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Genericity on submanifolds and application to universal
hitting time statistics

HAN ZHANG

Abstract: We investigate Birkhoff genericity on submanifolds of
homogeneous space X = SL4(R) x (RY)*/SLy(Z) x (Z%)*, where
d > 2 and k > 1 are fixed integers. The submanifolds we con-
sider are parameterized by unstable horospherical subgroup U of
a diagonal flow a; in SL4(R). As long as the intersection of the
submanifold with any affine rational subspace has Lebesgue mea-
sure zero, we show that the trajectory of a; along Lebesgue almost
every point on the submanifold gets equidistributed on X. This
generalizes the previous work of Fraczek, Shi and Ulcigrai in [8].
Following the scheme developed by Dettmann, Marklof and Strém-
bergsson in [3], we then deduce an application to universal hitting
time statistics for integrable flows.
Keywords: Homogeneous dynamics, ergodic theory, equidistri-
bution, diagonal flow.

1. Introduction

Let (X, B, u, R) be a probability measure preserving system, where (X, B)
is a Borel measurable space with probability measure p, and R! : X — X
is an R-action (or Z-action) preserving u. Assume that R is ergodic, then
Birkhoff’s ergodic theorem (cf. [4]) asserts that, for any f € L},(X),

1 T T—00 1 N n N—o0
(1.1) ?/0 f(Rtx)dt—>/de,u, (oanE:lf(R T) — = deu>,

for p-almost every x € X. In particular, (1.1) holds for any f € C.(X),
where C.(X') denotes the collection of all compactly supported and continuous
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functions on X. Therefore, (1.1) implies that for p-almost every z € X,

1 T T—o0 1 ol N—o00
(1.2) —/ Optpdt —— p, | or — Z Opnge — 1|,
T Jo Nn:1

in the weak™ topology on the set of all probability measures on X. Here 0 is
the Dirac measure on X.

For z € X, we say that x is Birkhoff generic with respect to (u, R)
if = satisfies (1.2). Given a Radon measure v on X (possibly singular to u),
if v-almost every x € X is Birkhoff generic with respect to (i, R), we say
that v is Birkhoff generic with respect to (i, R). It is then natural to ask the
following.

Question 1.1. Under what conditions the measure v is Birkhoff generic with
respect to (i, R)?

This question had been previously studied in the case of X = R/Z, ux
is the Lebesgue measure on X and R™ = xn mod Z in [10]. It was shown
that for any m,n € N, any R™ invariant ergodic probability measure v is
Birkhoff generic with respect to (R™, ux). This result was strengthened later
in [9]. An analogous question was also studied in the context of moduli space
of translation surfaces in [29].

We consider Question 1.1 in the setting of homogeneous dynamics. Let
X = G/I', where G is a Lie group and I is a lattice in G. Here and hereafter
let 4 = px be the G-invariant probability measure on X. Let {R'};cr be a
one-parameter flow in X. Assume that R' = u(t), where {u(t)}scr is a one-
parameter unipotent flow, that is, the adjoint action of u(¢) on the Lie algebra
of G is unipotent. In this case, Ratner’s uniform distribution theorem [20]
says that for any x € X, z is Birkhoff generic with respect to (v, u(t)), where
v is the wu(t)-invariant probability measure supported on the orbit closure
{u(t)x : t € R}. By Ratner’s orbit closure theorem [19], these orbit closures
are all homogeneous. Thus this provides a satisfactory answer to Question 1.1.

On the other hand, when R' = a;, here and hereafter {a;};cr is a one-
parameter diagonal flow on G, that is, the adjoint action of a; on Lie algebra
of GG is semisimple, a description of Birkhoff genericity of x € X under the
flow a; is much harder. Indeed, the question of describing the orbit closures
of diagonal action remains open (cf. [15][27, Conjecture 1]).

Nevertheless, there is a natural class of probability measures v on X that
are interesting to study with respect to Question 1.1. This class of measures
is given as follows. We define the unstable horospherical subgroup U' with
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respect to a; by

t—o0

Ut :={g€qG:a_ga, —= Id},

where Id is the identity element of G. Let Y C U* be a submanifold and v
be a normalized bounded supported volume measure of Y (here and hereafter
by normalized measure, we mean that v is renormalized to be a probability
measure). It has been proved in [21][22][23][28] that if Y satisfies certain
algebraic conditions, then the translation of the measure v under a; converges
weakly to u as t — oo. That is, for any f € C.(X),

/f(ata:)du(x) H—Oo>/fdu.

As in Question 1.1, it is curious to ask the following

Question 1.2. Assume that a bounded supported normalized volume mea-
sure v of a submanifold Y € U™ is such that the translate of v under a; is
equidistributed with respect to u, is it true that v is also Birkhoff generic
with respect to (u,as)?

Roughly speaking, Question 1.2 is answered when the manifold Y is con-
siderably “large” compared to the unstable horosphere subgroup of a;. In [25],
Shi considered the situation where G is a semisimple Lie group, Y = U is the
a; expanding subgroup (cf. [24]) of UT and v is a normalized bounded sup-
ported Haar measure on U. By [21], v satisfies the assumption of Question 1.2.
Shi showed that v is also Birkhoff generic with respect to (p, a;), and thus gave
an affirmative answer to Question 1.2. In the special case where G = SL4(R)
and I' = SLy4(Z), authors in [13] also obtained the effective convergence rate
of (1.2).

In [8], the authors considered the setting where G = SLa(R) x R?, T’ =
SLy(Z) x Z* and X = G/T. One of the main results in [8] asserts that if Y
is a O! curve in U* that intersects any affine rational line in a Lebesgue null
set, then a normalized bounded supported volume measure v on Y is Birkhoff
generic with respect to (u,a). By the equidistribution result of translation
of such v under a; in [3], the result in [8] also gives an affirmative answer to
Question 1.2 in the case where Y is a curve.

Let X = SL3(R)/SL3(Z). In a recent preprint [12, Theorem 1.4], it is
shown that when the natural measure v on the planar line L C U™ gets
equidistributed under a;, then for v almost every point x in L, the orbit
{atx}1>0 is dense in X. This supports an affirmative answer to Question 1.2.

The aim of this paper is to generalize the genericity results in [8] to
X = SL4(R) x (RH*/SL4(Z) x (Z4)* and gives an affirmative answer to
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Question 1.2 when the manifold Y satisfies certain diophantine condition.
We also deduce an application of our results to the statistics of universal
hitting time for integrable flows.

1.1. Notations

From now on, any vector in the Euclidean space will be taken to be a column
vector, and we will use boldface letters to denote vectors and matrices. Also,
a.e. will be the shorthand for Lebesgue almost everywhere. | - | will denote
Lebesgue measure of measurable subsets of Euclidean space or absolute value
of real numbers. |-|| will denote the standard Euclidean norm and |||, the
sup norm of a vector or matrix. Throughout this article, for two matrices A
and B, A - B will denote matrix multiplication.

For m,n € N, Mat,,x,(R) will denote the space of m by n real matrices.
(R™)™ is the direct product of m copies of R™.

Fix integers d > 2, k > 1. Let G' = SL4(R), G = SLg(R) x (RY)*,
[V = SL4(Z) and T = SLy4(Z) x (Z4)*. Tt is well known that I" is a lattice in
G’ and T is a lattice in G.

Let X = G/T. Denote pux the G-invariant probability measure on G/I.
Note that the action of G’ on (R?)* is given by

g'V:(g'Vl,"'7g'Vk),

where g € G’ and v = (vq,--+,vg) with vi € R% The multiplication law in
G is given by

(g,V) ) (g/a V,) = (9 : g/,v +9g- V/)'
G’ is naturally embedded into G by
G'~(G'0)<G.

Fixanr e {1,---,d—1}. For t € R and s € Mat,q—)(R), denote

(1.3) ay = diag[el @t ... et ot L el
1, S
(1.4) u(s) = [odm ]-dr‘| ,

(1.5) U:={u(s) :s € Mat,(4—r)(R)} = Mat, - (R).
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For a column vector or a matrix v, let (v)<, (or (v)s,) be the first r rows
(or last d — r rows) of v. For example, if v € (R?)¥, then

(V)<r € (R, (v)sr € (R

With the above notations, the unstable horospherical subgroup U™ of a;

in G is
Ut=u- {(Id, [W();TD ‘ve (Rd)’“} .

Lastly, for a map ¢ : Mat,yq—r)(R) — (RHE we write p(s) =
(ij (8))1<i<d1<i<k-
We also write

(1.6) Ug(s) = u(s) - (1d, ().
1.2. Main results

For any s € Mat, -y (R) and T' > 0, define the probability measure

1 T
(17) Hs, T = T/O 5atu‘,,(s)th'

As before, we say that u,(s)I" is Birkhoff generic with respect to (X, pix, at)
if pus 1 converges to px in the weak*-topology as 7' — oc.
One of our main results is the following:

Theorem 1.3. Let U C Mat,q—r)(R) be a bounded open subset. Let ¢ :
U — (RH* be a Cr-map satisfying (@(s))sr = 0 for any s € U. Assume that
for any m € Z* \ {0},

(1.8) HseU:(p(s))<r - mes-Z" + 77} =0,

then for Lebesque a.e. s € U, uy(s)I' is Birkhoff generic with respect to
<X7 ﬂXvat)'

Using the observation that if a trajectory equidistributes with respect to
1x, then all other parallel trajectories will also equidistribute with respect to
px (see Lemma 2.3), we can remove the assumption that (¢(s))s, = 0 and
strengthen Theorem 1.3 to the following.
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Corollary 1.4. Let U be a bounded open subset of Mat,yq—r)(R). Let ¢ :
U — (RY* be a CT map. If for any m € ZF\ {0},

{seU: (pls)< mes 247 + 27} =0,

then for Lebesque a.e. s € U, u,(s)I' is Birkhoff generic with respect to
(X7 MX)a’t)'

We also obtain the following variants of Theorem 1.3.

Theorem 1.5. Let U be a bounded open subset of Mat,,q4—ry(R). Let ¢ :
U — (RYH* be a CF map. Let M € SLy(R). If for any m € Z* \ {0},

+Zd}

Then for Lebesque a.e. s € U, u(s)M(Id,p(s))' is Birkhoff generic with
respect to (X, px,at).

0

Rd—r = 0.

(1.9) Hs EU:p(s)-me M tu(—s)-

Remark 1.6. By the equidistribution result in [3], Theorem 1.5 gives an affir-
mative answer to Question 1.2.

Remark 1.7. The conditions (1.8) and (1.9) are indeed necessary. For example
in Theorem 1.3, suppose that (¢(s))<, -m € s - Z3" + Z" for some s € U
and m € ZF \ {0}, then the a; trajectory along u(s)I" will concentrate on a
proper submanifold of G/T".

Corollary 1.8. Let U be a bounded open subset of Matrxscd_r)(R). Let ¢ :
U — (RHE be a C* map. Let (M,v) € G. If for any m € Z*\ {0},

Hs eU: (p(s)+Vv) -méeu(—s)- lRU?_T

+M-Zd}‘:0,

then for Lebesque a.e. s € U, uy(s)(M,v)I' is Birkhoff generic with respect
to (X, ux,at).

For 1 <i < d, let e; € R? be the column vector such that i-th row of e;
is 1 and others are 0.

Corollary 1.9. Let U be a bounded open subset of Mat,y(q—r(R). Let Eq :
U — SO4(R) be a smooth map such that the map s — Eq(s) "L [e,11, - , €4
has a nonsingular differential at Lebesque almost every s € U. Let ¢ : U —
(RY* be a Ct map. Assume that for any m € Z* \ {0},

{s cU:p(s) - meE(s)"- LRC?T
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then for Lebesque a.e. s € U, Eq(s)(Id, p(s)) is Birkhoff generic with respect
to (X, px,at).

Corollary 1.9 will allow us to deduce an application to universal hitting
time for integrable flows in d-torus T¢ (see Theorem 9.5).

1.3. Ingredients of the proof

Proof of Theorem 1.3 follows the similar strategy as in [8]. However, some
new ingredients are required. We need the description of orbit closures of G’
in X. This can be done using Ratner’s orbit closure theorem following the
approach in [3].

We need to construct a suitable mixed height function in our situation,
which measures the distance of point to the cusp and singular submanifolds.

Also due to higher rank, some technical difficulties arise in the proof
of uniform contraction property of the mixed height function. To overcome
these difficulties, we apply a linear algebra lemma (see Lemma 6.13) which is
inspired by the proof of [11, Proposition 3.4].

1.4. Overview

In Section 2, we make some reductions and give a proof of Theorem 1.3 and
Corollary 1.4.

In Section 3, we will investigate the orbit closure of G’ in X using Ratner’s
orbit closure theorem.

In Section 4, we prove that for a.e. s € U, the limit measure is invariant
under the unipotent group U. This enables us to apply Ratner’s measure
classification theorem.

In Section 5 and Section 6, we will construct mixed height function [y,
for m € Z* \ {0}, and give a proof of its uniform contraction property.

In Section 7, we prove Proposition 2.1 using mixed height function.

In Section 8, we deduce variants of Theorem 1.3.

In Section 9, we deduce an application to universal hitting time statistics.

2. Reductions and proof of Theorem 1.3

In this section, assuming several Theorems/Propositions/Lemmas that will
be proved later, we give a proof of Theorem 1.3.

By Proposition 4.1, for a.e. s € U, after possibly passing to a subsequence
the weak™® limit ps of ugp is U-invariant. From the definition of pusp (see
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(1.7)), it follows that s is also D = {a; : t € R}-invariant. Hence for a.e.
s € U, ps is DU-invariant. Note that DU is an epimorphic subgroup of
G' = SLy(R). By [17], as ps is a probability measure invariant under DU, ps
is G'-invariant. By Ratner’s measure classification theorem, any G’ invariant
and ergodic probability measure is supported on an orbit closure of G’ on X.

A consequence of Ratner’s orbit closure theorem (Theorem 3.1) shows
that any orbit closure of G’ is either

(1) the whole X, or

(2) concentrated in a proper closed submanifold X, for some m € Z* \
{0}, where

Xm:{(g,gv)F:geGﬂv‘meZd}.

Therefore, it remains to show that for a.e. s € U, us is a probability
measure on X and jis(Xp) = 0 for any m € Z* \ {0}.
Let

(2.1) My == Ny - ( max supllaijso(S)Hoo> +1,

1<i<r,1<5<d—7r sy

where Ny = 8r2kY/2(d —r), and 9;;¢ is a d by k matrix whose (p, ¢)-th entry
is Oppq/0s;j. Here the choice of Nj is flexible, we just choose a value for N;
that is convenient for us.

By assumption (1.8) of Theorem 1.3, for any m € Z* \ {0}, the set

Bady, = {s €U :3acZ¥" becZ such that (¢(s))<,-m=s-a+Db,

(22) and |fal|., < M; [|m]| }

has Lebesgue measure zero.

Since there are only finitely many a € Z%" such that ||la|_ < M; - |m)],
Bady, is a closed set with Lebesgue measure zero. Thus to prove Theorem 1.3,
it suffices to prove it for a closed cube contained in U \ Bady,. Now let’s fix
a closed cube I C U \ Bady,.

Let K be a measurable subset of X. For any T' > 0, we define the average
operator AL : U — [0, 1] by

ATI;(S) = % /OT XK(atucp<S)F>dt = ,US,T(K)a

where y g is the characteristic function of K.
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The key proposition, which ensures that ps is a probability measure
putting zero mass on Xy, for a.e. s € I, is the following:

Proposition 2.1. Let m € Z* \ {0}. Let ¢ : I — (RY* be a C' map
satisfying (p(s))sr = 0 for any s € I. Suppose that

(2.3)

inf{[|(¢(s)<r - m —s-a—b| : [l < M [m|,a €z beZ} >0
S

Then for any € > 0, there exists a compact subset K. C X \ Xm and v > 0
such that for any T > 0,

(2.4) s e T: AL (s)<1—e}| <e |1,

It will be proved in Lemma 6.1 that condition (2.3) in Proposition 2.1
follows from condition (1.8) in Theorem 1.3.

Proposition 2.1 will be proved in Section 6. Combining Borel-Cantelli
lemma, a direct consequence of Proposition 2.1 is the following:

Proposition 2.2. Under the assumptions of Theorem 1.3, for a.e. s € U, by
possibly passing to a subsequence, fisT converges to a probability measure pg
on X in weak*-topology as T — oo, and pis(Xm) = 0 for any m € Z* \ {0}.

Proof. Fix an m € Z*\ {0} and ¢ > 0. By Proposition 2.1, we can choose
a compact subset K. of X \ Xy, such that (2.4) holds for any 7" > 0. Let
T =n € N and apply Borel-Cantelli lemma to the collection of the sets

{sel: Ak (s)<1—-¢},neN.

We can find a measurable subset 5, of I with full measure such that for any
s € If,, Ak _(s) > 1 — ¢ for all sufficiently large n € N. Therefore, for any

s €15, 1s(X) > 1 — ¢ and pig(Xm) < € Lot Im = M, I, then Iy has full
Lebesgue measure in I, and for any s € Iy, pus(X) =1 and ps(Xm) = 0.

To complete the proof, we let I’ =,z {0} Im- Then " has full Lebesgue
measure in I and the proposition holds for all s € I'. O

Assuming Proposition 2.2, Proposition 4.1 and Theorem 3.1, we are ready
to prove Theorem 1.3:

Proof of Theorem 1.3. By Proposition 2.2 and Proposition 4.1, we conclude
that for a.e. s € U, the weak™ limit ug of s as T'— oo is
(1) a probability measure on X, and pis(Xm) = 0 for any m € Z* \ {0};
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(2) DU-invariant.

Since DU is an epimorphic subgroup of G' = SL4(R), and ps is a DU-
invariant probability measure on X, s is G'-invariant by [17, Theorem 1].

By Ratner’s measure classification theorem [19], any ergodic component
of such g is supported on an orbit closure of G’ on X. Theorem 3.1 describes
all the possible orbit closures of G’ on X: either it is X or it is concentrated
on Xy, for some m € ZF \ {0}.

Since jis(Xm) = 0 for any m € Z* \ {0}, we conclude that for a.e. s € U,
Hs = X U

We note the following

Lemma 2.3. Assume that for some x € X = G/T,
1 T T—00 . *
T Oaszdt —— pigyr, in weak™topology,
0
and for some g € G, azga_y — Id € G as t — oo, then
1 r T—o0 . *
T/ Oargedt —— pgyr, in weak*-topology.
0

For any ¢ : Mat, - (R) — (RY%, and any s € Mat, (q—)(R), we can
write

~—
~—

atug(s) = ar(u(s), ¢(s

where

Since

ay(Id, l“" (g))J Ja_; — (1, 0),

by Lemma 2.3 and Theorem 1.3, Corollary 1.4 is proven.
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3. Orbit closure

In this section, we will classify all orbit closures of G’ in X following [3].
Recall that G' = SLy(R) and G = SLg(R) x (R%)F.

Consider a base point (Id,€) € G. Since G’ is a simple Lie group, an
application of Ratner’s orbit closure theorem gives the following theorem
describing the orbit closure of G’ - (Id,&)I'/T in G/T*

Theorem 3.1. The orbit closure G' - (Id,&)I'/T" is G /T if and only if for any
m € Z*\ {0}, £ - m ¢ Z%.

By Ratner’s orbit closure theorem ([20]), for any & € (R%)*, there exists
a closed subgroup H of G containing G’ such that

G- (1d,&T/T = H - (Id, €)T'/T,

and H - (Id,&€)I'/T" admits an H-invariant probability measure.
It can be checked that if there exists m € Z* \ {0} such that & - m € Z,
then G’ - (Id, &)’ C Xy, where

(3.1) Xm = {(g,gv)T : g € G',v € (R)* such that v - m € Z¢}.

This is a closed submanifold of X of codimension d. In this case, the orbit
G’ - (1d, €)' /T does not equidistribute in X.

The converse of Theorem 3.1 will follow from Lemmas 3.2-3.4. We will
follow the proof strategy of [3, Theorem 3]. Let &, H be as above.

Lemma 3.2. There is a linear subspace U C R* such that H = SL4(R) x
L(U), where L(U) is a subset of Matgxi(R) such that for any element v of
L(U), each row vector of v is a vector in U.

Proof. Let L = {v € (RY)*: (Id,v) € H}. Because G’ C H, for any v € L,
we have (¢,0) - (Id,v) - (9,0)™t = (Id,gv) € H. It follows that L is G'-
invariant and SLq(R)x L C H. For any (g,v) € H, we have (¢g71,0)-(g,v) =
(Id,g7'v) € H, so g-'v € L. Since L is G'-invariant, v € L. Therefore
H = SL4(R) x L.

Let A € sl; = Lie(G’), then for any ¢t € R, and any v € L

exp(tA)v — v
t

€ L.

Let t — 0, we obtain A-v € L. Recall that sl; consists of all trace zero d x d
matrices. Let E;; be the d x d matrix with 1 in the (2, j)-th entry and zero for
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all other entries. Then for any i # j, E;;v € L. Since E;; - E;; = E;;, for any 4
we have E;v € L as well. Therefore, L is invariant under left multiplication
of all d x d real matrices. Since left multiplication is row operation, there is
a linear subspace U C R¥ such that L = L(U). O

Let 7 : G — G’ be the natural projection map and ', = L(U) NT.

Lemma 3.3. Let U be the linear subspace of R¥ obtained by the Lemma 3.2.
Then U NZF is a lattice in U and € € (QY)* + L(U).

Proof. By Lemma 3.2, H = SLy(R) x L(U) and H - (Id,&)I"/T is closed and
admits an H-invariant probability measure, therefore I'y = (Id, €)I'(Id, —€&)N
H is a lattice in H.

By [18, Corollary 8.28], Ty, is a lattice in L(U), that is, (Z%)* N L(U) is
a lattice in L(U). Thus U has a basis belonging to Z*, and it follows that
ZF N U is a lattice in U.

Recall that I" = SL4(Z). Now consider m(I'yy) = {y € T" : € — 7 -
¢ € (Zz4k + L(U)}. Again by [18, Corollary 8.28], 71 (T'y) is a lattice in G'.
Therefore m (') is a finite index subgroup of I'. Pick a v € m(I'y) such
that Id — ~ is invertible, then & € (Q4)* + L(U). O

Lemma 3.4. Let U be the linear subspace of RF obtained by Lemma 3.2. If
for any m € Z*\ {0}, &€ -m ¢ Z¢. Then U = R* and hence, H = G.

Proof. Suppose U # RF, then dim U < k. Since UNZ* is a lattice in U, there
exists a nonzero v € Z¥ N U™, Since £ -v € (QV)F - v+ L(U) -v = (Q)F - v,
we can choose m to be a suitable integral multiple of v such that & -m € Z<,
this contradicts to the assumption of the lemma. O

4. Unipotent invariance
The collection of all probability measures on the one point compactification

X* of X is a compact space in weak*-topology. Therefore, for any s € U,
after possibly passing to a subsequence, we have

1 T
T/ Sa,uy(s)rdt Teo, s in weak™® topology,
0

for some probability measure ps on X*. Throughout this section, the function
@ is assumed to be C! and satisfy (¢(s))s, = 0.

Proposition 4.1. For a.e. s € U, us is U-invariant.



Genericity on submanifolds 541

Proof. Since U is a bounded open subset of Mat, (4 (R), it is enough to
prove the proposition for a.e. s in an open cube of U.

We may choose an open interval I € R such that I"*=") < (. For 1 <
i<r1<j<d-rlet Ej € Mat,.q—r(R) be the matrix with 1 in (i, j)-th
entry and zero otherwise.

If 51, s9 are two real numbers linearly independent over @, then the closure
of the subgroup generated by {u(s1E;;), u(soE;;) 11 <i<r,1<j<d-—r}
is U.

Therefore, given s’ € R, without loss of generality, it suffices to prove that
for a.e. s € I"4=") the limit measure g is invariant under u(s'Eq;).

Note that there exists a countable dense subset of C,.(G/T") consisting of
smooth functions. Let ¢ € C°(G/I'). For t > 0 and w € Mat,y(q4—r)(R),
define

Yi(w) = Y(arup(w)l) — ¢(U(S’E11)atu¢,(w)r).
Hence, we only need to show that for this ¢, for a.e. w € I"(d="),
1 (7 .
—/ by(w)dt 222 0.
T Jo

This follows from Theorem 4.2 and Lemma 4.3 as follows. O

Theorem 4.2. [13, Theorem 3.1] Let (Y, u) be a probability space. Let F :
Y xR — R be a bounded measurable function. Suppose that there exist § > 0
and ¢ > 0 such that for any 1l >t >0,

(1.1) | [ Pl P @ Ddu(a)| < - e omn,
Y

then given any € > 0, for p-a.e. y €Y,

=

1 (T 2
- / Fly, t)dt = o(T~5 - log5+<T).
T Jo

Lemma 4.3. There exist ¢ > 0 such that for any t,l > 0,

| de(w)ihy(w)dw]| < e,
Ir(d—r)
Proof. In the following proof, for positive valued functions f, g, we write f =
O(g) if there exists a positive constant C' depending only on 9, ¢, s’ and [I]
(these are fixed throughout the proof) such that f < Cg. Also, for any positive
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number € > 0, we let Og(€) denote a group element in a O(e)-neighborhood
of Id in G.

Without loss of generality, we assume that [ > ¢. For sg € I, consider the
interval

d(l+t) d(l+t)

[(s0) = (s0 — [lle™ ">, 50 + [Mle™">7")

such that I(sp) C I. For any s € I(sg), and any w € {0} x I"(d=")~1,

[V (sE11 + W) — U (soE1 + w)| < [(arup(sEn + w)l)
— Y(apugp(soE1r + w)D)| + [ (u(s"E11)arug (sE11 + w)T)
— Y(u(s"E11)arug (soE11 + w)D)).

Note that

artp(sE11 +w) = ai(u(sE1r + w), p(sEi1 +w))
= ar(u(soEn +w + (s — s0)E11), p(soE11 +w)
+ ¢(sEn + w) — p(soE11 + w))
= (u(e®(s — s9)E11), e(d_r)t(s — 50)011¢)augp(soE11 + w).

where the last equality follows by mean value theorem (for simplicity of
notations, by uniform boundedness of ||O11¢|lcc on U, we write Oi1¢p for
O11¢(SE11 + w) with arbitrary §). Since

e(d—r)t|8 — so| < s — 50| < RChy eI = e 4i—t) I,

we have
_d(-1)
7 [I)arug(soE1 + w)

_d—t)
7 )aup(soB11 +w).

arup(sE1r +w) = Og(e
= Og(e

Likewise,

_d(—t)

u(s'E11)aiug(sE11 + w) = Og(e™ 2 )u(s'E11)aiugp(soE11 + w).

Since ¢ € C(G/T), 9 is Lipschitz, and hence

_d(i—t)

[y (sEq11 + W) — Uy (soE1n + W) = O(e™ 7).
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Therefore,

/11( )7/%(5]311 + w)(sEq1 + w)ds
S0

= [, rlsoBan +w) £ Ol 50 (5B + w)ds
(42) = wt(SOEll + W) /]1 : wl(SEll + W)dS + O(e* d(l;ﬁ)) . ‘H(S())’

Now we estimate [y, ) ¥1(sE11 + w)ds. Note that

u(s"Eq)ajug (sE1q + w)
= a(u((s + e*dls’)En +w), p(sE11 +w))
= a(Id, p(sE11 +w) — p((e™"s' + 5)E11 + w))
ca—jaug((s + e U \Eqy +w)
= a(Id, e "s'011p)a_jaugy((s + e s\ Eqy + w)
= Ogle ™M aup((s + e s\ Eqqg +w).
As 1 is Lipschitz,

?Pl(SEn + W)
= Y(aup(sE1r + W)T) — (aue((s + e s Eqr +w)T) + O(e™™).

Since I(sg) and I(sg) + e~%s" overlap except for a length of O(e~%), we have

( )wl(sEn + w)ds
I S0

=/, )w(azuzp(sEn +w)T) — $larg (s + e By + w)T) + O(e™)ds

— 0(e=™) + O(e™)[I(so)]

_d—t) -

= O(e™ 7 )[I(s0)| + O™ ) [L(s0)|

= 0(e” ") I(s0)].

Now we consider the partition T = U_, I; such that I; = [s;_1,s;] with
5; — 8j1 = 2= Il for 1 < j <p-—1,and s, — sp—1 < 2e— "3 II]. By

(4.2), we have

/H¢t<5E11 + W)wl(SEn + W)ds
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p
- Z/ﬂ Vi(sE11 + w)ii(serr + w)ds
j=1"4

(+t)
2

p—1
= Z /H Ui(sE11 + W) (sE11 + w)ds + O(e” i

d(l+t)

—ZO "N+ 0 =)
= O(e_(l DI = O(e™ 1.

The above estimate holds for any w € {0} x I"~")~! Now the lemma follows
from the above estimate and Fubini’s theorem. O

5. Margulis’ height function

In this section, we will recall the definition of Margulis’ height function on
SL4(R)/SL4(Z) and its uniform contraction property.

Margulis’ height function was first introduced in [6] and later developed in
several papers (see for example [1][25]). It measures the depth of elements of X
into the cusps. It has been used to study equidistribution problem for certain
unbounded functions (cf. [6][7][16]) and random walks on homogeneous spaces
(ct. [1)5)).

We start with the vector space V.= AR = @g;cq A'RY, where G =
SL4(R) acts on V naturally.

Let A be a lattice in R?. We say that a subspace L of R? is A-rational if
LN A is a lattice in L. For any A-rational subspace L, denote d(L) or da(L)
the volume of L/L N A. Note that d(L) is the norm of uy Aug A---Aw in 'V,
where {u; }1<i<; is a Z-basis of LN A. If L = {0}, we set d(L) =

For any lattice A, we define for 0 <1 < d,

1
a;(A) :=sup {m : L is a A-rational subspace of dimension 1} .

Proposition 5.1. There exists a continuous map & : SLy(R)/SLq(Z) —
[1,00] and by > 0 such that for B a bounded open box in Mat,q—r(R), for
all t > 0 large enough and for any unimodular lattice A of RY,

A)ds < 277@725(A) +b
|B|/ (au(s s < a(A) + by,
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and there exists v > 0 such that
ar(A)” < a(A).

Moreover, a measurable subset K of SLy(R)/SL4(Z) is precompact if there
exists N > 0 such that

Kc{reX:alx)<N).

Proof. Define & = ¢4 . Z?:o eal®) . af, where €,v > 0 are sufficiently small
numbers and ¢(i) = i(d — 7). The fact that & satisfies conclusion of Proposi-
tion 5.1 will follow from [25, Lemma 4.1]. O

The function @ above is the Margulis’ height function that we need in our
setting.

Remark 5.2. The function & satisfies Lipschitz property as follows: For any
bounded neighborhood V of e of SL4(R), there exists M > 0 such that for
any © € SLy(R)/SLq(Z), any g € V,

a(gz) < Ma(x).

Indeed, M > 0 is the maximum of operator norms of elements in V' acting on

V.
6. Mixed height function

In this section, we will construct a mixed height function, which is crucial for
us to prove Proposition 2.1. The main result of this section is the following:

Proposition 6.1. Let ¢ be a C* map fromU to (R)* satisfying (¢(s))s, = 0
for any s € U. For any m € Z* \ {0}, any closed cube I C U \ Bady, (for
Badyy,, see (2.2)), there are t > 0 sufficiently large (depending on I, m) and
measurable function By, : G/T — (0, 00| such that the following hold:

(1) For anyl >0, {z € G/I': Bm(x) <1} is compact;

(2) For any x € G/I', fm(z) = oo if and only if v € Xm;

(3) Given any n € Z>o, a box J C I with J = H:Ldfr) Ji, where J; C R
and |J;| < 2e=% for all i. There exists My, > 0 such that for any s,8 € J,
one has

/Bm(antucp (é)r) < M16m<antu<p (S)F>§
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(4) There exists My > 0 depending on t, for any n € Zso, any s € I and
any 7 € R with |7| <t, one has

B (araniugy(s)l) < MZﬁm(antucp(s)F)§

(5) There exists b > 0 such that the following holds: for any n € Z>o and

any box J C I with J = Hr(d v J; satisfying either n > 1 and |J;| > e~
foralll1<i<r(d—r), orn=0and J =1, one has

/]ﬁm(a(nJrl)tuLp(s)F)ds < %/]ﬁm(antu¢(S)F)ds + bl J|.

Remark 6.2. The function By, in Proposition 6.1 is the desired mixed height
function.

From now on until the end of this section, we will fix a closed cube I C
U \ Bady,. Recall that the finite number M; is defined as in (2.1). By the
choice of I, and the fact that there are only finitely many a € Z4~" satisfying
lall,, < M ||m]||, we obtain o > 0 such that

(6.1)
inf {]|((5)<; - m — -2~ bll,: lalle < M |m]a €z ben} =0

Remark 6.3. By (6.1), we can choose a closed neighborhood I’ of I such that
I’ is a closed cube contained in I and satisfies

—T T g
it {(())<r - m —s-a—b|_: |all, < M |m|,aezt " bez} =2

Next we construct a suitable function measuring the distance to the closed
submanifold X,. For m € Z* \ {0}, consider the quotient space

(RYE ={veRY" :v.-meZ}/ ~,
where v ~ v’ if and only if v-m = v/ - m. One can directly verify that ~ is
an equivalence relation.

Lemma 6.4. For any (g,v) € G, there exists at most one vo € (RY)E such

m
that

1
6.2 — =
(62) (v = gvo)-mll < 5 inf - flaw].
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Proof. Suppose there are two vectors v and vj) in (R%)k satisfying (6.2) such
that v o¢ v(. Then

lg(vo — vg) - m[| < [[(v — gvo) -m[[ +[|(v — gvo) -m| < inf lgw].
weZ4\{0}

But since vo # v}, (vo — vp) - m € Z\ {0}. This is a contradiction. O

Definition 6.5. Let m € ZF \ {0}. For any (g,v) € G, we say that €0 €
(RY)%, exists if £, satisfies (6.2) in the place of vo. By convention, we set

£, v = oo if it does not exist. Define the function

(6.3) _ {M(V —9&4) 'mH_l , 1T g, exists;

it g, , = oo.

Remark 6.6. By Lemma 6.4, oy, is a well-defined function on G. By Minkowski’s
first theorem, there is a constant 0 < g < 1 such that if £, exists for (g, v),
then am(g,v) > pg. Therefore, by definition of ayy,, we have am(g,v) > g
for any (g,v) € G. Moreover, by (6.1), for any s € I, am(uep(s)) <ot

Lemma 6.7. oy, is a well-defined function on G/T'. Moreover, apy, is lower
semi-continuous.

Proof. Take any (g,v) € G and any (v,v’) € I.
If €, , exists, then ’y*l(fg,v +v') € (RY)E . Note that

v+gv —gy-yt +v mH:H mH< inf wi| .
H( gv' —gy-7 (v T V) (v—9&,v) 5wl o) lgwl
Thus £, v gv = 1§,y + V') exists and am(g, v) = am(g7, v + gv').

If £, does not exist, same argument as above shows that &, . . does
not exist neither.

If &, , exists, it is locally constant. Therefore, am, is lower semi-continuous.
O

Let v € (0, W) be a number satisfying Proposition 5.1. Let ¢ = 4 -

(10r2d)” - 27@=) and ¢t > 0 be a sufficiently large number (to be specified
later). Define

(6.4) Bm = o, +ce’a

We will prove that [y, satisfies properties (1)-(5) of Proposition 6.1.



548 Han Zhang

Proof of Proposition 6.1 (1). Since
{r€X :Bm(x) <l}C{reX:ax)<lc e},

{z € X : fm(z) < [} is precompact. As @ is continuous and a, is lower
semicontinuous, {z € X : Bm(z) <1} is closed and thus compact. O

Proof of Proposition 6.1 (2). If for some x € G/T', B () = 00, then am(x) =
o0 as &(x) < oco. Let © = (g, v)['/I". By definition of am,, we have (v — ¢€) -
m = 0 for some & € (R . Note that g7'v-m = £ -m € Z? Hence
(9, V)T = (9,99 V)T € Xpm.

Conversely, if z = (g,v)['/T' € Xy, then by definition of Xy,, we have
g 'v-m € Z% Choose any & € (R%)* such that g~'v-m = & - m, then
(v—g&) -m=g(g-'v-m— & -m) = 0. Therefore, ay(r) = co. O

Notations. Let’s fix some simplified notations for the rest of the proof.
We will fix an m € Z*\ {0} till the end of this section. In the following, ¢ > 0
is a sufficiently large number.

e For any n € N, any s € U, denote antuy(s) = (gn(s), va(s)).

o If ggn(S),Vn(S) exists, denote €gn(s),vn(s) = €n75'
e Forany ve (RYE neN secld, let

w(n,s,v) = (vp(s) — gn(s)v) -m

T (p(8))<r — (V)r =5+ (V)5 - m]
efrnt (V) Sr oM

wl(”) S, V)

wd(n7 S, V)

-1

We note that if &, ¢ exists, then am(anue(s)) = Hw(n, s,€s)

e For any differentiable function ¢ : Mat, q—(R) — R, by mean value
theorem in several variables, for any s, € Mat,(4—r)(R), there is a 8
such that

Since the functions that we consider have bounded first derivative on
a bounded set, we will omit this § for simplicity.

e For 1 <i < d—r, let e; denote the column vector in R4 with 1 in
i-th row and 0 elsewhere. Let <,> denote the usual inner product of
column vectors.
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Lemma 6.8. Let n > 1 be an integer and t > log(2u;'c™"), where g > 0
is the constant given as in Remark 6.6. For any s € I', where I' is given as
in Remark 6.3, if §,, ¢ exists, then H(S”S>>T : mH > M; ||m]|.

b 9 oo

Proof. Suppose H<£"’S)>T ' mHOO < M ||ml|. By definition of I’,

|(va(8) ~ g(®)€00) - m| > | (va(s) — ()€ 6) <m0

> I [(p(8))<r — (€ns)<r — S(Ens)sr] m
g -1
Z €t§ > :ud .
By Remark 6.6, this contradicts the existence of §,, . O

Proof of Proposition 6.1 (3). If n = 0, by Remark 6.6, we have p} <
oy, (uep(8)) < 07", Since @ is continuous and bounded on compact sets, there
exists 0 < m < M such that for any s € I,

m < &(uy(s)I') < M.

Therefore,

o7V 4+ ce’"tM

= —v vrt
Bm(utp(s)r) S o + ce -M S MZ + Ceurtm

P (g (s)L).
Assume n > 1. If £, 5 does not exist, then by definition, oy, (ansu,(8)01) = 1.
Now we suppose that &, 5 exists.

Case 1: [(w(ns, &)< |_ = No|[(win,s,€,0)-
2(r+ 1)(d —r).

Choose t > log(2ugla*1), by Lemma 6.8, the Lipschitz continuity of ¢,
and the choices of M; and J, we have

, where Ny =
o0

|(w(n,5,€, )< — (wn.s, &)<

< 2~ (r 4 1)(d — 1) H(fn,§)>r : mHOO :

=2(r+1)(d = 1) |(w(n,8,&,5)> | _

Hence, by the assumption of Case 1,

|w(n.5,€,5)

> H(w(n, $,&n5))<r

> H(w(n, $,€05))<r

o0

=20+ 1)(d =) |(w(n,s, €,5))5r

o [ee]
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>—”wns£ns) .

Case 2: H(w(n, $,€n5))<r

<N |wn,s €,0))r

. Then
oo

> [[(w(n,5,€,0)> | = [[(w(n.5,€,0)>r

>t lu(ns.g,g)
\/TNZ+d—r 7

By construction of §,, 5, we have Hw(n, s,&05)

|w(n.5.€,5)

> [ €0

. Combining

n,s)

Case 1 and Case 2, we have

> min{—

Hw n:8:&ns) 5dr2’ d2} H n:8:&ns)]| -

Therefore,
o (anup(3)T) < max(d?, (5dr?)") - % (anug(s)T).
For &, by Remark 5.2, we have for large enough M > 0,
a(antup(3)T) = a(u(e™ (8 — 8))antugy(s)T) < Ma(aniugy(s)T).

By the above, let M; = 2max{M,d*, (5dr?)", Tpte M1 then

' T eem
B (ntip(3)T) < My B (aniue(8)T), Vn € Zso. O
Proof of Proposition 6.1 (4). By Remark 5.2, since |7| < ¢, we have
a(araniug(s)T) < e @G (apuq(s)T).

Let arantue(s) = (argn(s), arvn(s)).
If &, g (s).arvn(s) dOes not exist, then am(arantug(s)l) = 1.

rgn(s),arvn(s) = V €xists, then

U (@rangtin(S)T) = [[(ar(Vn(s) = gn(s)v) - m[| ™"
< (Vi (8) = ga(s)v) - m] 7

< { " T)Ut n (antuﬂo(s)r) Ifv= £gn(s)>V"(s)
eld=r)vtor s (antugp(s)l') If v # £, (5)va(s)
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Let
M2 = max <e(d_r),,t veld=rivt 4 .. er(dr)uteurt>
’ c- ellrt 5
then by the above estimates, Proposition 6.1 (4) is proved. 0

To prove property (5) of Proposition 6.1, we record the following lemmas:

Lemma 6.9. /25, Lemma 4.8] Let n € Z>q and t > 0. Let Iy = [—1,1]"(¢=7),
J = H:idfr) Ji, where J; is an interval with |J;| > e~ for each i. Let
U : G/T"— Ry be a measurable function. Then

(6.5) / V(s tytig(s)D)ds < / / W (a1t (s + Se~))dids.
J J JI

Lemma 6.10. Let x : Iy = [—1,1]"¢"") — R, be a measurable function.
Suppose that there exists C' > 0 such that for any e > 0,

(s € lo:n(s) <} <C e,

Then for any 0 < v < ﬁ, there exists ¢, > 0 such that

/ K(s)Vds < VAT e,
Io
Proof. This is a direct generalization of [8, Lemma 6.10]. O
The following lemma is a special case of [11, Lemma 3.3].

Lemma 6.11. Let V be a bounded open subset of Mat,,(4—(R), and let
f € CHV) be such that for some constants Ay, Ay > 0, one has

Ay <0 f(8) < AVI<i<rl1<j<d-rVseV,

and || f]ly < As,
where ||-||,, denote the sup norm of a function on V. Then for any box (or
ball) B CV, any € > 0, one has

1

(s € B:1f(s) <l < r(d—r) - Capa, (—) "Bl
TP

- 12A
with Ca, 4, = T,
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Lemma 6.12. Let N > 1 be an integer. Let f : RY — R be a C' map. Given
B € SON(R), for anys € RY, let s’ = Bs. Then

of . of tB@... ﬁ)t
osy’ osy ) 0s1’  O0sy/)

where superscript t denotes the transpose of the vector.

Proof. Since s’ = Bs, s = B~!s’. Using chain rule, it can be verified that

of  Of\'_ mav (OF  OF N

As B € SOn(R), we have (B~1)! = B. This proves the lemma. O

Lemma 6.13. Let N > 1 be an integer. Given real numbers 0 < co < Cy <
¢y < C1, and a partition {Zy,Z5,Z3} of {1,--- , N} such that Ty # 0. There
is B € SON(R) (depending only on the partition) such that the following
holds: For any vector v = (vy,--- ,on)t € RN (here superscript t denote the
transpose of the corresponding vector) satisfying

For anyi € {1l,--- N}, |v;| < Cy;
For any i € Iy, |v;| > ¢1;
For any i € Iy, |v;| > Cy;
For any 1 € T, |v;| < co.

If we denote v/ = (vy,--- ,vly)" = Bv, then for anyi=1,--- N,

. €1
min{ —— — NC,C}<’U£<O+ Nes.
{ T - VFa.rf <l < 0+ VR

Proof. If I3 = (), then the lemma is trivial. Now we assume that Z3 # 0.
Let p € N be such that p — 1 = #73, then 2 < p < N. Without loss of
generality, we may assume that 1 € Z; and Zg = {2,---,p}. Choose a
B = (b;;) € SOn(R) satisfying

° bﬂ:%,forlgigp;

e bj; =0if j <p<i,ori<p<y;

Note that for any i = 1,--- ,p, v; = 1//p-v1 + 3_%_, bijv;. Therefore, for any
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1 < < p, we have the lower bound

!v\>\7\vll—2|bwllwl_ (ZICzIz) >\/———\/NC2,

where in the second inequality we apply Cauchy-Schwartz inequality. Also for
any 1 < ¢ < p, we have the upper bound

vj] < _|U1‘ +Z|bUHUJ| < Cy +VNey.
VP =

On the other hand, for any p+ 1 < i < N, we have v, = v;. Therefore, for
any 1 <7< N,

. &]
min —\/NC,C}§ vggc + vV Nes. O
{ N 2,2 | | 1 2

Roughly speaking, Lemma 6.13 says that one can find a suitable rotation
B € SOn(R) depending only on the partition of {1,---, N} such that for
any vector v € R, as long as there is a coordinate of v with large enough
absolute value, the absolute value of all coordinates of the new vector Bv are
bounded below by a suitable constant.

Proof of (5) of Proposition 6.1. If n = 0 and J = I. Then for any s € I, by
Proposition 6.1 (4),

Bm(atugy(s)I) < Mg,@m(u¢(s)F) < My(o™" + M),

Then for any b € R such that b > My(o™" 4 M),

/5m(atu<p [ds < - /ﬁm up(s)I)ds + b|I|.
I

Now we assume n > 1 and let ¢ > 0 be a sufficiently large number (to be
specified later). By Lemma 6.9,

/J Ben(t(s 1yettep (5)T)ds < /J /I Ben (a1 1yt (5 + B9 dSds.
0

By Proposition 5.1, for ¢t > 0 sufficiently large, there exists b; > 0 such that
for any s € J,

(6.6) /1 a8, u(s)Nds < % (anti($)T) + br.
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Note that since

/ a(aru(8)aniu(s)l')ds :/ &(a(y)tg(s + se~ T ds
Io IO

by definition of By, it remains to estimate the following integral for any s € J:

(6.7) / 0%, (At 1yt (5 + Se— ™)) ds.
Io

Define for any s € J,

wn>
I

]Ol(s) = {é €ly:
IQQ(S) = {g ely:
]03(8) = {§ €ly:8§

~ _dnt .

s +8se” " ’£n+1,é exists, £n+1,é 7& En,s}7
~ —d .

s + §e I, €16 €XiSts, 416 = Ensh

s 4 8"t €,,115 does not exist}.

wn>
|

Since for § € Iy3, o, is dominated by &, by Lemmas 6.14, 6.15 given as
follows, we have

v =, —dnt = v s v s v s
gy (aiue(s + Se I')ds = / o ds + ay,ds + o ds
*AO ( ( +1)t <P( ) ) 101(5) IOQ(S) 103(5)

1
< (10r2d) e 270 G{apug (5)T) + gl (@it (5)T) + 27700

As we choose b > 2v17(4=7) 1 ¢pem™ recall that ¢ = 4 - (10r2d)” - 27477) | we
have

/Jﬁm(a(nﬂ)tu(P(s)F)dsg/J/l Ben (A(ns1)¢Ue (s + Se~ ")) dSds
0

1 1
< / [ ™ alanup(S)T) + ol (ntip($)T) + 270 4 by ds,
J

< % /J Bun(tnetts(s)T)ds + b|J].

This finishes the proof of property (5) of Proposition 6.1, modulo Lem-
mas 6.14, 6.15. U

Lemma 6.14. Let J be the box as in Proposition 6.1 (5). There is t > 0
sufficiently large such that for any s € J,

/ ( )al’;(a(nﬂ)tu(p(s + 8¢~ M) ds < e’ (10r2d)" 274" - G(ansug (s)T).
101 S
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Proof. We will prove that for ¢ > 0 sufficiently large, for any § € Iy (s),

ay, (a(nﬂ)tucp(s + ée_d"t)F) <et (107’2d>V -0 (anug(s)I) .
—dnt

. > N H(w(n7s7€n+l,§))>r

For § € Iy, denote § = s + Se
Case 1: H(UJ(TL, S, £n+1,§)>57‘
2(r+1)(d—r).
By definition of M; (cf.(2.1)), the choice of Ny and Lipschitz continuity
of ¢, we have for any i, 7, p, q,

, where Ny =
o0

@%a

9 : \ M
mq| < |l - (Z\ a‘jjj ) < B2 < [ (€nr)se il

By Lemma 6.8, the choices of the sidelength of the box and No,

o +1.8,€,018)| = (0 +1,8,€0000)<
— pld=r)(n+1)t H [(p(3

§)<r — (€nt1a)<r =8+ (€nyre)>r] mHoo

> ld=n)t H(w(ﬂ, S,&nt1,8))<r

(1= DI 5,00

> 6(d—r)tZid Hw(n’ 5, €018 -

Choose t > 0 large enough such that e(d_r)tﬁ > 1, we obtain

-V

(@1t (5 486~ M) = [|w(n + 1,8, €,11.0)
e*V(d*T)t(Qd)V w(n7 S, £n+1,§)

< eV d) . 2" sup  |anu(s)w| TV
weZA\{0}

IA

d(antu¢(s)F).

Case 2: [(w(n,s, &, 10)<r|| < Vo |[(w(n,5,€,414))5r
Then by the choice of Ns, we have

> e*’ft

|wn+1,5.€,115) (w(n, 5, €1i18))>r
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—rt

>e 57'—12d ”w(n,saﬁnﬂ,é) :

Therefore,

—v

(@i yetip(s +8e™)D) = [[w(n +1,8,€,,15)

it 4

S 6z/rt(5r2d)u

w(na S, £n+1,§)

ge”’“t(loer)” sup  |lapru(s)wl|| ™"
weZd\ {0}

< e”Tt(10r2d)”&(antu¢(s)F).

Combining cases 1 and 2, the lemma is proven. O

Lemma 6.15. There exists t > 0 sufficiently large such that for any s € J,
1
/ W (@gnirytig (s +8e~M)T)ds < —ap, (ansug ()T).
I[)Z(S) 4

Proof. We fix s € J for the rest of the proof. For § € Iy, denote § = s+8§e~ %,
Since § € Ipa(s), for simplicity we denote &, 15 =&, = V.

Case 1: ||[(w(n,s,V))<r|lo = N2 |[(w(n,s,v))sr||, where Ny = 2(r +
1)(d—r).

Then we have by Case 1 of Lemma 6.14,

1
lw(n +1,8,v)| = €(d7”tﬁ [w(n,s, V)]

Hence, for t > 0 sufficiently large such that e~ . (2d)” < 1 we obtain

1
4>

—_

ar (a(n+1)tu¢(s + §e_d"t)F) < iar”n (antugp(s)T) .
Case 2: [[(w(n,8,V))<rlloo < Na[[(w(1,8,V))>r |-
Recall that Iy = [—1,1]"@""). For any B € SO, (4_(R), we have B I C
I}, where I is the unit ball in R"@="), We may choose t > 0 large enough
such that for any s € I, any § € I}, we have s +e~9"§ € I’ where I’ is given
as in Remark 6.3. Define a function S on I} by

S(s) = zr:w, <n—|— 1,s+ §e_d”t,v) ,Vs € I,

i=1

Note that |[w(n + 1,8, v)[| > 1[S(8)].
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We will apply Lemma 6.13 to find B € SO, 4_)(R) such that after the
change of basis §' = BS, for

A; = el max {4\/r(d —7),2(r(d—r))¥? + T} |lw(n,s,v)],

1

) Ay —eld=mit____ —
(6 8) 2 € 40T3d(d—7') H’IU(TL,S,V)H )
we have
oS
69) Ay <8l < A Ay < | 56| < AL Vi W € 0
ij

Applying Lemma 6.11 to S(§8'), since B preserves Lebesgue measure, we
obtain that for any ¢ > 0,

{selo: |SE) < e} < {8 € [y : |9(5)] < €}

1
12A1 € r{d=r)
d— = 3
T( T) A2 (HSHI’) |O|

<Cert e w(ns, V)|~

T(d 7)

where C' is a constant depending only on r and d. Choose t > 0 large enough,
by Lemma 6.10, with 0 < v < T(d ok

1
A (s 1)ito(s + Se D) ds < - >dS
i et IS Tl + T s + s3]
1
y N

<r. ——dS
B Io ‘S(S)‘V

< rYe, OV eI |y (n, s, V)| T

1
< 7 %m(anitig(s)T)

This prove the lemma. Therefore, it remains to achieve (6.9). Consider the
function ¥ = 37, % my,ep,,, where m = (my, -+ ,my)t. We have

r o d-r
S(é) _ 6(c#r)(n+1)t (S +e dnt Z Ze dntgzj >T m,e; >

=1 j=1
(6.10) + e~ (d=mnt Z w;(n,s,v)|.

=1
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Let N3 = 4r(d — r), define the partition {Z;(s), Zx(s),Z3(s)} of {(4,5) : 1 <
i<r1<j<d-r}by
Ti(s) == A{(,0) - |< (V)>r -m, €5 >| = [[(v)5r - ml[};
o 1
T(s) = {(0:7) : [|(V)>r -mllg > [< (v)or - m €5 >[ 2 5o [(V)>r - mllo )

Ta(s) = {(00) 1< (¥)or 105 ] < - [Vl ).

Note that by definition, Z;(s) # 0. Using (6.10), the choice of N3, and the
estimate

—dnt k2§, kr%2§
(s +e ™8)| < Zmp Z(Z 38ij))

p=1 ¢=1

851’]’

1
2

k2 -rM
< | = Vs € 4,

the following holds for any § € I
e For any (i,7), where 1 <i<r, 1<j<d-r,

< 01 = 2€(d7T)t H(w(nv va))>7"Hoo;

(8)

95,
e For any (i,7) € Zy(s),

K/ 2y
Ny

> ||(w(n, S, V))>r||oo ;

35, )| 2 (1 B

e For any (i,7) € Zy(s),

1 k2
Ns Ny

(8)] > Cp = 7 ( ) [(w(n,8,v))>rllo

951,
e For any (i,7) € Z3(s),

a5
05,5 (8)

1 kl/?
< C = G(d_r)t (E + N1T> H(’LU(?’L, S, V))>7‘Hoo'

Applying Lemma 6.13 with N = r(d—r), and C4, ¢1, Co, c2 given as above,
we obtain B = B(s) € SO,(4—)(R) (Since the partition depends only on s,
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B depends only on s), such that after the change of basis § = BS, the vector
v(§) = (£(8));; satisfies the following: For any 1 <i <r,1<j<d-r,

7
ij

as
o7,

ij

(6.11) min{\;—lﬁ _ \/NCQ,CZ} <

By the assumption of Case 2, and the choice of Ny, it is elementary to verify
that

< C1+VNey, V8 € I,

lw(n,s, V)|, and

. C1 _
L VNes. O > eld=mt =
i { VN Ve, 2} = 40/%d(d — 1)

(6.12) Cy+ VNey < 4y/r(d —r)el ™ lw(n,s, v)]|.
Moreover, using the expression (6.10), we obtain
(6.13) 1511 < e“H2(r(d = 7)*2 4 1) flw(n, s, V)|

Also, note that

(6.14) IS];, > inf

§€ly,(i,j)€T lw(n,s,v)|.

a8 1
S| > eld—rt_~
0535 (S)‘ =% l0r2d

Now we choose Ay, A2 asin (6.8), by (6.11)(6.12)(6.13)(6.14), (6.9) is achieved.
This finishes the proof of the lemma. O

7. Proof of Proposition 2.1

Following a general strategy developed in [8, Section 6.6], we derive Proposi-
tion 2.1 from Proposition 6.1.

Let Y be a locally compact, second countable Hausdorff topological space.
Let B be a compact box in Mat,4—r)(R). Let ¢ : Mat, 4y (R) = Y be
a continuous map. Let f : R x Y — Y be a continuous map and we write
f(t,y) as fi(y) for (t,y) e R x Y.

Let Fo = {B}. For every n € N, let F,, be a partition of elements in F;,_;
into countably many subboxes with positive Lebesgue measure. By construc-
tion, {F,}nez., is a filtration. For any s € B, let I,,(s) denote the atom in
F, containing s.

Let 5 :Y — [1,00] be a measurable map. Assume that [ satisfies the
following conditions:
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(1) B satisfies contraction hypothesis: There exist 0 < a < 1 and b > 0
such that for any n € Z>¢ and any atom I, in Fp,,

(7.) [ BUrtas)ds <a [ a(mo(s)ds + biL;

(2) [ satisfies Lipschitz property: There exists a constant M > 0 such
that for any s € B, any n € Zxo, and any § € I,,(s),

Bf"e(8)) < MB(f"d(s)),

(7.2) B (s)) < MB(f"¢(s));
(3) 8 is bounded on ¢(B), that is, there exists [ > 0 such that
(7.3) {#(s):seB}CYi={yeY:py) <l}

For any T > 0 and a measurable subset K of Y, define

T
As) = 1 [ xaclrots)ar

where Y is the indicator function of K.

Lemma 7.1. [8, Lemma 6.20] For any € > 0, there exist 0 < Iy < oo and
0 < ¢y <1 such that for K=Y, and any T > 1,

{se B:AL(s) <1—e} <8

proof of Proposition 2.1. We will apply Lemma 7.1 to ¥ = X, B = I,
B = Bm, ¢(s) = up(s)I' and f! = a; for t > 0 sufficiently large so that
Proposition 6.1 holds.

Recall that I is a closed cube in Mat, (4 (R). We may assume that
t > 0 is large enough such that e~ is less than the length of each side of I.

We construct a filtration {F,}neny on I as follows. Let Fy = {0,I}.
Suppose that we have already constructed F,_;. We divide each box J of
Fn—1 consecutively into cubes and boxes such that cubes have side length
e~ and boxes have side length between e~ and 2e~%". Then conditions
(7.1)(7.2)(7.3) follows from Proposition 6.1.

Therefore, applying Lemma 7.1, we obtain [; > 0 such that the set K
defined by

K:={r e X : fm(r)<li}

is a compact subset of X \ Xy, and (2.4) holds. O
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8. Proof of variants of Theorem 1.3

Given M € SLg(R), we may write

A B
o m-[3 5]

where A € Mat,».(R), B € Mat, 4 (R), C € Maty_)x(R), D €
Mat(g—yyx(a—r)(R). For s € U, we can write

(8.2) u(s)M =

A+s-C B+s-D| |A(s) B(s)
C D ]_[C D]'

Since M € SL4(R), it is clear that the set of s € U such that det A(s) =0 is
a proper algebraic subvariety of & and hence, it has Lebesgue measure zero.
Therefore, we can assume that det A(s) # 0, and

~A(s) 0 1, A(s)"'B(s)
U(S)M = [ C D — CA(s)lB(S)‘| ’ [Od—r,r 14—, ] .

We may write

u(s)M(Id, (s)) = (u(s)M(Id, (s)))- - (u(s)M(Id, ¢(s)))s-

where

(u(s)M(1d, ¢(s)))- = [Aé@ D— CAel(s)B(s)l ' (Id’ l(w(s()))»D ’
(u(s)M(Id, p(s)))+
_ q 1,  A(s)"'B(s)

Od—r,r ]-d—r

)

(0(s))<r + A(s)""B(s) - (<p(S))>TD
0 :

Lemma 8.1. For a.e. sy € U, there is an open neighborhood V of 8o contained
in U and an open subset V of Mat,q—r)(R), such that the map ¢ :V — V
defined by

(8.3) ¢(s) = A(s)"'B(s)

s a diffeomorphism.
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Proof. For any sy € U such that det A(sg) # 0, there is a neighborhood V of
So, for any s € V, the map ¢(s) is well defined and differentiable. Therefore
V = ¢(V) C Mat, - (R) is an open subset. Let

¢7'(s) = (As - B)(D — Cs)™!

for any § such that det(D — Cs) # 0. Now we verify that ¢~! is the inverse
of ¢, that is, we need to verify that for § = ¢(s),

(8.4) A5 — B =s(D - Cs).

Note that as § = ¢(s), we have (A + sC)$ = B + sD. Therefore, left hand
side of (8.4) is As — B = (A + sC — sC)s — B = sD — sCs, which is equal
to the right hand side of (8.4). O

Proof of Theorem 1.5. Choose s, V, V satisfying Lemma 8.1. By Lemma 2.3,
it suffices to prove that for a.e. s € V, the point

(8.5) (u(s)M(Id, ¢(s)))+ T

is Birkhoff generic with respect to (X, uix,a;). For § € V, define

@) — PO B 5 (0671 E)>r |

® 0

Applying Corollary 1.4 to ug(s)I' for § € V, we obtain that if for any
m € Z*\ {0},
(8.6) {s€eV:(p(BE)<, - mes- 2" +Z} =0,

then for a.e. § € V, up(8) is Birkhoff generic with respect to (X, jux, az).
Suppose for some § € V, and some m € ZF \ {0},

(8.7) (@(8)<r - meE§-ZT + 7"

Let s = ¢~1(8). By definition of ¢ and @, (8.7) implies that there exist
a € Z4 " and b € Z" such that

(A(s) - (¢(s))<r + B(s) - (¢(s))>r) -m = B(s) -a+ A(s) - b,
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then (8.7) implies that

®5) [A((js) B]()s)

By (8.2), (8.8) further implies that

 M-lu(_s). -a+
p(s) - m=M""u(-s) l(c.(zp(s) <+ D (p(s))>r) - m

Therefore, the condition (1.9) implies (8.6). By definition, for any s € V,
(u(s)M(Id, p(s)))+ = up(s), where § = ¢(s).

This finishes the proof. O

Proof of Corollary 1.8. Note that ug(s) - (M, v) = u(s)M(Id, ¢(s)), where
@(s) = M~1(¢p(s) + v). Applying Theorem 1.5 to u(s)M(Id,@(s))T, we
obtain that if for any m € Z \ {0},

0

R + Zd}| =0,

(89)  [sel:p(s) meM T u(-s)- l

then for Lebesgue a.e. s € U, u(s)M(Id, @(s))T" is Birkhoff generic with re-
spect to (X, px, at). By definition of ¢, (8.9) is equivalent to

0

gi—r| + M- Z% =o0.

HselU : (p(s)+Vv) -mée€ u(—s)- [

The corollary is proven. O

Proof of Corollary 1.9. Fix an sy € U at which the map s — E;(s)7! -
[€r41,- -+ ,€4] has a nonsingular differential. It is enough to prove the corol-
lary for a.e. s in a neighborhood of s3. Choose a neighborhood V of sy such
that for any s € V, as in (8.1) we can write

Ey(s) = Ei(s) - Eu(so) ' = [C(s) EEZ;] ’
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where det A(s) # 0 and det D(s) # 0. This can be done by smoothness of E;.
Since Es(s) € SO4(R), Eo(s) - Eo(s)! = Id, that is,

B<s>]_lA<s>t c<s>t]:]d
C(s) D(s).| |B(s)! D(s)! '

In particular, we have
A(s) - C(s)! +B(s) -D(s)"' = 0.

We may write

where

By Lemma 2.3, for any s € U, E;(s)(Id, ¢(s))I" is Birkhoff generic with
respect to (X, ux, at) if and only if

u(=C(s)" - (D(s)")™") - Ex(s0)(Id, (s))T

is Birkhoff generic with respect to (X, px, a).
By assumption, the map

S — E2(S)71 : [er+17 s ,ed] = lC(s)t]

has nonsingular differential at sy. Thus the map
(8.10) ¢:s— —C(s) - (D(s)) !

also has nonsingular differential at sg.

Shrink the neighborhood V of sy if necessary, we can assume that there
exists an open subset V of M atyy(g—r)(R) such that ¢ : V — VY is a diffeo-
morphism. Denote ¢! the inverse of ¢.

Let @(8) = (¢~ 1(8)). Applying Theorem 1.5 to

{u(8)E1(s0)(1d, @(8))T": 8 € V},
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we obtain that if for any m € Z¥ \ {0},

(8.11) Hs eV:@BE)-mekE|(s) - u(-s)- le_r

then for a.e. § € V, u(38)E1(so)(Id, ¢(8))T is Birkhoff generic with respect to
(X, px,at). Since ¢ is a diffeomorphism, (8.11) is equivalent to

+Zd}‘ =0.

This completes the proof. O

|{s EV:p(s) meE(s) - [RST

9. Application to universal hitting time statistics for
integrable flows

9.1. An adapted form of Corollary 1.9
Following notations of [3], for [ > 0, let
D(e7h) = diag[e_(d_l)l, el el

Theorem 9.1. Let U be a bounded open subset of R4~ and ¢ : U — (RY)F
be a C' map. Let By : U — SO4(R) be a smooth map such that the map
s — Eq(s)7! - ey has a nonsingular differential at Lebesque almost every
s € U. Assume that for any m € Z*\ {0},

{s €U :p(s) - m e RE(s) " -e; +Z%}| = 0.

Then for Lebesgue a.e. s € U, Eq(s)(Id, p(s))T is Birkhoff generic with respect
to (Xa nx, D(eil))'

Proof. For any | > 0, denote a; = diag[e',--- ,e!,e" (4=, Choose w €
SO4(R) N SLy4(Z) such that for any

w D™ w=a.
Note that since w € SLy4(Z),
w ' D(e B (s)(Id, ¢(s))l = quw ™ By (s)w(Id,w™ " p(s))L.

Applying Corollary 1.9, we obtain that for a.e. s € U, w1 E{(s)w(d,
wtp(s))I is Birkhoff generic with respect to (X, px,a;), and the theorem
follows. O
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9.2. Universal hitting time

Let (M, B, v) be a measurable space with probability measure v, and ¢' :
M — M be a measure-preserving dynamical system. Given some target set
D C M, it is natural to study how often a (p-trajectory along random initial
data x € M intersects this target set. On the other hand, another question is
to consider a sequence of randomized target sets whose “size” shrink to zero,
and study the distribution of intersection times of a random @-trajectory
with these shrinking targets. The interested reader is referred to [3] and the
references therein for a survey of the history of aforementioned questions.

In the setting of universal hitting time statistics for integrable flows (cf.
[3]), the above question is studied when the measurable space is a d dimen-
sional torus T% and ¢! is a linear flow on the torus. Now let d > 2 and k > 1
be fixed integers. In this article, the sequence of target sets we consider is a
sequence of union of k many bounded codimensional one balls in T¢, whose
radius shrink to zero. More precisely, let I be a bounded open subset of R4,
Consider the following smooth functions:

07¢] Z/{_)Tdyl §]§k7
fou U — S 1<j<k,
where S{™! is the unit one sphere in R% For the functions above, we assign

to any s € U the following:

e O(s) =initial position of the flow;

e f(s) =direction of the flow;

e u;(s) =direction of the j-th target ball;
e ¢,(s) =center of the j-th target ball.

With these functions, we define the flow
(9.1) O U — T xU,s — (0(s) + tf(s),s).

From now on, we fix a map v — R, from S¢™' to SO4(R) such that for all
v e sit

(9.2) R, - v=e,

and v — Ry is smooth on S¢71\ {v,} for a singular point vo € S¢~1. For
1 < j <k, fix a bounded open subset €2; C R x Y. For any [ > 0, denote
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the [-level target set with to be
k
Dy = | Di(uj, ¢;,9),
j=1

where
Di(uy, ¢;,95) = {(d)j(s) + eilR;jl(s) : L(j ,s) eT!xU: (x,8) € Qj} )

Note that [ > 0 parameterizes the size of the target. For any s € U, let
T (s, D;) be the set of hitting times defined by

T(S,Dl) = {t >0: (pt(S) S Dl}.
This is a discrete subset of R, and we label its elements by
0< tl(S,Dl) < tQ(S,Dl) <L -

By Santalo’s formula (cf. [2]), if s € U is such that the components of f(s) are
not rationally related, then for any n € N, the normalized n-th return time
to target D is

tn(S, Dl)
=Dl 5 (s)’

where e(>D!. 5 (s) is the mean return time (cf. [3, Section 2]), and

1

» (hls) = ix R (%, Q;}
1 19;(s)uy(s) - £(s) (s) = {x € (x,8) € Q;}

o(s) =

Definition 9.2. The smooth map f : U — S‘ffl is regular if the push forward
of Lebesgue measure on U under f is absolutely continuous with respect to
the Haar measure on S~ '

The following is a corollary of Theorem 9.1:

Corollary 9.3. Let U be a bounded open subset of R*1. Let f : U — Sfll_1
be a regular smooth map. Let @ : U — (RH* be a C* map. If for any m €

z*\ {0},

(9.3) {s €U : ¢(s)-m € Rf(s) + Z%}| = 0,
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then for Lebesque a.e. s € U, Res)(Id, p(s))I is Birkhoff generic with respect
to (X, i, D(e)).

Proof. By assumption, f is a regular smooth map from U to Sffl. By Sard’s
theorem, the set of critical points of f has Lebesgue measure 0. For any sg € U
which is not a critical point of f, there exists an open neighborhood V of s
such that f is a diffeomorphism of V to some open subset of Sffl.
Therefore, the map s — R;(l) -e; = f(s) has nonsingular differentials for
all s € V. Then we apply Theorem 9.1 to Ei(s) = Rg() and the corollary
follows. O

Definition 9.4. The k-tuple of smooth functions ¢y,--- ¢, : U — T4 is
0-generic if for any m = (my,--- ,my) € Z*\ {0}, we have

k
Hs ceuU: ij(cﬁj(s) —6(s)) € Rf(s) —i—Zd} =0.

j=1

To state our theorem precisely, we need some preparations. Our notations

follows from [3, Section 6]. Given N € N, denote N = {1,--- /N}. For j €
{1,-++ .k} and s € U, define R;(s) = Re) R ,,. Let R;(s) be the matrix of

5(s)”
the linear transformation
0 d-1
(9.4) X <9‘ij(s) lX]) e R,
1

where uy = (ug,- -+ ,uq)" € R for u = (uy,---,uq)" € R4
For any s € U, we define

(9.5) Q;(s) = 7(s) T TR, (s)(s) € R,

Let Gl - SLd(R) X Rd' For g = (9/7(517“' 75]{,‘)) € G al’ld] € {17 o 7k}7
write gil = (¢, €& ;) € G1. Our main theorem of this section is the following.

Theorem 9.5. Let U be a bounded open subset of R, For 1 < j <k, let
£,0,u;,¢; be given as in the beginning of this section. Let 2; be a bounded
open subset of R x U. For each j =1,--- ,k, assume that

(1) [y ({vo})| =0,

(2) u;(s)-f(s) >0 foralls €U,

(3) for a.e. s € U, the boundary 0Q;(s) has Lebesgue measure 0.

(4) 12 (s)| is a smooth positive function of s € U.
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Also assume that £ is reqular and (¢, - - - , @y,) is O-generic. Then for any
N €N, any T, > 0 forn € N, the following holds: For a.e. s € U,

. 1 tn(S,Dl) —
- e <
LIIHIIOIOL Hl € [0, L] DT 5(5) <T,,Vn € NH
k
= px ({gFeX : Z#{Lj cglzd . 0<t<Tyxe —Qj(s)} > n,
j=1
Vneﬁ}).

Note that in [3, Theorem 2], the authors proved that for each n € N, there
is some random variable 7,, in R such that the n-th normalized hitting time
to(-, D) /(e 5(+)) converges to 7, in distribution as [ — oo. Unlike [3],
in Theorem 9.5 we are interested in the question that given a fixed initial s,
when the target is shrinking, how often the n-th normalized hitting time is
bounded by some given constant.

For any 7 € {1,--- ,k}, any real numbers Y < Z, following [3, Eq. (8.9)],
we define

~ t _ .
Ajyz= {(l‘iﬁj(s)xl ,s) D (x,8) € Q;,5(s)Y <t < a(s)Z} )

Given any real numbers Y,, < Z,, for n € N, following [3, Eq.(8.10)], we define
k ~ . JR—
B[(Ya), (Zo)]={(gT,8) €G/T x U : Y #(A;y,.2,(s) N gV - Z%) >n,Yne N}
j=1
where
Aj,yn,Zn (S) = {X S Rd : (X, S) S Ajvyn,zn}.
For any s € U, denote

B[(Yn)7 (Zn)](s) = {gF S G/F : (gra S) S B[(Yn)7 (Zn)]}

Lemma 9.6. [3, Lemma 17] For every s € U, and B = B[(Yy), (Z,)],
ux (9B(s)) = 0.

Proof. By [3, Lemma 14,16}, it suffices to prove that for every j € {1,--- , k}
and n € {1,--- N}, 04y, z (s) has Lebesgue measure zero. Now since for
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any Y < Z, we have

8121]‘7)/72(5) = { [ N:(S)xl :x € 0Qj(s),a(s)Y <t < E(S)Z}
t

U { [_Ws)x] ' x € Q,(s),t € {F(s)Y, E(S)Z}} .

By assumption, for a.e. s € U, [082;(s)| = 0, the lemma follows. O
We are now ready to prove Theorem 9.5.

Proof of Theorem 9.5. The proof of Theorem 9.5 is almost the same as the
proof of [3, Theorem 2], except that here we use the equidistribution result for
the average along a; trajectory, while in [3], the equidistribution of a; trans-
lation of the average over a bounded open subset in horospherical subgroup
is used.

Let @ : U — (R?)* be a map given by

P(s) = (d1(s) = O(s), -+, @y(s) — 0(s)).

Since (¢y, - - - , ¢y) is O-generic, f is regular, assumption (9.3) in Corollary 9.3
are satisfied for the maps @ and f, thus Corollary 9.3 applies.

Let B = B[(Y,),(Zy)] for Y,,, Z, € R and n € N. Since by Lemma 9.6,
pux(0B(s)) =0, for all s € U, we have for a.e. s € U,

li l/L Di(e YR Id. G dl — B
im 7 | X (D(e )R (1d, §(5)))dl = ux(B(s)).

L—oo

Then the rest of the proof follows from the proof of [3, Theorem 2. O
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