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Dedekind sums via Atiyah-Bott-Lefschetz

ANA CANNAS DA SILVA

Abstract: This paper, written for differential geometers, shows
how to deduce the reciprocity laws of Dedekind and Rademacher,
as well as n-dimensional generalizations of these, from the Atiyah-
Bott-Lefschetz formula, by applying this formula to appropriate
elliptic complexes on weighted projective spaces.
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1. Introduction

Dedekind was entrusted with Riemann’s papers after his death, including
some notes related to elliptic modular functions which he edited. Dedekind
then published a famous addendum to those notes where, among other useful
comments, he devotes consideration to a finite sum, which was essentially
what became known as a Dedekind sum.

Let p and ¢ be positive integers which are relatively prime. The Dedekind
sum for the pair (p, q) is

w05 ()

where ((+)) is the function defined by

=57 e

with [z the greatest integer not exceeding z, known as the floor of x. This
is a sawtooth function of period 1 with graph
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Dedekind discovered a reciprocity law obeyed by these sums, which Rade-
macher generalized. The precise statements of these laws are recalled in §4.
Mordell related Dedekind sums to the number of lattice! points in the tetra-
hedron

0<er<a 0<y<bh0<z<e0<+itZal,
where a, b and ¢ are relatively prime positive integers. The statement and a
proof of Mordell’s result can be found in [18, pp. 40—43].

There is by now a vast literature on Dedekind sums and their gener-
alizations of different sorts. They appear naturally in the theory of elliptic
functions, modular transformations, lattice points, etc. For a survey, see [18].

Hirzebruch [11] was probably the first to tackle generalized Dedekind
sums from topological considerations. In particular, he arrived at reciprocity
laws and Mordell’s theorem using his signature theorem and results of Atiyah,
Bott and Singer for group actions on 4-dimensional manifolds. Afterwards, Za-
gier [21] studied connections between topology and number theory for higher-
dimensional manifolds. Their book [12] develops topological approaches to
number theory.

Numerous authors have obtained results on enumeration of lattice points
in convex lattice polytopes by looking at toric varieties, such as Brion [4]
applying a Lefschetz-Riemann-Roch formula and Morelli [16] studying the
Todd class. Ishida [13] reproved and generalized Brion’s results by a more
elementary approach using contractibility of convex sets. Pommersheim [17]
obtained a formula for the number of lattice points in an arbitrary lattice
tetrahedron generalizing Mordell’s 1951 formula, as well as a n-term general-
ization of Rademacher’s three-term reciprocity formula for Dedekind sums, by
using a formula for the Todd class of a toric variety. Sardo Infirri [19] obtained

!Throughout, we consider the lattice Z" in R™.
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variants of Brion’s results using Brion’s and Ishida’s methods. Brion and
Vergne [5] extended Pommersheim’s work. The theme of number-theoretic
applications from topological analysis of symplectic toric orbifolds may be
found also among Guillemin’s research interests; see, for instance, [9].

In this paper, we show how to deduce the reciprocity laws of Dedekind
and Rademacher, as well as n-dimensional generalizations of these formulas
and expressions for numbers of lattice points inside polytopes, by applying the
enormously fruitful Atiyah-Bott-Lefschetz fixed-point formula to appropriate
elliptic complexes on weighted projective spaces.

A weighted (or twisted) projective space, X, is obtained by taking the
quotient of C"*1\ {0} by the action

p(w)(z0, ..y 2n) = (WP2,...,wT"2,), weC,

where the ¢;’s are relatively prime positive integers (this is also known as
the case of a well-formed weighted projective space). This is a nice type of
orbifold, namely a quotient of a smooth manifold by a finite group action that
is free except at isolated points (see §3.4).

We equip this weighted projective space X with the holomorphic line
bundle associated with the representation with weight —¢ - qo - - - ¢,, for some
nonnegative integer ¢, so that the dimension of its space of holomorphic sec-
tions be the number, N, (qo, ..., gn,{), of integer lattice points (mq, ..., my,)
with my, ..., m, > 0 satisfying

qomo + -+ gumy = Lqo . . . Gn-
Our formulas are then of the form

Nn(QOJ]h cee 7QH7€) = An(QO;Ql; .. aQn) + Bn(QO;le .. '7QH7€)7

where the A,,(qo, q1, - - -, qn) are related to generalized Dedekind sums and the
Bn(qo,q1, - -, qn,{) are evaluated using Laurent series; the exact definitions
of these numbers are given in §3.5.

Since A, (qo, - - -, qn) is independent of £ and N, (qo,- .., qn,0) = 1, we end
up with generalized reciprocity formulas of the form

An(qu cee 7qn) =1- Bn(QO» <oy Qn, O>7

as well as formulas for the numbers of lattice points

Nn(q07 cee 7Qn;€) =1- Bn(q07 cee 7(]n70) + Bn(QO; ey QTHE)
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The version of the Atiyah-Bott-Lefschetz formula needed for our purposes
is reviewed in §2, the application to weighted projective spaces is described
in §3, and the number-theoretic consequences are discussed in §4.

2. Atiyah-Bott-Lefschetz formulas for orbifolds
2.1. Case of good orbifolds

We will derive the needed theorems for good orbifolds, i.e., orbifolds that are
global quotients of a compact manifold by an action of a finite group.

Let M be a compact complex (smooth) manifold of (complex) dimension
n, acted upon by a finite group G in a holomorphic fashion. We denote by
g + M — M the holomorphic diffeomorphism of M corresponding to the
element g € G. The quotient space, X = M/G, is a good complex orbifold.

We denote the standard splitting induced by local holomorphic coordi-
nates on M as

(1) T"M @g C =T ¢ T,

where 710 is spanned by the dz’s and T%! by the dz’s. Then the corresponding
bigraded wedge powers are

/\a,b — /\a(Tl,O) Q¢ /\b(TO,l).

We will consider a =0 and b=0,1,...,n.

The Dolbeault cohomology groups of X, denoted H*(X) (or Hg’k(X )), are
the subgroups of G-invariant elements in the Dolbeault cohomology groups
of M, i.e.,

HM(X):= HE(M), k=0,1,...,n,

where H*(M) are the homology groups of the elliptic complex

0 — T(A%) 5 T(A™) - T(A°2) 25 ... T(AY") — 0

acted upon by G via pullback.

A G-equivariant holomorphic map, f: M — M, induces a G-equivariant
endomorphism f* of the above complex, thus a G-equivariant endomorphism
in its homology. Therefore, such a f : M — M induces a quotient map,
f: X — X, and endomorphisms of complex vector spaces

HA(f): HMX) — HY(X), k=0,1,...,n.
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By definition, the Lefschetz number of f is

n

L(f) =D _(=1)" trace H (),

k=0

where the trace is taken over C, i.e., as the trace of an endomorphism of a
complex vector space.
We will need the following standard averaging result.

Lemma 2. Let p: G — GL(V) be a representation of a finite group G on a
finite-dimensional vector space V. If £ : V. — V is a G-equivariant linear map,
Vi is the subspace of vectors fized by G, and  : Vg — Vg is the restriction
of £ to Vg, then

trace(¢ : Vg — Vi) = Z trace ( V= V)
gGG

Proof. Consider the projection p : V' — V5 given by

\G\ 2. rs(v)

geG

Since ( is G-equivariant, we have po {="{o p. Hence, ‘ preserves the splitting
V = Vg @ ker p, and

trace(¢ : Vg — Vig) = trace(fop : V — V) = trace(p o 0V — V)., O
By Lemma 2, we have
L(f)=> (-1 | | LS trace HE (v, o ).
k=0 geG

Suppose that f : X — X has only nondegenerate (hence isolated) fixed
points, or, equivalently, that for all ¢ € G' the composition 14 o f has only
nondegenerate fixed points, i.e.

det (I —d(¢40 f)p) #0 at a fixed point p € M.

In this holomorphic case, the complexification of the dual of the derivative
gives a bundle map

df* : f*(T*M ®g C) — T*M @ C
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preserving the standard splitting (1). Hence, at a fixed point p € M, the
linear map

(g o f)y « TyM @p C — Ty M @p C

is a direct sum of endomorphisms of Tpl’0 and T 19’1 denoted

(g o [IL" @ d(tg 0 f)O1.

Since T,y M is (real)-isomorphic to T, ;,07 it inherits a complex structure,
with respect to which we may view d(¢4 o f); as a complex endomorphism
agreeing with d(ig o f),°.

By the Lefschetz fixed point theorem in this case (see [2, (4.9)]), we obtain

n

Z(—l)ktracer(wgof) = Z !

‘ det (I—d(¥gof)p)
k=0 {peM|(vg0f)(p)=p} ( )

where the determinant is taken over C, i.e., as the determinant of an endo-
morphism of a complex vector space, similar to the trace.
Hence, under the above conditions, we have

3) e DIND DR = ¥

9€C (peM|(yof)(p)=p}

We can write equation (3) as a sum of contributions from the fixed points
of f: X — X. Let p1,pa,...,pr be the pre-images in M of a fixed point
q of f: X — X. Replacing, if necessary, f by 14 0 f for some g € G, we
may assume f(pi) =p;, 1 =1,...,L Let G; be the stabilizer of p; in G. The
contribution of ¢ to the Lefschetz number is

T 2 i)

i=1 geG

As p; and p; are in the same G-orbit, G; is conjugate to GG1. Then, as fis G-
equivariant and the determinant is invariant by conjugation, the ¢-summands
are all equal to the contribution for ¢ = 1,

S S—
Z det (T—d(tg0)p, )

geGy
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Moreover, we have |G| = ¢|G]|. Therefore, the contribution of ¢ to L(f) is

1
|G1] ggG:l det (T-d(¥90)py )’

and equation (3) is equivalent to:

Formula 4. Under the above conditions, we have

1
f - - I )
) ; 1G] g;i det (I—d(vgof)p, )

where X1 = {xy,...,x,,} is the fived-point set of f: X — X, p; € M is any
chosen preimage of x;, and G; is the stabilizer of p; in G, it =1,...,m.

Formula 4 admits the following generalization extending the manifold
result of Atiyah and Bott [2] (announced also in [3, §3]).

Let m : L - X be a holomorphic orbifold line bundle over X, presented
as the quotlent of a G-equivariant holomorphic line bundle 7 : L — M. We
denote by W, — w*L the holomorphic bundle map corresponding to

g M — M for the group element g. Let H*(M:; L) be the homology groups
of the elliptic complex obtained by tensoring the Dolbeault complex of M
with L:

0 — D(L) 2 1(Loc A°Y) 223 .. I(L ®c A%") — 0.
Then, for the pair X, L, we define again
H*(X;L):= HL(M;L), k=0,1,...,n,

where g € G acts on the complex by W' @ (diy)*.

Assume that the G-equivariant holomorphic map f: M — M admits a
G-equivariant holomorphic bundle map

F:f'L —1L
inducing F': f*L — L. Then the tensor maps

F@ARfOr : (L@ A\*F) — Loc A
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form a G-equivariant endomorphism of the elliptic complex above, hence in-
duce endomorphisms in homology preserving the G-invariant subgroups

H*(X;L):= HL(M;L), k=0,1,....n
We thus obtain endomorphisms
H*(f;F): H*(X;L) — HYX;L), k=0,1,...,n.

By definition, the Lefschetz number of the pair f, F' is

L(f;F)= Z(—l)ktracer(f; F).
k=0
By the averaging result (Lemma 2), we have
L(f;F)=> (- ZtraceH fv;\ll;loﬁ‘).
k=0 gEG

Following the strategy as in the previous case without the line bundle, by
applying now Theorem 4.12 of Atiyah and Bott in [2], we obtain

Formula 5. Under the above conditions, we have

trace(¥ oF)p
Z Gl Z det (1-d(¥400)y; )

where X/ = {x1,...,2n}, pi € M is any preimage of x;, and G; is the
stabilizer of p; in G, i =1,...,m. We recall that both determinant and trace
are taken over C.

2.2. Case of general orbifolds

Since the contributions to the Lefschetz number are local [1, §5], one expects
formulas as in §2.1 applying to general orbifolds, i.e., orbifolds that are not
globally quotients of a compact manifold by a finite group. Kawasaki [14]
first extended Lefschetz formulas to that orbifold case. Sardo Infirri [19, §4.2]
deduced the two formulas below via more elementary arguments.

Let f : X — X be a holomorphic map from a compact complex n-
dimensional orbifold to itself, having only nondegenerate fixed points,
q1,-- -, qm- For simplicity, we assume that X has no singularities away from
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these fixed points, which is verified in our concrete application in §3. The
Lefschetz number of f is, by definition,

n

L(f) = (=1)" trace H (),

k=0

where H*(f) : H*(X) — H*(X) is the map induced by pullback f* on the
kth Dolbeault cohomology group of X. Each g; possesses an orbifold chart [20]
comprising the following data:

e a neighborhood, X, of ¢; in X,

e a connected open subset, M; C C", and

e a finite group, G;, acting effectively on M; by linear transformations,
; g, such that M;/G; is homeomorphic to Xj.

We assume, that the point ¢; has exactly one preimage p; in M;, so ¢; has
isotropy group G;. Moreover, for the map f, there is

e a G-invariant neighborhood, U;, of p; in M;, and
e a holomorphic Gi-equivariant lift, f; : Uy — M;, of f; == flu,/q,-

Formula 6. Under the conditions in the previous paragraph, we have

B LA | 1
E(f) - Z:ZI |Gz‘ Z det(I—d(wi,goﬁ)Pi) 7

geG

where the determinant is taken again over C.

In addition to the above assumptions about X and f,let 7 : L — X be
a holomorphic orbifold line bundle over X and F : f*L — L a holomorphic
orbifold bundle map. The Lefschetz number of the pair f, F' is, by definition,

n

L(f; F) =Y _(=1)" trace H"(f; F),
k=0
where HE(f; F) : H*(X; L) — H¥(X; L) are the maps induced by f* and F
on the homology of the Dolbeault complex of X tensored by L. The previous
local data at a fixed point ¢; of f gets augmented by:

e the line bundle L; := 7= }(X;) — X,

e a holomorphic line bundle, ZZ over M;,

e an action of G; on L; by holomorphic bundle maps, ¥; , : L; — (U gii,
such that L; = L; /G, and
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e a holomorphic Gj-equivariant bundle map, F - f;*f/l — Ei, lifting the
corresponding restriction of F' to fL;

Formula 7. Conditions and notation being as in §2.2, we have

trace(¥, oﬁ)pz
Z Z det (T— d(wlgofl) )

3. Application to a weighted projective space
3.1. Base orbifold

Fix positive integers qo, ..., q,. Let X be the orbifold obtained by dividing
Cnt1\ {0} by the group C* of nonzero complex numbers, where C* acts by

w — pw)
p(w)(20, -y 2n) = (WP020, ..., wizy,).

Assuming that the qq, ..., g, are pairwise relatively prime, the orbifold X is
non-singular except, at most, at the n + 1 points:

(8) [1:0:...:0[,[0:1:0:...:0], ..., [0:...:0:1],

which have stabilizers Z/qo, . . ., Z/qy, respectively.
The standard diagonal action of S' on C**1,

eQﬂ'it — ﬁ

ﬁ(zo, sy zn) = (€L e ),

induces an action, f;, on X. We assume that at most one of the ¢;’s is equal
to 1. We will look at maps f; for ¢ # 0 in a neighborhood of ¢ = 0. In this
case, the fixed points of each f; are again the n 4 1 points (8) and these are
nondegenerate. '

On the cross-section z, = ¢, the diffeomorphism 1, := p(eQmﬁ) with
q € Z satisfies

- 990

o
wq('zOv s 72n7170) = (6 “an 20545 € T an anlac)7
whereas the diffeomorphism ft satisfies
fe(20, - zmo1,¢) = (2™, ..., 2™z, 1, ™)

2mit(1— =L
an

_ 4
~ (€2mt(1 )

20, ..., € Zn—1,C).
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3.2. Line bundle

Let L be the holomorphic line bundle over X associated with the representa-
tion

v:C* — Aut(C), ~(w)s =w s,
ie., L= (C"™\ {0} x C) /~ for the equivalence relation ~ defined by

(2,8) ~ (p@)z 7w ™)s), weC,

that is,
(205 -y 2n, S) ~ (wqozo, . ,wq”zn,wds) , weCh
We will assume that d = ¢ - qq - - - ¢,, for some integer ¢, so that all fibers of L
be complex lines.?
We define an action, Fj, of S' on L induced by letting S' act by f;*

on the first factor of C*"™!\ {0} x C and trivially on the second factor. In
particular, we have

F[(0,...,0,1),8 = [(0,...,0,e72"), 5] ~ [(0,...,0,1), > i s],

so the action of 2™ € St on the fiber of L above [0 :...: 0 : 1] is given by
. d
multiplication by ¢*™an |
We define the action ¥ of Z/q,, on the L-fiber over [0 :...:0: 1] to be
trivial.

3.3. General formula

The relevant data for the contribution of the fixed point [0 :...:0: 1] to the
Lefschetz number of the pair f;, F; is hence

\II;:[ o F; = multiplication by e%it% : Lio.....o:

and

2For w € Z/qy, we have

((0,...,0,1),8) ~ (p(w)(0,...,0,1),y(w™")s) = ((0,...,0, 1),wds) .

Hence, in order for the fiber of L over [0:...:0: 1] to be a complex line, we need
@r|d. Similarly for the other singular points.
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94 290 o Hn=1 2mit(1-20) 2mit(1— In—1)

diag(e™ an ..., e " ) - diag(e e an

Summing over ¢ = 0,1,...,¢, — 1 for the g,-roots of unity, w = ezmi)
the contribution from [0 :...:0: 1] in Formula 7 reads
1 ¢t o2t

>

qn q:O Hm;ﬁn(l _ 627'(‘7:(17?;: )t . 6271‘1'%) .

Similar computations yield similar results for the other fixed points. Adding
up all contributions, we obtain the Lefschetz number:

noq ! €2m’tq%
(9) E(fb Ft) = Z - Z 271.2‘(17Qm Yt omiddm | *
r=0 4r q=0 Hm;ﬁr(l —e€ e ar )

On the other hand, by definition, the Lefschetz number is

Lifu k) = Xn:(—l)’“trace(Hk(ft;Ft) L HM(X; L) — HYX; L)).
k=0

3.4. Cohomology

The orbifold X is a good complex orbifold, since it is the quotient of ordinary
complex projective space CP™ by the coordinatewise action of G := Z/qy X
... X Z/qyn. The quotient map is simply?

crr — X

q0

[20:...025) > [20° ... 22

Similarly, the line bundle . — X is the quotient of O(¢) — CP" with quotient
map

o) — L
[(z0y- -y 2n), 8] — [(20° ..., 20n), st ],

For any ¢ > —n, we have H*¥(CP"; O(¢)) = 0 for k > 0 (see, for instance,
[10, Theorem 5.1]), therefore also H*¥(X; L) = 0 for k > 0. As for H(X; L)
this is the global G-invariant holomorphic sections of O(¢), and these are

3However, the S'-action on X is not the quotient of an action on CP"™.
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linearly spanned by the monomial sections [(zo, . . ., zn), 20" - - - 2] satisfying
the law

(WP 2p)™0 - (w2 )™ = w2 for all w € CF,

which implies
(Iom0++%mn:d

The dimension of H°(X;L) is thus the number of integer lattice points
(mo, ..., my) satisfying qomo + -+ + ¢um, = d, mo,...,m,; > 0. We de-
note this number by

Nn(QOa <o+ Qn, 6)

recalling that we have d = {qq . . . gn.
3.5. Limitast — 0

Although formula (9) does not hold for ¢t = 0, since f; leaves all points fixed,
we can take its limit and thus compute the above number N, (qo, .- ., ¢, ¥).
When ¢ — 0, the left-hand side of (9) becomes

%g%ﬁ(fﬁ )= %iﬁn(l)trace HO(fi; Fy)

When ¢t — 0, the right-hand side of (9) becomes a sum of two types of
terms, denoted A, (qo,---,¢,) and By, (qo,- - -, qn, £), respectively:

—1
n 1 q

0o YLy

2mi(1—4myg 2 dim
250 5 Tl (1 — 270500 20T

2mit -4
e qar

noq qr—1 1 ' U] 627ritﬁ
TR SRd Th oL

2 ‘17(1771 N
r=0 qr q=1 Hm;«é'r r=0 q7‘ Hm;ﬁr(l — € 7T7,( qr ) )

An(qoyesqn) Brn(qo,-+,qnf)

The last limit can be computed via a Laurent series for each summand:

bnr blr
2 — 4+ by,
t” + + t + 077'
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Since the total sum is finite, the terms with negative powers of ¢ in these
series must cancel out as t — 0, and we end up with

n
Bn(Q07 <oy Qn, E) - Zbo,'r“
Moreover, the A, sum may be rewritten in terms of sums over nontrivial
q-roots of unity as
"1 1
An(qo, - qn) Z— Z m,
r=0 q nar=1,n#£1 L1lmz#r n

which is related to generalized Dedekind sums, as we will see in the next
section.

4. Number-theoretic consequences
4.1. The case n = 2
For the first interesting case, formula (10) reads:

#{(mo, m1,ma) € (Z§)* | qomo + quma + qomy = d} =

2 d
2 1 qr—1 2 Qﬂzt;

1 4o 1 e

27rq L9m. e o 2mi(1—m )¢y
=00 o= Mg (L= ™) P00 [, (1= 07
A B

We will deal with each of the terms A and B in turn.

A:
We can write

Aoyl oy L
Hm;ér(]' - 77q"") .

r=0 I yar—1n21

Setting

(11) @2 = ko mod qo, qo =kigz mod q1, ¢1 = kago mod go,

we find

2
1 1

A= E E .

r=0 I yar STy (L=m) (1 =n*)
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Now, using the Eisenstein formula (see [7] and also [21, §1])
1+7 ,

(()-%,%
~)) = 1
q 29 o Sy L

we obtain an alternative expression for the Dedekind sum as in [18, p. 15]:
1 qr— 1

1
S(kr7 QT) - - k +
dr nar=1n#1 (1 - 77)(1 —-n ) 4%“
Therefore, we find
2 o —1
(12) A=Y (T2 o).
r=0 4QT
B:
Each summand in B is of the form
1 6wt
g (1 —ent)(1—ewt)

for which the constant term in the Laurent expansion® is

1(1 lw 1w 1 w? 1w 1w2>

4 2w 2ws  2wiws 12wy 12w

Therefore, we have

& /1 1 1\ ¢
13 B=) b =—<—+—+—>+—QO+91+C]2
(13) Z;) A\ @ e 2 ( )
e 1 g+ad+a
G dodig + T
2 12 q0G192
4This limit term can be written in terms of Bernoulli numbers B,, defined by
— B, t 1 1
— "= — By=1, Bi=—=, Bo=—,...
TLZ:O nl ot — 17 50 Do ) 1 27 2 67

In particular, the Laurent expansion of 17—1@wt is
— B

1 — _ Z Zn g pn—t
n!

1 _ pwt
€ n=0
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Finally, we compute the left-hand side. Since d = {qyq1 g2, we have

#{(moy, m1,ma) € (Z(J]r)g | gomo + qumi + gama = Lqoqiqe}
£qo0q1
= > #{(mo.m1) € (Z§)* | qomo + quma = (Lgoqr — m2)ga}-

m2 =0

For given 0 < mqy < fqoq1, we denote simply by # the number of solutions
(mo,m1) € (Zg)? of the equation

(14) gomo + qim1 = (Lgoqr — m2)qa.

(£goq1—m2)q2

Qa1 J +1—e(mg), where the integer-

Claim. The number # is equal to {
valued function e(ms) satisfies
g(mg) =0 if mg is a multiple of gg or of ¢1, and
e(ma) + e(lgoqn — mo) =1 if my is neither a multiple of g nor of ¢;.
Proof. Whenever msy is a multiple of ¢, say ms = sq; with s € Zar, equa-
tion (14) is equivalent to
qomo + qimy = (Lgo — 8)q1q2,
and has a first solution (mg, m1) = (0, (¢go — s)g2). Since qp and ¢; are rela-

tively prime, all further solutions (mg,my) are of the form

(kQIa (&JO - S)qQ - kQO) with k& = 17 27 sy \‘MJ .

q0
Therefore, the number of solutions is
Lgy — ! _
4= {( o S)Q2J . {( qoq1 mz)%J 1
do doq1

A similar count holds when ms is a multiple of ¢y, so in these cases we have
g(mgy) = 0.

Suppose now that ms is neither a multiple of gy, nor of ¢;, and consider
it together with the integer m/, := lqoq1 — mo, satisfying 0 < mq, m,, < lqoq;.
We denote by #' the number of solutions (mf, m}) € (Zg)? of the equation

gomg + qmy = (Lgoqi — m5)ga = Mago.

We list the solutions to Equation (14) in increasing order of the first term in
the pair, starting with a solution called (mq, m;):

(mo,m1), (mo + q1,m1 — qo), - .. (mo + (# — 1)gi,m1 — (# — 1)qo),
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and we do the same for the second equation, starting with a solution called
(mg, my):

(mg, m1), (mg + q1.my — qo), - - (mo + (# = D1, my — (# — 1)o)-

Note that we must start with 0 < mg,my < ¢, as well as end with 0 <
my — (# — 1)go,my — (# — 1)qo < qo. But adding the two equations for the
first pairs of solutions (mg, m1), (mg, my), we get

qo(mo +mg) + qu(m1 +my) = Lgoqige,
hence mg + m{, must be a multiple of ¢, so it must be
mo+my=¢q and my+mi = (fga — 1)qo.

Similarly, adding the two equations for the last pairs of solutions, we get that
it must be

my — (# — 1)go +my — (# — 1)g0 = qo,
from what follows, with the knowledge of my +m/} = (¢g2 — 1)qo, that

#+# = lgo.
But this is what we needed to prove,® since
# = lqy — V@%J —¢e(mg) and # = {mQQZJ + 1 —e(mj).
qoq1 091

O

SWe further show that e(mz) only takes the values 0 or 1. Again let (mg,m1)
be the solution of Equation (14) with the smallest first entry. Since ¢p and ¢
are relatively prime, any other solution is of the form (mg + kq1,m1 — kqo) with
k=1,2,...,# — 1. Whereas the first term from the (mg,m1) solution contributes
gomgo to the sum in the equation, the following solutions contribute gomo + kqoqi-
Geometrically, # — 1 will hence be the number of times that a segment of length
qoq1 fits inside the interval [0, (€gog1 — m2)gz] to the right of the point gomyg. Since
gomo < qoq1, we conclude that either

#—1={MJ or #_1:{MJ_1
Gt qoq1 '

that is, e(ms) is 0 or 1. In particular, when ms is a multiple of ¢; (so the first
solution has mg = 0), the segments of length ¢oq; start at the origin, and when ms
is a multiple of ¢g (so the last solution has m; — kqp = 0), the segments of length
goqq finish at (¢goq1 — m2)ge, hence in both of these cases we have e(m2) = 0.
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It follows that

#{(mo,m1,m2) € (Z§)? | gomo + quma + qema = Lgoqi g2}

- B (o] 1-em).

ma=0 qoq1

From the properties of the integer-valued function £(msy), we have

Lgoq: 1 Lg0q1
> elma) =5 3 (e(ma) + =(lgoq — m2))
ma=0 ma=0

1
= 5#{m2 € [0,lgoq1] NZ s.t. o fme and ¢1 fma}

lqo—1)(q1 — 1)
5 .

Also, since (see, for instance, [18, p. 32])

p—1
—1(g—1
Z V{qJ = w for p, g relatively prime,
k=1 L P 2

or, equivalently,

= { qu __(=Dlg+1)

for p, q relatively prime,

=1Lt P 2

we get

£qoq1 2

lgoq1 — m2)q 14 14

Z {QJ = 5 909192 + §(Q2 —qoq1 +1).

ma=0 qoq1
We conclude that
(15) #{(mo, m1,ma) € (Z§)? | gomo + quma + gama = Lqoq1qa}

Iz 14
= 5 doq1a2 + 3 (@0 +q1 +q2) + 1.

4.2. Classic reciprocity laws and Pick’s theorem

According to the previous section, for n = 2 formula (10) says

52

14
(16> 5(]0(]1(]2"‘ 5(Q0+Q1+Q2)+1 =A+B
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where A is given by (12) and B is given by (13). This can hence be rewritten
as

2 2, 2, 2

I g+a+aeg 1
17 S (k) = = - L
1" = ( ) 12 qoq192 4

which is the Rademacher reciprocity law [12, p. 96].

We now set g = 1 and take kg = ¢q1, k1 = qo and ky = 1. The fact that
¢; =1 mod g; for i # j guarantees that condition (11) is satisfied by these
choices. In this case, formula (17) reduces to

2
L (qo 1 fh) 1
(18) ;:08( v Gr) = s(q1,90) + s(qo, q1) 1 <q1 + . + % 1

which is the Dedekind reciprocity law [18, p. 4].
Consider the triangle A = {(zo,71) € (R§)? | go70 + q171 < lgoqr} with
vertices (€q1,0), (0,%qo) and (0,0). When ¢2 = 1, formula (15) becomes

l
#(ANZ? :AreaA+§(q0+q1+1)+l,

which is an instance of Pick’s theorem,

1
AreaA:[+§B—1,

where [ is the number of lattice points in the interior of A and B = ¢(qy +
q1 + 1) is the number of lattice points on the boundary of A.
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4.3. Generalized Dedekind sums

When ¢ =0, i.e., d = 0 and the line bundle L is trivial, formula (10) reduces
to

Syl !

qu q=1 Hm;ér(

1
e27rz qq'" - },E)% ZO q_r Hmyér(l B 627Ti(1 dm )t)

which is equivalent to

(19)
Loy byt !
o Hm;&r(l— - tg% — _62m(1—‘f1—7)t).

0 4 par=1m#1

The last limit can be evaluated by the Laurent series argument. We define a
generalized Dedekind sum

. 1
Onlgr;gii #1) = > oo (L= i)
n‘"*l n#l m#r K

an(qo, - qn) = Z L (g gini £ 7).

TOT

, and define

When n = 1,2, 3,4 we find the following explicit generalized reciprocity laws.

1/1 1
(g, ) =1— 5 —+—

2\ @

1/1 1 1 1 2+q2+q2
a2(qo, q1,q2) = ——<—+ +_>__'M

A\ o e 12 909192

1/1 1 1 1
O‘3(QOaQ17QZaQ3):1—— —_—t — 4+ — 4+ —
8\ @ q2 qs3

1 (qo+ + + g
<QO @, Dot Dt

24\ g Q193 Q192

+ + +
Jate ate @ Q3>
qoqs3 q042 QOQ1
: NP 5
@4(q0,41,492,43,44) = L — — - 5 quIk

16 g 48 qoqi19203a T

1 1 9 9

144 qoq1qaqsqa =
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1
720 q0q1924304

Z 4

Remark. Using other methods, Hirzebruch and Zagier [12, pp. 100-101] gave
results for generalized Dedekind sums of type &, for n even, namely

m(—1)E k (g0, - -
(20) Z ( )2 Z H cot TRAm -1 n(QO, ,Qn)
r=0 Q’!‘ k=1 m;é,,, q’l’ QO o Qn

where £, is a certain polynomial in n 4 1 variables which is symmetric in its
variables, even in each variable, and homogeneous of degree n. Formula (20)
is related to the 6,,’s and «,,’s by

% qr*l ﬂ_kqm ) .€2i9 + 1

E | I cot using cot§ = i——-——

0 qr k=1 qr 621 -1
m#r

l Z H an + 1
qr nim — 1
0 " nir=1n#1 m#r
1 - (=2)°

PSP SED VDS

r= 0 b = Ln;él 5=0 IC{0,....n}\r,#=s [Ticr (1 —n%)

- Z Z— > 0s(ar; 4i,i € 1)

—o dr I1C{0,...n\r,#I=s

= Z(—Q)s Z as(qi,i € I).

s=0 Ig{l,,n},#lzs

For instance, when n = 2,

12
(g0, 1, q2) = 52
i=0
and when n = 4,
4
g (QOaQ1aQ2>QS,Q4 18 <Zqz> - _Zq:l
i=0

4.4. Counting lattice points

Considering again a line bundle for arbitrary positive ¢, formula (10) provides
an expression for the number N,, := Ny, (qo, - . ., gn, ¢) of non-negative integral
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solutions (my, ..., my,) of the equation gymgy+- - -+ ¢,m, = €qo - - - ¢, namely
(21)
n 1 gr—1 1 n 1 eQﬂitqiT
Z - Z Sz, T lim . 2mi(1—4m )y
Np= =09 o=t [lnp (1 =€) 2020 O [1er (1= a ")
An Bn

From the case d = ¢ = 0 (see formula (19)), we have

o1 1
Ap=1 -~ }E% o 2mi(1— L2ty
7=0 O [Lnzr(1 —€ )

and thus both A,, and B,, can be computed from the Laurent series argument.
For n < 4 we have the following explicit results.

Nog=1
Ni=/+1
% ‘
Ny = 5 Q09142 + 5(610 +q+q) +1
3 5 KQ
N3 = E(QO%QZQS) + ZQOQ1(]2(]3<QO + ¢+ ¢+ q3)

¢
+ E(q§+q%+q§+(ﬁ)

/
+ 1((10611 + qoq2 + qog3 + (142 + @193 + q2q3) + 1

o= 2 ([Ta) + 5 () (S )
+ i (H%’) (Z q + 32‘]@'%’)

i<j
¢ 9
+ — E q;q; +3 E Giqiqk | +1
24 \ ~ =
i#£j i<j<k

Working out NN, directly for each n, by decomposing into sums generalizing
the procedure in §4.1, e.g.

£q0q14243

Ny= > #{gomo+ qm =z} - #{q2ma + gsms = lqoqigaqs — 7},
=0
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and equating similar powers of ¢ in (21), we can iteratively obtain higher-
dimensional formulas.
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