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Non-density of stable mappings
on non-compact manifolds

Shunsuke Ichiki

Abstract: Around 1970, Mather established a significant theory
on the stability of C∞ mappings and gave a characterization of the
density of proper stable mappings in the set of all proper mappings.
The result yields a characterization of the density of stable map-
pings in the set of all mappings in the case where the source man-
ifold is compact. The aim of this paper is to complement Mather’s
result. Namely, we show that the set of stable mappings in the
set of all mappings is never dense if the source manifold is non-
compact. Moreover, as a corollary of Mather’s result and the main
theorem of this paper, we give a characterization of the density of
stable mappings in the set of all mappings in the case where the
source manifold is not necessarily compact.
Keywords: Stable mapping, Whitney C∞ topology, strong con-
jecture.

1. Introduction

In the middle of the twentieth century, Whitney conjectured that the set
consisting of all stable mappings would always be dense in the appropriate
space of C∞ mappings, and this conjecture came to be known as the “strong
conjecture” (see for example [3]). However, Thom showed that the set is not
necessarily dense in all pairs of dimensions of manifolds. Then, around 1970,
in a celebrated series [4, 5, 6, 7, 8, 9], Mather established a significant theory
on the stability of C∞ mappings and gave a characterization of the density of
proper stable mappings in the set of all proper mappings (see Theorem 1.1).

In what follows, unless otherwise stated, all manifolds and mappings be-
long to class C∞, and all manifolds are without boundary and assumed to
have a countable basis. For manifolds N and P , we denote the space of all
mappings of N into P (resp., the space of all proper mappings of N into
P ) with the Whitney C∞ topology by C∞(N,P ) (resp., C∞

pr (N,P )). For the
definition of Whitney C∞ topology, see for example [2].
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Theorem 1.1 ([9]). Let N and P be manifolds of dimensions n and p, re-
spectively. Then, the set consisting of all proper stable mappings is dense in
C∞

pr (N,P ) if and only if the pair (n, p) satisfies one of the following condi-
tions.

(1) n < 6
7p + 8

7 and p− n ≥ 4
(2) n < 6

7p + 9
7 and 3 ≥ p− n ≥ 0

(3) p < 8 and p− n = −1
(4) p < 6 and p− n = −2
(5) p < 7 and p− n ≤ −3

A dimension pair (n, p) is called nice if (n, p) satisfies one of the conditions
(1)–(5) in Theorem 1.1. Note that in Theorem 1.1 if N is compact, then we
have C∞

pr (N,P ) = C∞(N,P ). Thus, Theorem 1.1 yields a characterization of
the density of stable mappings in C∞(N,P ) in the case where N is compact.

After that, the case where a source manifold is non-compact was consid-
ered by Dimca, and in 1979, he gave the following result.

Proposition 1.2 ([1]). Let N be a non-compact manifold. Then, the set
consisting of all stable mappings is not dense in C∞(N,R). Moreover, the set
consisting of all infinitesimally stable mappings is not dense in C∞(N,R).

For the definition of infinitesimal stability, which is defined by Mather in
[6], see Section 2 (the definition of stability is also reviewed in this section).
The main purpose of this paper is to give a rigorous proof of the following
main theorem.

Theorem 1.3. Let N be a non-compact manifold, and P a manifold. Then,
the set consisting of all stable mappings is not dense in C∞(N,P ). More-
over, the set consisting of all infinitesimally stable mappings is not dense in
C∞(N,P ).

As a corollary of Mather’s theorem (Theorem 1.1) and Theorem 1.3, we
easily obtain a characterization of the density of stable mappings in C∞(N,P )
in the case where N is not necessarily compact as follows:

Corollary 1.4. Let N and P be manifolds of dimensions n and p, respec-
tively. Then, the set consisting of all stable mappings is dense in C∞(N,P )
if and only if N is compact and (n, p) is nice.

The remainder of this paper is organized as follows. In Section 2, we
prepare some definitions and notations, and give a lemma for the proof of the
main theorem (Theorem 1.3). In Section 3, we show Theorem 1.3.
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2. Preliminaries

In this section, we prepare some definitions and notations, and give a lemma
(Lemma 2.1) for the proof of Theorem 1.3. Moreover, as a supplement, we
give a remark on the stability and the infinitesimal stability.

Let N and P be manifolds. For given mappings f, g ∈ C∞(N,P ), we say
that f is A-equivalent to g if there exist diffeomorphisms Φ : N → N and
Ψ : P → P such that f = Ψ ◦ g ◦ Φ−1. Let f : N → P be a mapping. We
say that f is stable if the A-equivalence class of f is open in C∞(N,P ). A
mapping ξ : N → TP such that Π◦ξ = f is called a vector field along f , where
TP is the tangent bundle of P and Π : TP → P is the canonical projection.
Let θ(f) be the set consisting of all vector fields along f . Set θ(N) = θ(idN )
and θ(P ) = θ(idP ), where idN : N → N and idP : P → P are the identify
mappings. Following Mather, let tf : θ(N) → θ(f) (resp., ωf : θ(P ) → θ(f))
be the mapping defined by tf(ξ) = Tf ◦ ξ (resp., ωf(η) = η ◦ f), where
Tf : TN → TP is the derivative mapping of f . Then, as in [6], f is said to
be infinitesimally stable if

tf(θ(N)) + ωf(θ(P )) = θ(f).

Let N and P be manifolds, and let f : N → P be a mapping. A point
q ∈ N is called a critical point of f if rank dfq < dimP . We say that a point
of P is a critical value if it is the image of a critical point.

In what follows, for a given positive integer m, we denote the origin
(0, . . . , 0) of Rm by 0, the Euclidean norm of x ∈ Rm by ‖x‖, and the m-
dimensional open ball with center x ∈ Rm and radius r > 0 by Bm(x, r), that
is,

Bm(x, r) = {x′ ∈ Rm | ‖x− x′‖ < r } .

For a set (resp. a topological space) X and a subset A of X, we denote the
complement of A (resp. the closure of A) by Ac (resp. A). We denote the set
of all positive integers by N.

Lemma 2.1. Let f = (f1, . . . , fp) : Bn(0, r) → Rp (r > 0) be a mapping such
that

fp(x) = 1
2

n∑
i=1

x2
i + a,
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where a is a real number and x = (x1, . . . , xn). If g = (g1, . . . , gp) : Bn(0, r) →
Rp satisfies that

√√√√ n∑
i=1

(
∂fp
∂xi

(x) − ∂gp
∂xi

(x)
)2

<
r

2(2.1)

for any x ∈ Bn(0, r), then there exists a critical point of g in Bn(0, r).

Proof of Lemma 2.1. Since in the case n < p any point in Bn(0, r) is a critical
point of g, it is sufficient to consider the case n ≥ p. Let D : Bn(0, r) → Rn

be the mapping given by

D(x) :=
(
∂fp
∂x1

(x) − ∂gp
∂x1

(x), . . . , ∂fp
∂xn

(x) − ∂gp
∂xn

(x)
)

=
(
x1 −

∂gp
∂x1

(x), . . . , xn − ∂gp
∂xn

(x)
)
.

For simplicity, set K = Bn(0, r2). Since ‖D(x)‖ < r
2 for any x ∈ K by (2.1),

we can define the restriction D|K : K → K. Since D|K is continuous, there
exists a point x0 ∈ K such that D|K(x0) = x0 by Brouwer’s fixed point
theorem. Thus, it follows that ∂gp

∂xi
(x0) = 0 for any i ∈ { 1, . . . , n }, which

implies that x0 is a critical point of g.

Remark 2.2. As in [8], for a proper mapping, the stability and the infinites-
imal stability are equivalent conditions. On the other hand, note that in gen-
eral, they are not equivalent conditions as follows. First, Mather gives a non-
proper mapping which is infinitesimally stable but not stable in [6, p. 267].
Moreover, the non-proper function f : R → R defined by f(x) = e−x sin x is
stable but not infinitesimally stable1.

3. Proof of the main theorem

The proof is separated by four steps as follows: In STEP 1, we construct the
C∞ mapping f : N → P defined by (3.1). In STEP 2, we construct the open

1In [1], it is shown that a given function g : R → R is stable if and only if
g is a Morse function (i.e., any critical point of g is nondegenerate) with distinct
critical values satisfying that Δ is discrete, limx→∞ g(x) �∈ Δ if the limit exists and
limx→−∞ g(x) �∈ Δ if the limit exists, where Δ is the set of all critical values of g.
The stability of f(x) = e−x sin x follows from this result. On the other hand, since
f |Σ : Σ → R is not proper, f is not infinitesimally stable by [8, Proposition 5.1],
where Σ is the set of all critical points of f .
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neighborhood U of f in C∞(N,P ) defined by (3.4), and we give a lemma
on properties of a mapping in U (see Lemma 3.1). In STEP 3, we show that
any mapping in U is not infinitesimally stable. Finally, in STEP 4, we prove
that any mapping in U is not stable by preparing two lemmas (Lemmas 3.2
and 3.3).

STEP 1. Set n = dimN and p = dimP , respectively. By Whitney’s
embedding theorem, there exist a positive integer � and an embedding F :
N → R� such that F (N) is a closed set of R�. By taking � larger if necessary we
can assume that F (N) �= R�. Then, there exists a point z0 ∈ R� \F (N). Since
N is non-compact, F (N) is also non-compact. Thus, F (N) is not bounded,
which implies that there exists a sequence {Rα }α∈N of positive real numbers
and a sequence { zα }α∈N of points in R� such that

• Rα < Rα+1 for any α ∈ N and lim
α→∞

Rα = ∞,
• zα ∈ F (N) ∩ (B�(z0, Rα+1) \B�(z0, Rα)) for any α ∈ N.

Let α be any positive integer. Set qα = F−1(zα). Here, note that

F−1(B�(z0, Rα+1) \B�(z0, Rα))

is an open neighborhood of qα. Then, there exists a coordinate neighborhood
(Uα, ϕα) of N with the following properties:

• Uα is compact,
• qα ∈ Uα ⊂ F−1(B�(z0, Rα+1) \B�(z0, Rα)),
• ϕα(qα) = 0 ∈ Rn.

Moreover, there exist an open neighborhood U ′
α of qα and ρα : N → R such

that

• U ′
α ⊂ Uα,

• ρα(q) = 1 for any q ∈ U ′
α,

• supp ρα ⊂ Uα,

where supp ρα = { q ∈ N | ρα(q) �= 0 }. Note that supp ρα is compact since
Uα is compact. Here, by choosing U ′

α smaller for each α ∈ N we can assume
that

• ϕα(U ′
α) = Bn(0, rα),

• lim
α→∞

rα = 0,

where each rα is a positive real number.
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Let γ = (γ1, . . . , γp) : N → Qp be a bijection, and let ηα : ϕα(Uα) → Rp

be the mapping defined by

ηα(x) =
(
γ1(α), . . . , γp−1(α), 1

2

n∑
i=1

x2
i + γp(α)

)

for each α ∈ N, where x = (x1, . . . , xn). Let (V, ψ) be a coordinate neighbor-
hood of P satisfying ψ(V ) = Rp. Since Uα ∩ Uβ = ∅ if α �= β, we can define
f : N → P as follows:

f(q) =

⎧⎪⎨
⎪⎩

ψ−1(ρα(q)(ηα ◦ ϕα)(q)) if q ∈ Uα,

ψ−1(0) if q �∈ ⋃
α∈N Uα.

(3.1)

We show that f is of class C∞. Let q ∈ N be any point. If q ∈ ⋃
α∈N Uα, then

by the definition of f it is clearly seen that f is of class C∞ at q. Thus, we
consider the case q ∈ (

⋃
α∈N Uα)c. Since lim

α→∞
Rα = ∞, there exists β ∈ N

such that q ∈ F−1(B�(z0, Rβ)). For simplicity, set

A = F−1(B�(z0, Rβ)) ∩
( ⋃

α∈N
supp ρα

)c

.

Note that q ∈ A. Since Rα < Rα+1 for any α ∈ N, we see that

F−1(B�(z0, Rβ)) ⊂ (supp ρα)c

for any α ∈ N satisfying α > β. Thus, we have

A = F−1(B�(z0, Rβ)) ∩
( ⋂

α∈N
(supp ρα)c

)

= F−1(B�(z0, Rβ)) ∩

⎛
⎝ ⋂

α≤β

(supp ρα)c
⎞
⎠ ,

which implies that A is an open set of N . Since ρα|A is a constant function
with a constant value 0 for each α ∈ N, the mapping f |A is also constant.
Therefore, f is of class C∞ at q.

STEP 2. In this step, we construct the open neighborhood U of f in
C∞(N,P ) defined by (3.4), and we give a lemma on properties of a mapping
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in U . Since z0 ∈ R� \ F (N), we can define the following continuous function
δ : N → R:

δ(q) = 1
‖F (q) − z0‖

.

Let π : J1(N,P ) → N × P be the natural projection defined by π(j1g(q)) =
(q, g(q)). Then, for any α ∈ N, set

Oα = { j1g(q) ∈ π−1(Uα × V ) | j1g(q) satisfies (3.2) and (3.3) } ,

where

‖(ψ ◦ f)(q) − (ψ ◦ g)(q)‖ < δ(q),(3.2) √√√√ n∑
i=1

(
∂(ψp ◦ f ◦ ϕ−1

α )
∂xi

(ϕα(q)) − ∂(ψp ◦ g ◦ ϕ−1
α )

∂xi
(ϕα(q))

)2
<

rα
2 .(3.3)

In (3.3), ψp is the p-th component of ψ. From (3.2) and (3.3), it is not hard
to see that Oα is an open set of J1(N,P ).

We show that
⋂

α∈N(U ′
α)c is an open set of N . Let q ∈ ⋂

α∈N(U ′
α)c be any

point. Since lim
α→∞

Rα = ∞, there exists β ∈ N such that q ∈ F−1(B�(z0, Rβ)).
Since Rα < Rα+1 for any α ∈ N, we have F−1(B�(z0, Rβ)) ⊂ (U ′

α)c for any
α ∈ N satisfying α > β, which implies that

F−1(B�(z0, Rβ)) ∩

⎛
⎝ ⋂

α≤β

(U ′
α)c

⎞
⎠ ⊂

⋂
α∈N

(U ′
α)c.

Since the left side of the above expression is an open neighborhood of q, it
follows that

⋂
α∈N(U ′

α)c is open. Thus, since π is continuous,

O :=
( ⋃

α∈N
Oα

)
∪ π−1

(( ⋂
α∈N

(
U ′
α

)c)
× V

)

is open in J1(N,P ). Therefore, we can construct the following open set of
C∞(N,P ):

U := { g ∈ C∞(N,P ) | j1g(N) ⊂ O } .(3.4)

By showing that j1f(N) ⊂ O, we will prove that U �= ∅. Let j1f(q) (q ∈ N)
be any element of j1f(N). If there exists α ∈ N such that q ∈ Uα, we have
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j1f(q) ∈ Oα (⊂ O) since f(q) ∈ V and j1f(q) clearly satisfies (3.2) and (3.3).
In the case where q �∈ ⋃

α∈N Uα, since

N =
( ⋃

α∈N
Uα

)
∪
( ⋂

α∈N

(
U ′
α

)c)
,(3.5)

it must follow that q ∈ ⋂
α∈N

(
U ′
α

)c
. Therefore, since f(q) ∈ V , we obtain

j1f(q) ∈ π−1
(( ⋂

α∈N
(U ′

α)c
)
× V

)
(⊂ O).

Hence, we have U �= ∅. We give the following lemma on properties of a
mapping in U .

Lemma 3.1. For any mapping g ∈ U , we have g(N) ⊂ V and there exists a
sequence { q′α }α∈N of points in N with the following properties.

(1) For each α ∈ N, q′α is a critical point of g in U ′
α.

(2) The set { g(q′α) | α ∈ N } is dense in V .

Proof of Lemma 3.1. By the definition of U , we have g(N) ⊂ V .
Let α be any positive integer. Then, we have

(ψp ◦ f ◦ ϕ−1
α )(x) = 1

2

n∑
i=1

x2
i + γp(α)

for any x = (x1, . . . , xn) ∈ ϕα(U ′
α) (= Bn(0, rα)). For any q ∈ U ′

α, we obtain
j1g(q) ∈ Oα since we have (3.5) and U ′

α is contained in Uα which does not
intersect with Uβ (β �= α). Hence, it follows that (ψp ◦ g ◦ ϕ−1

α )|Bn(0,rα) satis-
fies (3.3), which implies that there exists a critical point of (ψp◦g◦ϕ−1

α )|Bn(0,rα)
in Bn(0, rα) by Lemma 2.1. Namely, there exists a critical point of g in U ′

α.
We denote its point by q′α.

Since { q′α }α∈N satisfies (1) by the above argument, it is sufficient to show
that the sequence of points also satisfies (2). Let V ′ be any open set of V . We
show that { g(q′α) | α ∈ N } ∩ V ′ �= ∅. Then, by choosing V ′ smaller, we can
assume that ψ(V ′) = Bp(y0, ε), where y0 is a point of Rp and ε is a positive
real number. Note that for any α ∈ N, we have

‖(ψ ◦ g)(q′α) − y0‖ ≤‖(ψ ◦ g)(q′α) − (ψ ◦ f)(q′α)‖+
‖(ψ ◦ f)(q′α) − (ψ ◦ f)(qα)‖ + ‖(ψ ◦ f)(qα) − y0‖ .

(3.6)
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Since

δ(q′α) = 1
‖F (q′α) − z0‖

<
1
Rα

for any α ∈ N and lim
α→∞

Rα = ∞, there exists α1 ∈ N such that δ(q′α) < ε
3 for

any α ∈ N satisfying α ≥ α1. Here, note that for any α ∈ N, we have

‖(ψ ◦ g)(q′α) − (ψ ◦ f)(q′α)‖ < δ(q′α)

by (3.2) since j1g(q′α) ∈ Oα. Thus, it follows that for any α ∈ N,

α ≥ α1 =⇒ ‖(ψ ◦ g)(q′α) − (ψ ◦ f)(q′α)‖ <
ε

3 .(3.7)

For any α ∈ N, since qα, q
′
α ∈ U ′

α, we have

‖(ψ ◦ f)(q′α) − (ψ ◦ f)(qα)‖ = ‖ηα(ϕα(q′α)) − γ(α)‖ = ‖ϕα(q′α)‖2

2 <
r2
α

2 .

Since lim
α→∞

rα = 0, there exists α2 ∈ N such that for any α ∈ N,

α ≥ α2 =⇒ ‖(ψ ◦ f)(q′α) − (ψ ◦ f)(qα)‖ <
ε

3 .(3.8)

Since (ψ ◦ f)(qα) = γ(α) for each α ∈ N, we have

{ (ψ ◦ f)(qα) | α ∈ N } = Qp.

Hence, there exists α3 ∈ N such that α3 > max {α1, α2 } and

‖(ψ ◦ f)(qα3) − y0‖ <
ε

3 .(3.9)

Thus, we have
∥∥(ψ ◦ g)(q′α3) − y0

∥∥ < ε by (3.6) to (3.9), which implies that
g(q′α3) ∈ V ′.

STEP 3. The purpose of this step is to show that any mapping in U
is not infinitesimally stable. Let g ∈ U be any mapping, and let Σ be the
set consisting of all critical points of g. Set K = ψ−1(Bp(0, r)), where r
is a positive real number. Note that K is a compact set in P . Then, from
Lemma 3.1 (2), (g|Σ)−1(K) contains a countable subset of { q′α | α ∈ N }. Since
F (q′α) �∈ B�(z0, Rα) for each α ∈ N and lim

α→∞
Rα = ∞, the set F ((g|Σ)−1(K))



524 Shunsuke Ichiki

is not compact, which implies that (g|Σ)−1(K) is not compact. Since g|Σ :
Σ → P is not proper, g is not infinitesimally stable (note that this fact
follows from [8, Proposition 5.1]).

STEP 4. The purpose of this step is to show that any mapping in U is
not stable. Let g ∈ U be an arbitrary mapping, and let Ug be any open
neighborhood of g. Then, there exist a non-negative integer k and an open
set O′ of Jk(N,P ) such that

g ∈ {h ∈ C∞(N,P ) | jkh(N) ⊂ O′ } ⊂ Ug.

In order to prove that g is not stable, it is sufficient to show that there exists
a mapping h ∈ C∞(N,P ) satisfying the following properties.

• We have jkh(N) ⊂ O′.
• There exist (p + 1)-critical points of h which share the same critical

value.

Note that the second property implies that h is not stable.
For any α ∈ N and c ∈ Rp, let Gα,c : N → P be the mapping defined by

Gα,c = ψ−1 ◦ (ψ ◦ g + ραc).

Lemma 3.2. Let α be any positive integer. Then, there exists a positive real
number r′α such that jkGα,c(N) ⊂ O′ for any c ∈ Bp(0, r′α).

Proof of Lemma 3.2. Let Γα : N × Rp → Jk(N,P ) be the mapping defined
by Γα(q, c) = jkGα,c(q). For any q ∈ supp ρα, since Γα(q, 0) = jkg(q) ∈ O′

and Γα is continuous at (q, 0), there exist an open neighborhood Uq of q ∈ N

and an open neighborhood Wq of 0 ∈ Rp such that Γα(Uq ×Wq) ⊂ O′. Since
{Uq }q∈supp ρα

is an open covering of the compact set supp ρα, there exists a
finite subset S of supp ρα such that supp ρα ⊂ ⋃

q∈S Uq. Since
⋂

q∈S Wq is an
open neighborhood of 0 ∈ Rp, there exists a positive real number r′α such that
Bp(0, r′α) ⊂ ⋂

q∈S Wq.
Let c ∈ Bp(0, r′α) and q ∈ N be any points. If q �∈ supp ρα, then we have

jkGα,c(q) ∈ O′ since Gα,c = g on the open neighborhood (supp ρα)c of q. If
q ∈ supp ρα, then there exists a point q0 ∈ S such that q ∈ Uq0 . Since c ∈ Wq0 ,
we obtain jkGα,c(q) = Γα(q, c) ∈ O′.

Since g ∈ U , note that there exists a sequence { q′α }α∈N of points in N

satisfying (1) and (2) of Lemma 3.1.
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Lemma 3.3. Let m be any positive integer. Then, there exist (m+1) distinct
positive integers α1, . . . , αm+1 and m positive real numbers r′α1 , . . . , r

′
αm

(r′α1 >
· · · > r′αm

) such that for any j ∈ { 1, . . . ,m },

(1) jkGαj ,c(N) ⊂ O′ for any c ∈ Bp(0, r′αj
),

(2)
∥∥∥(ψ ◦ g)(q′αj+1) − (ψ ◦ g)(q′αj

)
∥∥∥ <

r′αj

p
.

Proof of Lemma 3.3. We prove the lemma by induction on m.
Let α1 be any positive integer. By Lemma 3.2, there exists a positive

real number r′α1 such that jkGα1,c(N) ⊂ O′ for any c ∈ Bp(0, r′α1). By
Lemma 3.1 (2), there exists α2 ∈ N \ {α1 } such that

∥∥(ψ ◦ g)(q′α2) − (ψ ◦ g)(q′α1)
∥∥ <

r′α1

p
.

Hence, the case m = 1 holds.
We assume that the lemma is true for m = i, where i is a positive integer.

By Lemma 3.2, there exists a positive real number r′αi+1 (r′αi
> r′αi+1) such that

jkGαi+1,c(N) ⊂ O′ for any c ∈ Bp(0, r′αi+1). By Lemma 3.1 (2), there exists

αi+2 ∈ N\{α1, . . . , αi+1 } such that
∥∥∥(ψ ◦ g)(q′αi+2) − (ψ ◦ g)(q′αi+1)

∥∥∥ <
r′αi+1

p .
Therefore, the case m = i + 1 holds.

For simplicity, set I = { 1, . . . , p }. By Lemma 3.3 in the case m = p,
there exist (p + 1) distinct positive integers α1, . . . , αp+1 and p positive real
numbers r′α1 , . . . , r

′
αp

(r′α1 > · · · > r′αp
) such that for any j ∈ I,

(a) jkGαj ,c(N) ⊂ O′ for any c ∈ Bp(0, r′αj
),

(b)
∥∥∥(ψ ◦ g)(q′αj+1) − (ψ ◦ g)(q′αj

)
∥∥∥ <

r′αj

p
.

Let h : N → P be the mapping defined by

h = ψ−1 ◦
(
ψ ◦ g +

p∑
i=1

ραici

)
,

where ci = (ψ ◦ g)(q′αp+1) − (ψ ◦ g)(q′αi
) ∈ Rp.

First, we show that jkh(N) ⊂ O′. Let q ∈ N be an arbitrary point.
In the case where q is an element of (

⋃p
j=1 supp ραj )c, since h = g on the

open neighborhood (
⋃p

j=1 supp ραj )c of q, we have jkh(q) = jkg(q) ∈ O′. We
consider the case where there exists j ∈ I such that q ∈ supp ραj . Since
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supp ραj ⊂ ⋂
i∈I\{ j }(supp ραi)c and h = Gαj ,cj on the open neighborhood⋂

i∈I\{ j }(supp ραi)c of q, we have jkh(q) = jkGαj ,cj (q). Moreover, since

‖cj‖ =
∥∥∥(ψ ◦ g)(q′αp+1) − (ψ ◦ g)(q′αj

)
∥∥∥

≤
p∑

i=j

∥∥∥(ψ ◦ g)(q′αi+1) − (ψ ◦ g)(q′αi
)
∥∥∥

<
p∑

i=j

r′αi

p

≤ r′αj
,

(3.10)

we have cj ∈ Bp(0, r′αj
). Note that the last two inequalities in (3.10) follow

from (b) and the fact that r′αj
> · · · > r′αp

, respectively. Thus, we obtain
jkGαj ,cj (q) ∈ O′ by (a), which implies that jkh(q) ∈ O′.

Finally, we show that there exist (p+1)-critical points of h which share the
same critical value. For any i, j ∈ I, since ραi(q′αj

) = δij and ραi(q′αp+1) = 0,
we obtain(
ψ ◦ g +

p∑
i=1

ραici

)
(q′αj

)=(ψ ◦ g)(q′αj
) + cj = (ψ ◦ g)(q′αp+1) = (ψ ◦ h)(q′αp+1),

where δij is the Kronecker delta. Thus, we have h(q′α1) = · · · = h(q′αp+1).
Moreover, for any j ∈ I, the point q′αj

(resp., q′αp+1) is a critical point of h
since h = ψ−1◦(ψ◦g+cj) on an open neighborhood of q′αj

(resp., h = g on an
open neighborhood of q′αp+1). Namely, q′α1 , . . . , q

′
αp+1 share the same critical

value of h.
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