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Abstract: We extend the Marsden-Weinstein reduction theorem
and the Darboux-Moser-Weinstein theorem to symplectic Lie alge-
broids. We also obtain a coisotropic embedding theorem for sym-
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In this paper we extend the Marsden-Weinstein reduction theorem and the
Darboux-Moser-Weinstein theorem to the setting of log symplectic manifolds.
This work is a building block in our recently established “quantization com-

mutes with reduction” theorem for log symplectic manifolds [28].

By a log symplectic manifold we mean a real manifold equipped with a
symplectic form that has first-order poles along a divisor (real hypersurface)
with normal crossings. The log tangent bundle of such a manifold, i.e. the
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vector bundle whose sections are the vector fields tangent to the divisor, is
an example of a Lie algebroid, and most of our arguments extend to the case
of an arbitrary Lie algebroid. To underscore the utility of Lie algebroids in
“desingularizing” certain Poisson structures we have chosen to formulate our
results, in as far as possible, in terms of Poisson and symplectic structures on
general Lie algebroids.

Poisson structures on Lie algebroids were introduced under the name of
triangular Lie bialgebroids by Mackenzie and Xu [30]. Such structures include
Poisson structures in the usual sense as well as triangular Lie bialgebras. Sym-
plectic structures on Lie algebroids were introduced by Nest and Tsygan [40]
in order to extend Fedosov’s work on deformation quantization from symplec-
tic manifolds to a wider class of Poisson manifolds, and by Martinez [34, 35]
to develop a version of Lagrangian mechanics on Lie algebroids initiated by
Weinstein [45]. Examples of symplectic Lie algebroids include symplectic man-
ifolds, log symplectic manifolds, b™-symplectic manifolds, complex symplectic
manifolds, and constant rank Poisson structures.

Our Hamiltonian reduction theorem, Theorem 3.2.1, is a version of the
Mikami-Weinstein reduction theorem [38] carried over to the context of Lie
algebroids. In the special case where the target of the moment map is g*,
the dual of a Lie algebra g equipped with the tangent Lie algebroid T'g*, our
theorem was obtained earlier by Marrero et al. [31, Theorem 3.11]. However,
Hamiltonians on log symplectic manifolds may have logarithmic poles, and
one of the purposes of allowing more general momentum codomains than g*
is to enable us to reduce at poles of the moment map. A novel feature of
reduction “at infinity” is that it involves not only the choice of a point in the
codomain, but also a choice of a subalgebra of its Lie algebroid stabilizer.

Versions of Moser’s trick and the Darboux-Moser-Weinstein theorem in
the context of Lie algebroids have been found by many authors, including
Cavalcanti and Gualtieri [8], Cavalcanti et al. [9], Geudens and Zambon [14],
Guillemin et al. [20], Kirchhof-Lukat [24], Klaasse and Lanius [25, 26, §4.3],
Miranda and Scott [39, §2], and Smilde [42]. Our version, Theorem 4.3.3,
overlaps with these results and contains some of them as special cases. It
applies to situations where a Lie subalgebroid is locally a deformation retract
of the ambient Lie algebroid. Our proof relies on recent work of Bischoff et
al. [1] and Bursztyn et al. [6], which provides us with a method to produce Lie
algebroid homotopies from so-called Euler-like sections. One corollary of our
result is a normal form for transverse coisotropic submanifolds, Theorem 4.4.1,
which is an ingredient in our paper [28].

We review Poisson and symplectic Lie algebroids in Section 2. The Hamil-
tonian reduction theorem is in Section 3. Section 4 contains a discussion of
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homotopies of the Lie algebroid de Rham complex, as well as the Darboux-
Moser-Weinstein theorem and the coisotropic embedding theorem. We spell
out some consequences for the log symplectic case in Section 5. Appendix A
is a review of Lie algebroids.

1.1. Notation and terminology

See Appendix B for a notation index. By a manifold we mean a finite-
dimensional Hausdorff second countable smooth (C*) real manifold without
boundary, typically denoted by M. By a submanifold we mean an injectively
immersed, but not necessarily embedded, submanifold. We denote the inclu-
sion map of a submanifold N of M by iy. Let E be a real vector bundle
over M. We denote the vector bundle projection by 7 or wg, the space of
smooth sections over an open subset U of M by I'(U, E), and the space of
global smooth sections by I'(E) = I'(M, E). We denote the zero bundle over
M by 0ps. By a subbundle we mean a (not necessarily embedded) submanifold
F of E such that N = mg(F) is a submanifold of M and 7p = 7g|p: FF — N
is a vector bundle. For instance, the annihilator F° of a subbundle F' is a
subbundle of the dual bundle E*. By a foliation we mean a nonsingular (i.e.
constant rank) smooth foliation. We say that the leaf space M/F of a folia-
tion F of M is a manifold if it has a (necessarily unique) manifold structure
that makes the quotient map M — M/F a submersion. By a Poisson Lie
algebroid we mean a Lie algebroid equipped with a Poisson structure (invo-
lutive 2-section) and by a symplectic Lie algebroid a Lie algebroid equipped
with a nondegenerate Poisson structure.

2. Poisson Lie algebroids

In this section we review the notions of a Poisson structure and a symplec-
tic structure on a Lie algebroid and extend some standard results of Poisson
geometry to the wider context of Lie algebroids. These include symplectiza-
tion and reduction theorems for presymplectic Lie algebroids, Theorems 2.4.3
and 2.5.5.

2.1. Poisson and symplectic structures on Lie algebroids

Let A be a Lie algebroid over a manifold M. We denote the projection by
m=m4: A— M, the anchor by an = anas: A — TM, and the Lie bracket
on sections by

[] =[5 Ja: T(A) x T(A) — T(A).



2070 Yi Lin et al.

The Lie algebroid has a de Rham complex (Q%(M),da). Its elements, which
we call Lie algebroid forms, or A-forms, or just forms, are sections of the
exterior algebra bundle A®*A*, and its differential d 4 is defined in terms of the
anchor and the Lie bracket. (See Appendix A.5 for a review.) The Lie bracket
on the space of sections I'(A) extends to a —1-shifted graded Lie bracket [-, |4
on the algebra of multisections T'(A*A), known as the Schouten-Nijenhuis
bracket. (See e.g. [30, §2].) In particular, for each multisection o € I'(APA)
we can form the multisection [0, 0] € T'(A?~1A). Let us call o involutive if
[0, 0] = 0.

If A= TM is the ordinary tangent bundle, then a 2-section A € I'(A%2A)
defines a Poisson structure on M if and only if it is involutive. A result of Coste
et al. [10, §II1.2] says that a Poisson structure on M makes the cotangent
bundle 7*M a Lie algebroid. Their result was extended by Mackenzie and Xu
as follows. Item (i) of this statement is a reformulation of [30, Theorem 4.3]
and item (ii) summarizes the material of [30, §4].

2.1.1 Theorem (Mackenzie and Xu [30]). Let A — M be a Lie algebroid and
let A € T(A2A) be a 2-section of A. Define the vector bundle map \: A* — A
by B(NH(a)) = Ma, B) for a, B € QY (M) = T(A*). Define antisymmetric

bracket operations on functions and on 1-forms by

(2.1.2) {f,9} =1{f,9}x = taN)(daf N dag)
for f, g € C*(M) and
(2.1.3)  {a, B} = {a,B}xr = taNa)daf — ta(NB)daa + daea(N) (o A B)

for a, B € QY (M).

(i) X\ is involutive if and only if N{a, B} = [MNa, NB]a for all o, B €
QL (M).

(ii) Suppose X is involutive. Then the bracket (2.1.2) is a Poisson struc-
ture on M with associated Poisson tensor any(\) € T'(A2TM), and the
bracket (2.1.3) is a Lie algebroid structure on the dual bundle A* with
anchor any = any o \'. The map \': A* — A and the co-anchor
an’: T*M — A* (the transpose of the anchor any) are Lie alge-

broid morphisms. The differential of the Lie algebroid A* is the operator
dy: T(A*A) — T(A*TLA) given by dya = [\, al.

This theorem motivates the following definition.

2.1.4 Definition. An A-Poisson structure on M is an involutive 2-section
A € T'(A%2A). A Poisson Lie algebroid is a pair (A, )\) consisting of a Lie
algebroid A over M and an A-Poisson structure A on M.
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Thus an A-Poisson structure can be regarded as an ordinary Poisson struc-
ture on M together with a lift of the Poisson tensor to the Lie algebroid A.
Unlike an ordinary Poisson structure, an A-Poisson structure is in general not
determined by the Poisson bracket on functions (2.1.2) alone. Mackenzie and
Xu [30] refer to the triple (A, A*, \) as a triangular Lie bialgebroid.

One use of Poisson Lie algebroids lies in the fact that sometimes an or-
dinary Poisson structure on M can be lifted to a “less singular” Poisson
structure on a Lie algebroid A over M. For instance, it may happen that
a degenerate Poisson structure lifts to a nondegenerate, i.e. symplectic, A-
Poisson structure. (One such situation is described in Section 2.2.)

2.1.5 Definition. An A-symplectic form on M is a 2-form w € Q% (M) that
is da-closed, i.e. daw = 0, and non-degenerate. We write w™! € I'(A%2A) for
the 2-section and

Wi A= A wh A =5 A

for the bundle isomorphisms determined by an A-symplectic form w. A sym-
plectic Lie algebroid is a pair (A,w) consisting of a Lie algebroid A and an
A-symplectic form w on the base of A.

This definition follows Nest and Tsygan [40]. (The term “symplectic Lie
algebroid” is used by Coste et al. [10, §II1.2] to mean something different,
namely the Lie algebroid of a local symplectic groupoid.) If w € Q% (M) is any
nondegenerate 2-form, then a calculation using Theorem 2.1.1(i) shows that
daw = 0 if and only if [w™, w™!] = 0. So just as in ordinary Poisson geometry
an A-symplectic structure amounts to an A-Poisson structure A such that the
morphism M: A* — A is invertible.

Let A be an A-Poisson structure on M. To each function f € C*(M) is
associated a section

(2.1.6) o7 = daf = A J] = X(daf) € T(A)

called the Hamiltonian section of f. Conversely, if a section o € I'(A) is of
the form o = oy for some function f, we say f is a Hamiltonian for o. Like
any section of A, the section oy generates a flow on the total space of A
(see review in Appendix A.5), which we call the Hamiltonian flow of f. (In
ordinary Poisson geometry, this flow is the tangent flow on A = T'M of what
one usually calls the Hamiltonian flow of f on M.) The Poisson structure A
is invariant under the Hamiltonian flow of f, i.e.

La(op)A=[o7, A\ = daNi(daf) = N (dA[) =0,
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where £4 denotes the Lie algebroid Lie derivative. The Hamiltonian corre-
spondence is the map

H: (M) —s T(A)

given by H(f) = oy. The Hamiltonian correspondence is a Lie algebra ho-
momorphism, and its kernel is the Lie ideal of A*-invariant functions. In the
symplectic case (A = w™!) the Poisson bracket (2.1.2) is given by {f,g} =

w(og, o).
2.2. The phase space of a Lie algebroid

The cotangent bundle (“phase space”) of a manifold has a natural symplectic
structure. As noted by Martinez [34] (see also de Leén et al. [27] and Marrero
et al. [31]) this familiar fact has an analogue in the world of Lie algebroids.
Let B — N be an arbitrary Lie algebroid. The projection 7: B* — N of the
dual bundle B* is a submersion, so we can form the pullback

A=7'B=TB" xrn B,

which is a Lie algebroid over B*. (Pullbacks of Lie algebroids are reviewed
in Appendix A.3.) Elements of A = 7'B are tuples (z,p,v,b), where x € N,
p € B, veT,B* be B, satisty T,m(v) = anp(b). We define the Liouwville
form or canonical 1-form acan € QY4 (B*) by

O‘can(xapa v, b) = p(b)
and the canonical 2-form wean € Q4 (B*) by
Wean = —dAQcan-

We call the pair (A, Wean ) the phase space of the Lie algebroid B. The following
result says that the phase space is a symplectic Lie algebroid and that the
Poisson structure on B* determined by the canonical 2-form is identical to the
natural linear Poisson structure that exists on the dual of any Lie algebroid.
We review the proof of item (i) because we need the details in Section 2.4.
By abuse of language we say that a smooth map f: P — M cleanly (resp.
transversely) intersects a Lie algebroid C' — M if its tangent map T'f: TP —
TM cleanly (resp. transversely) intersects the anchor ang: C' — TM of A
(Definition A.3.4).

2.2.1 Proposition ([31, §§3.2, 3.5, 7]). Let B — N be a Lie algebroid, let
7. B* — N be the dual vector bundle, and let A = 7'B be the pullback of B
to B*.
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(i) The canonical 2-form wean € Q4 (B*) is an A-symplectic form on B*.
(i) The Poisson structure any(w.)) € T(A2TB*) associated with wWean is
equal to the linear Poisson structure on B* determined by the Lie alge-
broid structure on B.
(iii) The zero section (: N — B* is transverse to A and we have a natural
isomorphism B = C'A. We have (fWean = 0, where (;: B = 'A — A

denotes the canonical Lie algebroid morphism (A.3.3) induced by (.

Proof of (i). Let r be the rank of the vector bundle B and let + € N. The
fibre of the vector bundle A = 7' B over B* at p € B is A, = T,B* x1,x B,
so the rank of A is 2r. For a sufficiently small neighbourhood U of = we will
exhibit a frame ey, es,..., €., f1, fa,..., fr of A defined on 7=}(U) with
respect to which the matrix of the bilinear form we,y is invertible. A section
o of A can be described as a pair o = (v, b) consisting of a vector field v on
B* and a smooth map b: B* — B satisfying T'm o v = anpg ob. The anchor of
o is then an (o) = v. A section [ of B gives rise to a fibrewise linear smooth
function 87 on B* defined by

(2.2.2) B (p) = (p. B(x(p))),

where (-,-) denotes the dual pairing between B* and B. From (A.3.6) and
(A.5.1) we obtain, for any pair of sections of A of the form o1 = (v, 81 o 7),

09 = <02a62 o ﬂ-),
(2.2.3) Wean(01,02) = —v1 - B} + vz B — [B1, Ba].

Now choose a frame by, b, ..., b, of the vector bundle B defined on a neigh-
bourhood U of z. Let b7, 03, ..., by be the dual frame of B*. We have a short
exact sequence of vector bundles over B*

(2.2.4) 7*B* — TB* TN,

so each b; can be thought of as a vector field on B* tangent to the fibres of ,
and the pair f; = (b},0) defines a section of A over the open subset 7= (U)
of B*. Then

(225) wcan(fi, fJ) =0

by (2.2.3). The frame b}, b3, ..., b determines a trivialization of the vector
bundle B* over U and in particular a linear connection on B*, which gives a
splitting 0: TN — T'B* of the sequence (2.2.4). Each section b; then gives rise
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to a vector field v; = foanp(b;) on B*. For 1 < ¢ < r the pair ¢; = (v;, b;om)
is a section of A defined over 7=1(U). It follows from (2.2.3) that

(2.2.6) Wean(€i, f3) = U5 - OF = (b%,b;) = 0.

The vector fields v; are horizontal and the functions b} are covariantly con-
stant, so

(227) wcan(ei7 6]’) = —; - b; + v - bI - [b“ bj]T = —[bi, bj]T.

We conclude that the 2r-tuple (e1,es,..., e, f1, fo,..., fr) is a frame of A
and that the matrix of we,, relative to this frame is (}Tc o ), where C'is the
r X r-matrix ([b;, bj]T)”,. In particular wean is nondegenerate. O

2.3. Poisson morphisms and coisotropic subalgebroids

The notions of a Poisson map and a coisotropic submanifold admit straight-
forward extensions to the world of Poisson Lie algebroids. If p: A — F is a
Lie algebroid morphism with base map ¢: M — P, we say that multisections
u € I'(A*A) and v € I'(A*E) are @-related, notation u ~, v, if ¢(ug) = v
for all z € M.

¢(z)

2.3.1 Definition. Let (A — M, \4) and (E — P, Ag) be Poisson Lie alge-
broids (Definition 2.1.4). A Poisson morphism from A to E is a Lie algebroid
morphism ¢: A — FE such that the Poisson structures A4 and Ag are -
related.

The 2-sections A4 and Ap are p-related if and only if the square

A
Ar g,

A

* E
Eowy — B

¢(z)
commutes for all x € M, where ¢* denotes the transpose of .

Let V be a vector space equipped with a constant Poisson structure A and
let W be a subspace of V. We define W* = X(W°) of V, where W° C V*
denotes the annihilator of W. We say W is coisotropic if W? is contained
in W. If X is the inverse of a symplectic structure w on V', we write W* = W«
and call W¥ the symplectic orthogonal of W.



Symplectic Lie algebroids 2075

2.3.2 Definition. Let A — M be a Poisson Lie algebroid with Poisson
structure A € T'(A?A). A Lie subalgebroid B — P of A is coisotropic at x € P
if the subspace B, of A, is coisotropic. A submanifold N of M is coisotropic
at x € N if the subspace an~ (T, N) of A, is coisotropic. We say B, resp. N,
is cotsotropic if it is coisotropic at all x € P, resp. x € N. A submanifold N
is clean coisotropic (resp. transverse coisotropic) if N is coisotropic and T'N
cleanly (resp. transversely) intersects the anchor an: A — TM.

If a submanifold N of M cleanly intersects the anchor of A, we have a well-
defined pullback Lie algebroid iy A over N whose fibre at z € N is an (T, N)
(see Appendix A.3), and in that case the submanifold N is coisotropic if and
only if the Lie subalgebroid i!NA is coisotropic in the sense of Definition 2.3.2.

Coisotropic subalgebroids behave in the expected way under Poisson mor-
phisms. For submanifolds there is no distinction between being coisotropic rel-
ative to A4 and being coisotropic relative to the underlying Poisson structure
an A()\ A) on M.

2.3.3 Lemma. Let (A — M, \a) and (E — P, \g) be Poisson Lie algebroids
and p: A — E a Poisson morphism.

(i) Let F — @ be a Lie subalgebroid of E which cleanly intersects the
morphism . Let B = ¢ 1 (F) and N = $~%(Q). The Lie subalgebroid B
of A is coisotropic if and only if F is coisotropic aty for ally € $(N).

(ii) The base map p: M — P is a Poisson map in the usual sense relative
to the Poisson structures ang(Aa) on M and anp(Ag) on P.

(iii) A submanifold of M is coisotropic relative to Ay if and only if it is
cotsotropic in the usual sense, i.e. relative to the Poisson structure
any(Aa) on M.

Proof. (i) It follows from Proposition A.4.1 that B is a Lie subalgebroid of A
whose base is the submanifold N of M. Now use the following straightforward
linear algebra fact: if f: V4 — V5 is a linear Poisson map between Poisson
vector spaces (V1, A1) and (Va, Ag), Wy is a subspace of Vs, and Wy = f~1(WW),
then

(2.3.4) FOVM) = Wi,

Hence W is coisotropic if and only Wj is coisotropic.

(ii) This follows from the fact that the anchor map ang is a Poisson
morphism from (A, A\4) to (T'M,ana(\4)).

(iil) Let N be a submanifold of M. Then (2.3.4) yields an4(B)4) =
(T, N)* for all x € N, where B, = anzl(TmN) and Ay = any(A4). Hence
B, is coisotropic if and only if T, N is coisotropic. O
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2.4. Presymplectic Lie algebroids: symplectization

A Lie algebroid equipped with a closed 2-form of constant rank can be turned
into a symplectic Lie algebroid in two “opposite” ways. In this section we
explain the first method: symplectization.

2.4.1 Definition. Let B — N be a Lie algebroid. A B-presymplectic form on
N is a 2-form wp € Q%(N) that is dp-closed and of constant rank. A presym-
plectic Lie algebroid is a Lie algebroid equipped with a presymplectic form.

As in ordinary symplectic geometry, presymplectic Lie algebroids arise
naturally from symplectic ones through coisotropic embeddings. Indeed, let
(A — M,w) be a symplectic Lie algebroid and let B be a coisotropic Lie
subalgebroid of A (Definition 2.3.2). The pullback wp = ijw € Q%(N) is a
closed 2-form. The rank of wp is constant equal to rank(B/B“) = 2rank(B)—
rank(A). Hence (B,wp) is a presymplectic Lie algebroid.

The symplectization theorem below asserts the converse: every presym-
plectic Lie algebroid B — N arises as a pullback Lie algebroid i!NA of a
model symplectic Lie algebroid A — M via a transverse coisotropic embed-
ding iy : N — M.

The model A is constructed as follows. The input data is any presym-
plectic Lie algebroid (B — N,wp). Let K = ker(wp) be the kernel of wp, i.e.
the bundle whose fibre at x € N is

K,={be B, |wp(®,V)=0forall € B, }.

We let M = K* be the dual bundle of K. The bundle projection p: M — N is
transverse to B, so we can form the pullback Lie algebroid A = p'B over M.
We identify N with the zero section j: N — M = K* and B with the
Lie algebroid j*A = j'p'B. The inclusion j has a natural lift to a morphism
ji: B — A. The definition of the symplectic structure on A involves the
choice of a complement of the subbundle K of B, i.e. a splitting s: K* — B*
of the natural surjection B* — K*. Let m: B* — N be the bundle projection
of B¥. Then p=mos: K* — N, so

A=p'B=(ros)B=s'n'B.
We have canonical Lie algebroid morphisms

m: A — B, m: 7B — B, si: A — 7B
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satisfying py = m o s;. We define a closed A-form of degree 2 on M by
w® = pTWB + S?(Wcana

where weay is the canonical symplectic form on the phase space ©' B (Propo-
sition 2.2.1). We call the tuple

(2.4.2) (A — M,w’ ji: B— A)

the symplectization of (B,wp).

2.4.3 Theorem (Symplectization). Let (B — N,wp) be a presymplectic
Lie algebroid. Let (A,w?, j1) be the symplectization (2.4.2). There is an open
neighbourhood U of N in M such that w®|y is symplectic. The embedding j
is transverse coisotropic and jjw® = wp.

Proof. Identify M = K* with the subbundle s(K*) of B*. Then we have
B = K @ L, where L = (K*)° is the annihilator of K*. The bilinear form
wp is nondegenerate on the subbundle L. Let z € N. Choose a frame by,
bo, ..., b. of B defined in a neighbourhood U of = such that K is spanned by
b1, ba, ..., by, and L is spanned by bj11, bi+o,. .., by. Let b7, b5, ..., bF be the
dual frame of B*. The subbundle K* is spanned by b7, b3, ..., b;. The frame

bi, by, ..., b, gives rise to a frame ey, e, ..., €., fi, fo...., fr of B over
7~ 1(U) as in the proof of Proposition 2.2.1. The fibre A, of A is spanned by
(the values at x of) the sections ey, e, ..., €, f1, f2,.-., fr- The anchor of

fi is an(f;) = b}, so the image of the anchor an,(A) contains the span of b},
5, ..., b, i.e. the fibre K. Therefore the zero section j: N — M = K* is
transverse to A. It follows from (2.2.5)—(2.2.7) that

wi(fi, f;) =0 for 1 <i,5 <r,
wi(ei,e;) =0 for 1 <i<,1<j5<r,

(2.4.4) “S”( i) == _‘2_
wx(fivej):(sij fOI"lSZSl,lS]ET7
wy (€, €5) = wp x(bi, b)) forl+1<4,j<r.

This shows that jiw® = wp. Also, the fibre (A,,w?) is an orthogonal direct
sum of two symplectic subspaces K, & K and (L,,wp). Hence the form

w?® is symplectic near N. The fibre B, is spanned by ey, €o,..., €., S0 its
orthogonal B is spanned by ey, es, ..., ¢;. This shows that the embedding
j is transverse to A and coisotropic. O

2.4.5 Remark. We will see in Section 4.4 that the form w® is independent
of the splitting s up to Lie algebroid automorphisms of A fixing N. For now
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we note that any two splittings sg, s1: M = K* — B* of the surjection
B* — K* can be joined by a path s; = (1 —t)sg + ts; for 0 <t < 1. The
corresponding path of A-symplectic forms w; = w® satisfies wy = —dafs,
where 3, € Ok (M) is defined by

d
61‘/ = E(St);kacam
Since s¢(x) = x for all z € N and the Liouville form cacan € 2, 5(N) vanishes
along N, the form 3; vanishes along N for all ¢.

2.5. Presymplectic Lie algebroids: reduction

As we saw in Section 2.4, every presymplectic Lie algebroid can be symplec-
tized, i.e. coisotropically embedded in a symplectic Lie algebroid. A second
method to produce symplectic Lie algebroids out of presymplectic Lie alge-
broids, which works only under favourable conditions, is symplectic reduction,
which means taking the quotient by the null foliation. This is based on the
following facts.

2.5.1 Lemma. Let (B — N,wg) be a presymplectic Lie algebroid. The kernel
K = ker(wp) is a Lie subalgebroid of B. The form wp is K-basic in the sense
that for all sections o of K we have tg(0)wp = Lp(o)wp = 0.

Proof. This follows from dpwp = 0 and Lg(c) = [tg(0), dB]. O

We call the Lie subalgebroid K of Lemma 2.5.1 the null Lie algebroid of
the form wg.

A foliation Lie algebroid is a Lie algebroid whose anchor is injective.
A foliation Lie algebroid over a manifold P is equivalent to an involutive
subbundle of T'P, in other words a (nonsingular) foliation of P.

2.5.2 Lemma. Let (B — N,wg) be a presymplectic Lie algebroid. Suppose
the null Lie algebroid K = ker(wg) is a foliation Lie algebroid and therefore
defines a foliation IC of N. Let ig: S — N be a transverse slice of IC. Then
(is)fwp is an iy B-symplectic form on S.

Proof. Since S is transverse to the leaves of K, it is also transverse to the Lie
algebroid B (Proposition A.3.5(i)), so the pullback ixB = an™*(T'S) C B
and the morphism (ig): igB — B are well-defined. Let x € S. Since S is a
transverse slice to the foliation, the tangent space to N is a direct sum T, N =
an(K,)®T,S. Hence, the anchor an: K, — T, N being injective, the fibre of
B is likewise a direct sum B, = K, ® an~}(T,S5) = K, @ (isB),. It follows
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that wp restricts to a nondegenerate form on i%B. Therefore (i B, (is){wg)
is a symplectic Lie algebroid. O

We call the foliation K of Lemma 2.5.2 the null foliation of wg.

Let B -+ N and K — N be Lie algebroids over the same base and let
f: K — B be a morphism over the identity map of N. We define a quotient
of B by K to be a pair (C' — @, q) consisting of a Lie algebroid C' — @ and
a morphism ¢: B — C with g o f(K) = 0 which has the following universal
property: for every Lie algebroid A — M and every morphism ¢g: B — A
with g o f(K) = 0 there is a unique morphism go: C' — A with g = gc o g,
as in the diagram

B—9%4A
/7(
qi -
e gc

Clearly a quotient Lie algebroid, if it exists, is determined uniquely up
to isomorphism by the Lie algebroid morphism f: K — B. The next result,
which is a special case of [22, Theorem 4.5] and which does not involve any
presymplectic structures, states a sufficient condition for a quotient Lie al-
gebroid to exist. We say that the leaf space @ = P/F of a foliation F of
a manifold P is a manifold if () has a manifold structure which makes the
quotient map P — @ a submersion.

2.5.3 Proposition (Quotient Lie algebroids). Let B — N be a Lie algebroid
and K — N a Lie subalgebroid of B. Suppose that K is a foliation Lie
algebroid with associated foliation I and that the leaf space Q@ = N/K is a
manifold. Let G: N — Q be the quotient map. Let B be the bundle B/K over

N and identify sections T € I'(B) = I'(B)/T(K) with equivalence classes of
sections T of B modulo sections of K. Suppose that the flat K-connection

V: I(K) x ['(B) — T'(B)

on B defined by V,7 = [0, 7] has trivial holonomy.

(i) The V-horizontal subspaces of TB define a foliation £ of B which
makes the pair (B, L) a foliated vector bundle over the foliated manifold
(N, K).

(i) The leaf space C = B/L is a manifold. Let q: B — C' the quotient map
and C — Q the projection induced by the bundle projection B — N.
Then (C' — @, q) is a quotient Lie algebroid of B by K. The quotient
morphism q: B — C induces an isomorphism B = ¢'C.
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(iii) Let s: U — N be a section of ¢ defined over an open subset U of Q.
The natural map qo s1: s B — B — C' is a Lie algebroid isomorphism
from s'B onto C|y.

(tv) The Lie algebra of sections of C' is isomorphic to

[(C) = n(I'(K))/T(K),

where n(I'(K')) denotes the normalizer of I'(K) in I'(B).

Under the conditions of Proposition 2.5.3 the quotient morphism ¢: B —
C induces an isomorphism of complexes

(2.5.4) 7 Q5(Q) —= 5 Q%(N) k-bas,

where the subscript “K-bas” refers to the subcomplex of Lie algebroid forms
that are K-basic in the sense of Lemma 2.5.1. If @ € Q% (V) is K-basic,
then (¢*) '« is determined by the following fact: for a local section s: U —
N of g defined over an open subset U of ) we have ((q*)*la))|U = sfa.
Together with Lemma 2.5.2 this gives us the following criterion for when a
presymplectic Lie algebroid can be reduced to a symplectic Lie algebroid.

2.5.5 Theorem (Symplectic reduction). Let (B — N,wp) be a presymplectic
Lie algebroid. Suppose that the null Lie algebroid K = ker(wg) is a foliation
Lie algebroid, that the leaf space N/K of the foliation K defined by K is a
manifold, and that the flat K -connection on B/K has trivial holonomy. Then
there is a unique form we € Q4(Q) on the quotient Lie algebroid C — Q
satisfying ¢*we = wp. The form we is C-symplectic.

3. Hamiltonian actions and reduction

Marsden and Weinstein [33] showed how to reduce a symplectic manifold M
with respect to a moment map, i.e. a Poisson map M — g* to the dual of a Lie
algebra g. A version of their result for symplectic Lie algebroids was obtained
by Marrero et al. [31, Theorem 3.11]. However, symplectic Lie algebroids
include log symplectic manifolds, where the symplectic structure has first-
order poles and Hamiltonian functions may have logarithmic poles. How do we
reduce log symplectic manifolds at “infinite” values of momentum? Following
Mikami and Weinstein [38], we will deal with such situations by allowing
moment maps to take values in Poisson manifolds more general than g*. The
upshot is a Lie algebroid version of the Mikami-Weinstein reduction theorem,
Theorem 3.2.1.
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As noted in Section 2.1, a Poisson structure on a Lie algebroid A — M
gives rise to a Poisson structure on M in the usual sense, and in that sense
Theorem 3.2.1 is a special case of the Poisson reduction theorems of Marsden
and Ratiu [32] and Cattaneo and Zambon [7]. But Theorem 3.2.1 offers the
extra information that the quotient Poisson structure lifts to an appropriate
quotient Lie algebroid over the reduced space. A Poisson structure on a Lie
algebroid A can be seen as a special type of Dirac structure on the Courant
algebroid A @ A*. Presumably the Dirac reduction theorems of Bursztyn and
Crainic [4, Theorem 4.11] and Bursztyn et al. [5, Proposition 3.16], which are
formulated there only for standard Courant algebroids TM & T*M, can be
extended to incorporate our setting, but we will leave that for another day.

3.1. Lie algebroid actions and Poisson morphisms

In this section we review the notion of a Lie algebroid action on a Lie algebroid
and how Poisson maps give rise to such actions.

An action of a Lie algebra g on a Lie algebroid A — M simply means a
Lie algebra homomorphism g — I'(A). Equivalently, a g-action on A can be
defined as a g-action on M together with a Lie algebroid morphism gx M — A
from the action Lie algebroid to A. This notion generalizes as follows.

3.1.1 Definition. Let A — M and C — P be Lie algebroids and let
o: M — P be a smooth map. An action of C' on A with anchor ug is a
Lie algebra homomorphism p: I'(C') — I'(A) that is C*-linear with respect
to po in the sense that p(f7) = (uf)p(r) for f € C®(P) and 7 € T'(C).
The sections p(7) € I'(A), where 7 ranges over the space of sections of C, are
called the generating sections of the action.

Given a C-action p on A there is a unique smooth vector bundle map
p: pyC — A over the identity idys such that the triangle

r(C) —2—T(A)

(3.1.2) “El /
)

I'(usC

commutes. The pullback bundle piC' is equipped with an anchor an,:c =
any o p: usC — TM. There is a unique Lie bracket on I'(u§C) that makes
the maps (3.1.2) Lie algebra homomorphisms. With respect to this bracket
1pC is a Lie algebroid over M, and p and the natural map pgC' — C' are Lie
algebroid morphisms. Thus an action of C' on A can be alternatively defined
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as consisting of a smooth map pg: M — P, a Lie algebroid structure on the
pullback bundle p5C such that u5C' — C'is a Lie algebroid morphism, and a
Lie algebroid morphism p: p5C — A.

3.1.3 Notation and definition. To lighten the notation we will from now on
denote the action map p: I'(C) — I'(A), the vector bundle map p: uiC — A,
and the pushforward map p,: I'(u5C) — T'(A) all by the same letter, p. We
will also denote by p,: Cpy») — Az the restriction of p to a point x € M.
We say that the action p is locally free at x if p, is injective and transitive at
x if p, is surjective.

The fact that pu5C — C'is a Lie algebroid morphism can be viewed as an
equivariance property of the anchor pg; it implies that the square

commutes. In particular we have inclusions
(3.1.4) stab(ugC, ) C stab(C, uo(x))

for all x € M, where we identify the fibre of pu{C at z with the fibre of C at

fio().
If B — N is a Lie subalgebroid of A, then the C*°(M)-module of relative
sections

NA;B)={7€Tl(A) |7y €T(B)}

is a Lie subalgebra of I'(A) and therefore the C°°(P)-module p~1(T'(A; B)) is
a Lie subalgebra of I'(C'). It follows from the Leibniz rule that the C*°(P)-
module

L(C;04v) = {0 €(C) | oy =0forall pe po(N)}

is a Lie ideal of p~!(I'(4; B)). This leads to the following definition.

3.1.5 Definition. Given an action p: I'(C) — I'(A) of C' on A with anchor
o: M — P and a Lie subalgebroid B — N of A, the stabilizer of B under
the action is the Lie algebra

stab(p, B) = stab(C, B) = p~* (T(A: B)) /T(C: 0,())-

Let D be a Lie subalgebroid of C' with base manifold ) C P. We say B is
stable under D or D-stable if 1o(N) C Q and I'(C; D) C p~}(I'(A; B)).
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3.1.6 Remarks. (i) The stabilizer stab(C, B) is a Lie-Rinehart algebra in
the sense of [23], but as the next remark shows it is usually not the space of
sections of a Lie subalgebroid of C.

(ii) The Lie algebroid A — M acts on the tangent bundle 7'M via the anchor
A — TM. The stabilizer of a point x € M (viewed as the zero bundle
0, € T'M) in the sense of Definition 3.1.5 is stab(A, z) = ker(any ), which
agrees with the usual definition (Remark A.3.8(ii)). The stabilizer of the zero
subalgebroid 0j/ is stab(A,0y7) = ker(any) C I'(A), which is not the space
of sections of a subbundle of A unless the anchor has constant rank.

(iii) Definition 3.1.5 is correct only if the submanifold N is closed and em-
bedded, which will always be the case in the situations that concern us. (If
N is not closed or embedded the definition must be modified as follows.
Call a pair of open subsets U C M and V C N adapted to N if V is a
closed embedded submanifold of U. There is a unique sheaf of C3r-modules
S such that S(V) = stab(C|y, Bly) for every adapted pair (U, V). Define
stab(C, B) = S(N) to be the space of global sections of S.)

Lie algebroid actions can be restricted to Lie subalgebroids in the following
way.

3.1.7 Lemma. Let A — M and C' — P be Lie algebroids and let p: I'(C) —
I'(A) be a C-action on A with anchor pg: M — P. Let B — N be a Lie
subalgebroid of A. The action p restricts to a Lie algebra homomorphism
stab(C, B) — I'(B). If B is stable under the action of a Lie subalgebroid
D of C, we have a natural homomorphism I'(D) — stab(C, B) and hence a
homomorphism pp: I'(D) — T'(B), which is a D-action on B with anchor

NO‘N'

Proof. If a section ¢ € I'(C') vanishes on o(N), then by C*®-linearity p(o)
vanishes on V. Therefore p descends to a homomorphism

stab(C, B) = p~ ([(4; B)) /T(C; 0pp(xy) — T(B) = T'(A; B)/T(4; 0 ).

If B is stable under D — @, then the inclusion I'(C; D) C p~}(T'(4; B)) gives
us a homomorphism

(D) = T(C; D)/T(C;0q) — stab(C, B).

The composition of these two homomorphisms is C*°-linear over fig|x-. O

Recall that a Poisson structure on a Lie algebroid A gives rise to a Lie
algebroid structure on the dual bundle A* (Theorem 2.1.1). The following
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lemma shows that a Poisson morphism gives rise to a Lie algebroid action in
the same way that a moment map M — g* gives rise to a Hamiltonian Lie
algebra action g — I'(T'M) on a symplectic manifold.

3.1.8 Lemma. Let (A — M, \4) and (E — P, \g) be Poisson Lie algebroids.
(i) Let p: A — E be a Poisson morphism. The pullback map

' D(E") = Qp(P) — T(A") = Qy(M)

defines an action of the Lie algebroid E* on the Lie algebroid A* with
anchor the base map fi: M — P of .

(ii) Let p: QL(P) — QY (M) be an E*-action on A* with anchor uy: M —
P. Suppose that the conditions podg = daop and p* o )\?4 op= /\ﬁE are
satisfied. Then there exists a unique Poisson morphism u: A — E with
base map 1 = po such that u* = p.

Proof. (i) The pullback map p* is C*-linear. It is a Lie algebra homomor-
phism with respect to the bracket (2.1.3) because the 2-sections A4 and Ag
are p-related.

(ii) Let p*: A — u{E be the transpose of p and pu: A — E the com-
position of p* with the natural map pjE — E. Then p is the unique vec-
tor bundle map with base map gy such that the pullback map on sections
p: T(E*) — I'(A*) coincides with p. Since p commutes with the exterior
derivative, by Vaintrob’s theorem [43; (cf. also [37, §12.2]) p is a Lie alge-
broid morphism. The condition p* o A% o p = )\ﬁE gives that po /\fi4 ou* = )\ﬁE,
i.e. p is Poisson. U

3.1.9 Definition. Let u: A — FE be a Poisson morphism of Poisson Lie
algebroids (A — M, A4) and (E — P, Ag) and let p* be the E*-action on
A* of Lemma 3.1.8(i). The E*-action 7 on A with anchor /i obtained by
composing the maps

* 4
7 Qp(P) s QL (M) 2 T(4)

is the Hamiltonian action of E* on A with moment u: A — E. A function
f € C>®(M) is collective for the Hamiltonian action if it is of the form f = goj
for some g € C*(P).

3.1.10 Remark. Under the Hamiltonian action v a collective function f =
g o fi acts by the Hamiltonian section

dpg) = Nyp*dpg = Nydaf*g = Nydaf = oy
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(see (2.1.6)), which leaves A4 invariant.

For each x € M the Hamiltonian action « defines a linear map on the
fibres 7,1 Ej,) — A, (notational convention 3.1.3). The following lemma
describes the kernel and the image of 7,. Recall that W° C V* denotes the
annihilator of a subspace W of a vector space V.

3.1.11 Lemma. Let (A — M,\4) and (E — P, \g) be Poisson Lie alge-
broids. Let u: A — E be a Poisson morphism and let v: T'(E*) — T'(A)
be the associated Hamiltonian action. Let x € M and y = f(x) € P. Let
Yu: Ay — Ey be the transpose of vi: By — Ag.

(i) We have the identities
Yz = )\?4@ o ,U,?;, 7; = —Mz 0 )\?471;7 AﬁE,y = Mg © Yz = _7; o :U';

(ii) For every linear subspace | of Ey we have

(1t 0 N 0) T (1°) = (1a(1)°.

In particular ker(pu, o /\?4737) = (im(~,))°.
(iii) For every linear subspace L of A, we have

(e © Ny ) (L°) = (77 (L))"

In particular im (o )\?4@) = (ker(vz))°.

Proof. (i) This follows from the commutativity of the diagram

Ny
Ay —— A,

(Definition 2.3.1) and from the fact that /\fi4 and )\% are antisymmetric.
(ii) and (iii) follow immediately from (i). O

3.1.12 Remark. The identity morphism F — F is Poisson and therefore
generates a Hamiltonian action Ay : D(E*) — I'(E). For E = T'g*, the tangent
bundle of the dual of a Lie algebra g, this is the coadjoint action of g on g*.
The equality A%yy = pgz © 7, of Lemma 3.1.11(i) expresses the equivariance

of the moment p with respect to the actions v and )\%: for every 1-form
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a € QL(P) the 1-form v(a) € Q4(M) and the section /\ﬁE(a) € I'(E) are
p-related.

3.2. Hamiltonian reduction

Let u: A — E be a Poisson morphism between two Poisson Lie algebroids
(A— M, 4)and (F — P, \g) and let y be the associated Hamiltonian action
of the Lie algebroid E* on the Lie algebroid A (Definition 3.1.9). Reducing
the Hamiltonian action means choosing a suitable Lie subalgebroid B of A,
forming the quotient of B by (a suitable restriction of) the E*-action, and
pushing the A-Poisson structure on M down to the quotient Lie algebroid
B/E*.

We will treat here the case of most interest to us, namely where the Lie
algebroid A is symplectic and B is the moment fibre of a “point” of E. In
the realm of Lie algebroids a “point” means a Lie algebra. Accordingly, by a
“point” of E we will mean a pair (p,f), where p is a point of P and f is a
Lie subalgebra of the stabilizer stab(E, p). At a point p where the anchor of
E is not injective, various choices for § are possible, which lead to different
reduced symplectic Lie algebroids.

Theorem 3.2.1 departs in two other ways from the Marsden-Weinstein
theorem [33] and the Mikami-Weinstein theorem [38]. Firstly, whereas in the
classical setting regularity of the moment map and freeness of the action
are narrowly related, this relationship is looser in our context and these two
conditions need to be imposed separately (but see Lemma 3.2.6). Secondly,
the stabilizer stab(E*, f) of the “point” § does not preserve the null foliation
of the fibre, so to obtain a quotient which is symplectic we must pass to a
proper subalgebra of the stabilizer.

3.2.1 Theorem (Hamiltonian reduction for symplectic Lie algebroids). Let
(A — M,w) be a symplectic Lie algebroid and let (E — P, \) be a Poisson Lie
algebroid. Let pi: A — E be a Poisson morphism and let v: T'(E*) — T'(A) be
the associated Hamiltonian action. Let p € P and N = i~ Y(p). Suppose that
p is a regular value of [1: M — P and that the E*-action on T M defined by
anyoy: I'(E*) — I'(T'M) is locally free at x for all x € N.

(i) Let § be a Lie subalgebra of stab(E,p). Then u is transverse to f, B =
1 (f) is a Lie subalgebroid of A, whose base is the submanifold N of M,
and the 2-form wp = tpw on B is presymplectic. The null Lie algebroid
K = ker(wg) is a foliation Lie algebroid and the Lie subalgebra

b= H N
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of stab(E*,f) acts transitively on K.

(ii) Suppose that the leaf space Q = N/b is a manifold and that the canonical
flat K -connection on B/K has trivial holonomy. Then wp descends to
a C-symplectic structure we € QZ(Q) on the quotient Lie algebroid

C = (B/K)/b.
Proof. (i) The stabilizer at x € M of the E*-action on T'M is

ker(any 0y,) = 7, *(stab(A, z)) = (uz(stab(A, )*))°,

where we used Lemma 3.1.11(iii). Our local freeness hypothesis amounts to
ker(ang o,) =0, i.e.

(3.2.2) pz(stab(A, 2)¥) = E,

for all z € N. It now follows from our regular value hypothesis that the
moment p: A — E is transverse to the Lie subalgebra f; see Remark A.4.2.
Hence, by the regular value theorem, Proposition A.4.1, B = u~1(f) is a Lie
subalgebroid over N = ji~!(p). By Definition 3.1.5 the stabilizer of B under
the action ~ is the Lie algebra

stab(E*, B) =y~ (D'(4; B)) /T (E™; 04(w))-

If N is empty, the theorem is true for trivial reasons. Suppose now that NV is
nonempty. Then

7N I(A;B)) = {7 € T(E*) | pz(72(7)) € ffor all z € N }
={r e D(E") | X(7) € f},

where we used the equivariance of p, Lemma 3.1.11(i). Also
P(E"; 0p(ny) = T(E"0p) = {7 € T(E") | 7, = 0},

stab(E*, B) = (\Y)71(f) = stab(E*, ),

a Lie subalgebra of stab(E*,p). By Lemma 3.1.7 this stabilizer acts on B,
but it does not preserve the intersection K = B N B“. The fibre at z € N of
the symplectic orthogonal of B is

By = wi(B7) = (e 0 wi) ™ ()” = ("),
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where we used Lemma 3.1.11(i). This yields
Ky = Bo 0 By = iz (F) N (7).

The local freeness hypothesis implies that v,: Ej — A, is injective for all
x € N. Therefore

Yo (Ko) =7 (02 () N () =7 (e (D) N e = (M) H N =,

where we used A = 1107, (Lemma 3.1.11(i)). Thus the action of b preserves
the Lie algebroid K and for every x € N the map 7,: E; — A; maps b
bijectively onto K. It follows that wp has constant rank and that bh acts
locally freely and transitively on K in the sense of Definition 3.1.3. In other
words, v induces an isomorphism from the action Lie algebroid h x N onto
K and in particular the anchor of K is injective.

(ii) This follows from (i) and Theorem 2.5.5. O

3.2.3 Definition. The symplectic Lie algebroid (C' — @, w¢) is the symplec-
tic quotient of A — M at the “point” (p, ).

3.2.4 Example (Reduction with respect to the identity map). Let p = idys
be the identity map of M. The associated Hamiltonian action is the identity
morphism v = id: A — A. We can reduce M at any “point” (z,a), where a is
a Lie subalgebra of stab(A, z). The symplectic quotient of M at the “point”
(x,a) is the point = equipped with the symplectic Lie algebra a/(a N a®).

3.2.5 Remarks. (i) The hypothesis of Theorem 3.2.1(ii) is satisfied if the
action of h on B integrates to a proper and free action of a Lie group H with
Lie algebra b.

(ii) See Section 5.2 for further illustrations of Theorem 3.2.1.

In the special case where the anchor of E is bijective at p, i.e. E = TP
in a neighbourhood of p, we have the following relationship between freeness
of the Hamiltonian action and regularity of the moment map.

3.2.6 Lemma. In the context of Theorem 3.2.1 suppose that the anchor of
E is bijective at p. Let x € i~Y(p) and let L be the symplectic leaf of = with
respect to the Poisson structure on M determined by the A-symplectic form
w. Then the action any oy: I'(E*) — T'(T'M) is locally free at x if and only
if x is a regular point of the map fi|f .

Proof. Since ang is bijective at p and ang oy = Tjfican4, condition (3.2.2) is
equivalent to T'fi o an4(stab(A, z)¥) = T, P. Let Ay be the Poisson structure
determined by w. Using (2.3.4) we see that an 4(stab(A, x)*) = {0} = T, L.
So the E*-action on M is locally free at « if and only if T, 4(T,L) = T,P. O
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4. Some normal forms for symplectic Lie algebroids

In this section we establish a Lie algebroid version of the Darboux-Moser-
Weinstein theorem, Theorem 4.3.3 and of the coisotropic embedding theorem,
Theorem 4.4.1. Our method is based on Lie algebroid homotopies, which were
introduced (for Lie algebroid paths) by Crainic and Fernandes [11, §1]. We
review in Section 4.1 how a Lie algebroid homotopy gives rise to a cochain
homotopy of the de Rham complex. Of particular interest in the context
of the Moser trick are deformation retractions, which are a weak version
of Lie algebroid splittings. Section 4.2 describes a technique for obtaining
deformation retractions of Lie algebroids based on the notion of an Euler-like
section of Bischoff et al. [1] and Bursztyn et al. [6].

4.1. Lie algebroid homotopies

Let A — M be a Lie algebroid. As in ordinary de Rham theory the operations
da, ta, and L4 lead naturally to homotopy formulas and a Poincaré lemma
for the de Rham complex of A. Let TR = R x R be the tangent bundle of R
and let TR x A — R x M be the direct product Lie algebroid. The Cartesian
projections pr;: TR x A — TR and pry: TR x A — A are Lie algebroid
morphisms. For each ¢ the map

(4.1.1) ii: A—> TR x A

defined by i;(a) = (0, a) (where a € A and where 0; denotes the origin of
T;R) is likewise a Lie algebroid morphism. The section 0/0t of TR can be
regarded as the section (¢,z) — (¢,1,0,) of TR x A and as such generates a
flow Y;. For each ¢ the morphism

(4.1.2) T.:TRxA—TR x A

is simply the shift by ¢ in the R-direction. The infinite cylinder R x M contains
as a submanifold the finite cylinder [0, 1] x M, and the product Lie algebroid
T[0,1] x A over [0, 1] x M is a Lie subalgebroid of the product TR x A. The
operator

it Qo ayxa(0, 1] x M) — QM)

is defined as follows: for a k-form o € QITC“[O,I]X 4([0,1] x M) and sections o7,
09,..., 0x—1 € ['(A) put

1
(4.1.3) (ka)(o1,02,...,05-1) = / a(0fot, 01,09, ... ,0,_1)dt.
0



2090 Yi Lin et al.
It follows from (A.5.7) and (A.5.9) that
1 1
kdao + daka = /0 LA(0)Ot)d gcx dt + dA/O La(Ofot)adt

= /1(LA(8/8t)dAa + dava(0/0t)a) dt

—/ LA(0/ot)adt = / —T u 0 dt = ija — ija,
where Ty is as in (4.1.2). This proves
(4.1.4) [k, da] =] — 1.
4.1.5 Definition. A Lie algebroid homotopy is a Lie algebroid morphism

©: T[0,1] x A — B, where A — M and B — N are Lie algebroids.

Let ¢ a Lie algebroid homotopy. The base map ¢: [0,1] x M — N is
then a homotopy of manifolds in the usual sense. We denote the Lie algebroid
morphism i; o ¢: A — B, which is defined for 0 < ¢ < 1, by ¢4, and we say
that ¢ is a homotopy between pg and p1. Put

(4.1.6) Ky =Koy,
where £ is the operator (4.1.3); then (4.1.4) yields the homotopy formula

(4.1.7) [Kip: da] = ©7 — 5,
which tells us that x,: Q3(N) — Q% *(M) is a homotopy of complexes.

4.1.8 Definition. A Lie algebroid morphism ¢: A — B is a homotopy equiv-
alence if it has a homotopy inverse, i.e. a morphism ¢: B — A such that o
is homotopic to id4 and ¢ o 9 is homotopic to idp.

The homotopy formula has the usual consequences, for instance the fol-
lowing lemma.

4.1.9 Lemma. Let A— M and B — N be Lie algebroids.

(i) Homotopic morphisms g, v1: A — B induce the same morphism in
cohomology oy = ¢7: Hy(N) — Hy(M).

(ii) A homotopy equivalence p: A — B induces an isomorphism in coho-
mology

o Hiy(N) = Hy (M),
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4.1.10 Remark. Lemma 4.1.9 gives the following version of the Poincaré
lemma: if A is homotopy equivalent to a “point”, i.e. a Lie subalgebra a
of stab(A, z) for some x € M, then H4(M) is isomorphic to H*(a), the Lie
algebra cohomology of a. So if a is acyclic, then H4(M) = R and H%(M) = 0
for k > 1.

4.1.11 Definition. Let B — N be a Lie subalgebroid of A. A weak defor-
mation retraction of A onto B is a homotopy o: T[0,1] x A — A such that
01 =ida, 00(A) = B, and oo|p = i5.

The next statement follows immediately from Lemma 4.1.9.

4.1.12 Corollary. Let A — M be a Lie algebroid and let B — N be a
Lie subalgebroid of A. Suppose there exists a weak deformation retraction
0: T[0,1]xA — A onto B. The inclusionig: B — A induces an isomorphism

it Hy(M) = Hy(N) with inverse of,.

4.1.13 Definition. Let B — N be a Lie subalgebroid of A. A deformation
retraction of A onto B is a weak deformation retraction p: T[0,1] x A — A
with the additional property that o(t,u,b) = b for all (t,u) € T[0,1] =
[0,1] x R and all b € B.

A deformation retraction g satisfies p(9/0t,0,) = 0, for all x € N, where
we think of 9/0t as the section (¢, 1) of T[0, 1] and where 0, denotes the origin
of the fibre A,. Its base homotopy ¢: [0,1] x M — M restricts to the identity
map gy = idy for all ¢, i.e. ¢ is a deformation retraction in the usual sense.
These facts have the following significance for the homotopy r,.

4.1.14 Lemma. Let A — M be a Lie algebroid and B — N a Lie subal-
gebroid. Let o: T[0,1] x A — A be a deformation retraction onto B. Then
(Ko)z = 0 for all A-forms o € QN(M) and all x € N. If o vanishes at a
point xg € N, then (La(0)ke)z, = 0 for all sections o of A.

Proof. Let 01, 09,..., op_1 be sections of A and let f be the smooth function
[ =rta(ok=1) - 1a(02)ta(01)ke0x
on M. From (4.1.3) and (4.1.6) we obtain

(4.1.15)
1
flz) = /0 p(1.2) (0(0/0,02), 0 (01(2)), 0¢(02(2)), - . ., 0 (ok—1(x))) dit
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for x € M. Since p is a deformation retraction, we have o(9/0t,0,) = 0, for
x € N, so it follows from (4.1.15) that the function f vanishes on N. Thus
(koar)z = 0 for all z € N. If ap, = 0 for some xg € N, then s 40) = iz =0
for all ¢, so we see from (4.1.15) that the function f vanishes to second order
at xo. Since L4(o) is a first-order differential operator, this tells us that
(La(o)f)(xg) = 0 for all sections o of A. Using [La(0),ta(0:)] = ta([o,0:])
we obtain (L£4(0)kyq)z, = 0. O

4.2. Isotopies and deformation retractions from sections

For the results of Section 4.1 to be useful we need methods for producing Lie
algebroid homotopies. We are aware of two such methods: (1) the flow of a
time-dependent section produces an isotopy, and (2) if the section is Euler-
like near a subalgebroid in the sense of Bischoff et al. [1] and Bursztyn et
al. [6], we can reparametrize the isotopy to produce a deformation retraction
onto the subalgebroid. We explain both methods in turn.

4.2.1 Definition. Let A — M be a Lie algebroid. A (global) Lie algebroid
isotopy is a Lie algebroid homotopy ¢: T'[0,1] x A — A such that ¢y = ida
and each ¢y is an isomorphism.

Just as time-dependent vector fields give rise to isotopies of manifolds, so
time-dependent sections give rise to isotopies of Lie algebroids.

4.2.2 Proposition. Let A — M be a Lie algebroid. Let o, be a time-
dependent section of A defined for 0 < t < 1, let ada(o;) be the time-
dependent vector field on A defined in (A.5.3), and let ®; be its flow with
initial condition ®g = ida. Suppose that @y is defined globally on A for
all0 <t < 1. Then ®:1[0,1] x A — A extends to a Lie algebroid isotopy
©: T[0,1] x A — A given by

ot u,a) = uoy (®4(ma(a)) + @i(a)
for (t,u) € T[0,1] =[0,1] x R and a € A.
Proof. The equalities
@t(a) =@o it(a) = @(tv 07 a’) = (I)t(a’)a

where i; is as in (4.1.1), show that o = ida, that ¢, = @, is a Lie algebroid
isomorphism for each ¢, and that the map ¢ extends ®. It remains to show that
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¢ is a Lie algebroid morphism. Let A be the product Lie algebroid 770, 1] x A
and define : A — A by
@(ta u, Cl) = (t7 u, @(tv u, CL))

Then ¢ = pry op, where pry: A — A is the projection, so it is enough to
show that ¢ is a Lie algebroid morphism. For 0 < s < 1 define ¢5: A — A by

Ps(t,u,a) = (t,u, SUCT s (ést(ﬂA(a))) + @st(a)).

Then ¢g =id 4, ¢1 = @, and

dis (t,u,a) = uog (ést(wA(a))) + studst(ést(ﬂA(a)))—i—

stul'og(ana(og(ma(a)))) + tada(oqw)(Pa(a)),

(4.2.3)

where we used the differential equations

%(a) = ad4(0¢)(Pi(a)) and %(ZE) = anA(Ut)((i)t(m))'

Define an s-dependent section 65 € I'(A) by 64(t,2) = tog(z). A computation
using (A.5.3) shows that

ad ;(65)(t,u,a) = tada(ox)(a) + uog(mala)) + stucg(rala)).

Comparing with (4.2.3) we see that

dp P

d—;(t, u,a) = ad 4(6s)(Ps(t, u, a)).
Thus @, is the flow of the vector field ad 4(65) on A. Tt now follows from
Lemma A.5.6(i) that @, is a Lie algebroid automorphism for each s. In par-

ticular ¢ = ¢ is a Lie algebroid automorphism. O

A vector field v on a manifold M which is tangent to a submanifold /N can
be viewed as a smooth map of pairs v: (M, N) — (T'M,TN). Its tangent map
is then a map of pairs Tv: (T'M,TN) — (TTM,TTN), and hence descends
to a map of normal bundles

N(): N(M,N) — N(TM,TN) = TN (M,N),
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i.e. a vector field on the normal bundle N (M, N) that is linear along the
fibres. We call N'(v) the linear approzimation to v along N. A vector field v
on M is called Fuler-like along N if v is complete, vanishes on N, and N (v)
is equal to the Euler vector field of the vector bundle N (M, N). The signifi-
cance of this notion lies in the following “quantitative” version of the tubular
neighbourhood theorem [6, Proposition 2.7]: for every Euler-like vector field v
there exists a unique tubular neighbourhood embedding i,: N (M, N) — M
such that *v is equal to the Euler vector field of N'(M, N). We call i, the
tubular neighbourhood embedding associated with v.

4.2.4 Definition. Let A — M be a Lie algebroid and B — N a Lie subal-
gebroid. An Euler-like section of A along B is a section ¢ € I'(A) such that
¢|n = 0 and the vector field ad4(¢) on A defined in (A.5.3) is Euler-like along
the submanifold B of A.

4.2.5 Lemma. Let A — M be a Lie algebroid, B — N a Lie subalgebroid,
and € € I'(A) a section of A.

(i) If the vector field ada(e) on A is Euler-like along B, then the vector
field any(g) on M is Euler-like along N.

(ii) Suppose N cleanly intersects A and let B = i'yA. If ¢ vanishes along
N and the vector field ana(e) on M is Euler-like along N, then the
section € is Buler-like along B.

Proof. We will use the following simple facts: (1) a linear vector field on a
vector bundle £ — M is complete if and only if the associated base vector
field on M is complete; (2) if F' — N is a second vector bundle and ¢: E — F
is a vector bundle map, then the Euler vector fields of F and F' are p-related;
(3) if v € I'(TE) and w € T'(T'F) are linear vector fields and v ~, w, then
v is uniquely determined by w if F' is fibrewise injective, and w is uniquely
determined by v if F' is fibrewise surjective.

(i) The vector field ad4(¢) is a linear lift of the vector field ana(e), so
any(e) is complete because of fact (1) above. Also ana(e)|xy = 0 because
ad4(e)|p = 0. From ad4(c) ~, any(c) we get

N(ada(e)) ~nm N (ana(e)).

Since N(m): N(A,B) — N (M, N) is a surjective vector bundle map and
N(ad(g)) is the Euler vector field of N(A, B), it follows from facts (2)
and (3) above that N(ana(e)) is the Euler vector field of N'(M, N).

(ii) We must show that the vector field ad4(e) on A is Euler-like along
B =iy A =an}'(N). This is verified in [6, §3.6] under the assumption that
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N is transverse to A. The proof in the clean case is almost the same and
goes as follows. The module of relative sections I'(A; B) defined in (A.1.1) is
a Lie subalgebra of I'(A) and the submodule I'(A; 0y ) is an ideal of I'(A4; B).
By hypothesis €|y = 0, so [e,v]|y = 0 for all v € T'(A; B). It now fol-
lows from (A.5.3) that the vector field ad4(¢) vanishes on B. It remains to
show that its linear approximation A (ad(e)) is the Euler vector field of
the normal bundle N (A, B). Let T'an(e) € I'(TTM) be the tangent lift
of an(e) € T'(T'M). The vector field T'an(e) is Euler-like along T'N, so
its linear approximation A (7T an(¢)) is the Euler vector field of the bun-
dle N(TM,TN). The vector fields ad4(¢) and T an(e) are related via the
anchor: ad4(g) ~an T an(e). Applying the normal bundle functor we obtain

(4.2.6) N(ada(e)) ~\(an) N(T an(e)).
The map N (an) fits into a commutative diagram of vector bundle maps

my(ivA/B) — N (A, B) TN (M, N)

| oo |

i N (M, N) —— N(TM,TN) — wiyN(M, N),

the rows of which are exact. The vertical map on the right is a fibrewise
isomorphism. By Lemma A.3.7(ii) the vertical map on the left is fibrewise
injective because N cleanly intersects A. Hence A(an) is fibrewise injective.
It now follows from (4.2.6) and from facts (2) and (3) that N'(ad(e)) is the
Euler vector field of N'(A, B). O

The utility of Euler-like sections is that their flows give rise to deformation
retractions.

4.2.7 Theorem (Retraction theorem). Let A — M be a Lie algebroid and
B — N a Lie subalgebroid. Suppose there exists an Fuler-like section € of A
along B. Let U be the tubular neighbourhood of N associated with the Euler-
like vector field ana(e). Then there exist a deformation retraction of Aly
onto B. It follows that if;: Hy(U) — Hy(N) is an isomorphism.

Proof. The proof is an adaptation of [6, §3.6]. Let ®; be the flow of the
vector field ad 4(¢) and let p: TR x A — A be the corresponding Lie algebroid
isotopy as in Proposition 4.2.2. Since ad 4(¢) is Euler-like, near B this isotopy
is exponentially expanding in the directions normal to B. We turn it into a
retraction by rescaling the time variable. Put f(s) =logs for 0 < s < 1; then
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the Lie algebroid homotopy

0: 70,1 x AU TR x A 25 4
is given by the formula
(4.2.8) o(s,v,a) = ga(élogs(w(a))) + Diog 5(a)

for (s,v) € T(0,1] = (0,1] x R and a € A. The base homotopy ¢: (0, 1] x
M — M is given by §(s,x) = ®Prog4(2). By Lemma 4.2.5(i) the vector field
an(e) is Euler-like along N and therefore determines a tubular neighbourhood
embedding i: N'(M,N) — U. Let us restrict ¢ to U and ¢ to Aly. If we
identify U with the normal bundle via the embedding 7, the base homotopy ¢
is given by fibrewise multiplication by s, so it extends smoothly to a homotopy
0:[0,1] x U — U, which retracts U onto N. Likewise, if we identify A|y
with the normal bundle N (A4, B) via the tubular neighbourhood embedding
N(A, B) — Aly determined by ad4(e), the flow @), is given by fibrewise
multiplication by s, which retracts A|y onto B. By hypothesis ¢ vanishes on
N, so the singularity at s = 0 in the term Ye(g(s,7(a))) is removable. It
follows that the homotopy (4.2.8) extends smoothly to a homotopy 770, 1] x
Aly — Aly. We have 9(1,0,a) = ®o(a) = a for all a € A, so o1 = ida. If
b € B, then o(s,v,b) = b € B for all (s,v) € T|[0,1]. Also 0(0,0,a) € B for
all a € A, so po(A) = B. We have shown that p is a deformation retraction
of A|y onto B. The second assertion of the theorem is now an immediate
consequence of Corollary 4.1.12. O

Given a Lie algebroid A — M and a Lie subalgebroid B — N, the normal
bundle N (A, B) has the structure of a Lie algebroid over the normal bundle
N (M, N). The space N (A4, B) is a double vector bundle

N(A, B) — N(M, N)

| |

B—N

and the vector bundle operations on the vertical bundle N (A, B) — B are
Lie algebroid morphisms of N (A, B); see [37, Theorem A.7].

4.2.9 Definition. The Lie algebroid N'(A4, B) — N(M, N) is the lineariza-
tion of A at B. The Lie algebroid A is linearizable at the Lie subalgebroid B if
there is a linearization map N (A, B) — A, i.e. a map that is simultaneously
a Lie algebroid morphism and a tubular neighbourhood embedding.
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Under a slightly weaker hypothesis than Theorem 4.2.7 (we don’t need
e|ny = 0) we obtain a linearization theorem.

4.2.10 Theorem (Linearization theorem). Let A — M be a Lie algebroid
and B — N a Lie subalgebroid. Suppose there exists a section € of A such
that the vector field ada(e) on A is Euler-like along B. The tubular neigh-
bourhood embedding i,: N'(A, B) — A associated with v = ad4(g) on A is
a linearization map, whose base map is the tubular neighbourhood embedding
ty: N(M,N) — M associated with the Euler-like vector field v = ana(e)
on M.

Proof. Let D(M, N) be the deformation space of the pair (M, N). As a set
this is the disjoint union

D(M,N) = N (M, N)U(R* x M).

See [1, §§2-3] and [37, Appendix A] for the manifold structure of D(M, N)
and for the fact that the deformation space D(A, B) is a Lie algebroid over
D(M,N). The map 7: D(A, B) — R which sends N(A, B) to 0 and agrees
with the projection R* x M — R on the complement of N'(A, B) is a smooth
submersion. The fibres 771(¢) are Lie algebroids isomorphic to A — M for
t # 0 and to N (A, B) = N(M, N) for t = 0. In this sense D(A, B) is a family
of Lie algebroids that deforms A to its normal bundle in B. Since the vector
field ad 4(¢) is Euler-like, the vector field 9/0t + t~!ad(e), which is defined
on the complement of N (A, B) in D(A, B), extends smoothly to a complete
vector field w on D(A, B). The vector field w is an infinitesimal Lie algebroid
automorphism and is 7-related to the vector field 9/0t on R, so its flow at
time 1 is a Lie algebroid morphism from 771(0) = A(A, B) to 7~ 1(1) = A,
which agrees with the tubular neighbourhood embedding ¢,. These statements
are proved in [37, § A.6] when B is the pullback to a transversal N, but the
same proofs work for an arbitary Lie subalgebroid B, as long as we have a
section £ with ad 4(e) Euler-like along B. O

4.2.11 Remarks. Let A — M be a Lie algebroid and B — N a Lie subal-
gebroid.

(i) If e is an Euler-like section of A along N, then so is fe for any bounded
smooth function f which is equal to 1 on a neighbourhood of N. Hence, by
Theorem 4.2.7, there exist deformation retractions of A|y onto B for all U
ranging over a basis of tubular neighbourhoods of V.

(ii) Let N be an embedded submanifold that is transverse to A and let
B = iy A be the pullback Lie algebroid. Then there automatically exists
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an Euler-like section of A along B, as proved in [6, Lemma 3.9], and there-
fore the retraction and linearization theorems apply. In fact, in this case the
normal bundle is N'(4, B) = 7T5\4’NZ'!NA7 where my n: N(M,N) — N is the
projection, so the linearization theorem amounts to

! .| ~
WM,NZNA - A|U

This is the Dufour-Fernandes-Weinstein splitting theorem. Our Theorems
4.2.7 and 4.2.10 were prompted by the treatment of the splitting theorem
given by Bischoff et al. [1] and Bursztyn et al. [6, Theorem 4.1]. See also Mein-
renken’s notes [37, Theorem 8.13, Appendix A]. The isomorphism H%(U) =
Hj3(N) of Theorem 4.2.7 was obtained by Frejlich [13, Theorem B] in the
transverse case. If the intersection is clean but not transverse, typically the
bundle 77}\/[, Ni!NA has higher rank than A, so the splitting theorem fails, but
sometimes an Euler-like section still exists.

(iii) Let A = TF be the tangent bundle of a (regular) foliation F of M. Let
B = iyA be the pullback of A to an embedded submanifold N of M that
cleanly intersects A. By Proposition A.3.5 the dimension of the intersection
T.N NT,F is independent of x € N, so F induces a foliation Fn of N and
B is its tangent bundle T'Fx. An Euler-like section of A along B is just an
Euler-like vector field along N which is tangent to the leaves of F. Such a
vector field exists if and only if NV is transverse to the leaves. In non-transverse
cases (e.g. when N is a single point) Theorems 4.2.7 and 4.2.10 do not apply.
But see Remark 4.2.13.

In situations where there exists no Euler-like section the following modi-
fication of the retraction and linearization theorems may be of use.

4.2.12 Corollary. Let A — M be a Lie algebroid. Let A — M be a Lie
subalgebroid of A over the same base and let B — N be a Lie subalgebroid
of A. Suppose there exists a section € of A along B which normalizes T'(A).
If the vector field ad 4(c) on A is Euler-like along B, the linearization map
N(A,B) — A given by the Buler-like vector field ad ;(¢) on A restricts to
a linearization map N (A, B) — A. If additionally €|y = 0, there exist a
deformation retraction of Aly onto B, where U is the tubular neighbourhood
of N associated with the Euler-like vector field anj(e) on M, and hence
i Hy(U) — Hy(N) is an isomorphism.

Proof. The proof of Theorem 4.2.10 tells us that the time 1 flow of the vector
field w = 9/0t + t~'ad A(¢) on the deformation space D(A, B) induces a
linearization N(A, B) — A. It follows from Lemma A.5.6(ii) that the flow
of w preserves D(A, B) and therefore gives us a linearization N'(A4, B) — A.
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Similarly, if e[|y = 0 then Theorem 4.2.7 tells us that the flow of ad ;(¢)
induces a deformation retraction of Al onto B. Again by Lemma A.5.6(ii)
this deformation retraction preserves A and therefore gives us a deformation
retraction of Ay onto B. O

4.2.13 Remark. Let F be a foliation of M and let A = TF be the tangent
bundle of F. Let B = i%y A be the pullback of A to an embedded submanifold
N of M that cleanly intersects A. We take A to be the tangent bundle of
M. A section of A, i.e. vector field on M, normalizes T'(A) if and only if
its flow maps leaves to leaves. For instance, if N = {z} is a single point,
then in a foliation chart U centred at x in which F is spanned by the vector
fields 0/0x1, 0/0xs, . .., 0/0x, the Euler vector field € = >~, 2;0/0x; normalizes
I'(A). Hence the conclusions of Corollary 4.2.12 apply to the pair (A, B = 0,).
An arbitrary clean submanifold N can be covered with foliation charts U in
which F is spanned by the vector fields 0/0x1, /0, ..., 0/0x, and in which
N is given by the equations z;, = x;, = --- = x;, = 0. In such a chart the
vector field ey = S5, x;,0/0x;, is Euler-like along N and normalizes I'(A).
It would be interesting to have conditions under which the ey can be glued
to a global vector field e that is Euler-like along N and normalizes I'(A).

4.3. A Darboux-Moser-Weinstein theorem for Lie algebroids

Here is a version of Moser’s trick for Lie algebroids. See Definition 4.2.1 for
Lie algebroid isotopies.

4.3.1 Proposition. Let A — M be a Lie algebroid. Let w, € Q4 (M) be a
smooth path of A-symplectic forms defined for 0 <t < 1. Let oy € QY (M) be
a smooth path of 1-forms such that wy = —daay.

(i) If M is compact, there exists an isotopy ¢ of A such that pfw; = wo.

(it) If B — N is a Lie subalgebroid of A and (ay), = 0 for all x € N and
for all t, there exist a neighbourhood U of N and an isotopy ¢ of Aly
such that pfw = wy and p¢|p = idp.

Proof. We omit the proof of (i), which is similar to that of (ii). The time-
dependent section o; = wfat of A satisfies

(432) dALA(O't)Wt = dAO[t = —L;}t.

By hypothesis the form «a; vanishes at every point of N, and therefore so
does the section oy. Hence the vector field ang(o;) on M integrates to a
flow ®; defined for 0 < ¢t < 1 on a suitable neighbourhood of N which
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leaves N fixed. The vector field ad4(o¢) on A is a linear lift of an (o) and
integrates to a flow ®; with initial condition ¢y = id defined for 0 <t < 1ina
neighbourhood of B. Since ad 4(c0;) vanishes along B, the flow leaves B fixed.
According to Proposition 4.2.2 the flow ®; determines a Lie algebroid isotopy
. Using (A.5.8), (A.5.9), and (4.3.2) we obtain pjw; =wp for 0 <t <1. O

Next we give a Lie algebroid version of the Darboux-Moser-Weinstein
theorem [44, § 5], which says that two symplectic forms that agree at all points
of a submanifold are isomorphic in a neighbourhood of the submanifold. See
Definition 4.1.13 for the notion of a Lie algebroid retraction.

4.3.3 Theorem. Let A — M be a Lie algebroid and let B — N be a Lie
subalgebroid such that A|ly admits a deformation retraction onto B for some
neighbourhood U of N. Let wg and wy be A-symplectic forms on M satisfying
Woz = Wig for all x € N. There exist open neighbourhoods Uy and Uy of N
in M and a Lie algebroid isomorphism ¢: Aly, — Ay, such that p*w; = wy,
¢|ln =1idn, and p|la, =ida, for allxz € N.

Proof. Let w; = (1 —t)wp + twy. Choose an open neighbourhood U of N such
that the form w; is symplectic on Ay for all ¢ and such that A|y admits a
deformation retraction ¢ = gy: Aly — Aly onto B. Put o = kp(w1 — wp) €
QL (M), where £, is as in (4.1.6). The homotopy formula (4.1.7) yields

dao = d k(w1 —wp) = 07 (w1 — wo) — 0p(w1 — wo) = wp —wy = —wy.

By Lemma 4.1.14 the form « vanishes at every point of IV, and therefore
Proposition 4.3.1(ii) applies, giving us an isotopy ¢; of a possibly smaller
neighbourhood U fixing B and satisfying ¢;w; = wp. Taking ¢ = ¢; gives
@ w1 = wyg. Let x € N. To prove that ¢: A, — A, is the identity map we
show that

(4.3.4) or(r(z)) = ()
for all ¢ € [0,1] and all sections 7 of A. The formula
La(lr, od]) = [La(7), ta(o)]
yields
va([r, od])we = La(T)ealo)wr — alo) La(T)wr = La(T)a — valor) La(T)wr,

(ta([r, oi])wr) , = (La(r)a)e = (valo1) La(T)wr)e = 0,
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where we used Lemma 4.1.14 and the fact that o, vanishes at x. Since w;
is symplectic, it follows that the section [, 0] of A vanishes at z. In view
of (A.5.4) this implies

() =0

for all ¢. Since @o = id 4, this proves (4.3.4). O

4.3.5 Remarks. (i) If A admits an Euler-like section along B, then a defor-
mation retraction from A|y onto B exists for some neighbourhood U of N by
Theorem 4.2.7 and Remark 4.2.11(i). Most importantly, this is the case if N
is transverse to A and B = iy A (Remark 4.2.11(ii)). See Corollary 4.2.12 for
another condition under which a local deformation retraction is guaranteed
to exist.

(ii) A local deformation retraction is too much to ask for in many situations;
all one needs to prove Theorem 4.3.3 is a suitable primitive a € Q4 (U) of
w1 — wp. See Scott [41, §5], Klaasse and Lanius [25, 26, §4.3], and Miranda
and Scott [39, § 2] for instances of such situations.

(iii) The map ¢ of Theorem 4.3.3 is a Poisson isomorphism relative to the
Poisson structures on M induced by wg and ws.

4.4. The coisotropic embedding theorem

Theorem 4.3.3 yields Lie algebroid analogues of the familiar local normal
forms of symplectic geometry. In this section we offer the Lie algebroid ver-
sion of Gotay’s coisotropic embedding theorem [15], which is a complement
to the symplectization theorem, Theorem 2.4.3. It states that a symplectic
Lie algebroid A — M is in a neighbourhood of a transverse coisotropic sub-
manifold iy : N — M completely determined by the pullback Lie algebroid
B =iy A and by the B-presymplectic form on N. Our proof uses the proof
of the Lie algebroid splitting theorem given by Bursztyn et al. [6]. A version
of Theorem 4.4.1 for b-symplectic manifolds was established by Geudens and
Zambon [14].

4.4.1 Theorem (Coisotropic embeddings). Let (B — N,wp) be a presym-
plectic Lie algebroid. Let (Ag — Moy, wo) and (A1 — My,wi) be symplec-
tic Lie algebroids and let ig: N — My and i1: N — My be transverse
cotsotropic embeddings such that iBAo and i\ Ay are isomorphic to B and
wp = (ig)jwo = (i1){fw1. There exist open neighbourhoods Uy of N in My and
Uy of N in My and an isomorphism of Lie algebroids ¢: Aolu, — A1ly, such
that @ o (i) = (i1)1 and p*w1 = wo.
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Proof. We will prove the theorem in two special cases, which taken together
establish the general case. Let K be the Lie subalgebroid ker(wp) of B. Recall
the model Lie algebroid A — M of Section 2.4, whose base manifold M is
the dual bundle K* and whose total space A is the pullback of B to M.
We have a transverse coisotropic embedding j: N — M and a family of
symplectic structures w® € Q3 (M) parametrized by splittings s: K* — B*
of the surjective vector bundle map B* — K*.

Case 1. Let Ay and A; be two copies of the model Lie algebroid A and
let 79 = ¢1 be the canonical embedding j: N — M. We equip A with two
symplectic forms wy = w* and w; = w** corresponding to two different split-
tings sg, s1: K* — B*. The theorem in this case follows from Remark 2.4.5
and Proposition 4.3.1(ii).

Case 2. Let (A — M, w) be an arbitrary symplectic Lie algebroid equipped
with a transverse coisotropic embedding i: N — M such that B = i'A and
iyw = wp. We assert that the theorem is true for the pair

(AO,LUO,iO) = (A,wsvj) and (A],M],il) = (Aawvl)
for an appropriate choice of splitting s: K* — B* depending on A. We choose

s as follows. Since B is a coisotropic subbundle of the symplectic vector bundle
Alny =i*A, the map

A Ly (i*A)* (B¥)* = K*

has kernel B, which gives a short exact sequence
(4.4.2) B=iA—— A — K*

of vector bundles on N. Now choose an isotropic subbundle L of ¢*A which
is complementary to B. The map i*A — K™ restricts to a vector bundle
isomorphism

(4.4.3) L— K*.

The subbundle K@ L of i*A is symplectic and is isomorphic via the map (4.4.3)
to K @ K* equipped with its standard symplectic form. We define £ =
(K @ L)“ to be its symplectic orthogonal, so that we have an orthogonal
decomposition

(4.4.4) FA=Fa (KoL) 2E® (K K*).
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The subbundle E of B is complementary to K and therefore defines a split-
ting s: K* — B* of the surjection B* — K*. We equip A with the form
w® defined by this splitting s. Next we explain how to map A to A. The
embedding 7 is transverse to A, so by Lemma A.3.7(ii) the anchor induces a
bundle isomorphism i*A/B = N (M, N). Comparing with (4.4.2) we obtain a
canonical identification

(4.4.5) M = K* = N(M,N)

between the model manifold and the normal bundle of N. Via this identifica-
tion the model Lie algebroid A is just the pullback algebroid TrM N B, where
mun: N(M,N) — N is the projection. In fact, by [6, Lemma 3.8] we have
a natural isomorphism A = N(A, B) between A and the normal bundle of
B in A, which is a Lie algebroid over N (M, N). Let ¢ € I'(A) be a section
which vanishes along N and whose normal derivative

N(e): N(M,N) —s N(i*A, 05) = i*A

is equal to the splitting of (4.4.2) given by the complement L. Such a section
¢ exists and is Euler-like along B; see the proof of [6, Lemma 3.9]. Let

v A— A

be the tubular neighbourhood embedding determined by the Euler-like vector
field ad4(g) on A. The triangle

(4.4.6) / 7 \
K

A— A

commutes and, according to [6, Theorem 3.13, Remark 3.19, Theorem 4.1],
1 is a morphism of Lie algebroids. The base map 7,/1 M — M is the tubu-
lar neighbourhood embedding defined by the Euler-like vector field an4(¢)
on M, so 1 is a Lie algebroid isomorphism A = Ay, where U = 1/)(1\/[) The
restriction of the bundle A — M to the submanifold N is j*A = B @& K*.
The map

YIN:JJA=Bo K" —i"A=Ba& L
is the identity on B (because of (4.4.6)) and on K* is equal to the normal

derivative N (¢), i.e. the inverse of the isomorphism (4.4.3). So |y is identical
to the symplectic bundle isomorphism (4.4.4), which shows that ¢¥*w, = w?
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for all x € N. The Lie algebroid A deformation retracts onto B in view of
Remark 4.2.11(ii). The theorem now follows from Theorem 4.3.3 applied to
the Lie algebroid A and the symplectic forms w® and ¥*w. O

4.4.7 Remarks. (i) Theorems 2.4.3 and 4.4.1 together say that locally near
B the symplectic Lie algebroid (A, w) is isomorphic to its first-order approx-
imation (A, w®) along B.

(ii) There is no hope of obtaining a similar result for arbitrary clean co-
isotropic submanifolds. For instance, let (A — M,w) be an arbitrary sym-
plectic Lie algebroid. Its associated adiabatic Lie algebroid A — M has base
manifold M = R x M and total space A = pr5 A = R x A. The anchor
an;: A — TM is defined by an ;(t,a) = tana(a) for t € R and a € A. The

Lie bracket [0, 7] 5 € I'(A) for sections o, 7 € I'(A) is defined by
[, T}A(L ) = t[o, 7]a(z),

where (t,2) € M. This bracket extends uniquely to a bracket on I'(A) satis-
fying the Leibniz rule and so makes A a Lie algebroid. The form & = prow €
Q%(M) is A-symplectic. Let N = {(0,z)}, where z is any point in M. Then
N is an orbit of A and hence is clean coisotropic. The induced Lie algebroid
is B = i!N/l = A, equipped with the zero Lie bracket and the form wg = w,.
It retains no memory of the Lie bracket on A and therefore cannot determine
the structure of A in a neighbourhood of N. (Of course the adiabatic Lie
algebroid is not linearizable at N. It might be possible to build a first-order
model for a coisotropic Lie subalgebroid that admits an Euler-like section.)
(iii) In the Lagrangian case (i.e. wg = 0) the model symplectic Lie algebroid
A is the phase space ' B of Section 2.2. The form on A is the canonical sym-
plectic form wean, which, in contrast to the general coisotropic case, is linear
along the fibres and independent of any choices. Theorem 4.4.1 tells us that
a neighbourhood of a transverse Lagrangian submanifold N of a symplectic
Lie algebroid (A, w) is equivalent to a neighbourhood of the zero section in
(A, Wean)- See Smilde [42] for further linearization theorems.

5. Log symplectic manifolds

In this section we state a symplectic reduction theorem and a local normal
form theorem, Theorem 5.1.11, in the setting of log symplectic manifolds.
Our results extend some of the work of Geudens and Zambon [14], Gualtieri
et al. [17] and Guillemin et al. [18, §6]. See also Braddell et al. [2, 3], and
Matveeva and Miranda [36] for related recent work.
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5.1. Divisors with normal crossings

The following definition is a C* analogue of a familiar notion from algebraic
geometry.

5.1.1 Definition. Let M be a manifold. A (simple) normal crossing divisor
is a locally finite collection Z of hypersurfaces (connected closed embedded
submanifolds of codimension 1) in M, called the components of Z, which
intersect transversely in the following sense: for all x € M, if Zy, Zs,..., Zy
is the list of all components of Z containing x and if f; is a defining function
for Z; near x, then the differentials df;, dfs,..., dfi are independent at z.
The support of a normal crossing divisor Z is the union of all its components
and is denoted by |Z|.

For the remainder of this section we will fix a manifold M with a normal
crossing divisor Z.

The collection Xz (M) of all vector fields on M that are tangent to (every
component of) Z is a Lie subalgebra of X(M) = I'(T'M) and is a finitely
generated projective C*°(M)-module of rank n = dim(M). Therefore Xz(M)
is the space of sections of a Lie algebroid TzM of rank n, which we call
the logarithmic tangent bundle of the pair (M, Z). If Z consists of a single
component Z, we also speak of the b-tangent bundle of (M, Z) and we write
T=M =Tz M.

Define Z%*) to be the collection of all points of M that are contained in ex-
actly k distinct components of Z. Then Z®*) is a submanifold of codimension
k of M, which we call the codimension k stratum, and we have inclusions

Z(O):M:_)Z(l):|Z‘QZ(2):_)....

The image of the anchor an: Tz M — TM at z € Z%) is equal to T,Z®).
Thus the orbits of the logarithmic tangent bundle are equal to the connected
components of the strata. In particular the Lie algebroid TzM determines
the divisor Z.

For each x € M the tangent spaces 1,7 for Z € Z define a normal
crossing divisor of the tangent space T, M. The manifold M admits an atlas
consisting of normal crossing charts, i.e. charts ¢: U — R"™ with the property
that (U N Z;) = p(U) N H;, where Zy, Z, ..., Zj are the components of Z
intersecting U and H; = {x € R" | x; = 0 } is the ith coordinate hyperplane.

For each component Z of Z the vector bundle T’z M|z has a distinguished
nowhere vanishing section &z, which at generic points of Z spans the kernel
of the anchor. In a neighbourhood U of a point x € Z this section is given by
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¢zlzov = (fv)|znu, where f: U — R is a local defining function for Z and v
is any vector field on U with £(v)(f) = 1. In a normal crossing chart at = in
which Z is given by z; = 0 we have £z = xla%Jz' We define
(5.1.2) Lz = span({z)

to be the trivial real line bundle on Z spanned by £.
Under appropriate conditions the intersection of a normal crossing divisor
with a submanifold /V is a normal crossing divisor of N.

5.1.3 Lemma. Let M be a manifold with normal crossing divisor Z and let
A =TzM be the logarithmic tangent bundle. Let iy : N — M be a connected
embedded submanifold which intersects A cleanly. Let Zy, Zs, ..., Z; be the
list of all components Z of Z such that N C Z. Let Zxn be the collection
consisting of all intersections Z NN with Z € Z\{Z1,Za, ..., Z;}. Then Zy
is a normal crossing divisor of N. Let Lj = Lz,|,,, where Lz, is as in (5.1.2),
and let V' be the rank | trivial vector bundle In ® Lo® - - - Ly, considered as a
Lie algebroid over N with zero anchor V.— TN and trivial Lie bracket. The
pullback Lie algebroid B = i'yA is isomorphic to the direct sum V @ Tz, N.
If N intersects A transversely, we have l =0 and B = Tz, N.

Proof. Let x € N. It follows from Proposition A.3.5(i) that there is a normal
crossing chart ¢: U — R™ at x such that o(U N N) is a coordinate subspace
of R™. Let Zi,..., Z; be those components Z of Z for which the image
©(U N Z) is a coordinate hyperplane of R™ containing ¢(U N N). (Such Z
do not exist if N intersects A transversely, so [ = 0 in the transverse case.)
Then Z; NN is open and closed in N for all j, so Z; NN = N. Moreover, for
all Z € Z2\{Zy,...,Z;} the image p(U N Z) is either empty or a coordinate
hyperplane transverse to N. Thus Z N N is a hypersurface in N for each
Z € 2\{Z1,Zs,...,7Z;}. Restricting the normal crossing chart ¢ to N gives
a normal crossing chart for the pair (N, Zy). Since

P(inA) = T(A)/T(A; 0n),

we can think of a section of A|y = iy A as an equivalence class v = v mod
I'(A;0n) of a section v € I'(A). By the definition of pullbacks we have

I'(B)={v|vel(A), v is tangent to N }.

Every v € I'(A) which is tangent to N is tangent to Zy, so we have a natural
C®-linear Lie algebra morphism ¢: I'(B) — I'(Tz, N). The kernel of this
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morphism is
ker(p) ={v|vel(A),v=00n N} =I(V).

The ideal I'(V) of I'(B) is central, because sections of V' induce trivial flows
on N. Every vector field w on N which is tangent to Zx extends to a vector
field w on M which is tangent to Z, and @ is unique modulo I'(A; Ox). Thus ¢
has a canonical splitting I'(T’z, N) — I'(B), which is a C*°-linear Lie algebra
morphism. We conclude that B =V @ Tz, N as Lie algebroids. O

Let P be a second manifold with normal crossing divisor D. For a map
p: M — P to induce a Lie algebroid morphism Tz M — TpP it must map
strata to strata, but that is not enough.

5.1.4 Example. Let M = P =R and let Z =D = {0}. Let p: M — P be
a smooth function with ¢(0) = 0 and ¢(x) # 0 if  # 0. Then ¢ maps strata
to strata, but ¢ lifts to a Lie algebroid morphism Tz M — TpP if and only
if the function x — z¢'(x) is smoothly divisible by ¢. This is the case if and
only if ¢ is not flat at 0.

5.1.5 Definition. A morphism ¢: (M, 2Z) — (P, D) of manifolds with nor-
mal crossing divisors is a smooth map ¢: M — P with the following property:
every component D of D has a covering U consisting of open subsets of P
such that for each V € U either (1) o 1 (DNV) = ¢ 1(V), or (2) there is a
component Z of Z with o™ {(DNV)=ZnNe (V). In case (2) we demand
additionally that if g is a local defining function for D, then there exist an
integer ¥ > 1 and a local defining function f for Z such that p*g = f".

We call the lift 7'°8¢p: T=M — TpP of a morphism ¢ guaranteed by the
next lemma the log tangent map of .

5.1.6 Lemma. Let p: (M,Z) — (P,D) be a morphism of manifolds with
normal crossing divisors.

(i) The map ¢ lifts to a unique Lie algebroid morphism T'%8p: Tz M —
TpP whose restriction to M\|Z| agrees with the usual tangent map of
©. In particular, if M is a connected component of M whose image
©(M?) is contained in a component D of D, then T'°%p maps Tz M |0
to the Lie subalgebroid Tp,, D of TpP, where Dp is the normal crossing
divisor of D defined in Lemma 5.1.3.

(ii) Let Z be a component of Z and &z the distinguished section of TzM|yz.
Suppose there is a component D of D such that ¢(Z) C D and for
some local defining function g of D the function ¢*g vanishes at Z
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to constant order vz < oco. Then T'8p(Ez) = vznp, where np is the
distinguished section of TpP|p. If there is no such component D, we
have T'8p(£7) = 0.

Proof. (i) Let R = C*°(M) and S = C*°(P). We regard R as an S-module
via the pullback map ¢*: S — R. The usual tangent map Tp: TM — TP is
the vector bundle map induced by the pushforward map

i X(M) =Der(R) — I'(¢*TP) = R®g X(P) = Der(S, R),

which maps D € Der(R) to the derivation ¢,D € Der(S,R) defined by
(p«D)(g9) = D(p*g) for g € S. We must show that ¢, lifts to an R-linear
Lie algebra map ¢!°8

*

log

Xz(M) -2-5 R®g Xp(P)

an J/ap

X (M) —5 Reg X(P),

where ap; = any, is the anchor map for (M, Z) and ap = idg®anp,
with anp being the anchor map for (P,D). First suppose that M is an
open neighbourhood of the origin in R™ with normal crossing divisor Z =
{Z1,25,..., 7}, where Z; = {x € R" | z; = 0}, and that P is an open
neighbourhood of the origin in R™ with normal crossing divisor

D ={D1,Ds,...,Dy},

where D; = {y € R" | y; = 0}, and that ¢(0) = 0. Let ¢1, v2,..., om € R
be the components of ¢. The R-modules X (M) and R®g X (P) are free with
bases

90 e 1018 D
8:]51"”’893”’ P. ayl,..., aym,

The R-modules Xz(M) and R ®g Xp(P) are also free with bases

0 0 0 0
18%17 ’ laxﬂ 8xl+1’ 7a$n7
resp.
0 0 0
1oy =—,..., 1 Qyp=—

oy oy’ Oyps1’ Oym
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Therefore, finding the map ¢!°8 amounts to finding an m x n-matrix ¥ = (¢;;)

with entries in the ring R such that ApW¥U = ®A);, where & = (gf?) is the
J

matrix of ¢, and

Ay = diag(zy, 22,2, 1,1,...,1)
Ap :diag(gpl,@g,...,g@k,1,1,...,1)

are the matrices of ayy, resp. ap. We obtain the following equations for the

1/12‘]‘:

s = z;0p;/0x; for1<i<k, 1<j<I
VT g or;  forl<i<k, l+1<j<n

i = z;0p;/0x; fork+1<i<m, 1<j<I
Y\ 0gi)0z;  fork+1<i<m, I+1<j<n.

Clearly 1;; is uniquely determined for k +1 < 7 < m. Let 1 < i < k.
According to Definition 5.1.5 we are in either of two cases. In case 1 we have
©0; = ¢*y; = 0, i.e. (M) is contained in D;. In this case we want ©'°¢ to
map Xz(M) to Xp, (D;). In other words, if we take any v € Xz(M) and
express ¢'°8(v) in the basis of Xp(P), we want the coefficient of yia%i to be
equal to 0. This forces us to put 1;; = 0 for all j. In case 2 we have a unique
J = ji < l'such that ¢; vanishes to constant finite order v; along Z;,. Thus we
have p;(x) = 27! fi(x) for some f; € R that vanishes nowhere on Zj,. Hence
for 1 <7<
(5.1.7) Yij = ——— = 0. 00,)0m5 .
Pi I/i-i-T it j = g;,
while for [+1 < j<n
_ &pi/axj _ ﬁfl/ax]

Vi i i

We see that for 1 < i <m and 1 < j < n the function 1;; is a well-defined
and uniquely determined element of R. This proves the existence of a unique
R-linear lift !°% locally, and hence globally by a gluing argument. The map
©°8 is a Lie algebra homomorphism, because on the open dense set M\ |Z|
it agrees with the pushforward map .. It follows that the associated vector
bundle map T'°8¢ is a Lie algebroid morphism.



2110 Yi Lin et al.

(ii) Setting z;, = 0 in (5.1.7) yields ¢;j, = v; on Z = Z,, i.e. T"8p(£z) =
vinp, . |

A log Poisson structure on (M, Z) is an A-Poisson structure (Defini-
tion 2.1.4) on M, where A is the log tangent bundle Tz M. A log symplectic
form on (M, Z) is an A-symplectic form (Definition 2.1.5) on M. If Z consists
of a single component, we also speak of b-Poisson and b-symplectic structures.

The reduction theorem, Theorem 3.2.1, specializes to the following result
for a log Poisson morphism (M, Z) — (P, D). We can reduce M at any “point”
f C stab(Tp P, p), but the resulting quotient is not necessarily log symplectic
unless we reduce at the trivial subalgebra f = 0. If we reduce at a nonzero
“point”, the reduced symplectic Lie algebroid will be a direct sum of a log
tangent bundle and a trivial Lie algebroid.

5.1.8 Theorem (Log symplectic reduction). Let (M, Z,w) be a log symplec-
tic manifold and let (P, D,)\) be a log Poisson manifold. Let p: (M, Z) —
(P, D) be a log Poisson morphism and let v: U'(THP) — I'(TzM) be the as-
sociated Hamiltonian action. Let p € P and N = p~1(p). Suppose that p is a
reqular value of p: M — P and that the action v is locally free at x for all
x € N.

(i) The submanifold N of M intersects the Lie algebroid Tz M cleanly, the
2-form wn = iyw is logarithmic relative to the normal crossing divisor
Zxn and is presymplectic. The null Lie algebroid K = ker(wy) is a
foliation Lie algebroid and the Lie algebra

b = stab(TH P, p)

acts transitively on K.

(ii) Suppose that the leaf space Q = N/ is a manifold. Then the collection
Zg consisting of all quotients Z/b for Z € Zy is a normal crossing
dwisor of () and wy descends to a log symplectic structure on (Q, Zq).

Proof. Theorem 3.2.1(i), applied to the Lie algebroids A = TzM and E =
TpP, says that T'°8; is transverse to any Lie subalgebra § of stab(E,p).
Taking ¢ = 7" and f = stab(E, p) in Corollary A.4.5 we find that N cleanly
intersects A and that i A = (T%8pu)~!(stab(E,p)). Let D1, Ds,..., Dy, be
the components of D that contain p and let n; be the distinguished section of
TpP|p,. The elements 11 (p), n2(p), ..., mk(p) € E, form a basis of stab(£, p).
Let x € N and let Ny be the connected component of N containing x. Since
1 is a morphism, there exist components 7, Zs, ..., Zy of Z that contain Ny
and satisfy p(Z;) C D;. Since p is a regular value of i, we have T u(&;) = n;,
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where ¢; is the distinguished section of T'zM|z,. By Lemma 5.1.6, for any
component Z of Z\{Zy, Zs, ..., Zy} that contains x we have T8 (¢z) = 0.
It now follows from Lemma 5.1.3 that iy A = V@Tz, N, where V is a trivial k-
dimensional vector bundle equipped with a trivial Lie algebroid structure and
Zy is the induced divisor of N. Moreover, the preimage of the zero “point”
f = 0, is the log tangent bundle of the induced normal crossing divisor Zy,

Tz, N = (T51)7(0,).

Theorem 3.2.1(i) (with f = 0,) shows that the Lie algebra h = stab(T5P, p)
acts transitively on K = ker(wy). Now suppose that the leaf space @ = N/b
is a manifold. To see that Zg is a normal crossing divisor of @), choose an
open subset U of ) such that the quotient map ¢: N — @ admits a section
s: U —V =q }(U). Then s is transverse to the logarithmic tangent bundle
Tz, N, so by Lemma 5.1.3 s is transverse to all strata of Zy and Zg|y is a
normal crossing divisor of U. Thus we have a well-defined log tangent bundle
Tz,Q (the holonomy condition of Theorem 3.2.1(ii) is vacuous here), which
is the quotient of Tz, N by K, and the log presymplectic form wy descends
to a log symplectic form on Q. O

5.1.9 Example. Let M be the plane R?, Z the y-axis, w = x~'dz A dy,
and A = T;M. Let P = R, D = {0}, A = 0 the zero Poisson structure,
and E = TpP. The map u(z,y) = z is log Poisson. We have stab(E,p) = 0
for p € P\{0} and stab(E,0) = R. Let us reduce M at the “point” f =
0, for any p € P. We have N = p~1(p) = {p} x R, (T"u)"'(f) = TN,
h = stab(£*,0) = R, which acts on M as the vertical vector field 9/0y.
The reduced space @ = N/b is a point equipped with a zero-dimensional
Lie algebroid. However, if we reduce at p = 0 with respect to the “point”
f = stab(E,p) = R, we have N = p~Y(p) = Z, (T"u)~(f) = Alz, and
h = 0. The reduced space is now the divisor Q) = Z/h = Z equipped with the
symplectic Lie algebroid A|z.

See Section 5.2 for further examples. The log symplectic version of Lem-
ma 3.2.6 is the following.

5.1.10 Lemma. In the context of Theorem 5.1.8 suppose that p is contained
in the complement of the divisor D. Let x € p~'(p) and let L be the symplectic
leaf of x with respect to the Poisson structure on M determined by the log
symplectic form w. Then the Hamiltonian action vy is locally free at x if and
only if x is a regular point of the map u|r.
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The following normal form theorem, which extends a result of Guillemin
and Sternberg [21, § 1], is a direct consequence of Theorems 4.4.1 and 5.1.8.
It involves a log Poisson morphism p: M — g*, where g* is the dual of a
Lie algebra g (equipped with the empty divisor). If the infinitesimal Hamil-
tonian action v: g — T=zM determined by p integrates to an action of a
connected Lie group G with Lie algebra g, we call the tuple (M, Z,w, 1) a log
Hamiltonian G-manifold.

5.1.11 Theorem (Normal form near zero fibre for log symplectic forms).
Let (M, Z,w,u) be a log Hamiltonian G-manifold and let N = p=1(0) be
the zero fibre of u. Suppose that the G-action on N is proper and free. Let
Q) = N/G be the quotient manifold, Z¢ its normal crossing divisor, and wg
its log symplectic form. Choose a connection 1-form 6 € QY(N,g)¢ on the
principal G-bundle g: N — Q. Let M be the product N x g* with projections
pri: M — N and pry: M — g*. Let Zp be the normal crossing divisor
i!NZ x g* of M. The closed 2-form

wM = Pri ¢*wq + d{pry, pri 0) € 0?2 (M\|Zm])

has logarithmic singularities at Zy and is symplectic in a neighbourhood of
N = N x {0} in M. The G-action on N and the coadjoint action on g*
combine to a Hamiltonian G-action ynm on M with moment map pn = pry.
In an open neighbourhood of N the log Hamiltonian G-manifold (M, Z,w, )
is isomorphic to (M, Zn, wwm, fim ) -

5.2. Some examples of log symplectic reduction

In this section (M, Z,w) denotes a log symplectic manifold with log tangent
bundle A =Tz M.

5.2.1 Example (Reduction with respect to the identity map). Let pu =
idys be the identity map of M. The symplectic quotient of M at a “point”
(x,a), where a is a Lie subalgebra of stab(A, ), is the point x equipped with
the symplectic Lie algebra a/(a N a*); see Example 3.2.4. If z € Z®) | then
stab(A, z) is a k-dimensional abelian Lie algebra, spanned in a normal crossing
chart by the elements x10/0x1, x20/0xs, ..., x10/0x). Hence a/(a N a¥) is
abelian as well.

5.2.2 Example (Log cotangent reduction). Let X be a manifold and Zx
a normal crossing divisor of X. If 7: Y — X is a submersion, then Zy =
71(Zx) is a normal crossing divisor of Y and the log tangent bundle of
(Y, Zy) is the pullback Lie algebroid 7' B, where B = Tz, X. Taking Y = B*
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and 7 to be the bundle projection B* — X, in which case 7'B is the phase
space of the Lie algebroid B (see Section 2.2), we obtain that the log cotangent
bundle M = T% X equipped with the divisor Z = 7 Y(Zx) and the form
Wean = —dQcan 1S log symplectic. Let G be a Lie group and G x X — X an
action that preserves | Zx|. The action lifts naturally to an action G x M —
M, which preserves | Z| and leaves the Liouville form .y, invariant. Therefore
the lifted action is log Hamiltonian with moment map p: M — g* given by
(11, €) = 1B(€x)can for £ € g. If the G-action on X is proper and free, the
quotient () = X/G is a manifold with normal crossing divisor Zg = Zx /G,
and the symplectic quotient of M at 0 is naturally isomorphic to the log
cotangent bundle 7% QQ of Q.

5.2.3 Example (Log linear Poisson structures). Let g be a finite-dimensional
real Lie algebra and let v: g — R! be a surjective Lie algebra homomorphism
to the abelian Lie algebra R!. We will regard v as a linearly independent
[-tuple v1, vo, ..., vy € g* of characters of g. Extend vy, vo,..., v; to a basis
vy, Ug,..., U, of g* and let cfj = vk ([v},vj]) be the correspondlng structure
constants. Then cfj = 0 for k <[ because v, is a character for k£ < [. The
usual linear Poisson structure on g* is given by

0 0
=Y cy)s A
1<i<j<n Ay Jy;
where ¢;;(y) = Y r_; 41 ¢}k Substituting
(5.2.4) yr = log|zg| for k <1, yp = fork>1+1
into Ag yields the cubic Poisson structure
8 8 0
(5.2.5) Z x;xjci5(x 8 + Z Z zicij(2) 5— 8 —+
1<i<j<l Y =1 am Lj
0 0
Z Cij (1)7 N —.
I+1<i<j<n O Oz,

This is a priori only defined for zyxs---2; # 0, but manifestly extends to
a smooth Poisson structure on P = R"™, which is log Poisson with respect
to the divisor D = {Dy, Ds, ..., D;}, where Dy, is the coordinate hyperplane
{zr = 0}. Thus (P, D, \) is a log Poisson manifold. We will also denote this
log Poisson manifold by P(g,v). The top stratum of P, i.e. the complement
of |D|, is the disjoint union of 2! copies of the linear Poisson space (g*, Ao),
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so we can think of P as the result of gluing 2 copies of g* along hyperplanes.
Fach of the components of the divisor D is a log Poisson manifold in its own
right, namely Dy = P(g, Vi), where g, is the ideal ker(vg) of g and vy, is the
[ — 1-tuple

'U1|g,€, (02|gk7“‘7 'Uk71|gk7 vk‘+1|gk7“‘7 Ul‘gk

of characters of gi. Just as the Poisson manifold g* integrates to a symplec-
tic groupoid, so the log Poisson manifold P integrates to a log symplectic
groupoid M, as follows. Let G be a connected Lie group with Lie algebra g
such that the characters vj, exponentiate to characters v: G — R (e.g. take
G to be simply connected). We denote the tuple of characters (vy, vo, ..., Uk)
by v. Making the substitution (5.2.4) into the coadjoint action of G on g*
yields a smooth action of G on P that preserves the divisor D and the Poisson
structure A\. We define

M=MG,v)=GxP

to be the corresponding action groupoid and Z the divisor G x D of M.
Recall that the action groupoid G x g* = T*G of the coadjoint action on g*,
equipped with the cotangent symplectic form weay, = —dacan, is a symplectic
groupoid. Let 6 € Q'(G,g) be the left-invariant Maurer-Cartan form. We
have acan = D1 Yrbk, where the 6 are the components of 6 relative to the
basis v, so the Maurer-Cartan equation gives

n

" 1
Wean = O (0k A dyr — ye dbi) = > O A dyj, — 3 > ci(y)di N 6;.

k=1 k=1 1<i<j<n

Substituting (5.2.4) into weapn yields the form

dx - 1
F Y OeAdoi— g X (@) NG

k=i+1 1<i<j<n

!
5.2.6 w= 0, N —
(5.2.6) ;; KA

on M, which is log symplectic with respect to the divisor Z. The log symplec-
tic groupoid M (G, v) integrates the log Poisson manifold P(g, v) in the sense
of [10, §III]. The projection u = pry: M — P, i.e. the source map of the
groupoid, is a log Poisson map. The Hamiltonian action of THP = g x P
on TzM with moment p is the infinitesimal left translation action of g
on G. The fibre of p at a point p € P is u~'(p) = G x {p}. The stabi-
lizer h = stab(ThP,p) C g of p = (p1,p2,...,pn) € P = R" is equal to the
coadjoint stabilizer of the element v(p) = >_7_; prvr € g*. Thus the reduced
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space of M with respect to u at p is G/, which is up to a covering map the
coadjoint G-orbit of v(p).

5.2.7 Example. The log symplectic groupoid M (G, v) of Example 5.2.3 can
itself be obtained by a log symplectic reduction as follows. Let Zy be the
normal crossing divisor ¢qiqz---¢ = 0 of R!. The action of the Lie group
H = R! on R! given by

h - q= (ehlqla €h2(]2, cee 76hlql)

preserves the divisor. By Example 5.2.2 the lift of the action to the log cotan-
gent bundle T% R/ is log Hamiltonian with respect to the log symplectic form
wo = k1 ¢t dgi A dp;, with moment map @g: T 3 R! — Lie(H) = R/ given
by ¢o(gq,p) = p. The action is not proper and we cannot form a good quo-
tient. But let G be another Lie group and let v: G — R! be a surjective Lie
group homomorphism. We regard v as an [-tuple of characters vy: G — R;
the infinitesimal characters vy = d1Ux: g — R are then linearly independent
for 1 < k <. The H-action on TZORl x T*G = TgoRl x G x g* defined by

l
h-(q,p.9.y) = <h YINNEDY hkvk>
k=1

for h € H,q € R!, g € G, and y € g* is proper and free, because the
translation action of g* on itself is proper and free. This H-action is log
Hamiltonian relative to the divisor Zy x T*G and the log symplectic form
wWo + Wean, Where weay, 18 the cotangent symplectic form on T7*G. The moment
map p: Tz, R! x T*G — Rl is given by

©(q,p,9,y) =p+v(g),

the symplectic quotient at 0 is
(R!'x T*G)/H = G x (R' x g*)/H = M(G,¥),

and the reduced log symplectic form agrees with (5.2.6). Similarly, the log
Poisson manifold P(g,v) is the quotient (R! x g*)/H, where we give R the
zero Poisson structure and g* its linear Poisson structure A\g. The action of
g* on R! x g* given by translation in the second factor descends to a g*-
action on P(g, V), the orbits of which are the strata. The spaces P(g,Vv) are a
nonabelian version of the tropical welded spaces of Gualtieri et al. [17, §3.2]
and the moment codomains of Guillemin et al. [19, §5].
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Appendix A. Lie algebroids

This appendix is an exposition of some elementary properties of Lie alge-
broids, including fibred products, pullbacks, a regular value theorem, and
differential forms. This is mostly standard material that is covered more fully
in [12, 22, 29], and [37].

A.1. Lie algebroids and morphisms

A Lie algebroid is a real vector bundle m = m4: A — M equipped with a Lie
bracket on the space of sections, which we denote by

[ ] =1, ]a: T(A) x T(A) — T'(A),

and a vector bundle map an = an4: A — T M called the anchor. The bracket
is required to satisfy the Leibniz rule with respect to the anchor: [o, f7] =
flo, 7]+ (o f)r for all sections o, 7 € I'(A) and functions f € C*>(M), where
o - f denotes the derivative of f along the vector field an(o).

For a vector bundle £ — M and a (not necessarily embedded) subbundle
F — N we define a relative section to be a section of E whose restriction to
N is a section of F. We denote the C>°(M)-module of relative sections by

(A.1.1) [(E;F)={o € (E) | o|ly € T(F)}.

Let O denote the zero vector bundle over N. Then I'(E; Oy ) is the module of
sections that vanish at V. We call a pair of open subsets U C M and V C N
adapted to the submanifold N if V is a closed embedded submanifold of U.
If the pair (U, V) is adapted, then

(A.12) D(V, F) 2 D(Elu; FIv) /T (Elu; 0v).

A Lie subalgebroid of a Lie algebroid A — M is a (not necessarily embed-
ded) subbundle B — N such that ans(B) C T'N and I'(A|y; Bly) is a Lie
subalgebra of I'(A|y) for all adapted pairs (U, V). If B is a Lie subalgebroid
of A, then by the Leibniz rule I'(A|y; Oy ) is an ideal of I'(A|y; Bly) for every
adapted pair (U, V). Using (A.1.2) we see that

I'(V, B) = I'(Alu; Blv)/T'(Alv; Ov)

is a Lie algebra. This makes B a Lie algebroid over N with anchor anp =
any |p ([37, Proposition 6.14]).
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A morphism from A to another Lie algebroid mg: B — N is most conve-
niently defined as a vector bundle morphism ¢: A — B whose graph is a Lie
subalgebroid of the direct product Lie algebroid A x B ([37, §7.1]). We will
denote the base map induced by a Lie algebroid morphism ¢ by

©: M — N.

The anchor of A itself is a morphism of Lie algebroids ang: A — T'M with
base map any = idy,. Lie algebroids and their morphisms form a category.

A.2. Fibred products

Given Lie algebroids Ay — My, A1 — My, and As — M, and Lie algebroid
morphisms ¢1: A1 — Ag and ¢o: Ay — Ag, we form the fibred product

(A21) A=A X Ao Ay = { (al,ag) € Al x Ay | @1((11) = QDQ(CLQ) },

which we regard as a subspace of the direct product Lie algebroid A; x A,
over My x Msy. The image of the natural projection A — M; X My is the
fibred product M = Mj Xz, Msy. Though M may not be a smooth manifold
and A may not be a vector bundle, for every x = (x1,23) € M the fibre of
the projection A — M is a vector space, namely

(A.2.2) Ay = Ai gy X Ao,z Ad s

where zg = ¢1(x1) = P2(x2). The next result is taken from Meinrenken’s
notes [37, Proposition 7.14].

A.2.3 Proposition. Let Ay — My, Ay — My, and Ay — My be Lie alge-
broids and let p1: A1 — Ag and @o: As — Ay be Lie algebroid morphisms.
If ¢1 and @y intersect cleanly, the fibred product A = Ay x4, A2 is a Lie
subalgebroid of Ay x Ag over the submanifold M = My X pg, My of My x M.
The fibre of A at x € M is the vector space (A.2.2).

A surprisingly recent result of Grabowski and Rotkiewicz [16] provides us
with a convenient criterion for two vector bundle maps to intersect cleanly or
transversely.

A.2.4 Lemma. Let Xy, X1, and Xo be manifolds and let Ey — Xo, E1 —
X1, and Es — X5 be vector bundles. Let o1: E1 — Ey, resp. po: Fy — Ey, be
vector bundle morphisms with base maps ¢1: X1 — Xo, resp. pa: Xo — Xp.
Form the fibred products

X=X xx, X2 = { (1’17562) € Xy x Xy ’ @1(351) = 952(3?2) },
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E = Ey xXg, By = { (u1,u2) € By X Ey | p1(u1) = @2(u2) }.

ez
T

Es

X—— X5
X1$—>X0

Define rg: E — X by mp(u) = (75, (u1), g, (u2)) for u = (u1,u2) € E and
define E, = n'(x) forz € X.

(i) The morphisms 1 and o intersect cleanly if and only if the base maps
»1 and oy intersect cleanly and the dimension of the vector space E, is
independent of x € X.

(ii) The morphisms p1 and @y intersect transversely if and only if ¢1 and
Py intersect transversely and Eo z, = ¢1(E1 2, ) +92(Eag,) for all triples
(130,1‘1,(132) € Xo x X1 x Xo with xg = (,51(1‘1) = @2(1‘2).

(7ii) If @1 and @y intersect cleanly, then X is a submanifold of X1 x Xo and
FE is a subbundle of Eh x Ey with base X and bundle projection mg.

Proof. (i) and (ili) We view E; x Ey as a vector bundle over X; x X, and
we identify X7 x X5 with the zero section of E; X E,. The intersection of E
with the zero section is EN(X; x X2) = X and F is invariant under fibrewise
scalar multiplication on Ey x Fs. Suppose ¢1 and 9 intersect cleanly. Then
E is a submanifold of E; X Es. In view of [16, Theorem 2.3] this implies
the following two facts: (1) E cleanly intersects the zero section (so Xy is
a submanifold of X7 x X5); and (2) F is a subbundle of E; x Ey over the
submanifold X. It follows from fact (1) that ¢; and ¢ intersect cleanly. It
follows from fact (2) that the fibre E, has constant dimension for x € X.
To prove the converse, now suppose 1 and 9 intersect cleanly and that E,
has constant dimension for x € X. Then X is a submanifold of X7 x X5. For
1 =20, 1, 2 let F; be the pullback of E; to X, and for i = 1, 2 let v;: F; — F}
be the vector bundle map induced by ;. Let ¢: Fy & Fy, — Fy be the vector
bundle map defined by 1» = (¢1, —1b2). Then E is the kernel of v, which
by hypothesis has constant rank, so F is a vector bundle over X. To show
that ¢ and @9 intersect cleanly we must calculate the tangent space to E
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at an arbitrary point v € E. Let € X be the basepoint of u; then x is
a pair = (z1,29) € X7 X Xo with @1(z1) = Po(x2). Likewise u is a pair
u = (u1,uz) € Ey X Ey with p1(u1) = wa(us). Put xg = ¢1(x1) = Po(22) € Xo
and up = ¢1(u1) = p2(uz) € Ep; then xq is the basepoint of ug. The tangent
space T, F fits into a short exact sequence

E, < T.E T,X.

We have similar sequences for Ey, F1, and Es, which combine into a commu-
tative diagram

E; < T.E T, X
(A25) El#‘l X EQ,ZEZ — TulEl X Tu2E2 — T:le X Tz2X2
(%7_%2{ (Tp1,—Tp2) (T$1,—Tp2)

Eyzy — Tu Eo

TI0X07

which has exact rows. The right column of the diagram is exact because ¢
and 9 intersect cleanly. The left column is exact because E = ker(¢). Hence
the middle column is exact, which shows that T,F = T, E X Ty Eo Ty, Eo,
proving that ¢1 and (9 intersect cleanly.

(ii) This follows from (i) plus the observation that the arrows (1, —p2)
and (T'¢1, —T'p2) in (A.2.5) are surjective if and only if the arrow (T'p1, —T'¢2)
is surjective. ]

A.3. Pullbacks

Given a smooth map F': P — M to the base of the Lie algebroid A, the fibred
product

(A31) FA=TPxpyA={(v,a) e TP x A|TF(v) =anx(a)}

of the Lie algebroid morphisms TF: TP — TM and ans: A — T'M is called
the (Higgins-Mackenzie) pullback of A to P. We regard F' A as a subspace of
the direct sum bundle TP @ F*A over P x); M = P. For every p € P the
fibre of the natural projection F'A — P is the vector space

(A.3.2) (F!A)p = TpP X TppyM AF(P)'
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The map F lifts to a map
(A.3.3) Fy: F'A—= A

given by F(v,a) = a, which is linear on the fibres.

A.3.4 Definition. A smooth map F: P — M cleanly intersects the Lie
algebroid A — M if the tangent map TF: TP — TM cleanly intersects the
anchor an: A — T'M. The map F' transversely intersects A, or is transverse
to A, if TF is transverse to an. If P is a submanifold of M and F is the
inclusion map, we say P cleanly (resp. transversely) intersects A if F' cleanly
(resp. transversely) intersects A.

The next statement follows from Proposition A.2.3 and Lemma A.2.4. The
orbits of A are the integral manifolds of the (singular) foliation im(an,) C
TM; see e.g. [37, §8.6].

A.3.5 Proposition. Let A — M be a Lie algebroid and let F': P — M be a
smooth map.

(i) The map F intersects A cleanly if and only if the dimension of the
vector space (F'A),, given by (A.3.2) is independent of p € P. The map
F is transverse to A if and only if F is transverse to all orbits of A.

(ii) If F intersects A cleanly, the pullback F'A is a Lie algebroid over P,
whose fibre at p € P is the vector space (A.3.2). The map Fy: F'A — A
given by (A.3.3) is a Lie algebroid morphism with base map equal to
n=F.

A section of F'A is a pair (v, o) consisting of a vector field v on P and a
section of the (ordinary) pullback bundle o € I'(F* A) such that T,F (v(p)) =
ana(o(p)) for all p € P. The anchor of ['A is given by angi4(v,0) = v.
Using the isomorphism

['(F*A) = C*(P) ®c(ar) I'(A)

we can write any section of F'A as a pair (v,Y; fioi), where v € I'(TP),
fi € C>®(P), and o; € I'(A) satisty T,F(v(p)) = >, fi(p) ana(o;(F ( ))) for
all p € P. The Lie bracket of two sections (v,0) and (w,7) of F'A with
o =73 fioiand T =37, g;7; is given by

(A.3.6)
(0.0, w.7)] = ([0, 3 figlon ) + X0+ Py = Sl F* ).

7
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For maps of constant rank we can reformulate Proposition A.3.5(i) as
follows.

A.3.7T Lemma. Let A — M be a Lie algebroid.

(i) Let F: P — M be a smooth map of constant rank and let N(F) =
F*TM/im(TF) be the normal bundle of F'. The anchor an: A — TM
induces a vector bundle map an: F*A — N(F). The map F intersects
A cleanly if and only if an has constant rank. In that case we have an
exact sequence of vector bundles over P,

ker(TF) —— F'A —— F*A 22, N(F).

The map F is transverse to A if and only if an is surjective.

(ii) Let in: N — M be a submanifold and let N(M,N) be the normal
bundle of N in M. The anchor an: A — T'M induces a vector bundle
map an: iy A — N (M, N). The submanifold N intersects A cleanly if
and only if an has constant rank. In that case we have an embedding
of vector bundles over N,

iNASiNA —— N(M, N).

The submanifold N is transverse to A if and only if this embedding is
an isomorphism.

A.3.8 Remarks. (i) If the submanifold iy: N — M is open, then N is
transverse to A and iy A = iy A.

(ii) If N is an orbit of A, then N cleanly intersects A (but the intersection
is not transverse unless the orbit is open) and iy A = i3 A. Any submanifold
of an orbit of A intersects A cleanly. In particular, if N = {z} consists of a
single point, then N cleanly intersects A (but the intersection is not transverse
unless the anchor is surjective at z). So iyA = ker(an,) is a Lie algebroid
over z, i.e. a Lie algebra, known as the isotropy or stabilizer stab(A, x) of the
Lie algebroid A at z.

A.4. A regular value theorem

The following special case of Proposition A.2.3 is a version of the regular
value theorem for Lie algebroids.

A.4.1 Proposition. Let A — M and E — P be Lie algebroids, let p: A —
E be a morphism, and let F — @Q be a Lie subalgebroid of E. Suppose ¢
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intersects F cleanly. Then A xg F = ¢~ 1(F) is a Lie subalgebroid of A,
whose base is the submanifold $~1(Q) of M. In particular, if p is a single
point of P, § is a Lie subalgebra of stab(E, p), and ¢ intersects § cleanly, then
0~ 1(§) is a Lie subalgebroid of A, whose base is the submanifold 3~ (p).

A.4.2 Remark. By Lemma A.2.4(i), the map ¢ intersects f cleanly if and
only if p is a clean value of ¢ and the subspace ¢ () has constant dimension
for r € $71(p). By Lemma A.2.4(ii), ¢ intersects f transversely if and only p
is a regular value of ¢ and ¢, (A;) +f = E, for all z € ¢~ 1(p).

The next result says that “pullback commutes with fibred products”.

A.4.3 Proposition. Let A — M and E — P be Lie algebroids and p: A —
E a morphism. Let g: Q — P be a smooth map which intersects E cleanly
(resp. transversely). Suppose the natural morphism g: g¢'E — E intersects ¢
cleanly (resp. transversely). Then the map g: M xp QQ — M induced by the
projection M x @ — M intersects A cleanly (resp. transversely), and we have
an isomorphism of Lie algebroids ¢ A = A xp ¢'E.

Proof. Since g intersects F cleanly, by Proposition A.3.5 the Lie algebroid
¢'E and the morphism ¢ are well-defined. Since ¢ intersects g cleanly, by
Lemma A.2.4(i) the base maps ¢ and g intersect cleanly, so that the fibred
product M = M xp @ is a manifold and the map g: M — M is smooth.
Moreover, the map

l(:l:,q) = (9090, _(g!)q): Ax X (g!E)q — Ep
has constant rank for all triples (z,q,p) € M x @ x P satisfying
(A4.4) B(z) = 9(g) = p.

The kernel of [(, 4) is the vector space A, X, (g!E)q. By another application
of Lemma A.2.4(i), to show that g intersects A cleanly it is enough to show
that the map

lwa) = (A4, ~T(0,0)9): Ay X TpM — T, M

has constant rank for all pairs (z,q) € M. The kernel of l_(%q) is the vector
space (g’A)(M). Using TM = TM xpp TQ we find a natural isomorphism

ker(l(n.g) = (§'A)wg) = A Xort Ty M = Ay Xmyar (TeM x1,p TyQ)
= Ay x1,p T,Q = Ay xg, (Ep x1,p T,Q)
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= Aw XEp (gIE)q = ker(l(x,q))

for all triples (x,q,p) satisfying (A.4.4). So [ has constant rank because
does, and we have the isomorphism §g'A = A xp ¢'E. This establishes the
proposition in the clean case. If g intersects E transversely and gy intersects
¢ transversely, then by Lemma A.2.4(ii) the map

(ang,p, —T49): B, x T,Q — TP

and the map I, are surjective for all triples (z,q,p) satisfying (A.4.4).

One deduces from this that l_(z,q) is surjective, and hence that g is transverse
to A. O

Taking F' = Z'QE in Proposition A.4.1 and applying Proposition A.4.3
gives the following.

A.4.5 Corollary. Let A — M and E — P be Lie algebroids and p: A = E
a morphism. Let Q be a submanifold of P which intersects E cleanly (resp.
transversely). Suppose ¢ intersects the Lie subalgebroid i!QE of E cleanly
(resp. transversely). Then N = ¢~ Q) is a submanifold of M which inter-
sects the Lie algebroid A cleanly (resp. transversely), and iy A = cp’l(i!QE). In
particular, let p be a point in P such that ¢ intersects the subspace stab(E, p)
of E cleanly (resp. transversely). Then the submanifold N = ¢~(p) of M
intersects A cleanly (resp. transversely), and iy A = o~ (stab(E, p)).

A.5. Lie algebroid differential forms and Cartan calculus

Let m: A — M be a Lie algebroid. Let A*A* be the exterior algebra of the
dual bundle A* and let U be an open subset of M. We denote the graded
vector space of sections I'(U, A*A*) by Q% (U) and we call elements of Q% (U)
Lie algebroid differential forms, or A-forms, or just forms on U. The exterior
derivative of an A-form o € Q4 (U) is the A-form daa € Q5™ (U) given by

k+1
(A5.1) daa(oy,00,...,0601) = Y _(—1) 0y 01,00, 60y .., 0ks1) +
i=1
Z (=) a([os,04],01,02, -+, GiyerrsGiyenn s Ohr1)
1<i<j<k+1
for sections o1, 09, ..., og+1 € I'(U, A). Here o - f denotes the Lie derivative

of a function f along the vector field an(c). The pair (Q%,d4) is a sheaf
of commutative differential graded algebras (CDGA), which we call the de
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Rham (or Chevalley-Eilenberg) complez of A. We denote the cohomology of
the complex of sections (Q%(U),da) by Hy(U).

A Lie algebroid morphism ¢: A — B induces a morphism of sheaves of
CDGA

2 (p): Qp — 02y

On global sections this gives a pullback map Q°(¢): Q% (N) — Q% (M) and
an induced map in cohomology H*(¢): Hi(N) — Hy(M). Usually we will
denote both Q°*(¢) and H*(¢) by ¢*. Taking ¢ to be the anchor an: A — T'M
of A we get pullback maps an*: Q*(M) — Q%(M) and an*: H*(M) —
H (M), where Q* (M) denotes the usual de Rham complex of M and H*(M)
its cohomology.

Let o be a global section of A. Associated with ¢ are various natural
objects and operations. The first is the contraction operator ta(o): Q% —
QF~1 defined by

(A.5.2) ta(o)a(or,09,...,0k-1) = alo,01,09,...,0k-1)

for sections o1, og,..., ox_1 of A. It is a derivation of degree —1 of the de
Rham complex. The section o also determines a linear vector field ad 4(o) on
the total space of A that is given by the formula

(A.5.3) ad4(o)(a) = Tyv(any(o)(x)) — [0, v](z)

for a € A and © = m4(a), where v € I'(A) is any section with v(z) = a. The
vector field ad (o) is characterized by the following two requirements: first,
the projection A — M intertwines the flow ®; of ad4(o) with the flow ®; of
the vector field an(o) on M and second,
A d o+ .
(A.5.4) aéﬂ = ®7[o, 7]
for all sections T € T'(A) ([37, §7.6]). Here ®;7 denotes the section ®; ' o7 o b,
of A. We also write [0,7] = L4(0)7 and call the operator L£4(c) the Lie
derivative.

A time-dependent section o, of A (defined for ¢ in some interval containing
0) gives rise to a time-dependent linear vector field ad4(o;) and hence to a
flow ®; on A with initial condition ®; = id4. The identity (A.5.4) generalizes
to

d

(A.5.5) S 2im =2, m] +7)

for all time-dependent sections 73 of A.
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A.5.6 Lemma. Let o, be a time-dependent section of a Lie algebroid A —
M and let ®; be the flow of the vector field ad a(oy) with initial condition
dy =idy.

(i) For each t the map ®; is an automorphism of A (where defined).

(ii) Let B — M be a Lie subalgebroid of A over the same base which is
normalized by o, in the sense that [oy, 7] € I'(B) for all t and all T €
['(B). Then the flow ®; preserves B.

Proof. (i) Reading (A.5.5) as a linear differential equation 4 &7 = @7 oad(oy)

for the operator ®; (acting on time-independent sections 7) with initial con-

dition ® = id, we see that ®; = exp(%;), where ¥; = [; ad(,) du. Since 3,

is a derivation of the Lie algebra I'(A), ®; is an automorphism of I'(A), so &,
is an automorphism of A.

(ii) It follows from (A.5.3) that ad 4 (o¢) is tangent to B. Hence ®4(B) C B.

U

Dually, for differential forms the Lie derivative L4(o): Q% — Q% is de-
fined by

(A.5.7) La(o)a = %sz‘a

t=0

It is a derivation of degree 0 of the de Rham complex. For a time-dependent
section oy and a time-dependent A-form «; we have

d .
(A58) E@Iat = CI): (EA(O't)Oét + at).
The exterior derivative (A.5.1), the contractions (A.5.2), and the Lie
derivatives (A.5.7) obey the usual rules of the Cartan differential calculus,
namely

[ta(0),ea(T)] =0,  [La(o),La(r)] = La(lo,T]),
(A.5.9) [La(0),da] =0, [La(0),ta(T)] = tallo,T]),
[da,da] =0, [ta(0),da] = La(o)

for all o, 7 € I'(A), where the square brackets denote graded commutators.
Appendix B. Notation index

! Lie algebroid pullback
° annihilator of subspace or subbundle
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[-,-]a Lie algebroid bracket
{*,-}» Poisson bracket

0ps zero vector bundle over M

ady: I'(A) — T'(T'A) “adjoint representation” of Lie algebroid
any: A — TM anchor of Lie algebroid
A — M Lie algebroid

da Lie algebroid exterior derivative
dy Poisson differential

F) natural morphism F'A — A
F'A pullback of Lie algebroid along map

I'(E) global smooth sections
[(E; F) relative sections of vector bundle pair
I'(U, E) smooth sections over U

iny: N — M inclusion of immersed submanifold

ta Lie algebroid interior product

iv: N(M,N) — M tubular neighbourhood embedding associated with Euler-
like vector field

L4 Lie algebroid Lie derivative
A Poisson structure
A A* — A structure map of Poisson structure

(M, F) foliated manifold
M/F leaf space

N (M, N) normal bundle of N in M
N (v) linearization of vector field along N

Q% (M) Lie algebroid de Rham complex
w symplectic structure

w’: A — A* structure map of w

w™! Poisson structure inverse to w

wh: A* — A inverse of w’

¢ base map of vector bundle map ¢
ng: E — M vector bundle projection
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stab(A, z) Lie algebroid stabilizer of point
stab(C, B) stabilizer of B under C-action

WO

W/\

annihilator of subspace or subbundle

= A (W°) Poisson “orthogonal” of subspace or subbundle

W« = wH(W°) symplectic orthogonal of subspace or subbundle
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