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Abstract: A Lie pair is an inclusion A to L of Lie algebroids
over the same base manifold. In an earlier work, the third author
with Bandiera, Stiénon, and Xu introduced a canonical L¢3 alge-
bra T'(A®*AY ®L/A) whose unary bracket is the Chevalley-Eilenberg
differential arising from every Lie pair (L, A). In this note, we prove
that to such a Lie pair there is an associated Lie algebra action by
Der(L) on the Lgs algebra I'(A*AY ® L/A). Here Der(L) is the
space of derivations on the Lie algebroid L, or infinitesimal au-
tomorphisms of L. The said action gives rise to a larger scope of
gauge equivalences of Maurer-Cartan elements in I'(A®*AY @ L/A),
and for this reason we elect to call the Der(L)-action internal sym-
metry of T(A®AY @ L/A).

Keywords: L., algebra, L¢3 algebra, dg algebra, Lie pair, Lie
algebra action.

1. Introduction

The present note is a continuation of the previous work [2], in which some
homotopy-level structures from Lie pairs, known as L., algebroids, shifted
derived Poisson algebras and so forth were found. Now, we are more concerned
with intrinsic properties of these structures. The motivation here is detailed
below.

Lie algebroids were introduced in the 1960s by Pradines [28] as a for-
malization of ideas going back to the works of Lie and Cartan. Recall that
a Lie K-algebroid (K is either R or C) is a K-vector bundle L — M over a
smooth manifold M such that I'(L) is a Lie-Rinehart K-algebra [29] over the
commutative ring C*°(M, K). Namely, I'(L) is equipped with a Lie bracket
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[-, -], an anchor map pr: L — TM ®g K, and they are compatible (see Defi-
nition 2.13). In recent years, people tend to give the equivalent description of
the Lie algebroid structure on L from a dg manifold point of view [33], namely,
the Chevalley-Eilenberg differential operator dy, : T(A®LY) — T(A*TLLY) en-
codes [+, -] and pr, and gives rise to a dg algebra (I'(A®*LY), dr).

Objects of Lie algebroids interpolate between tangent bundles, foliations
on the one hand and on the other hand, Lie algebras and their actions on
manifolds. As Lie algebroids combine the usual differential geometry and Lie
algebra theory under a common roof, it suggests their relations with the
realm of Mechanics. In fact, they form a category which is closely related
to symplectic and Poisson manifolds, and there has been recently a lot of
work and progress in the geometric aspects of Hamiltonian and Lagrangian
mechanics on Lie algebroids, see e.g. [17, 14, 26, 42].

We say that (L, A) is a pair of Lie algebroids or Lie pair for short if
A is a subalgebroid of another Lie algebroid L over the same base mani-
fold. The notion of Lie pair is a natural framework encompassing a range of
diverse geometric contexts including complex manifolds, foliations, matched
pairs, and manifolds endowed with an action of a Lie algebra, etc. In the last
decade much research on Lie pairs has been done following different strate-
gies and the underlying mathematical structures: Atiyah classes arising from
Lie pairs have been studied, using a variety of methods, see e.g. [10, 11, 3];
It is shown that geometric objects including Kapranov dg and Fedosov dg
manifolds [21, 32], algebraic objects such as Hopf algebras [9, 13], Leibnizq,
and L, algebras can be derived from Lie pairs [22, 2, 8]; Also, in the context
of Lie pairs, considerable attentions had been paid to Poincaré-Birkhoff-Witt
isomorphisms [6, 7], Kontsevich-Duflo isomorphisms [23, 12], and Rozansky-
Witten-type invariants [40], etc.

We remind the reader briefly of the notion of Lie algebroid representation
of L on a vector bundle V' (over the same base manifold), also known as an
L-action, or an L-module structure on V' — This means a K-bilinear map
V: I(L)xT'(V) — I'(V) which is C*°(M, K)-linear in its first argument and
satisfying

1. Vi(fv) = fVw + pp(D)(f)v, for all I € T(L), f € C®°(M,K) and
vel(V);
2. v[h,lzh = Vll o sz — V;Z o Vll, for all Iy,1, € F(L).

If we turn to the language of dg algebras, such an action V is equivalent to
a square zero derivation dY: T'(A*LY ® V) — T(A*TILY ® V) which is also
called the Chevalley-Eilenberg differential [33]. The pair (['(A*LY ® V), dY)
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now becomes a dg module over the dg algebra (I'(A*LY),dy), and is known
as the Chevalley-Eilenberg complex of L with coefficients in V.

Notably, given a Lie pair (L, A) over a base manifold M, the quotient
bundle L/A, which we usually denote by B, naturally admits a Lie algebroid
A-action known as the Bott connection [4, 5]. In specific, this action which
we denote by V is defined by

[(A) xT(B) — T(B): (a,b) — Vb :=prgla, ]

where a € I'(A), b € I'(B), prg : L — B stands for the canonical quotient
map, and b € I'(L) satisfies prg(b) = b. The Bott connection originates in
foliation theory: When we especially take L. = T'M with A the tangent bundle
to a foliation on M, and B = L/A the normal bundle to the foliation, the
action V becomes the canonical flat connection on B along A considered by
Bott [4].

From the Lie algebroid A and its action on B, we have the standard
dg algebra Q% := I'(A*AY) and the dg module Q%(B) := I'(A*AY ® L/A)
(both equipped with Chevalley-Eilenberg differentials). To interpret Q%(B),
consider X4 and X, the differentiable stacks determined by the local Lie
groupoids integrating the Lie algebroids A and L, respectively. The dg mod-
ule Q% (B) can be regarded as the space of formal vector fields tangent to the
fibers of the differentiable stack fibration X4 — X;,. We would like to mention
another point of view towards foliations on manifolds, which are particular
instances of Lie pairs, due to Vitagliano [37, 38, 39] — Let C' C TM be an
involutive distribution on a finite dimensional smooth manifold M. This gives
an object of a diffiety to which there is associated a rich cohomological cal-
culus, also known as secondary calculus [34, 35, 36]. For instance, secondary
functions give characteristic (de Rham) cohomology of C| i.e. Hqr (I'(A*CY)),
and secondary vector fields give characteristic cohomology with local coeffi-
cients in C-normal vector fields, i.e. Har(I'(A*CY @ TM/C')). Although the
settings op. cit. are foliations on smooth manifolds, we can adapt them to
Lie pairs easily: given a general Lie pair (L, A), one interprets the Chevalley-
Eilenberg cohomology Hcg(A) := H(T'(A®AY)) = H(Q%) as the secondary
functions and Heg(A; B) :== H(T'(A*AY @ B)) = H(Q%(B)) as the secondary
vector fields stemming from a stack fibration X4 — Xp.

To the aforementioned space Q% (B), there are associated two different
L structures, one by [22] and the other by [2]. The latter one is relatively
easier because it is indeed an L¢g algebra (i.e., its structure maps [- - -], are
trivial for n > 4, see Section 2.3). We wish to find more intrinsic properties
of the both L., structures but in this note we only handle the latter one and
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give the following result — the Lie algebra Der(L) of derivations of the Lie
algebroid L has an action on the said L¢3 algebra Q%(B), see Theorem 4.2.

Why the L¢s-algebra Q% (B), the central object of this study, is interest-
ing? In fact, it is shown in [2] that Q%(B) is a ‘resolution’ of Hog(A4; B) =
H(Q2%(B)), which admits a canonical graded Lie algebra structure. As a conse-
quence of our Theorem 4.2, we find an action by derivation of a Lie subalgebra
of Der(L) on Hog(A; B), see Corollary 4.6. Moreover, Q% (B) is closely related
with deformations of the Lie pair (L, A). To be more precise, a Maurer-Cartan
element in Q% (B), i.e., a certain element & € QY4 (B) ® my (where m,y is the
maximal ideal of a local Artinian K-algebra 7; see Definition 5.1), gives rise
to a deformed Lie pair (L, A¢). It turns out that the aforementioned action
by Der(L) on 2% (B) determines a family of gauge equivalences of such defor-
mations. Limited by the length of this paper, we do not expand this relatively
complicated topic. Detailed investigation and conclusions will be presented in
our next work.

To prove Theorem 4.2, we first need to specify the notion of a Lie algebra
action on an L., algebra. We will borrow many known facts from the literature
and give a formal definition and several equivalent characterizations which
should be of independent interest, see Section 3. We would like to point out
that, in [27], Mehta and Zambon have introduced the concept of Lo, algebra
action on a graded manifold, which is more general than our definition of Lie
algebra actions and could be a point for further studies related to the present
work.

Furthermore, we propose to consider gauge actions on Maurer-Cartan
elements in an L., algebra if it adopts a Lie algebra action. The idea follows
from the original definition of gauge actions by Getzler [16]. When applying
to the particular instance of Der(L)-action on 2% (B), we obtain a new type of
gauge equivalence of Maurer-Cartan elements in % (B), which is compatible
with the standard gauge equivalence in the sense of Getzler, see Theorem 5.4.
For this reason, we elect to call the action by Der(L) internal symmetry of
the L¢s algebra Q% (B).

Terminology and notations

Field K We use the symbol K to denote the field of either real or complex
numbers.

Gradings Unless specified otherwise, all vector spaces, algebras, modules,
etc., are Z-graded objects over the field K. For a graded object V = @®;cz V",
the degree of a homogeneous element v € V* is denoted by |v| = i. We write
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V[k] as the degree k shift of V by the rule (V[k])? = V** so the element
v[k] € Vk] shifted from v € V has degree |v[k]| = |v| — k. The elements
v[1] € V[1] will also be denoted by .

Tensor products Given a graded vector space V, we denote its tensor
(co)algebra and exterior (co)algebra over K respectively by T(V) :=
@B,50VE" and A(V) := @,,50A"(V). The symmetric (co)algebra and the
reduced symmetric (co)algebra of V are respectively denoted by S(V) :=
D0 5"(V) and S(V) := D,>1 5™ (V), whose multiplication symbols are
written as ©.

Shuffles Let &, denote the permutation group of the set {1,2,...,n}.
A (p, q)-shuffle is a permutation ¢ € &,4, such that o(1) < --- < o(p)
and o(p +1) < -+ < o(p + q). The symbol Sh(p, ¢) denotes the set of
(p, q)-shuffles. Similarly, Sh(, j, k) denotes the set of such (i, j, k)-shuffles, i.e.,
those 0 € 6,44 satisfying o(1) < --- < o(i), o(i +1) <--- < o(i+j), and
o(i+j+1) < --- < o(i+j+k). For any shuffle o, its sign is denoted by sgn(o).

Koszul signs For homogeneous elements vy,...,v, € V and 0 € G,,, the
Koszul signs €(o;v1,...,v,) and x(o;v1,...,v,) are defined respectively by
the equations

~—

VIO Oy = €(0301, .., Un)VUs(1) © -+ © Ug(n) (e S(V)),
and vy A Avp = X(0501, . 00)Uea) A AUy (€ A(V)).

The two signs are related by x(o;v1,...,v,) = sgn(o)e(o; vy, ..., vy).

The décalage isomorphism Given a graded vector space V', there are natural
isomorphisms for any n € N:

dp, : S"(V[1]) = (A"V)[n], 610 @, — (—1) 2D (g Ac o Awy, ) 1.
Lie algebroids In this paper ‘Lie algebroid’” always means ‘Lie K-algebroid’

Abbreviations The word ‘dg’ stands for ‘differential graded’. Likewise, ‘dgla’
stands for ‘differential graded Lie algebra’.
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2. L, algebras
2.1. Definitions of L., algebras

We start with the definitions of various terms related to homotopy Lie alge-
bras.

Definition 2.1. An L., algebra is a graded vector space g equipped with
a collection of skew-symmetric multilinear maps [---]x : A¥g — g of degree
(2 —k), for all k > 1, such that the higher Jacobi rules

(2.2)
Z (_1)1X(U7 L1y 7‘%‘77,) [[$0(1)7 v 7xo(i)]i7 Lo(i41)s -+ 71‘0(71)]”_1'_‘_1 - 07
i=1,...,n
o€Sh(i,n—1)
hold for all homogeneous elements x1,...,x, €V andn > 1.

Notation It is common to denote the unary bracket [-]; by d.
The first three Jacobi rules are listed below:

e (n=1)d*>=0,
[ (n = 2) d[ﬂ?l,l‘g]g = [dIl,JTz]Q + (—1)‘I1|[x1,d$2]2,
e (n=23)

[[1, 22]2, 23], + (=)l sl [z 2], o),
+ (_1)Iﬂc1\(|xz\+\wsl) [[2, 32, xl]z
= d[z1, 2, 23]3 + [dw1, 22, 23)3 + (—1) T2 [day 2y, 5]

+ (=) UnbteaDlesl gy 2 ol

In particular, an L, algebra with [---]; = 0 for £ > 3 amounts to a
differential graded Lie algebra (dgla for short), i.e., a triple (V, [+, -], d), where
(V =@,z V', d) is a differential graded vector space and [-,-]: V x V =V
is a graded Lie bracket, satisfying the above n = 2 constraint.

Definition 2.3. If an Lo algebra has vanishing brackets [-- - |, = 0 for k > 4,
i.e., only the brackets d, [-,-]2, and [-,-,|3 are possibly nontrivial, then it is
called an L¢3 algebra.

Remark 2.4. In this paper, we follow the sign convention of Getzler [16] for
the definition of Lo, algebras. The original definition of Lo, structure on g
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introduced by Lada and Markl [20] means a family of brackets [ - -], : A¥(g) —
g of degree (2 — k) subject to the higher Jacobi rules:

Z (_1)l(n_Z)X(O-7 5171,...733”)
i=1,...,n
(2.5) o€Sh(in—i)
!/
[Zo1)s - s To(@)]is Totir)s -+ s To(m) ] yy_jpq = 0-

In fact, if we define

k(k+1)
[T1,. . o)k = (=1)" 2 [T1,. .., Tk,

then the identity (2.5) becomes (2.2).

Remark 2.6. For an L..-algebra g whose unary bracket is d, since d* = 0,
we have a cochain complex (g,d). The corresponding cohomology is denoted by
H(g). Moreover, H(g) is equipped with a graded Lie algebra structure whose
Lie bracket is induced from the binary bracket of g. Note this H(g) is not
Hcg(g) which usually refers to the Chevalley-FEilenberg cohomology of the Lo
algebra g.

Definition 2.7. Let (g1, [---]%) and (go,[---]2) be two Lo algebras. An Lo

n
morphism F : g1 — go is a collection of multilinear maps

Fn : Angl — 02

(of degree 1 — n) satisfying the following equations:

S EF [Tty - To)ps To(pr)s - - > To(n))
ptq=n+1
G'ESh(p,n—p)

2
= Z + [E1 (xT(1)7 v 7xT(i1))7 v 7Ek (x’r(i1+~-+ik,1+1)7 DR ’xT(n))]k'
1<kLn
i1+ Hip=n
7E€Sh(i1,...,ik)

for everyn =1 and x1,...,x, € g1. Here we denote by (%) the appropriate
Koszul signs (which can be worked out explicitly).

There is another version of definition for an L, algebra, known as L [1]
algebras, see [41, 30].
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Definition 2.8. An L [1] algebra is a graded vector space W equipped with
a collection of symmetric multilinear maps {---};, : SK(W) — W, all being
degree 1 for k > 1, such that the higher Jacobi rules

(2.9)
Z 6(0-; Wi, - -, wn){{wa(1)7 s 7w0'(i)}i7 wo‘(i+1)7 s 7wa(n)}n—i+1 =0
1=1,....,n
o€Sh(i,n—1)
hold for all homogeneous elements wy,...,w, € W andn > 1.

A basic fact we need is the bijection between L., algebra structures on a
graded vector space g and L [1] algebra structures on g[1] — Suppose that
(g,] -+ ]n) is an Lo algebra. Following the décalage isomorphism, we define
the following n-brackets:

S™(g[1]) = oll], {F1,. . Eat = (=) IO () 1],

where z1,...,2, € g. Then one can verify that (g[1],{---}n) is an Leo[1]
algebra.
Another relation we need is about the Koszul signs:

(—1) Lol (s 2y, dy) = (1) 2 Oy (oo ),

where 0 € &, €(0;21,...,3,) and x(0;21,...,2,) are defined in S™(g[1])
and A"(g) respectively.

2.2. L structure in terms of dg coalgebras

The notions of Ly, and L, [1] algebras can be wrapped up in the language of
dg coalgebras. Here is a quick review of this fact. One could also consult [25]
and [15].

Let C be a graded coalgebra with a comultiplication A: C - C®C. A
degree m coderivation of (C, A) is a degree m graded linear map D : C' — C
satisfying the coLeibniz rule AD = (D ® id¢ +ide ® D)A. A codifferential
is a degree 1 coderivation D with D? = 0.

Notation The vector space of all coderivations on C'is denoted by Coder(C')
= @,z Coder™(C) which is naturally graded by the degrees. With re-
spect to the composition o, the space Coder(C') has the graded Lie bracket
[F,G] := FoG—(—1)IFlI€IG o F for homogeneous elements F, G € Coder(C).
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If D: C — C'is a codifferential, then [, -] and d = [D, -] give a dgla structure
on Coder(C).

We will mainly work with two coalgebras associated with a given graded
vector space V: the symmetric coalgebra S(V) = @, 5" (V) and the re-
duced one S(V) = @,>15"(V). The comultiplication on S(V') is given as
follows:

b(v1 © - O wy)
= Z 6(0-; V1, 7%1)(”0’(1) ©-0 Ua(r)) @ (UO'(T+1) ORRRNO, Ua(n))7
=0,...,
UETSh(r,nﬁr)
where vy,...,v, € V are homogeneous elements. In particular, for a homo-

geneous element v € V, we have b(v) = 1®v+v® 1. For 1 € S°(V) =K,
we have b(1) = 1 ® 1. The counit ¢ : S(V) — K = S°(V) is the natural
projection.

Similarly, the comultiplication on the reduced symmetric coalgebra S(V)
is given as follows:

(01 ® - O wy)
= Z E(U; U1, .- 7%1)(”0’(1) ©-0 Ua(r)) ® (va(r-i-l) ORRRNO, va(n))7

oeSh(r,n—r)

where vy,...,v, € V are homogeneous elements. In particular, for a homo-
geneous element v € V, we have [(v) = 0. Let p : S(V) — S(V) be the
projection with kernel K = S°(V). It is easy to check that Ip = (p®p)b, i.e.,
p is a morphism of graded coalgebras.
Given a graded vector space V', every coderivation D : S(V) — S(V) of
degree m is completely determined by its corestriction pry o D = (Dy, Dy, Ds,
..), where pr; : S(V) — V denotes the canonical projection, and Dy is
the composition S*(V) N (V) 2% V, which is a graded vector space
morphism of degree m. In other words, there exists an isomorphism of graded
vector spaces

(2.10) Coder(S(V)) = Hom(S(V), V),
whose inverse is given by the formula

D(vy ®---®vy)
=Dy(1) v @ O,
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+ Y e, 0n) Di(Ue(1) © -+ O Ug(i)) © Vg(rar) © -+ © Uy

k=1,...,n
oeSh(k,n—k)
where v1,...,v, € V are homogeneous elements. Following this proposition,

we use the notation D = (Dy, D1, Da, . ..) to denote a coderivation of S(V').

Similarly, for the reduced symmetric coalgebra S(V'), the map R ~—
pry oR = (Ry, Ry, . ..) with Ry := pry oR|gk(y gives an isomorphism of graded
vector spaces

(2.11) Coder(S(V)) =2 Hom(S(V),V),
whose inverse is given by the formula

Rvi ® - ®uy)
= Y o5, 0n) Re(V() © - O Ug() © Vo(hs1) @+ © Vg(n)s

o€Sh(k,n—k)

where vy, ...,v, € V are homogeneous elements.

By these two identifications, a coderivation R = (Ry, Ra,...) on S(V)
is equivalent to a coderivation R = (Ro, Ry, Ra,...) on S(V) with Ry = 0.
On the other hand, given a coderivation D = (Dy, D1, Ds,...) on S(V), we
have a truncated coderivation D := (Dy, D,...) on S(V). In particular, if
Q € Coder'(S(V)) is a codifferential, then @ induces dgla structures on both
Coder(S(V)) and Coder(S(V)), where the former is a sub-dgla of the latter.

For a degree i coderivation R € Coder’(S(V)) and a degree j vector
v € VI, we can define a degree (i + j) coderivation v.R € Coder'(S(V))
with components given by

(VaR)p(v1 ® -+ @ vp) = (=1)"Rpy1(v O v1 © -+ O vy),

Vn=1,v 0 ©u, € S"(V). One can check that

vaR=~[v# R], (~=1)"R(v)=(-1)7R(v) = —[v*, R] (1) = —[v*, R](1),
or equivalently,
(2.12) — [v*,R] = (-1)"R(v))* + vJR,

where v¥ = ((v#)y = v,0,0,...) € Coder(S(V)).
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Finally, we need the fact that there is a bijection between L, algebra struc-
tures on a graded vector space g and codifferentials on the reduced symmetric
coalgebra S(g[1]). In fact, it suffices to consider L[1] algebra structures on
g[1]. Suppose that a sequence of maps {---}x : S*(g[1]) — ¢[1], all being
degree 1 for k > 1, define an Ly [1] structure on g[1] (see Definition 2.8).
Set Qr = {--- }x and consider Q = (Q1,Q,...) € Coder*(S(g[1])), then the
higher Jacobi identities (2.9) are equivalent to the identity Q? = 0, i.e., Q is
a codifferential on S(g[1]).

Throughout the note, we shall assume the correspondence between an L,
algebra g and its associated dg coalgebra (S(g[1]), @) by default. Of course,
the codifferential @) also gives rise to a dg coalgebra (S(g[1]), Q). In this con-
text, a morphism of L, algebras g1 — go translates to a morphism of dg coal-

gebras (S(g1[1]), Q1) — (S(g2[1]), @2), and (S(g1[1]), Q1) — (S(g2[1]), Q2) as

well.

2.3. The L¢3 algebra arising from a Lie pair

Definition 2.13. Let M be a smooth manifold. A Lie algebroid over M
consists of a K-vector bundle E — M, a vector bundle map pp: E —
TM ®r K, called anchor, and a Lie algebra bracket [-,-|g on the space of
sections I'(E), such that pg induces a Lie algebra homomorphism from I'(E)
to Z' (M) ®@r K, and the Leibniz rule

[u, fvle = (pe(u)f)v + flu,v]E

is satisfied for all f € C®(M,K) and u,v € I'(E). Such a Lie algebroid is
denoted by the triple (E,[-, g, pg)-

Definition 2.14. By a Lie algebroid pair (Lie pair for short) (L, A), we
mean o Lie algebroid L together with a Lie subalgebroid A of L over the same
base manifold M (we will often omit to write M ).

Given a Lie pair (L, A), one can choose a complement B of A in L and
identify the quotient bundle L/A = B though it is not canonical. In the
sequel, we fix such an embedding B < L and hence get a fixed decomposition
L = A® B. The projections from L to A and B are denoted by pry and prg.

The Bott connection V of A on B is given by

['(A) xI'(B) — I'(B) :  (a,b) — Vb := prgla, b]L.

In fact, this definition does not depend on the choice of a decomposition
L = A® B. Therefore, the quotient B of a Lie pair (L, A) is canonically an
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A-module, i.e.,

Va(fb) = (pa(a) )b+ f(Vab),
v[a1,az]Ab = val (vazb) - vaz (val b),

where a,a;,a2 € I'(A), b€ I'(B), f € C*°(M,K).
Similarly, there is a B-operation 0 on A though it depends on the decom-
position L = A @ B:

I'(B) xT'(A) — I'(A) :  (b,a) — Opa := pry[b, a]r.

Furthermore, the operation 9,: I'(A) — I'(A),Vb € I'(B) induces a dual
operation on I'(AY) given by

(Opu, a) = pr(b)(u,a) — (u,0pa), Vu €T (AY),Va € (A).

More generally, the operation 0, extends to a derivation on T'(A?AY),Vp € N
by the Leibniz rule.
Next, introduce the following maps for any by, by € I'(B):

[-, ']B : F(B) X F(B) — F(B), [bl,bQ}B = pI“B[bhbg]L,
B(+,-): T'(B) xI'(B) = T'(A), p(b1,b2) :=pralb1,bo]r,

where the bracket [-,-]p does not necessarily satisfy the Jacobi identity.
With these structure maps fixed, the Lie algebroid structure on L = A®B
can be described as follows:

[a17a2]L = [a1;a2]A7

[b1, o] = (b1, b2) + [b1, ba]B,
[a, b]L = —0pa + Vb,
pr(a+b) = pala) + pp(b),

VCL, ap,az € F(A)vbv bl; b2 € F(B)a

where p4, pp are the restrictions pr |4, pr|p respectively.
Consider the spaces of A-forms and B-valued A-forms:

rank(A) rank(A)
Q= P rnraY),  auB) = P 1AV e B).
k=0 k=0

Let w € Q% and A € Q%,b € I'(B) so that A® b € Q%(B). It is clear that
Q% (B) is an Q%-module: w- (A®b) := (wAX) ®b. Also, both Q% and Q%(B)
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are equipped with the standard Chevalley-FEilenberg differentials as follows:

k+1
(daw)(ay,...,axe1) = Z( D palas) (w(ag, ... di, ...y ags1))

—I—Z D' w([as, ala, ar, .. diy ..o djy o apy),
1<j
(2.15)
k+1 )
(dﬁ‘mX)(al,...,akﬂ):Z(—l)”lvai(X(al,...,di,...,akﬂ))
i=1
+Z Z'“X ([aisajlasar, ... diy. oo djy . argr),
1<j

where w € Q%, X € QY(B),a; € T(A). Under these differentials, the space
(Q%,d4) is a dg algebra and the space (2%(B), d3°%) is a dg Q%-module.

A vector field of degree n on the graded manifold A[1] is a derivation of
degree n of the algebra Q% = C°°(A[1]), i.e., a linear map ¢: Q% — Q%"
such that the graded Leibniz rule

S(EAn) = (&) An+ (1) g A (¢n)

holds for all homogeneous elements &, € Q.

Notation Let us denote by Der™(€2%) the set of degree n derivations of QY.

Theorem 2.16 (]2, Proposition 4.3]). Let (L, A) be a Lie pair. Given a
decomposition L = A @ B, there exists an induced L¢3 algebroid structure on
the graded vector bundle A[l] x B — A[l] whose structure maps are given as
follows:

(1). The zeroth anchor pg is da : Q% — Q%
(2). The unary anchor py : Q4(B) — Der’ (Q‘) is given by

P A@b)w =\ (Opw), VARbe QY(B),we 0.
(3). The binary anchor py : Uy (B) x O (B) — Der™=1(Q%) is given by
pr(A @b, N @V )w = (=)L AN) - (ig04mw),

VAR LN @V € Qy(B),we QY.
(4). The unary bracket d =[]y is d3°%: Q%(B) — Q%™ (B).
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5). e binary bracket [-,-]5 : QF x — Q4 18 generated by
The b brack Q4(B) x ¥ (B) — Q47(B db
the relations

[b,0'], = [b,V] 5,
[X,w- Y] = (p(X)w) - Y + (=D [X, Y],
Vbt € T'(B),X,Y € Q%(B),w € QY.
(6). The ternary bracket [-,-,-]3 : Q5 (B) x Q4 (B) x Q' (B) — Q4T 1(B)
is generated by the relations
[b,V, b"]3 0,
(X,Y,w- Z]3 = (pa(X,Y)w) - Z + (=1)IIXHY D, (XY, 75,

VbV, b € I'(B), XY, Z € Q%(B),w € Q.
(7). The other higher anchors and brackets all vanish.

We further find direct formulas of higher structure maps of 2% (B). Similar
results are found in [31].

Proposition 2.17. The binary and the ternary brackets of the L<s algebra
Q% (B) are expressed as follows:

(1) For all X € Q4 (B) and Y € Q4(B), the 2-bracket [X,Y]s € Q4(B)
is determined by

[X, Y]g(al, ey ap+q)

p
= Z Z sgn(U)X(ag(l), ey 5y(ag<p+1)ww%(pﬂ))ag(i), ey ag(p))
o€Sh(p,q) =1

q
- Z Z Sgn(T)Y(aT(erl)? cee 76X(a7(1)7"'7a‘r(p))a/7—(p+j)7 s 7a7’(17+¢1))
7€Sh(p,q)i=1
+ > sgn(a) [ X(aaq) - Gam), Y (Gapin)s - - Gapra)] 5-
a€Sh(p,q)

(2) For all X € QY(B), Y € Q%(B), and Z € Q)(B), the 3-bracket
[X,Y, Z]3 € Q4T "Y(B) is determined by
[Xa Y) Z]3<a17 s 7ap+q+r—1)

- (_1)p+q+1 Z Sgn(U)Z<5(X(a0'(l)7 t ')7 Y(aa(p+1)7 . ))7
o€Sh(p,q,r—1)
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Qo (p+q+1)s - )

(=P Y sen()Y (B(X(arqys ) Z{arigy ),

7€Sh(p,q—1,r)
i)

— Z sgn(a)X(ﬁ(Y(aa(p), ) Z(aa(prq)s - --)) > Aa(l)s - - )

a€Sh(p—1,q,7)

Here ay,...,apyqrr—1 € LI'(A), and the set Sh(i,j, k) consists of (i,j, k)-
shuffles.

Proof. To show (1), by linearity, we assume that X = u ® b € Q4 (B) and
Y =v®ce Q%(B) where u,v € Q%, b,c € I'(B). By the generating relations
of the binary bracket, we have

(X, Y2 = (uA (0pv)) @ c— ((Ocu) ANv) @b+ (uAv) ® [b, ] .
Evaluating the above expression at the variables ay, ..., a,1q, we get

[X7 Y]g(@l, ceey ap+q)

= Z sgn(T)u(ar(1y, - - - Ar(p)) - OpV(Ar(ps1)s - - - Qr(piq)) * C
T€Sh(p,q)
- Z sgn(0)0.u(ap(1ys - - - Ao(p)) - V(@o(ps1)s - - - s Qo(prq)) =
o€Sh(p,q)

+ Z sgn(a)u(aa(1), - - - Gap)) - V(@a(pri)s - - Qaprq)) - [0 ClB
a€Sh(p,q)

= Z Sgn(T)u(aT(1)7 s 7a7'(p)) ' pB<b) (v<a7(p+1)7 v 7a'r(p+q))) - C
7€Sh(p,q)

— Y sen(n)ularqy, -5 Gr(p)

T€Sh(p,q)

’ <Z v(aT(p+1)> e aéba'r(p—t-j)v e >a'r(p+q))> ' C

Jj=1

- Z sgn(0)pp(c) (W(apay, - - - o)) - V(Ao(ps1)s - - - s Go(ptq)) = b
o€Sh(p,q)

+ Z sgn(o) (

p
o€Sh(p,q) =

u(ag(l), ce ,6CCLU(1~), ceey ag(p))>

=1

V(Aa(pr1); -5 Qo(prq)) - b
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+ Z Sgn(a)u(aa(l)v SR aa(p)) ’ U(aa(p-‘rl)a SRR aa(p+q)) ’ [bv C]B
a€eSh(p,q)

p
= Z Z sgn(a)X(ag(l), ey 8y(ag(p+1)7.“7%<p+q))ag(i), ey CLg(p))

o€Sh(p,q) i=1

q
= D 2se(N)Y (i) OX(arrynteir) Arlpi)s - Grpta))
T€Sh(p,q) j=1

+ Y sen(@) [X(aa), -5 Ga@), Y (Gapr)s - - Gapig)] -
a€eSh(p,q)

To show (2), we also assume that Z = w ® e € Q7 (B) where w € Q%,
e € I'(B). By the generating relations of the ternary bracket, we have

XY, Zls = (X, YY) & ¢ 4+ (~) I (X, Z)0) @ ¢
+ (=))XIYHZD (o (v, Z)u) @ b
= (=)EFY Ly A v A 18(b,e)W) @ e+ (=) (u A i3(b,e)V N W) ® ¢
— (18(e,e)u ANV Aw) @ .

Evaluating the above expression at the variables aq, ..., a4, we get (2). O

Remark 2.18. The unary anchor p1, the binary anchor ps and the ternary
bracket [-,-,-]3 are all C*°(M)-(multi-)linear, whereas the zeroth anchor dy,
the unary bracket d3°% and the binary bracket [-,-]2 are not.

Remark 2.19. Note that the L¢3z structure maps depend on the choice of
a splitting L = A @ B. However, different choices of splittings give rise to
isomorphic L¢3 algebras where the isomorphism is given by a collection of
multilinear maps

on: A" (Q%(B)) = Q%(B), n=12...

where 1 is the identity map, see [2, Theorem 1.1]. In fact, these maps oy,
can be wrapped up into an automorphism exp(d,) of the coalgebra S(Q2%(B)[1])
where the datum m measures the difference between two splittings and O, is
a coderivation of S(Q%(B)[1]). Moreover, exp(d,) is an isomorphism of dg
coalgebras, i.e., it intertwines the relevant codifferentials arising from different
splittings.
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3. Lie algebra actions on L, algebras

Let b be an ordinary (i.e., with zero grading) Lie algebra, and g be an L
algebra. In this Section, we consider a notion of Lie algebra action of h on the
L, algebra g, together with several equivalent descriptions of such an action.

3.1. Definition of Lie algebra actions on L., algebras

Recall that from g we obtain the associated dg coalgebras (S(g[1]), Q) and
(S(g[1]), @), and the dglas Coder(S(g[1])) and Coder(S(g[1])) whose differ-
entials are both induced by @. In the meantime, § could be regarded as a
dgla which concentrates in degree 0 and has a trivial differential.

Definition 3.1. A Lie algebra action of b on the Lo, algebra g is a dgla
homomorphism

¥ b — Coder(S(g[1])).

Definition 3.2. Suppose that two Lo, algebras g1 and go are both equipped
with h-actions Y and 19, respectively. A morphism of Lo algebras F' @ g1 —
g2 15 called compatible with the h-actions if the corresponding morphism
of dg coalgebras F* : S(gi[l]) — S(g2[l]) intertwines with ¢ and 19, i.e.
a(h) o F* = FSo4y(h), Vh € b.

Proposition 3.3. An h-action on g as defined above is equivalent to a pair
of linear maps (0,~) where 0 : b — Coder®(S(g[1])) and v : b — g[1]° such
that for all h,h' € b the following compatibility conditions hold:

4) Qovy =0,

5) [Q,0(h)] = —(h)Q,

.6) Y([h W) = 0(h) (v (7)) = 0(R)) (v(R)),

7) 0([h,h],) = [0(h),0(R)] +~(B')20(h) — (R)-0(K').

Proof. For every h € b, its corresponding coderivation ¢(h) € Coder(S(g[1])),
by identification (2.10), is completely determined by a sequence of maps

e(h),: S*(g[1]) = all], k>0

Let v : b — g[1]° be given by ~v(h) := 9(h)o(1). According to identifi-
cation (2.11), the sequence of maps ©(h)g, £ > 1, uniquely determines a
coderivation of degree 0 on S(g[1]), which we denote by 6(h). Hence,

(3:8) w(h) =y (h)* +0(h).
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The linear map ) is a morphism of dglas if and only if both of the following
two equalities hold:

(3.9) [Q,¢(h)] =0, hEb,
(3.10) W([h],) = (), ()], VK €.

Using (3.8) and (2.12), we have

[Q.¢(h)] = [Q.A4(W)H] + [Q.0(h)] = —[4(W)*, Q) + [Q.6(n)]
= Q(v(h)" +7(h)sQ + [Q.6(n)),

where v(h)JQ + [Q, 6(h)] € Coder®(S(g[1])). Now, we see that (3.9) is equiv-
alent to (3.4) and (3.5).

Using (3.8) and (2.12) again, plus the fact [v#,v'#] = 0, Vv, v’ € g[1], we
have

([h],) = [0(h), ()]
=([h.0],)" +0([h1],) = (v +0(h), v (W) +0(R)]
= ([, 1)) + 0 1) = [0(h), 0(H)] = [v(h)*, 0(R))] = [6(h), ~ (W) ]
= ([, W] " + 0 1],) = [0(h), (k)]
+ (O (VW) +4(R)0(R) = (O(h) (v(W))) T = ~(R') 20(h).

Separating the coderivations in the above expression involving # apart from
those in Coder®(S(g[1])), we see that (3.10) is equivalent to (3.6) and (3.7).
O

Remark 3.11. In particular, if v = 0, then 0 : h — Coder(S(g[1])) needs
to be a morphism of dglas. The compatibility conditions in Proposition 3.3
become

9([hvh,]h) = [Q(h),e(h/)],

for all h, W € V. Therefore, for any h € b the coderivation 6(h) is an in-
finitesimal deformation of g, and 6 commutes with Lie brackets. In this case,
we say g admits a strict Lie algebra action of ).
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3.2. Equivalent characterizations of Lie algebra actions on L,
algebras

We give two more characterizations of Definition 3.1. The first one follows
Mehta-Zambon’s approach [27] via extensions. The second one follows the
classical approach of specifying the action maps.

Theorem 3.12. An L. algebra g admits a Lie algebra action of b if and
only if the direct sum h @ g, where ) concentrates in degree 0, admits an L
algebra structure which extends the original Lo algebra structure on g and
the Lie algebra structure on b, in the sense that the following two conditions
hold:

(1) the sequence 0 — g S hag LN h — 0 is a (not necessarily split)
sequence of Lo, morphisms,
(2) any n-bracket on h @ g for n > 3 vanishes when two or more inputs are

from b.

Proof. Assume that g admits an h-action with the dgla homomorphism 1 as
in Definition 3.1, it suffices to construct a codifferential Q on S(b[1] & g[1]).
By Proposition 3.3, ¢ is completely determined by (7, #). In what follows, we
explain by several steps how to use (Q,6,~) to construct @

Firstly, we specify the components of a degree 1 coderivation @ = (@1, @2, e

of S(h[1] @ g[1]).
e The unary component Qy : h[1] @ g[1] — g[1] C b[1] @ g[1] is given by

Q1(h) =4(h) and Qi(F) = Qi(Z), Vhebhazeg

e The binary component Qs : S2(h[1] @ g[1]) — b[1] @ g[1] is given by

Q2(T1 © Ty) = Qa(F1 ® Ea),
Q2(h © &) = 0(h)1 (%),
Qa(h @ h') = [n, 1], [1],

where h,h' € b and x, 21,25 € g.
e The n-component (n > 3) @, : S"(h[1] & g[1]) — g[1] C b[1] & g[1] is
determined by

@n(jl ®"‘®i‘n) = Qn(i’l @"'@57”),
@n(Ele ORRS @fn—l) = e(h)n—l(fl OREE an—1)7
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where h € b, z1,...,2, € g, and @n is required to vanish with two or
more inputs of h[1].

Next, we verify that QoQ = 0. Applying Equation (3.4) and (Qo@Q); =0,
one has (Q Q)1 = 0. Applying Equations (3.5), (3.6) and (Q o Q)2 = 0,
one has (Q 0 Q)y = 0. We now apply Equations (3.5) and (3.7) to obtain
(QoQ)ny1 =0 for every n > 2.

e When there is only one input of h[1], i.e., Vi € h[1] and Z1, ..., %, € g[1],
we have

k=1,....,n
oeSh(k,n—k)

Qn-t+1(0(R)k(To() © -+ O To)) © Zo(hs1) @+ O To(m))
- Z (o1, .., Tn)

k=1,...,n
oeSh(k,n—k)
O(M)n—k41(Q(Te) © -+ © To) © Ta(ht1) © -+ @ To(n))
= (v(n)2Q + [Q,0(1)]) (31 © -+ © &)
=0.

e When there are two inputs of h[1], i.e., VA, A’ € h[1] and Z1, ..., Z,_1 €
g[1], we have
(@ @)TH»I(;L ® H/ ®© -’il (ORERNO) .f?nfl)
e(h/)n(fy(h) © jl OO jn*1> - e(h)n(’}/(h,) © fil ©--0O jnfl)
+0([h,1]y), (@10 ©Tn)

Z €(o;Z1, ..., Tp-1)
k=1,...n—1
oeSh(k,n—k—1)
O), (OMk(To) @ O Tor) © Toke1) @ - © To(n-1))
- Z 6(0-; jl?"'wﬁn—l)
oeSh(km—k—1)

O(h)n—k (G(h ) (Fo(1) @+ O Fo() © Tohin) © -+ @ 5:(,(”_1))
= (4(m)0(R') = y(")0(h) + 0([h, 1],

+



Internal symmetry of the L¢3 algebra arising from a Lie pair 2215

—[0(r),0(1)])  (#1© - © )

n—1

=0.

e When there are exactly three inputs of h[1] and no inputs of g[1], the
equality (@ o @)3(%, ', h") = 0 follows from the Jacobi identity for b.

e The remaining case of verifying (@OQ)nH = 0 follows from the require-
ment that @k+1 vanishes with two or more inputs of h[1] for k > 2.

Thus Q is a codifferential on S(h[1] @ g[1]). The verification of conditions (1)
and (2) are immediate.

Conversely, suppose that Q is a codifferential on S(p[1] & g[1]) satisfying
conditions (1) and (2) of the current Theorem. Define

y(h) == Qi(h), and 6(h) := restriction of haQ on S(g[1]), Vh € b,

where Q1(h) is in g[1] because of the trivial differential on b.

Reversing the above argument, one obtains the four compatibility Equa-
tions (3.4), (3.5), (3.6), (3.7) for v and 6 as a result of evaluating Q o Q = 0
for various cases of inputs. O

Remark 3.13. We have defined a compatibility condition between Lie alge-
bra actions and morphism of L. algebras in Definition 3.2. In terms of the
characterization as described by the above theorem, the compatible condition
s equivalent to the statement that the morphism F : g1 — go extends to the
morphism F° : h@® g1 — b ® g2 (of Lo algebras) with Ff = idy ®F1 and
F¢=F, foralln > 2.

Classically, a Lie algebra action of h on an object M is specified by an
action map h x M — M satisfying certain compatibility conditions. Similarly,
applying (0, ) (see Proposition 3.3) to define for n > 1:

fn(B s )] = (—1) L Dl ), (3 © - @ B),

and po(h)[1] := —vy(h), where h € h and 21, ..., z, € g, we have the following
statement.

Proposition 3.14. Let b be a Lie algebra and (g, [ --|x) an Lo algebra as
defined in Definition 2.1. An h-action on g as defined above is equivalent to
a collection of multilinear maps i, : h X A\"g — g of degree (1 —n) forn >0
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which satisfy

(3.15)
Z X(U7 L1y - 7$n)un—p+1 <h> [.’170(1), s 7'%‘0'(p)]p7 Lo(p+1)s - - - 7x0(n))
p=1,....,n
o€Sh(p,n—p)
= Z (—1)p+lx(a; Tly.en,Tp)
p=0,..., n
o€Sh(p,n—p)
(o (B o), - -3 Ta)s To(pr1)s - - - To(m)] p_pyr

and

(3.16)

Nn([hv h/]haxl) s 7xn)
= Z x(o;xy, ..., o)
P
o€Sh(p,n—p)

fin—ps1 (s iy (B, Zo1)s - - To(p)) s Ta(pa)s - - - > To(n))

— Z x(o;x1, ..., Tp)
p=0,...,n
o€Sh(p,n—p)
fin—p+1 (B pp(hy To(1), - Ta(p))s To(pr1)s - - - To(n))»
for all h,h € b and z1,...,x, € g.

Proof. When n = 0, one immediately sees that Equations (3.15) and (3.16)
are equivalent to Equations (3.4) and (3.6). Now assume n > 1, we will verify
that Equation (3.15) is equivalent to Equation (3.5).

By the correspondence between codifferentials @@ on (S(g[1])) and Lo
brackets [---|x, k = 1 on g, we know that

~ - n(n+1) " (=) |z
Qn(F1, ... dp) = (=1)7 T ([ a0 [,
Equation (3.5) means that

Qni1(v(h) @31 @+ ©dy) + [Q,0(h)] (1 © - ©dy) =0.

We have the explicit evaluations:

(Qod(h) (21 @ ©Fy)
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= Z €(o;1,...,2n)

=1,...,n
o€Sh(p,n—p)
FQnp+1 (0(1)p(To1) O+ O Tg()) @ Tg(py) O+ O Tg(my)

(p+1)(p+2) ! ;
= Z (6(0;%1,...,57”)(—I)LQPH_FE;):l(p_m‘”U(M

p=1,...,n
o€Sh(p,n—p)

’ Qn—P‘H (,up(h, Lo(1)s - - - >x0(p))[1] © ‘i‘a(P+1) ORRRNO) ja(n)))
= Z (6(0; T1,. .. ,jn)(—1)&W+Ell<ﬂ—i>lm>l

p=1,...,n
GESh(p’n_p)

(—1) TR D (o el +2-p D)+ YT np )|

tp(h To1)s - To(p)) To(pit)s - - - 7%(71)]”7,,“[1])

p=1,.,
o€Sh(p,n—p)

(s To), - To(p))s Ta(pe)s - - - ,xa(n)]n,pﬂ[l])-
Likewise, one verifies two more explicit evaluations:

Qrii(Y(h) O T O O Ty)

=(-1) D0 fnt 3T (n—i)|i [

(0(h)0Q), (710 ©Ip)
= > (X(U; T1,. .. ,mn)(—l)%HJrE?:l(n—i)\zi\

p=1,...,n
o€Sh(p,n—p)

—uo(h), 1, .. ,:En]nﬂ[l}.

* Hn—p+1 (h’7 [$J(1)7 s 7x0(p)]p7 Lo(p1)s -+ ma(n)) [1]) :

Combining the above identities, we obtain the equivalence between Equa-
tions (3.5) and (3.15).

Similarly, one verifies that Equation (3.16) for n > 1 is equivalent to
Equation (3.7). O

Notation In the sequel, we will simply denote the unary map po: h — g'
by x, and denote g, (h, x1,...,x,) by h>(21,...,2,). We shall call them the
n-action maps of h on g. When n = 1, the symbol h> (z1) becomes h >z
if there is no risk of confusion.
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For small numbers n, the compatibility conditions in the above proposi-
tion are unraveled as follows:

en=>0
(3.17) dok =0;
en=1
(3.18) k[h, h/]h = h> (kh') — h' > (kh),
(3.19) d(hvx) = [kh,z|s + h> (dz);
e n =2
(3.20)
[h,h'}hbx:hb(hlbm) —h'> (h> )+ he> (kB 2) — B > (kh, ),
(3.21)

h> (dl’l,l‘g) + hp> (I‘l,dl‘z) + hp> [l‘l,%ﬂg
= —[kh,x1, x2]3 + [A > 21, T2]2 + [21, h > 22]s — d(h > (21, 22));

en=3
(3.22)
Z X(Ga XT1,T2, LUg)h > (d‘ra(l)v x0(2)7 IU(3)) + h o [:Elv xo, $3]3
o€Sh(1,2)
+ > xl(oyay, za,23)h e ([Te(1), Ta@))2: To(3))
oeSh(2,1)
= —[kh,z1, 9, 23]4 + Z X(0; 71, 22, 23) [h > Tp(1), To(2); To(3)]3
o€eSh(1,2)
— Y X(oyzr, w0, 33) [ (Ta1), To(2)): To(3)]
oeSh(2,1)
+ d(h > (xl, X9, xg)),
(3.23)

[h, h/} b > (.fl, X9, $3)
= ho (kN 21,72, 73)

+ Y x(oswy,wa,a3)h > (B> %), To(2), To(3))
oeSh(1,2)

+ Y x(oswy,za,a3)h > (B> (21, To(2))s To(3)
reSh(2,1)
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+ he (B > (21,29, 23)) — B > (kh, 21, X2, T3)

— > xloywy, za,23)h B (WD Tp(1), To(2)s To(3))
o€Sh(1,2)

= > xloyay, aa,x)h v (b (To1), To)), Tog))
o€eSh(2,1)

—h,[><hl>(x1,$2,x3)).

The following fact can be verified by the Jacobi identities in (2.1) and
(3.21).

Proposition 3.24. Suppose that a Lie algebra by acts on an Lo, algebra g,
the 0-action being k: b — g'. Then by = ker(r) is a Lie subalgebra in b,
and by acts on the space H(g) (see Remark 2.6), denoted and defined by
>: bho x H(g) = H(g),

hoT =h>a

for all h € by and © € g which is subject to dr = 0. Here T stands for the
cohomology class of x. Moreover, the g action is compatible with the graded
Lie algebra structure on H(g):

h > [fl,fg] = [hDTl,Tg] + [fl,hbfg}
for all Ty and T2 € H(g) (in other words, the action is a derivation).

4. Main result: action of derivations on the L 3 algebra
arising from a Lie pair

We shall show that the Lie algebra of derivations of a Lie algebroid (also
known as morphic vector fields or Lie algebroid derivations, see [24, 19]) acts
on the Lo, algebra Q%(B) in the sense of Definition 3.1. Let us first give a
conceptually easy but not very rigorous explanation of this fact.

As we have mentioned in the introduction, the Lie algebroid structure of
L is encapsulated in the dg algebra (I'(A®*LY),dy ). In the language of Vaintrob
[33], we say that L[1] is a dg manifold. The group Aut(L) of automorphisms
of the Lie algebroid L has an induced action on L[1]. According to [2], the
Ls algebra Q% (B) can be considered as the section space of the dg vector
bundle L[1] — A[1]. Hence there is an associated action of Aut(L) on Q%(B).
Therefore, Der(L), the ‘Lie algebra’ of Aut(L), acts on 2% (B) as well. Trans-
lating this thought into a purely algebraic description, it becomes the desired
action. Our Theorem 4.2 below demonstrates the said action.
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Definition 4.1. Let (L, [-, |1, pr) be a Lie algebroid over M. A derivation
of L is an operator 6: I'(L) — I'(L) which is equipped with some s € Z (M)®
K, called the symbol of 6, such that

6(fu) = s(f)u+ fo(u),
[S pr(u } PL( )
and  O[u, vl = [6(u),v] + [u,6(v)],

for all f € C*(M,K), u,v e I'(L).

Notation We will denote by Der(L) the space of derivations of a Lie algebroid
L. Note that it is naturally a Lie algebra (possibly infinite dimensional) whose
Lie bracket is the standard commutator. In [1], such derivations are called 1-
differentials of L.

Theorem 4.2. Given a Lie pair (L, A) and a decomposition L = A& B, the
Lie algebra Der(L) acts on the associated L¢3 algebra Q% (B) with the action
maps specified as follows.

(1) The 0-action pg = k : Der(L) — QY(B) is given by
k(0)(a) == —prgd(a), Va e T'(A).

(2) The 1-action py : Der(L) x Q& (B) — QX (B) is defined in two situa-
tions:

o if k=0, then we define j11(0,b) = d>b € I'(B) for é € Der(L) and
beTl(B) by
o> b:=prgd(b);

o ifk>1, then we define 1 (0, X) = 0> X € Q¥(B) for § € Der(L)
and X € Q%(B) by

(55 X)(ar,..a)
k
::—ZX(al,...,prAé(aj),. ar) + prpd(X(ai, ..., ax)),
j=1
where ay, . ..,a; € T'(A).

(3) The 2-action py - Der(L) x Q4 (B) x Q4 (B) — Q47 Y(B) is defined
by the situations:
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o [fi=7=0, we set

p12(8,0,8') = 6> (b, V) := 0, V5 € Der(L),b, b € T'(B);

e Ifi>1,j =0, we define uz(6, X,b) = > (X,b) € QyH(B) for
§ € Der(L), X € Q4(B) and b € T'(B) by

(5I> (X, b))(al, .. .,ai_l) = X(prAd(b),al, .. .,ai_1)7

Val, e, Qi € F(A)

o [fi=0 and j > 1, the situation is similar:
(0> (b, X))(a1,...,a;—1) := =X (prsd(b),as,...,a;i_1),

Yai,...,a;_1 € F(A)

o Ifi>1,72>1, wedefine u2(6, X,Y) = o (X,Y) € Qf:j_l(B)
for § € Der(L), X € Q4(B) and Y € Q’(B) by
((5[>(X, Y))(al,...,aiﬂ,l)

= (—1)"! Z sgn(a)Y(prAé(X(ag(l), o)) Ao (i41)s - - )
oeSh(i,j—1)

+ Z sgn(a)X(prA(S(Y(ag(i), )1 Aoy, - - .),

oeSh(i—1,5)
where ay, . .., a;4j—1 € I'(A).
(4) All higher n-actions (n > 3) are trivial.

Moreover, the structure maps u, are subject to the following properties: for
any 6 € Der(L) whose symbol is denoted by s, and for any X,Y € Q%(B),
feC*®(M,K), we QS, we have

(i) for the 0-action k,
K(f0) = fr(9);
(ii) for the 1-action,

(f8)5 X = f(05 X);
55 (- X) = (@1(5)(@) - X +w- (35 X),
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where o1 : Der(L) — Der®(Q%) is defined for w € QF by
(91(5)((“}))(&1) T 7ak)

= s(w(ay,...,a;)) — Zw(al, ooy prad(ag), ..., ag);

j=1
(iii) for the 2-action,

(fo) e (X,Y) = f(6> (X,Y));
55> (X,w-Y) = (02(6, X)(w)) - YV + (=1)IO+HXDy, - (55 (X, 7)),

where g3 : Der(L) x Q%(B) — Der* 1(Q%) is defined for X € Q4(B),
w € Q8 by:

(02(6, X)(w)) (a1, ..., airg—1)

= (1)t Z sgn(a)w(prAé(X(ag(l), ) Ao(it1)s - - )
oeSh(i,k—1)

Proof. Properties (i), (i1) and (éii) follow by direct verifications using their
definitions given by the theorem. Next, we apply Proposition 3.14 to prove
that these action maps i, do define a Lie algebra action. Since pi and [- - - |g41
vanish for & > 3, we only need to verify Equations (3.15) and (3.16) for
n = 0,1,2,3, which are unraveled in Equations (3.17) to (3.23), plus one
more equation of (3.15) for n = 4.

e When n = 0, we need to show d3°* o s vanishes. In fact, by Equa-
tion (2.15) and the definition of x, we have for ¢ € Der(L) and a1, a2 €
I'(A) that

3™ (1(8)) (a1, az)
= Va, (5(6)(az)) = Va, (1(6)(a1)) — £(0)([a1, az]a)
= —Prp [(11, 5(a2)]L — Prp [(5(@1), CLQ} L tPrp (6[@1, GQ]A) =0.
e When n = 1, we need to verify the following two equalities for 4,4’ €
Der(L) and X € Q%(B):
(13) k([0.87)) = 35 (k(5) = &' > (5(0)).
(4.4) AR (6> X) = [k(6), X], + 6> (d3*"X).
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To verify Equation (4.3), by the definition of k, we have

K(0) = —prg o dlr(ay = —dlr(a) + Pra o dlra)-
Thus, we get:

#([0,0']) = —prg 0§ 0 ' |p(ay + pr 0 ¢ 0 d|p(ay
=prgodo (k(d) —pryo 5’|F(A))
— prpo o (“(5) —Pryo 5‘F(A))
=0> (k(0") — 0 > (k(5)).
To show Equation (4.4), we begin with the case where X is merely a
generating element: X = b € I'(B). By Equation (2.15) of d5°* and

the definition of py, we can examine the following identities for any
acI'(A).

(dﬁOtt(é >b))(a) = V(0> b) = prgla,d> bl = prgla, prB(S(b)]L
=prgla,d(b)], = prp(dla,b]L) —prgld(a),b],;
(6> (d3°'b)) (a) = § > ((d3°"b)(a)) — (d3°"D) (0> a)
=00 (Vab) — Viapab
=prp(d(prpla,blr)) — prp[pra(d(a)). o],

By the expression of [-, 5 in Proposition 2.17, we have
[1(0),b],(a) = K(6)(Tea) + [K(0)(a),b] 5
= prp(0(prafa, blL)) — prplprp(6(a)), o] -

Hence, Equation (4.4) holds for X = b € I'( B). The verification of Equa-
tion (4.4) for general X € Q%(B) follows from the property described
in (4).

e When n = 2, we need to verify the following two equalities for §,d’ €
Der(L) and X, X3, Xs € Q%(B):

(0,00 X =6b (k(6'),X) +6> (0'>X) =0 > (k(0),X) — "> (0> X),
and

5o (dBOM Xy, Xy) + (—1)HHIXXelg o (@Bt Xy X)) 4 65 (X, Xaa)
= —[H(5)7X1,X2]3 + [(SDXl,XQ]Q
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+ (—1)1+‘X1HX2|[(5I> Xg,Xl]Q — d%‘m(é > (Xl,X2>).

By the properties in (iii), it suffices to consider the situations where
X =bel(B), Xy =b € I'(B), and Xy = by € I'(B). Using the
definitions of xk and uy, we get

o> (k(8"),0) + 601> (0'>b) — &' > (k(6),0) — &' > (6> D)
= k(8") (pr4d(b)) + prgd(prd’ (b)) — K(0)(pr4d’' (b)) — pryd’ (pryd(b))

= —prpd (pryd(b)) + prgd(prgd’ (b)) +prpd(pr 40 (b)) —prd’ (prpo(b))
= (prgodod)(b) — (prgod 0d)(b) = [d,d]>b.

Using the definitions of x, p1, 2 and the expression of [+, -, -|3 in Propo-
sition 2.17, we get

5> (d307by, by) — 6> (d3°bg, by) + 5 > ([by, b))
= (d3*"b1) (prad(b2)) — (d2"02) (prad(b1)) + prd[br, bo] s
= prp[prad(ba), b1}, — prp[prad(b1),ba], + prpd(prp(br, b2r)
= —prg[prgd(b2),bi], + pry[prad(bi),ba], — prd(pralbi, b2]r)
= —[6>ba, bi]a + [0 by, bolo — [K(0), b1, ba] , — A3 (5 > (b1, b))

When n = 3, by the vanishing of u3 and [---]4, we need to verify the
following two equalities for 0, " € Der(L) and X, Xs, X3 € Q% (B):

> X035 X1, X2, X3)0 > ([Xoq1), Xo@))2, Xos) + 00 [ X1, Xo, X33
oeSh(2,1)

= Y x5 X1, X2, X3)[00 Xo1), Xo(2), Xo3)3
o€eSh(1,2)

- Z X(J;X17X27X3) [5>(Xa(l))Xa(Z))vxa(‘&)]Q»
oeSh(2,1)

and

Z X(U;X17X27X3)(5> (0" > (Xo(1), Xo(2)) Xo‘(3))>
oeSh(2,1)

= > (o3 X0, Xa, X) (678 (60 (Xos Xor): Xow) )-
oeSh(2,1)

In fact, when the three X;’s are of the form b; € I'(B), all the terms in
these equalities are trivial. For general X;, one resorts to (5) and (6) of
Theorem 2.16, and properties (i) and (7).
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e When n > 4, by the vanishing of py and [- - - |41 for k > 3, we are only
left to verify the following equality for § € Der(L) and Xi,..., X, €

Q5 (B):

> X0 X1, Xa)8 > ([Xo1), Xog@), Xo@))s: Xow)

o€Sh(3,1)
=- Z x(05 X1, Xa) [0 (Xoq), Xo2)s Xo(3), Xo@)] 5
c€Sh(2,2)
The argument is similar to the n = 3 case. O

Following Theorems 3.12 and 4.2, we have a corollary.

Corollary 4.5. The space Der(L) @ Q% (B) admits an L<g algebra structure
which extends the L¢g structure on Q%(B).

Define a subspace of Der(L):
Der(L, A) :=kerx = {§ € Der(L) | 6T'(A) C I'(A)}.

Following Proposition 3.24, we have another corollary.

Corollary 4.6. The above Der(L, A) is a Lie algebra and it acts by derivation
on the graded Lie algebra H(Q%(B),[]1 = d3°") = Hcr(A; B).

Example 4.7. Let h be a complex semisimple Lie algebra, and t a Cartan
subalgebra in Y. Let h = t D@ e ba be its root decomposition, where A C tY
1s the root system of b. Fiz a set 11 of simple roots and denote the set of
positive roots by AT. For all « € AT, there exist e € t, x4 € bo, and
T_o € h_o such that

[€a; Ta) = 20y [€asT—al = =200, [Ta,ZT—a| = €q-

Furthermore, there are two standard sets of structure constants Co g, Nog € Z
such that (see [18, Chapters I1I,VII]):

lea 2g] = Caprp,  [€a, 7] = —Capr_p, Va,B €A,

[l‘a,xﬁ] = Na,ﬁxa-‘rﬁv [l’_a,x_g] = —Napl—a-p,
Va, € A with o+ 5 € A.

For the simple roots o, B € Il under a given ordering, the data Cop form
the corresponding Cartan matriz. For o, € A with o + 8 ¢ A U {0}, set
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Nap = 0. However, since [To,T—o] = €a & @penbp for a € A, the number
No,—o 15 undefined.

Now, the Lie pair we take is L = b together with its subalgebra A = {,
and hence B = L/A = @,ca ba. According to Theorem 2.16 and Proposi-
tion 2.17, the space A*tY @ (Boen ha) admits an Lgs structure, see also [2,
Theorem 4.22].

Since by is semisimple, we have Der(h) = . Therefore, by Theorem 4.2,
there is a Lie algebra action of b on A*tY @ (Baca ba). The action maps are
specified as follows:

(1) The 0-action po =K : b =tV @ (Bpea Ha) is given by

kleq) =0, K(zo) = Z Cg,aeg RTa, K(T_gq)=— Z Cg’aeg RT_q,
BEIL BETL
Vo € AT.

(2) The 1-action py @ h x (At @ (Bupeaba)) = At @ (Bpen ba) is
given by the generating relations

TaDT_q=0 Va € A,
To > xg = NopgTars Vo,B €A witha+ 3 #0,
ea >3 = Cy 73 Vaell,f €A,

with vanishing o1 = 0: b — Der”(A®tY).
(3) The 2-action pa : b x (At @ (Baea F)Oé))@2 — A @ (Boea ba)

s given by the gemerating relation

o5 (€D b P ba) =0,

aEA aEA

with 03 : h x (A*tY ® (Buea ba)) — Der® 1 (A%tY)

02(Ta,w @ 1_g) = (1)l eyl Va € A,
02(To,w @ x3) =0 Vo, 3 € A with o+ 3 # 0,
02(eq,w ®xg) =0 Vo, B € A,

where w € A®t".
1gher actions pu, (n = 3) are trivial.
4) All high 3 l

Remark 4.8. In Remark 2.19 we have addressed the dependence of splittings
L = A® B which give different but isomorphic L¢s algebras Q% (B). We point
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out that the Der(L)-action on Q% (B) constructed by Theorem 4.2 also depends
on the choice of splitting. However, one can prove that such Der(L)-actions
are compatible with the L¢s algebras Q% (B) arising from different splittings
(see Definition 3.2). For this reason, the Der(L)-action given by the theorem
1s in fact canonical.

5. Gauge equivalences of Maurer-Cartan elements based on
Lie algebra actions

In this part, we review a notion of gauge equivalence of Maurer-Cartan el-
ements introduced by Getzler [16], and will propose another type of gauge
equivalence following Getzler’s formula.

Notation Let <7 be a local Artinian K-algebras with residue field K. We will
denote by m,, the maximal ideal of <.

Let g be an L, algebra. The graded vector space g ® m, now becomes
a nilpotent! L, algebra whose structure maps are extended from g.

Definition 5.1. A Maurer-Cartan element in an Ly, algebra g (with
coefficient m,, ) is an element £ € gt @ m,, such that

TR
: k a .
We will denote by MC ./ (g) (C g' ® my) the set of Maurer-Cartan elements
m g.
For any element ¢ € g' ® m,,, the formula

[91,---,91 Z f/\kagla"'agi]i+k

= [glv"'vgi}i_F[§7g17'~'7gl]1+1+ [é— g gl7"'7gi}i+2+"'

IThis means that the lower central series F*(g ® m. ) vanish for i sufficiently
large, where Fl(g ® m,) = g ® my and, for i > 2,

Filgomy)= Y [F'gomy),....F*gomy)],.
iy btig=i
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defines a new sequence of brackets on g ® m, known as the (i-th) &-bracket,
where [€"% g1, .. ., gi]k+s is an abbreviation for [¢, ..., €, g1, - . ., gi]kri, in Which
& occurs k times. For example, we have

915 =g + &gz + 5 [& £, 9l +

For b € g @ m,/, £ € MC,/(g), define ¢’ * £ € g ® m,, by
N E(p
= Zk—g

where ef (b) are inductively determined by

k
k I 1 ! oy b g€
' Z—:; Z m[b’65 (b)""’ei (b)]n-i-l'

ki+--+kn=Fk
ki>1

It is shown op. cit. that e’ x £ again lands in MC,,(g) and hence one obtains
an “action” of g° @m,, on MC/(g). Let us call it the gauge action. Note that
g° ® m,, is not a Lie algebra in general.

Definition 5.2. Let g be an L, algebra. Two Maurer-Cartan elements €,m €
MC.(g) are said to be gauge equivalent if there exists an element b €
g® @ m,, such that e x & = 1.

Following the recipe of gauge actions, we propose another type of gauge
equivalence of Maurer-Cartan elements arising from Lie algebra actions. Sup-
pose that the L., algebra g admits an action by a Lie algebra h, with the
structure maps being {u,} (or »). For any h € h @ m and £ € MCy (g),
define " x ¢ € g' ® m,, as follows:

=t

?T‘|H
m;v

where eé(h) € gt ®m, (k> 1) is inductively defined by

el = D Tral€,h) = w(h) — > (€) + Sho (6,6) = <o (6.6,€) +
=0 "



Internal symmetry of the L¢3 algebra arising from a Lie pair 2229

k
EH ) = 30 > k'z _ Yo (9,68 (h), ... ek (h).

Again, one can prove that e x ¢ belongs to MC,/(g). In turn, we obtain
a new type of gauge action which is given by the Lie algebra h ® m, on
MC, (g), and hence the notion of h-gauge equivalence:

Definition 5.3. With the assumptions as above, two Maurer-Cartan elements
¢ and n € MCy(g) are said to be h-gauge equivalent if there exists an
h € h ®m, such that e x & = 1.

More properties of h-gauge equivalences will be studied in the future. Just
for this note, let us turn back to the settings of Section 4, Theorem 4.2 in
particular: g is the L¢3 algebra Q% (B) with an h = Der(L) action. We have
g? = I'(B). For an element b € T'(B) ® m,, consider the operator

adp := [b, ']L € End, (F(L) & méz{)

We can check that, ady is indeed a derivation, i.e. ad, € Der(L) ® m,, and
moreover, we have

rady) = b1 (= d3°"),
ady > (X) = [bv X]2¢
adb > (X, Y) = [b, X,Y]g,

for all X and Y € Q%(B) ® mg. From these relations, we can prove the
following fact.

Theorem 5.4. For any b € I'(B) ® my, the Der(L) ® my -gauge action by
0 = ady coincides with the gauge action by b, i.e.

e x e =elx ¢, VEEMCy(2%(B)).

From this theorem, we see that our newly introduced Der(L) ® m/-gauge
action recovers the classical one given by Getzler in [16]. It comes from the
Der(L)-action on Q% (B) as detailed in the previous Theorem 4.2. We have a
reason to call such actions d > (---) (0 € Der(L)) internal symmetries — the
Lie algebra Der(L) exists naturally; while the space I'(B) is not a Lie algebra
in general, and its role depends on the splitting L =2 A & B. Of course,
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isomorphism classes of MC,/ (2% (B)) up to Der(L) ® m-gauge equivalences
(i.e. the associated deformation space) will have fewer elements than up to
I'(B) ® mg-gauge equivalences. The new problems caused by this way of
thinking await our follow-up research.
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