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Indefinite theta series: the case of an N-gon
JENS FUNKE AND STEPHEN KUDLA*

To Don Zagier, with our admiration

Abstract: In this note, we provide a construction of the indefi-
nite theta series attached to N-gons in the symmetric space of an
indefinite inner product space of signature (m — 2, 2) following the
suggestions of Section C in the recent paper of Alexandrov, Baner-
jee, Manschot, and Pioline, [2]. We prove the termwise absolute
convergence of the holomorphic mock modular part of these series
and also obtain an interpretation of the coefficients of this part as
linking numbers. Thus, we prove the convergence conjecture of [2]
provided none of the vectors in the collection C = {C1,...,Cn}
is a null vector. It should be noted that the use of linking num-
bers and a homotopy argument eliminates the need for an explicit
parametrization of a surface S spanning the N-gon that was used
in an essential way in our previous work [4]. We indicate how our
method could be carried over to a more general situation for sig-
nature (m — ¢, q) where higher homotopy groups are now involved.
In the last section, we apply the method to the case of a dodeca-
hedral cell in the symmetric space of a quadratic form of signature
(m—3,3).

Keywords: Indefinite theta series, mock modular forms.

1. Introduction
1.1. Indefinite theta series

The construction of theta series for lattices with indefinite quadratic forms
continues to be a topic of considerable interest. If (L, Q) is a lattice of rank m
with integer valued positive definite quadratic form, the classical theta series

(11) Qu(T) = Z qQ(iE)’ q= 6(7’) — 627m'7'7
rep+L
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is termwise absolutely convergent and defines a holomorphic modular form of
weight %m, by Poisson summation. Here 7 = u+iv € ), the upper half plane,
and p € LY, the dual lattice of L. For a quadratic lattice (L, Q) of signature
(p,q) with pg > 0, the series (1.1) no longer converges in general due to (i)
the presence of lattice vectors z with Q(z) < 0 and (ii) the existence infinitely
many lattice vectors x with a given value Q(z) = n > 0, due, for example, for
the existence of an infinite group I'y, of isometries of L. To handle this case,
the classic construction due to Siegel introduces an auxiliary variable

ze€DWV):={zeGry(V) | Q. <0},

where Grg (V) is the Grassmannian of oriented g-planes in V' = L ®z R. The
variable z determines a positive definite inner product

(x’x)z = (x,x) + 2R(x,z), R(xwz) = —(prz(m),prz(x)),

which coincides with (, ) on z*+ and with —( , ) on z. Here pr, denotes the
orthogonal projection to z. Siegel’s theta series

0#(7—? Z) — Z 6—27TR(:E,Z)’U qQ(:r)

reEp+L

is a non-holomorphic modular form of weight %(p —q) in 7 and a smooth
function of z € D. There are also ‘geometric’ theta series introduced in [9]
and [10], which are valued in A%(D), the space of smooth g-forms on D, and
are of weight %(p +q) in 7. Both these series and Siegel’s are invariant under
the action of an arithmetic subgroup I'y, € O(V) on D. As a consequence one
can use the Siegel-type theta series and the geometric theta series as integral
kernel to lift (automorphic) forms for one group to the other. See Section 2
for a more detailed review of these theta series.

Another approach to the construction of indefinite theta series
restricting the summation to lattice vectors lying in suitable cones on which
the quadratic form takes positive values. When they are termwise absolutely
convergent, such sums define holomorphic functions of 7. The standard holo-
morphic Eisenstein series Fj, series can be viewed as such an indefinite theta
series of signature (1,1) but in general they are rarely modular due to the
lack of a suitable Poisson summation formula. Another non-modular example
for signature (1,1) was constructed by Zagier in Section 2.3 in [7] in his cel-

L involves

! This was suggested by Zagier in conversations with the second author at Mary-
land in the early 1980s.
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ebrated joint work with Hirzebruch where the holomorphic generating series
was completed by a non-holomorphic part to obtain a modular object.

A more systematic understanding of the nature of such series emerged
from the seminal work of Zwegers [16]; for an overview see [15]. In the case of
a quadratic lattice of signature (m—1, 1), suppose that C' and C" are negative
vectors in V = L ®z R lying in the same component of the light cone, i.e.,
such that (C,C") < 0. Then Zwegers considered the series

(1.2) Ju(r,C)= Y (sen((x,C)) —sgn((z,C")) ) q?,

rep+L

and showed that it is termwise absolutely convergent and defines a mock
modular form, i.e., it has a non-holomorphic modular completion of weight
sm

Iu(1,€) = 0u(r.C) = D (E*((x,C)V20) — E*((2,C")V20) ) q%,

rzeu+L

involving the complementary error function E(u) = 2sgn(u) [/ e~ dt.
Alexandrov, Banerjee, Manschot, and Pioline, [1], established the analog

of Zwegers’ result for signature (m—2, 2). For a collection C = {C1, Cy, C3, Cy}

of four negative vectors in V satisfying certain conditions, they showed that

4
Du(1,C) = Y > Ea(Cy,Clpa,2v2) %W

rzep+L j=1

is the non-holomorphic modular completion of the holomorphic generating
series

(1.3) Du(1.C) = Y Y sgn(x,C;) sgn(x, Cj1)q®@,

zeptL j=1

Here
Ea(z;e,d) = / ™ =Pr@wpr ) son(y, o) sgu(y, ') dy,

z

is the higher error function defined in [1] with z the negative 2-plane spanned
by ¢ and ¢ with projection pr,(x) onto z and an appropriately normalized
measure dy. In a subsequent paper [2], the authors associate similar gen-
erating series to a collection C = {C4,...,Cn} of N negative vectors and
conjecture their modularity. Nazaroglu [11] discussed the generalization to
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arbitrary signature (m — ¢, ¢), while Raum [13] considered more general pos-
itive polyhedral cones. All these results employ a modularity criterion for
indefinite theta series obtained by Vignéras [12].

It is important to note that the sign functions occurring in the summations
(1.2) and (1.3) actually imply that only terms with Q(z) > 0 contribute.
While this is easy to see in (1.3), it is not at all evident in general.

In [8, 4, 5] we developed a different approach based on the geometric theta
series of Kudla-Millson [9, 10]. Recall that the Kudla-Millson theta series

0,(7, M) Z orm(,T)
rEL+p

is a closed differential g-form on the symmetric space D associated to V
which in 7 transforms like a modular form of weight m/2. Then for certain
collections C of negative vectors we associate a (compact) g-cell S(C) in D

and consider the integral
/ eu (7—7 KM ) P
5(C)

which inherits the modularity from 6,(7, k). On the other hand, under
certain conditions, we can compute the theta integral explicitly as a combi-
nation of generalized error functions and give a geometric interpretation of
the holomorphic generating series. In particular, we obtained new proofs for
the results obtained in [16], [1], and [11] for ‘cubical” input data, but we also
established a new result when C gives rise to geodesic g-simplices.

1.2. The case of the IN-gon

In the present paper, we consider another type of sign function introduced in
[2]. Suppose that sig(V) = (m — 2,2) and that L is a lattice in V' such that
with L C LY. Let C = {C},...,Cn} be a collection of N negative vectors in
V such that the oriented spans z; = [C;, Cj;1] are negative 2-planes all lying
in the same connected component of D, say D*. This amounts to the set of
conditions

(1.4) (C5,C5) <0
- (C},C)(Cj41,Cjz1) — (Cj,Cjz1)* > 0,
(1.6) (C,C)(Cj-1,Cj1) — (C5,C-1)(Cy, C41) <0,

on inner products that we will sometimes refer to as the N-gon conditions.
Here the first two conditions are equivalent to z; being a negative 2-plane,
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while the third ensure that all z; are indeed in the same component of D.
Note that the last of these conditions is equivalent to (—Cj_11;,Cj111;) <O,
where for example, adopting the notation of [1],

(Cj-1,C5)

R C.
e

Cj 115 =
is the projection of Cj_; to CjL. In particular, the projections —C;_1,; and

Cjj+11; lie in the same nap of the light cone in the space V; := C’jL of signature
(m —2,1). Thus

(1.7) () = [Cj, (s = 1)Cj1 +Cina], s €[0,1],

defines a geodesic curve in D, N D7 joining zj—1 = [Cj-1,C}] and z; =
[C}, Cj11]. Here, for a negative vector C' € V', D C D is the set of oriented
negative 2-planes containing C'. Then

(1.8) vC) =2

is a closed and piecewise smooth (not necessarily simple) curve in DT with
the z;’s as it ‘vertices’ This is the N-gon of the title. Let S = S(C) be any
oriented 2-cell in DT with boundary ~(C).

For x € V', define the quantities

N
(1§D 5($§C):::j{:Sgn(xaC§)Sgn(x7C¥+l)“Sgn(v>cy)5gn(”vc¥+1%

j=1
and
N
(110)  w(C) = sgn(v, Cy) sen(v, Cyi1),
j=1

where v is any negative vector in V. Here sgn(0) = 0. We will see that w(C)
is independent of the choice of v. Note that |e(z;C)| < 2N.
Our main result concerning the N-gon is the following.

Theorem 1.1. Let C = {C4,...,Cn} be a collection of vectors satisfying the
N-gon conditions. For € LV /L the series

Iu(7,C) = Y e(x;C) g%

zeu+L
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is termwise absolutely convergent. Its modular completion given by

Iu(r.C)= > (w(C)+§:E2(Cj>Cj+1,x\/§))qQ(‘”)

rep+L j=1

is a non-holomorphic modular form of weight 5. Further,

3,.(7,C) :4/39“(7’ o).

For N = 4 we will see below that one always has w(C) = 0, and one
recovers the main result of [1] which was also considered in [§]. For triangles
(N = 3) one has w(C) = 1, and this is a very special case of the results in [5].
In general, we show —N +4 < w(C) < N —2 and w(C) = —N (mod 4). The
invariant w(C) is somewhat curious, and we discuss some of its properties in
section 6.

For general N, this establishes the convergence conjecture made in [2]
while also clarifying the role of the constant w(C). Finally, our proof will
show that, as before, in the generating series 9,,(7,C) for the signs e(z;C)
only terms with Q(z) > 0 contribute.

Remark 1.2. One can also consider a collection C = {C4,...,Cn} of N
vectors in V' satisfying (1.4) and (1.5), omitting the condition (1.6). In this
case, the oriented negative 2-planes z; = [C},Cjy1] need not all lie in the
same component of D. The analogue of Theorem 1.1 for such more general
collections is Theorem 3.4 where the jumps between components are taken
into account.

As in our prior work, this result is obtained by computing the integral
of the geometric theta kernel over the oriented 2-cell S with boundary ~(C).
Since S is compact, this integral can be computed termwise, so the key is to
compute the local theta integral

1.0 = [ el

for € V and the Schwartz 2-form used to construct the theta kernel. Further
note that since @ s is closed the integral does not depend on the choice of S.

The result given in Theorem 3.1 involves some new ideas. In our previous
work, we needed to impose some additional conditions on C which ensured
that we could explicitly parameterized the cell S. In this paper, we intro-
duce a very general homotopy argument which allows to compute the local
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theta integral. Furthermore, the argument also shows that Fourier coefficients
e(x;C) of the holomorphic generating series 9,,(7,C) can be interpreted as the
linking number between the curve v(C) and a divisor D, in D.

The conjecture made in [2] allows for the C’s to be rationally null. While
we do not consider this case in this paper, we give an example, Theorem 6.6,
where we explain that previous work of the first author [3] realizes Zagier’s
Eisenstein series [14, 7] as indefinite theta series associated to signature (1, 2)!
For an outline approach to the general null vector case, see Remark 6.7.

In Section 7, we outline how the results of this paper can be extended to
general signature (m — ¢, ¢), and in Section 8 we carry this out explicitly for
g = 3 for a geodesic dodecahedron. The cases of a cube and a tetrahedron
were discussed in [5], while other solids can be covered by our methods as
well.

2. Some machinery

In this section, we review some of the basic machinery involved in the con-
struction of indefinite theta series.

2.1. Non-holomorphic theta series

Let (V, (', )) be an inner product space over R of signature (p, ¢) with pg > 0,
and let

D=DV):={zeGrg(V) | Ql.<0}

be the space of oriented negative ¢g-planes in V. Note that D has two com-
ponents D*. Here Q(z) = 3(z,z). For z € D and = € V, the associated
majorant is

(1’7 x)z = (1’, x) + 2R($, Z)? R(.%‘, Z) = —(pl‘z(l‘), prz(x))'
The Siegel Gaussian is

Pul@) = pole,2) = D = 0D ), ) = e,

There is also a Schwartz form, see [9],

e () = e ™00 GOy ()

valued in A4(D), the space of smooth g-forms on D. These forms are equiv-
ariant with respect to the natural action of the orthogonal group G = O(V):

po € [S(V)® A%D)I®,  pxu € [S(V)® AY(D)]".
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Moreover @ () is closed, dprar(z) = 0. With respect to the Weil represen-

tation action of the metaplectic group SLa(R) on the Schwartz space S(V),
the functions g and @g s are eigenfunctions of weights —(p q) and (p+q)

e~ —

respectively for the subgroup SO(2).
If V= L®R for a quadratic lattice L with dual lattice LY D L, then the
(non-holomorphic) theta series for p € LY and 7 = u + v € §,

W(moo) = Y q9@d(win),  q=e(r),
rEL+p

and

0,(T, pr 1) Z q¢ (x) Ué?ﬁ),
zeL4p

have modular transformations of weights %(p —¢q) and (p + q) respectively.
The second of these defines a closed ¢-form on D, 1nvar1ant with respect to
the discriminant group

Ip={yeOV)[yL =L, ylpvp =1id }.
More details can be found in Section 2 of [5].

2.2. Subspaces of D

There are sub-symmetric spaces of D attached non-null vectors in V' as fol-
lows.
If x € V is a nonzero vector, let

(2.1) D,={zeD|zezt}={zeD|R(z,2)=0}.

This space is only non-empty if (x,z) > 0, and in that case can be identified
with the the space D(V,) of oriented negative ¢g-planes in V, = 2. Note that
sig(Vz) = (p — 1,q) so that D, has codimension ¢ in D.

Similarly, for a non-zero vector x, let

(2.2) D.={zeD|zxez}={z€D |(z,z), = (v,2) }.

This space is non-empty if and only if (z,z) < 0, in which case sig(Vy) =
(p,q — 1). Then there is an isomorphism

D(Vp) — D,, (> 2.,
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where, for an oriented ¢ — 1-plane ¢ in V,, [z, (] is the oriented g-plane in
V spanned by z and ( with the orientation induced by prepending x to a
properly oriented basis for ¢. Note that D! has codimension p in D.

In the case of main interest to us where sig(V') = (m —2,2), the D,’s for
positive vectors x will have complex codimension 1 in the hermitian symmetric
space D and the cycles D!, for negative vectors = will be hyperbolic spaces of
real dimension m — 2, fixed points of anti-holomorphic involutions of D.

3. The main result

We now consider the construction proposed in [2], and suppose that sig(V') =
(m —2,2) and that L is a lattice in V' such that with L C LY. Our version of
the ABMP data is a collection C = {C1,...,Cn} of N vectors in V satisfying
the N-gon conditions (1.4), (1.5), and (1.6) and hence defining an N-gon (C)
in DT. Let S = S(C) be an oriented 2-chain in DT with boundary v(C) and
let

1@.0) = [ (@)

be the integral of the 2-form ¢%,,(z) over S. Since % ,,(r) is closed, this
integral does not depend on the choice of S. We will refer to it as the local
theta integral. Our main result is the following.

Theorem 3.1. (i) The local theta integral is given explicitly by

4[0(.%76) = w(C) + ZEQ(CJ', Cj+1,$\/§),

=1

where, for a pair of negative vectors c1 and ca, Ea(cy,cq;x) is the generalized
error function defined in [1] and w(C) is defined by (1.10).
(ii) Let

®(2;C) := lim I°(ra,C).

T—00

Then

N
4P(x;C) =w(C) + ngn(ay Cj)sgn(z,Cijp1) = e(x;C).

(iii) For x € V, recall that D, = { z € D | x € z+ }. Then

O(2;C) £0 = D,NS#0.
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In particular, for x # 0, ®(x;C) # 0 implies that (z,x) > 0, since D, is
non-empty.

(iv) Suppose that (z,z) > 0. The cycle D, C D has complex codimension 1
and the space DT — D, N D™ is a punctured disk bundle over the contractible
space D,. In particular,

(3.1) (DT — D, N D*) =Z,

canonically. Suppose that x is reqular with respect to C, i.e., (x,C;) # 0 for
all j. Then,

(a) 4®(z;C) € Z,
(b) the closed loop v(C) lies in DT — D, N D%, and,
(¢) under the identification (3.1), its homotopy class is given by 4 ®(x;C).

(v) The constant w(C) is independent of the choice of negative vector v.
Moreover, lw(C)| < N —2 and w(C) = —N mod 4.

Remark 3.2. (a) For x regular with respect to C, we can view 4 ®(x;C) as
the linking number of the cycles v(C) and D,.

(b) The fact that w(C) does not depend on the choice of the negative vector
seems to be a deeper result. At least we do not know a direct geometric proof.
(¢) Once the independence of the choice of negative vector is known, the other
conditions on w(C) given in (v) are immediate. Indeed, for a negative vector v
with (v,Cy) = 0, at least 2 terms in (1.10) vanish so that |w(C)| < N—2. On
the other hand, we can always take v so that all the inner products (v, C;) # 0
for all j, and so —w(C) is the sum of successive products of a collection of
N non-zero signs and hence —w(C) = N mod 4.

(d) In Section 6, we will show by examples that all values of w(C) subject to
the conditions in (v) occur for some choice of C, cf. (6.9).

Corollary 3.3. For u€ LY/L the series

Du(1,C) = > e(x;C) g

rzeu+L
s termwise absolutely convergent. Its modular completion is given by
. N
G0 = X ((wl€)+ X B Cpnrnav®) ) g2
zEp+L j=1

and

ﬁM(T,C) :4AQH(T,¢KM).
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The weight %5 modular transformation behavior of ﬁM(T,C) follows immedi-
ately from that of the theta form.

Proof. The termwise absolute convergence follows from the argument in sec-
tion 4.6 of [8]. Recall that the key point is that there is a positive definite inner
product (, )s on V such that (z,z), > (z,2)g for all z € S and all x € V,

cf. Lemma 4.11 of [8]. On the other hand, if x € V' with ®(z;C) # 0, there
exists a point zgp € S N D,, and at such a point (z,z) = (x,x),, > (z,7)s.

Thus
1
Z |(I>($,C)| 6—7w(z,z) < §N Z e—m;(m,:n)s
rep+L zepu+L
converges, since |®(z;C)| is bounded by 3N
The theta form

Ou(r oxm) = Y @y (v2x) @@

repu+L

is termwise integrable over the compact 2-chain S. By (i) of Theorem 3.1,
this integral is the given expression ¥,(7,C). O

3.1. A slight extension

One can also consider a collection C = {C4,...,Cn} of N vectors in V' sat-
isfying (1.4) and (1.5), but omitting (1.6). In this case z; = [C;_1,C}] is a
negative 2-plane, but the z;’s need not lie in the same component of D. Let
z; = [Cj, —Cj41], so that the negative 2-planes z; and 27 coincide but have
opposite orientations and hence lie on different components of D. Let

{—H if z; and zj41 lie in the same component of D,
j =

—1 if z; and z;4 lie in different components of D.
Then
—Vj1 = Sgn< (Cj, Ci)(Cj-1, Cj11) = (C5, C5-1)(C5, ) )
so that condition (1.6) on C is equivalent to the condition that v; = +1 for

all j. To obtain an N-gon, we follow the path connecting successive points in

the same component as 21, using z; or z; as needed. Note that

N
(3.2) 1=]]v-
j=1
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It is easily checked that the resulting path v(C) is given by

(33) [01702] — [02,1/103] — [03, V11/204] —_— ...
- — [CN—L V... I/N_QCN] — [CN, V... I/N_lcl] — {Cl, Vi...UN 02]
= [01702]-

Of course, if condition (1.6) is satisfied so that v; = 1 for all j, then this is
the N-gon considered before. Note that now

(34) ’yj(S) = [CJ (S - 1) | uj,ngq +svy... ijlcj+1]~

Let S = S(C) be an oriented 2-chain in D" with boundary v(C).
We let

vy=1...Vj1
N
e(z,C) = Z V; <sgn(:1:, Cj)sgn(x, Cjt1) — sgn(v, Cj) sgn(v, Cjt1) ),
j=1
and

N
w(C) = — Z v;sgn(v, C;) sgn(v, Cjt1).

j=1

The following result extends Theorem 3.1 and Corollary 3.3 when condi-
tion (1.6) is dropped. Its proof, which we omit, is the same, using the paths
(3.4) and keeping track of the extra signs v; in the calculation.

Theorem 3.4. Suppose that C = {Ci,...,Cn} is a collection of vectors
satisfying (1.4) and (1.5). Then the series

Uu(r.C)= Y e(:0) g%

rzeu+L

is termwise absolutely convergent. Its modular completion given by

Du(r.C)= Y ( w(C) + i”j Ey(Cj, Cjyr,mV2) ) g™

rep+L j=1

has weight % . Further,

ﬁu(ﬂc) = 4/5'911(7—7 SOKM)



Indefinite theta series: the case of an N-gon 203

3.2. Comparison with [2]

We finish this section by explaining the relation to the setup of [2]. As in
section C of [2], suppose that N is even and consider a collection of vectors
={C1,...,C}\} satisfying the conditions

(35) (C,CH) <0
. (Cl C/)( J+1s ;‘+1) (C/ g+1) >0
(3.7) (C}, C(C5_1, Cyy) — (€5, C5_1)(CF, Cliy) > 0.

Here we have excluded the case of null vectors and have kept in mind the fact
that our inner product is the negative of the one in [2]. Note that the left
side of the third condition is (C}, C7)(C}_;,;,C} 11, ), so that this condition
is equivalent to (C.10) in [2]. The ﬁrst two conditions are unchanged if the

Cj’-’s are changed by signs. If we let
(38) C= {Cia Céa _Cil’n _Cllb Cé» teey (_1)N/27101,V}7

then the collection C = {C1,...,Cn} satisfies our conditions above, i.e., the
sign in the third condition is reversed. Of course, the transformation (3.8)
can be reversed to yield ABMP type collections from ours. Thus, our results
can be applied to prove the conjecture in section C of [2], provided all of the
vectors CJ’- are timelike, i.e., non-null. We have kernel

N
40(x;C) = w(C) + > _(—1)'sgn(z, C}) sgn(x,Cj ;)

Jj=1
and

N
=Y (1) 'sgn(v, C)) sgn(v, CY )
j=1
for any negative vector v.
Note that our answer differs slightly from, and corrects, what was pro-
posed in [2].
The termwise absolute convergence goes over immediately to the case
where the kernel is

O(z, P;C) = P(x)®(x;C)
where P(x) is a function of at most polynomial growth. Also recall that it

is shown in [2] that the case of odd N follows from the case of N-even. It
remains to remove the restriction that all the C}’s are non-null.
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4. Proofs

We begin by considering what happens on the regular set

Reg(C) =V \| |V;,  V;=Cf,
J

and write v = (C). If x is regular with respect to C, then D, N~ is empty,
because every point of v has the form [C},+] and hence is not in D, since

(.T, C]) 7& 0.
Recall from Lemma 5.1 (ii) of [5], that on the set D — D,, we have
Prenr (@) = AW (),

for an explicit 1-form W% ,,(z). For x regular with respect to C, so that v is
contained in D — D, let

JO(2;C) = /VW?(M(:E).

Note that, from the formula for ¥9%,,(z) on the set D — D,, cf. (5.9) and
(5.6) in Section 5 of [5],

(4.1) Tlig}lo WY (rz) = 0.
and hence
(4.2) Jim J(rz,C) = 0.

For any x (not necessarily regular), recall that we defined

(4.3) ®(z,C) = lim I°(rz,C).

r—00

Lemma 4.1. Suppose that D, NS = 0. Then the limit (4.3) exists and is
equal to 0.

Proof. 1f D, N S is empty, U%,,(x) is smooth on ~,
°(z,C) = J°(z,C),

by Stokes, and
lim I°(r2,C) = lim J%(rz,C) = 0. O
r—00 r7—00
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Corollary 4.2. If ®(x,C) #0, then D, NS # ().

Here the condition ®(z,C) # 0 includes the possibility that the limit does
not exist.
Now the analogue of the computations in [8] and [5] yields the following.

Proposition 4.3. For z € Reg(C),

2.0 = [ W (E2<cj,c]+1,xf )—sene. Cy) sga(e. Cyn) ).

Proof. Using the formulas from [5], we have

/ Wery(
= Z ‘I’(}(M(w)
j Vi
_ Z \/i(xyg)/l e—27rt2(a:,g)2/ @I‘?}\g(thcj) dt
; Vi
= — Z \/5 (SL‘7 Q) /1 672”2(%2)210(_01'—11-17 Cj+11-j; t:EJ-j) dt
1
J

X /1 6_27”2(35&)2[ E1(Cjyrpj,teiV2) + Ey(Cy_11j,tey jV/2) ] dt

1
4

Y Ea(Cy, Cipasav2) = Y sen(Cy, ) sgn(Cpa, @) ] ~
J J
Here in the first step we use the relation of Corollary 6.3,

where we write x; : D(V;) — D(V) for the standard embedding. This
reduces the integral along «; in D’Cj to the integral yielding Zwegers’ identity.
In the last step, we use the recursion formula of Proposition 7.3 of [5]. Recall,
that C = |(C,C)|"2C. O

Proposition 4.4. For x € Reg(C), the limit (4.3) defining ®(z;C) exists and

I°(2;C) = ®(x;C) + J(z;C)
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1N
= 0(w:0) + 1 3 BalC5.Crn.vE) sl Oy seale ) ).
j=1
Corollary 4.5. On the regular set Reg(C), the quantity
O(z;C) — ngn x,Cj) sgn(z, Cjt1)

] 1

is the restriction of the continuous function
1N
Io(x; C) — Z Z EQ(Cj, Cj+1> .%'\/5)
j=1

on V.

Proof of Proposition 4.4. The point is the following result, which reinvents
the wheel.

Lemma 4.6. For x regular with respect to C and for r > 0, the difference
I°(ra; C) — J%(ra; ), r >0,

is independent of r. In particular, the limit (4.3) exits due to (4.2).

Proof. From the definition, cf. Section 5 of [5] and with the scaling by r
used there, we have

‘I’KM(“?? / et % : x)t~hdt
—— [ttty e

where 19, ,,(z) is the Schwartz 1-form defined in (5.6) of [5]. Then

0 1 _ 1
EW%M(TZQT) =r! w%M(T2$)'

Recall that, for R(z,z) = |(pr,(z), pr,(z))|,
—2ntR(z,z)

wo(t%x) = (form valued polynomial in t%x) e

so that the integral only makes sense when R(z,z) > 0, i.e., on D — D, and
the exponential decay (4.1) holds on this set. On the other hand, by (i) of
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Lemma 5.1, we have

0
Ta—ﬁpKM(“x)) U SVaGEED
Thus,
2 0(,.% 0
7“8([(7"2 ;S) = J(r2a; S))
0 L
_/S or oy P / 8rqj )
/d¢KM r2:c) 1/)0(7”2x)
a8
= 0. O
This proves the proposition. O

A crucial property of the form ¢%,,(z) is the following, whose proof will
be given in the next section.

Proposition 4.7. For x regular with respect to C, 4 ®(x,C) is in Z.
On the regular set, by Proposition 4.4, we have the identity

(4.4)
N 1N
Z (C},Cjt1,2V?2) = ®(2;C) — 1 > sgn(x, C;) sgn(z, Cjq1).

j=1

»Jkli—‘

The left hand side here is a continuous function on all of V', while, by Propo-
sition 4.7, the right side lies in %Z and hence is locally constant on the regular
set. Thus, the left hand side of (4.4) is constant on V. Computing the right
hand side on any negative vector v in Reg(C) and noting that D, is empty
so that ®(v;C) = 0, we obtain the constant

ffzbgn v,C;)sgn(v, Cjpq1) = i (©).

J=1

In particular, this value is independent of the choice of v, as claimed.
Thus, we have

N
A1(2;C) = w(C) + > Ea(Cy, Cjp1, 2V/2),
j=1
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valid for all z in V, as claimed in (i) of Theorem 3.1. Using this expression,
we see that

40(z;C) =w(C) + > _sgn(z, C;)sgn(z, Cjt)

=1

for all « in V. This completes the proof of parts (i), (ii) and (iii) of Theo-
rem 3.1. Part (iv) will be proved in the next section.

5. Proof of Proposition 4.7

Let DT be the component of D containing v = v(C) and let D} = D, N D™.
Let 7, be the tube of radius v around the cycle D in D%, and take v small
enough so that 7, is bounded away from (C). In particular, y lies in D —1T,,.
Note that, for v sufficiently small, 7, — D is a punctured disk bundle over
the contractible space D;. Taking a point (s € v as base point, we have

(DY = T,,¢) =m (DT — Df, () ~ Z.

More explicitly, let Dy, be the complementary cycle to D} through a point
zo € D;f. Here recall that D} is the fixed point locus of the involution o, :
Dt — D induced by reflection in the subspace V, = 2. Then Dy, is the
fixed point locus of the involution o, o 6., where 6, is the Cartan involution
at zp. Alternatively, D;/JO is one component of the cycle associated to the
subspace

VY =zy+ Rz

T,20

of V of signature (1,2). Since D is the union of the cycles Dy , as zp runs
over D}, we choose 2y so that our base point (g lies in Dy _ . We choose an
isomorphism D) =~ § with 2 + i so that 7, 0 D} maps to a small disk
about i. The image in $ of the base point (y lies outside of this disk and
we choose a disk A; in § centered at ¢ and passing through this image. A
generator of (DT — Ty, (o) is then given by the image vy »,.¢, in DT — T, of
the (counterclockwise) boundary of A;.

Our piecewise smooth loop v(C) in DT — 7T, passes through (o and is
homotopic to an integer multiple & of 7, ., ¢,. Moreover, the homotopy can
be realized as a piecewise smooth oriented 2-chain h in D — 7T, i.e.,

Oh =~(C) — k- Yz 20.¢0-

Let Sy, be the image of A; in DY, C DT. We may then take

Z,20
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S=h+k- Sy,

so that
1@:0) = [ @ +k [ el
T,z

Now R(z, z) is uniformly bounded away from 0 on D — 7, and so

lim [ % (rz) =0.
h

r—>00

Claim. On the other hand,

. 1
tim [ el = [ o) = 5.

T—00 Sz,zo

T,2()
by the Thom form property of ©%,,(x), [9], [10]. Thus
(5.1) 4P(z;C) = k.

To justify the limit, note that

/“ o (re) :/v @%M(m)—/v % s (7).

S,

120 T,z( Dz!ZO_ ,2(

209

But R(z, z) is bounded below by some Ry, uniformly for z € D™ — 7T, and the
second integral here decays at least like C exp(—m"Q%Ro) as r goes to infinity.

On the other hand, by Proposition 6.2 of [10], we have

1
| et = 5.

x,2(

Note that the integral in [10] is taken over both connected components,

whereas our domain of integration D}/, is connected.

Remark. The formula (5.1) gives a nice explanation of the integer 4 ®(x;C).

6. Examples: signature (1, 2)

We now consider the case where (V, Q) is the quadratic space of traceless 2 x 2
matrices with the quadratic form Q(X) = det(X). The corresponding bilinear

form (X,Y) = —tr(XY) has signature is (1,2). There are identifications

ot L HE = D=D(V)



210 Jens Funke and Stephen Kudla

where §T =C —Rand H* = {X € V | Q(X) = 1} given by

—x |z

z:x+iyn—>X(z):yl<_1 x)’ X Xt=2z

where a basis ug, u; for the negative 2-plane X is properly oriented if X A
ug AUy € /\‘5(V)+. Here we orient V' by choosing the ordered orthogonal basis

() e () e ()

and taking A*(V)* = Rsg-e1 Aea Aes. The components of H* are determined
by X € H* ifsgn(X, e;) = £1. The inverse of the second isomorphism is given
as follows. If ug, u; is an orthogonal basis for the negative 2-plane z, take
a vector X € zt+ with Q(X) = 1 and such that X Aug Au; € A*(V)*.
Explicitly, if ug = uipe1r + ugges + ugoes and u; = uyre; + ugies + ugies, the
vector X is given by the hyperbolic cross product

X =ugXuy = (Uzousl —U30U21) e1+ (U10U31 —U30U11) €2 — (U10U21 —Uzoun) €3.

(Note the signs for the second and third component).
Vectors X € V with Q(X) # 0 define cycles in D by

Dx={zeD|Xez"} if Q(X) >0,
and
cx={zeD|X ez} if Q(X) <0,

so that Dx is a union of two points Df( and cx is a union of two geodesic c)i(,
one in each component of D. Note that Dx determines the positive line R- X
when Q(X) > 0, and cx determines the negative line R - X when Q(X) < 0.
In the later case R - X is the intersection of any two distinct points on cx,
viewed as negative 2-planes.

These cycles can be described in $T in a familiar classical way. For

b 2c . . 2
‘< (-2@ _b> _' [CL, ba C], Q(‘f) b 4&0,
we have

(X, X(2)) = §(a|z|2 +br o)
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and
2 2 2
R(X,z):—(prz(X),prz(X)): ?’az +bZ+C‘ .
Then
~b | ivd :
and

cx = {2 €955 alz]* +bRe(z) +c=0}, if Q(X) <0.

Note that ¢} separates DT ~ H* into two components. We orient the cycle
by asserting that the component given by (X(z), X) > 0 lies to the left of
the geodesic and the one given by (X(z),X) < 0 to the right. Hence for
X = [a,b,c] with a # 0 as above, c} is a semi-circle in DT oriented clockwise
when a > 0 and the vertical geodesic arising from X = [0, b, ¢] gives for b > 0
the oriented half line (—§ +ioc0, —7).

Given two points 21, 25 in the same component of §*, say 7, the unique

geodesic ¢ containing both points arises from the negative vector

L (5(lz* = |22]?)  a1]z2f? — o]z ?
Y (21, 22) 1= X(21) X X(29) = —— [ 2 .
(21 22) (2’1) (22) Y102 < T — X9 %(‘22’2 o ‘21’2)

Indeed, this negative vector is orthogonal to both X (z1) and X (z2) and hence
lies in 27 and in z5, so that z; and z5 both lie on ¢15. Moreover, ¢ is oriented
so that it runs from z; to z2. By SLy(R) equivariance, it suffices to check for
z1 =1 and z9 = ir, r > 0 and this case is immediate.

Now suppose that we have three distinct points z1, 2o and z3 in T
and hence geodesic arcs c¢1o and cy3 associated to Yio = X (21)X X (22) and
Yo3 = X (22) X X (z3). The negative vectors Y5 and Y3 both lie in zo € D
so that it is natural to ask if [Y1a, Ya3] is a properly oriented basis.

Lemma 6.1. The cross product of Y15 and Yas is given by
(6.1) (X (21) X X (22)) X (X (22) X X (23)) = (21, 22, 23) X (22).
where

2 _ 1.2 2 1.2 2 1.2
(62) alz1, 2 25) = z1(| 22| — |2 )+$2(|«Z3! 1) + @z — [22)
Y1Y2Y3
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In particular,
(6.3) z2 = [X(21)XX(22), X(22) X X (23)] = a(z1, z2,23) > 0.

Moreover, a(z1, z2, z3) > 0 if and only if the geodesics associated to X (z1) X
X(z2) and X (z2) x X (z3) perform a left turn at z.

Remark 6.2. For example, for z1 = i, zo = ir and z3 = x+1y, the expression
in the lemma is x(1 — r2)/2ry so that, if r > 1, the expression is positive for
x <0 (left turn) and negative for x > 0 (right turn).

Here is a recipe for recovering N-gon data C = {C4,...,Cx } from a
geodesic N-gon in ) ~ DT with vertices Z = {z1,...,2y }. The geodesic
arc in D" containing z;_1 = [C}_1,C}] and z; = [C}, Cj41] is ca_, while that
containing z; and z;41 = [Cj11,Cjyo] is caﬂ. These arcs must be distinct
since otherwise the vectors C; and Cj1; would be collinear, whereas they
span the 2-plane z;. Also, if z; € § corresponds to z; € DT, then C; must
be proportional to Y;_1; = X(zj_1) XX (z;) since they determine the same
geodesic arc. As observed earlier, the geometry does not change if the vectors
in C are scaled independently by positive constants. Up to such a scaling, we
may then write C; = ¢;Y;_1; for some signs ¢; = 1. Also notice that at
each vertex zj, either a left or a right turn in made, since successive arcs are
distinct. Let 7; = +1 for a left turn and —1 for a right turn. It then follows
from Lemma 6.1 that

zj = [Yj_1, Y] = [€;C), 7j€541C)41] = [C, Cj1],
so that
(64) 6j+1 == EjTj.

Also note that the geometry does not change if all C; are scaled by —1. Thus,
we may assume that ¢; = 1 and conclude that, for j > 2,

(6.5) o= I =

1<i<j—1
Note that the crucial fact is that the chain of geodesics must close up, so that
zy = [Cn,C1] = [Yn-1n, TNYN 1] = [enCn, Tver Ch.

Since €1 = 1, this amounts to the total turning condition
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N
(6.6) I[In=1

Thus, we have the following recovery recipe.

Proposition 6.3. (i) Let Z = {z,...,2x } be the set of vertices of an
N-gon in $ ~ D% defined by a collection C = {Cy,...,Cn}. Then the
geodesic arcs joining successive vertices are distinct and, up to admissible
scaling, C; = €;X(zj_1)X X (zj) where €; is determined by the turning signs
7; via (6.5).

(ii) Suppose that Z = {z1,...,zn } is an ordered set of N points in $ with
no three consecutive points collinear. Let

Cj =€, X(2j-1)X X (),

where €; is defined by (6.5) such that the total turning condition (6.6) is
satisfied. Then the collection

C:{Cl,...,CN}

satisfies the N-gon conditions and the associated N-gon has vertices z;.

Proof. Tt remains to check that the collection C in part (ii) satisfies the N-
gon conditions. The cross product is equivariant for the action of SLy(R), i.e.,
(9-A)X(g-B)=g-(AXB). Since

ali i,z +iy) = (2ry) " a (1 —7r?),

the requirements that the z;’s give rise to distinct successive geodesics imply
that a(z;_1, 2;, zj+1) # 0 for all j and hence C; X (41 is a nonzero multiple of
X (zj). Thus, [C}, Cj11] is a negative 2-plane. We must still check the condition

(6.7) (C,C)(C-1,Cjy1) — (C4,C5-1)(Cy, Cjy1) <0,

where we note that
€j-1€j+1 = Tj-1Tj.

By equivariance, it suffices to consider the sequence of 4 points
{2j-2,2j-1, 2, 21} = {d,ir, o + iy, 2" + 4y }
with » > 1. The turning signs are then

-1 = sgn(a(i,ir, v + iy)) = sgn(z(1 — %))
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7y = sen(alin, o + iy, o' + i) = sgn(r?(@’ — z) + 2|/ — 2'|]2).
The quantity on the left side of (6.7) is then 7;_17; times
2r%y%y) T (1 =) e (0 + ) (P (2 — &) + 2|2 = 2]2]?),

so that condition (6.7) holds! O

Remark 6.4. Note that the condition (6.6) in the characterization of the N -
gons arising from collections C precludes configurations with an odd number
of right turns. For example, a triangle with edges oriented clockwise cannot
arise. However, if the N-gon defined by Z ={ z1,...,zn } has an even num-
ber of left turns one can simply swap the orientation of the N-gon to obtain
an ‘admissible’ collection C, and the indefinite theta series to the surface S
associated to Z will be the negative of the one associated to C. This takes
care of N odd. On the other hand, for N even it is easy to construct an N -
gon with (N — 1) left turns and one right turn. In that case Theorem 3./
applies, whose formula also can be easily shown directly as follows. The right
turn occurs at zy then use another negative vector C'ly to geodesically cut-
off the right turn close to Zy to bisect S into a (clockwise oriented) trian-
gle formed by { Cn,C1,C\}and an ‘admissible’ (N + 1)-gon obtained from
{C4,...,CN,Cy\}. Then combining the two indefinite theta series gives the
one given in Theorem 3.4.

Next, we consider the invariant

w(€) = = Y sen((ea, C)) g3, Cyen).

Note that

(e2,Y (21, 22)) = (yry2) (|22 — |21]?),
so that

sgn((ea, Cj)) = ¢ sen(|z* — |z [?).

Since €j€j41 = 75, see (6.4),
(6.8) sgn((e2, C;)) sgn((e2, 1)) = 75 sgn(l;|* =121 ") sgn(| 7.1 [* = |[).

Thus, the contribution of this term is determined by the turn made at z;
and whether the incoming and outgoing edges at this point are inward or
outward bound with respect to the origin in C, information that can be read
off immediately from the configuration Z = { 21,...,2n }.
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For the chain
Z = {207'217"'721\771}7

only left turns occur, i.e., 7; = 1 for all 7, and for 1 < j < N — 2 the incident
edges are both outbound, so these vertices contribute 2 — N to the sum. At
the vertices zg and zy_1 the incident edges are have opposite directions and
so these two vertices contribute an additional +2, and w(C) =4 — N.

Next let z/. = r +¢T for T > 1 and r € Z, and consider the chain

/ / /
Z={ 20, ko1, 2015 Z0—2s -+ 20 I+ N=Fk+¢.

Left turns are made at the vertices 2o, ..., zx—1, 2, and z(, and right turns
are made at the remaining vertices 21, ...,z ,. Thus, we require® that ¢ > 2
is even. At the vertices zyp and zj_,, the incident edges are have opposite
directions, so these contribute +2. At the vertices zy, ..., zx_1, the incident
edges are both outbound resulting in a net contribution of 1 — & to w(C). At
the vertex z{, the incident edges are both inbound yielding a contribution of
—1. Finally, at the remaining vertices, 21, ..., z,_, where right turns occur,
the incident edges are both inbound, so these contribute ¢ — 2. Hence w(C) =
¢ —k =N —2Fk. Since k > 1 and ¢ > 2 resulting range of values for w(C) is

(6.9) {4—N,8—N,...,N—-8 N —4} for N even,
{4-=N,8—N,...,N—6,N —2} for N odd.

Remark 6.5. Any quadratic space V' of signature (m — 2,2) for m > 3
contains a subspace of signature (1,2) and the N-gons just described can be
realized in D(V)*. Thus, all of the values in (6.9) occur in the general case.

We close the section with some additional explicit examples.
Consider for T' > 1

— 1 1 1 1
C1=< ! 1)2561—62—563, C3:<1 _11>:§€1+62—§€37
3
4

T2 +1/4\  T? - T+ 3 ~1
CQZ (1 / ) = €1 — 463, C4: 1 = €3.

2 2

These vectors satisfy the N-gon condition, and the corresponding vertices in
Ht are

1 1 1 V3 1 V3
_ 1 ) _ 1 , _ L Ve _ L Ve
z1—2+11, 2y = 2+Zz, 3 = 2+22, z4 = 2—1—21

2Formally, for £ = 0 we obtain the previous example.
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Note that ca is the vertical geodesic x = % going up, 0}3 the one z = —%
going down, ca is the half circle |z|> = T? 4 1/4 going anti-clockwise, and
i the half circle |z| = 1 going clockwise. Hence v(C) is the boundary of the
standard fundamental domain for SLy(Z) cut-off at height 7' (and connected
by the geodesic arc segment), and we can take Sp(C) to be region enclosed

by 7(C). Further, note w(C) = 0 and hence

I(Dx,Sr(C)) = -

»Jklr—‘

4
ngn (X, Cj)sgn(X, Cjt1)

gives the intersection number /(Dx, S7(C)) of the 0-cycle Dx with the surface
St(C), that is, I(Dx,Sr(C)) = 1 if Dx lies in the interior of Sp(C) and
I(Dx,Sr(C)) = 0if Dx lies outside S7(C).

We now fix the lattice L = {[a,b,c|; a,b,c € Z} which is stabilized by
[ = SLy(Z). Then

/ 9(7—7 SDKMa
St(C)

is the modular completion of the

> I(Dx,Sr(C)g?.
XeL;Q(X)>0

4
Z E2 C]7C]+17X\/_) Q(x

j=1XeL

»hl»ﬂ

Note for fixed n > 0, the quantity >, xer I(Dx, S7(C)) exactly counts twice
Q(X)=n

the number of CM points of discriminant —n in the standard fundamental
domain F for SLo(Z) below the geodesic defined by Co (the factor 2 arises
from x and —x giving rise to the same CM point.) Thus, we can view the theta
integral as the modular completion for the generating series of “truncated”
class numbers.

It is natural to take the limit 7" — oco. In fact, the first author considered
exactly the resulting theta integral over the non-compact domain F in his
PhD thesis written under the supervision of the second author. We have

Theorem 6.6. [3] [Zagier’s weight 3/2 FEisenstein series.] The theta series
O(T,oxm, L) is exponentially decaying as a differential form at all rational
cusps of $ (but not term wise), and the theta integral [r0(T, . L) is
equal to Zagier’s weight 3/2 FEisenstein series [14, 7], i.e.,

v-1/2
QAG(T,wKM,L):ZH(n) Zﬁémnv —n?

n>0
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Here H(n) denotes the Kronecker Hurwitz class number (with H(0) = —1/12)
and B(s) = [ e~ =3/2dt.

Remark 6.7. Since limp_, %02 = (83%) we can view the limit process as
replacing Cy with the null vector u := (). In fact, [2] in their treatment
allow the C's to be rationally null as well. It is hence suggestive to replace Co
with uw and perform the same analysis as before. However, because of conver-
gence issues one needs to proceed carefully. In fact, the non-holomorphic tail
in Zagier’s series exactly arises from the failure of term wise convergence.
Nevertheless, in [6] it is shown that the theta series 0(T, piar) extends to
a differential form on the Borel-Serre enlargement D of the symmetric space
D (which eg. for the upper half plane adds a real line to each rational cusp).
Then a pair of non-zero non-positive vectors Cj,Cjq1, rational if null, will
define a point z; in D. If the collection C satisfies the (analogous) N-gon
conditions then one can obtain a closed loop ¥(C) in D as before and then a
region S(C) over which one can integrate the theta series. We will revisit this
case in the near future. Note that for signature (p,1) we discussed the null

case in [4].

Now consider

—3/2 —5/2 3 3 7 4 3 )
Ci = ( _{ 3//2 > = —161 - 562— 163, Cé = (1 ) = 561 - 563,

; 3/2 —5/2 __§ § _z ; 1 _
C3—<_1 _3/2 = 4€1+262 463, 04— 1 = —e3.

The associated geodesics intersect at the same four points as above (with
T = /15/2), however in a different configuration:

1 V15, 1 V15, 1 V3 1 V3,

21:§+Tl, 2’2:—§+Tl, 23:§+717 24:—§+72.

Now ~; is the geodesic “diagonal” connecting the lower left vertex —% + 3

2
with the upper right one l + @ (in this direction) and 73 is the other

diagonal connecting — 2 + \ﬁz with 1 5 + ‘fz Of course v and ~3 intersect
in the interior of the square, but thls is not an issue. The geodesic vy is
V3

the half circle |z| = 2 oriented counter-clockwise while 74 connects § 4+ *%2i

with —= —i— \/_z on the unit circle. Note that while the geodesic assomated
to C is orlented clockwise, the geodesic arc segment 74 corresponding to C}
is oriented counter-clockwise. The reason is that [C%, C}]| and [C}, C7] define
points on the upper half plane (and not [C%, —C}] and [-C}, C1]).
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The resulting curve (C’) defines a ‘butterfly’, and the corresponding sur-
face S(C’) is in fact the union of two oriented triangles,

We has as before w(C") = 0 and hence

4
IO(%C/): ZE2(C]/'a jl'+1§5'3)~
j=1

I,

Considering the two triangles separately we obtain (now one has w = 1 each)
one obtain the same. Note that the formula

1A
I(D,,S(C")) = 1 E sgn(z, Cj)sgn(z, Cjt1)
i=1

is still valid: It gives 1 in the upper triangle, —1 in the lower (opposite orien-
tation!), and 0 outside both.

7. A general result

The methods developed above can be applied in a rather more general situa-
tion.

Suppose that V' = L ®z R has signature (p,q) with ¢ > 2 and let D be
the space of oriented negative g-planes in V. Fix a base point zg € DT where
D™ is one component of D. Let I = [0, 1]. Suppose that

v (I 017 — (D, )

is piecewise smooth map, where the notation means that v : 197! — D7 is
a piecewise smooth map with v(0I971) = 2. Since Dt is contractible, there
exists a homotopy

p: 19— DT
such that
pl I x 0=y, p(I7" x {1}) = 2.

We can assume that p is also piecewise smooth and thus, viewing p as a
g-chain, we can define

1%(x;7) = /1 P O ().
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Since ¢Y% () is closed, this integral does not depend on the choice of p. It
defines a continuous function of x € V.

Let D, be defined as in (2.1). For = # 0, D, is empty if (z,z) < 0
and is a total geodesic subsymmetric space of codimension ¢ if (z,z) > 0.
When (z,x) > 0, there is a fibration pr : D — D, where, for z; € Dy, the
fiber pr=1(z;) = Dy ., is the subsymmetric space associated to the subspace
VY., = z1+ Rz of V of signature (1, ¢q). The space Dt — D is then a fiber

T,21

bundle over D with fibers DY, — {z1}. Also

7Tq,1(.D+ — D:, Zo) =7

with generator given by a (suitably oriented) sphere S, ., in D), — {2} for
21 = pr(zg) € D}

We say that z is regular with respect to ~y is D, N ~v(I971) is empty. For
x # 0, this is always the case when (z,z) < 0. If (z,2) > 0 and z is regular
with respect to v, then zy ¢ D, and

v (1771017 — (DY — D, 2).

Then v is homotopic to a multiple k - S, ., of the generator for m,_1 (DT —
D, z9). We may suppose that there is a piecewise smooth g-chain h in D —
D7 such that

Oh=~—k-S,.,.

Thus, if B, ., is the closed disk in Dy, with boundary S, .,, we can take the
g-chain

S=h+k- B,
in the definition of I°(x;7).
Recall that there is a ¢ — 1-form ¥Y%,,(x) such that

@?{M(ﬂf) = d‘ll%M(x)

and the properties of U9, () used in the arguments above hold in general.
Let

(1) = lim I(ra:7),

and if z is regular with respect to v, let

Pain) = [ 7 ).
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Note that
lim JO(ra; ) = 0.

r—00

Also, we have

O(x;y) = lim Io(m‘;fy)

r—0Q

= lim < /@?{M(T:L‘)+/~€-/ SO%M(”U))
r—00 h Bz)z]
k- [ Plra)
Dy .
—k-e(z)2737!

by Proposition 6.2 of [10], where the sign ¢(z) depends on choices of orien-
tations which we will not make explicit here. When ¢ is even, e(x) = 1. Also
note that the integral in [10] is twice ours, since we are integrating over one
of the two connected components.

Arguing as before, we obtain the following.

Proposition 7.1. (i) If ®(x;v) # 0 then D, NS is non-empty for any choice
of S.
(i) If x is regular with respect to vy, then ®(x;7) is an integer and

[7] = €(X) (ID(JZ;’)/) ’ [S%ZJ S qul(D—F - D;—’ ZO)'
(i) If x is regular with respect to v, then
() = ®(x;7) + J°(2;7).

At this level of generality, we do not have an explicit expression for
J%(x;7) like that in Proposition 4.3. The following assumption allows us to
continue the argument.

Assumption A. Suppose that, for x regular with respect to 7,
(7.1) JO(x37) = E(237) — D(w;7),

where £(z; ) extends to a continuous function of x € V and D(z; ) is valued
in %Z for some integer M > 1.

Then, the difference

O(z;7) — D(x;7) = I°(x;7) — E(37)
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takes values in a discrete set for x regular, but also extends to a continuous
function on V', hence is a constant

c(v) = ®(z;7) — D(z;v) = —D(v;7),

for any negative vector v in V. We obtain

I°(x;7) = E(x37) +e(y)
and
®(2;7) = D(w;7) — D(v; 7).
One more piece of information is needed.
Assumption B. Suppose that |D(z;v)| < B for some constant B.

Under these assumptions, we obtain convergence and completion.
(1) The series

(7.2) Du(ri7) = . O(z;7) g™
reu+L

is termwise absolutely convergent. For terms in the series with = regular with
respect to «y, the coefficients are generalized linking numbers.
(2) The modular completion of ¥,,(7;7) is given by

(7.3) Du(mim) = 3 (Ewrz;7) +e(r)) ¢%@
rep+L
=9,(r;7) + . (E(viz;n) — D(viasy) ) g0
rep+L

The modularity of this completion follows from the identity
ﬁu(TW) = /Seu(ﬂ KM )-

Remark. In all cases handled so far, an explicit formula for J°(z;~) confirm-
ing Assumptions A and B was obtained inductively. The induction depends
on the fact that the ‘faces’ of v lie in subsymmetric spaces of the form

I
D,={2€D|yecz}

for negative vectors g associated to the subspaces y* of V of signature (p, g —
1). Examples for this were given in [5] where we discussed the cases when
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the collection C gives to geodesic g-‘cubes’ respectively g-simplices in the
symmetric space D. It would be very interesting to see if further examples
can be obtained without this inductive structure.

8. The dodecahedron

In this section, we consider an example for which explicit formulas can again
be obtained inductively, beginning with the result above on the 5-gon.

Let V' be a quadratic over Q with sig(V) = (m — 3,3). For a negative
vector y, the space V,, = y* has sig(V},) = (m—3,2) and a collection of vectors
in Vj, satisfying the 5-gon conditions determine a 5-gon in D(V,). The idea
now is to construct a dodecahedron in D(V') with such 5-gons as its faces.

Let

C¥d=1Cy,...,C1}

be a collection of negative vectors in V. Let V; = CjL and D} = D(V;) C
D(V'). The faces of the dodecahedron will be 5-gons in the spaces D} deter-
mined by the projections to V; of suitable ordered subsets of C that we now
describe.

We label the faces of a dodecahedron by elements j in Z/12Z. Choose
an initial face Fy (the ‘top’) labeled 0. Label the 5 adjacent faces Fy, Iy, F3,
Iy, Iy, clockwise with respect to the outward normal. Define an involution of
Z/127Z by a — a = —(a + 1). Faces occur in antipodal pairs and we require
that the labels of such a pair are a and a. The numbering of the faces is then
determined. In particular, the ‘bottom’ face, opposite to the ‘top’ Fp, will be
Fy = Fi1. The cycle of faces adjacent to the top (resp. bottom) face will be
numbered

F(0) =(1,2,3,4,5),

and

F(0) = (5,4,3,2,1).

Note that the order is clockwise with respect to the outward normal in both
cases. The cycles for the remaining faces are

o o occ’o
B~ Lo N
NI Sﬂl = ol
Wi NI \’i—‘l [SalEN
— oUW N

Ol Ol pl [en] BN en]|
= OU s ol NI
W N =Gt =~
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NN

A~~~
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Here the cycle F(j) is obtained from F(j) by taking ~ and reversing the
order. The face Fj is adjacent to Fj if and only if j € F(¢), and, in that case,
the cycle F(j) is obtained from F (i) = (a, j, b, u,v) by the recipe:

(8.1) F(i) = (a,j,byu,v) > (b,i,a,u,v) = F(j).

For example,

F(4) = (2,5,0,3,1) — (0,4,2,3,1) = F(5).

The recipe (8.1) shows that, if F; and Fj are adjacent, the sets F(¢) and F(j)
share precisely 2 elements, say a and b, so that F (i) contains the subsequence
(a,j,b), and F(j) contains the subsequence (b,1,a).

Each vertex is incident to a triple of faces, which we list clockwise with
respect to the outward normal. The 5 vertices of a face F; correspond to suc-
cessive pairs of elements in F(7), and, if (u, v) is such a pair, the corresponding
vertex is labeled [i, u, v]. If the faces F; and Fj are adjacent, then they share
vertices [i,a, j] = [j,i,a] and [J,b,] = [i,,b].

Recall that an ordered 5-tuple of vectors (vi,ve,vs,v4,v5) in an inner
product space W of signature (p,2) is said to satisfy the 5-gon conditions
if

(’Uj, Uj) <0
(8.2) (05, 97) (i1, 0j41) = (v, 0541)* > 0
(03, 5)(Vj—1,0511) = (Vj, 0-1)(v5, V1) <O

We write

(Uv C])

PV —Vj, Pjv=v—
J J J (C],Cj)

Cj

for the orthogonal projection to V; = C].L.

We say that a collection C4°d = { C; };cz /127 satisfies the dodecahedron

conditions if, for each i € Z/12Z, the ordered 5-tuple of vectors
83)  R@) = (PC))jer = (R(i)1, R(i)2, R(i)3, R(i)a, R(i)5)

satisfies the 5-gon conditions (8.2). Here the ordering in (8.3) is given by the
ordering in F(7) so that, for example, for F5 the 5-tuple in V5 is

R(2) = (PCy, P3C3, P3Cs, P3Cy, P3CY).
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If C9°d is such a collection, then each 5-tuple (8.3) defines a 5-gon (i) in the
space D(V;) where we recall that sig(V;) = (m — 3, 2).

More explicitly, suppose that j € F(i) and write F (i) = (a, j, b, ¢, d). Note
that the orthogonal complement in V; of the vector P;Cj is precisely® V; N'V;.
Let

~ ~ (v, BCy)
LV — : =y — ——"3__pC..
R VT o R

Define the path ~(i); by v(7); : [0,1] — D(V),
s> (G PGy (s = DQUPCY) + 5 QRO = [0 (s — Do + 3Gyl

Here note that, by the 5-gon condition, [P;C}, (s— 1)Q§(B—C’a) +s5 Q;(PZC;,)] is
an oriented negative 2-plane in V; and hence 7(7);(s) is an oriented negative
3-plane in V. The endpoints of this path are

7(2);(0) = [C;, Cy, C

and
7(1);(1) =[G, Cj, Gl
oriented negative 3-planes in the same component of D(V'). Then the 5-gon

7v(t) is the sum of paths ~(i); given by this recipe as j runs over F(i).
Now suppose that F(i) and F(j) are adjacent faces with F(i) =

(a,7,b,¢,d) and F(j) = (b,i,a,¢ d). The 5-gon ~(j) in D(V;) includes a
segment

v()i(s) = [Cy, PBiCi, (s—1)QL(P;Cy) +5 QL(P;C,)] = [Cy, Cy, (s—1)Cy+5 Co).

Writing
Y(5)i(s) = [Ci, Cj, =sCq + (1 = 5) ]
we see that
Y(7)i(s) = 7(2);(1 = s),

i.e., these two ‘edges’ coincide, with opposite parametrization.
Thus, we have proved the following result.

Proposition 8.1. Suppose that a collection CI°Y satisfies the dodecahedral
conditions.

(i) The 5-gons in the D(V;)’s associated to the collections (P;C;) ecrqy all lie
in the same component of D(V'). Denote this component by D(V)".

3If v € V;, then (v, P,Cj) = (v,Cj).
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(ii) For each i, let S(i) be an oriented 2-cell in D(V;)" with 9S(i) = ~(i).
Then the 2-chain

Cdod Z S

in D(V)* has 05(C%°4) =

Corollary 8.2. There is an oriented 3-chain D in D(V)* with 0D%¢ =
S(CdOd).

We may then define a function of z € V' by

Paset) = [ ().
PDdod

Once the 2-cells S(i) have been chosen, I°(z;C%%) does not depend on the
choice of the 3-chain D94, In fact, we will see that there is also no dependence
on the 2-cells S(i) in D(V;).

The regular set is

Reg(C®) = {z € V| (x,C;) #0, Vj }.

If = is regular, the 5-gons (i) and the 2-cells S(i) lie in D(V') — D, since
they lie in the subsymmetric spaces D(V;) < D(V'), where the embedding is
given by ¢ - [Ci, C].

Recall that, on the set D(V') — D,

@%M(x) = dq}%’M(m)v

for an explicit 2-form W%, ,(x) on D. For x is regular with respect to C4°¢,
let

(3 o) = / W0 (2).
S(Cdod)

As before, an inductive calculation yields the following.
Proposition 8.3. For x reqular with respect to C4°4,

JO(; c%d) = ZEg (v, 2V?2) — sgn(z; v)

1

+ §i€zz/;22’w(73(i))( E1(Ci;x\/§) — sgn((z, Cy)) )

where v runs over the vertices of the dodecahedron and where, with R (i) given

by (8.3),
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5
w(R(i) = = D sgn((vi, R(i)e)) sgn((vi, R(i)es1))
(=1
for any negative vector v € V;.

Proof. Using the formulas from [5], we have

\I/O
/;'(Cdod) Z KM
— Y V2 G /1 (2t 0 /S Pt i) d
. SNt /1 D O 1, 0 R(j)) dt
1 o0 2 2
= X VE ) [ e
p 1

« [w(R(i)) " B(R()e. R()es. tr10,V/)] dt.
/=1

Here in the first step we use the relation of Corollary 6.3,

(o]
@) = V20,0 [ EER G ) d
To apply the induction identity, we regroup the 60 terms in the last ex-
pression in 3’s according to the vertices. For example, the vertex [0,1,2] is
shared by the faces Fy, F1 and F5. The corresponding 5-gon data are

R(0) = ( PyCh, PyCy, PyCs, PyCly, PoCs )
R(l) = ( P1007P1057P1037P1C217P102 )
R(2) = ( P.Cy, P,Cy, P,Cq, PPy, P,Cs ).

We collect a term from each of the groups ¢ = 0, 1 and 2 amounting to the
contribution

1 o0
—Z(\/ix,go) / e 2 @G0 By (PyCy, PyCa, tar 1oy V/2) di
1

1 o)
— Z (ﬁx,Ql) / 6_2ﬁt2(z’gl))2 EQ(P1C(), Png, t%J_Cl \/5) dt

1

1 o0
— L (VEa ) [ S By(PCo, PiCrtrsc, VR)

1
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where, in the second line, we have employed the symmetry Es(cqy,co;x) =
Es(co,c1;x) of the generalized error function. By the recursion formula of
Proposition 7.3 of [5], this contribution is

é ( E3(CO,C1,CQ;37\/§) —sgn((z, Cy)) sgn((z, C)) sgn((z, Cy)) )

Thus, the total contribution of such terms is
1 o) .
gZEg(V,II? 2)—sgn(m,1/),

where the sum runs over the triples of vectors associated to the vertices of
Ddod.
The remaining contribution is

——Zw z,C;) /1 et gy
:—Zw (E1<Cz,xf>—sgn<(ﬂf C>>)

where w(R (7)) is as in the proposition. O

Now the topological argument of the previous section can be applied.
The resulting modularity statement for the dodecahedron is summarized as
follows.

Theorem 8.4. Suppose sig(V) = (m —3,3) and let C° = {Cy,...,Cy1 } be
a collection of negative vectors in 'V satisfying the dodecahedron conditions.
Let

®(z;C%Y) = D(z; %) — D(v; C%Y),
where v is any negative vector in 'V and
1
D(z;C%Y) = ——ngn T, V) — S Z w(R (7)) sgn((z, Cy)).

1€Z/12Z

Here v runs over the triples of vectors associated to the vertices of D9, and
for the ‘face cycle’ F(i) = { j1, 72,73, Ja, J5 }, and collection

R(Z) = { Pilea PiCj27 Picj37 PiCj47 Picjs }
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of megative vectors in V; = C;- associated to the ith face,

w(R(l)) - - Z Sgn((viﬂ Cjz)) Sgn((vi’ Cjz+1))7

=1
where v; is any negative vector in V;. Let

Y w(R()) B (Ci; 2v/2).

i€Z/127

£ (; o) — é S By(v,av2) +

oo =

(i) The integral 1°(z;C°Y) is given by
IO(x; Cdod) — 5(3?, Cdod) _ D(’U; Cdod)

for any negative vector v in V. In particular, the integral depends only on the
collection CY°% and not on the choice of the faces surfaces S(i) in Dg, .
(ii) For a lattice L C LY C 'V, the series

(8.4) Du(r;e®) = 3 B(z;0%1) g9)
zeu+L

is termwise absolutely convergent and defines a mock modular form of weight
Lm with completion

2
(8.5) Du(r;c®Y) = 3 (Ewra;CY) — D(w;cdd)) g9
reEp+L
=4,(r;Cc%) + Z (E(U%x;CdOd) — D(z;C%d) ) gO@).

rep+L

The modularity of this completion follows from the identity

Upu(r;C%%) =/ 0,u(T, orM)-
Ddod

Remark 8.5. (i) It is probably difficult to prove the absolute convergence of
(8.4) directly from the set of inequalities imposed by the dodecahedral con-
ditions, a collection 5-gon conditions on each of the 12 sets of projections
R(7).

(i) Of course, we do not know whether or not such dodecahedrons could arise
in the context of [2]. For us the main point is to provide an example in which
the method of section 7 can be made to yield an explicit formula. The cube
and tetrahedron were handled in [5]. The octahedron should be similar but
stmpler while the icosahedron will require a bit more work.
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Remark 8.6. [t is a natural question to consider the action of the lowering
operator L = —21’1}2% on @u(T;CdOd). We do not discuss this here in detail
but refer to [5], Section 9 for the consideration of very similar cases. Basi-
cally, if the collection C%°Y is rational then ]L@“(T;Cd"d) splits into a linear
combination (of the complex conjugate) of weight 3/2 unary theta series times

the indefinite theta integrals over the faces of DY of signature (m — 3,2).

A supply of collections satisfying the dodecahedron conditions is provided
by a ‘seed’ construction. Fix an oriented negative 3-plane zy with properly
oriented orthonormal basis ug, u1, us so that zg ~ R? with the negative of
the standard Euclidean inner product. For a regular dodecahedron D in R3,
centered at the origin, let C3°d = {cp,...,c11 } be the images in zy of the
outward unit normal vectors to the faces, numbered as described above. In
particular, ¢; = —c¢,. It is then easily checked, using SO(3) equivariance and
the transitivity of the symmetry group of the regular dodecahedron on faces,
edges and vertices, that the collection CJ°¢ satisfies the dodecahedron con-
ditions. Of course, the associated ‘dodecahedron’ in D = D(V') degenerates
to the point zy. For a positive vector vy in 23~ and t = (tg,...,t11) € R12
let

Clod = ¢§od + tuy.

Since the dodecahedron conditions define an open subset of V12, these con-
ditions are still satisfied by C2°d for ¢ small. It remains to show that we can
take t so that the 20 vertices determined by Ci°d are distinct. But the coin-
cidence of any two of these 3-planes amounts to non-trivial linear conditions
on the components of ¢, so the vertices will be distinct for an open set of
t’s.

We leave aside the following problem. Let V]2, be the set of collection
Cd°d satisfying the dodecahedral conditions, and let (V%) be the subset
of collection for which the associated 20 vertices are distinct. The problem
is to write down additional conditions defining (V{2)? and to determine its
connected components. Is there a nice characterization of the geometry of the
dodecahedra associated to the different* components?
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