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Quantum Witten localization™

EDUARDO GONZALEZ AND CHRIS T. WOODWARD

Abstract: We prove a quantum version of the localization formula
of Witten [31], see also [28, 22, 35], that relates invariants of a GIT
quotient with the equivariant invariants of the action.

Keywords: Quantum cohomology, GIT quotients.

1. Introduction

The main result of this paper is a formula relating the equivariant Gromov-
Witten graph invariants of a smooth projective variety with group action
and the graph invariants of the geometric invariant theory quotient. To state
the main result we introduce the following notation. Let G be a connected
complex reductive group acting on a smooth polarized projective variety X.
Let

X)G = X*/G

denote the GIT quotient of X by G, which here means the stack-theoretic
quotient of the semistable locus X** by the group action. We assume that G
acts with only finite stabilizers on the semistable locus X*®°. In this case the
GIT quotient X //G is a smooth proper Deligne-Mumford stack with projective
coarse moduli space by Mumford et al. [17]. Let H(X//G) resp. Hg(X) denote
the rational resp. equivariant rational cohomology of X //G resp. X. Kirwan’s
thesis [14] studies the natural map

KX.,G: H(;'(X) — H(X//G)

given by restriction to the semistable locus and descent. Equivariant integra-
tion resp. integration over X resp. X//G define trace maps

TXXBR:HG(X)—)Q, TX//G:H(X//G)%Q
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where the first can be defined using equivariant cohomology with distribu-
tional coefficients as in [35]. Witten [31] introduced a formula, which he
termed non-abelian localization, which expresses the difference between the
composition Ty g okx,c and Txxg, as a sum over critical points of the norm-
square of the moment map. Mathematical versions can be found in Paradan
[21, 22], Teleman in the case of sheaf cohomology [28], and Woodward [35].
Witten’s localization principle quantifies the failure of the following diagram
to commute:

Ho(X) —~ H(X)Q)
(1) Ny e
Q

A different formula computing the composition is given in Jeffrey-Kirwan
[13]. A virtual Witten localization formula has recently appeared in Halpern-
Leistner [12, (5)].

Naturally one wishes for a quantum version of Witten’s localization for-
mula which computes the Gromov-Witten invariants of the moduli spaces of
stable maps to a GIT quotient. For conceptual reasons we explain below one
expects such an invariant only for parametrized stable maps; in good cases
these compactify the space of maps Hom(P!, X) from the projective line P
The action of G on X induces an action on Hom (P!, X) and our main result
is a formula for the difference in integrals over “compactifications” of

Hom(P', X//G), Hom(P', X)/G

as a sum of integrals over maps to the Kirwan-Ness strata of X; here the
second quotient is defined as the quotient of a suitable semistable locus. As
a sample potential application, since the integral over Hom(P!, X) /G may
be related to the abelian quotient Hom (P!, X) /T by Martin’s formula [16],
this provides an inductive approach to abelianization questions, where the
induction is over the rank of the group G.

To state the result in more detail let w € HZ(X) be the first Chern class
of the linearization (that is, the symplectic class) and let

o
G _ i e U ) —
A —{;%Czq 7016Q;d16H2 (X7Q), zli)r&<dz,w> OO}
denote the equivariant Novikov field for X. Let

QHg(X) = Hg(X) ® A§
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denote the equivariant quantum cohomology of X. Virtual integration over
the moduli stack of n-marked genus 0 stable maps Mg ,(X) for n > 3 defines
a family of formal quantum products

*o : TaQHa(X)? = TLQHa(X), o€ QHg(X).

Formal in this setting means that only the Taylor coefficients of the maps
are convergent. Define a quantum version of Witten’s trace as follows. Let
P! = (C? — {0})/C* denote the projective line. For d € Hy(X,Z) let

M, (P X, d) .= Mo, (P x X, (1,d))

denote the moduli stack of parametrized stable maps from P! to X of class d €
H$(X,7Z). The action of G on X induces a natural action on M, (P*, X, d).
A natural stability condition for the action is given by requiring that the
stable map has generically semistable value for all one-parameter subgroups
[5]. Denote by M,, (P!, X, d) /G the stack-theoretic quotient of the semistable
locus by the group action. By, for example, [7, Lemma 2.6}, M,,(P!, X,d)//G
is a proper Deligne-Mumford stack with a perfect relative obstruction theory.
Via equivariant formality we may consider Ho(X,Z)/ torsion as a subgroup of
H$ (X, Q). Denote by Tx,c the formal trace map given by virtual integration
over the moduli stacks M, (P!, X,d)//G:

TX,G : QHg(X) — Agj—
d
a Z q—' o evia®...®a)
n>0,de H (X,Z)/ torsion '** 7 Mn (P!, X,d)/C]

for a« € Hg(X) and by Tx ¢ its n-th Taylor coefficient. More generally, define
a trace “with insertions” for a sequence of classes 8 := {3, }n>0 such that

Bn € Mn = m@,n(Pla 1)7 n >0

by

qd

x,¢(a, B) = Z — evi(a®...®@a)U frb,

' —
n>0,deHa(X,Z)/ torsion 'V ¢ Mn(P1.X,d)/G]

where f,, : M,(P', X,d))G — M, is the forgetful map. The map Ty ¢ is
a quantum version of Witten’s trace in the sense that if one sets ¢ = 0 and
takes 8, to be point classes, which fixes the positions of the markings then
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one obtains the classical Witten trace, that is, the integral of exp(«) over
X/G.

A quantum version of Kirwan’s map counting maps to the quotient stack
with semistability enforced at a marked point was introduced in [32, 33, 34].
The quantum Kirwan map is a non-linear map, still denoted rx g,

(2) rxc: QHa(X) = QH(X)G)
with the property that any linearization
Dou"fX,G : TQQHG(X) — TNXG(&)QH(X//G>

is a homomorphism with respect to the quantum products. In particular, if
kx,c(0) = 0 (which happens only in very special cases) then Dyrx ¢ is a
homomorphism from the small equivariant quantum cohomology ToQHe(X)
of X to the quantum cohomology ToQH (X //G) of X//G.

A quantum version of the integration over the geometric invariant theory
quotient is defined by a count of stable maps to the graph space. Recall that
M, (P!, X//G,d) denotes stable maps to P! x (X//G) of class (1,d). Using the
Behrend-Fantechi virtual fundamental classes [2] define

Txja s QH(X)G) = A%
d
@ > q—, _ v (a®...0a)UfB,
n>0,deHa(X)G,Q) Y Mn(PLX/G.d)]

for « € H(X//G). The quantum Witten localization formula gives a precise
description of the difference between the traces 7x ¢ and 7x/g o kx,g. That
is, it measures the failure of the “quantum integration” to commute with
reduction, i.e. the failure of commutativity of the diagram

KX,G

QHg(X) QH(X/G)
(3) Tx,kx ,/X/G
A§

As in the classical Witten localization formula [31], the failure to commute is
given by a sum of fixed point contributions. Each term is a gauged Gromov-
Witten invariant Tx g, associated to the action of centralizers on compo-
nents of the fixed point variety of some one-parameter subgroup exp(C¢) C
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G, ¢ € g, stable with respect to the linearization £, for some p € (0,00). We
denote by MS (C, X, £,,¢) the moduli of such fixed gauged maps.

In order to state the result, we must indicate how the insertions of co-
homology classes from the moduli spaces of curves are distributed in the
composition. For a fixed curve C' let M,, 1(C) be the moduli stack of scaled
n-marked maps from [32]; a generic element is an n-marked map 7 : C' — C
with a relative differential A € H(C,wy). The variety M, 1(C)) contains a
prime divisor M,,(C) corresponding to maps with zero differential A = 0,
and for any partition Iy U...U I, = {1,...,n} with |I;| > 1, a prime divisor
Dy, ... 1. isomorphic to

77777

Dp... =M Hmu

whose generic element is a curve C with infinite differential A = oo on the
one unmarked component Cy = C' and finite differentials on the remaining
components C1, ..., C,.

The main result is the following:

Theorem 1.1. (Quantum Witten localization) Let C' be a smooth connected
projective curve of genus 0, X a smooth projective G-variety, and £ — X a
linearization. Suppose that for every ¢ € g and p € (0,00), stable=semistable
for MS(C, X, £,,(), and stable=semistable for the G-action on X. Then the
following equality holds for formal maps from QHg(X) to A§:

(4) TXG = TX/GORXG = Y. TXGlw
[€]40,p€(0,00)

in the following sense: For any class B € My 1(C) let

l
S I Aheste... o8 resp. b

k=11U..UI,={1,...,n}

be its restrictions to
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respectively. Then

l
r I;
TX,G(OABO)*ZTX/G(avﬁfo)OHlx,‘c(avﬁf)I > el o)
k=1 [€]#0,0€(0,00)

in the sense that the (well-defined) Taylor coefficients on both sides agree.

The proof is concluded at the end of Section 5. The Theorem arose out
of an attempt to compare Givental’s results [4] to those of Witten [31].

Ezxample 1.2. Suppose that G is semi-simple and that d is not in the im-
age of Hy(X) — HF(X). The degree d contribution to Tx ¢ vanishes, since
the degree d part of MY(P!, X) is empty. We obtain a formula for the de-
gree d contribution of Gromov-Witten invariants in the quotient as a sum of
contributions over reducible gauged maps:

Coeff(qd, TX/)G © Kx.q) = — Z COeff(qd, TX,G,C,p)-
[€]#0,p€(0,00)
The particular case of the action of scalars on affine space (adapted to the
quasiprojective case) is described in Example 7.6.

2. Mundet stability

Mundet stability combines the slope conditions from Ramanathan stability
for bundles and Hilbert-Mumford stability for points in the target. First we
recall Mumford-Seshadri stability. Let C' be a smooth projective curve and
E — C avector bundle of vanishing degree deg(E) = (¢1(E), [C]). The bundle

E is semistable resp. stable <= (deg(F) <0 resp. <0, VF CE)

for all holomorphic sub-bundles F' C E [20]. Ramanathan’s stability [25] gen-
eralizes the Mumford-Seshadri condition to principal bundles as a condition
on parabolic reductions. Let G be a connected reductive group with Lie alge-
bra g. Let T' C G be a maximal torus, with Lie algebra t. Denote the integral
resp. rational weights resp. coweights

tz =exp (e), ty Ct':=Hom(t,C), tg=1t;®7Q, f(\é =t;®zQ

Let R = R+ UR_ C t denote a set of positive and negative roots so that

02te P 0.© D oo

aER_ a€ER 4+
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A parabolic subgroup of G is a subgroup @ such that G/@Q is complete. Up to
conjugacy this means that the Lie algebra ¢ of @) is given by

q=tcd @ o D @ Ja

aER_ a€Rq

for some subset of the roots Rg C R4 such that q is a Lie subalgebra of g.
A Levi subgroup of @) is a maximal reductive subgroup L(Q); again up to
conjugacy the Lie algebra 1(q) of L(Q) resp. u(q) of a maximal unipotent

U(Q) is
) =t® P 0.9 P g0, ul@)= P g

QG—RQ OéERQ aG—RQ

The parabolic subgroup and its Lie algebra admit decompositions into reduc-
tive and unipotent parts

q=Ha) @ulg), Q=LQUQ).
Taking the quotient by the maximal unipotent gives a projection
T Q = Q/U(Q) = L(Q).

This projection has the following alternative description. A dominant coweight
for @ is a coweight A € t such that

(a(A\) >0, VaeRy) and (a(A) =0, VaeR(Q)).
Any rational coweight for () determines a one-parameter subgroup

(ﬁ)\ : CX —)Q, z»—>q§,\(z).

If A\ € q is a dominant rational coweight then
m@(g) = lim Ad(¢-1(2))g.

Choose an equivariant identification g — g¥ that identifies the subspaces of
rational weights and coweights tg — té. The identification and A € t deter-
mine a rational weight AV € tV. After finite cover \ defines a one-dimensional
representation

Xav Q@ = €% g = v (g)
which factors through L(Q).
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The analog for principal bundles of the stability condition for sub-bundles
is a condition for parabolic reductions together with dominant coweights. Let
P — C be a principal G bundle on a curve C over a scheme .S; bundles
are by assumption locally trivial in the étale topology. A parabolic reduction
is a section o : C' — P/Q. Any parabolic reduction induces a reduction of
structure group given by a sub-bundle ¢*(P) C P with structure group @,
given by pull-back of the @-bundle P — P/Q. We denote by

Gr(P) := (mg)«(c"P) = C

the corresponding L(Q)-bundle, called the associated graded bundle of P as-
sociated to the parabolic reduction o. In case G = GL(C"), a parabolic
reduction is equivalent to a partial flag of sub-bundles

EhCcE?c...CcE"=E

in the associated vector bundle E = P(C™); the corresponding parabolic
reduction o*P is the bundle of frames whose first i, elements belong to E*
for k =1,...,l. The associated graded principal bundle is the principal bundle
of frames of the associated graded vector bundle

Gr(E) = @(E+ /E%), Gr(P) = Fr(Gr(E)).
J

The construction of the associated graded bundle also has an interpretation
via degeneration. The family of elements ¢y(z) defines a family of automor-
phisms Ad(¢x(z)) : G — G. Consider the family of bundles P* — C x C* de-
fined by conjugating the transition maps of 0*P by ¢x(z)~!. Then P extends
over the central fiber C' x {0} as the bundle Gr(P). The Ramanathan weight
of a principal bundle with respect to a parabolic reduction and dominant
weight is the degree of the line bundle corresponding to the given dominant
coweight:

/L(O’, )\) = deg(Gr(P) XL(Q) (C,\) = ([C], Cl(GI'(P) XL(Q) (C)\))
Define
P is semistable resp. stable <= pu(o,A) <0 resp. < 0,V(o, ).

Remark 2.1. This version of stability omits a constant on the right hand side
corresponding to the first Chern class of the bundle, and stability forces the
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existence of a flat, rather than merely central curvature, connection. Indeed
the first Chern class of the bundle must vanish, by taking trivial parabolic re-
ductions. For rational curves, Birkhoff-Grothendieck [10] implies that a prin-
cipal bundle with vanishing degree is semistable if and only if it is trivial,
since it must admit a reduction to the maximal torus with all sub-bundles of
zero weight.

As for vector bundles, it suffices to check the stability condition for reduc-
tion to mazimal parabolic subgroups (). Ramanathan [25] shows the existence
of a projective coarse moduli space for semistable principal bundles with re-
ductive structure group and fixed numerical invariants.

Mundet semistability [18, 26] generalizes Ramanathan stability to the case
of maps to a quotient stack. Let G be a connected reductive group acting on
a smooth projective variety X. By a gauged map with domain a curve C' we
mean a map from C' to the quotient stack X/G, given by a pair (P,u) of a
G-bundle and section of the associated X-fiber bundle:

P—C, u:C— PxglX.

Given a pair (P — C,u : C — P(X)), the section u defines a section u* of
P>(X) as follows: In any local trivialization P(X)|y = U x X the section
u is given by a map uly : U — X, and the sections ¢, (z)u patch together
to a section of PA(X). By Gromov compactness, u* extends over the central
fiber C' x {0} as a stable map denoted Gr(u) : ¢' — Gr(P)(X). Associated
to this limit there is an associated Hilbert-Mumford weight defined as follows.
The principal component Cy of C is the irreducible component such that the
restriction ug of u to Cy maps isomorphically to C'. The principal compo-
nent Gr(u)o of the associated graded section Gr(u) takes values in the fixed
point set (Gr(P)(X))» = Gr(P)(X?) of the infinitesimal automorphism of
Gr(P)(X) induced by A. The Hilbert-Mumford weight

(5) (o, \) €7

determined by the linearization £, is the weight of the C*-action generated
by —A on the fiber of the bundle (Gr(P))(£) — (Gr(P))(X) over a generic
value of Gr(u)o:

oa(2)E = 21ONE 2 e Cx.
The Mundet weight is the sum of the Hilbert-Mumford and Ramanathan
weights:

MM(U> )‘) = MH(Uv )‘) + MR(Uv )‘)
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Then
(P,u) semistable resp. stable <= pu(o,\) <0 resp. < 0,Y(o, \).

Mundet’s original definition allowed possibly irrational A, but this is un-
necessary in the case that the symplectic class is rational by [33, Remark
5.8]. Mundet semistability is realized as a GIT stability condition in Schmitt
[26, 27].

The moduli stack of Mundet-semistable morphisms admits a natural
Kontsevich-style compactification that allows formation of bubbles in the
fibers of the associated bundle: An n-marked gauged map from C to X over
a scheme S is a datum (é, P, u, z) where C — S is a proper flat morphism
with reduced nodal curves as fibers, P — C' x S is a principal G-bundle; and

u:C — P(X):=(PxX)/G

is a family of stable maps with base class [C], that is, for a fixed fiber over
s € S, the composition of u with the projection P(X) — C has class [C].
A morphism between gauged maps (.5, C, P, u) and (5, c, P’ ) consists of
a morphism 3 : S — S’ a morphism ¢ : P — (5 x 1)*P’, and a morphism
(3 C' — "’ such that the first diagram below is Cartesian and the second
and third commute:

P sxc (¢ —— PX)

— 9
_,S/

(Bx1)'P —— §' xC ¢ — P'(X).

4

—

lﬁxid 1/) [¢Xidx]

/

»

An n-marked nodal gauged map is equipped with an n-tuple (z1, ..., z,) € cn
of distinct smooth S-points on C. An n-marked nodal gauged map (C’ , Pz, u)
is Mundet semistable resp. stable if the principal component is Mundet semi-
stable resp. stable and the section u : ' — P(X) is a stable section, in the
sense that any component on which u is constant has at least three special
(nodal or marked) points.

3. Gauged maps
We introduce the following notations for moduli stacks. Denote by

ﬁS(C, X, d) resp. MS(C, X, d) the category of gauged maps resp. Mundet
semistable gauged maps from C' to X/G of homology class d and n markings.
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Theorem 3.1. For any d, n, if stable=semistable then the stack MS(C, X,d)
s a proper Deligne-Mumford stack equipped with evaluation morphisms

ev: MS(C,X,d) — (X/G)", (O, P,u) — (2P, z")

and virtual fundamental class [MS(C', X,d)] € Hn(ﬂf(c, X,d)).

The properties of the moduli stacks in the above theorem were proved
elsewhere. Properness is covered in [9, Theorem 1.1]. Virtual fundamental
classes are [33, Example 6.6]. We sketch the construction for completeness.
The proof of properness uses a simpler Grothendieck-style compactification
obtained by allowing the maps to acquire base points, studied by Schmitt [26],
[27, Section 2.7]. Suppose that X C P(V) is embedded in the projectivization
P(V) of a G-representation V. A map C — P(P(V)) gives rise to a line
sub-bundle L C C x P(V). By dualization such a sub-bundle gives rise to a
quotient map ¢ : C'x P(V)¥Y — LY. A gauged quotient is a datum (P, L, g, z),
called by Schmitt [26] a bundle with map. Denote by ﬂf’quOt(C, X,d) the
compactification of the space of gauged quotients whose section takes values
in P(X) € P(V). The moduli stacks ﬂf ’qUOt(C, X, d) only admit evaluation
morphisms to the quotient stacks for the ambient vector spaces,

ev: MS(C, X, d) = (V/(G x TN, (O, Pu) — (2*P, "L, 2*q).

The moduli stack of stable gauged quotients admits a construction as
a geometric invariant theory quotient by Schmitt [26, 27]. Choose a faith-
ful representation G — GL(V), so that X C P(V). A k-level structure for
a stable gauged quotient is a collection of sections sq,...,s, : C — P(V)
generating P(V'). Equivalently, a level structure is a surjective morphism

O&F — P(V)V. The action of GL(k) on C' x CF induces an action on the set
of level structures by composition. The stack _S ’1ev’qu0t(C’, X, d) of gauged
quotients with level structure is naturally an Artin stack with an action of
GL(k) on the sections. Schmitt [26, Section 2.7] constructs a linearization
D) — MS ’1ev’qu0t(C, X, d) giving rise to a projective embedding of the
coarse moduli space, so that the GIT quotient is the stack of gauged quo-
tients:

MNC, X d) = MO X, d) JGLR),

In particular this construction implies that MS sauot (C, X, d) has proper coarse
moduli space. If stable=semistable then all stabilizers are finite, and since
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we are in characteristic zero, this implies that MS ’qUOt(C, X,d) is Deligne-
Mumford and proper. Now the Kontsevich-style compactification MS(C’, X, d)

admits a Givental style proper relative morphism given by Popa-Roth [24,
Theorem 7.1]

ME(C, X, d) — MO0, X, d)

and so is also proper. Denote by Mf’lev(c, X, d) the moduli stack of gauged

maps with level structure on the associated vector bundle P(V'). The Givental
construction on the moduli stack of maps with level structure gives a mor-
phism 7 : _S’IQV(C, X.d) — MS’IGV’qUOt(C, X, d). Then the moduli stack of
gauged maps is also a stack-theoretic quotient

ME(C, X, d) = (M"Y, X, d)=)/G.
However, the pull-back of D(£) is not ample on _S’IEV(C, X, d). Thus this
quotient cannot be considered a GIT quotient without further perturbation
of the linearization.

Virtual fundamental classes are obtained from the construction of
Behrend-Fantechi [2]. The universal curve @S(C,X ) is the stack whose ob-
jects are tuples (é, P,u, z,2') where (é, P,u, z) is a gauged map and 2’ € C
is a (possibly singular) point. Forgetting 2’ defines a projection

p:C(C.X) = M(C.X)
while evaluating at 2’ defines a universal gauged map
e:Co(C,X) = X/G.

The relative obstruction theory is the complex Rm.e*T(X/G)Y equipped
with its canonical morphism to the cotangent complex of MS(C, X). If sta-
ble=semistable then the obstruction theory is perfect and HS(C, X,d) is
a proper smooth Deligne-Mumford stack with perfect relative obstruction
theory over the stack of semistable n-marked maps to C, see [33]. Denote

by [MS(C, X,d)] € H (MS (C, X,d)) the virtual fundamental classes con-
structed via Behrend-Fantechi machinery.

Using the virtual fundamental classes, gauged Gromov-Witten potentials
are defined as follows. Suppose that stable=semistable for all gauged maps.
The gauged potential 7x ¢ is the formal map defined by

TX,G - QH(;(X) — Agé
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d
a Z q—'/_G evia®...0a)U fB,
n>0,de HS (X,Z)/ torsion v J M, (C. X d)]

for « € Hg(X). We also write 7x ¢ ¢ to emphasize the dependence on the
linearization.

4. The master space

The strategy for the localization formula is the same as that outlined in the
finite-dimensional case described by Thaddeus [29] for the case of variation
of linearization in geometric invariant theory. The wall-crossing formula is
obtained from a master space construction as follows. Suppose £+ — X
are polarizations. Given integers r_,r, > 0, a class dg € H?(BG), integers
dr, = (dr_,dr.) and G-modules V_, V, of ranks r_,r, a bundle with pair is

a tuple
o PVY)="E_— L_
P’ L77L ) -
{( ¢ S0+)’<go+;P(v+V)::E+—>L+

consisting of a G-bundle P with first Chern class dg, line bundles L_, L
of degrees dy, and non-zero maps ¢_, ¢ from the associated vector bundles

Ey := P(V}). For weights p_, p4 > 0 a parabolic reduction o and Lie algebra
element \ generating a one-parameter subgroup define

Ho—.p+ (Ua >‘) = :U“R(0-7 )‘) + p—}UJH,—(O-v >\) + p+MH,+(O-7 )‘)

where g+ (0, A) is the weight of the one-parameter subgroup on the asso-
ciated graded for the map py. A datum (P, L_, Ly, ¢_, ¢, ) is semistable if
and only if

Mp—,p+(07 )‘) <0 V(O, )‘)'

Let HG’quOt(C, V_,Vy,dg,dr) denote the moduli stack of semistable tu-

ples (P,L_,L4,p_,py). For sufficiently large dr,, there exists a projec-
——G,quot,lev

tive scheme M (C,V_,Vy,dg,dr) with GL(r_) x GL(r, ) action such

that for any py, p_, the stack MG’quOt(C, V_,Vi,dg,dr) has coarse moduli
space that is the good quotient of an open subset of semistable points in

MG’quOtJeV(C, V_7 V+, de dé)

MG’quOt(Cv V—7 V+7 de dL) =

MO OV VL da,dy)® /GL(r_) x GL(r,).
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Furthermore, for any choice of py > 0 the semistable locus is GIT semistable
in the sense that there exists a finite injective equivariant morphism

MOV, Ve do,d) — Q7 (C VL, Vi de, dy)

-G lev

toa GL(r_) x GL(r)-scheme Q" (C,V_,V,,dg,dr) and a line bundle

fG,lev(

D(£7,£+) -9 C,Vf,V+,dG,dL)

so that the following holds: A bundle with pair (P,L_, L, p_, @) is semi-
stable if and only if its image in 5G’IGV(C, V_,Vi,dq,dr) is semistable, that
is, there exists a non-trivial invariant section of D(£_, £1) non-vanishing at
(P,L_,Ly,p_,¢4). This follows from [26, Theorem 2.3.5.11] and its general-
ization to G-bundles in [26, Section 2.7]. More generally, given the projective
G-variety X and G-equivariant embeddings

1y X = P(Vy)

let MO, X,V Ve dg,dy) — MEMNC, V., Vi, dg,dy) be the sub-
stack consisting of data

(P7¢7:E7%L77§0+:E+_>L+)

so that
(- (2)], [p+(2)]) € (1= x 14 )(X) CP(V2) x P(V3)

for the generic point z € C'. Including level structures for the bundles F_, F,
into the data gives a GL(r_) x GL(r, )-stack

MO (O XV Ve, dy) € MEOM(C VL,V de, dy)

Let ﬁG’leV(C, X, dg,dr) denote its image in ﬁa’lev(C, V_,V4,dg,dy). Denote
the quotient stack

MOV, Vs d, dy) =
MO VLV dg,dy) (GL(r-) x GL(ry)).

Denote by D(£4) the line bundle obtained by pull-back from the case Vz is
trivial. Consider the rank two bundle obtained from the direct sum:

D(£.) @ D(L4) — MM NC, X, d).
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Taking the projectivization of the total space gives a P!-fibration

—— G ,lev,quot
(

P(D(E_) & D(£)) — M. C,X,d).

The action of GL(r_) x GL(r ) lifts to the fibration, since the bundles D(£4)
are GL(r_) x GL(r, )-equivariant. The bundle

Or(n(e_ye peyy(1) = P(D(L-) & D(£4))

is automatically ample on the coarse moduli space of P(D(£_)® D(£4)). Let

the quotient of the pull-back of the semistable locus on ﬁc’lev(C, X,dg,dL)
be

Mo X, 8 2, d) =P(D(S.) @ D(€4))[GL(r_) x GL(r,).
Similarly, let
TP(D(E) & D(L,)) = M. (C, X, d)

denote the pull-back to the stack of stable gauged maps with level structure,
where as before 7 : MG 1ev(C’, X,d) — ﬂf’lev’q“‘”((}, X,d). Let

M (C X, £, 2, d) =7 (P(D(E) & D(£;))*/GL(r_) x GL(r.)

denote the quotient of the pull-back of the semistable locus. The action of
C*onP(D(L£-)® D(£;)) induces an action of C* on HS(C, X, £, 2.,4d).

The fixed point components for the natural circle action are of two types.
First, there are inclusions

P(D(L£1)®0) = P(D(L-)® D(L£,))
and isomorphisms
P(D(£s) ®0) = M. (C, X, £4).
These induce embeddings
ME(C, X, 1) —» MO(C,X, &, 8,)C
in the locus of fixed points of the C*-action. On the other hand, there are

fixed point components correspond to reducible gauged maps for some stabil-

(1-t) /2®£(1+t)/2

ity condition £; := ¢! € (—1,1) interpolating between those
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defined by £1. Reducibility means that the fixed point components consist of
maps v = (P, u) : C—X /G that admit a one-parameter family of automor-
phisms ¢ : C* — Aut(P); via evaluation at a point Aut(P) — Aut(P,), any
such one-parameter family may be identified with a one-parameter family of
automorphisms of G generated by some element ¢ € g. Euler-twisted integra-
tion over the fixed point components gives rise to fixed point contributions

Tx.Gor QHg(X) — AS.

The fixed point contributions are curves with bubble trees consisting of maps
to the quotient stack with one-parameter automorphisms and stable maps
fixed up to isomorphism by one-parameter subgroups. Suppose that a gauged
map (P — C,u : C' = P(X)) is reducible, that is, has a one-parameter family
of automorphisms ¢ : C* — Aut(P) covering the identity on the principal
component so that the associated automorphism satisfies

6(X) : P(X) = P(X), o(X)'u=u.
Evaluation at any fiber defines a homomorphism
¢, C* = Aut(P,) =G

and so identifies ¢, with a one-parameter subgroup of G. Let { € g be a gen-
erator of ¢, and G¢ C G the centralizer. The structure group of P reduces to
the centralizer G¢ of (. Furthermore, the restriction u\é’o of u to the principal
component Cy takes values in P(X¢) where X¢ = {z € X|Cx(z) = 0}. Any
bubble tree attached at z € Cy must be fixed, up to isomorphism, by the
action of ¢, € Aut(P,(X)). That is, there exists a one-parameter family of
automorphisms 1 : C* — Aut(C) so that ¢¥*u = ¢(X) o u.

We introduce notation for these fixed point stacks and their normal com-
plexes as follows. For each ¢ € g, let ﬂf (C, X, £4,() denote the stack of
£;-Mundet-semistable morphisms from C' to X/G¢ that are C[-fixed and
take values in X¢ on the principal component. Via the inclusion Ge = G
the universal curve over HS(C, X, £4,¢) admits a morphism to X/G. De-
note by v the virtual normal complex for the morphism WS(C X, L4,(0) —
M x, e, 2,.d).

The virtual fundamental classes on these fixed point stacks lead to fixed
point contributions appearing in the wall-crossing formula. Let QHg fin(X)
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denote the tensor product of Hg(X) with the sub-ring

A = {Zciqdi,di € Hy(X),¢; € @} cAf

=1

of finite sums. Let & denote the equivariant parameter for the action of the
one-parameter subgroup generated by ¢ and

Reside : C[¢71,¢] - C,  frs 2% ]{f(f)dﬁ

the residue of ¢ at 0, that is, the map taking the coefficient of ¢~1. Virtual
integration over MS (C, X, £,() defines a “fixed point contribution”

(6) Txcee: QHaan(X) — A§ ® H(BC),
d

o Z Z Reside¢ /_G T ev*(a,...,a) UEul(y;) ™

|
deHZ(X,2) n>0 M, (C.X,2,¢.d)] T

for o € Hg(X). Here we omit the restriction map Hg gn(X) — Hg (X) to
simplify notation. In case £; is a family of linearizations we write 7x g ¢ =
Tx,G,¢,¢.- The following is [7, Theorem 3.14].

Theorem 4.1 (Wall-crossing for gauged Gromov-Witten potentials). Let X
be a smooth projective G-variety. Suppose that £y — X are linearizations
such that semistable=stable for the stack of polarized gauged maps in [7].
Then the gauged Gromouv-Witten potentials are related by

(7) XG0y — TX,G,8_ = Z TX,G (b
[¢lte(=1,1)

where the sum is over equivalence classes [(] of unparametrized one-parameter
subgroups generated by ¢ € g.

Remark 4.2. The fixed point contributions can be re-written as contributions
from gauged Gromov-Witten invariants with structure group of smaller rank
as follows. For ( € g let (C? C G¢ denote the one-parameter subgroup gener-
ated by (, and GC/C? the quotient. Let X¢ C X denote the fixed point set
of CX. Let

Mo (X)5 € Mon(X)



1960 Eduardo Gonzélez and Chris T. Woodward

denote the C?—ﬁxed point stack of stable maps to X. The evaluation map

restricted to Mo, (X )CZ automatically takes values in the fixed point locus
X¢ C X, that is, ev : mom(X)CCX — (X¢)". Push-pull over the moduli stack

Mo pi1(X )CZ defines a quantum restriction map
¢
et QH(X) = QHg (X©), avr alxc+ Z —evprisevialU...Uevy a

|
v

combined with the restriction map QHg(X) — QHg (X).
Let 7rg< : Ag;f — A§ be the canonical map of Novikov rings induced by
the natural map HS¢(X) — HS(X).

Lemma 4.3. Suppose that stable=semistable for (-fized gauged maps. Then
(8) X2 GLO = TG O TX¢, 8t x¢,Ge/Cr © L

Proof. Decomposing the fixed point locus according to the number of mark-
ings on each bubble tree gives an isomorphism

T

MS(C, X, L, C) = U H({pt} UMO,Z']._H(X)CCX)
LU..UL,={1,...,n} j=1
7Gg,f1‘

X (xeyr M, (C, XC) /G
U TT(pt}/Ge U Mo 41 (X)5 /G
LU..UL.={1,...,n} j=1

Ge/Cx
X (x</Gor M (CLXC)

Il

where {pt} represents a trivial bubble tree attached at the j-th node on the
principal component. Since these isomorphisms are induced by the natural
decomposition of markings on bubble trees, they are compatible with the
obstruction theories and thus, it follows that integration over ﬂf (C, X, £,0)
is given by push-forward of evia U ... ev;‘j « over each

eviy 1t {pt}U Moy, 1(X)5 /Ge = X¢/G

followed by integration over MSC(C, X¢), or more precisely, (CCX—equivariant

integration over the Deligne-Mumford stack MSC/CZ (C, X¢) (for which sta-

ble=semistable). O
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The rank of the structure group for the fixed point contributions is less
than the rank of the original group. More precisely, there exists a canonical
isomorphism

MO(C, XC) = M/ (0, XC).
Indeed via the projection map G¢ — G¢/ (CCX any gauged map to X¢/G defines
a gauged map to Xg/(GC/CCX) and we obtain a map

(9) ME(C, XY = ME/C (O, X9).
Up to finite cover the exact sequence
15 Cl = Ge— Ge/CF— 1

splits. Given a gauged map to X¢/(G¢/C*)), let ¢ denote the weight of the
C-action on £|X ¢. Taking the bundle CZ-bundle with first Chern class —c
defines the inverse map to (9). This ends the Remark.

5. Quantum Kirwan map

In this section we recall the quantum Kirwan map xx ¢ of (2). The map kx ¢
is defined by virtual integration over a moduli stack scaled affine gauged maps
to X.

Definition 5.1 (Affine gauged maps). Let n > 0 be an integer. An n-marked
affine gauged map is a tuple

(P—=Cu:C—PX),A\:C—->PlwcdC),z=(20,---,2n))

where C'is a twisted balanced curve as in orbifold Gromov-Witten theory [1],
P — (' is a principal G-bundle, we is the dualizing sheaf on C', and A is a
section of its projectivization P(we @ C) which satisfies the

(Monotonicity Condition): On any maximal non-self-crossing path of
components Cy, Cq, ...,y of C starting with the component Cy containing
20, A|C; is non-zero and finite on exactly one component C;, on which \|C;

has a single double pole.

A tuple (P, u, A, z) is semistable if u takes values in X /G on the infinity locus
A"1(oc0) C C, the bundle P is trivial on the locus A=1(0), zo € A™!(c0) while
21, .., 2, € A71(< 00) and the datum admits no non-trivial automorphisms.
The last condition means the following: Each component on which (i) the
scaling A is finite and non-zero resp. zero or infinite and (ii) on which (P, u) is
trivializable has at least two resp. three special points (nodes and markings.)
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We introduce notation for moduli stacks and evaluation maps. Denote by
ﬂil(C, X)) the moduli stack and M,, 1(C) the case that G and X are trivial.

Each component ﬂf 1(C, X, d) of homology class d € H§'(X,Z)/ torsion and
n markings has evaluation maps

evoo X ev i M1 (C, X, d) — (X//G) x (X/G)"
(Pyu, N\, z) = (u(z0), ... u(zn)).

The formula for the quantum Kirwan map kx ¢ is

d

q
kx,ala) = Z — Voo, evi(a,..., )
n>0,d n:

where again, the map is formal in the sense that only each Taylor coefficient
is convergent.

Remark 5.2. If the target satisfies an equivariant Fano condition then the
derivative of the quantum Kirwan map at zero is a homomorphism of small
quantum cohomologies. Namely suppose that the first Chern class ¢{(T'X)
has pairing at least 2 with any non-zero curve class d for which there is a
generically semistable map to the quotient stack. In this case, by [34, Re-

mark 8.7] the moduli stacks Mf(c, X, d) have dimension
vdim M (C, X, d) > dim(X//G) + 1.
Hence
(10) kxc(0) =0, Dorxc:ToQHa(X) — ToQH(X)G).

This ends the remark.

Ezxample 5.3. (Quantum Kirwan map for the scalar multiplication on affine
space) Let G = C* act on X = CF with k € Z, k > 2 by scalar multiplication,
so that X//G = P*~1. We have

ToQHa(X) = AS[E].
with £ the equivariant parameter, while

ToQH(X)G) = Af[w]/(w* — q),
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with w € H(P¥!) the standard hyperplane class. By the previous remark
kx,c(0) =0 and

Dorxg(€) =o', 1<k

A special case of the main result of [8] (quantum Stanley-Reisner relations)
implies that

Dokx.a(€") =q.
Hence Dok x ¢ is surjective and

ToQH(X)/G) = ToQHa(X)/ ker Dorx.c = AG[€]/(€F — q)

as expected.
5.1. Adiabatic limit theorem

The following theorem describes the relationship between the gauged poten-
tial and the graph potential of the quotient. Let p be a positive integer and
consider the family of linearizations £7 with p — oco.

Theorem 5.4 (Adiabatic limit theorem [34]). If stable=semistable for the
action of G on X then stable=semistable for gauged maps for p sufficiently
large (more precisely, for any class d € HS (X, 7) there exists an r > 0 such
that p > r implies stable=semistable) and

TX)G O KX,G = plig& T QHa(X) — A§

in the following sense of Taylor coefficients: For any class 3 € My 1(C) let

l
S I Bhesie...pE resp B

k=11U..UI,={1,...,n}

be its restrictions to

respectively. Then

3 _ r k G, || k
lim 76 =3 msolan By) o my 7 (o, B])
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In other words, the diagram

QHe(X) QH(X)G)
(11) TX»X« ,/X/G
AS

commutes in the limit p — oo.

The limit of the Mundet semistability condition in which the lineariza-
tion goes to zero is studied in the paper [5]. In this limit, the bundle must
be semistable since the Ramanathan weight dominates the Hilbert-Mumford
weight. By Remark 2.1, the bundle must be trivial. Furthermore, after triv-
ialization the value of the resulting map v : C — X satisfies the Hilbert-
Mumford condition for any one-parameter subgroups at a generic point in C.
Hence the moduli stack of gauged maps is a quotient of the moduli space of
parametrized stable maps to X:

Ip(d), (p> p(d) = M-(C,X,L£°,d) = M.(C,X,d))G.

where M,,(C,X,d)//G is the quotient of a “semistable locus” so defined.
Theorem 1.1 follows from Theorems 4.1 and Theorem 5.4.

6. Quantum abelianization

In this section we sketch an application of quantum Witten localization to
a version of the quantum Martin conjecture of Bertram et al. [3] that com-
pares Gromov-Witten invariants of a GIT quotient X /G and the quotient
X)T = X7 /T by a maximal torus T C G. Recall the classical version
of abelianization due to Martin [16]. Let vg4/¢ denote the bundle over X /T
induced from the trivial bundle with fiber g/t over X and 7')9(//} the Euler-
twisted integration map

Vgt = X557 %o (g/t), T)"’}//T CH(X)T) - Q, aw T aUEul(vg/t).

Let W = N(T)/T denote the Weyl group of T C G and r$ the isomorphism
with Weyl-invariants

¢ Ho(X) = Hp(X)W.
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Suppose that stable=semistable for the actions of 7" and G on X. According
to Martin [16] the integrations over X /G and X//T are related by

|—1 g/t

G
Tx)G o kx,a = |[W TXyT © KX,T OTF .

Let QHg(X) C QHg(X) denote the subspace generated by Chern characters
of algebraic vector bundles,

He(X) == {Chg(E) | E — X vector bundle }, QHg(X) := Hg(X) ® A%.

The restriction to Chern characters is necessary because our arguments use
sheaf cohomology.

Theorem 6.1 (Quantum Martin formula). Let C be a smooth connected pro-
jective genus 0 curve and X a smooth linearized projective G-variety. Suppose
that stable=semistable for T and G actions on X. The following equality holds
on QHe(X):

-1 t t
Tx)c o kx,a = W] g o Ti///T o K%T or§
—1 t
= || W%JOT)%{Torg: QHg(X) — AS.

That is, there is a commutative diagram

QHg(X) —— QHr(X)

K g/t
X.G Kx,T

QH(X/G) QH(X)T)

TX/G |W\*1T§§;

A%

A%

We sketch a proof the Theorem in the case stable=semistable for lin-
earized gauged maps. We take as the inductive hypothesis that Theorem 6.1
holds for any group of rank less than dim(G). We wish to compare the fixed
point contributions in the quantum Witten localization formulas

(12) TX,G — TX)G ° KX,G = Z Tx,Xr G
[A]#0,p
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and

T,g/t t t ¢
(13) Tx 9/t Tg}///T °© “%T = Z T)g({XP,T,/\'
[A[#0.p

In the version for T', both the traces and quantum Kirwan maps have been

twisted by the Euler class of the index of g, /t. Now T;‘,;’g/ ¢ resp. Tx,q is defined
by integration over M,,(C, X)//T resp. M,,(C, X)//G. This is essentially the
setting considered by Martin [16]. In Gonzalez-Woodward [5, Chapter 5] we
show

% = W[ 5§ o gt

This follows by Martin’s argument in [16], if the moduli spaces of stable
maps are smooth and the virtual fundamental classes are the usual ones, or
by a virtual version of Martin’s argument if the moduli spaces of stable maps
are only virtually smooth. We note that the virtual non-abelian localization
formula used in [5] had a gap in the proof, which was fixed by Halpern-Leistner
[12, Formula (2)].

Using abelianization in the small-area limit to prove abelianization it
suffices to show abelianization for the right-hand-sides in (12), (13). Each
contribution X* corresponds to |[W/Wy| contributions X** w € W/W), for
the T-action. (Note that W) is not necessarily equal to Wy, but the action
of Wea /W, gives a double cover of the corresponding fixed point set in the
master space.) The identity we wish to show is
(14) TX,X0,GA = “/V/\FIWJC":A °© T)g({;(pj,)\'

In the case G is abelian the group W is trivial and the equality holds auto-
matically. More generally the equation (8) gives

X, Xt,GA = Tx> Gy /c; © A
and

Tx, Xt A = Tx /e © b

By the inductive hypothesis,
-1_G t
Txx gy = WAl mp? OT;}?{T/@;-

Equation (14) follows. See Guillemin-Kalkman [11, Section 4] for similar argu-
ments involving recursive applications of fixed point formulae. The equality
with 7')"’}///’} o n% ; o 1% follows from by combining wall-crossing with Theo-
rem 5.4.
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7. The convex case

A slightly modified version of the quantum Witten localization formula holds
in quasiprojective cases under a convexity assumption.

Definition 7.1. A finite dimensional complex G-vector space V' with weights
w € gy will be called conver if there exists a central one-parameter subgroup
¢¢ : C* — G such that V has positive weights (1, () for the induced action

of ¢,
Ve@V (0> 0
o

Given a convex G-vector space, the projectivization of V is the quotient

V=((VxC)" = {(0,0})/C

where C* acts on C with weight one. Thus V is a weighted projective space
and contains V' as an open subset. A quasiprojective G-variety X will be
called convex if there exists a projective morphism 7 : X — V to a convex
G-vector space V. Denote by Vo, =V —V and X, = 7 1(V,,) the divisor at
mnfinity.

The following is a simple application of the technique called symplectic
cutting in the literature [15]:

Lemma 7.2. Any convexr G-variety X admits a G-equivariant compactifica-
tion X by adding single (Cé -fized divisor.

Proof. Let £ — X denote the given linearization on X and £(k) the lin-
earization on X x C obtained by twisting by the C*-character with weight k.
Consider the GIT quotient

X = (X x C)/C*.

The inverse image of (0,0) € V x C is unstable, for sufficiently large k.
Thus the proper morphism X — V induces a proper morphism X to V.
In particular, the quotient X is also proper. The G action on X x C given
by g(z,2) = (g, z) descends to a G-action on X, and restricts to the given
action on the open subset X C X. O

Corollary 7.3. Let d € HZ(X) be a class that pairs trivially with the di-
visor class [Xoo] = [X — X] € HY(X). Then for k > 0 the moduli stack

MS(C, X, £(k),d) consists of maps whose images are disjoint from (X —
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X)/G. Similarly, if £+ — X are two different linearizations then for k > 0

the moduli stack HS(C, X,d) consists of maps whose images are disjoint
from (X — X)/G.

Proof. The intersection number of any curve u : P! — X contained in X — X
with X — X is non-negative. Indeed X — X has ample normal bundle in
X being the pull-back of the compactifying divisor in a weighted projective
space. On the other hand, there are no stable gauged maps C' — X/G with
image in (X — X)/G for sufficiently large d since the trivial reduction o
together with the generator ¢ of the one-parameter subgroup C* has weight
u(o,¢) = oo as k — oo. Combining these observations let v : ¢ — X/G
be a stable gauged map intersecting (X — X)/G. The intersection number
#u~t(P(X — X)) > 0 is positive and equal to the pairing (d, [X — X]) € Q of
d € HF (X, Q) with [X — X] € HZ(X, Q). The latter vanishes by assumption,
a contradiction. O

The corollary implies that the wall-crossing formula also holds for convex
varieties by applying the formula to the compactified variety with compact-
ifying divisor sufficiently far away at infinity. However, the quantum Witten
localization formula in Theorem 1.1 does not hold as stated because, even-
tually, the compactifying divisor [X — X] will make a contribution in the
localization formula.

The following alternative argument gives a formula similar to that in
quantum Witten localization. Let x be a character of G that is negative on
the one-parameter subgroup generated by ¢ and C, the corresponding trivial
line bundle over X. Consider the path of linearizations £, — X obtained by
shifting by multiples of the character y:

pt—1
(15) £p={£®g" p<1
£P p>1

considered as elements in the rational Picard group Pic®(X) @z Q.

Lemma 7.4. For any class d € HS(X,Z), the stack HS(C, X, £,,d) is
empty for p > 0.

Proof. Let 0 : C — P/G be the trivial parabolic reduction, and ¢ the gen-
erator of the one-parameter subgroup in the definition of convexity. Given
a gauged map v : C' — X/G, the associated graded pair Gr(P),Gr(u) for
(0,() projects to the origin in V/G. The Mundet weight picks up a term
(p~t = 1)(x, ¢) which goes to infinity as p — 0. Hence there are no Mundet-
semistable gauged maps with class d, for p sufficiently small. O
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Theorem 7.5 (Quantum Witten formula for convex varieties). Let X be a
conver G-variety, C a genus zero curve, and suppose that stable=semistable
for the G-action on X, for gauged maps with linearization £, and for polarized
gauged maps for the path £,. Then

(16) TX)G © RX,G = — Z TX,G,(,p-
[€]#0,p

where the sum s over conjugacy classes unparametrized one-parameter sub-
groups generated by ( € g.

Proof. This is a combination of the adiabatic limit theorem 5.4, the wall-
crossing formula Theorem 4.1, the vanishing of the invariants for large p in
Lemma 7.4. The application of these results to the non-proper variety X
is justified by the relationship between invariants of the compactification X
with those of X in Corollary 7.3. O

Ezample 7.6 (Quantum Witten formula for the scalar multiplication on affine
space). To explain the notation we use (16) to compute the three-point
Gromov-Witten invariants of projective space using quantum Witten local-
ization. Suppose that G = C* acts diagonally on X = C* so that

X/)G = CFjc* =P,
We have
HY(X,7) =2 Hy(X)/G) = Z[PY), HZ(X,7) = H*(X)/G) = Zw

where w is the hyperplane class, the image of the equivariant generator £ €
HZ(X,Z) under the Kirwan map. We compute the class d = 1 three-point
invariants using quantum Witten localization. Let 3 € HS(M3(C)) be the
fundamental class. We identify QHq(X) = A$[¢]. Consider the three-point
invariants with insertions

£,6",6° € QHg(X) = S(g).
G

Since ¢{'(X) is at least 2k on classes d > 0, the derivative Dokx ¢ of the
quantum Kirwan map has no quantum corrections by (10). The image of
€% €0 ¢¢ under Dok x,¢ is equal to w?, w?, we respectively. We consider a path
£, obtained by shifting by a negative character x; this means that in the fixed
point formula we take the residue with respect to —¢. By the formula (16),

Z qd<wa7 wbu wc>07d = T;(//G(waa wbu wc, 5)
d>0
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- — Z 85(18&!78&'67—)3(76;74”)(0, /8)
29

There is a unique G-fixed point in X. The G-bundle P with first Chern class
d = 1 together with the zero section u € H°(C, P xg X) forms a Mundet
semistable map for a unique value of the parameter p. For d = 1 the index
bundle and its Euler class are

Ind(T(X/G)) = H(O(k)* xcx CF) = C*,  Bul(Ind(T(X/G))) = £,

The unique fixed point contribution

a+b+c
agaagbagch)(’G’CVp(O, 6) = QRGSid_§ ET

g atbtc=2k-1
0 otherwise.

We obtain
1 a+b+c=2k—-1,
(W w’, w1 = .
0 otherwise
as expected.
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