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Abstract: Spectral measures provide invariants for braided sub-
factors via fusion modules. In this paper we study joint spec-
tral measures associated to the compact connected rank two Lie
group SO(5) and its double cover the compact connected, simply-
connected rank two Lie group Sp(2), including the McKay graphs
for the irreducible representations of Sp(2) and SO(5) and their
maximal tori, and fusion modules associated to the Sp(2) modular
invariants.
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1. Introduction

Spectral measures associated to the compact Lie groups SU(2), SU(3) and
G2, their maximal tori, nimrep graphs associated to the SU(2), SU(3) and
G9 modular invariants, and the McKay graphs for finite subgroups of SU(2),
SU(3) and Gy were studied in [1, 22, 23, 25, 26]. Spectral measures associated
to other compact rank two Lie groups and their maximal tori are studied in
[27].

For the SU(2) and SU(3) graphs, the spectral measures distill onto very
special subsets of the semicircle/circle for SU(2) (both are one-dimensional
spaces) and discoid/torus for SU(3) (which are both two-dimensional spaces),
and the theory of nimreps allowed us to compute these measures precisely.
Our methods gave an alternative approach to deriving the results of Banica
and Bisch [1] for ADE graphs and subgroups of SU(2), and explained the
connection between their results for affine ADFE graphs and the Kostant poly-
nomials. In the case of G, the spectral measures distill onto subsets of R and
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the torus T2, which are one-dimensional and two-dimensional respectively,
resulting in an infinite family of pullback measures over T? for any spec-
tral measure on R. This ambiguity was removed by considering instead joint
spectral measures for pairs of graphs corresponding to the two fundamental
representations of Go. Such joint spectral measures, which have support in
R?, yield a unique pullback measure over T?, and the spectral measures are
obtained as pushforward measures.

In this paper we study spectral measures for the compact, connected,
simply-connected rank two Lie group Sp(2), the group of 4 x 4 unitary sym-
plectic matrices with entries in C. We also study spectral measures for the
(non-simply-connected) compact rank two Lie group SO(5), the group of 5x 5
real orthogonal matrices, whose double cover is Sp(2). In particular we deter-
mine the joint spectral measures associated to the Lie groups themselves and
their maximal tori, and joint spectral measures for nimrep graphs associated
to the Sp(2) modular invariants.

In Cy = sp(2) (the Lie algebra of Sp(2)) conformal field theories, one
considers the Verlinde algebra at a finite level k, which is represented by
a non-degenerately braided system nXn of irreducible endomorphisms on
a type III; factor N, whose fusion rules {N{ } reproduce exactly those of
the positive energy representations of the loop group of Sp(2) at level k,
N\N, = >, N{,N,. The statistics generators S, T for the braided tensor
category y Xy match exactly those of the Kac¢-Peterson modular S, T matrices
which perform the conformal character transformations (see footnote 2 in [6]).
The fusion graph for these irreducible endomorphisms are truncated versions
of the representation graphs of Sp(2) itself (see Section 4.1). From the Verlinde
formula (1) we see that this family {/N)} of commuting normal matrices can
be simultaneously diagonalised:

SU)\
1 Ny = : SUS:;
(1) A=) 500

g

where the summation is over each ¢ € y X and 0 is the trivial representation.
It is intriguing that the eigenvalues S, )/S5 0 and eigenvectors S, = {S, .},
are described by the modular S matrix.

A braided subfactor is an inclusion N C M where the dual canonical
endomorphism decomposes as a finite combination of endomorphisms in y Xy,
and yields a modular invariant partition function through the procedure of
a-induction which allows two extensions of A on IV, depending on the use of
the braiding or its opposite, to endomorphisms ozit e ulX Ai} of M, so that the
matrix Zy, = (o, a,) is a modular invariant [8, 5, 18]. The systems M
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are called the chiral systems, whilst the intersection MX](\)/[ = X AJ} N Xy,
is the neutral system. Then XY, C M/'\,’Af] C m X, where Xy C End(M)
denotes a system of endomorphisms consisting of a choice of representative
endomorphisms of each irreducible subsector of sectors of the from [tA7], A €
NAXN, where ¢ : N < M is the inclusion map. Although yXy is assumed
to be braided, the systems ;X ]\i/[ or pr Xy are not braided in general. The
action of the N-N sectors yXn on the M-N sectors p; Xy and produces a
nimrep (non-negative integer matrix representation of the original Verlinde
algebra) Gy = ((€N\,€))eerenxy, 6. GAG, = >, N{ G, whose spectrum
reproduces exactly the diagonal part of the modular invariant [9]. In the case
of the trivial embedding of N in itself, the nimrep G is simply the trivial
representation N. Since the nimreps are a family of commuting matrices,
they can be simultaneously diagonalised and thus the eigenvectors ¥, of G
are the same for each A € yX. We have

Sor .
2) Gr =D o,

= a,0

where the summation is over each o € yAXn with multiplicity given by the
modular invariant, i.e. the spectrum of G} is given by {Sy /S50 with multi-
plicity Z,}. We call the set {y with multiplicity Z, ,} the set of exponents
of G.

Along with the identity invariants for Sp(2), there are orbifold invariants
for all levels k& [2]. There are three exceptional invariants due to conformal em-
beddings at levels 3, 7, 12 [12], (Sp(2))3 C (SO(10))1, (Sp(2))7 C (SO(14))1
and (Sp(2))12 C (Es);. These three conformal embedding invariants corre-
spond to type I extensions in [11, 5] and this list is complete by recent work
of Gannon [30]. Type II extensions arise from extensions of the nets with-
out locality. In general [5] for a physical modular invariant Z there are local
chiral extensions N(I) C M4(I) and N(I) € M_(I) with local Q-systems
naturally associated to the vacuum column {Z) ¢} and vacuum row {Zp\}
respectively. These extensions are indeed maximal and should be regarded
as the subfactor version of left and right maximal extensions of the chiral
algebra. The representation theories or modular tensor categories of ML are
then identified. For example, the £7 conformal net or module category is then
a twist or auto-equivalence on the local Dy extension which form the type
I parents. This reduces the analysis to understanding first local extensions
and then classifying auto-equivalences to identify the two left and right local
extensions. Schopieray [38], using a-induction, found bounds for levels of ex-
ceptional invariants for rank 2 Lie groups, and Gannon [30] extended this for
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higher rank with improved lower bounds using Galois transformations as a fur-
ther tool. Edie-Michell has undertaken extensive studies of auto-equivalences
[16]. There is an exceptional Type II invariant at level 8 [42] which is a twist
of the orbifold invariant at level 8. These are all the known Sp(2) modular
invariants.

This paper is organised as follows. In Section 2 we describe the repre-
sentation theory of Sp(2) and SO(5), and their maximal torus T?, and in
particular focus on their fundamental representations. In Sections 2.1-2.3 we
determine the (joint) spectral measures associated to the (adjacency matri-
ces of the) McKay graphs given by the action of the irreducible characters
of Sp(2) on its maximal torus T2, and the analogous results for SO(5). In
Section 3 we determine the (joint) spectral measures associated to the (ad-
jacency matrices of the) McKay graphs of Sp(2) and SO(5) themselves. In
all these cases we focus on the fundamental representations of Sp(2), SO(5)
respectively, and determine these (joint) spectral measures over both T? and
the (joint) spectrum of these adjacency matrices. Finally in Section 4 we de-
termine joint spectral measures over T? for nimrep graphs arising from Sp(2)
braided subfactors.

2. Spectral measures for A4, (Sp(2)), "4 (SO(5))

The irreducible representations A, ,,,) of Sp(2) are indexed by pairs (p1, f12) €
N2 such that p; > po. Let the fundamental representation p, = A(1,0) be the
standard representation of Sp(2), p.(Sp(2)) = Sp(2), the group of 4 x 4
unitary symplectic matrices with entries in C. The maximal torus of Sp(2)
is T = diag(ty, ta, t; ', t5 '), for t; € T, which is isomorphic to T2, so that the
restriction of p, to T? is given by the 4 x 4 diagonal matrix

(3) (pxlr2) (W1, w2) = diag(wy, wa, wi  wy '),

for (wy,ws) € T2

Let the fundamental representation p, = A1) be the standard repre-
sentation of SO(5), p,(Sp(2)) = SO(5), the group of 5 x 5 real orthogonal
matrices. The restriction of p, to T? is given by the 5 x 5 diagonal matrix

(4) (pylr2) (w1, w2) = diag(wiws, wi 'wy ™, wiwy ', wiws, 1),
for (wy,ws) € T2

The irreducible representations of SO(5) are given by the representations
A ,uz) Of Sp(2) for which ji3 4 po is even. In order to study spectral measures
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associated to SO(5), we take p, and a second fundamental representation
p= = A2,0) of SO(5), which is the adjoint representation of Sp(2) of dimension
10. The restriction of p, to T? is given by the 10 x 10 diagonal matrix

(5)

<p2|'ﬂ‘2)(w17 wQ) = diag(wi wg’wl_2>w2_27w1w27wlw2_la wl_lw27 wl_lb‘)Z_la 17 1)7

for (wy,ws) € T2

Let {X(QHI7N2)}H17H2ENW12N2’ {0 (1 p2) pr oz be the irreducible characters
of Sp(2), T respectively, where x(,, ) = XAy i) The characters x(,, ) of
Sp(2) are self-conjugate and thus are maps from the torus T? to an interval
I, = Xﬂ(’]I‘Q) C R. For w; € T, p; € Z, the characters of T? are given by
O (1 z) (W1, wo) = Wi wh®, and satisty T, ) = (<, —pa)-

If o, is the restriction of x,, to T?, u = z,vy, z, then from (3)-(5)

(6) 0= X0l =010 + 010 T 00,1) + T0,-1)

(1) oy =xanlr = 00,0 + 001 +0(-1,-1) + 01,1 + o1,

(8) 02 = X0l = 2000,0) + 0(20) + T(—20) T T(02) + T0,—2) + T(1,1)
+oc1,-ytoa-1) oy

Then

020 (p1,p2) = O(uatLipz) T O(ui—1,u2) T O(urpat1) T O(pa,pa—1),

for any i1, po € Z, where multiplication by o, = x,, |2 corresponds to the
edges illustrated in the first diagram in Figures 1 and 2. The representation
graph of T? for the first fundamental representation p, is identified with the
infinite graph "A%z(Sp(2)), which is the first figure illustrated in Figures 3
and 4, whose vertices may be labeled by pairs (j1, o) € Z? such that there is
an edge from (1, pi2) to (1 +1, p2), (1 — 1, pio), (p1, p2 +1) and (p1, p2 —1).

Similarly, the representation graph of T? for the irreducible representation
py is identified with the infinite graph A% (Sp(2)), which is the second figure
illustrated in Figure 3, where multiplication by ¢, = x,,, |12 corresponds to the
edges illustrated in the second diagramrespectively in Figure 1, and the rep-
resentation graph of T2 for the irreducible representation p, is identified with
the infinite graph "A%:(Sp(2)), illustrated in Figure 4, where multiplication
by 0. = Xp.|r2 corresponds to the edges illustrated in Figure 2. Both these
graphs are in fact a disjoint union of two infinite graphs, coloured black, grey
respectively, whose vertex sets consists of all A such that Ay + A is even, odd
respectively. These graphs "AZ_(Sp(2)) are essentially W-unfolded versions of
the graphs A% (Sp(2)) (see Figures 13-16), where W denotes the Weyl group
Dg of Sp(2).
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A A -1)

Figure 1: Multiplication by x,, |r2 and x,, |z
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Figure 2: Multiplication by x,_ |r=.

(-1,1) 0, 1) (1,1)

(-1,0) (0, 0) (1,0)

(-1, -1 0, - 1) (1, -1)

Figure 3: Infinite graphs "% (Sp(2)) and A% (Sp(2)).
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Figure 4: Infinite graph "% (Sp(2)).

We consider first the fixed point algebra of Qn Ms, @y Ms, Qn Mio
under the conjugate action of the torus T? given by the restrictions of p,,
Py, p» respectively to T? given in (3), (4), (5) respectively. Here T? acts by
conjugation on each factor in the infinite tensor product. Thus by [19, §3.5]
we have (@y Mi)™ 2 A(AZ:(Sp(2))), (@ Ms)™ = A(AL(Sp(2))) and
(®n M1o)™* = AWAP: (Sp(2))). Here A(G) = U, A(G)y is the path algebra of
the graph G, where A(G)y is the algebra generated by pairs (11,72) of paths
from the distinguished vertex * such that the ranges r(n1) and r(n2) are
equal, and || = |n2| = k, with multiplication defined by (n1,72) - (9], 75) =
Ona,m, (11, 73)-

We now define commuting self-adjoint operators which may be identified
with the adjacency matrix of "A2:(Sp(2)). We define operators v% in (3(Z) ®
(%(Z), for u = x,y,x, by

1, =5R1+s®1+10s+1® s,

1, =1R1+50s+s5 Qs +sRs +5®s,

05 =210 1)+ 1+ (s")PR1+1082+10 (5 +s@s+s* ®@s*
+s®s + 5 ®s,

where s is the bilateral shift on £2(Z). Let Q denote the vector (J;0);. Then v%
is identified with the adjacency matrix of "AL:(Sp(2)), u = z,vy, 2, where we
regard the vector 2 ® Q as corresponding to the vertex (0,0) of WAL (Sp(2)),
and the operators of the form s’ ® s™ which appear as terms in v% as corre-
sponding to the edges on "A2:(Sp(2)). Then (sM ® s*?)(Q ® Q) corresponds
to the vertex (A1, A2) of WAL« (Sp(2)) for any Ai, \g € Z, and applying (v%)™
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to 2 ® Q gives a vector y = (Y, z,)) in (A2 (Sp(2))), where yx, x,) gives
the number of paths of length m on "A2:(Sp(2)) from (0,0) to the vertex
(A1, A2).

We define a state ¢ on C*(v%) by ¢(-) = (- (2®Q),2® Q). We use the

notation (ai, ag,...,ax)! to denote the multinomial coefficient
k k
(alv ag, ... )ak:)! = (Z CLi) '/ H(all)
i=1 i=1
Then

()™ = > (kl,...,kl(u),mfzm)!¢(Sr¥®sr;)

k;>0
D kism
= Y (k1o Ky, m =D ki) Gpug G,
e i
where I(u) = 3,4,9 for u = z,y, z respectively, and
(9) Tf:kl—k’g, T§:k1+k2+2k3—m,
(10) r{ =ki —ko+ks—ky, 1§=ki—ky—k3+ky
(11) Tf:2k1—2k2+k5+k6—k7—k8,
(12) rs = 2ks — 2ky + ks — k¢ + k7 — ks.
When u = z, we get a non-zero contribution when ko = ky and k3 = —ky +

m/2. So we obtain

(13) e((vg)™) = (k1 k1, —k1 + m/2, —k1 + m/2)!
k1

where the summation is over all integers 0 < k; < m/2. When u = y, we get
a non-zero contribution when ke = k1 and k4 = k3. So we obtain

(14) e((v%)™) = Y (k1 k1, ks, ks, m — 2ky — 2k3)!
k1,ks

where the summation is over all integers k1, k3 > 0 such that 2k, + 2k3 < m.
When v = z, we get a non-zero contribution when k7 = ky — ko + k3 — kg + k5
and kg = k1 — ko — ks + k4 + kg. So we obtain

(15) e((vg)™) = (k1 ko, ks, ka, ks, kg, p1, p2, ko, p3)!
k;
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where p1 = k1 — ko + ks — kg + ks, po = k1 — ko — ks + ky + kg, p3 =
m —3k1 + ko — ks — ky — 2k5 — 2kg — k9, and the summation is over all integers
k‘l,]fg,...,k()‘,k‘g ZOSUChthat 3k1—k2+k3+k34+2/€5+2k6+k‘9 < m.

2.1. Joint spectral measure for A, (Sp(2)), WA (SO(5)) over T?

The ranges of the restrictions (6)—(8) of the characters x,, of the irreducible
representations p, of Sp(2) to T?, for u = x,y, z, are given by

I, := {2Re(w1) + 2Re(ws)| w1, ws € T} = [—4,4],

I, == {1 + 2Re(wiws) + 2Re(wiw; )| wi,we € T} = [-3, 5],

I := {2 + 2Re(w?) + 2Re(w?) + 2Re(wiws) + 2Re(wiwy M) wi, ws € T}
= [-2,10],

where the characters x,, are given by

Xpo (W1, w2) = w1 +wit +wy +wyt = 2cos(27m0;) + 2 cos(276y),

Xpy(wl,wg) =1+ wiwy + wl_lwgl + wlwgl + wflwg
=1+ 2cos(2m(0; + 02)) + 2 cos(2m (61 — 62)),

Xp. (W1, w2) = Xp, (w1, w2)? = Xp, (w1, w2) — 1
= 2+ 2cos(4mb;) 4 2 cos(4dnbs) + 2 cos(2m (61 + 62))
+ 2 cos(2m(0; — 62)),

where w; = €™ € T for 6; € [0,1], j = 1,2. We will write z,y, z for the
elements X, (w1,w2), X, (W1,W2), X, (W1, w2) respectively. Since the spectrum
o(s) of s is T, the spectrum o(vy) of v% is I, u = z,y, z.

The Weyl group of Sp(2) is the dihedral group Dg of order 8. If we consider
Dyg as the subgroup of GL(2,7Z) generated by the matrices Ts, T}, of orders
2, 4 respectively, given by

01 0 1

then the action of Dg on T? given by T(wq,ws) = (wi"w§'?, wi*w3?), for

T = (aq) € Dg, leaves x,, (w1,w2) invariant, for v = x,y, 2. Then for u =
2,9, 2, any Dg-invariant measure € on T? produces a probability measure i,
on I, by

| va@dite) = [ 0. w))delen wa),

I,
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for any continuous function 1 : I, — C, where de(w;,ws) = de(g(w1,ws)) for
all ¢ € Dg. There is a loss of dimension here, in the sense that the integral
on the right hand side is over the two-dimensional torus T?, whereas the
spectrum of AL« (Sp(2)) is real and lives on the interval I,. We introduce an
intermediate probability measure v in Section 2.2 which lives over the joint
spectrum ®y, C Iy x I, C R? for irreducible representations \, u, where
there is no loss of dimension.

The spectral measure on T? for the graph "A2:(Sp(2)) is easily seen to
be the uniform Lebesgue measure de(wy,ws) = dw; dwy /47?2 for u = 2,9, 2,
since the m!™ moment is given by

1

12 /T (X (Wi w2)) ™ dwn dup

]. ,,.u T,/(L
:m Z (kl,kg,...,kl(u),m—Zki)! A2w11w22dwldw2

k; >0

Zikigm
= Z (k/’l,kg,...,kl(u),m—z}i’i)! 67"?¢0 67-;’0,

where 7Y, 7§ are as in (9)—(12) and I(u) = 3,4,9 for u = x,y, z respectively,
which is equal to p((v%)™) given in (13)-(15).

A fundamental domain C' of T? under the action of the dihedral group
Dy is illustrated in Figure 5, where the axes are labelled by the parameters
01, 0y in (e2™1 e2m02) ¢ T2, In Figure 5, the lines #; = 0 and 5 = 0 are also
boundaries of copies of the fundamental domain C' under the action of Ds.
The torus T? contains 8 copies of C, so that

(16) /11‘2 (w1, we)de(wr, we) = 8/C<b(w1,w2)d5(w1,w2),

for any Dg-invariant function ¢ : T?> — C. The fixed points of T2 under the
action of Dg are the points (1,1) and (—1,—1), which map to the points 4,
—4 respectively in the interval I, whilst both map to the points 5, 10 in the
intervals I, I, respectively. The point (—1,1) (and its orbit under Dg) maps
to 0, —3, 2 in the intervals I, I,, I. respectively.

2.2. Joint spectral measure for A, (Sp(2)), WA (SO(5)) on R?

Let Uy, be the map (wi,w2) = (za,24) = (Xa(wi,w2), xp(wi,ws)). We de-
note by D), the image of ¥, ,(C) (= ¥,,(T?)) in R?. Note that we can
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1
SD #Q)
H NIIL //%w
Q\
-1
9, 6.7
2 2
-7
N\
3
0,=0
0 X =
0 1 1
0,

Figure 5: A fundamental domain C of T?/Ds.

identify ©,, with ©,\ by reflecting about the line zy = x,. The joint
spectral measure vy, is the measure on ©),, uniquely determined by its
cross-moments <y ,(m,n) = fi’w oy xy,dvy u (7, 2,). Then there is a unique

Dg-invariant pullback measure €y , on T? such that

A Y@y, x,)doy u(2r, Ty) = /T2 Y(xa(wi,w2), Xp(wr, wa))dex u(wr, wa),
A
for any continuous function ¢ : ®, , — C.

Any probability measure on ©) , yields a probability measure on the
interval Iy, given by the pushforward (py).«(7x) of the joint spectral measure
Uy, under the orthogonal projection py onto the spectrum o(A) = I). In

particular, when ¢ (xy, z,,) = ¢ (z) is only a function of one variable x, then

&mndmﬂuhxw=iéﬁwmy@ Ay (2, 7,)

(@)

= [ D).
I

Dau

where the measure dvy(z)) = fx

€D () dvy u(zy, x,,) is given by the integral
over z, € Dy u(xx) = {x, € 1] (xa,2,) € Dy} Since the spectral measure
vy over Iy is also uniquely determined by its (one-dimensional) moments
(m) = [, 2 dva(xy) for all m € N, one could alternatively consider the
moments ¢y ,(m,0) to determine the measure vy over I. For more detailed
discussion on joint spectral measures in the context of braided subfactors

associated to compact connected rank two Lie groups, see e.g. [25].
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oA

x Cs

Figure 6: The domains ®, , and ®, . for Sp(2).

In particular, we will consider the joint spectral measure of the funda-
mental representations p, and p, of Sp(2) over ©,, :=D,, , , and the joint
spectral measure of the fundamental representations p, and p, of SO(5) over
Dy,z =D, p., illustrated in Figure 6.

We first describe ©,,. The boundaries of C' given by 6y = 0, 6; = 1/2
respectively, yield the lines ¢q, ¢o respectively, whilst the boundary 6; = 65 of
C yields the curve c3. These curves are given by given by (cf. [41, §6.3])

(17) c1: y=2x—3, co: y=—2x—3, c3: 4y =4+ 2%

For ®, ., the boundaries of C' given by 6, = 0 and #; = 1/2 both yield
the curve ¢y, whilst the boundary 61 = 65 of C yields the line ¢5. Additionally,
the line 6 = 1/2 — #; which bisects C' yields the third boundary of ®, ., the
line cg. These curves are given by

(18) c4: 4z=y*+2y+5, c5: z2=3y—05, cg: z=—-y—1.

Note that there is a two-to-one mapping from the fundamental domain C
to Dy ..

Under the change of variables x = x,, (w1,w2), ¥ = X,, (W1, w2), the Jaco-
bian J;, = det(d(x,y)/0(61,62)) is given by

Jiy(01,02) = 87%(cos(2m (01 + 262)) + cos(2m (201 — 62)) — cos(27(20; + 6))
— cos(2m (6 — 2602)).
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Figure 7: The Jacobian J, , over T

The Jacobian J, , is real and is illustrated in Figures 7, 8, where its values
are plotted over the torus T2.
With w; = e?™0; j = 1,2, the Jacobian is given in terms of wy,ws € T by

o y(wi,wa) = 8772Re(w1w§ + w%w;l - W%CL)Q — w1w2_2)

2 2 -1 -2, 2 _1 -2 2 -2 1
=47 (wiwy + W] Wa < + Wiwy  + Wy “We — Wiws — Wy Wy
—2 —1, 2
—Wiwy T — Wy w3).
The Jacobian J,, is invariant under 77 € Ds, but T(Jy,) = —Jy, for

T =1T,,T,. Thus JwZ,y is invariant under the action of Dg. An expression for
Jiy in terms of the Dg-invariant variables x, y may be obtained as a product
of the roots appearing as the equations of the boundary of ©,, in (17), and
is given as (see also [41])

(19) Jo(,y) = 167" (y + 22 + 3)(y — 22 + 3)(dy — 2 — 4),

for (z,y) € ;4. Thus we see that the Jacobian vanishes only on the boundary
of ®, ,, which is equivalent to vanishing only on the boundaries of the images
of the fundamental domain in T? under Ds.

The factorizations of J,, in (19) and the equations for the boundaries
of ©,, given in (17) will be used in Sections 2.3, 3.2 to determine explicit
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Figure 8: Contour plot of J,, over T?.

expressions for the weights which appear in the spectral measures floy OVer
I, in terms of elliptic integrals.

Similarly, under the change of variables y = x,, (w1, w2), 2 = xp. (w1, w2),
the Jacobian J,, , = det(d(y, 2)/0(01,62)) is given by

Jy.2(01,09) = 167 (cos(2m (61 — 362)) + cos(2m (301 + 62))
— cos(2m (61 + 302)) — cos(2m (3601 — 6)).

The Jacobian Jy . is real and is illustrated in Figures 9, 10, where its values
are plotted over the torus T2. The Jacobian is given in terms of wy,wy € T
by

3

2 -3 1 3 3 3 1 3
Iy (w1, wa) = 8T (wiwy ® + wi ws + wiws + wy “wy T — wiws

—witwy® — Wiyt — witws).
The Jacobian J, . is again invariant under T42 € Dg, and T'(J,,) = —J,,, . for
T =1T5,T,. An expression for Jy27z in terms of the Dg-invariant variables x, y
may be obtained as a product of the roots appearing as the equations of the
boundary of ®,, . in (18), and is given as

2 _ 4 2
J2.(y,z) = 64n*(z = By +5) (2 + y + 1) (¥ + 2y + 5 — 42),

for (y, z) € ®, .. Thus we see that the Jacobian vanishes only on the boundary
of ®, ., which is equivalent to vanishing on the boundaries of the images of the
fundamental domain in T? under Dg as well as on the lines 6 = 1/246;. The
lines 6 = 1/2 £ 01 denote the lines of reflection of the additional symmetry



Spectral measures for Sp(2) 2263

7500

Figure 9: The Jacobian J, , over T2

of X,,, which corresponds to the fact that there is a two-to-one mapping from
the fundamental domain C' to ®,, ..
Note that since z = 22 — y — 1, we find that

oy (. 2)] = /(2 = 3y +5) (42 + 29 + 5 — 42),

and thus J,, and J, . are related by J, .(y, 2) = 2¢/2 + y + 1J,4(y, z). Thus
Jzy(y, 2) is zero only on the boundaries of ©, . given by the curves ¢4, ¢5 in
(18), but is not zero on the boundary given by c.

Since Jy 4, Jy,. are real, Jiy, Jiz > 0 and we have the following expres-
sions (cf. [22, 25] for the corresponding expressions for the Jacobian for the

cases of SU(3) and Go):

Jiy(01,02) = 8% (cos(2m (01 + 262)) + cos(27 (201 — 02)) — cos(27 (260, + 62))
— cos(2m (61 — 26,))),

2 2 o —1, -2, 2 1, 2 2 -2
Jry(wi,ws) = 417 (wiws + Wi wy © + wiwy  + w “wp — wiws — Wy

wz_l
— wiwy 2 — wy W),

| Sz (2, y)| = 472\/(y + 22+ 3)(y — 2z + 3)(dy — 2% — 4),
Jy.2(01,02) = 167 (cos(27m(01 —302)) + cos(2m(30; + 02)) — cos(27 (61 + 362))
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Figure 10: Contour plot of J, . over T?

— cos(27(3601 — 6))),
Ty, (w1, w2) = 87r2(w1w2_3 + wflwg’ + w?wg + wf?’wz_l — wlwg’ —wy
—wiwy ' —wiPwy),

[Ty 2y, 2)] = 873/ (2 = 3y +5) (2 +y + 1) (y2 + 2y + 5 — 42),

1 3

Wy

where 0 < 61,02 <1, wy,wy € T and (z,y) € Dyy, (y,2) € Dy 2.
Then
(20)
/Ow(Xﬂz (w17 w2)7 Xpy (wla w2)>dw1 dwz = / ¢($, y)‘Jr,y($7 y)’_ldx dy7

)
[ 900w 0), X (s des =2 [ (0, 2)| 0 )|y d,
C Dy,z

and from (16) we obtain

Theorem 1. The joint spectral measure vy, (over D) for WA%z(Sp(2)),
WAL (Sp(2)) s

dl/x’y(x’ y) =38 |<]x,y(-7:7 y)|_1dfll dy,
whilst the joint spectral measure v, , (over D, ) for WASL(Sp(2)), A% (Sp(2))
18

dvy,.(y, 2) = 16 |J,..(y, 2)| 'dy d=.
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2.3. Spectral measure for WA, (Sp(2)), "o (SO(5)) on R

u,G

We now determine the spectral measure py; " = p, v over L, uw =z, z2,

where G is Sp(2) or SO(5), which is determined by 1ts moments ¢((vy G) ) =

[y, wmduy (u) for all m € N.

Thus for 7, 5p(2)

we set ¥(z,y) = 2™ in (20) and integrate with respect
to y. Similarly, setting ¢(x,y) = y™ in (20), the measure uyZ’Sp @) is obtained
by integrating with respect to x. More explicitly, using the expressions for the
boundaries of D given in (17), the spectral measure y7; p(2) (over [—4,4]) for

the graph WALz (Sp(2)) is duy 28 (z) = JT(2) dz, where JT’(z) is given by

o | SIS ey (wy) Ty for @ € [—4,0],
J, ()= /4
8 [N 1 (,y)| Ty for x € [0,4].

The weight JT(z) is the integral of the reciprocal of the square root of a
cubic in y, and thus can be written in terms of the complete elliptic integral
K(m) of the first kind, K(m) = 07r/2(1 — msin?0)~/2d6. Using [10, Eqn.
235.00], JI* () is given by

2 —4U\T 1/2

JE @) = s KO0(e)) = S5 Ko(a)

for = € [—4,0], where v(z) = (x +4)%/(x — 4)?, whilst for 2 € [0,4], JI*(z) is
given by .
21D K(v(z)™").

The weight JI° (z) is illustrated in Figure 11.
The spectral measure ,uyZ’Sp(Q) (over [—3,5]) for the graph "A%(Sp(2)) is
d,u%’Sp(Q) (y) = J;TQ (y) dy, where J;rz (y) is given by

J5 (x) =

ﬂz( ) = f(yﬁé/)% |y (T, )’—1 de  fory € [-3,1],
y 16 f2y+3)/2 oy (z,9)|Tdz fory € [1,5],

where the value of the square root is taken to be positive. Note that the
Jacobian is an even function of x. The weight J;ﬂ (y) is the integral of the
reciprocal of the square root of a quadratic in 2 and thus can also be written
in terms of the complete elliptic integral of the first kind. In fact, using [10,
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Figure 11: J ().

Eqn. 214.00] for y € [-3,1] and [10, Eqn. 218.00] for y € [1,5], we obtain
that J;Tz (y) = J¥(y — 1) for all y € [—3,5]. This is a surprising result, since
there is no obvious symmetry between = and y in the Jacobian J, ,(z,y) —
for one thing Jiy is a quartic in z but only a cubic in y — and yet the integral
of |Juy(z,y)|"" over € D and over y € D yields identical weights JI* and
J;TQ, up to a shift.

Moving to the case of SO(5), the spectral measure ,LL%SO(EO (over [—3,5])
for the graph A% (SO(5)) is d,u%’so(m(y) = J;T2 (y) dy, where J;IQ (y) is as
above, since "A%(SO(5)) is simply the connected component of (0,0) in
WAL (Sp(2)), thus the moments gp((v%’SP(z))m) = go((v%’so(s))m). The spectral
measure M?SO(E)) (over [—2,10]) for the graph 422 (SO(5)) is d/@SO(S)(z) =
JT*(2) dz, where JT*(2) is given by

16 f_(zt‘r’l)/3 | Ty (y,2)| "t dy  for z € [-2,1],

z

JEQ(,Z) = 16Y for y € [1, 2],
16 [ 5021 ye(y, )ty for y € [2,10],
where
—1-2v/2—1 L (2+5)/3 L
Y = Jz,z_d—l—/ Jy2(y,2)| " d
L oy 2y + ey 2) T dy

and the value of the square root is taken to be positive. A numerical plot of
the weight JT*(2) is illustrated in Figure 12.
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-2 0 2 4 6 8 10

Figure 12: JT*(2).

3. Spectral measures for A, (Sp(2)), A (SO(5))

We now consider the fixed point algebra of @y M, @y M5 under the product
action of the group Sp(2) given by the fundamental representations p,, p,
respectively, where Sp(2) acts by conjugation on each factor in the infinite
tensor product.

The characters {X (., us) } 1 p2eNewr >, Of Sp(2) satisfy the following iden-
tities, where X(,, u,) = 0 if o < 0 or g < pg. For the product with x(; g):

X(L,0)X (1 ,p2) = X(pa+1p2) T X(ur—Lipz) T X(ua,pat1) T X(ur,pa—1)-
For the product with x(1 1
X)X (p102) = X(pat12+1) T X(ua—1p2—1) F X +1,p-1) F X(ua—1,p241)
if p1 = po, and for uy # po,

XD X (p1,p2) =
X(piopz) T X+ 1Lpa+1) T X(u—1pz—1) T X(ua+1,u2-1) T X(p1—1,u241)-

For the product with x(2,0):

X(2,0)X (11,0) = X(p1,0) T X(u1-2,0) T X(p1+2,0) T X(pa—1,1) T X(pua+1,1)
X(2,0) X (1.p2) = X(piop2) T X(u+2,m2) T X(urpz—2) T X(ua+1,02-1)
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Figure 13: Infinite graph A% (Sp(2)).

if g1 = pg # 0, and for all other puq, po,

X(2,0) X (p,p2) =
2X(#l w2) T X —2,m2) T X(ua+2,02) T X(papz—2) T X(pa,p2+2)
F X (1 —1u2-1) T X1 —1pa+1) T X(pa+1p2-1) T X(pa+1,02+1)-

The representation graph of Sp(2) for the first fundamental representation
p is identified with the infinite graph A%z (Sp(2)), illustrated in Figure 13,
where we have made a change of labeling to the Dynkin labels (A, A2) =
(11 — 2, p2). This labeling is more convenient in order to be able to define
self-adjoint operators v%, v% in (?(N) ® ¢*(N) below. The dashed lines in
Figure 13 indicate edges that are removed when one restricts to the graph
Ar(Sp(2)) at finite level &, cf. Section 4.1.

Similarly, the representation graph of Sp(2) for the second fundamental
representation p, is identified with the infinite graph A% (Sp(2)), illustrated in
Figure 14, again using the Dynkin labels (A1, A2) = (u1 — pa, p12). Note that as
with the infinite graph A% (Sp(2)), the graph A5 (Sp(2)) is a disjoint union
of two infinite graphs.

By [19, §3.5] we have (®y M4)P?) =2 A(A%(Sp(2))) and (Qy Ms)°P2) =
A(AZ(Sp(2)))-

We define self-adjoint operators v%Sp @ v%’\}Sp @) in 2 (N) ® £*(N) by

DA -8 B A= I A=) R R A

PO i glrielvlel + el + (7 el
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Figure 14: Infinite graph A% (Sp(2)).

identified with the adjacency matrix of A2 (Sp(2)), u = z,y, where [ is the
unilateral shift to the right on ¢?(N).

Let © denote the vector (J;0);. The vector Q ® Q is cyclic in /*(N) ®
(%(N) since any vector PQ ® [P2Q € (*(N) ® (*(N) can be written as a
linear combination of elements of the form (v}r\,’Sp (2))7”1 (U‘]I'I\}Sp (2))7”2(9 ® Q) so
that C*(Uf\}SP(z),v?\;Sp(Z))(Q ® Q) = (?(N) ® (?(N). We define a state ¢ on
C* (5@ 0P by (L) = (((Q® Q), Q ® Q). Since C* (v %P @)
is abelian and Q ® Q is cyclic, we have that ¢ is a faithful state on the
C*-algebra C*(Uf\,’Sp(Q), v?\}Sp(Q)).

The moments gp((v]“\;Sp (2))7”) count the number of closed paths of length
m on the graph A% (Sp(2)) which start and end at the apex vertex (0,0).

Turning our attention to SO(5), the representation graph A%(SO(5))
of SO(5) for the first fundamental representation p, of SO(5) is identified
with the connected component of the apex vertex (0,0) in the infinite graph
A% (Sp(2)). The graph A% (SO(5)) is illustrated in Figure 15, where we now
use the Dynkin labels for SO(5), (A1, A2) = ((11 — p2)/2, p2), where (g1, pa2)
label the irreducible representations of Sp(2) as in Section 2. The representa-
tion graph of SO(5) for the second fundamental representation p, is identified
with the infinite graph A%:(SO(5)), illustrated in Figure 16, again using the
Dynkin labels for SO(5).

y,50(5)

We define self-adjoint operators vy ) vf\}SO@ in 2(N) ® /2(N) by

0 — el lelt el Hlel + el
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Figure 15: Infinite graph A% (SO(5)).

00 S 1+ 1R IR+ R+ IR+ ®
QI+ QI + 1 +1® (1%,

identified with the adjacency matrix of A2 (SO(5)), u =y, 2.

3.1. Joint spectral measure for Ao (Sp(2)), A (SO(5)) over T?

We will prove in Section 4.1 that the joint spectral measure over T? of U}v\,’Sp @

¥,5p(2)
UN

’

is the measure ¢ given by

1
de(wy,ws) = 128—7r4jzvy(w1’w2)2dw1 dwo,

where dw; is the uniform Lebesgue measure on T, [ = 1,2, and that the joint

y,50(5)  2,50(5)
) UN

spectral measure over T? of v¥; is also e.

3.2. Spectral measure for A, (Sp(2)) on R

. G
We now determine the spectral measure py~ := [t Over I, where u =z, y

for G = Sp(2) and u = y,z for G = SO(5). We first consider the case of
Sp(2). From (16) and (20), with the measure given in Section 3.1, we have
that

1
(2) g V0 ) o, )l oy =
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0,0) (1,0) 2,0)

Figure 16: Infinite graph A% (SO(5)).

1
1674 /@M (W) a2, y)|dz dy,

where C is a fundamental domain of T?/Dg and D, is as in Section 2.3.
Thus the joint spectral measure over Dy, is |Jyy (7, y)|de dy/167*, which is

the reduced Haar measure on Sp(2) [41, §6.2]. The measure ;ﬁ\}Sp @ over I, is

obtained by integrating with respect to y in (22), whilst the measure uy’Sp @
over I, is obtained by integrating with respect to  in (22). More explicitly,
using the expressions for the boundaries of ©,, given in (17), the spectral
measure u?\}Sp(Q) (over [—4,4]) for the graph A% (Sp(2)) is du‘f\}Sp(Q)(m) =

pr@) (z) dz /1674, where pr(Q) (x) is given by

(12+4)/4
/ |Joy(z,y)|dy  for z € [—4,0],

—2z—3

(z%2+4)/4
/ |Joy(x,y)|dy  for z € [0,4].
2z—3

The spectral measure ,u?\}Sp@) (over [—3,5]) for Agg(Sp@)) is dugf/v’sp@) (y) =
JoP@ () dy/167%, where J3® (y) is given by

(y+3)/2
[ eyl d,
—(y+3)/2
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for y € [-3,1], and for y € [1, 5] by

[ e s [ e =2 [ el
2,y(T, Y :c—f—/ zy T, y)|de = zy T, y)| do.
~wy2 N S N

The weight Jor@ (x) is the integral of the square root of a cubic in y, and
thus can be written in terms of the complete elliptic integrals K(m), E(m)
of the first, second kind respectively, where K (m) = 0”/ (1 —msin2 0)~1/2d6
and E(m) = 0”/2(1 — msin?#)Y/2d6. Using [10, Eqn. 235.14], fp(Z)(x) is
given by

”2 (4 - 1) {(:& +2242% + 256) E(v(x)) + Sz(2? — 24z + 12) K(v(az))] :

15
for # € [—4,0], where v(z) = (z +4)/(x — 4)2, whilst for z € [0,4], J2*® (x)
is given by

2

%(x + 4) {(:;;4 + 2242° 4 256) E(v(z)™!) — 8x(2? + 242 + 12) K(v(m)_l)] ,

The weight pr@)(ﬂj) is illustrated in Figure 17.

Similarly, the weight J?f b (2)(y) is the integral of the square root of a
quadratic in 22, and can also be written in terms of the complete elliptic
integrals of the first and second kinds. Using [10, Eqn. 214.12], J?f P (2)(y) is
given by

22

T (5= 9)[160~ ) K(oly = D) + (07 + 229 = 7) Eluly - D),

for y € [—3, 1], whilst for y € [1, 5], pr@) (y) is given by

272

= (+3) {32(1 —y) K(w(y—1)"")+ " +22y —7) E(v(y — 1)‘1)],

using [10, Eqn. 217.09]. The weight JySp(Q) (y) is illustrated in Figure 18.

We now consider the measures for SO(5). From (16) and (21), with the
measure given in Section 3.1, we have that

1
W /C w<Xp“ (CU17 WQ))JI,ZJ<W17 w2>2dW1 dWQ
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Figure 17: Jor@) ().

1

) /D () Jny(y, 2)? [y 2 (y, 2)| " dy dz

Y,z

1 —
~ 1678 /33 D) Juy(y, 2)| (z +y + 1)V dy dz.

The spectral measure M%SO(E’) (over [—3,5]) for the graph A%(SO(5)) is
duzf\}so(g))(y) = pr@) (y) dy/167*, where pr@) (y) is as above. The spectral
measure ui}SO(S) (over [—2,10]) for the graph A% (SO(5)) is duj\}SO@(z) =
JZSP(Q)(Z) dz /87, where JZSP(Q)(Z) is given by

(z+5)/3 172
[ w2l Gy )2y,

—z—1
for z € [-2,1], by

—1-2v/z—1 s (2+5)/3 19
/ oy 2)| 1) 2y [ e, 2] (z+y+1) 2 dy,
—1+2vz—1

—z—1
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Figure 18: pr@)(y).

for z € [1,2], and for z € [2,10] by

JZ 72 z d ’
—_— Y y y 1 y

where the value of the square root is taken to be positive. A numerical plot
of the weight J2” (2)(2) is illustrated in Figure 19.

4. Spectral measures for nimrep graphs associated to Sp(2)
modular invariants

We now determine joint spectral measures for nimrep graphs associated to
Sp(2) modular invariants, where we will focus in particular on the nimrep
graphs for the fundamental generators p;, 7 = 1,2, which have quantum
dimensions [2][6]/[3], [5][6]/[2][3] respectively, where [m] denotes the quantum
integer [m] = (¢™ — ¢™)/(q — ¢~ ") for ¢ = €™/>*+3) The nimrep graphs
G, were found in [14] for the conformal embeddings at levels 3, 7, 12. The
realisation of modular invariants for Sp(2) by braided subfactors is parallel to
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Figure 19: Jor3 (2).

the realisation of SU(2) and SU(3) modular invariants by a-induction for a
suitable braided subfactors [33, 35, 44, 3, 4, 8, 9], [34, 35, 44, 3, 4, 8, 6, 7, 20, 21]
respectively. The realisation of modular invariants for SO(3) was done in [28],
and the realisation for G is also under way [25].

Let G be the nimrep associated to a braided subfactor N C M. Then
the graphs G, A € yXy are finite (undirected) graphs which share the same
set of vertices yXys. Their adjacency matrices (which we also denote by Gy)
are clearly self-adjoint. The m, n'* moment f'DA,c ey addp ¢ (zy, 2¢) is given
by (GY'G{er,er1), where e; is the basis vector in 2(G)) (= 3(G¢)) corre-
sponding to the distinguished vertex * of G with lowest Perron-Frobenius
weight.

Let ¥ be the eigenvalues of G, indexed by v € Exp(G), which are
ratios of the S-matrix given by Y = S\,/So,, with corresponding eigen-
vectors (1/1’4’ )ceExp(c) (note that as the nimreps are a family of commuting
matrices they can be simultaneously diagonalised, and thus the eigenvectors
of Gy are the same for all ). Then GY'G¢ = UAT'AFU*, where A, is the
diagonal matrix Ay = diag(fy', 65, ...,0y") and U is the unitary matrix
U= (" ¥, ... "), for 1v; € Exp(G), so that

(23) /TQ(X/\(WLw2))m(Xc(w1,wz))ndﬁ,\,g(wl,m) = (UAYAN U e, e1)

== <ATAZU*61,U*61>
= D> (BB

veExp(G)

The following Dg-invariant measure on T? will be useful in what fol-
lows.
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Figure 20: Supp(d(@-92)),

Definition 4.1. We denote by d0%) the uniform Dirac measure on the Dg-
orbit of the point (™01 2mi02) (emi(2=02) mi(2=01)) ¢ C' C T2.

The set of points (A1,60y) € [0,1]? such that (™ ¢?™%2) is in the
support of the measure d(®%) is illustrated in Figure 20. For (6y,6,) ¢
0C, |Supp(d(@:92))| = 16, whilst [Supp(d®?)| = |Supp(d(/21/2))| = 2 and
|Supp(d@1:1/2=01))| = 8. For all other (6;,6,) € 9C, |Supp(d©02))| = 4.

4.1. Graphs A, (Sp(2)), k < o0

The graphs AL*(Sp(2)), v = w,y, are associated to the trivial inclusion
N — N, and are the trivial nimrep graphs Gy = Ny, where A € yXy for Sp(2)
at level k. The graphs A" (Sp(2)) are illustrated in Figures 13, 14, where the
set of vertices y Xy = PJ’:’SP(Q) = {(A1, A2)| A1, A2 > 0; A1 + Ao < Kk}, and the
set of edges is given by the edges between these vertices.

The eigenvalues 35 of A7'(G), where u = z,y for G = Sp(2) are
given by the ratio S,,, /S, with corresponding eigenvectors ¥y, = Sy for
Ar(Sp(2)) with exponents Exp(Ax(Sp(2))) = Pf’Sp(Q). The eigenvalues ﬁ;}f,
A € Exp(Ax(Q)), are given by ﬁg\f = Xp, (w1, w2), where w; = exp?™¥i
j = 1,2 are related to A € Exp(A;(Sp(2))) by

(24) 0, = 5\2/2%, 0y = (5\1 + ;\2)/2I€ = 5\1 = 2/‘6(02 — 91), 5\2 = 2k0;.
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The S-matrix at level k, indexed by A € Pf’Sp (2), is given by [29]:

1 < A R A
S = p cos(§((A1 + 2A2) (fix + 2f12) + Aifir))

— cos(&((A + 2X2) (fur + 2f12) — Aafin))
+ cos(E((M 4 2Ma) i — A1 + 2fia)))

— COS(f((S\l + 23\2),@1 + 5\1(/11 +2f12))) |,

where 5 = 7T/2’L€7 k=Fk +37 A= (>\17)\2)7 n = (M17M2)7 and 5\1 = )\’L + 17
f; = p; + 1 for i = 1,2. Then for p the distinguished vertex x = (0,0), we
obtain

(25) W) = %[008(25(25\1 +330)) + o826 — Aa)) — cos(2¢ (A + 33))

— cos(26(20 + 5\2))}

1 a a A
(26) = g5 Jew (Re/26, (A + o) /25)
where in (26) we have J, (61, 62) with (61, 62) related to A € Exp(Ax(Sp(2)))
by (24).
Since the S-matrix is unitary, the eigenvector ¢* defined by (25) has
norm 1. Recall that the Perron-Frobenius eigenvector for Ay (Sp(2)) can also
be written in the Kac-Weyl factorized form [14]:

0,00 sin(j\lf) Sin(25\2§) Sin((j\l + 25\2)5) sin((25\1 + 25\2)5)
N sin(€) sin(2€) sin(3¢) sin(4¢) |

Now ¢ = 1 whilst ¢} = 16sin(§) sin(2¢) sin(3¢) sin(4€)/k, and thus we have
Kby = 16sin(&) sin(2¢) sin(3¢) sin(4€)¢*. Then from (26) we have
Jzy(917 92) _ —8/‘?;772 wij@/?ﬁ,(;h—i-j\z)/%i)
= —128k7? sin(€) sin(2€) sin(3¢) sin(4¢€) gZ)Z‘:\Z/%’(;\lJF&)/%)
= 128k7? sin (270, ) sin (276, ) sin(7 (0 + 05)) sin(7 (6, — 62)),

so that the Jacobian J,,(61,62) can also be written as a product of sine
functions. A similar argument show that

Jy,2(01,02) = —4km? ¢£;\1+2;\2)/4n,75\1/4n
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= —64rm? sin(€) sin(2€) sin(3¢) sin (4€) ¢?X1+25\2)/4n,—5\1/4m
= 64k sin(276,) sin(276s) sin (27 (61 + 62)) sin(27(6; — 63)),

so that the Jacobian J, .(61,62) can also be written as a product of sine
functions.

We now compute the joint spectral measure for A}*(Sp(2)), A (Sp(2)).
Summing over all (A1, A2) € Exp(Ax(Sp(2))) Corresponds to summing over all
(61,02) € {(M2/2k, M+ A2)/26)] A, A2 > 1, A1+ Ay < k—1}, or equivalently,
over all (61,0:) € MkSp(Z) = {(q1/2k,q2/2K)| q1,q2 = 0,1,...,2k — 1} such
that

91 = X2/2/{ Z 1/2,‘{,91 —92 = —5\1/2:% S —1/2/{
0y = (A +Xo) /26 < (k—1)/26 = 1/2 — 1/2k.

Denote by C @ the set of all (w1,wq) € T? such that (0y,6;) € MSP( )
satisfies these Condltlons Then from (23) and (26) we obtain

(27) [ O 1,02)" (x5, w1,02)) "y (1, 02)

1— n
~ 64r2nd Z (ﬁ/\ Sp(2)) (61/)\;519(2)) Sy (91792)2
ACExD(Ar (5p(2)
1 . .
= 642t Z (Xpo (W1, w2))™ (Xp, (W1, w2)) Jgg,y(wl,wg)2
(w1, wz)ECSp<2)

If we let C'°P() be the limit of C,‘fp(Z) as k — 00, then C°P(?) is identified
with the fundamental domain C' of T? under the action of the group Dk,
illustrated in Figure 5. Since J,, = 0 along the boundary of C, which is
mapped to the boundary of ©,, under the map ¥, , : T2 — Dzy, We can
include points on the boundary of C' in the summation in (27). Since Jiy is
invariant under the action of Dg, we have

(28) [, (o (1,00)) ™ (i (01, 62)) "y 1, 02)
mre Y (e n,00) (01, 92) ey, )

(w1 wz)GCW 5p(2)

where

C]I:V,Sp(?) — {(627”(11/2"@7627”(12/2”) c ']1‘2’ q1,q2 = 0’ 1’ . ZH _ 1}7
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She
e

......

Slo

Sl

Figure 21: The points (0;,02) such that (2™ e2mi%2) ¢ CIV.

whose intersection with the complement of the image of the boundary of the
fundamental domain C' is the image of C,fp @ under the action of the Weyl
group W = Dg. We illustrate the points (fy,60) such that (e2™ ¢27i2) ¢
ng S22 g B igure 21. The points in the interior of the fundamental domain
C, those enclosed by the dashed line, correspond to the vertices of the graph
As(Sp(2))-

Clearly \C:V’Sp(z)\ = 4(k +3)? = 4x2. Thus from (28), we obtain (cf. [22]):

Theorem 2. The joint spectral measure of Ay (Sp(2)), Ay (Sp(2)), (over
T?) is given by

1

dEZE,y(wh CL)Q) = 128—’]7'4

Jz,y(wh w2)2 d2(k+3) w1 d2(k+3) w2,

h

where d,, is the uniform Dirac measure over the m*™ roots of unity.

In fact, egp2) = €zy is the joint spectral measure over T? for any
ANSp(2)), AL(Sp(2)).

We can now easily deduce the joint spectral measures (over T?) for the
graph A (Sp(2)) claimed in Section 3.1. Letting & — oo in Theorem 2 we
obtain:

Theorem 3. The joint spectral measure of any pair of infinite Sp(2) graphs
AN (Sp(2)), AL (Sp(2)) (over T2) are identical and are both given by

1

W Jx,y (wl, W2)2dW1 dLUQ,

de(wl, OJQ) =



2280 David Evans and Mathew Pugh

[

Figure 22: Statistical phase w(

67)

where dw 1s the uniform Lebesgue measure over T.
4.2. Graphs D(Sp(2)), k < o0

The centre of Sp(2) is Zy. The graphs Dy (Sp(2)), u = x,y, are associated to
the orbifold inclusion N — N x; Z3, where 7 = A ) is a non-trivial simple
current of order 2. For such an orbifold inclusion to exist, one needs an au-
tomorphism 7y such that [ro] = [7] and 7¢ = id [3, §3], which exists precisely
when the statistics phase w, of 7 satisfies w? = 1 [37, Lemma 4.4]. Kuper-
berg’s Sp(2) spider [32] involves two types of strands, Sp(2) and SO(5). Using
this, one can construct a semisimple braided modular tensor category whose
simple objects are generalised Jones-Wenzl projections f(; j), (i,7) € Pf’Sp @
(see [43] for (SU(2)) Jones-Wenzl projections and [39, 32, 36] for generalised
SU(3) Jones-Wenzl projections) and whose morphisms are intertwiners be-
tween these projections (see [40, 45, 13, 24] for a similar construction in the
case of SU(2) and [13, 24] for SU(3)). The statistics phase w(; ;) = wx,
is obtained by evaluating the twist applied to the generalised Jones-Wenzl
projection f(; ;y (see Figure 22, where the single strand drawn here represents
i Sp(2)-strands and j SO(5)-strands). Then we see that w(g ) = (—1)*, thus
the orbifold inclusion exists. Further details will be given in a future publica-
tion. See [40, Chapter XII] for a similar discussion in the case of SO(3) and
its double cover SU(2).

Following a similar method to [9, §5.2], one finds with [0] = [X(0,0)]©[A(0,1)]
that D*(Sp(2)), u = x,y, are the nimrep graphs associated to the orbifold
modular invariant

l
2 2
Z'Dgl = Z ‘X(m,n) + X(2l—m—n,2l—m—n)’ +2 Z |X(2l—2j,j)| )
(m,m)epH 5P (o) 3=0
m+2n<2l
_ 2 *
ZD2l+1 = Z |X(m,n)| + Z X(m,n)X(m,2l+1fmfn)7
(m,n)GPf_l_H'Sp(Q)(O) (m,n)ePiHl’Sp@)

m odd
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Di(C)

(3.0),

02), (12),

D 5’1(02) 02), Dg’x(cz) b (1.2),

@, [EX08
©.1) ) ©,1) (L1 2
@1, [EN

(4,0), (5.0),

- (0.0) (1,0) (2,0) - (0,0) (1,0) (2.0) (3.0) 4,
. . D P CUN

gt

Figure 23: Orbifold graph D}*(Sp(2)) for k = 2,3,4,5.

where Pﬁ’Sp (2)(0) = {(m,n) € Pf’Sp (2)\m even}. This modular invariant
appeared in [2]. The graphs Dy"(Sp(2)) are are Zyg-orbifolds of the graphs
Dy (Sp(2)), and are illustrated in Figures 23, 24, where we have labeled the
vertices by the corresponding Dynkin labels from the A (Sp(2)) graphs.

The exponents of Dy (Sp(2)) are given by Exp(Da(Sp(2))) = {(m,n) €
P23 (0) m £ 21 — 2n} U {twice (20— 27, )| j = 0,1,...,1} for k = 21 even,
whilst Exp(Da41(Sp(2))) = P20y U {20 +1—24,5)|j = 0,1,...,1}
for Kk = 20+ 1 odd. For A\ € Pf’Sp(z) (which label the vertices of Ak (Sp(2)))
not a fixed point under the Zs-action, i.e. A & {(k—27,5)|7=0,1,...,k/2]}
where |2| denotes the integer part of x, the normalized eigenvector satisfies
= 253’/\. However for A € {(k —2j5,5)|j = 0,1,...,[k/2]}, [¥M| =
22| = /28, ,/2, where A;, j = 1,2, denote the two copies of the fixed point
in the orbifold graph Dy (Sp(2)), so that [ [* + 22| = SZ .

With 61,02 as in (24), summing over all A = (A1, A2) € Pf’Sp(Q) (0) corre-
sponds to summing over all (wy,ws) € C,fp@) such that wjwy = e2mi(2m+1)/2x
for m € Z, where C,fp@) is as in Section 4.1. Then from (23) and (26), with
Cr = 1 for k odd and ( = 3/2 for k even, we obtain

L G o1, G, 1, 02))" )

2
= G4r2rd Z (Xpo (W1, w2))™ (Xp, (W1, w2))" Ty (w1, wo)?
RC)
2mi(2m+1)/2k

wiwog=e
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DIN(Cy) Di(C))

(2.0),

DI(C))

Figure 24: Orbifold graph D}*(Sp(2)) for k = 2,3,4,5.

G
torom 2 (@) (w0 w2)) ey e, 02)’
(W11w2)€C§p(2);
w]=—wg Or Wl:,wz—l
1 1 N ) 2
et S D GO CU) LT CEE AR
(o sumyc 7).
wywo=e2Ti(2m+1)/2x
L G - ) 2
+§m > (Xpo (w1, w2))™ (Xp, (w1, w2))" Ty (w1, w2)~.
(o e 59,
w]=—wy or w1=7w71

2
Thus we obtain:

Theorem 4. The joint spectral measure of Dy (Sp(2)), Ay (Sp(2)), (over
T?) is given by

1
de = szyy(wl, wo)? (dy X (dow — dy) 4 (doe — dy) x dg)
Ck 2N (/2 ) 20)
64[{)271'4 Jx,y(w1>w2) Zdj ’ J )

J=1

where k = k+3, ¢ = 1 for k odd and ¢, = 3/2 for k even, d¥1%2) js as
in Definition 4.1 and d,, is the uniform Dirac measure over the m*™ roots of
unaty.

Letting k — oo we easily obtain the following corollary:



Spectral measures for Sp(2) 2283

Figure 26: Exceptional graph &{*(Sp(2)).

Corollary 1. The joint spectral measure of D?z(Sp(2)), D%(Sp(2)), (over
T2) is precisely the joint spectral measure of the infinite Sp(2) graphs
APz (Sp(2)), AR (Sp(2)), given in Theorem 3.

4.3. Exceptional graph £;3(Sp(2)): (Sp(2))s — (SO(10)),

The graphs £3(Sp(2)) are associated to the conformal embedding (Sp(2))s —
(SO(10)); and are one of two nimreps associated to the modular invariant

Zey = |X(0,0) T )((2,1)|2 + X (2,0) + X(o,s)\2 + 2\)((1,1)|2
which is at level 3 and has exponents
Exp(&;5(Sp(2))) = {(0,0),(2,1),(2,0),(0,3), and (1,1) twice}.

The other family £ (Sp(2)) are considered in the next section. The graphs
&Y (Sp(2)) are illustrated in Figures 25, 26. Note that £52(Sp(2)) has two
connected components.

Following [4, §6] we can compute the principal graph and dual principal
graph of the inclusion (Sp(2))s — (SO(10));. The chiral induced sector bases
M5 C Sect(M) and full induced sector basis X C Sect(M), the sector
bases given by all irreducible subsectors of [aﬂ and [oaj{ o a),] respectively,
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for A, \' € yXu, along with the neutral system » Xy, = mX;; N Xy, are
given by

+ (2)

1 1
,0)]7 [a(iog)]a [0452,)0)]; [a§131)]7 [04(1,1)]};

MXAj/:I = {00, [a(l
X = {lapo). [aly]: ol [},

uar = {lowo) [0 0] 107 0] [0f.0], o) [ags ] ol L Ta ) L [61],

[52]7 [771]7 {772]}7
where
[O‘é,o)] = [O‘(i(m)] ® [QE;?O)L
o ) = o 0) @ [ag )] @ oy,
[0y = [01] @ [02],
=1

for a; j) = ;- The fusion graphs of [aayo)] (solid lines) and [ev; (] (dashed
lines) are given in Figure 27, see also [14, Figure 7(a)]. The marked vertices
corresponding to sectors in the neutral system ; XY, have been circled. These
sectors obey Zy x Zs fusion rules, corresponding to SO(10) at level 1. Note
that multiplication by [aao)] (or [ov; )]) does not give two copies of the
nimrep graph £3(Sp(2)) as one might expect, but rather one copy each of
EP'(Sp(2)) and £M (Sp(2)). This is similar to the situation for the SU(3)
conformal embedding SU(3)g — (Eg)1 [17, §5.2].

Let ¢ : N < M denote the injection map t(n) = n € M, n € N and
7 its conjugate. The dual canonical endomorphism 6 = 7¢ for the conformal
embedding can be read from the vacuum block of the modular invariant: [0] =
[A0,0)]@[A2,1)]- By [4, Corollary 3.19] and the fact that (v, v)ar = (0, 0)n = 2,
the canonical endomorphism v = 7 is given by

V] = [ag,0)] @ [01]-

Then by [4, Theorem 4.2], the principal graph of the inclusion (Sp(2)); —
(SO(10)); of index 3 + /3 ~ 4.73 is given by the connected component of
[A0,0)] € NXn of the induction-restriction graph, and the dual principal graph
is given by the connected component of [ag)] € a&Xas of the y-multiplication
graph. The principal graph and dual principal graph are the same, and we
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[04«),0)]

(2]

Figure 27: £5(Sp(2)): Multiplication by [O‘(+1,0)] (solid lines) and [a; (] (dashed
lines).

illustrate the principal graph in Figure 28. These are the principal graphs for
the 3311 Goodman-de la Harpe-Jones subfactor [31]. The principal graph in
Figure 28 appears as the intertwiner for the quantum subgroup £3(Sp(2)) in
[14, Figure 9].

One can also construct a subfactor O‘?El,o) (M) C M with index (1++/3)% =
2(2 + V/3) =~ 7.46, where M is a type III factor. Its principal graph is
the nimrep graph &' (Sp(2)) illustrated in Figure 25. The dual principal
graph is isomorphic to the principal graph as abstract graphs [44, Corollary
3.7].

We now determine the joint spectral measure of £5'(Sp(2)), E*(Sp(2)).
With 61,02 asin (24) for A = (A1, A2) € Exp(&35(Sp(2))), we have the following

values:
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Mool [Aen] [Ponl ol [Peol [Aos]

_ — o+ — 1
[z] [L°a(0,1)] [LOQEZ,)O)]

Figure 28: £5(Sp(2)): Principal graph of (Sp(2))s — (SO(10));.

A€ Exp | (61,02) € [0,1] | [U2* | gi=|J(61,62)]
00 | (GH) % 52
ey | GhH) %] B
20 | GhE) | B
03) | GE) |5 58
(1,1) (5 13) > 3
where the eigenvectors ¢* have been normalized so that |[¢/*|| = 1, and for

the exponent (1,1) which has multiplicity two, the value listed in the table
for |2 is |82 4+ |[pY2 (2. Note that

A2 1

(29) 92 = g 55 1]
where ¢, = 1 for A € {(0,0),(2,1),(2,0),(0,3)} and (1,1) =

The orbit of the points (61,602) € {(12, 12) (122, 152) (1—12 1%) ) (%,%)}
under Dg are illustrated in Figure 29, whilst the orbit of (12, 12) is illustrated
by the black points in Figure 30. The orbits of the first four points support
the measure d(1/12:2/12) 4 q(1/12:4/12) " where d(1:%2) is the discrete uniform
measure given in Definition 4.1. Since the hollow points in Figure 30 lie on
the boundary of the orbit of fundamental domain, J = 0 at these points,
thus we see that the orbit of (2/12,4/12) supports the measure |J|dg x dg,
where d,, is the uniform Dirac measure on the n'® roots of unity. Note that
when taking the orbit under Ds, the associated weight in (29) is now counted
8 times, thus we must divide (29) by 8. Thus the joint spectral measure for
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Figure 29: Orbit of (61, 62) # (&, ).
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Figure 30: Orbit of (6, 602) = (
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£3(5p(2)) is

Lm (d(1/12,2/12) + d(1/1274/12)> 136 12 1 |J| dg x dg.

11
de =16 - —
: 8 12 8n2 S 12 872

Then we have obtained the following result:
Theorem 5. The joint spectral measure of E{* (Sp(2)), E§%(Sp(2)) (over T?)
18

1
de = yﬂwmww+8ﬂm&mwmu- |J| dg x dg,

48 4872 384 2

where d91:%2) is as in Definition 4.1 and dg is the uniform Dirac measure on
the 6™ roots of unity.
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Figure 32: Graph £3772(Sp(2)).

4.4. Exceptional graph €M (Sp(2)): (Sp(2))s — (SO(10))1 x Zs

The graphs &7 (Sp(2)), illustrated in Figures 31, 32, are the nimrep graphs
for the type IT inclusion (Sp(2))3 — (SO(10)); X, Zy with index 2(3 +1/3) ~
9.46, where 7 = O‘(;,o) is a non-trivial simple current of order 2 in the am-
bichiral system X7y, see Figure 27. Now w0y = —1 [15], thus the orbifold
2,
also simple currents of order 2 in 5y XY, and are subsectors of [O‘E_Ll,l)]’ where
w1y = e/ [15]. Then w(QM) = €7™/2 £ 1, and hence the orbifold inclusion
(Sp(2))s — (SO(10))1 X7 Zs does not exist.

The principal graph for this inclusion is illustrated in Figure 33. This
will be discussed in a future publication using a generalised Goodman-de la

inclusion exists (cf. Section 4.2). Note that [7] = [a],\] € M XYy, j = 1,2, are

Harpe-Jones construction analogous to that for the Dygq and E; modular
invariants for SU(2) [9, §5.2,5.3] and the type II inclusions for SU(3) [21,
§5]. Tt is not clear what the dual principal graph is in this case.

The associated modular invariant is again Zg, and the graphs are isospec-
tral to £3(Sp(2)). The eigenvectors * are not identical to those for £(Sp(2)),
however, as seen in the following table, the values of |1}|? are equal (up to
a factor 2) to those for &(Sp(2)), for A # (1,1). With 6,60, as in (24) for
A = (A1, \2) € Exp, we have:
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Figure 33: EM(Sp(2)): Principal graph of (Sp(2))3 — (SO(10)); % Zs.

A€ Exp | (61,602) € [0,1]* | [2* | ge=]J (61, 62)]
0.0 | Gh) |5 52
ey | GH) || B2
20 | Gepd) | 2
03 | GGhH) || 52
(1,1) (35 15) > 3
where the eigenvectors ¢* have been normalized so that |[¢*|| = 1. Then (29)

becomes [} * = (g gez|J], where () is as for £5(Sp(2)). Thus we have the
following result:

Theorem 6. The joint spectral measure of £ (Sp(2)), E377>(Sp(2)) (over
T?) is
1

B 1
2472

d
c 38472

1
’J| d(1/12,2/12) + ST |J| d(1/12’4/12) + ’J| dg % d67

where d92) is as in Definition 4.1 and dg is the uniform Dirac measure on
the 6™ roots of unity.
4.5. Exceptional graph £;(Sp(2)): (Sp(2))7 — (SO(14)),1

The graphs £5(Gy), illustrated in Figures 34, 35, are the nimrep graphs
associated to the conformal embedding (Sp(2))7 — (SO(14)); and are one of
two nimreps associated to the modular invariant

Ze, = |X(0,0) T X(6,1) T X(2,2) X(o,5)!2 + 1X(6,0) T X(0,2) T X(2,3) T X(o:)\2
+2[x(3,1) + X(3,3)|2

which is at level 7 and has 12 exponents

Exp(€7(5p(2))) = {(07 0)7 (67 1), (27 2)7 (07 5), (67 0)7 (07 2)7 (2, 3)7 (07 7)
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Figure 35: Graph 7% (Sp(2)).

and twice (3,1),(3,3).}

Note again that for the second fundamental representation ps, the graph
(Figure 35) has two connected components.

As in Section 4.3, we can compute the principal graph and dual principal
graph of the inclusion (Sp(2))7 — (SO(14));. The chiral induced sector bases
XG5, the neutral system 3 XY = 17X, N arXy, and full induced sector basis
M X are given by
uXii = {lowo) [of o)), [0 ], [ad o)) o 5] [afay | [ [0@5 [,

for j = 1,2},

X = {lapo). [aloh]: oty [

2

]
[ofy0)] 5] [algy ) ol ] 25, [0 ),

0
v = {0, [af 0 [0 Qs (X)) [0y 12,1 1931

]
], [a
Loy o) (01,0201 [0 1,0 [0 2@ (050200
], [¢]

(3], (G5, (5], (51, (€D (€7D, Lol sl sl (030, DAL [T, [, [ 5],
fore = +,— and j = 1,2},
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where [a; )] = (5] [a5). [07h ] = [075,0] @ [0{iy). [af )] = a5
[y, o)) = [mlﬂ o 2)1@[<3f1 o) [efy) = lofig) @
200l @ [al)E) @ [l @ (), lads 1yagw] = m] @ [, 3000 =
6] @ [Gal, [agh0)@0.n) = [¥1] @ [Wa], [ay 1y 0m.0)) = W @ [4), (o 1y 0.0)) =
€] ® [e], [O‘io)a(i 1 =[Eo [yl [0‘?11) (01)] [0‘( (01)} 1] @ [72l,
[0%104(11)] [Oﬂt_)l)a(lo)]@[ e [I]a[a(11)a(20]:[04(10)a(20] [61] @ [d2],
o0 %10) = K@, o g <3o>] €T e A ] e 001y = 1] @ [12] @
[wi] @ [wo] and [ay 1 00 0] = [y 20.0)] @ (G000 @ [01] @ [¢2].

The fusion graphs of [a; af g (solid lines) and [a(*m)] (dashed lines) are
given in Figure 36, where we have circled the marked vertices. Here multiplica-
tion by [aao)] (or [a o]) gives two copies each of £(Sp(2)) and EM(Sp(2)).
The ambichiral part y; XY, obeys Zg x Zs fusion rules, corresponding to SO(14)
at level 1.

We find

V] = [0, @ laf gl © ] ® (G,
and the principal graph of the inclusion (Sp(2))7 — (SO(14)); of index 5(3 +

\/5) +1/250 + 110v/5 = 48.45 is illustrated in Figure 37, where the thick lines
denote double edges and a label (a,b) of a vertex along the top row denotes
the sector [Ay ).

Again, we can construct a subfactor aao)(]\/[ ) C M of index 4 + /5 +

21/5 4+ 2v/5 ~ 12.39, where M is a type III factor. Its principal graph is the
nimrep graph ££'(Sp(2)) illustrated in Figure 34. The dual principal graph
is again isomorphic to the principal graph as abstract graphs.

We now determine the joint spectral measure of E7*(Sp(2)), EF*(Sp(2)).
With 0y, 02 asin (24) for A = (A1, A\2) € Exp(&E7(Sp(2))), we have the following

values:

AEExp | (61,0s) € [0,1)? 2|2 L1 J(61,6,)]
0.0, 0.7) | (Gy ). (G f) | 20 | Slompond
(6,1), (6,0) | (2,2), (4,8 | 2vEHy10-25 | 5-v5iv10-2/6
(22), (2.3) | (3h.8). (g 5) | SOHGIOSs | sbryionns
(0.5), (0.2) | (55 F5), (G ) | TROmgoesd | sviyoenss
(3.1).3.3) | (3.5, (3.5) !
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2)+
anl

[ev

he
[ah,)l)]

Figure 36: £7(Sp(2)): Multiplication by [aao)] (solid lines) and [a; )] (dashed

lines).

where the eigenvectors 1)* have been normalized so that |[¢)}|| = 1. Note that
1 1
30 A2 = (e |J

where ¢, = 1 for A € {(0,0), (6,1),(2,2), (0,5), (6,0), (0,2), (2,3), (0,7)} and
Sy = Cea =2 1 2 8 9 2 9

1 Tghe 01"]331‘58611nde151 D? of thﬁe p;nnts 501,492) 62{(%, 2—0)4, (@, 35) 5 (350 35) »
(200 20) (250 20) + (207 26) (26> 26) + (260 30) + (260 26) + (250 20) -} are shown
in Figure 38. The orbits of each successive pair of points support the mea-
sures d(1/202/20) ~ q(1/20,8/20) * {(3/20,6/20) ~ 4(3/20.4/20) pq ((2/206/20) yegpec-

tively. Thus, using (30), we see that the joint spectral measure for £7(Sp(2))
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ool [enl [eal Posl Ponl Pesl Aes] [Peal Panl Desl Paal Panl Peol [Aes]l Peol Pesl Puol Pasl o2l [Aes]

— . s ) 1 Fon@ — )
o] [teario yl [eage]  [eaidy] [eaidy] [roay)]

Figure 37: £&(Sp(2)): Principal graph of (Sp(2))7 — (SO(14));.

Figure 38: Orbit of (01, 6;) for A € Exp(E7(Sp(2))).

is
i %M (d(1/20,2/20) 4+ (1/20.2/5) 4 4(3/20,3/10)  4(3/20,1/5)

1
de =16 -
c=108 30 &
+ 2d(1/10’3/10)> .

Then we have obtained the following result:

Theorem 7. The joint spectral measure of E5*(Sp(2)), E£2(Sp(2)) (over T?)
18

dEZ%’J‘(d(1/20’2/20)—|—d(1/20’2/5)+d(3/20’3/10)+d(3/20’1/5)+2d(1/10’3/10))
80 ’
where d%2) s as in Definition 4.1.

4.6. Exceptional graph €M (Sp(2)): (Sp(2))7 — (SO(14))1 x Zo

The graphs 5%’”(5}9(2)), illustrated in Figures 39 and 40 are the nimrep
graphs for the type II inclusion (Sp(2)); — (SO(14))1 X, Zy with index

10(3 + v/5) + 21/250 + 110v5 ~ 96.90, where 7 = a(g), is a non-trivial
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Figure 40: Graph £7(Sp(2)).

simple current of order 2 in the ambichiral system »; X}, see Figure 36. From
Section 4.5, [7] is a subsector of [aaﬁg)}. Now w(g,2) = —1 [15], which satisfies
W(Qo,z) = 1, thus the orbifold inclusion exists (cf. Section 4.2). Note that [7/] =
oy
m XY and are subsectors of [aé,l)]’ for which w(z 1) = e7™/4 [15]. Then Wiy 1y =
e™™/2 £ 1, and hence the orbifold inclusion (Sp(2))7 — (SO(14))1 X, Zy does

not exist.

] € MXY, j = 1,2, are also non-trivial simple currents of order 2 in

The principal graph for this inclusion would be the graph obtained by
composing the principal graph for (Sp(2)); — (SO(14));, illustrated in Fig-
ure 37 with the graph for the Zs-action, illustrated in Figure 41. This will be
discussed in a future publication using a generalised Goodman-de la Harpe-
Jones construction (cf. the comments in Section 4.4). Again, it is not clear
what the dual principal graph is in this case.

The associated modular invariant is again Zg, and the graphs are isospec-
tral to £(Sp(2)). The eigenvectors ¢* are not identical to those for £3(Sp(2)).
However, as seen in the following table, the values of [1/2|? are equal (up to
a factor 2) to those for £(Sp(2)), for A # (3,1),(3,3). With 61,05 as in (24)

for A = (A1, A2) € Exp, we have:
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- -t —om E Tyl — o2 ~ory(]
[z] [L"Oé(u,l)] [L"a(z,())] [L"Oé(z?l)] [L"Ué(z?l)] [L"Oé(u,)Z)]

Figure 41: EM(Sp(2)): Zs-action on (SO(14));.

A€ Exp | (61,62) €[0,1]2 I L 1J(61,62)|
(0.0). 0.7) | (5. 3): (3. 5p) | VI8 | =/imyloas
(6.1), (6,0 | (2. 5). (3. 5) | o2y | =ity
2.2, (2.3) | Gh ). (G ) | Zolopend | sefoeyinens
0.5, 0,2) | (§: ) (s 35) | ZYFo2y® | 2nfimyoens
(3.1, 63) | (2.5). (5.5 0
where the eigenvectors 1/1)‘ have been normalized so that Hw)‘H = 1. Then

(30) becomes [¢}|> = Q%#UL where (31) = (33 = 0, and ¢\ = 1
for A € {(0,0),(6,1),(2,2),(0,5),(6,0),(0,2),(2,3),(0,7)} as for &(Sp(2)).
Thus we have the following result:

Theorem 8. The joint spectral measure of EXP*(Sp(2)), EM*2(Sp(2)) (over
T?) is

de = 1 5 ]| (d(l/QO’Q/QO) 1 q(1/20.2/5) | 4(3/20,3/10) d(3/20’1/5)) ,
m

80

where d91%2) is as in Definition 4.1.
4.7. Exceptional graph £3(Sp(2))

The graphs £57(Gy) are illustrated in Figures 42 and 43. To our knowledge
neither graph has appeared in the literature before in the context of nimrep
graphs or subfactors. The associated modular invariant is [42, (3.1)]

Zes = |X(0,0) + X(o,zs)\2 +1X(0,2) + X(0,6)|2 + IX(4,0) + )((4,4)|2 + X, + X(4,3)’2
+Ix@2) + Xl + (X0 X0, X0,1) + (X6,1)> X(0,3) X(0,5))
+ (X(1,2), X(2,1)> X(2,5)) T (X(2,3)> X(6,0)> X(6,2)) T (X(0,4)> X(2,0)» X(2,6))>
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Figure 43: Graph &[*(Sp(2)).

where (Xx, Xu Xv) = o> + xalxu + x0)* + (Xu + Xv)x;- This modular
invariant is at level 8 and has exponents

Exp(&s(5p(2))) = 1(0,0), (0,8),(0,2), (0,6), (4,0), (4,4), (4, 1), (4,3), (2, 2),
(2,4),(8,0),(6,1),(4,2),(2,3),(0,4)}.

Since the modular invariant associated with this family of graphs does not
come from a conformal embedding, it has not yet been shown that the graphs
Esp;(Sp(2)) arises from a braided subfactor. This modular invariant is a twist
of the Dg(Sp(2)) = As(Sp(2))/Z2 orbifold invariant discussed in Section 4.2,
and is analogous to the E7 modular invariant for SU(2) [9, §5.3] and the
Moore-Seiberg 5](\/1[? invariant for SU(3) [21, §5.4]. The realisation of this
nimrep by a braided subfactor will be discussed in a future publication, using
a generalised Goodman-de la Harpe-Jones construction analogous to that for
E, S](\}? in [9, 21]. This construction produces £5’(G2) as nimrep graphs. It
is expected that Ep;(Sp(2)) does indeed arise as the nimrep for a type II
inclusion with index 4(cos(w/11) + cos(27/11))? ~ 12.97.

However, for our purposes it is sufficient to know the eigenvalues and cor-
responding eigenvectors for these graphs, and it is not necessary for the graph
to be a nimrep graph. With 6y, 65 as in (24) for A = (A1, A2) € Exp(&s(Sp(2))),
we have the following values:
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Figure 44: Orbit of (01, 63) for A € Exp(Es(Sp(2))).

A € Exp (61,02) € [0,1]% | |02 | iz y,=(01,02)°
(0,0), (0,8) | (35:35) (35 33) | 9 5 as
(0,2), (0.6) | (55:55): (35 23) | @4 5
(4,0), (4.4) | (3 3), (5 3) | s 5as
(41, (43) | (% 3): (55:55) | @ Faz
(2,2), 2.4) | Gzom) (33 33) | @ S

(8,0) (%, 19) 11b, 0
(6,1) (%, 5) 11bs 0
(4,2) (=, 2) 110y 0
(2,3) (55, 25) 11by 0
(0,4) (Z,2) 1105 0

where a; is the i*" largest root of 56689952x° — 154608962* + 15226642 —
63888224968z —1, b; is the i largest root of 2° —112*+4423 — 7722+ 552 —11,

and the eigenvectors 1»* have been normalized so that [|*|| = 1.
The orbits under Dy of the points (61,62) € {(55, 5) , (35, 39) - (5. 35) »

7 8 1 6 5 10 2 7 4 9 3 6 5 8
(23:33) - (520 23)» (550 22) (530 23) » (330 28) + (53 33) + (355 23) -} are shown
in Figure 44. The orbits of each successive pair of points support the measures
d(1/202/22) (3/22.4/22) | §(1/22,6/22) ((2/227/22) apd d(3/22:6/22) regpectively. The

orbits of the points (61,62) € {(5,22), (5. 5), (5. 2), (55 55) (5, ) }
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Figure 45: Graph /3 (Sp(2)).

under Dg are the black points illustrated in Figure 44. Thus we see that the
joint spectral measure for E(Sp(2)) is

% 131 6417r4 J2. (d(1/2272/22) L qB/224/22) | q(1/226/22) | ((3/22.6/22)

+ 2d(2/22,7/22))
+8 1 11 (b1 A(1/22,10/22) | (3/22.8/22) 4y, 4(5/22:6/22) ) (4/22.7/22)
1 b d(2/22,9/22)) '

Then we have the following result:

Theorem 9. The joint spectral measure of EF*(Sp(2)), EL2(Sp(2)) (over T?)
18

de — 19316 4‘]5.2 (d(1/22,2/22) 1 d(3/224/22) | 4(1/22,6/22) | 4(3/22.6/22)
T4y
+ 2d(2/22,7/22)>
+11 <b1 q(1/22.10/22) | b q(3/22,8/22) by q(5/22:6/22) | by d(4/22,7/22)

4 b d(2/22,9/22)) :

where b; is the i largest root of x® — 11a* + 44a® — 7722 + 552 — 11, and
d@u92) s as in Definition 4.1.

4.8. Exceptional graph £:2(Sp(2)): (Sp(2))12 — (Es)1

The graphs £13(Sp(2)), illustrated in Figures 45, 46, are the nimrep graphs
associated to the conformal embedding (Sp(2))12 — (Fs)1 and are the graphs
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Figure 46: Graph £/3(Sp(2)).

associated to the modular invariant
Zer, = [X(0,0) T X(6,0) T X(8,1) T X(2,3) T X(8,3) T X(6,6) T X(2,7) T X(0,12) T 2X (4,4) ?
which is at level 12 and has exponents

EXp(512(Sp(2))) = {(07 0)7 (67 O)a (87 1)7 (27 3)> (87 3)7 (67 6)7 (2a 7)7 (07 12)7
and four times (4,4).}

The graphs &£73(Sp(2)) are illustrated in Figures 45, 46. Note again that
& (Sp(2)) has two connected components.
The chiral induced sector bases j; X Aj; are given by

)+ JE= )+
w3 = {laoo) [ofi o) [0 1), 0G0 o7 0] (06 2) [0, PG s

Qi %12
for j = 1,2},
D+ 2)+ D+ 2)+
where a5 0] = lagzp] © lagan) lof )] = [075) @ lafh)] © [aGh], and
+ + (€OE= (1=

2)+
[0 o)) = [0i 1)) @ [o(alp)) @ i) @ [ ).

One can in principle compute the principal graph and dual principal graph
of the inclusion (Sp(2))12 — (Es)1, as in Section 4.3, but we do not do that
here due to their size (the principal graph for instance has 55 vertices). It
is only possible to determine the edge set of the pair of vertices [7 o ag)i]

and [ o ag)j;] together, but not which edges are attached to either vertex

individually. However, the correct choice could be verified by the generalised
Goodman-de la Harpe-Jones method referred to in Section 4.3, where the
principal graph appears as the intertwining graph.
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Figure 47: Orbit of (6;,62) for A € Exp(&12(Sp(2))) \ {(4,4)}.

The subfactor afj o\ (M) C M of index (10 + 3v/5 + /75 +30V5) ~

14.31, where M is a type III factor, has principal graph the nimrep graph
EL(Sp(2)) illustrated in Figure 45, and the dual principal graph is again
isomorphic to the principal graph as abstract graphs.

We now determine the joint spectral measure of £f3(Sp(2)), €05 (Sp(2)).
With 61, 62 asin (24) for A = (A1, A\2) € Exp(&E3(Sp(2))), we have the following

values:

A € Exp (61,62) € [0,1] 2] w21 (01, 62)]
9—v5-1/30+6v5 | 9—v5—-1/30+6v5
(0,00, (0.12) | (35, 3). (33, 58) | =500 -
(6,0), (6,6) | (. &), (I, 14) 9+v5-v/30-6v5 | 9+v5-1/30-6v5
30730/ \307 30 120 8
9+v5+1/30—6v5 | 94+v5+1/30—65
(5.1, (8.3) | (38 b 3) | = —
9—v5+1/30+6v5 | 9—v5+1/304+6v5
2.8, 2.7) | Gho@). G 3) | 0% ¥
(4,4) (35: 30) ; 3
where the eigenvectors ¢* have been normalized so that |[1/*|| = 1, and for

the exponent (4,4) which has multiplicity four, the value listed in the table
for |¢£4’4)]2 is Z?Zl |1Z)>(k1’1)"'|2. Note that

1 A2
(31) 93P = Grop gl

where ¢ = 1 for A € Exp(&3(Sp(2))) \ {(4,4)} and ((4,4) = 10/3.
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The orbits under Dg of the points (61,62) € {(=

(350 30) » (56> 30) » (50 30) (360

13 14 18
307 30) (%v %) (30’ 30)
56> 35) » (35, 35) -} are illustrated in Figure 47.
The orbits of the first four pairs of points support the measures d(1/30:2/30)
d(1/30,8/30) © q(2/30,11/30) apd q(4/30,7/30) regpectively. The orbit of the last pair
has appeared before and supports the measure |J|dg x dg. Thus, using (31),
we see that the joint spectral measure for £12(Sp(2)) is

de — 161 11 —|J| (d(1/3071/15) 4 q(1/304/15) | 4(1/15,11/30) d(2/1577/30))

8 15 82

110 1 1
1362 — — — [ dg x ds.
53 15 grz /s < ds

Then we have obtained the following result:
Theorem 10. The joint spectral measure of E3 (Sp(2)), E73(Sp(2)) (over T?)
18

Qe — 601 ' 1| (d(1/3o,1/15) 4 q(/30.4/15) | 4(1/15,11/30) | d(2/15,7/30))
i

1
+@|J’d6 X d6,

where d92) is as in Definition 4.1 and dg is the uniform Dirac measure on
the 61 roots of unity.
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