanishes along the curve T it follows
that (x4,_o is regular and generates Sy 4(T'[v/—3], det?). O

A generator 44 of Sy4(T'[v/=3],det?) will be constructed explicitly in
Section 12. In the paper [5] we constructed explicitly an Eisenstein series
F11 € My1(T[v/=3],det). Hence up to a non-zero multiplicative constant
X1,1 agrees with Fj ;.

We can write the meromorphic modular form x4 _2, when viewed as a
meromorphic Picard modular form on T'y[y/=3], as

4

(10) Xa—2 = ;X' X5,
i=0

where the X7, X5 are dummy variables to indicate the coordinates of V' and
the «; are meromorphic functions on the the 2-ball 3. Similarly, we can write
El,l as

(11) Ei1 = 51X+ X0

with 3; holomorphic on 8.

In Section 15, we shall derive the beginning of the Taylor expansion along
u = 0 of the generators x44 of S4,4(F,det2) and Fj; of My(T, det). This
gives the orders, see Corollary 15.3. As a corollary we find the orders of the
«; and §; along the curve given by u = 0.

Corollary 10.3. The orders of («, ..., o) and (1, f2) along Ty are

ord(ag, o, g, a3, ) = (3,4, —1,0,1), ord(By,52) = (0,1).

Proof. As observed in Section 4 the modular form ( vanishes simply along
the components of 77 on I'1[v/—3]\B. Together with the orders of x44 this
proves the result. O
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Now we can describe the map v. Recall that we write a covariant as a
polynomial of degree a in the coefficients a; of fy, of degree b in the coeffi-
cients of f; and degree ¢ in x1,x9. The map v amounts to substituting the
coordinates «; (i = 0,...,4) and §; ( = 0,1) in a covariant. For simplicity
we will view the elements of M[1/¢] as Picard modular forms on I'1[v/=3],
see the description in Section 8.

Theorem 10.4. The map v : C(Vy®V1) — M[1/(] is given by substituting «;
for a;, B; for b; and X; for x; in a covariant. The map v sends an invariant
Japc of degree a in the a;, degree b in the b; and degree c in x1,x2 to a
meromorphic modular form of weight (j,k,1) = (¢, (3b — ¢)/2,2(a + b+ ¢)).
The form v(f) is Sa-invariant if a+b is even, and Sy-anti-invariant if a+b

is odd.
Proof. This follows from the identities (10) and (11). O

Corollary 10.5. All modular forms on I' can be constructed by substituting
the coordinates of x4, —2 and Ey 1 in covariants.

Proof. The composition M — C(Vy & V1) — M][1/(] is the identity on M.
Indeed, the map p interprets modular forms in terms of bi-covariants and the
map v re-interprets a bi-covariant as a (a priori meromorphic) Teichmiiller
modular form. But v is given by substituting the coordinates of x4 o and
X1,1- The form y; ; is a non-zero multiple of Ej ;. O

Remark 10.6. Given generators y44 of 54,4(F[\/—3],det2) and Ep; of the
space M 1(I'[v/—3],det) one can show directly using the modular behavior
of xa.4, F11 and ¢, that if we write

4
X4,4/C = ZOC;X%_ZXE; X1, = B1X1 + 85X,
i=0

the substitution of o} for a;, 5! for b; and X; for z; in a covariant of multi-
degree (a,b, c) gives a modular form of weight (¢, (3b — ¢)/2,2(a + b+ ¢)).

The orders of the modular forms v(.J) along the curve T} for the generating
invariants given in Section 9 can be deduced from Corollary 10.3. We give a
table.

Joo0 | Joa,1 | 300 | Jia0 | Ji3a | Jie2 | Jias | Ji04 | J2a0 | J231

-2 0 -3 1 0 -1 -1 -1 0 -1

Jooo | J21,3 | Jo04 | 360 | S350 | 342 | 333 | J324 | J315 | 3,06

-2 —2 -2 0 -1 -1 -1 -1 -1 -1
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11. Gradients of theta functions

In order to use Theorem 10.4 effectively it is important to know the Fourier-
Jacobi expansions of ¢, xa,—2 (or x44) and Ej; quite well. In this section
and the next one, we construct these modular forms and give part of their
Fourier-Jacobi expansion. We will use gradients of theta series to construct
modular forms.

Recall the definition of theta series with characteristics (see [16], p.49):
let g € Zx1, (pa,..-,1g) € RI, (v1,...,1,) € RY and set for 7 € §,, the
Siegel upper half space of degree g, and z = (21, ..., z5) € CY

py(r.2) = Oy () = 30 emtrmlrlmmiaei,

We simply call this series a theta series with characteristics. Its restriction
to z = 0 is called a theta constant, and we omit the variable z in this case:
19[#](7', 0) = ﬁ[u](T). We have the formulas (see loc. cit.)

14 v

pt+m
v+n

R e e B e T (7. 2)
for any (m,n) € Z9 x Z9.

From [16, p. 85, p. 176] we deduce the following transformation formula
for the gradient Vﬁ[ A (written as a column vector) of the theta function

19[#] as a function of z.

Proposition 11.1. Let v = (a,b;c,d) € Sp(2g,Z) then we have
Vﬁv.[g](’y T, z(cr+d)7) =
307 2) (e + )V (7, 2) + Oy (r, 2) V(EHETHO e )
where
iy, 7, 2) = w(7)em LD det (e 4 d)zerizer+d) e
with

) = —pdbu® + 2ub et — vetart + (udt — vet)(ab)o

vt = (45 g ()] = [t

Moreover, k(7) is an eighth root of unity (depending only on ) and the symbol
Xo denotes the diagonal (column) vector (in its natural order) of a matriz X.

<
—~
=

<=
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As a direct corollary of Proposition 11.1, we have for theta functions
vanishing on B x (0) C B x C3 the following.

Corollary 11.2. Assume that ﬁ[u](L(u, v),0) = 0 for any (u,v) € B. Then
for any v = (29%) € Sp(6,Z) we have

Vﬂw.w](’w u,v),0) =

/-i(’y)em‘b(%[ﬁ]) det(ce(u,v) + d)%(c t(u,v) + d)Vﬁ[ﬁ] (t(u,v),0).

If C'is a smooth projective curve of genus 3 that is a triple cyclic cover
of C'/ae = P!, the kernel of multiplication by 1 — « on its Jacobian Jac(C')
is isomorphic to (Z/3Z)3. This is a totally isotropic subspace for the Weil
pairing on Jac(C)[3]. If the ramification points of C' — P! are pg, p1, ..., pa,
with po the unique point with p? action, we have a surjective homomorphism

¢ (Z/32)* — Jac(C)[1 — o], (c1,...,ca) = > ci(pi — po)

with kernel given by Z?Zl ¢; = 0. The group &4 X ue acts and can be seen as
the orthogonal group for (Op/v/—3 Op)? with the form ab’ + ab’ + cc’.

We can identify the canonical theta divisor © C Pic®(C) with a theta
divisor in Jac(C') by translation over x = 2py, a half-canonical divisor. There
are fifteen (1 — «)-torsion points lying on a theta divisor © — 2py C Jac(C),
namely: p; + p; — 2po for 0 < i < j < 4 and (i,j) # (0,0). Note the linear
equivalence p1 + pa + p3 + pa ~ 4pg.

The set of 15 torsion points on the theta divisor can be divided into three
sets:

C1={0,£(pi —po),i=1,...4}, Co={pi+pj—2po: 1<i<yj<4}

and Cjy the complement of C LI Cy with cardinalities #Cy = 12, #C7; = 9
and #Cy = 6.

If we let the theta characteristic 2py correspond to [#] = [8 ig 8}, then
using the embedding o of I'[y/—3] in Sp(6,Z) and the property that

olg)-[¥]=[L] mod Z

for any of ¢ € I'[\/—3], we find that the set C; of (1 — «)-torsion points
corresponds to the set of theta characteristics of degree 3

k/3 (20+1)/6 —k/37 . , 2 _ .
(o o) ] 0 <k lym <2 km — (1= 1) =i — 1(mod3} .
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We will abbreviate such a characteristic by [klm].

Lemma 11.3. Writing o(g) = (¢54) for g € T[v/=3] and t(u,v) = 7 for
(u,v) € B we have

d ) 0’01 Proy (]2 (gv(uﬂv))[zf ])
(CT+ ) |:(0 pZ){Uf]:l - (é 7%2).72(97(“’”))[5%] ’
where pry denotes the projection {zx;] =Y.

The proof can be carried out by checking it on the generators of I'[v/—3].
A set of generators was given in Lemma 2.1.
From the set Cy we take representatives modulo changing sign

¢4 = {[011], [110], [101], [202], [010]}

and for A\ € C] with gg = pls and o(go) = (aog, bo; co, do) € Sp(6,Z) we have

00 —
Via(e(u,v),0) = p(cot(u,v) +do) VIr(t(u, v),0) = {u ! Pf;:| Vi (e(u,v),0)
p 0 —p
and this implies that
00 5, 00,
ai'zg(b(uav)vo) =-F 0z, (L<U,U)7O)'

So for the characteristics in the set C', only the last component of the gradient
of ¥y is dependent of the previous one. This gives a (2 + 1)-decomposition
and therefore good hopes to get vector-valued modular forms.

For the five elements \; € C] (i = 0,...,4) listed in the order above we
put

09y,
i(u,v) = Cfl 8;; (L(u, 'U)7 0)‘|
(12) E( ’ ) laaiii (L(u, ’U)7 0)

with the constant ¢ given by

2 3%/% 3/2 5%
(13) c= ﬁwg} (=p*,0) = S —T(1/3) 2e%

Using Corollary 11.2 we then obtain:

Lemma 11.4. Let A\ = [klm] € C| and g € I'[\/=3] and write o(g) - X =
A+l s wi ] Then Fi(g - (u,v)) = Ai(g,u,v) Fy(u,v) with Ai(g,u,v) given



Picard modular forms by means of invariant theory 127

by

m/—1¢(o(g),c1i _2my1 ni—n no . .
rk(o(g)) e V=Ig(o(9).c1) o= =5—(2( 3)k+ (QZH))]l(g,(u,v))jg(g, (u,v)).

This gives us the transformation behavior of the F; under the generators
g; of the group I'[\/—3] given in Lemma 2.1.

Corollary 11.5. We have Fypy 19; = c(i, j) F; with c(i, j) given in the follow-
ing diagram.

i\Nj|O|1]2]3 4|5
0 [Llplplpt|1]1
1L [1]p|l1|1]p]|p
2 (1] 1|p|lplp|p
3 |11 |p|1ip|l
4 |1 |pl1] 111

12. Construction of x44 and FE;

Finis constructed in [9] elliptic modular functions X, Y, Z for the elliptic curve
C/A with A = /=3 Op, that satisfy the relation

X3=p(Y?-2%).

Here X, Y and Z are normalized theta functions satisfying
2m  _
fle o) =exp ( T(az = V(@) () (@€ )

and Z(z) = Y(—z). The zero divisor of X is the degree 3 divisor Op mod A
and that of Y is 1/v/—3 + Or mod A. These functions can be defined by

1 2 1 .
X(z) = —€™ V39 1/2 (—:027Z)7 Y(z) = —e™ /Y3y 1/6 (—9272)7
¢ {1/2} ¢ [1/6}
with ¢ = 19[1/6} (—p?,0) as given in (13). The functions X and Y satisfy for

1/6
a € Op

X(z+a)= e%(dzpr(a))X(z), Y(z+a)= e%(&zpr(a))pT\r(a)Y(z) :

and X(ez) = eX(z) for e € OF and Y (pz) = Y (z). Moreover, we have the
identity

X(V=32)=vV-3X(2)Y(2)Z(z).
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We can develop the theta functions ¥ for A € C in Fourier-Jacobi series.
Working this out and substituting this in the F; as defined in equation (12),
one finds after some amount of calculation the following Fourier-Jacobi series
of the Fj.

We set

E=(p*-1)/3 and g = e¥™/V3

and obtain

— X'(au)
Fo(uo) = 30 50 |2, [0V,

acOp
X'(au) ]
Fi(u,v) = Z [2_\/7%&)?(1;“) (11];\[(&)7
a€Op+¢€ ’ -

2r ni—ae) [ Y'(au
Fy(u,v) = Z eviaead) ZTWQ(Y'(O?’U,)] qujv(a)p
a€Op+E€ Lve

21 (af—ag) [ 2'(au) o
F3(u,v) = Z e v (@8 =a¢) _%az(au)] (L];V( ))

a€Op+E€
X' (au) o
F4(U,U) = Z %&X(au):| 1])\[( )
aceO0p

Using the transformation behavior of X, Y, Z one can calculate the trans-
formation of the F; under the generators 7, for k = 1,2, 3 of the G4-part, see
Section 2. Putting all of that together, we get

7 Fo|1,17“1-_1 Fl|1,17’i_1 Fz|1,17”i_1 FS|1,17’Z-_1 F4|1,17’i_1
1 - —Fy —F —F3 —Fy
2 —F ) ) —5 o)
3 FO 657ri 9F2 e—2m’ 3F3 em’ 9F1 F4

After these preparations we can construct the two basic modular forms. We
put
Xa4 = Sym*(Fp, Fy, Fo, F3) and By = Fy.

Corollary 12.1. We have
Xa4 € Sua(T[V/=3],det?) and Ey; € My (T[v—3],det).

Remark 12.2. Both 44 and E;; are Hecke eigenforms. But the eigenvalues
of Ey 1 are not always integral, see [5, Remark 12.3].

In [1, Section 11.3,Case 1] it is conjectured that there is a lift from
Sg (T'0(9)) (see loc. cit., Section 11.1 for the notation) to the G4-invariant part
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of the space Sy 4(T'[v/=3], det?). The space Sg (I'9(9)) is one-dimensional and
generated by one form, say f, whose Fourier expansion f(7) = 3=,>1 an(f)q"
can be normalised as

(1) = q+232¢* +260¢" — 5760 ¢*° + 6890 ¢*3 + 7744 ¢"6 + 33176 ¢*° + ... .

The claim that x44 is a lift of f is supported by the fact the Hecke eigenvalue
of x44 at 14 3p (of norm 7) is given by

Ai43p(Xa,4) = 309 — 882p.

This Hecke eigenvalue is computed directly by using the Fourier-Jacobi ex-
pansion of the last component of y44 (recall that the last component of a
vector-valued Picard modular Hecke eigenform is sufficient to compute its
Hecke eigenvalues). Since the Fourier-Jacobi expansion of Xfﬁ (after suitable
normalisation) starts with X2¢2, for computing its Hecke eigenvalue at 1+ 3p,
we need its Fourier-Jacobi coefficient at g.*. This Fourier-Jacobi coefficient

will be given in the next section and this gives
AM+3p(Xaa) = 309—882p = 260+(1+3p°)(1+3p%)* = a7 (f)+(14+3p°)(1+3p%)*.
13. The Fourier-Jacobi expansion of xi,1

Here we develop the form £} ; in a Fourier-Jacobi series. Recall the definition
of E171 with Gy = 627“)/\/g

Eiq(u,v) = Z

acOp

f/—%&X (au) | v

X' (au) :| N(a)

Using the relation X (eu) = eX (u) for € € OF, we get
_ [x7(0) X' (u) X' (uv/=3) 3
Byi(u,v) = [ 0 }+6{2—\/’%X(u)] qv+6[_27%\/?3)<(u\/?3) Gy + -

and using the Shintani operators (see [5, §4]), we can rewrite this as

/ X' () (XYZ)'(u)
Era(u,v) = [Xéo)] +6 [%X(u)] 4 +6 [%3){1/2(11)} G5+

We set
Po(X,Y,Z) = > aX(au),

aENn
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where we use the notation
N,={a=a+bpecOp|N(a)=a®>—ab+b"=n}.

If P/(X,Y,Z) denotes the derivative of P,(X,Y, Z) with respect to the vari-
able u

PUX,Y,Z)= ()Y aX(auw) = > aaX'(au)=n Y X'(au),
a€EN, aEN, aENy,
we have

) PL(X.Y,Z)/n
Ey1(u,v) = [XO(O)} + Z [%PH(X,Y,Z):| @y -
n>1

In order to get more terms in the Fourier-Jacobi expansion of E;; we write
the set N, as N,, = oy Op Uap O U ... Uaj Op and split P, according to
this decomposition:

aENy, i=1 ¢cOX
J J
= Z Z a; X (au) =6 Zle(alu)
=1 ¢cO* i=1

The polynomials P, are homogeneous of degree n in X,Y and Z and the first
few of them are given by

P =6X; P3=18XYZ, P,=12X(Y3+ 2%,
Pr=—-6X(YS—16Y®Z3 + Z%); Py=54XYZ(YS-Y32Z3 + Z9),
Py = 36 XY Z(2Y? —3Y°2% - 3y32°% - 2v Z%);

Py =6X(5Y"2 —7v92% 4 30Y52% — 7v3 2% + 52'%) .

14. The Fourier-Jacobi expansion of x4.4

The Fourier-Jacobi expansion of x44 is determined by those of Fy,..., F5.
We determine these and start with Fy. We set

(XY, Z) = Z prT(a)dX(au),

OLENn

which gives for the derivative of @, (X,Y, Z) with respect to the variable u

QuX.Y,Z)=n Y p "X (au)

OéeNn
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and this leads to the expansion

_Tr(a X' (au) a QL(X,Y,Z)/n n
Fo(u,v) = Y p T [2[ X(au):| g = [X(O)] +Z {,Qn(x,m)] Qv -

acOp

Lemma 14.1. We have Q,, = P, if n = 0(mod 3), else Q,, = —P,/2.

Proof. Using X (eu) = eX(u) and the decomposition N,, = L?_,a; OF as
above we get

J
Qn(X.Y,2) =" ( Y p ey, X (ayu)

i=1 ecOy;

and writing «; = a; + pb; with a;,b; € Z, we have

Z p—Tr(eai) — 3(pai+b7‘, + p2(ai+bz‘)) —

{6 if a; + b; = 0 (mod 3)
€O}

-3 ifai—i—bi;‘éO(modS).

Noticing that N(«a;) = (a; + b;)? (mod 3), we get the desired result. O

For Iy we set N, () = & -{a € Op|N(a) = n,a = 1(mod+/—3)} and
note that the map a + & — &(a(p — 1) + 1) is a bijection from {a +{|a €
Op,N(a+&) =n/3} to N,(€). We define

Ry(X,)Y,Z)= > aX(owu),
Q€N (€)

so we have

R,(X,Y,Z) Z X'(aw)
3 acNue)

and we can write

Fi(u,v) = Y [szig?(mgu)] Y =3"

aeOp+E€ n>1

32R;1(X7KZ)/H n/3

We relate the polynomials R,, and P,. For n = 0 (mod 3) we have R,, = 0; if
n =1 (mod 3) we write

Nn(g) = ug:lgai{lv P, p2}
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with a; = 1(mody/=3). We thus get R, (X,Y,Z) = £P,(Xo, Yo, Zo)/2 with
Xo = X(&u), Yy = Y(&u) and Zy = Z(&u). For F, we use

SuX,Y,2) = 3 e 90y (qu),
O‘ENVL(O

so we obtain

S, Z) == ¥ ey (qu)
3 aEN, (&)

We then have

27 (né—& Y’ (au) o 3S1(X,\Y,Z)/n n
Fy(u,v) = Z eva(eead) [%aymu)] quV( ) = Z { 2250 (X.,Y,2) } %/3-
€O +¢ n>1

Writing again N, (&) = L/_ €, {1, p, p?} with a; — 1 € (3) we find
J
Sn(X,Y,Z) =36 @ Y (ailu).
i=1

Using the Shintani operators we find the first few S, where again we use the
notation Xy = X (€u), Yo =Y (§u) and Zy = Z(&u):

S1=3EYy, Sy = —6&Yo(—YS+223), S; = —3&Yo(YP +14Y3 723 — 14 78),
Siz = 3EYo(5Yy? — 13Yy Z5 +39YL Z8 — 52 Y3 Z3 + 26 Z3?) .

Finally, for F3 we use F3 = —Fg\lylrgl and thus put 7,(X,Y,Z2) =
Sp(X, Z,Y) and then can write
27 (WE—& Z' (o) o 3T(X Y. Z)/n | 4
F3(u’v) - - Z 6\/5(0‘5 o) |:2—\/%6¢Z(au):| 1])V( ) =— Z |: %Tn(X,Y,Z) :| Q’U/3'
a€Op+E n>1

After these preparations we can calculate the beginning of the Fourier-Jacobi
expansion of y44. The result is, after suitable normalisation,

(LY (Berp (XEY§Zh) av + O(q2))
(L) (e1(2 + p)(XoY§Zh + X§Y3 Zo + XoY3Zh) qu + O(¢2))

2

Xa4 = (L)2(=1 X'q, + O(g2)) ’
%(—%Xqv +4XX'¢2 4+ O(q}))

X2¢2 -6 XY Zq, + O(q))
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where ¢; = X’(0). For the last coordinate one can calculate more terms.
Indeed, this involves only the second coordinates of the F; (i = 0,...,3) and
one finds:

v

X = x? <q§ —6YZqt —20(Y?P+ 222 +81Y2 220 + 132 (Y* Z + Y ZY)(]

+(122Y5 - 800 Y3 7% 4+ 122 %)

+(—1020Y7Z + 1470 Y*Z* — 1020Y Z7)q,°

+ (=76 Y +1140 Y523 + 1140 Y32 — 76 2%)¢!*

4 (—486 YB3 Z% 4486 Y°Z5 — 486 Y2 Z8)q)?

+(3012Y1°Z — 3924 Y7 Z* — 3924 Y*Z" + 3012Y Z'%)¢?
I

(—1261 Y 4266 Y973 4-4782Y %726 4266 Y3 2% — 1261 Z'2)¢}* + .. > .

Remark 14.2. To identify the terms in the Fourier-Jacobi expansions, we use
the fact that we know a basis for the space of theta functions of degree 3n on
the elliptic curve C/A:

{X“YbZC:O§a§2,O§b§n—a,a+b+c:n}.

We can use the Taylor expansion of an element in this space around the origin
to express it in terms of such a basis.

15. Restriction to the curve Tj

In order to know which covariants yield holomorphic modular forms, we need
the expansion of the modular forms ¢, x44 and Fy ; along T3, given by u = 0,
the zero locus of (.

We start with the expansions of the elliptic functions X, Y and Z near
the origin of the elliptic curve C/A. These have the form

(14) X(2) = ZCﬁj+1Z6j+1, Y(z) = ngjz?’j, Z(z) = Z(—l)j dsj 2.

320 320 =0

Note that the functions Y and Z are normalised such that dy = 1. Let £ =
(p* —1)/3 = p/—3/3 as before. By [9, Lemma 9, formulas (68-69)] these
functions satisfy

1

Ve = V() = Z(2) and Z(€w) = —(=Y () +pZ(2).
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and with X3 = p(Y3 — Z3), we have X3(¢2) = —¢(Y(2) — Z(2)). This
relation provides links between the numbers cg;41 and dg;43, while the relation
Y3(€2) + Z3(¢2) = Y (2) + Z(z) provides the relation between the cg;11 and
ds;. It follows that the numbers cg;41 and d3; can be expressed in terms of
powers of ¢;. For example, we have:

cr=6pcl/T, ci3=—6%p%c]?/13!, c19 = —203%.23¢19/19!,
ds = p*c3 /3!, deg = —2pc8/6!, dg=—8¢]/9!, dip = —2319p%cl?/12!,
dis = 2531 pci® /15!,

Here the constant c¢; is given by
(15) ¢ =T(1/3)3 e 17"/18 /(2 7r) |

Remark 15.1. These numbers are related to the development of the modular
form ¥ around its zero 7o = (1 — p?)/3, see [32, Prop. 17].

For the restriction to the curve T of the modular forms ¢, Ey; and x4.4
we can apply Proposition 4.3.

The definition of the cusp form ¢ € Sg(I'[v/—3, det]) yields by (14) with
_ 27rv/\/§
qQy = €

C(u,v/=371)=1/6 Z a5X(au)qN(a) =1/6 Z a6j+1@6(j+1)(7)u6j+1 :

a€OF Jj=0

where 0;(7) = Y co, @/¢V® € M;41(T'1(3)), as introduced in Section 4.
Therefore, with w = c¢yu the Taylor expansion of ¢ about u = 0 starts with

C(u, v/ =37) = c1 On®? (T)u + c7 9n® <7716 + 18¢1n® + 729¢8) u +

= In®(7) (wQ(r)w + (p/840) (n'° + 18y n® + 729¢%) (1)w” + .. > .

In a similar way, we obtain the development along the curve T; of the Eisen-
stein series Fy 1:

%&X(au)

Eiol) u,\/—37
El,l(u,\/—37) = |: 1 (wv=3 ):| = Z

E(l) u,\/—37
1’1( ) acO

= Z C6j+1< [(6j+1)066j(7)} u® 4 [@%j(’)

J=0

X' (au) o
( :|qN( )
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where the components Eﬁ

able 7 is omitted:

have the following expansions in which the vari-

EC) (u,v=3r) = 1 (9 + p0dn® /200’ + ...

B (u,v/=37) = %((msw?’ + 9(es — 0%))urt
(<L) P (5 + 2430 + Teayd) w” + ... )

140

For the cusp form y4 4, we get

1 T8 T8 e 5] [
0 5
Xaa(u, v/ =37) = ho |+ 0wt |0 u? + 0 ut + 0 w4
1
0 0 ho 0 0

where hg and hy are cusp forms on I';(3), while hy, he and hs are quasi-
modular forms on I';(3). We set

(16) v =21/V3.

Then the h; are given by

2 2 2

ho = =g 0% = — gm0+ ea)s ha = PP B0% + ) (9 — )
&g o ST 3 3

hy = v, hs @[}19(419 + 5¥eq + 54 )

RS 1803

Remark 15.2. The cusp form hg is proportional to the cusp form fs(7) =
n®(7)n®(37) of weight 6 on I'y(3) with Fourier expansion

o) =q—6+9¢ +4¢* +6¢° —54¢° —40¢" +168¢° + ... .

This cusp form is one of the famous eta products and plays a similar role for
I'0(3) as the discriminant form A for SL(2,Z).

From the above expansions, we derive the order of vanishing along 77 of
X4,4 and x1.1. This is used in Corollary 10.3.

Corollary 15.3. The order of the five coordinates of xa4 along v = 0 is
(4,5,0,1,2). The order of the two coordinates of E11 along u=0 is (0,1).
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16. Construction of modular forms from invariants

In this section, we shall use the map v : C(Vy & V1) — MJ[1/(] to construct
modular forms. Under v a covariant Jq . of degree (a,b,c) in the variables
(@i, b;, v;) maps to a meromorphic modular form of weight (¢, (3b — ¢)/2) on
I'[v/—=3] with character €% o det?*+20%2¢ that is,

V(Jape) € Megps,—ab(T[V=3))
with the property that

Sy-invariant if a + b = 0 mod 2

V(Ja b C) is { .. . .
” Gy-anti-invariant if a +b =1 mod 2.

Here the tilde on M refers to the meromorphicity along Tj. In the following

table we give for the twenty generating covariants Jg 5 . the weight (j, k, 1), the

index e = a 4+ b(mod2) and the order of the coordinates of the meromorphic

modular form v(J, ) along T7.

(a,b,c) | J E |1l |e order along T}
(2,0,0) |0 0 |1 10 -2
0,1,1) |1 ] 1|1 |1 [0, 1]
(3,0,0) |0 0 |0 |1 -3
(1,400 [0 | 6 |1 |1 1
1,3,1) |1 | 4|1 |0 [0,1]
(1,2,2) |2 | 2 |1 |1 [—1,0,1]
(1,1,3) |3 | 0|1 |o [4,-1,0,1]
(1,0,4) |4 | -2 |1 |1 3,4,-1,0,1]
(2,4,0) |0 6 |0 |0 0
2,3,1) |1 | 4|0 |1 [—1,0]
(2,2,2) |2 ] 210 o [—2,—1,0]
(2,1,3) |3 0 |0 |1 [3,—-2,-1,0]
(2,0,4) |4 | -2 |0 |0 2,3,-2,—1,0]
(3,6,0) |0 9 |0 |1 0
3,51 |1 | 70 |o [—1,0]
(3,4,2) |2 | 5 |0 |1 4, —1,0]
(3,3,3) |3 31010 [3,4,—1,0]
(3,24) |4 | 1|0 |1 2,3,4, —1,0]
(3,1,5) |5 | =1 ]0 |0 [1,2,3,4,-1,0]
(3,0,6) |6 | =3 |0 |1 |][6,1,2,3,4,—1,0]
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As we saw in Section 2 we have M(T') = C[Es, E12, E2] and first cusp
form appears in weight 12 and is given by

x12 = (B2 — E12)/5184.

The cusp form yi2 is a Kudla lift of an element in S7;(I'1(3)) (see [9, Prop.
10], or [1, Section 11.3, Case 2b]). Moreover, there is a cusp form

x18 = (B2 — E2)/3888.

By calculating the expansions for some of these v(J, ) one can identify
sometimes the resulting modular forms. We use here what was mentioned in
Remark 14.2.

Doing this for the generators J, 3¢ one obtains the following proposition.
Recall v = 27/4/3 and ¢; = X’(0) as given in equations (15) and (16).

Proposition 16.1. The images under v of the generators Jqpo are;

3ct cf x12 & xis — Boxao
Jra0) = =1 J00) = =7 Y(Js00) = o
V( 1,4,0) 70 C? l/( 2,070) 6/}/4 CQ ’ ]/( 3’0’0) 864 'YG C3 7
o ot
J =——Fg, J = “ogaag 3 o
v(J2,40) 504012 6 v(J360) 79833643 °

Remark 16.2. As a check, one may apply v to the relation

13068 3
(17)  3J340+ e J560 T Maols00 = 5 P40l a0)200 = 0.

(see (6) in Section 9) and obtain

18
G

18 —_———
(18) 42674688000 ~6

(—E3 + B2 +3888x13) = 0,

in agreement with the definition of x1s.

Remark 16.3. The image of the discriminant 32(J3,,—6J3 ) of the quartic
polynomial f; under v is constant:

12
P Cq

V(32(J§,0,0 -6 J32,O,0)) - _33 712 :

This comes about by the fact that the moduli space is obtained by blowing
up of the discriminant locus, cf. the diagram in [3, p. 6] and the discussion
there.
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We finish this section with a result on the module of scalar-valued cusp
forms on T'. Since the group I' has a unique cusp, we have dim Si(I') =
dim My(T") — 1 if dim Mg(I") > 0 and the generating series for the dimension
of the spaces Si(I') is given by

t12 + tlS _ t30
(1= 9)(1 — 112)(1 — %)

> dim S (D)t = = t1242 4154342444304 64%0 4

k>0

The first cusp form appears in weight 12, namely x12. Then we have

S18(T) = Spanc(Esx12, x18),  S24(T) = Spanc(Egx12, Eex1s, X12);
S30(I) = Spanc(Eg x12, B3 X12, X12X185 X125 Bo x18: B x1a) »
but in the last case, we have the relation x12(3888 x1s — (E§ — E3)) = 0 which

comes from the relation (18) multiplied by J7,,.J2,0,0 Which corresponds to
X12. Here this relation actually counts as a relation between cusp forms.

Corollary 16.4. The M (I')-module 3(T") = @, Sk(T") of cusp forms on T is
generated by the forms x12 and x1s with the relation 3888 x1s8x12 — (B8 —
E2)x12 = 0 in weight 30.

17. The structure of a module for 37 =4

To show the feasibility of constructing modular forms by covariants, as an
application we determine the structure of the M (I')-module

ME(F) = Br>oMay (L, det2) )
With the same method one can also treat the modules
Mi(r) = EBk}oMz;,k(F,detl)

for [ = 0 and [ = 1, but we refrain from giving the details.

The structure of the modules ML(T) = @, M; (T, det’) for j < 4 was
determined in [5] in a different manner, but it would be very difficult to go
beyond these cases that way. Invariant theory provides a good way to build
generators.

For the cusp forms, we use the notation X} (T) or

SHTV=3) = @k>054,k(1—‘[\/—_3},detl) )
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Note (see [5, Proposition 5.1]) that
ML =34 if 1 # 1 mod 3.

Recall that if k # 1 mod 3 then My (T'[v/=3], det!) = (0).

Theorem 17.1. The M(T')-module X2 is freely generated by cusp forms of
weight (4,4), (4,10), (4,16), (4,22) and (4,28).

Proof. We begin the proof by deducing the Hilbert—Poincaré series for the
module X%, For this we start with T'[y/—=3]. The dimension of the space
Su1436(T[v/=3],det?) is given by (see [I, Thm. 4.7])

dim Sy 1431(C[V/=3], det?) = k(5k +1)/2 — 2

for k > 1. One can show that dim Sy 12(I'[v/=3]) = 0, for example by
the following argument. By multiplication with Fg and the knowledge of
Si72(T[v/=3]) as a &4-module, we see that only the s[3, 1] and s[2,1, 1] com-
ponents can be non-zero. Restricting to a component of T} is injective since
such a component is the zero locus of a form of weight 1, and dividing would
give a non-zero form of weight (4,0) on some congruence subgroup. The fact
that dim S3(I'9(3), (3))) = 2 and dim s[3,1] = dim s[2,1,1] = 3, now shows
that dim S47172<F[\/j3]) = 0.
The Hilbert—Poincaré series for the dimensions is therefore given by

4+ 617 —2¢10

Z dim 54,1+3k(F[\/ —3], detz)t1+3k = (1 — t3)3

k>0

Lemma 17.2. The M(T[v/—3])-module ¥2(T'[\/=3]) is generated by a gen-
erator of type s[4] in weight (4,4), generators of type s[3,1] and s[2,1,1] in
weight (4,7) and a relation of type s[2,2] in weight (4,10).

Proof. This can be proved using results of [1] as in [5]. O

Writing the isotypical decomposition of Mz, (T[v/=3]) = Sym*(s[2, 1, 1])
as

Sym*(s[2,1,1)) = ay, s[4] + by, 5[3, 1] + ¢x, 82, 2] + di 8[2, 1, 1] + ex s[1,1,1,1]
we get by Lemma 17.2 for k > 1

Syerp—2(I'[V—3], det®) = (agr—2 + bor—3 + dok—3 — cop—a) s[4] + . ..
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The generating series of the numbers ag, b, ci, di and eg are given by the
generating series N/(1—1)(1—2)(1—t%)(1 —#*) with N as in the next table.

ag by, Ck dy, €k
N | 1-)0 3415 |20 -83) | Q-1 +t?) | t—2+3)A1—13) |31 —1)

This leads to the following generating series for the dimension of the spaces
S476k,2(F, det2):

t4+t10+t16+t22+t28
dim Sy cr (T det2)¢6k—2 —
Z 1M o4 6k 2(T', det?) (1 —6)(1 — £12)(1 — ¢19)

k>1
=t 210 4 4410 742 4 1142 4+ O(13).

Now we turn to the construction by covariants of the generators of weights
(47 4)7 (47 10)7 (47 16)7 (47 22) and (47 28)'
The form of weight (4, 4) is already available:
4900

= ——v(J104J
X4.4 30‘11 V( 1,0,4 1,4,0)

and for later use we observe that the Fourier-Jacobi of its last component
(4)

Xa.4(u, v starts with
X2(q§ —6YZqt—20(Y® + 2% 0 +81Y222¢° +132(Y*Z + Y Z4) ¢
+(=76Y" +1140Y0Z% + 1140 Y325 — 76 2%) g}* +...) .

Next we construct a generator x4 19 of weight 10. Note that dim Sq 19(T, detg) =
2 and we know already a form of weight (4,10), namely Eg x4,4.

The three covariants J274y0(]17470<]17074, J12’470J27074 and J174,0J07171 J3,373 pro-
duce modular forms in Sy 10(T, det?). But we have the following relation

132 Jo11J333 + 175(J2,40J1,04 — J1,40J2,04) = 0.
We know v(Ja40) = —(c§/5040v%) Eg. We set

2744000 v2

V(I a0J2,04)-
&)

X4,10 = —
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One checks holomorphicity using the table in Section 12. The Fourier-Jacobi
expansion of its last component starts with

X0 =X2(q2 +54Y Z gl — 272(Y? + 2°)
+405Y22% ¢5 +3024(Y ' Z + Y ZY) ¢!
+ (4406 Y°® — 15560 Y®Z3 + 4406 Z°) 8 — 23328(Y°Z* + Y2Z°) ¢)
— (62748 Y7 Z — 221022Y* Z* 4+ 62748 Y Z7) ¢°
— (22000 Y — 16368 Y°Z% — 16368 Y3 Z° + 22000 Z%) ¢!' +...).

The Fourier-Jacobi expansions of the last components of Fgxa4 and x4,10
start with

Ex\l = X2+ 750XV Zgl ..., X = X2 +54 XY Zgt+ ...

and this shows that they generate the space Sy 10(T, det?).

For the generator of weight (4,16) we note that dim Sy16(T, det?) = 4
and we have already three linearly independent elements Eé X4,4, F12Xa,4 and
Egx4,10- We now put

2304960000 ~*

16
1

X4,16 = V(J12,4,0(6 J2,1,3J2,3,1 - J2,0,0J1,1,3J1,3,1)) .
We observe that the Taylor expansion of v(6J213J231 — J2,00J1,1,3J1,3,1)
along 77 starts with

v(6 J21,3J231 — Jo00J1,1,301,31) (u, V—=3T) =
S 0 0
e a | g2 6 Ty
705600%([1?0)]“ il v )

so the multiplication by v(.J1 40)?, proportional to ¢?, makes it holomorphic
along T7.

0
93 (303 +9e2—108¢)3)
0

The Fourier-Jacobi expansion of the last component Xﬁ@ of x4,16 starts

with
X2 (@2 + 162Y Zq?k + 3040(Y? + Z3)q + 43497 Y2725 — 2592(Y*Z + Y Z*)¢q]
— (298462 Y + 263600 Y373 + 298462 Z°)¢® — 839808(Y°Z2 + Y2Z5)¢?
(2185380 Y7Z — 127170 Y*Z* + 2185380 Y Z7)q.°

(4366688 Y? + 8413152 Y0 7% + 8413152 Y3 25 4 4366688 Z%)gt +...) .

+ +
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The Fourier-Jacobi expansions of the last component of E62X4,4> FEi9x4.4,
FEsxa,10 and x4,16 start with

E2Z) = X2q2 + 1506 X2Y Zg! + 4012 X2(Y? + Z2%)¢]
+ 603369 X2Y2Z2¢5 + ...

Eraxy) = X2¢% — 3678 X2V Zg! + 35116 X2(Y* + Z%)¢]
+ 354537 X2Y2 2245 + . ..

Eox (o = X262 + 810 X2Y Zg! + 1744 X2 (VP + 2°)¢]
+ 61641 X2YV2 220 + ...

Xils = X322 +162 XY Zg! + 3040 X2(Y® + Z%)q]

+ 43497 X2V 220 + ...

showing that these generate Sy 16(T, det?).
Before we construct the last two generators, we need a lemma.

Lemma 17.3. We have

V(J12,4,0(J3,0,0J1,3,1 — Jo00J231) € Mi16(T),
v(J1.4071,13) € Ms (T, det?)
v(J1a0Jdo11342) € My 1a(T,det?),

and these three forms are ©y-invariant.

For the proof one calculates the Taylor expansion along 77 as done for
the examples above.
In order to get a form of weight (4,22) we set

53782400000 ~°

322 V(Ji4,0=]1,1,3(J3,0,0J1,3,1 — J2.0,0J231))
1

X4,22 =

and by applying Lemma 17.3, we see that x40 € Sy 20(T, det2).
The Fourier-Jacobi expansion of its last component starts with

X0 =X2(Y Zg + 9V + Z°) ¢ + 60 Y222 — 2T7(Y*Z + Y Z%) ¢
— (6363Y° — 9468 Y3Z° 4 6363 Z°%) ¢5 4 2106(Y°Z* + Y?Z°) ¢
+ (15128 Y7 Z 4- 27844 Y4 Z* + 15128 Y Z7) ¢0+
(276471 Y — 212895 Y73 — 212895 V320 + 276471 Z%) ¢}t +...) .
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By using the Fourier-Jacobi of the last component of Eg’X4,4, E¢E12X4.4,

E§X474, E§X4710, E12X4710, E6X4,16 and X4722, we check that they are linearly

independent so they span the space Sy 22(T, det?) that is of dimension 7.
For the generator of weight (4,28) we put

51114792960000 ®
X428 = — 28 1 v(J} 40doa1d342 (3000131 — J2.007231))
1

and by applying Lemma 17.3 we see that Y48 € Sy28(I, det®). The Fourier-
(4)

Jacobi expansion of its last component x, 55 starts with

X2(YZ @ +9Y3+ 2% q) — 384222 —111T(Y* Z + Y ZH) ]

+ (—31959 Y5 — 92592 Y373 — 31959 Z6)q§ — 274698(Y5Z2 +Y22%)¢°

+ (3511880 Y7 Z — 4338416 Y4 Z* + 3511880 Y Z7) ¢°

+ (18226071 Y — 5450355 YO Z3 — 5450355 Y3720 + 18226071 Z°) ¢i' + ... ).

By using the Fourier-Jacobi of the last components of E§X4,4, E62E12X4,4,
EsEixaa, Efyxaa, Eixano, EsEraXan0, Edxao, Egxaie, FraXane, Eoxaze
and X428, we check that they are linearly independent, so they span the 11-
dimensional space Sy 25(T', det?).

Lemma 17.4. The exterior product of our generators satisfies

%0
/\ X4,6k—2 = 3 2412
710

Proof. We first note that the exterior product of the five forms x4 ¢r—2 for
k € {1,2,3,4,5}, which take values in Sym*(C?) ~ C°, can be viewed as
the determinant of the five components of these five forms, and viewing a
covariant of degree 4 in x1, x5 as a vector of size 5 whose (i + 1)th component
is the coefficient of 1 "2}, 0 < i < 4, we have

5 20

N Xagr—o =2"-3%.5'%. 7. 112@ v(Jra0)" x v(det(T))
k=1 1
with J the expression

2
J1,0,4J2,0,4J1,1,3J0,1,13,4,2(6 J2,1,3J2,31 — J2,0,0J1,1,371,3,1)(J3,0,0J1,3,1 — J2,0,0J2,3,1)7))
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and we thus get

5 20
N Xagh—z =2% 3751271 1122@ V(15073 60(J300 = 67300)°) -
k=1 1
We have seen in Proposition 16.1 that
3ct ¢ 12
Jia0) = ==, v(J360) = sooa—r By, v(32(J3 00 — 6 J200)) = —poars
v( 1,4,0) 70 ¢, v( 3,6,0) 708336 9, V(32( 2,0,0 3,0,0)) P33 12
and this implies
/5\ A’ 5 e o
X4,6k—2 = — P~ ¢ Ey,
=1 297
thus proving the lemma. O

We can now conclude the proof of Theorem 17.1. The modular forms x4
with k& € {4, 10, 16,22, 28} are algebraically independent over M (I") because
of Lemma 17.4. Since they generate a submodule with Hilbert—Poincaré series
equal to that of Y2 the result follows. O

In a similar way one can treat the cases [ = 1 and | = 0. We intend to
come back to these cases in another paper.
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