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Some Inequalities for the dual p-quermassintegrals®
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Abstract: Based on the definitions of dual quermassintegrals,
dual affine quermassintegrals and dual harmonic quermassinte-
grals, we generalize them to the dual p-quermassintegrals, such
that the cases p = 1,n and —1 just are the dual quermassinte-
grals, dual affine quermassintegrals and dual harmonic quermass-
integrals, respectively. Further, we orderly establish the dual L,
Brunn-Minkowski type inequality, dual log-Brunn-Minkowski type
inequality and Blaschke-Santalé type inequality for the dual p-
quermassintegrals.
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The setting for this paper is n-dimensional Euclidean space R™. Let K
denote the set of convex bodies (compact, convex subsets with non-empty
interiors) containing the origin in their interiors in R™. Let S)' denote the
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set of star bodies (about the origin) in R™. Let B denote the n-dimensional
Euclidean unit ball centered at the origin, and the surface of B is written ™.
We use V(K) to denote the n-dimensional volume of a body K, and write
V(B) = kn. Let G(n,i) (1 =0,1,--- ,n) denote the Grassmann manifold of
i-dimensional subspaces of R", and let p; denote the usual Haar measure on
G(n, 1), normalized so that p;(G(n,i)) = 1.

For each convex body K, 1 < i < n —1 and any ¢ € G(n,i), the i-
dimensional volume V;(K|() is called the projection function of K, where
K| is the orthogonal projection of K onto (. Based on the notion of projec-
tion function, the quermassintegrals (see [8, 11, 12]), affine quermassintegrals
(see [11]), harmonic quermassintegrals (see [8, 12]) and the general forms (i.e.,
p-quermassintegrals) of the three aforementioned quermassintegrals (see [16])
were introduced, respectively. Duality, for each K € §7, 1 <¢ < n—1 and any
¢ € G(n,1), the i-dimensional volume V;(K N() is called the section function
of K. According to the notion of section function, the dual quermassinte-
grals, dual affine quermassintegrals and dual harmonic quermassintegrals are
respectively defined as follows:

Definition 1.A. For K € S} andi = 0,1,--- ,n, the dual quermassintegrals,
Wi(K), of K are defined by letting Wo(K) = V(K), W,(K) = k, and for
0<i<n,

N K

W) = 2 [ Ve K 0 (€),

Rn—i

where V,,_; denotes (n — i)-dimensional volume.
Definition 1.B. For K € 8} and i =0,1,--- ,n, the dual affine quermass-

integrals, Ay(K), of K are defined by letting Ag(K) = V(K), Ap(K) = kn
and for 0 < i <n,

~ /{n

) =2 (Ve e dn6)) %

Kn—i

Definition 1.C. For K € §} and i = 0,1,--- ,n, the dual harmonic quer-
massintegrals, H;(K), of K are defined by letting Hy(K) = V(K), Hy(K) =
Kn and for 0 < i < n,

Kn

Hi(K) = </G(n,ni) Vo—i(K ﬂf)_ldﬂn—i(f)) 71-

Rn—i

Note that the definitions of dual quermassintegrals and dual affine quer-
massintegrals see Lutwak’s papers [9] and [12], the dual harmonic quermass-
integrals was given by Yuan, Yuan and Leng (see [18]). In addition, Gardner
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(see [5]) extended the definitions of dual quermassintegrals and dual affine
quermassintegrals from star bodies to a bounded Borel set. For the studies of
quermassintegrals and dual quermassintegrals, a lot of research results were
aggregated in books [4, 8, 14] and papers [1, 2, 3, 5, 7, 9, 10, 11, 12, 17, 18].
In this paper, based on the definitions of dual quermassintegrals, dual
affine quermassintegrals and dual harmonic quermassintegrals, we general-
ize them to the dual p-quermassintegrals, such that the special cases p =
1,n and —1 just are the dual quermassintegrals, dual affine quermassinte-
grals and dual harmonic quermassintegrals, respectively. Whereafter, we or-
derly establish the dual L, Brunn-Minkowski type inequality, dual log-Brunn-
Minkowski type inequality and Blaschke-Santal6 type inequality of the dual
p-quermassintegrals. Here, we give definition of dual p-quermassintegrals as
follows:
Definition 1.1. Let K € §},i=0,1,--- ,n and p be any real. For p # 0,
the dual p-quermassintegrals, @i,p(K), of K are defined by letting @g’p(K) =
V(K), Qup(K) = Ky and for 0 <i <n,

Kn

Foni ( /G(n,n—i) Vani(K N ) dpin—i (€ )) %-

For p =0, we define Qoo(K) = V(K), Quo(K) = kn and for 0 <i < n,

(1.1) Qip(K) =

(12) Qual) = lim Quy(0) = 2 (exp [ WV (KNE) ().

Kn—i

Note that for p > 0 and K is a bounded Borel set, definition (1.1) was
given by Gardner (see [5]).

Clearly, the cases p = 1,n, —1 of Definition 1.1 successively are Definition
1.A, Definition 1.B and Definition 1.C, i.e.,

(1.3) Qi1 (K) = Wi(K), Qin(K)=A(K), Qi1(K)=H;(K).

From the Jensen mean integral inequality, we easily know that: If K € 7,
i=0,1,---,n, reals p,q # 0 and p < ¢, then

(1-4) @i,p(K) < @i,q(K)v

with equality for 0 < i < n if and only if V,,_;(K N &) is a constant for all
€ e G(n,n—1).
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For the dual quermassintegrals, dual affine quermassintegrals and dual
harmonic quermassintegrals, the related dual Brunn-Minkowski inequalities
for the radial Minkowski additions of star bodies were established as follows:
Theorem 1.A. If K,L €S} and 0 <1i <n, then

(1~6) ﬁi(K—T-L)"lﬂ' < Zli(K)n]—i _5_111,([/)%14;
(1.7) Hy(KTL)™ < Hy(K)™ + H(L)7.

In inequality (1.5), equality holds for 0 < i < n — 1 if and only if K and
L are dilated; for i = n — 1, (1.5) is an equality. In inequalities (1.6) and
(1.7), equality holds if and only if K and L are dilated. Here K+L denotes
the radial Minkowski addition of K and L.

Note that inequality (1.5) can be found in [5], inequality (1.6) was estab-
lished by Yuan and Leng (see [17], also see Gardner [5]), inequality (1.7) was
due to Yuan, Yuan and Leng (see [18]).

Nextly, together with the L, radial Minkowski combinations of star bod-
ies, we establish the dual L, Brunn-Minkowski type inequalities of dual p-
quermassintegrals. If p # 0, we have result as follows:

Theorem 1.1. Let K, L € 8, 0 <i<mn, \,u >0 (not both zero) and reals
p,q#0. If0<qg<n—1 and@ > 1, then

(1.8) Qi,p(/\ : K"T’q:“ ) L)% < )‘Qi,p(K)% + :“@i,p([/)%;

ifq<0and@§l, 07"q>n—iandp("f;i)§1, then

(1.9) Qip(N - KT g L)77 > AQi p(K)77 + pQi p(L) 7.

In each case, equality holds if and only if K and L are dilated. Here \- K+ - L
denotes the Lq radial Minkowski combination of K and L.

Let g=1, A= =1 in Theorem 1.1, we have the following dual Brunn-
Minkowski type inequality of dual p-quermassintegrals.
Corollary 1.1. [f K, L€ S}, 0<i<n and real p > ﬁ, then

1 1

(1.10) Qip(KTL)™ < Qi p(K) 7 + Qy (L) 7,
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with equality if and only if K and L are dilated.

Taking p = 1,n in Corollary 1.1, then inequality (1.10) yields inequality
(1.5) and inequality (1.6), respectively.

In Theorem 1.1, if p = 1,n, —1, then by (1.3) we may orderly get the dual
L, Brunn-Minkowski type inequalities of dual quermassintegrals, dual affine
quermassintegrals and dual harmonic quermassintegrals.

If p = 0, we have the following dual L, Brunn-Minkowski type inequalities
for the dual p-quermassintegrals.
Theorem 1.2. Let K,L € S}, 0 < i < n, real ¢ # 0 and X\ € [0,1]. If
qg>n—1i, then

(1.11) QioO\ - KF,(1=))-L) > Qio(K)*Qio(L) ™,
if ¢ <0, then
(1.12) Qio(N - KF,(1—=)) - L) < Qi 0(K)*Qio(L) .

In each case, equality holds for A € (0,1) if and only if K = L; for A\ =0 or
A =1, inequalities (1.11) and (1.12) both are equalities.

Further, based on Wang and Liu’s dual log-Brunn-Minkowski inequal-
ity (see [15]), we give the dual p-quermassintegrals form of dual log-Brunn-
Minkowski inequality.

Theorem 1.3. For K,L € 8}, A € [0,1], 0 < i < n and real p, if p > 0,
then

(1~13) @i,p()‘ ’ K‘T‘O(l - /\) ) L) < éi,p(K))\@i,p(L)l_)\v

with equality for X\ € (0,1) if and only if K and L are dilated. For A =0 or
A\ = 1, inequality (1.13) becomes an equality. Here, - K+o(1—\)- L denotes
the log-radial combination of K,L € S]'.

Let p = 1,n in Theorem 1.3, we respectively obtain the dual log-Brunn-
Minkowski type inequalities for the dual quermassintegrals and dual affine

quermassintegrals as follows:
Corollary 1.2. IfK,L € S}, A€ [0,1] and 0 <i < n, then

Wi\ KFo(1 = X) - L) < Wi(K) Wi(L)'

AN KFo(1 = )) - L) < A (K)MA (L)

In each inequality, equality holds for X € (0,1) if and only if K and L are
dilated; for A =0 or A = 1, above inequalities become equalities.
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Finally, according to the well-known Blaschke-Santalé inequality, we ob-
tain related dual p-quermassintegrals version. Recall that Lutwak ([13]) im-
proved the Blaschke-Santalé inequality as follows:

Theorem 1.B. If K € 8} whose centroid is at the origin, then

(1.14) V(K)V(K*) < K2,
with equality if and only if K is an ellipsoid centered at the origin. Here K*
denotes the polar of K.

From inequality (1.14), we have the following Blaschke-Santalé type in-
equality for the dual p-quermassintegrals.

Theorem 1.4. If K is an origin-symmetric star body, 0 < i < n and real
p<n-—1, then

(1.15) @i,p(K)@i,p(K*) < /{3“

with equality for i = 0 if and only if K is an ellipsoid centered at the origin,
for 0 < i < n if and only if K is a ball centered at the origin.

Let p = 1,—1 in Theorem 1.4 and by equality (1.3), we may obtain
the Blaschke-Santalé type inequalities for dual quermassintegrals and dual
harmonic quermassintegrals.

Corollary 1.3. If K is an origin-symmetric star body and 0 < i < n, then

(1.16) Wi(K)Wi(K*) < K2;

(1.17) Hy(K)H;(K*) < k2.

In each inequality, equality holds for i = 0 if and only if K is an ellipsoid
centered at the origin, for 0 < i <n if and only if K is a ball centered at the
origin.

Note that inequality (1.16) can be found in [6], inequality (1.17) was
established by Yuan, Yuan and Leng (see [18]).

2. Background materials

If K is a compact star shaped subset (about the origin) in R"™, then its
radial function, px = p(K, ) : R"\{0} — [0, 00), is defined by (see [4, 14])

p(K,x) =max{\>0:\x € K}, =€ R"\{0}.
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If p(K,-) is positive and continuous, K will be called a star body. Two star
bodies K and L are said to be dilated (of one another) if px(u)/pr(u) is
independent of u € S~

Based on the radial function, we have the following polar coordinate for-
mula of volume:

1

(2.1) V(K) = /S I u)du.

For the radial function, we see that if K € S, 1 <7 < n and ( is the
i-dimensional subspace of R", then for any u € S~ N ( (see [4]),

(2.2) p(K NG u) = p(K, u).

For K,L € S}, A\, ;v > 0 (not both zero) and real ¢ # 0, the L, radial
Minkowski combination, A - K+, - L € 87, of K and L is defined by (see
[14])

(2.3) PN KT g L) = Ap(K, )0 + pp(L, )]

If \ = p =1, then K+,L is called the L, radial Minkowski addition of K
and L. In particular, K+,L = K+L is the radial Minkowski addition of K
and L.

In (2.3),let u=1—X (A €[0,1]) and ¢ — 0, then

lim pOK T (1)L, ) = oK) (1= \p(L )5 = () p(L, )

Thereout, Wang and Liu ([15]) introduced the notion of log-radial combina-
tion as follows: For K, L € S} and A € [0, 1], the log-radial combination,
A KFo(1—))- L, of K and L is defined by

(2.4) p(r- KFo(L = N)- L,-) = p(, (L, ).

If F is a nonempty set in R"™, the polar duality of F, E*, is defined by
(see [4])
Er={z:z-y<l,ye E}, z€R".

From above definition, we easily know that E* is convex, and for K € KV
and ( is a subspace of R" (see [4]),

(2.5) KN ¢ = (KI|Q)"
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3. Dual L, Brunn-Minkowski type inequalities

In this section, we start to prove the dual L, Brunn-Minkowski type
inequalities of dual p-quermassintegrals for the L, radial Minkowski combi-
nations. The following dual L,-Brunn-Minkowski inequality is essential.
Lemma 3.1 ([3]). If K,L € S, real ¢ # 0 and X\, ;x > 0 (not both zero),
then for 0 < q <mn,

(3.1) VN-KFqu- L)v < AV(K)® + pV(L)*;
forq <0 orq>n,
(3.2) V- KFqu-L)» > AV(K)® + uV (L)~

In each case, equality holds if and only if K and L are dilated.
Lemma 3.2. If K,L € 87, real ¢ # 0, \,ux > 0 (not both zero) and & €
G(n,n —1), then

(3.3) (- KFq- D) NE= - (K N Fq- (LNE).

Proof. According to (2.2) and (2.3), since £ € G(n,n — i), thus we have
for any u € S""1 N,

p((N- Ktqu-L)N&u)? = p(\ - K+qp- Lyiu)? = Ap(K,u)? + pup(L, u)?

= M(K N &u) + pp(LNEu)T = p(A- (K NE)Fqp- (LNE),u).

This gives (3.3). O
Proof of Theorem 1.1. For 0 < ¢ < n—1, from dual L,-Brunn-Minkowski
inequality (3.1) for (n — i)-dimensional case, we get for any £ € G(n,n — 1),

(34) VaiA- (KN Fgp- (LNE)TT < AV y(KNETT + pVy (LN,

and equality holds if and only if K N¢ and L N & are dilated for any £ €
G(n,n —1), i.e., K and L are dilated.

If p("fq_i) > 1, by (1.1), (3.3), (3.4) and the Minkowski integral inequality,
we have that

@z}p()‘ K qp - L)"L_

9
Rn—i

q
p(n—1i)

/G(n n—i)Vn_i((/\ . K‘T‘q:u . L) N g)pdﬂn—i(f)
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- ( g )ﬁ UG(mm)(‘/"_i(/\ (KN Fqp (LOE) )WT) dﬂn—i(f)} -

q p(n—1i)

() /G<nm—z-><w”"'(K NS+ VLN ) T dinni()]
S)‘<;<;IZ:)HL /G (nynii)vnfi(K NEVPdpn_i( 5)]p<n—i>

o, o= P
su( YL 0P )]
Rn—i G(n,n—1)

=AQip(K)5 + pQip(L)7.

Therefore, inequality (1.8) is proved.

According to the equality conditions of inequality (3.4) and the Minkowski
integral inequality, we see that equality holds in inequality (1.8) if and only
if K and L are dilated.

For ¢ < 0 or ¢ > n — i, applying dual L,-Brunn-Minkowski inequality
(3.2) to (n — i)-dimensional case, we know that for any £ € G(n,n — i),

(3.5) Vai(A- (K NE)Fgp- (LNE)TT > AV y(KNETT + pVyi(LNE)TT,

and the equality condition is the same as (3.4), i.e., equality holds in (3.5) if
and only if K and L are dilated.

From this, similar to the proof of inequality (1.8), if @ < 1, then
by (1.1), (3.3), (3.5) and the Minkowski integral inequality, we can obtain
inequality (1.9) and its equality condition. O

Proof of Theorem 1.2. For ¢ > n—i(> 0)or ¢ < 0,let p =1— X\
(A € [0,1]) in inequality (3.5), then by (1.2), (3.3), (3.5) and notice that
function f(z) = Inx is concave on z € (0, +00), we have that for ¢ > n — i,

(3.6)

Qio(A - KFq(1—A)- L)

(o [ (3 KR 1) i (©)

Rn—i

= exp
Rn—i G(nmn—i) (4

X Vi3 (KN €F4(1 = A) - (LN€) P 1(6)
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Kn { / n—1
exp
Rp—i G(nn—i) (

x In (AVM(K NE)™T + (1= A)Vui(LN 5)*>dum(£)]

Kn { / n—iq
exp
Kn—i G(n,n—i) (

X ()\ IV, i (KN&ai+(1—A)InV,_;(LN f)ﬁ)dum(f)]

AV

v

- :: ; {exp /G - ()\ IV, i(KNé&)+(1—=NInV,_(LN f))dﬂm(f)}
= (;ﬁ exp /G i InV,—i(K ﬁé)dum(f))A

Rn—i

= Qio(K)*Qio(L) ™.

. ( fon exp /G(n,nz‘) anni(Lﬂf)duni(§)> -

This is just inequality (1.11).

If ¢ < 0, similar to the proof of inequality (1.11), we easily prove inequality
(3.6) is reverse. From this, inequality (1.12) is obtained.

According to the equality conditions of inequality (3.5) and the definition
of concave function, we see that if A € (0,1), then equality hold in (1.11)
and (1.12) if and only if K and L are dilated and V,,_;(K N¢) = V,,_;(L N &)
for any £ € G(n,n — i), i.e., equality hold in (1.11) and (1.12) if and only if
K =L.If A\=0or A =1, inequality (1.11) and inequality (1.12) clearly are
equalities. O

4. Dual Log-Brunn-Minkowski type inequality

In order to prove Theorem 1.3, we need the following dual log-Brunn-
Minkowski inequality which be established by Wang and Liu (see [15]).
Lemma 4.1. If K,L € S and X € [0,1], then

(4.1) V(A K—T—O(l —N)-L)< V(K’)>\V(L)1—)\7

with equality for A € (0,1) if and only if K and L are dilated. For A =0 or
A =1, (4.1) becomes an equality.
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Lemma 4.2. If KL € 8, A € [0,1] and 0 < i < n, then for any £ €
G(nan_i);

(4.2) A K+o(1=XN)-L)yné=X-(KN&)+o(1—=N) - (LNE).

Proof. By (2.2) and (2.4) we have that for any u € S""1 N ¢,

= p(K,u)*p(L,u)' ™ = p(K N &u)p(LNEu) ™

= p- (K NEFo(l = A) - (LNE),u).

This provides (4.2). O
Proof of Theorem 1.3. For 0 < i < n, applying inequality (4.1) to (n—i)-
dimensional case, then by (4.2) we know that for A € [0, 1] and £ € G(n,n—1),

Vaei((A- KFo(1 =) - L)NE) = VoA - (K NE)Fo(1 = A) - (LNE))

(4.3) < Vpti( K MO (LN &,

According to the equality condition of inequality (4.1), we know that equality
holds in inequality (4.3) for A € (0,1) if and only if K N§ and LNE are dilated
for any £ € G(n,n — i), i.e., K and L are dilated. For A =0 or A =1, (4.3)
becomes an equality.

If p > 0, by (1.1), inequality (4.3) and the Holder integral inequality, we
have that for A € (0, 1),

R

A

1= o VK NP )]
[G=) L s er o)

(Y (etne) o]

1-X
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' ~/G(n,n—i) (Vni(L N ,g)P(l,\)) ﬁduni(g)} 1A

Vv

() fanco Pt 0Pt i

Kn \P ~

> () [ VO KL= ) D) € i)
= Qip(\ KFo(1=N) - L)P.

This yields the case p > 0 of inequality (1.13).

From the equality conditions of inequality (4.3) and the Hélder integral

inequality, we see that equality holds in the case p > 0 of inequality (1.13)
for A € (0,1) if and only if K and L are dilated.

If p =0, then (1.2) and (4.3) give that for A € [0, 1],

Qio(N- KTo(1—))- L)

=S fexp [ Ve KFo(1= X) - 1) 0 €)dini(6)|
n—i G(n,n—i)

Rn,

o Texp [ " (Vs NP + 100 ) d(6)]

<

Rn,

Fn—i [eXp <A /c:(n,m) Vi (KN E)dpin—(€)

H=N) [ V(L0 (0
A

_ [ﬁ:n i (eXp /G gl Vi i(K N g)dﬂn—i(£)>:|

1-A
Kn
. [ <exp/ InV,_;(LN f)d,unl(f)>]
Rn—i G(n,n—1i)
= Quo(K)Qin(L)' .
From this, we obtain the case p = 0 of inequality (1.13).
According to the equality condition of inequality (4.3), we see that if

A € (0,1), then equality holds in the case p = 0 of inequality (1.13) if and
only if K and L are dilated.

For A =0 or A =1, (1.13) obviously becomes an equality. O
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5. Blaschke-Santal6 type inequality

Theorem 1.4 shows the Blaschke-Santalé type inequality for dual p-
quermassintegrals. Here, we complete its proof.
Lemma 5.1 (see [5], Theorem 7.4) IfK,L €S}, 0<i<j<n, realp
satisfies 0 <p <n—i—1, then

1

(5.1) (M) e <M>—

Rn Rn,

with equality if and only if K is a ball centered at the origin.
Lemma 5.2. If Ke K}, 0<i<n,andp<0or0<p<n-—1, then

L n—i

(5.2) Qip(K) < ki V(K)S,

with equality if and only if K is a ball centered at the origin.

Proof. Let ¢ = 0 in Lemma 5.1, replace j by ¢ and notice that Qo ,(K) =
V(K), then inequality (5.1) gives the case 0 < p < n — 1 of inequality (5.2),
ie,forO<p<n-—1,

L n—i

(5:3) Qip(K) < wiV(K)™,

with equality if and only if K is a ball centered at the origin.
If p < 0, choose real ¢ such that 0 < ¢ < n — 1, then by inequalities (1.4)
and (5.3), we get that for p <0,

0 n—i

Qip(K) < Qug(K) < kit V(K)',

with equality if and only if K is a ball centered at the origin. OJ
Lemma 5.3. If K is origin-symmetric star body, 0 <i <n and £ € G(n,n—
i), then

(5.4) Vii (K1) Vi ((K1€)") < 87,

with equality if and only if K is an ellipsoid centered at the origin.

Proof. Since 0 < ¢ < n and K is an origin-symmetric star body, thus
K N¢ is also an origin-symmetric star body for any £ € G(n,n—1). Thereout,
applying Blaschke-Santal6 inequality (1.14) to (n — i)-dimensional case, we
have for £ € G(n,n — 1),

Vi (K1) Va-i(K1€)") < 7.
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This just inequality (5.4). And equality holds in inequality (5.4) if and only
if K|¢ is an ellipsoid centered at the origin for any £ € G(n,n — 1), i.e., K is
an ellipsoid centered at the origin. ]
Proof of Theorem 1.4. For i = 0, according to Definition 1.1, inequality
(1.15) is just inequality (1.14).
For 0 <i<mn,if p<0or0<p<mn-—1, then by inequality (5.2) and
Blaschke-Santalé inequality (1.14) we get that

Qupl K)Qipl 1) < (mitV ()5 ) (i V(50

2i ; 2i

= ki [V (K] < ki (k2)5 = K2.

— n

This yields the case p < 0 or 0 < p < n — 1 of inequality (1.15). And the
equality conditions of inequalities (5.2) and (1.14) show that equality holds
in the case p < 0 or 0 < p < n — 1 of inequality (1.15) if and only if K is a
ball centered at the origin.

If p=0, since KNE C KIE, thus by (1.2), (2.5) and (5.4) we have that

Qio(K)Qio0(K*)

= (g [ V(KN (6))
G(n,n—1i)

Rn—i

e [ " (0 VonsK 1€+ Vs K 01 )6

o | [ (MK 00+ V(K16 i)

o | [ (Ve K1V (1)) dba(6)

e [ Lo (-2 )diait)]

(=)
(=)
() e[ [ (W19 + Vi (K1) )6
(=)
(=)
(=)
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This gives the case p = 0 of inequality (1.15). And equality holds in the case
p = 0 of inequality (1.15) if and only if K is a ball centered at the origin. O
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