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Abstract: We formulate a mathematical setup for computational
neural networks using noncommutative algebras and near-rings, in
motivation of quantum automata. We study the moduli space of
the corresponding framed quiver representations, and find moduli
of Euclidean and non-compact types in light of uniformization.
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1. Introduction

The connections between computer science and algebra are profound. In the
early 1900s, both were deeply tied to practical and philosophical develop-
ments towards understanding what it truly means to calculate something.
For example, there was Turing’s Halting problem and Goédel’s Incomplete-
ness theorem.

As modern abstract algebra was developed in the 50s and 60s, it was
fruitfully applied towards computer science with the creation of the theory of
finite automata. The first fundamental result in this development was Kleene’s
Theorem demonstrating that the class of recognizable languages is the class of
rational languages [21]. In 1956, Schiitzenberger defined the syntactic monoid,
a canonical monoid attached to each language [29]. Later, he proved that a
language is star-free exactly when its syntactic monoid is finite and aperiodic
[30]. At this point mathematicians started to consider the algebraic geometry
of these monoids as Birkhoff [4] and later Eilenberg [14] and Reiterman [27]
wrote about varieties of these monoids (infinite and finite respectively).

The theory of finite automata arose from an extremely widespread inter-
disciplinary effort to understand calculation. Modern science suggests that
the brain operates as a so-called neural network, the structure of which has
inspired the computational tool known as the artificial neural network. Neu-
ral network models heavily use graphs and their linear representations. This
gives rise to further relations between mathematics and computer science.
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In this paper, enlightened by the modern developments of quantum me-
chanics and the applications in computer science, we would like to further
study relationships between these subjects by constructing an algebraic ge-
ometric model for both neural networks and quantum automata. We hope
that this framework can partially reveal deep relations between these two
seemingly distant areas. Our study is just the tip of the iceberg of connec-
tions between these subjects. There are various deep topics that we have not
touched yet, such as analysis of the large N limit by taking the representing
dimensions to infinity, stochastic analysis for the geometry of quiver moduli,
dynamical systems in relation with recurrent neural networks, and so on.

Summary of results

This paper is theoretical in nature. The main outcome is a mathematical
framework using quiver near-algebras and metrics over moduli that can for-
mulate both quantum automata and deep learning algorithms. Definition 1.1
gives such an algebraic model. In particular, it provides a physical interpre-
tation of operations in a network model in terms of quantum measurement.
We make a systematic study of representations of near-rings and con-
struct quiver near-rings. We construct differential forms over a near-ring and
show that they induce differential forms over moduli of representations in all
dimensions with values in Map(F, F'), the space of maps on the framing (The-
orem 1.2). Zero-forms and one-forms are the basic building blocks. In a deep
learning model, they are used to encode the cost function and its differential.
Moreover, we construct an interpolation between metrics on the compact
framed moduli and the Euclidean space. As a result, the usual Euclidean for-
mulation of deep learning is included as a special instance in our framework.
We also constructed framed quiver moduli of hyperbolic type in Theorem 1.3.
In Section 4.5, we provide explicit formulas and simplifications for implement-
ing the model. There are many recent studies that investigate computational
efficiency and advantages for non-Euclidean learning. Our paper is mainly for
theoretical purpose and does not include experiments that test for efficiency.

More detailed descriptions

A finite automata consists of a set of states of a machine, a set of transitions
between the states, and an alphabet set that will form a machine language,
whose elements label the transitions of states. A quantum version of this
replaces the set of states by a collection of vector spaces whose elements are
known as state vectors. The set of transitions is replaced by a set of linear
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maps between the vector spaces. This forms a so-called quiver representation,
which is a linear representation of the directed graph @ (called a quiver) whose
vertices label the collection of vector spaces, and whose arrows label the set
of linear maps.
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Figure 1: Two artificial neural networks with similar graphs. The LHS is
known as an As-quiver.

Paths in the quiver play the role of words of a machine language. The
path algebra

A=CQ

consists of complex linear combinations of paths, with concatenation of paths
serving as the product. Taking linear combinations can be interpreted as
forming superpositions of quantum states.

In summary, a quiver algebra and its modules provide an algebraic model
of a quantum automata.

One crucial component that one cannot miss is taking observation of the
quantum particles. Most mathematical physics literature concentrates on the
quantum propagation process, and have left away the mysterious observation
step, perhaps due to its probabilistic and singular nature. However, this step
is crucial in true understanding of quantum physics, and also in practical
applications. For modeling quantum propagations, operator algebras serve
as a very successful mathematical tool. However, to include the observation
process, we find that a near-ring, which is much less studied than an algebra,
is necessary.

To model the observation process in a quantum world, we need two more
ingredients: a Hermitian metric h of the state space V', and a framing linear
map e : F' — V where F' = C" is called a framing vector space. Then we take

e (v) = Z h(e(e;), v)€,

where €; denotes the standard basis of C" (and €] denotes the dual basis). The
coefficients h(e(e;),v) are interpreted as the quantum amplitudes of a state
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v being e(e;). Then the quantum collapsing after observation is modeled by
composing this with a fixed non-linear activation function o : F' — F (for
instance a certain step function, or a smoothing of it). In the quantum world,
o is indeed an F-valued probability distribution on F.

Thus, a quantum machine consists of not just linear transitions of states,
but also the framings and non-linear activation functions that correspond to
taking observations. We will make the following definition. See also Figure 3.

Definition 1.1 (Definition 3.5). An activation module consists of:

1. a (noncommutative) algebra A and vector spaces V, F = Fiy® Fout @ Fin;
(‘m’ stands for ‘memory’ or ‘middle’)
2. A family of metrics hg,e) on 'V over the space of framed A-modules

R = Hom,jg (A, End (V') x Hom (F, V)

which is GL (V')-equivariant;
3. a collection of possibly non-linear functions

Jf: F, — Fn.

In above, R parametrizes computing machines that have the same under-
lying framed quiver, and hence is governed by the same language. Moreover,
framed A-modules that differ by a GL(V)-action have the same computa-
tional effect and hence should be identified. [R/GL(V')] forms a moduli stack
of computing machines.

In this formulation, a machine language is composed of not just linear
transitions of state spaces, but also non-linear (or probabilistic) operations o
that models quantum observations. The set of operations generated by these
is no longer an algebra, since

co(nn+y)F#Focon+ooy

where 71, y2 are composed of linear operations in A and the dual framing map
e*n. Rather, it generates a near-algebra fl, which is almost a ring except that
the multiplication (which is realized by composition of maps in the current
setup) fails to be distributive on one side.

In our formulation, representations of A play a key role in computational
models. However, the space of representations of a near-ring was not studied
in previous literature. In this paper, we begin to investigate some aspects of
the representation theory for a near-ring. We construct quiver near-algebras
which are new mathematical objects to the authors’ knowledge. From the
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standpoint of machine learning, the near-algebra universally controls all the
machines with the same underlying network in all dimensions at the same
time. We are not claiming that the construction will directly lead to more
effective algorithms. Rather, it aims to provide a universal algebraic model
for both quantum automata and deep learning.

In noncommutative geometry, a noncommutative ring is understood as a
‘space’; in analogous to Spec(A) for a commutative ring A. For a noncommu-
tative ring A, differential forms and their cohomology theory found by Connes
[11], Cuntz-Quillen [12] and Ginzburg [18] classify the deformations of A. We
would like to extend the construction to the context of near-rings.

The main idea is that, every element in the near-ring .AT, which is in-
terpreted as a program written in the language of ./1, produces a family of
maps on the framing space F' over the moduli of machines [R/G]. In other
words, each machine parametrized by a point in [R/G] performs a computa-
tion F' — F specified by the program. We construct differential forms for a
near-ring A and extend this association from A to its space of representations

[R/G].

Theorem 1.2 (Theorem 3.42). There exists a degree-preserving map
DR*(A) = (Q°*(R,Map (F, F)))“

which commutes with d on the two sides. In above, Map (F, F') denotes the
trivial bundle Map (F, F') x R where Map (F, F') is the set of C-valued smooth
maps from F to itself, and the action of G = GL(V') on fiber direction is
trivial.

The main difference from the case of rings is that the near-ring A is
framed, and it contains non-linear elements o at the framing. As a conse-
quence, the right hand side of above takes values in the (infinite-dimensional)
space of maps on the framing.

For general differential forms, 0-forms and 1-forms are the basic build-
ing blocks. In machine learning, for a fixed algorithm % € A a learning
process attempts to find a machine p € [R/G] that produces the best fit
computation QSZ : FF — F by minimizing a certain 0-form (for instance

. 2

I ‘cp;/(a:) - f(x)‘ dx for a given f : K — R and K C F in supervised

learning). Its differential, which is a 1-form in DR!(A), governs the gradient
flow on [R/G] with the help of a metric.

In general, [R/G] is a singular stack. Fortunately, when the dimension

vector is primitive, one can construct a fine moduli of framed quiver rep-
resentations by taking a GIT quotient (with respect to a suitably chosen
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stability condition) [20, 24]. Such moduli spaces M can be used in place of
[R/G]. When the quiver has no oriented cycle (called to be acyclic), the mod-
uli M is compact. The topology of framed quiver moduli is well studied by
[26].

In [19], we formulated learning by neural networks over a framed moduli
space M. Namely, the state space V; over each vertex i € Qg patches up as
a universal bundle V; over M. The transition arrows a € ()7 correspond to
bundle maps over M. The framing linear maps e; : F; — V; correspond to
bundle maps from the trivial bundle F;j to V;. Then data and states of the
family of machines are naturally modeled by sections over M; propagation of
signals is modeled by bundle maps. In this formulation, learning is a stochastic
gradient descent over the moduli M.

It is tempting to ask how this formulation relates to the most common
method of machine learning over an Euclidean space, rather than a moduli
space M. In this paper, we will answer this question in light of uniformization
of metrics.

The moduli space M is topologically a compactification of the Euclidean
space, now denoted as M. The main observation is that, the Euclidean
space M can be interpreted as a moduli space of positive-definite quiver
representations with respect to a certain Hermitian form HY for the universal
bundles V;. Thus, the most popular approach using Euclidean space indeed
also falls into our formulation of learning over the moduli space.

This uniformization picture naturally includes a hyperbolic version of
the moduli space. Namely, by changing the signature of the quadratic form
(see (23)), we obtain another type of moduli space M~ of positive-definite
quiver representations with respect to H, . We show that M~ comes with a
natural metric.

Theorem 1.3 (Theorem 4.15). Define Hy to be Hy = —izaglog det H,
on M~. Then Hp is a Kdihler metric on M™.

In typical applications, one usually restrict to real coefficients. Corre-
spondingly, the formulae provided by this paper give bundle metrics for V| a,,
and Riemannian metrics on Mg.

As a result, we can run machine learning over M, M° M~ or an inter-
polation of them. We can also set learnable parameters that interpolate these
spaces, and let the machine learn which metric serves the best for a given
task. We discuss more in Section 4.5 for concrete implementation of these
moduli spaces in deep learning algorithms.
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Some related works

Recently, there is a rising interest in the connections between neural networks
and quiver representations. The paper [2| found a new way of encoding the
data flow as a quiver representation, which makes a crucial use of the assump-
tion of thin representations (where dimensions of representing vector spaces
over vertices are all 1). This was extended in [1] which used moduli spaces
of doubly framed quiver representations. On the other hand, the gradient de-
scent that they take is not directly carried out over the quiver moduli, and
hence is different from our approach in [19] and this paper. The paper [17]
studied the symmetries coming from the quiver approach to neural networks.

There are also newly invented approaches to apply modern mathematics
to machine learning. Most literature concerns about the input data set and
endows it with additional mathematical structures, for instance, Lie group
symmetry [10, 8, 7, 9, 6, 13|, or categorical structures [31]. On the other
hand, in our current approach, we focus on the computing machine itself,
and formulate its algebro-geometric structure and makes use of its internal
symmetry.

For learning using hyperbolic spaces, there are several beautiful works,
see for instance [25], [15], [28], [16]. The non-compact dual of the moduli
space M~ that we introduce in this paper can be understood as a higher
rank generalization of hyperbolic spaces in the sense of Hermitian symmetric
spaces. See more in Section 4.4.

Organization of this paper

In Section 2, we present the motivating example for the machine learning
applications in this paper. In Section 3, we will define computing machines
in the context of noncommutative geometry. In Section 4, we will apply the
idea of uniformization of metrics to construct non-compact duals to neural
network quiver moduli spaces.

2. A guiding example

Let’s first review the basic setup of deep learning via the following typical real-
life example. The MNIST dataset is a collection of 70,000 handwritten single
digit numbers, each one stored as a 28-pixel-by-28-pixel image, along with a
label in {0,...,9}, namely the digit shown by the picture. It is a common
first experiment in machine learning to build a simple neural network and to
use the MNIST dataset to train it to recognize handwritten digits.
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Figure 2

Typically, the network will have three layers as in Figure 2. The first one
is the input layer which has dy = 784 neurons, one for each pixel in the 28 x 28
image. The input for each neuron is the intensity of the corresponding pixel
(ranging from 0 (white) to 255 (black)). The second layer is the so called
“hidden layer,” the layer where the non-trivial calculations happen. Let d;
denote the number of neurons in the hidden layer. The third layer is the
output layer, which has dy = 10 neurons corresponding to digits 0 to 9. The
network is trained to recognize an image of a handwritten digit and output
the vector corresponding to that digit. For example, an image of ‘5’ should
result in the column vector [0,0,0,0,0,1,0,0,0, O}T.

We will use the vector space V¥ (currently one-dimensional) to represent
the i-th neuron in layer k, where k = 0 is the input layer, £ = 1 is the hidden
layer, and k = 2 is the output layer. The weight from the (k£ — 1, j)-neuron
to neuron (k,7) will be denoted wfj The activation function and bias applied
to (1,4)-neuron will be denoted o} and b; respectively. Typically, o} is the
same for all 7, and is denoted by o in this case. (For the moment, we ignore
FF (called the framing) and put the activation functions directly on the state
spaces V¥, Later on, we will explain why we introduce framing and put the
activation functions on F¥ instead.)
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The image is sent to the input layer as a vector 2% with dy = 784 entries,
each corresponding to a neuron in the input layer. The signals in the input
layer are sent to the neurons in the hidden layer via the affine linear map
w'z% 4+ b, giving the pre-activation vector z!. Here, w! = (wj;) is the dy x 784
matrix and b = (b;) is the d; x 1 vector of biases. The activation functions
convert the pre-activation vector 2! to the activation vector a! via a} = o(2})
applied component-wise. Finally, the vector a' is sent to the output neurons
by the linear map w?, which is a 10 x d; matrix. This results in the output
vector z2.

At the start, the weight matrices w', w? and the bias vector b are initial-
ized as some random values. The goal is to optimize these parameters. This
is done with respect to an overall cost function which measures the distance
between the output vector and the correct vector for all sample images. Let

L be the domain of images. The cost function can be taken to be

1

Clwt,wtb) = [ furwss(a) — gl

€L

where fi,1 ,2) is the function produced by the network with parameters
wh, w?, b, and y, is the vector associated to the labeled digit for input x.

In practice, a stochastic gradient descent is performed where these quan-
tities are calculated and numerically optimized for some finite sample subset
K of L. This is done via forward propagation, which consists of evaluating
f(wswep) () at each x € K and backpropagation, which consists of using these
values as well as the pre-determined derivative of o to compute the relevant

derivatives.
3. An algebro-geometric formulation of computing machine

In this section, we give a mathematical formulation of a computing machine
based on algebra and geometry. First, we formulate a machine as a framed
module over an algebra, together with a metric on the module and a collec-
tion of non-linear functions. Second, we take into account of isomorphisms of
framed modules and make sure the construction is equivariant under the auto-
morphism group, and hence descends to the moduli stack of framed modules.
Finally, we extend the noncommutative geometry developed by [11, 12, 18§]
to the context of near-rings, and show how it fits into this framework.

Our formulation uses framed modules. It has the theoretical advantage
of separating the basis-free state space, which receives linear actions that are
crucial in neural networks or quantum computations, from the framing vector
space, which is necessary for the action of non-linear activation functions or
quantum projections.
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3.1. Intuitive construction

In this section, we make the basic algebraic setup and recall some definitions.

Let A be an associative algebra over C with unit 1 4. We use the algebra
to encode all possible linear operations of the machine. Later, in the context
of neural networks, we will take A to be the path algebra of a directed graph
(which is also called a quiver).

Let V be a finite-dimensional vector space. V' is understood as the space
of abstract states of the machine prior to any physical observation. It is basis-
free, namely, we do not pick any preferred choice of basis.

We consider A-module structures on V', which are algebra homomor-
phisms w: A — gl(V) (where gl (V) denotes the algebra of all endomor-
phisms of V). Each module structure w realizes a € A as a linear operation
on the state space.

In reality, data are observed and recorded in fixed basis. For this, we define
a framing vector space F' = Fi, @ Fout @ Fy. Each component is a vector space
with a fixed basis. The spaces Fi, and Fyy; are respectively the vector spaces
of all possible inputs and outputs. The space F}, can be understood as a
space for memory of the machine. We may simply write F' = C" with the
standard basis. The dimensions of Fi,, Fout, Fin are denoted by nin, out, "m
respectively. Moreover, we consider linear maps e: ' — V', e = ey, + €out +€m
which are called the framing maps. The framing maps e are used to observe
and record the abstract states.

A triple (V,w, e) is called a framed .A-module. We denote by

R={(w,e): w: A—=End(V); e: F =V}

the set of framed modules. It serves as the parameter space of the machine.
R is a subvariety in Hom(A, End(V)) x Hom(F, V).

As explained above, A encodes the internal linear operations on the state
space V' of the machine. In order to include the operations of exchanging data
between the internal space and memory, we enlarge A to Ay, where Ay, is
the augmented algebra

(1) Am = <1m,6m,2;>/1
where [ is the two-sided ideal generated by the relations

1rn'ema em'lm_ema lA'em_enh
*
m

*

* * *
e - lm, Im - e, — €5, 6 - 14 — €,
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2 * 1\ 2 *
ez, (ex)* a-er,em-a, a1y, 1y a

for all a € A. (This means, for instance, 1y, - ¢;; = 0 and ey, - 1, = ¢y, in the
algebra Ay,.) The unit of Ay, is 14 + 1. ey will be realized as a map from
memory to the state space; ¢}, models saving results from the state space to
IMemory.

Let’s equip V with a Hermitian metric h. Then for each framing map
e = ein @ eout D em, the element ¢, € A, is realized as the map ey, : F, — V,
and e}, is realized as the metric adjoint (h(em,, ), 1 V — Fn = C™.

To consider linear maps that have the state space V' as both domain and
target, we can form the subalgebra

Amoi=A- Ay - A

which is simply the algebra generated by A and eyel. An element a € Ay,
is understood as a linear algorithm. Fixing (w, e) € R, each linear algorithm
a € Ay is associated with a linear function f®: Fi, — Foy,

f*(0) = egy (a - e (v))

which is called a machine function. (e}, : V — Foy is the metric adjoint

(h(€out,t, *))pey.) In other words, we have the map
R x Am70 — HOm<Fim Fout)

which is linear in the second component.

So far, this is just a linear model. In order to capture non-linearity, we
also need to incorporate non-linear operations o1, ...,on. Let’s define these
as functions V' — V for the moment. (In the next subsection, we shall see
that defining in this way is not good from the moduli point of view and will
thus need to modify this definition.)

Consider the C-near-ring A = A{s,...,sx}. The elements ; are alge-
braic symbols for recording the non-linear operations o;. See Definition 3.13
for the notion of a near-ring. Essentially, it is recording the compositions of
module maps and the non-linear operations. Similar to above, we take the
augmented near-ring

(2) Am = A<1m> €m; 61*n>/[~
where I is generated by the elements in I as in (1), together with the elements

G- lmy I g
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(Including these two extra elements means we require ¢; and 1, to compose
to be zero. We need these relations since oy is acting on V' and 1,, is acting
on Fy,.) An element 5 € .,Zlmo = A- A, - A is understood as a non-linear
algorithm.

Fixing (w, e) € R, each algorithm 4 € flmp is associated with a non-linear
machine function f(vae) : By — Fou,

(3) Finey ©) = €t (5 0(ue) em (v)
That is, we have the map
R X -/Zlm,(] — Map(En; Fout)-

Example 3.1. We will use the example of Section 2 to illustrate. In the
exzample, the input framing space is Fy, = C™* and the output framing space
is Foy = CY0. F,, = C?1 where dy is the number of neurons in the hidden
layer of the network‘ The state space V' decomposes as V = Vin & Vour ® Vin
where Vi, = 784 1C, Vou = @2121 C, and Vy, = EB?;l C, with each factor of
C correspondmg to a neuron. V is equipped with the standard metric.

The input framing maps em and eqy consist of linear functions (€?) :
C—Cfori=1,....dy =784 and (¢) : C = C fork = 1,...,dy = 10
respectively. The map ey, consists of ejl- = (ej,b;) : C> = C for j=1,...,ds,
where b; is called the bias of the j-th neuron in the hidden layer.

For the moment, we take mon-linear functions ajl- : le — le, where

=C forj=1,...,dy. In the next subsection, we will modify this point in
order to make the construction well-defined over the moduli space.

The algebra A is the path algebra of the underlying directed graph of the
network with concatenation as multiplication. For example, the path al, from
the (0,1) neuron in the input layer to the (1,1) neuron in the hidden layer
can be multiplied with the path a3, from the (1,1) neuron to the (2,2) neuron
to get a3 al,, which is a path from the (0,1) neuron to the (2,2) neuron. On
the other hand, al a3, is defined as zero since the concatenation is not valid.

In this example, the typical algorithm is

10

n 784
=2 (o) k) (z 9 b, )

resulting in the non-linear machine function

n 784
(oot (@) = D w0 (Z why i+ bf) |
Jj=1 i=1
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3.2. Construction over moduli spaces

A guiding principle in mathematics and physics is that isomorphic objects
should produce the same result. In other words, we want to have f?w@) well-
defined over the moduli stack of framed .A-modules M = [R/G] for G =
GL(V). Let’s recall the following definition.

Definition 3.2. For two framed A-modules (V,w,e) and (V' w', €’), where
both e and €' have the same domain F', a morphism (or an isomorphism) from
(Viw,e) to (V',w',€') is a linear map (or a linear isomorphism) g : V. — V'
such that w'(a) o g = gow(a) for alla € A and ' = goe.

Ideally, we would want to extend this definition of morphism to the C-
near-rings A we constructed in Section 3.1. Unfortunately, we cannot directly
do this due to the additional data of the non-linear functions ¢ : V' — V. Any
useful non-linear function o : V'— V cannot satisfy GL (V')-equivariance:

(4) g-(c(v)=0c(g-v) forall g € GL(V).

It produces a crucial gap between the subject of machine learning and repre-
sentation theory.

Here is a simple solution to this problem. Let V be the universal bundle
over the moduli stack M, which is descended from the trivial bundle V' x R,
where G = GL(V) acts diagonally.

Rather than defining o as a single linear map V' — V, let’s take ¢ to be a
fiber-bundle map V x R — V x R over R. Then o descends as a fiber-bundle
map V — V over M if it satisfies the equivariance equation

(5) g- (U(w,e) (v)) = O(guw,ge) (9-v) forall g € GL(V).

The difference between Equation (5) and (4) is that ¢ is now allowed to also
depend on (w,e) € R.

Now suppose we have GL(V')-equivariant fiber-bundle maps o1,...,0n :
V x R — V x R. As in the last subsection, we have the map R X ./Lmo —
Map(Fin, Fout) by realizing ¢; € A as (03) (we) = V = V.

Recall that we have used a Hermitian metric on V for taking the adjoint
of framing e*. To make sure e* is also equivariant, we need to equip V with
a family of Hermitian metrics h, ) for (w,e) € R, in a GL(V)-equivariant
way:

(6) R(gw,ge) (9 U g+ V) = hiw,e) (u,v) for all g € GL(V).
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That is, h descends to be a Hermitian metric on the universal bundle V over
M.

Note that we are NOT asking for GL(V)-invariance h (g - v, g - v) = h (u, v)
for a single metric &, which is impossible except for in the trivial case.

Later in Section 4 we will discuss these families of GL(V')-equivariant
Hermititian metrics in more detail. In particular, we will construct them for
the case that [R/GL(V)] is a framed quiver moduli space.

Proposition 3.3. In the above setting, the non-linear machine function de-
fined by Equation (3) satisfies the equivariance f(vw o = f;(w ¢ for all g €
GL(V).

Proof. The fiber-bundle map f?w o 1V X R =V xR defined by (3) is a
composition of €}, = (A(w,e)(Cout; )2}, wa for a € A, the fiber-bundle

maps (0;)(w,e) : V X R — V x R, and ejy,. Under the action of g € GL(V),
They change to

Cout = (hg~(w7e) (g9 Cout,l5 ))?:mit = <h(w7e)<€out,lv971<')))?:0‘it = Cout * gila

g'wa'g_17

O(gw,g-e) = 9" O(w,e) (g_l())
and g - e, respectively, using Equation (5) and (6). The composition remains

the same. O

In this way, we obtain the map M x Am,o — Map(Fin, Fout)-

In applications, we need concrete fiber bundle maps o : ¥V — V. They
can be constructed using the Hermitian metric h on V as follows. Given any
function of": Fy, — F},, define O(w,e) 88

O(w,e) (V) = em . (h(w,e) (egm), v) v D) (eﬁﬁ,v)) .

In other words, we observe and record the state v to memory using e(™) and
h; then we perform the non-linear operation o' on the memory Fl,; finally
we send it back as a state in V. Unlike the setting in the last subsection, the
non-linear operation o/ is now defined on the framing space Fj, instead of
on the basis-free state space V.

Proposition 3.4. The above o(,cy: V x R — V x R is GL (V')-equivariant.
Proof.

O(g-w,g-e) (g ' U)
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=g-e™.gF (h(g‘w,g-e) (g : egm), g- v) v g gee) (g : eg:]), g- v))
=g- e . oF (h(wﬁ) <egm)7v) v D) (efﬁ‘n), v)) =g Owe) (V)

using Equation (6). O

The non-linear operations are called activation functions in machine learn-
ing. We conclude the current setting by the following definition.

Definition 3.5. An activation module consists of:

1. a (noncommutative) algebra A and vector spaces V, F' = Fi,® Fout ® Fin;
2. A family of metrics h,.ey on 'V over the space of framed A-modules

R = Hom,j, (A, End (V') x Hom (F, V)

which is GL (V)-equivariant;
3. a collection of possibly non-linear functions

O'JFZ F,— F,.

The data of (1) and (2) (without (3)) is called a Hermitian family of framed
modules.

Figure 3 shows a schematic picture of an activation module.
In this setting, O'JF is a function on Fy,. We take the subalgebra

(7) L(An) =¢ - Apn-em

Fin Fout Fm DO'F

F
W
ﬂc v, h[w.z’l)
w

Figure 3
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consisting of loops at Fy,, the near-ring
(8) A = (L(Au) {51, sn ),

and

(Am)o = A-ep - Ay - ¢f - A
Note that Ay, is different from Ay, in Equation (2), since we now have non-
linear functions defined on F' instead of V. -
Using Proposition 3.3 and 3.4, each algorithm ¥ € (A )o and [w, e] € M
gives a machine function f[zu o This gives a map

(Am)o = T (M, Map (Fin, Fout)) -

In applications, an activation module may consist of several linear sub-
modules, which are connected by possibly non-linear transitions . This
means the algebra A is a direct sum @jc; A® where each A®) is under-
stood as a linear component of the activation module (and K is an index set).
Similarly, we have V = @, cx V#) and F = Prer F®) We take the mod-

uli stack [Tpe[R®)/GL(V®)] (where R®) = Homyg (A(k),End (V(k)>) X
Hom (F(k),V(k)>) instead of [R/GL(V)]. Each F*) has three components
F&) = Fiﬂf) &) £k @ Fr&’“) (where some of the components can simply be

out

{0}). Furthermore, the non-linear functions O'JF : Fin — Fy is a composi-

tion ¢ o sf o m, where sf : Fé{’j’l) % Fn(ﬂpjmj) . Fé?j’l) v Fé{“*"ﬂ')
for some fixed {pj1,...,Pjm,} and {g;1,...,qjn, }; 7 is the projection F, —

FPivg. . .@Frgf’j’”f') and ¢ is the inclusion (or extension by zero) Fvg. .o
Frfff’"ﬂ') — Fin. Finally, h is a direct sum Ay, o) = @peg h(w(k> o) where each
h(w(k> ) is a family of metrics h(wm etr) O V) over the space of framed
A®)_modules R*) which is GL (V(k))—equivariant.

We can also define a closely related setting that uses unitary framed
modules, which takes the unitary group U(V, h) in place of GL(V'), and takes
a single Hermitian metric h in place of a family of Hermitian metrics.

Definition 3.6. A unitary activation module consists of:

1. A Hermitian vector space (V, h), a framing vector space F' = Fin @ Fout @
Fy = C™ (equipped with the standard metric), and unitary framing maps
ee : Fo = V', where @ = in, out, m.
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2. A group ring A = C[G] where G is a subgroup of the unitary group
U(V,h). C[G] consists of linear combinations 3 cq cqg for ¢y € C.
3. a collection of possibly non-linear functions

(TJFI Fon — Fu.

Such a setting is well suited for quantum computing. Namely, (V, h) can be
taken to be the state space of a quantum system of particles. G is a subgroup
of unitary operators on (V,h). F, can be taken to have the same dimension
as V', and ey, : Fi, — V maps the standard basis of F, to an assigned unitary
basis of V. (For instance, the assigned basis can be {|00),|01),|10), |11)} for
a 2-qubit system). There is a probabilistic projection og : Fy,, — Fp, that
corresponds to wave-function collapse following each observation. We also
have other non-linear classical operations UJF on F,.

In application, we are given input data v € Fj,. This v (normalized to
have length 1) is sent to the Hermitian state space V' by ey, and operated
under a prescribed linear algorithm a € C[G]. Then the system is observed
and recorded using the basis ep,. This gives oo - >, h(ém, a - €in - v)em . The
recorded memory can be operated by a non-linear algorithm consisting of O']F .
The process can be iterated and give a function Fi, — Fyyut.

In this paper, we focus on Definition 3.5, for the purpose of neural net-
works and deep learning which works with GL(V') rather than U (V).

3.3. Noncommutative geometry and machine learning

We have formulated a computing machine by a Hermitian family of framed
A-modules and a collection of non-linear functions. If we ignore the non-linear
functions for the moment, and merely consider the augmented algebra Ay, it
fits well to the framework of noncommutative geometry developed by Connes
[11], Cuntz-Quillen [12], Ginzburg [18]. Below we give a quick review and
apply to our situation. [32] gives a beautiful survey on this theory. We will
extend it to near-ring in the next subsection.

3.3.1. A quick review The theory develops an analog of the de Rham
complex of differential forms for an associative algebra A over a field K (that
we take to be C in this paper). This is a crucial step to develop the no-
tions of cohomology, connection and curvature for the noncommutative space
associated to A and its associated vector bundles.

The noncommutative differential forms can be described as follows. Con-
sider the quotient vector space A = A/K (which is no longer an algebra). We
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think of elements in A as differentials. Define

D(A):= @ D(A)n, D(A)y =A0A®...0 A

’I’LGZEO

where n copies of A appear in D(A),, and the tensor product is over the
ground field K. We should think of elements in A as matriz-valued differential
one-forms. Note that X A X may not be zero, and X AY # —Y A X in general
for matrix-valued differential forms X, Y.

The differential d,, : D(A),, — D(A),+1 is defined as

do(a0 @ ®...Q0,) =1Ra Q... a,.
The product D(A),, @ D(A)m—1-n — D(A);,—1 is more tricky:

(WQU®...00) (41 @ln2 @ ... O Gy)
9)
=(-1)"a0m @GP ... QUm+ Y ()" @W® ... QUG © ... ® Tny
=1

which can be understood by applying the Leibniz rule on the terms @;a; 1.
Note that we have chosen representatives a; € A for i = 1,...,n+ 1 on
the RHS, but the sum is independent of choice of representatives (while the
product @;a;;7 itself depends on representatives).

The above product in particular gives a bimodule structure on D(A) over
A = D(A)y. For instance, D(A); has the bimodule structure

a-(ap ®ar) = aag ®ar, (ap®@ay)-a = —apa; @ a+ ap @ aia.

(If a; is replaced by ay + k for k € K, then RHS = —apa; ® @ — kap @ @ +
ap @ a1a + kag ® @ = —apa; ® @ + ap ® ara remains unchanged.)
By [12],
d*> =0.

The above differential d and product defines a dg-algebra structure on D(A);
indeed this is the unique one that satisfies ag-day ... da, = @aRU R. ..Ray,.
Moreover, (D(A),7), where i : A — D(A)y = A is the identity map, has
the following universal property: for every (I',1) where I' is a dg algebra
and ¢ : A — I'g is an algebra homomorphism, there exists an extension as
a dg-algebra map wy : D(A) — I' such that the degree-zero part satisfies

(uy)ooi=1p.
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Here is another realization of differential forms for A. First, define the
A-bimodule Q' (A) := Ker (1) where y1: A® A — A is the multiplication map
for A. Moreover, define d : A — Q'(A) by da :=1®a—a®1. Thus Y, a;da}
for a;,a} € A is an element in Q'(A). Conversely, any element in Q(A) is of
the form Y, a; ® a with 3", a; - a; = 0, and this is equal to

> aida; = = (da;)aj.

2

Then we take the tensor algebra

Q*(4) = Ta(QA) = @ Q'(A) ®a ... 04 QN (A)

1€2L>0

where there are i copies of Q!(A) for the summands on the right. An element
in Q°*(A) takes the form aydb; ® 4 agdbs @4 ... ®4 agdby, - ar+1. Recall that
tensoring over A means the identification db; - a ® 4 dbs = db; ® 4 adb,.

The two defined graded algebras Q°(A) and D(A) are isomorphic. For
one forms, we have the A-bimodule map v : Q'(A4) — D(A); defined by
da — 1 ®a. It has the inverse ap ® a7 — ag ® a1 — apa; ® 1 (which is again
independent of choice of representative a;). For higher forms, Q" — D(A),, is
given by oy ®4...®4 ay — Y(a1) - ... P (o) (where the non-trivial product
on D(A) is given in Equation (9)), whose inverse is ap ® a1 ® ... ® @, =
(a0®ar) (18a3) . .. (18T,) + Y~ Hag®a1)RaY  (10T2)® 4. . @Y™L (1Qay).

The Karoubi-de Rham complex is defined as

(10) DR*(A) := Q%(A)/[Q%(A), Q*(A)]

where [a,b] := ab — (—1)¥ba is the graded commutator for a graded algebra.
d descends to be a well-defined differential on DR®*(A). Note that DR*(A)
is not an algebra since [2°(A),Q2°(A)] is not an ideal. DR®*(A) is the non-
commutative analog for the space of de Rham forms. Moreover, there is a
natural map by taking trace to the space of G-invariant differential forms on
the space of representations R(A):

(11) DR® (A) — Q* (R (A)“.

The subspaces DR(A) and DR'(A) will be the most relevant to us. We
have DRY(A) = A/[A, A] and DRY(A) = Q(A)/[A, QY(A)].

Dually, derivations 6 € Der(A) play the role of vector fields. A derivation
d: A — Ais a linear map satisfying 6(ab) = 0(a) - b+ a - §(b). Der(A) is the
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vector space of all derivations. We have the A-bimodule map ¢4 : Q*(A) — A,
t9(da) := 0(a) called contraction. iy extends to Q*(A) — Q*~1(A) by using
graded Leibniz rule, and descends to DR®(A) — DR*"1(A).

The following version of differential forms relative to a subalgebra [12] will
be useful for framings and quivers. Let B C A be a commutative subalgebra.

We take

where A is the vector space
A:=A/B.

Then we repeat the same definitions as above for DR®*(A/B). Note that zero-
th forms are the same as before: DRV e (A/B) = DRe(A). There is a natural
map [18, 3]

DR*(A/B) = Q* (Rp (A))“*

where Rp(A) is the set of A-modules whose restriction to B is equal to a
prescribed B-module, and G is the subgroup in GL(V') that preserves the
prescribed B-bimodule structure.

In the context of A being the path algebra of a quiver, we shall take B
to be the subalgebra generated by the trivial paths 1; at all vertices i € Q.
Then a differential form

aop(day)(daz) ... (day) € DR*(A/B)

is non-zero only if the paths a; can be concatenated: t(a;) = h(aj41) for all
Jj € Z/(k+1). In this case, a prescribed B-module structure on V' is given by
a decomposition V' = @,cq, Vi and 1; acts as the projection V' — V;. Then
Gp = licg, GL(Vi).

3.3.2. Connection to linear machine learning Now we come back to
the context of the last subsection. The additional ingredient we need to take
care of is the equivariant family of Hermitian metrics h on the A-modules.

To precisely match the language, first let’s modify the definition for Ay,
(Equation (1)) as follows. Recall that the framing vector space F' = F;, &
Fouy @ Fy = Cn @ CMt @ C™ | where dim ' = n. Then a framing e can be
written as (e;...e,) where e; € V, and e* is the column vector (ej,...,€})
where €7 € V™.

First, we take the augmentation

A= Alp,ej:j=1,...,n)/I
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where I is the two-sided ideal generated by 1p -ej, ¢; - 1p —¢;, 14 -¢; —
¢j, ejep, ¢j-a,a-1p, lp-aforallae A, j,k=1,...,n.

Then we take its doubling A, which is generated by two copies of A°®
(whose generators are denoted by a,1p,¢; and a*, 1%, ¢ respectively), quo-

tient out the ideal of relations 14 — 1%, 1p — 1%. The unit of Ais
1A =1+ 1.A-

We also use the rule (ab)* := b*a* to define the formal adjoint of a general
element in A.

Remark 3.7. This doubling procedure is standard in the construction of
Nakajima quiver varieties, which is an algebraic analog of taking the cotan-
gent bundle (or complezification) of a variety. We will restrict to a section to
go back to [R/G].

In the notation of the last subsection, we take A = A and the commutative
subalgebra

B = Spanc{lp,14} C A.

Consider V @ C. We fix its B-module structure in the way that 14 and 1 act
as (Idy, 0) and (0, Id¢) respectively. V@ C can be equipped with an A-module
structure that restricts to be this fixed B-module structure.

Lemma 3.8. Given a Hermitian family of framed modules (A, V, F, h), there
s a one-to-one correspondence between elements in

R = Hom,j, (A, End (V') x Hom (F, V)

and A-modules of the form V & C that respect the B-module structure and

have ¢, a* acting as the adjoints of e; and w(a) respectively with respect to
h.

Proof. Given (w,e) € R, the A-module structure on V @ C is defined as
follows. The action of A on V is given by w, and A acts on the component
C by zero. The element ¢; acts as the linear map e; : C — V' where ¢; is the
J-th column of e, and acts on V' trivially. ¢f and a* act on the component C
by zero, and act as the adjoint maps of ¢; and w(a) with respect to h. The
adjoint maps are

e 1V = C, ej"(v) = h(ej,v)

and
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in matrix form.

Conversely, since the A-module is required to restrict as the given B-
module structure, we must have A acting trivially on the component C, ¢;
acting trivially on V', and ¢} acting trivially on C. (For instance, a = a - 14
acts as (a,0) on V @ C.) Then the action of A and (e; : j = 1,...,n) gives
an element in R. O

Similar to (11), we have the following map for .A. The only difference is
that for the forms de} and da”, the corresponding forms on

R = Hom,jg (A, End (V') x Hom (F, V)

are defined using the metrics h.

Proposition 3.9. Given a Hermitian family of framed modules (A,V, F,h),
there is a (degree-preserving) map

DR*(A/B) — Q* (R)“"

that commutes with the differential, and is equal to the trace of the correspond-
ing representations given in Lemma 5.8 when restricted to DR°(A/B) —

QO (R)“".

Proof. DR*(A/B) is generated by the one forms da, da*, de; and de} over A.
For da and de;, the corresponding matrix-valued one-forms on R are obvious
(by substituting a and e; by the corresponding representing matrices w(a)
and e;). For dej and da*, the corresponding matrix-valued one-forms over R
are

(0e3) - h+ ¢ - dh = (De5) - h+ €5 - (Oh + Oh)

and
(12) — b7t dh - b wih + RN OwE)h + b widh

respectively, where h is now represented by a square matrix in a basis of
V, and e} (a row vector) and w; are the conjugate transpose of e; and w,
respectively. Note that h(,) is a function on (w,e) € R and so it has a
non-trivial differential dh. More intrinsically, de} corresponds to h(Vey,-) +
h(e;, V-), where V is the Chern connection of & on the trivial vector bundle
V X R (and e; is a section).

Note that non-zero elements in DR'(.%Al/ B) are represented by loops (mean-
ing that the source and target are the same), due to the defining equation (10).
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The corresponding forms on R are obtained by composing the above matri-
ces and taking trace. In particular, it is the trace of the corresponding rep-
resenting matrix when restricted to DRY(A/B). Since trace is independent
of cyclic permutations of the composition, the map DR*(A/B) — Q°(R) is
well-defined. Moreover, it commutes with the differential by definition.
Under the action of g € GL(V), d(w(a)) — g-d(w(a))-g~ !, dej — g-de;,

a % * AYE AP ] *\—1 —1 k% *\—1 —1
(8ej)-h+ej‘dh'—>(8_ej)g (9%) " hg™ +eig - (9") dhyg

= ((0€}) - h+ ¢} - dh) - g !

and (12) transforms by g (-) g7, using the GL(V)-equivariance of the family
of metrics h. Since trace is invariant under conjugation, the corresponding
forms on R are G p-invariant. Here Gp = C* x GL(V'), where C* is Abelian
and acts trivially on R. O

Remark 3.10. Since the above uses the family of Hermitian metrics h, the
resulting forms in Q*(R)®2 are no longer holomorphic. In the usual alge-
braic construction, we have a map p from DRP(A/B) to GL(V)-invariant
holomorphic (p,0)-forms on

(Hom,yg (A, End (V)))? x Hom (F, V) x Hom (V, F).
The above can be understood as a composition of the usual map
p: DR*(A/B) — Q*(R x (Hom,y, (A, End (V)) x Hom (V, F)))
together with pulling back by the smooth section of Rx (Homaig (A, End (V)) x

Hom (V, F)) — R defined by

6; = h(w,e) (€j7 ) = 6; ' h(w,e)v w; - h(iuie)w:h(w,e)'
On the LHS, (e} : j=1,...,n) € Hom (V, F) and w, € End(V') denotes fiber
coordinates; on the RHS, € is the conjugate transpose of the column vector
e;j in (e1...e,) € Hom(F, V). Note that the action of GL(V') on both sides of
the first and second equations are right multiplication by g~' and conjugation
g () g1 respectively.

Now define the subalgebra

LA) =P e A e

n
7,k=1



754 George Jeffreys and Siu-Cheong Lau

Recall that elements in £(A) are understood as linear algorithms.

In DRY(A/B) = A/(B + [ A, A]) (vector-space quotient), note that ele-
ments that do not form loops (for instance, a - ¢; and ¢} - a) are in the zero
class. Moreover, loops that are cyclic permutation of each other are identified
as the same class.

In our context, elements in E(fl) are loops, and they descend to non-trivial
elements in DR°(A/B). As a consequence:

Corollary 3.11. An element in ,C(./Al) induces a G—in})am'ant function f on
R where G = GL(V). Its differential lies in DR'(A/B) and induces the
corresponding differential df € Q'(R)¢

Note that the target of ¢; and the domain of ¢; are the one-dimensional

vector space C. Thus the matrix corresponding to ¢} - a - ¢ € E(A) is a
one-by-one matrix whose trace just equals itself.

An (n x n)-matrix whose entries lie in £(A) gives a linear function F — F
over each point in [R/G]. We can also restrict it to

f[w,e] : Fin = Fout

by taking an (nous X nin)-matrix whose entries ;5 belong to Coutk A- Cin,j
where (¢in; : 7 = 1,...,nin) denotes the part of (¢; : j = 1,...,n) that has
source in Fj, (and similar for eyt ;). This produces a linear machine function

fgu o corresponding to a linear algorithm +.

Example 3.12. We can carry out linear machine learm’ng for Example 3.1
by simply dropping the non-linear activation functions o). Then the machine
function is well-defined on the moduli space [R/G] and we have a dimension
reduction from R to [R/G].

However, keeping the non-linear activation functions is crucial for deep
learning. We will make a non-linear algorithm well-defined on [R/G] in the
following subsections.

The cost function can also be defined algebraically as an element in
DRY(A/B). Namely, given a function f : F}, — Fuy and fixing v € Fj, =
C™n the expression

2

E:/K‘(%:yjkvj:kzl,...,nout)—f(v) dv

Fout

_/Kz<z_w il )(Zm )dv
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lies in DRO(A/B). Its differential in DR'(.A/B) induces a one-form on [R/G],
which plays a central role in machine learning.

Suppose A is finitely generated, and so is A. Let {zj:5=1,...,M} be
the generators of A. Then the algebraic Jacobian ring

DRYA/B)/{0,,E :j=1,..., M),

where 0, F is the cyclic differential, is useful in capturing the critical locus
of F.

3.4. Differential forms for near-ring

The associative algebra A in the last subsection captures linear operations
of a computing machine, and has rich noncommutative geometries. In this
subsection, we incorporate non-linear operations and extend the geometric
construction to a near-ring.

3.4.1. Near-rings and their representations

Definition 3.13. A near-ring is a set A with two binary operations +,o
called addition and multiplication such that

1. A is a group under addition.
2. Multiplication is associative.
3. Right multiplication is distributive over addition:

(r+y)oz=zx0z+yoz

for all z,y,z € A.
In this paper, the near-ring we use will be required to satisfy that:

(4) (A,+) is a vector space over F = C, with ¢+ (zoy) = (¢ x) oy for all
ceCandz,y€ A
(5) There exists 1 € A such that loz =2 =x01.

We call it a near-ring over C with identity, or a C-near-ring with identity.
Note that x o (c-y) # ¢z oy in general. The following gives a prototype
example.

Example 3.14. The set Map(V, V') of C-valued smooth functions f : V — V
on a vector space V' forms a near-ring over C with identity, with + being the
addition on the vector space, o being the composition of functions, and 1 being
the identity function on V.
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Definition 3.15. Given a C-near-ring with identity A, a C-sub-near-ring is
a C-subspace A C A which is closed under the multiplication o. A’ is called
a C-sub-near-ring with identity if in addition, 1 € A’.

Given an algebra A and a set S, we have the C-near-ring A{S} defined
as follows.

Definition 3.16. Let A be a C-algebra with identity and S be a set. we define
the C-near-ring with identity A{S} as follows. As a vector space,

A(s) = @ A(S),

where:

1. A{S}o=A;

2. Given A{S}, defined, A{S},1 is spanned by the elements asoa, where
a€A eS8, and a € A{S},, subject to the relation (ais1 +cagsy) oo =
a161 o + cassa o« for all c € C, ay,as € A.

Moreover, we define 140¢ = ¢ola = <. Thus 14 is also the identity for
A{S}.

In the application to neural network, the elements ¢ € S are symbols for
the activation functions. Each element of A{S} can be recorded by a rooted
tree (oriented towards the root) defined as follows.

Definition 3.17. Given A = A{S}, an activation tree is a rooted tree with
the following labels.

1. Leaves and the root are labeled by 1 ;;
2. FEdges are labeled by a € A;
3. Nodes that are neither leaves nor the root are labeled by ¢ € S.

Each node gives the output

(13) > arsk 0 ap,
k

where ay are the labels of the incoming edges, < and g are the labels of the
tails of the incoming edges and their outputs respectively. (At a leaf, the label
is 15 and the output is 1;.) The element in A{S} corresponding to the tree
is the output of its root.
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Figure 4

Remark 3.18. The expression (13) takes the pre-activation value as the
output of a node. One can also slightly modify the definition of an activation
tree and use the other convention that takes the activation value as the output.

Example 3.19. Figure 4 shows examples of activation trees that represent
elements in A{S}. The expression corresponding to the rightmost tree is

ap + ai61 0 (1,0 + @1,161,1 © a1,1,0) + a2 © Az

for some ap, a1, a1,0,01,1,01,1,0,a2,0 € A ¢,61,%2 € 8.

Note that the tree here is not the digraph (quiver) that we will consider
in the later part of this paper. The labels a for the edges will be taken to be
elements in the double of a quiver algebra A later, and required to be loops
from the framing of the quiver back to itself.

The above definition goes from a C-algebra to a C-near-ring. In the reverse
direction, we can define the following.

Definition 3.20. The canonical subalgebra of a C-near-ring A with identity
1s defined as

A={r€A:zo(cy+2)=croy+xoz forally,z€ AandcecC}.

It is easy to check that
Lemma 3.21. A is a C-algebra with identity.

Example 3.22. For the above example that A = Map(V, V), the canonical
subalgebra is the subset End(V') of linear endomorphisms of V. This can be
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seen by taking y,z € Map(V, V) to be constant maps in the above definition
of A.

Given a subset S of A, we have the sub-near-ring generated by S defined
as follows.

Definition 3.23. The sub-near-ring of A generated by S, which is denoted
as (S) 5, is defined inductively as follows. As a vector space,

(SYa=D (i, CA
p=0
where:
1. <S>A,0 =A;

2. Given (S) 4, defined, (S) ,,, s spanned by the elements aocoa, where
a€A,ceS, anda € (S)z,

fljs said to be finitely generated if A = (S) z for a finite subset S C A.
S C A is said to be a free generating subset if (S); = A{S}.

It is easy to check that:
Proposition 3.24. (S) ; defined above is a sub-near-ring.

Example 3.25. Let’s continue the example of the set of functions Map(V, V).
Fix a collection of non-linear functions o1,...,on : V. — V. This corresponds
to a finitely generated sub-near-ring A{oy,...,on} C A o1,...,0on can be
chosen such that they are not related by iterated compositions and linear com-
binations. Then they form a free generating subset.

Definition 3.26. A morphism of C-near-rings with identities is a map ¥ :
Ay — As that satisfies:

1. V(z+y)=V(x)+ V(y);
2. VU(zoy) =V(x)oU(y);
3 W) =1y,
U is said to be a strong morphism if in addition, it satisfies:
(4) U maps the canonical subalgebra of A, to that of Ay.

It easily follows from the definition that a surjective morphism of C-near-
rings is automatically strong.
Now we consider modules of a C-near ring.
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Definition 3.27. For a C-near ring A with identity, an A-module is a C-
vector space V' together with a strong C-near-ring morphism A— Map(V, V).
For two A-modules V, W, a morphism from V to W is a map
¢ € Map(V, W) that commutes with the actions of A:

¢oV(a)(v) = W(a)o¢(v)

for all o € A.

It follows from the above definition that an A-module is automatically an
A-module (where A denotes the canonical subalgebra).

Essentially, the method of deep learning is performing a (stochastic)
gradient descent on a certain subvariety of the space of A-modules for a
fixed near-ring A. However, such a space of A-modules is typically infinite-
dimensional (since the choice of non-linear maps is infinite-dimensional). We
would like to systematically construct explicit A-modules. A useful construc-
tion for A = A{q, ..., sy} is the following. Given an algebra and an A-module
V', a choice of 01,...,0n8 € Map(V, V) enhances V to be an A{sy,...,sn}-
module. (Here, ¢ are the formal symbols corresponding to a;.)

Unfortunately, such a correspondence between A-modules and A-modules
does not behave well in the morphism level. Namely, an A-module endomor-
phism ¢ € Hom(V, V) typically does not satisfy ¢ o o; = 07 0 ¢ for non-linear
functions o; € Map(V, V'), and hence cannot be lifted as an A-module mor-
phism. So we do not have a map from the space of A-modules to the space of
A-modules that descends to isomorphism classes.

Below, we use our setting of an activation module to remedy this corre-
spondence between A and A. See Proposition 3.29.

3.4.2. Forms over near-ring Let A be an algebra, and fix a framing
vector space F' = C". In Section 3.3, we have taken the doubled augmented
algebra A. Now, we consider the set Mat(.A) of nxn matrices whose (k, j)-th
entries lie in ¢f - A - ¢;.

It is easy to check that:

Lemma 3.28. A := Matp(fl) forms an algebra under matriz addition and
multiplication (where multiplication between entries is given by A).

This is essentially the algebra L£(A) defined in Equation (7), adapted
to the current setting by identifying ¢ = (¢; : j = 1,...,n). As explained
previously right after Corollary 3.11, each element of Matp(A) induces a
section of the trivial bundle End(F') over [R/G], where R is the space of
framed representations of A.



760 George Jeffreys and Siu-Cheong Lau

Similar to (8), we take the C-near-ring
A= Matp(A){s, ..., v}

where each ¢ represents a non-linear function o; : F' — F.
As in Definition 3.16, we have a natural grading on A. Recall that the
elements of A can be recorded by rooted trees. The generation of rooted trees

gives a grading on A:
A=A
k

Ay = Matp(A); A, consists of linear combinations of a-cjoa for a € Matp(A),
aeﬁp_l, and j=1,..., N.

In the last subsection, we have explained a correspondence between A-
modules and A{¢, ...,y }-modules, by choosing maps o1, ...,0n

€ Map(V, V). However, such a correspondence does not descend to iso-
morphism classes. The advantage of the construction here (after fixing a fram-
ing vector space F') is that the correspondence is well-defined on the moduli
space.

Proposition 3.29. Fiz of € Map(F,F) forl = 1,...,N. A framed A-
module (V,w, e) with a Hermitian metric h on 'V induces an A-module struc-
ture on F'. Moreover, if two such modules with metrics are isomorphic

(Viw, e, h) = (V' w' € h'), then the induced A-module structures on F
are the same. Thus, fizing an equivariant family of metrics on V', we have the
map

[R(4)/G) = Rr (A)
where RF(.Z) denotes the space of A-module structures on F.

Proof. As explained below Corollary 3.11, by using the framed .A-module
structure and metric, each element in Matp(A) induces a linear endomor-
phism of F', which is invariant under GL(V'). Thus two isomorphic framed
modules with metrics produce the same linear endomorphism of F. More-
over, of" are maps on F which receive no action by GL(V). As a result, this
gives an A-module structure on F which remains the same for isomorphic

(V,w,e, h). O

The above proposition explains why we want Definition 3.5 for an activa-
tion module.
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Remark 3.30. In Definition 3.5, we have a splitting F = Fy, ® Fi, @& Fout.
It is easy to restrict to the component Fy, (or other components). We have
the projection p : ' — Fy and inclusion v : F, — F. The functions a]F :
Fo, — Fu can also be understood as functions on F. From now on, we will
simply work with the whole framing vector space F', keeping in mind that we

can restrict to the components if we want.

We are going to define differential forms on A. Under the setting of Defini-
tion 3.5, they will induce Map (F, F')-valued forms on [R/G] (Theorem 3.42).

First, recall that we have the Karoubi-de Rham complex DR*(A/B). It
contains the subspace of forms over loops at the framing vertex. These forms
are linear combinations of elements

e ...¢j, (dey)...ej,ep ... (dej), (dey). .. (de;)

for some j,k = 1,...,n. In other words, the subspace is 7 _; DR'(A/B)M,
where DR*(A/B); is defined as

¢;-DR*(A/B)-¢j+de-DR*(A/B)-¢j+¢-DR*(A/B)-dej+de;- DR*(A/ B)-de;.

We define the linear part as follows.

A

Definition 3.31. DR*(Matr(A)) is defined to be the space of n xn matrices
whose (k, j)-th entries lie in DR*(A/B); k.

Like DR'(.%Al/ B), this space is graded by the degree of forms.
From Proposition 3.9, we have the map

(14) DR*(Matz(A)) — (Q°(R,End (F)))¢.

(F', and hence End(F), are treated as a trivial bundle over [R/G].)

To define differential forms on A, we need to use the symbols

D(p)q)a (a1,...,ap), which represent the p-th order symmetric differen-
tials of the non-linear functions ;. For instance, D(V)¢ represents the usual
differential do;; D®g represents the Hessian of o7, which is a symmetric
bilinear two-form. D®)q is supersymmetric about its p inputs:

D(p)gl ’a(a17 vy QFy Qfg1y - - - 7a‘p)

(15)
= (—1)deeadesari DG | (ay, ... apy1, ag, - .., ap)

where deg a denotes the degree of a. The inputs a; are again differential forms
on A. The point of evaluation « is an element of A.
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Definition 3.32. A form-valued tree is a rooted tree (oriented towards the

root) whose edges are labeled by ¢ € DR*(Matp(A)); leaves are labeled by
a € A; the root (if not being a leaf) is labeled by 1; nodes which are neither

leaves nor the root are labeled by D(p)gl‘ for somel=1,... N, a € .Z, and
(0%

p > 0 is the number of incoming edges.

The trivial rooted tree, which has a single node with no edge, corresponds
to a zero-form. The node is attached with an element o € A.

For a non-trivial rooted tree, the output of each node which is neither a
leaf nor the root is

D(p)Q‘a (A1 M1y, Op - 1p)

A

where ¢, € DR*(Matp(A)) are attached to the incoming edges, and 7 are
the outputs of the nodes adjacent to the incoming edges. The input edges to
the node are read clockwisely. Its degree is defined as the sum of deg(¢x-nx) =
deg ¢ + degmi.. The output of each leaf is simply its label o € A which has
degree 0. The output of the root, which is the sum of ¢y, - n for the incoming
edges ¢ and outputs of incoming nodes 7, is taken to be the differential
form associated to the form-valued tree.

Remark 3.33. Now we have introduced two different kinds of rooted trees.
The activation tree represents an element in A (which is identified as a zero-
form); the form-valued tree represents a p-form. For p = 0, the form-valued
tree is trivial consisting of a single root, which is labeled by o € A s
represented by an activation tree, which is more useful in this situation.

Definition 3.34. A differential zero-form over A is simply an element in A.
Denote

DR(A) = A.

A differential p-form (for p > 1) is a sum of forms associated to form-
valued trees with at most p leaves, with total of degrees of forms attached to

edges being p. The space of p-forms is denoted by DRP(A).

Remark 3.35. Since we require the trees contributing to a p-form to have at
most p leaves, D¥)q that appear at the nodes must have k < p.

Example 3.36. Figure 5 shows examples of one-forms and two-forms. They
correspond to ajdag - D) Stlo, (a3 - az), ardasy - DM Stlo, ((azdas) - az) and
aday - D@ Stla, (a3 - ag, (asdas) - a3) respectively.
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Figure 5

Definition 3.37. The differential of a form over A is defined as follows.

A zero-form in the 0-th graded piece a € Ao is simply an element in
Matp(A), and its differential is given by entrywise differential in DR®*(A/B).
A zero-form in the p-th graded piece o € ./Zp can be written as

a=ag+ Z g O Q) © g € DRO(.Z)
k=1

where ap € Matp(A) for k = 0,...,m, aj € .Zp,l, and (k) = 1,...,N.
Then

k k

where day has already been defined by the inductive assumption since oy, €
A1
For p-forms with p > 0, it suffices to define differential of a p-form at-

tached to a form-valued tree. For a leaf, the output is simply its label o € A,
whose differential has been defined above. For a node which is neither a leaf

nor the root, its output is of the form D(p)gl‘ (61 -m,...,0p - Mp), where
«

A

¢r € DR*(Matp(A)) are attached to the incoming edges, and ny are the out-
puts of the nodes adjacent to the incoming edges. Its differential is defined
as

d (D(p)Q‘a (DM, Op - 77p))
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= D(p—H)gl’a (da7 o1 - m,.- - qbp ’ np)

k=1

P
I Z(_1)deg(¢1771)+...+deg(¢k—177k—1) D(p)q‘ (b1 -1, ..., (dor) - mk
+ (_l)deg¢k¢k : d’?k; o 7¢p ' 771))

where the differential dny is already known by induction assumption on the
generation of the tree. The p-form attached to the tree is the output of the
root, which is of the form Y, ¢ - k. Its differential is defined as

S (dox - me -+ (~1) 5% - dny

k

where dny, has been defined by inductive assumption.

The differential of a zero-form has a nice expression in terms of a sum
over sub-trees of the activation tree as follows.

Proposition 3.38. Consider o € A represented by an activation tree T
Then do € DRl(.Z) is a sum over all the nodes of T', and the terms are given
as follows. For each node, there is a unique path 7y ...7v. in T connecting
from that node to the root, where 7 denotes the (oriented) edges. (When the
node is the root, the path is trivial and the corresponding term is simply 0.)
The corresponding term is equal to

1 1
(16) az DYquenp|, -y D' )cz(t(v,-_l))‘% day, - (Sit(y,)) © (3,

1) —1)

where «; for a node i of T denotes the output at the node i.

Proof. The statement easily holds for the zeroth generation: the tree only has
the root and leaves as nodes, and the zeroth form has an expression >, a; for
a; € DR*(Matp(A)), whose differential is simply 3, da;, which is a sum over
the leaves.

Suppose the statement holds for all elements in the p-th generation. For
a = ag+ >4y ax oGk © g in the (p+1)-th generation, da = dag + > day, -
(Siwy © ) + > ar - D(l)gl(k)‘a (doy) € DR(A), where day, is a sum over
the nodes of the activation treg of ay as given in Equation (16). The first
term dag and second term day, - (g(x) © ) correspond to the tail nodes of the
edges of ap for k = 0,...,m. Thus do is a sum over all the nodes with the
summands given by (16). O
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Example 3.39. Consider the 0-form
a=ag+ ais o (a0 + a1,161,1 © a1,10).
Its differential is equal to

doa = da() +da1 ©

(daro+darg-a11+ai D(1)§1,1

a1,0+a1,161,1001,1,0

+a; DWg,

day 1)
ai,1,0
where a; = ¢10(a10+a1151,10a1,1,0) and a1 = 10a11,0. It is equal to the
sum over the nodes of the activation tree of o as shown in Figure 6.

Remark 3.40. The output at a node of an activation tree representing o € A
can be computed by the algorithm called forward propagation. Namely, the
previous results oy, (pre-activation values) have been stored in memory, and
the current output is computed as Yy ar-Sgyoar (where gy are the activation
functions at previous nodes and ay, are labeling the incoming edges) and stored
to memory for later steps.

For the differential do, the computation (16) uses the stored outputs o
in the forward propagation. Moreover, the expression

1 1
@y D' h(t(w))‘at vy DY, )|

(v1) Xt(yp_1)

appears in every term of da corresponding to a path in T that contains
Vo1 .-.v1. Thus it is good to start with the root to compute and store the

values of a, D(l)gl(t(vl))’ cee Oy D(I)Q(t(%,l))’ , and move back-
FXt(y1) Xt (vr—1)
ward with respect to the orientation of the tree T'. This is well known as the

backward propagation algorithm.
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Proposition 3.41. d? = 0.

Proof. First consider a zero-form, that is, o € A o s represented by an
activation tree. Recall that d?a = 0 for a € A = Mat F(fl) as these elements
are zero-forms defined over the associative algebra A in the standard Karoubi-
de Rham sense.

We can write

m
a =ag+ Z (g © i) © Qg € DRY(A)
k=1

where aj, € Matp(fl) for k=0,...,m, ap € A has one less generation than
a,and [(k) =1,...,N. Then

d*a =d <da0 + day, - (gl(k) o)+ ay - D(l)cl(k) ’ak (dak))

= — day - d(Sr) © o) + day, - D(1)§z(k) ‘a (dow)

k

+ay - D(2)§l(k)‘ak (do, da).

The first two terms cancel since d(g) o ax) = D(l)gl(k)’ (dag). The third
Qg

term vanishes since D(?)q ) is supersymmetric about its input (Equation (15)).

For a general p-form, it suffices to prove diy = 0 for ¢ represented by
a form-valued tree. We will do induction on the generation of the tree. We
already know the statement when the tree is trivial (which is the case of a zero-

form). The p-form v is given as ¥ = Y, ¢ -1 for some ¢ € DR*(Matp(A))
and 7 has a smaller generation than . Then

) =3 (-89 dgy - iy + (~1)%8 9 gy -
k

H(=1)2 e gy - d277k) :
The first two terms cancel. The last term vanishes by inductive assumption.
O

Finally, we show that differential forms on the near-ring A induce G-
invariant Map (F, F')-valued differential forms over the space of framed .A-
modules R.

Theorem 3.42. There exists a degree-preserving map

DR*(A) — (Q*(R,Map (F, F)))¢
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which commutes with d on the two sides, and is equal to the map (14):
DR*(Matp(A)) — (Q*(R,End (F)))¢ when restricted to DR*(Matp(A)).
Here, Map (F, F') denotes the trivial bundle Map (F, F') x R, and the action
of G = GL(V) on fiber direction is trivial.

Proof. First consider the case of a zero-form. We associate a € DRO(/T) to a
G-invariant Map(F, F)-valued function over R inductively on its generation
as an element in A. In the zeroth generation, it is just an element in Mat F(A)

which induces a matrix whose entries lie in Q°(R)“ by Proposition 3.9. This
gives a self-map F — F over [R/G]. If «v is in the p-th generation, then it is
written as a = ag + Y _jL; Gk O Gy © Ak € DR°(A), where ay is in the (p—1)-
th generation and induces a self-map F' — F over [R/G]. By composing
with the corresponding functions o) : F' — F and the induced functions of

ax € Matg(A), we obtain a self-map F' — F over [R/G] corresponding to .

For a k-form i) € DR*(A), we do an induction on the generation of its
corresponding form-valued tree to associate it with a G-invariant Map (F, F')-
valued k-form over R. In th zeroth generation it must be a zero-form (where
the associated form-valued tree is simply a single node), which is done by the
previous paragraph. In general ¢ = 32, ¢ - 1 for some ¢y, € DR*(Matp(A))
and 7y has a smaller generation than . Both ¢ and 1 have been associated
with G-invariant Map (F, F')-valued k-forms. Then their matrix products (and
by wedge product entrywise) give the required k-form associated to ).

It follows from the chain rule that the differential for DR®(A) given in
Definition 3.37 agrees with that for Map (F, F')-valued forms over R. More-
over, for ¢ € DR*(Maty(A)), it is in the first generation written as ¢ - 1. By
the above definition, the association is given by the map (14). O

So far, this gives matrix-valued differential forms on [R/G]. To produce
C-valued forms, that is, to remove the component Map (F, F') in the above
theorem, we proceed as follows. The near-ring A can be augmented with the
inclusion and projection symbols ¢; and p;, where ¢; represents the inclusion
C — F of the i-th coordinate axis, and p; represents the projection F' — C
in the i-th direction. This forms an augmented near-ring

é({ph”"p" }odo(C- {01,...7Ln}))k

k=1

consisting of linear combinations of elements (p,- oao (Z i Tj Lj))k for a € /T,
with the relations p; o ¢; = d;; - 1 and ¢; o lyop = 0i; - 1. Then differential
forms in this augmented near-ring induces G-invariant differential forms in
(Q*(R))“. The proof is similar and we shall not repeat.



768 George Jeffreys and Siu-Cheong Lau

In application, we fix an algorithm 4 € A and consider

@ (x) = (pi 0o (Z %’La‘) )

for each element x = (x1,...,2,) € F. ¢7(z) is a vector whose entries are
elements inside the above augmented near-ring. Given f : K — F', we have

| F@=r@f

which is a 0-form on the augmented near-ring. This 0-form and its differential
induces the cost function and its differential on [R/G] respectively, which are
the central objects in machine learning.

Example 3.43. Continuing Fxample 3.1, we now define an algorithm % over
the moduli space [R/G].

em consists of two parts epy, 1 and ey, 2 that correspond to the weights and
biases. 4 is taken to be

A = Gss 0 Gy
where a1 = (em1)*(atein +em2) and G2 = (¢our)*a*em1. Note that both G1 and
Go tnvolve ¢,,. We have

3 784 10
@7($) = pk0d2§0&1 e} Zl‘jbj .
J k=1

From the 0-form [, |7 (z) — f (x)‘Z dx, we calculate the differential as

1 -sof i) =2 (0 - 1) a7

where

784 784
(dyp™(x)); = dp; - Gas 0 Gy © (Z xjaj) + pi(dag)s o ay o (Z :chJ)

J J
784 784
(17) +pio &2D(1)<d10(2784 20;) | 01 Z zity | +ay Z zidij | |-

Owver each point [wy,ws,b] in [R/G], ¥ (z) and the 1-form dp?(z) induce a
machine function and its differential respectively.
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4. Uniformization

In this section, we apply the idea of uniformization of metrics on framed quiver
moduli spaces, which are interpreted as moduli of computing machines as in
the previous section.

The uniformization theorem for Riemann surfaces was a big discovery of
Klein, Poincaré and Koebe in the 19th century. It asserts that every simply
connected Riemann surface is conformally equivalent to either the complex
plane, the Riemann sphere, or the hyperbolic disc.

Such a classification also holds for Riemannian symmetric spaces. Namely,
any irreducible simply connected symmetric space is either of Euclidean type,
compact type, or non-compact type, depending on whether its sectional cur-
vature is identically zero, non-negative, or non-positive.

As a key example, Gr(n,d) is a compact Hermitian symmetric space. It
has a non-compact dual which embeds as an open subset of Gr(n,d). This
is the celebrated Borel embedding, and was uniformly studied for symmet-
ric R-spaces and generalized Grassmannians in [5]. The non-compact dual
to Gr(n,d) is the “space-like Grassmannian” which can be thought of as a
generalization of hyperbolic space.

We generalize this to framed quiver varieties. The key idea is that different
types of quiver varieties will arise by considering space-like representations
with respect to different choices of quadratic forms on the framing. As ex-
plained in the Introduction, our motivation is to find a relation between our
formulation of neural networks and the original Euclidean formulation. Using
this construction, we not only get an interpolation between these two differ-
ent formulations, but also find non-compact type quiver varieties which can
also be used in machine learning. Such a family of quiver varieties of differ-
ent types is what we are referring to as the uniformization of framed quiver
varieties mentioned in the title.

4.1. A quick review

Let @ be a directed graph. Denote by Qg, Q1 the set of vertices and arrows
respectively. A quiver representation w with dimension vector d € Z§3 as-
sociates each arrow a with a matrix w, of size dj(,) X dya) (Where h(a), t(a)
denote the head and tail vertices of a respectively). The set of complex quiver
representations with dimension d form a vector space denoted by RAQ).
GL(d) := [l;eq, GL(d;, C) acts on RHQ) via

(18) g (wa:a €Q1) = (gha) * Wa " Gyg) : @ € Qn)-
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Let d,n € Zgg. n will be the dimension vector for the framing, which is
a linear map e : C™ — Vj at each i € Qg (where V; = C%).

Theorem 4.1 ([23]). The vector space of framed representations is given by

Ry = Ra x €D Hom(C™,C%).
1€Qo

It carries a natural action of GL(d) given by g-(w, e) = (g-w, (ge® : i € Qp)),
where g -V is given by Equation (18). (w,e) € Ry, q is called stable if there is
no proper subrepresentation U of w which contains Ime. The set of all stable
points of Ry 4 is denoted by R;, ;. Then the quotient My 4 := R;, ;/GL(d) is
a smooth variety, which is called a framed quiver moduli.

The topology of M,, 4 is well-understood. Let’s make an ordering of the
vertices. Namely the vertices are labeled by {1,..., N}, such that i < j
implies there is no arrow going from j to i. Such a labeling exists if () has no
oriented cycle.

Theorem 4.2 (Reineke [26]). Assume Q has no oriented cycle. Consider the

chain of iterated Grassmannian bundles M®) 2% pr(N=1) PEST B B
pt (where pt denotes a singleton) defined by induction:

M9 = Gryo (@ @i 15105y, di) — MUY,

Jj—

where S; denotes the tautological bundle on M; (as a Grassmannian bundle
over M;_1). (The direct sum is over each arrow j — i.) Then M »= MW,
with universal bundles V; = py ... p;1S; for all i € Qp.

In the previous paper [19] we introduced a Hermitian metric H; for each
of these V; and showed that its Ricci curvature induces a Kahler metric on
M. Let’s quickly review this construction.

Theorem 4.3 ([19]). Let Q be a finite quiver. Let Ry, q be the space of framed
quiver representations of QQ with representing dimension d and framing dimen-
sion n. For any path v in Q, let € be the framing map associated to the
vertex t(y) and let w, be the matriz representation of ~.

For a fized vertex (i), let p; be the row vector whose entries are all the
elements of the form w,e'™) : R, 4 — Hom(C™=,C%) such that h(y) = i.
Consider

(19) Pip;‘k _ Z (w’yet('Y)) (w,yet(W))*

h(y)=i
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as a map pip; : Ryq — End(C%).
Then (pip;)~t is GL(d)-equivariant and descends to a Hermitian metric
on V; over M. We denote this resulting metric as H;.
Suppose Q) has no oriented cycle. Then
(20)
Hp = Z 00logdet H; = Z (tr(0p;)* H;0p; — tr (H;p;(0p;)* Hi(Opi)p;))

defines a Kdhler metric on M.
Consider the simplest possible example, a quiver with a single vertex.

Example 4.4. Let Q) consist of a single vertex (1) with no arrows. Let the
representing dimension and the framing dimension be d and n respectively
where d < n. The framed quiver moduli is simply Gr(n,d), the (dual) Grass-
mannian of surjective linear maps C"* — C?. Equation 19 becomes H = ee* on
the universal bundle over the dual Grassmannian. If we take the chart where
the first d-many components of e form an invertible map, we can rewrite e as
e = (Idg,b) due to the G4-equivalence. Then H becomes (Idq+b)~', the stan-
dard metric on the universal bundle over Gr(n,d). In particular, for d = 1,
Gr(n, 1) is the projective space P"~1, and the Ricci curvature of H is the
Fubini-Study metric.

4.2. The non-compact dual of framed quiver moduli

Assume that n; > d; Vi. We write the framing map as e() = (€; b;) where ¢;
and b; are respectively the “basis part” and “bias part of our framing map
e Then Equation 19 can be modified to be:

-1
(21) HY = (eief + ab;b; + Z vy w, el (w.yet(”)*) .

y:h(v)=i,7#1

Here, v # 1 means v not equal to the trivial path, as the first two terms
already account for that option.

It is this generalization of the metric which we use for the uniformization.
By varying a and o, we get different quadratic forms. For example, in Equa-
tion 19, a and all a, are simply 1. The zero curvature case will elaborated
on later in Section 4.3.

Remark 4.5. The application of hyperbolic geometry has mostly focused on
fiber direction in existing literature, namely the representation spaces (and
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their corresponding universal bundles over the moduli). Here, we are con-
cerned about metrics on the moduli space (playing the role of the weight
space). This is general for all quiver moduli, not just restricted to specific
models. Thus, in this moduli approach, the method of varying metrics (with
positive, zero or negative curvatures) can be applied to any model of machine
learning.

For now we will set the o and o, to —1 to consider the negative curvature
case. Namely,

-1
(22) H; = EiE;k — bzb;k — Z w’yet('Y) (wfyet(v))*
y:h(y)=i,y#1

It must be emphasized that this quadratic form is not positive-definite on V;
and thus cannot serve as a metric.

The main idea here is that we restrict to the subset of the moduli space
where this quadratic form is positive-definite and thus gives a metric. This
restriction gives the non-compact dual of the framed quiver moduli. As before,
let’s consider the Aj-quiver and what this metric looks like on that quiver in
particular.

Example 4.6. Let Q) consist of a single vertex with no arrows. Let the fram-
ing dimension of the representation space be n, and suppose the representing
dimension at the single vertex is 1. Equation 22 becomes

H™ = (Je|* = o)~

Since we restrict to the subset where H™ is positive-definite, € needs to
be nonzero. By applying the quiver automorphism, € can be rescaled to be 1.
Thus H= = (1—|b]*)7L, and |b|* < 1. This gives the hyperbolic moduli, which
is the open unit ball in C"~'. The Ricci curvature of H~ gives the Poincaré
metric.

Thus from Examples 4.4 and 4.6 we can see the motivating duality men-
tioned at the start of the section.

Definition 4.7. Assume () has no oriented cycle. Let p; be as in Theorem 4.3
so that p; is a row vector with entries of the form wwet(” where v is some
path in Q) ending at vertex (i), wy is the representing matriz of this path, and
et s the framing map at t(v), the starting vertex of . Arrange the entries
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of pi so that the first n;-many entries correspond to the framing arrows at
vertex (i). Then let H; be the quadratic form defined by:

-1
o (L 0 .
) w0, ) )

Here, N; = > nyn). We define R, to be the subset of Ry 4 where
y:h(y)=i ’
H: is positive-definite for all i.

1

In particular, n; gets counted once for each distinct path from (j) to (7).
Note that N; > d; for all ¢ when M # (), which we always assume to be the
case. Unlike the intuition given at the start of the subsection, this definition
does not require that n; > d; for all <.

Proposition 4.8.
R, C R, 4

Proof. Consider a point in R, ;. Write p; = (€¢; R) evaluated at this point as
a (d; X N;)-matrix, where ¢; is a (d; x d;)-matrix and R is the remaining part.
Then H; = (e;¢f — RR*)~1. We claim that ¢; must be invertible, and hence
p; is surjective. This is true for all 4, and hence the point is stable.

Suppose ¢; is not invertible. Then there exists v such that € -v = 0. Then
v'H; v = —v*RR*v < 0, contradicting that H; evaluated at each point in
R, , 1s positive-definite. O

Lemma 4.9. H; is G4-equivariant and R, ; is Gg-invariant.

Proof. H; is GL(d)-equivariant because

1 _
((g- w0y ) (g 1)) = g7 ((wye ) (e D)) (g)7
The reason that R, ; is GL(d)-invariant is because if

-1
z* ((wﬂ,etm)(wﬁ,et(”)*) x>0,
then
—1 —1
(9-2)" (g wye' @) (g wye' ™)) (g-2) = 2 (5" D) (wye D)) >0

by the GL(d)-equivariance of H; . Thus, action by GL(d) sends R, ; to itself.
O
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Definition 4.10. If n; > d;, then ¢ can be written as e = (€i,b;) where
€ 1s the d;-many components of e and b; is the remaining (n; — d;)-many

components. We call € to be the basis part of e and b; to be the bias part of
()
e,

We call ¢; the basis part because we think of it as imposing a basis on V;.
Similarly, b; is the bias part because in the standard case where n; = d; + 1,
it encodes the translation bias parameter in the neural network sense.

From now on, we will assume n; > d;, which is the case in applications.
This assumption also ensures that the choices of negative signs in defining
H; for different vertices i are compatible, so that R, # 0.

Proposition 4.11. Assume that n; > d; for all 1.
0 # R, 4 C {e is invertible for all i} C Ry, 4.

Proof. From the proof of Proposition 4.8, it is clear that ¢; is invertible over
R, ;and these points belong to R}, ;. To see that R, , # (), we can take ¢; = Id
and b; = 0 for all ¢ € g, and all the representing matrices for the arrows of Q
to be 0. This gives a point in R, 4 at which H;” = Id is positive-definite. [J

Suppose a Lie group G acts on a vector bundle V' 5 M equivariantly
fiberwise linearly, and the action of G on M is free and proper. A metric H
on V is G-equivariant if

Hy(v,w) = Hyp(g - v, 9 - w).

It is possible that V' may not descend to a vector bundle over M /G if G), C G
acts on V non-trivially at a point p € M. In the case that the corresponding
bundle does exist, H will descend to that bundle if and only if H is G-
equivariant.

Since we know that R, is a GL(d)-invariant non-compact open subset,
we can quotient by GL(d) in the same way we do for 1 ;.

Definition 4.12. We define the dual of M as the quotient M~ = R, ;/GL(d)
with universal bundles V; = (R, ; X C%)/GL(d;). Since H; is Hermitian
and Gg4-equivariant, it descends to a metric on V, over M™.

Remark 4.13. As a result of Proposition 4.11 and the fact that GL(d) acts
only on the left on the framing space, e = (e;,b;) = (I, INJZ) where b; = e[lbi
and is itself a generic bias vector for each i. Thus, from this point forward
we will be assuming both that n; > d; for all i and that all framing maps are

of the form e® = (Id,b;). Thus M~ C Ry—dd.
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Example 4.14. Consider the framed Ay quiver (the quiver with one vertex
and zero arrows). Let d < n = N. Then M is Gr(n,d). As a Hermitian
symmetric space, this is dual to the space-like Grassmannian Gr~(n,d). Here,
we define Gr™(n,d) to be the open subset of Gr(n,d) consisting of d-planes
in C™ where the quadratic form

n

d
Qlz,y) =D Ty — > Tyy;
i=1

j=d+1

18 positive-definite.

Similar to Remark 4.13, we can take elements of Gr—(n,d) to be of the
form (Id, b) where the first d-many columns are the d x d identity matriz and
b is the remaining d X (n — d) columns. Then we can say that Gr(n,d) is
the set {b € C>*(=d) . Id — bb* > 0}.

Going back to the quiver, since there are mo other arrows, we see that
Hy = (Id — bb*)~t. Thus, M~ is going to be the set {b:1d — bb* > 0}.

In particular, when d =1, Gr(n,1)~ is complex hyperbolic space and the

1

Ricci curvature of H = =5 is the standard metric for the Poincare disk

model of complex hyperbolic space, just like in Example 4.6.

Now we define an explicit metric on M ™, using (23) written in terms of
paths in @), in an analogous way as the one given in Theorem 4.3.

Theorem 4.15. Assume @ is acyclic. Define H7 := —iZ@g logdet H;” on
M~. Then Hy is a Kdihler metric on M™.

Proof. This proof is similar to that of Theorem 3.15 in [19]. We include the
details for the reader’s convenience.

Let’s denote p = pt¥) = (wwe(m)) . which is a matrix-valued func-

vy:h(y)=1
tion on R . At each point of R, we have that p is a linear map from
W; = @ C™m to V;. The Ricci curvature of the metric H; is given by
yih(y)=i

i00 log det pAp* where A is the matrix diag(1, —1,—1,...,—1). Let B be the
matrix diag(1,v/—1,...,4v/—1) and define p := pB so that pp* = pAp*. Thus
we have that H; = (pp*)~ L.

We can take the singular valued decomposition of p to write it as

where U € U(d;), V € U(dim W;), and the ); are all positive real numbers.
We know that none of the A; are zero since that would make corresponding
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quiver representations non-surjective and thus unstable. Then

ﬁ =U- (diag(/\1, AQ, ey /\dz) 0) . V*,

pp* = U (diag(X3, 23, \3)) U,

)=V (dlagul’o' ' "/\di)> (diag(A(!,..., A\ZHU* =V <Igi> U*.

Let us consider the decomposition W; = (Im 5*) @ (Im p*)*. In particular,
this shows that ﬁ*(ﬁﬁ*)_% is the orthogonal embedding of V; to Im p* C W;.
Then

0010 det p = 0 (tr ((50%)'0(50")) )
= (0((") " (7)(0h)"))
=t ((00°)1@0)(0p)" + (0(00°) ) $(00)")
=t ((99)"(00") ™ 0p)) — tx ((60") ™ (2(pP")) (00") ' P(07)")
= tr ((9p)"(0)71(9p)) — tr ((63") ' p(OB)" (9P") " (99)")
= ((09)"(99")"(09))

~tr ((@0)- (#(56")°2)) (o) ((@0)- (7"(95")2)))
Consider a vector v € TlvOR;d = TR, ; We can see that the term
tr ((9up)*(pp*) "1 (9pp)) is in fact the square norm of the linear map d,p with
respect to the metric H, . Using the decomposition of W, above, let’s write
Opp as the decomposition 9,p = ((0yp)1, (0pp)2) where (0yp)1 : Im p* — V;
and (9,p)2 : (Im p*)+ — V;. In particular, given the previous discussion, we

see that (0,p)1 is actually 0,5 composed with ﬁ*(ﬁﬁ*)_%. Thus, we can see
that the other term

(@) (0 397)7#)) 600" (@) (0 (297)7)))

N}

is actually the square norm of dp; (with respect to the H;,” metric). Then we
have

iaglogdet H; = ‘3ﬁ’H; - ’aﬁlyH; = ‘8/32|H;-
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Thus, the Ricci curvature is semi-positive definite.

Now suppose (Gvﬁ(i))Q = 0 for all . Then the image of (8vﬁ(i))* =
Dy (p)* is in the image of (p)*. Thus 8, does not alter the subspaces given
by (pD)* 1 Vi = Wi ((5)*)ser gives an embedding of M~ to the product of
Grassmannians of subspaces in W;. Since 9, does not change the subspaces, it
must be the zero tangent vector. As a result, the curvature is positive definite
and defines a Kéhler metric. O

Example 4.16. Consider the framed Ay quiver. This quiver has vertices
(1) and (2) and has one arrow a going from (1) to (2). Then

Hy = (Idg, — bib})7!
and

Hy = (Idg, — bob — wew): — webibiw?) ™" = (Idg, — bobh — we H tw?) ™!
where Hy = (Idg, + b1b%)~! is the Hermitian metric on Vy in Definition 4.5.
Using Gram-Schmidt orthonormalization, we can write H; * = g(by)g(by)*
for some g(by) € GL(d1). Thus

Hy = (Ida, — (wag(b1))(wag(b1))* — babi) .

M~ = {(b1,wa,b2) : Hy and Hy are positive definite}. Then we have
the map

M™ — Gr(ny,dy)” x Gr(ng + dy,d2)”

by (b1, wa,b2) — (b1, (wag(b1),b2)), which is invertible. We have identifica-
tions of the universal bundles (V;, H; ) with the pullback of tautological bun-
dles over Gr(ni,d1)” and Gr(ny +dy, d2)~ respectively, which are compatible
with this diffeomorphism.

We can go much further than this. In fact, for general acyclic quivers
there exists an identification between (V,”, H; ) over M~ and the tautological
bundles over space-like Grassmannians as in the above example, if we ignore
complex structures.

Theorem 4.17. Assume that the underlying quiver Q is acyclic. Then there
exists a symplectomorphism
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that restricts to a diffeomorphism between the real loci, and a bundle isomor-
phism

Vo HD) S (6ULHG, )
that restricts to a bundle isomorphism between the corresponding real vector

bundles over the real loci. Here U; is the tautological bundle over Gr~(m;, d;),
m; =N + Y an(a)=i (), and H(jn a) 18 the standard metric of Gr—(m;,d;).

First, we make the following lemma.

—1
Lemma 4.18. H; = (Id— bibf — waHt(;)w;> .
a:h(a)=1
Proof. Consider vertex (i) in quiver (). Let’s denote I'; := {7 : h(y) = i}, the
paths ending at (i).
Aside from the trivial path, every v in I'; must be of the form a-~y for some

arrow a with h(a) = 4. Thus, we can decompose I'; = {(1)} U U a- Ty
a:h(a)=1i
where (7) denotes the trivial path. Because of this, we can write

-1
H,L'_ — ( b b* Z Z Wq t(a-'y) (wa"yet(a.,},)>*) .
a:h(a)=i Y€l (a)

We have wg., = w, - w, where w, is the linear map associated to the arrow
a. Moreover, t(avy) = t(v). Thus

-1
H; =|Id—bb; — Z Z waw,e) (wawvetm)*)

a:h(a)=1i 7€l (q)

-1
=1d—b;b; — Z W, ( Z w., et (wvetm)*) wZ)

a:h(a):i ’YEFt(a)

-1
=(Id—bib; — > waHj—lw;;) :

a:h(a)=1t
O

Proof of Theorem 4.17. Let (i) be a vertex. By Lemma 4.18, we can write
H; as

d—bb; = Y weH,w;.
a:h(a)=1t
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By Gram-Schmidt normalization, we can write H t_(;) = gt(a)g;‘(a) for some
9t(a) € GL(dt(a)) Then

-1
H; = (Id by — Y wagt(a)gt*(a)wf;) = (Id —ww*) ™!
a:h(a)=1i

where

w=b; ® @ WaGt(a)-
a:h(a)=1

Thus, we define ¢ : (M7, Hp,\-) — H(Gr*(mi,di),H(_mhdi)) by sending

(bia wa)ier,aeQ1 to (b’h (wagt(a))a:h(a):i)iEQO'

The map ¢ is invertible: for each ¢ € )y, g; only depends on b; for j € Q(()i)
and w, for a € Qgi), where Q) is the sub-quiver containing those arrows that
can be a part of a path heading to i. We can invert ¢ inductively as follows.
For fixed vertex 1, if Qg) is empty, then Qgi) is also empty, so ¢ acts trivially
by sending b; to itself. If Q(()i) is not empty, then for fixed arrow a € Qgi),
sends (b;, w,) to (bs, we) where wg = wagy(q)- By construction,

(we)(ws)" = (WaGt(a)) (WaGt(a))” = Wal Wy

If we know H. Ha) then we can calculate gy(4) and thus recover w,. This reduces

the problem to a calculation on Q. Since Q is acyclic, repeating this process
inductively is guaranteed to eventually reduce down to source vertices (mean-
ing vertices k such that Qék) is empty). In particular, H, = (Id — bkb,’;)_l for
all source vertices k.
Since ¢ identifies H;  with the standard metric on the tautological bundle
of Gr™(m;,d;), and the symplectic form is Hy = —i . ddlogdet H; , ¢ is
3

a symplectomorphism. Written in these coordinates, the map (V; , H; ) 5
(¢*Us, H(m, 4,)) is simply given by identity.

Restricting to b; and w, having real coordinates, g; produced from the
Gram-Schmidt process is a real matrix. Thus ¢ restricts as a diffeomorphism
between the real loci. 0

Remark 4.19. This correspondence between M™ and Gr~(m;, di), H,, ;.
is only a symplectomorphism, since the Gram-Schmidt process is not holo-
morphic.
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4.3. Euclidean signature

In addition to the non-compact dual, we can use Equation 21 to get other
moduli spaces in the same vein. The most straightforward variant is achieved
by setting o and all of the o, to zero. This means throwing out the contri-
bution coming from anything other than the first d;-many framing arrows.

Definition 4.20. Assume @ has no oriented cycle. Let p; be as in defini-
tion 4.3 so that p; is a row vector with entries of the form wvetm where ~y
is some path in () ending at vertex (i), w. is the representing matriz of this
path, and €' is the framing map at t(v), the starting vertex of . Arrange
the entries of p; so that the first n;-many entries correspond to the framing
arrows at vertex (i). Then let HY be the quadratic form defined by:

(24) HY = <pi (fgi 8) p;-*)

Here, Ny = 3> ny). We define RY ; to be the subset of Ry q where
yih(y)=i ’
HY? is positive-definite for all i.

7
Note that we still need N; > d;Vi to have M # (), thus we will still be
assuming that to be the case. Indeed, most of the following statements are
copied or follow from analogous statements in Section 4.2.

Proposition 4.21. R%d C R,

Proof. As in Proposition 4.8, consider a point in R%d. Write p; = (¢ R)
evaluated at this point as a (d; x N;)-matrix, where ¢; is a (d; X d;)-matrix
and R is the remaining part. Then HY = (eef)™!. If ¢ is not invertible,
then €€} is not positive-definite. Thus, for a point in R?ud, we have that ¢; is
invertible for all 4 which means that p; is surjective for all . Thus the point
is stable. O

Lemma 4.22. H? 1s Gg-equivariant and R?z,d 1s Gg-invariant.

Proof. This follows directly from Lemma 4.9.
O

Similar to Section 4.2, we will assume n; > d; from this point forward.
Thus, we can talk about the framing part ¢ of e corresponding to the
first d;-many components, and the bias part b; of e corresponding to the
remaining (n; — d;)-many components. With this, H? can be written simply
as

HY = (eef) 7!

2
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Proposition 4.23. Assume that n; > d; for all i.
0 +# R?l,d = {e is invertible for all i} C Ry, ;.

Proof. From the proof of Proposition 4.21, it is clear that ¢; is invertible over
R%d and these points belong to R;, ;. Moreover, let w be any point of Ry, ,
such that the framing parts ¢; of the framing maps e are all invertible. Since
H} is only defined using ¢;, we can see that w € R}, ;. Thus, R) ; is the subset
of R} ; of points where the framing part is invertible. To see that R} ; # 0,
we can take ¢; = Id for all ¢ € @y and set the remaining arrows to be zero.

This gives a point in R, 4 at which HY = Id is positive-definite. O

Similar to R, ;, since we know that R) ;is a GL(d)-invariant non-compact
open subset of R, ;, we can directly quotient by GL(d).

Definition 4.24. We define the Euclidean restriction of M as the quotient
MO = RO ,/GL(d) with universal bundles V) := (R ; x C%)/GL(d;). Since
HY is Hermitian and G q-equivariant, it descends to a metric on VP over M.

As a result of Proposition 4.23 and the fact that GL(d) acts only on the
left on the framing space, e = (€i,b;) = (Idi,l;i) where b; = ei_lbi and is
itself a generic bias vector for each ¢. Thus, from this point forward we will
be assuming both that n; > d; for all ¢ and that all framing maps are of the
form e = (Id, b;). Thus M° = R, 44 and HY? can be taken to be the trivial
metric on C% for each i.

Over MY, activation functions have the simplest possible definition:

smooth (or piece-wise smooth) maps from C% to itself. Any of the stan-
dard activation functions used in machine learning (sigmoid, ReLu, softmax,
etc.) fit directly into this Euclidean restriction setting without any further
modification.

Corollary 4.25. H? is the trivial metric on C%. Thus, HY := > 90 log det H?
is a Ricci-flat Kahler-Einstein metric and R, ; C R27d.

Remark 4.26. Consider an acyclic quiver Q with dimension vector (n,d)
such that n; = d; for all source and sink vertices i, and n; = d; +1 for all oth-
ers. If Q with dimension vector (n,d) gives the underlying neuron structure
for a neural network, then M is the training space for this network. In par-
ticular, the standard backward propagation algorithm for a feed-forward neural
network is standard gradient descent in the relevant vector space, matching
up ezactly with the gradient descent on MO induced by HY.
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4.4. Hyperbolic activation functions

This point of view of uniformization provides a learning model over hyperbolic
moduli, or more generally, interpolations of spherical, Euclidean and hyper-
bolic moduli. (One can add learnable parameters in the Hermitian metrics
H;, interpolating the metrics of different types.) This is hyperbolic learning
in the base (that is, the parameter space). There is another direction that we
can consider hyperbolic learning, namely the fiber bundle direction.

Recall that we have the universal vector bundles V;. In [19], we constructed
activation function (as a fiber bundle map of V;) by composing the following:

H; e(i))* ) O
v, 2y ) o g o Yy,

where o : C" — C™ is a continuous function. We can do the same thing
uniformly for M, M° and M~.

Additionally, in [19], we constructed a specific activation function as a
symplectomorphism (C", wpn|cn) = (B,wsq), where B C C™ is the ball
{IIZlI> < 1}, wpn is the Fubini-Study metric on P, and wgq is the standard
symplectic form of C". This symplectomorphism ¢ has the expression

(21, 2n) — Zln S z"n AR
V14T |2 L+ >0 |2l

In view of hyperbolic metrics, we provide an alternative interpretation of
the same function here.

Proposition 4.27. o gives a symplectomorphism (C", wgq) — (CH™, wepn)
where CH™ denotes the hyperbolic ball.

Proof. By definition, wepn is equal to —93 log(1—|w|?) up to a simple scaling.

Here, we will be thinking of w as the row vector (wy, ..., w,). Then
_ wdw*
—90log(1 — |w|?) = 09—
og(1 ~ [wf’) = 0727

(1 — |w]?)dw A dw* + (dw - w*)wdw* (- |w|?)dw A dw* + wdw! dww?
(1= fw[?)? B (1= Jw[?)?
Now, let’s similarly write z as the row vector (z1,...,z,). We compute
the pullback as

z z*

- AN d———
VI=[2 V=2

o*(dzNdz")=d
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(1 — 22%)dz + 3(2dz* + zdz*)z A (1 — z2%)dz* + §(2dz* + zdz*)z*
(1= 27 I
1

1 —
[ 1_ *\2 * - * *\ 2 %
(1= 227 (( 22")%dz N\ dz —|—4(zdz + 2dz*) zz)

1 1 -
+m (5(1 B Zz*) ((ZdZ* + zdz*)z ANdz" +dz A (zdz* + zdz*)z*))

At this point, zdz* A zdz* + dzz* A zdz* can be rewritten as 2dz'dzzt.
This gives us
(1 — z2%)dz A dz* + Zd2'dzz2"
(1 — zz%)2
which equals the above. O

In other words, o gives an identification between C™ and CH™. Then signal
propagation between hyperbolic spaces can be modeled simply as linear maps
between C™, and the composition ¢ o o : C* — C", where + : CH" — C" is
the inclusion of a ball in the space, gives an activation function.

4.5. Concrete implementation

In this subsection, we explain concrete formulas that can be directly coded
in computer programs as well as some practical simplifications.

Let’s first focus on a vertex ¢ (a neuron). Equation (21) gives a family of
metrics H;(«;) on the bundle V;. We take the chart in which ¢; is simply the
identity matrix.

We can make the simplification that the representing dimensions over all
vertices are one so that H;(a;) is just a (1 x 1)-matrix. There is a simple
procedure called Abelianization which constructs a quiver with representing
dimensions d; = 1 from a quiver with a general dimension vector. Namely, if
the representing dimension over vertex i is d; > 1, we can split the vertex ¢
into d;-many vertices {(i,1),...,(i,d;)} and set the representing dimension at
each vertex (7, 7) to be 1. For instance, Abelianization changes the As-quiver
on the left of Figure 1 with general representing dimensions to the quiver in
Figure 2.

To further simplify, the parameters a, in Equation 21 can be set to zero
for long paths 7. For instance, we can set ay, = 0 for paths that consist of
more than one arrows, and simplify Equation 21 to

(25) Hifag) = (1+ a( @i +0)
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where the «; are (possibly learnable) parameters, w; are the weights of the
arrows heading to the vertex ¢, and b; is the bias. In our algorithm, the
activation at the ¢-th neuron is

(26) oi (Hi(oi) (W5 - vin + b;)) = 0y ( Wi - tin £ by ) }

We can understand H; as filters depending on the parameters «; that are
concerned with the importance of the i-neuron. Setting o; = 0 reduces to the
original algorithm without H;. Moreover, the expressions ; /(1 + o (|| +
|b:1?)) and b/(1 + a;(|0;|? + |b;|?)) provide normalizations for the weights and
biases. Namely, if we fix o; > 0, the norm of % is bounded for
arbitrary ;, b; and bounded wv;,. This means even if the gradient for (j;, b;),
and hence the updated (;, b;), is large during the learning process, the above
operation is still bounded (even if an unbounded function o; is used, such as
ReLu).

The following computer code implements (26) in Python using TEN-
SORFLOW. It appears in the definition of call for the dense layer that will
be followed by an activation layer. A similar change can also be made to a
convolution layer.
norm_w = tf.math.reduce_sum(tf.math.square(self.w),axis=0,keepdims=True)
norm_b = tf.math.square(self.b)

H = tf.math.reciprocal(l + self.alpha * (norm_w + norm_b))

y = tf.matmul(inputs, self.w) + self.b
return H * y

Applying Theorem 4.15, we have the metric
Hr(&) :Ztr (H;(cy) - Op; - Fi - (0p;)*
—H;i(c) - pi - Fi - (0pi)* - Hi(ew) - (Opi) - Fi - p7)
that can be used in the gradient descent, where .#; denotes the matrix

0 diag(c,)
tries ., (see also (23)). With the simplifying assumptions above as in (25),
Hr(d) = @;(Hr)i(a) is equal to

( La, 0 ) and diag(c,) denotes the diagonal matrix with en-

(Hr)i(ai) = Hi(ow) (g1 — (i Hioy))w; - ;)

=Hj(e) | Ig01— ————=| >0
Z( z) <d1+1 ai1+”lbi|2>
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where w; denotes the row vector (w; b;). We remark that it is valid to use dif-
ferent parameters @ and @' for the bundle metric H;(«a;) and the Riemannian
metric Hp(d') respectively, if we take @ > 0 and & > 0. (Here a vector is
said to be > 0 or > 0 if each of its entries is). For instance, the bundle metric
H;(a;) with a; > 0 is well-defined for V; over the Euclidean space M.

Composing the operations (26) at different neurons allows us to obtain a
machine function fz. This composition is known as the forward propagation.
To do machine learning, we minimize various quantities concerning fg, for
instance the distance

E(w) = d(fa, )

with a given function f. (@ denotes the tuples of all w; for all vertices i.)
In the Riemannian metric Hp(&), the gradient descent of E over M is
given by the matrix multiplication

— (0, B) - (Hr)i(a;)) ™

where the differential 0y, E = (0g, F O, E) is a row vector. The inverse matrix
(I, — (i H;(i))ws - ;) ™1 can be approximated by Iy, + (o H; (o))} - ;.
Thus, the gradient descent can be approximated by

(27) - Hi(ai)_l aule - al(ale . ID*)UNJZ

which is the update to the current weights w;. The partial derivatives Oy, F
can be efficiently computed by the chain rule for the composition function E,
which is well-known as the backward propagation algorithm. Note that for
a; = 0, (27) reduces back to the Euclidean gradient descent —0g, F.

The following code implements the gradient descent (27) in the definition
of train_step in Keras Model class. It is placed after taking gradient tape
of TENSORFLOW which records the partial derivatives by grads[i]. Let the
i-th and (7 4+ 1)-th trainable variables be weights and biases.

w = trainable_vars[i]

b = trainable_vars[i+1]

norm_w = tf.math.reduce_sum(tf.math.square(w),axis=0)

norm_b = tf.math.square(b)

H_inverse = 1 + alpha * (norm_b + norm_w)

dotprod = tf.math.reduce_sum(tf.multiply(grads[i],w),axis=0)+\
tf.multiply(grads[i+1],b)

grads[i] = H_inverse * grads[i] + alpha * tf.multiply(dotprod,w)

grads[i+1] = H_inverse * grads[i+1] + alpha * tf.multiply(dotprod,b)
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As explained above, we expect from the theory side that the bundle metric
H;(a;) can be used as a weight normalization in (26) to handle gradient
explosion, with the parameters a; encoding the significance of the i-neuron.
Moreover, the gradient descent over a compact moduli M with the global
metric Hp(a) for & > 0 must converge mathematically, although we may
need to take a change of coordinates and perform the gradient descent in
other charts of M as well. We will leave further experiments as a part of
future work.
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