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Graded extensions of generalized Haagerup categories”

PINHAS GROSSMAN, MASAKI IZzUMI, AND NOAH SNYDER

Abstract: We classify certain Zs-graded extensions of general-
ized Haagerup categories in terms of numerical invariants satisfying
polynomial equations. In particular, we construct a number of new
examples of fusion categories, including: Zs-graded extensions of
Zso, generalized Haagerup categories for all n < 5; Zy X Zo-graded
extensions of the Asaeda-Haagerup categories; and extensions of
the Zo x Zo generalized Haagerup category by its outer automor-
phism group A4. The construction uses endomorphism categories
of operator algebras, and in particular, free products of Cuntz al-
gebras with free group C*-algebras.

1. Introduction

A quadratic category is a fusion category whose set of simple objects has ex-
actly two orbits under the (left) tensor product action of the subcategory of
invertible objects. Quadratic categories play a prominent role in the classifica-
tion of small-index subfactors. Indeed, with a notable exception (the Extended
Haagerup categories), all known fusion categories can be constructed by start-
ing with either categories coming from finite groups or quantum groups at
roots of unity, or starting with quadratic fusion categories, and then applying
certain constructions.

In this paper we study one of these constructions (G-extensions) applied
to one of the most important families of quadratic categories: the generalized
Haagerup categories. One motivating application of these techniques is to
resolve in the positive the open question of whether the Asaeda-Haagerup
fusion categories admit extensions by their full Brauer-Picard group, which
is the Klein 4-group.

Generalized Haagerup categories were introduced as a generalization of
Haagerup’s famous original example appearing in the classification of small
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index subfactors [1], by replacing the group Zs = Inv(C) of isomorphism
classes of invertible objects which appears in the Haagerup subfactor with
an arbitrary finite Abelian group. A generalized Haagerup category is tensor
generated by a single simple object X, and satisfies the following fusion rules
(plus some cohomological conditions) [15]:

gRX = X®g ! Vgelv(C), XeX2le @ goX
g€Inv(C)

Generalized Haagerup categories were classified in [15] in terms of solu-
tions of certain polynomial equations; moreover, when there is such a solu-
tion the category can be realized as a category of endomorphisms of a von
Neumann factor completion of a Cuntz algebra. We will be generalizing this
approach to also treat extensions of generalized Haagerup categories, but this
generalization will require replacing Cuntz algebras by more complicated al-
gebras.

A G-extension of a fusion category C is a G-graded fusion category D
whose trivial component is C. There is a general obstruction theory for G-
extensions developed by Etingof-Nikshych-Ostrik using the homotopy type of
the Brauer-Picard groupoid of C [6]. As is typical for obstruction theories, this
is quite easy to apply when the cohomology groups where the obstructions
live are trivial, but if the groups are non-trivial it can be quite difficult to
figure out whether the obstruction vanishes or not. In this paper we will
take a much more bare-hands approach, using concrete realizations of our
examples as categories of endomorphisms, and explicitly computing structure
constants.

In general, the non-trivially graded parts of a G-extension of C will be
non-trivial invertible bimodule categories over C. In this paper we will be
considering the special case of quasi-trivial extensions, where each of these
bimodules comes from an outer automorphism of C (i.e. it is trivial as either a
left or right module, but the two actions are twisted by an outer automorphism
relative to each other).

Our first main result says:

Theorem 1.1. Unitary extensions of a generalized Haagerup category C by
an outer action of Zo which is trivial on the subcategory of invertible objects
are completely classified by solutions to certain polynomial equations. More-
over, when these polynomial equations are satisfied then the extensions may
be explicitly realized as categories of endomorphisms of a factor completion of
the free product Opiq % Opyq x C*(F3) where O denotes a Cuntz algebra, F
denotes a free group, and n is the size of Inv(C).
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More specifically, to any such extension of a generalized Haagerup cat-
egory C with group of invertible objects G and structure constants (A, €,n),
we associate extension data consisting of elements p € G\2G and z € Gy;
a pair of characters x,p € G:a pair of unitary scalars £, v; and a function
a: G — T. This data satisfies a list of polynomial equations, and conversely
any solution to these equations is realized as extension data. Equivalence of
extensions can be described in terms of an equivalence relation on extension
data. See Theorems 3.1, 3.2, and 3.3 below for the detailed statements.

Such outer actions can only exist when the group Inv(C) has even order.
Generalized Haagerup categories are known to exist for all cyclic groups of
size < 10 (with multiple distinct examples for certain groups), and we solve
the polynomial equations for Zs-extensions for all of the examples in this
range, thereby constructing new fusion categories in each case. In fact, due to
choices in the construction of the extension, we have 4 different Z,-extensions
for each example, which are also distinct as tensor categories (some of the
choices even lead to different fusion rules).

We then generalize these techniques to give applications in two further
examples of interest. First, we consider the category AH,4 in the Morita equiv-
alence class of the Asaeda-Haagerup subfactor. This can be constructed as a
degenerate version of a generalized Haagerup category for the group Z4 x Zo,
where the second factor acts trivially and so the group of invertible objects up
to isomorphism is Z,. In prior work we calculated the Brauer-Picard groupoid
of the Asaeda-Haagerup fusion categories and saw that the Brauer-Picard
group is the Klein 4-group [13, 10]. Using Etingof-Nikshych-Ostrik’s obstruc-
tion theory, it is easy to see that these fusion categories have Zs-extensions
for each subgroup of the Klein 4-group [12], but since the Klein 4-group is
not cyclic the question of whether there is an extension by the full Klein 4-
group is substantially more difficult. For the original fusion categories AH;
and AHs, which arise as the even parts of the Asaeda-Haagerup subfactor,
the invertible bimodule categories do not come from outer automorphisms,
but for AH4 all the bimodule categories do come from outer automorphisms.
Thus the problem of finding extensions of A%H, is very close to the setting of
our main result. This leads to our second result.

Theorem 1.2. The Asaeda-Haagerup fusion category AH4 has an extension
by its Klein 4-group of outer automorphisms. Moreover, this extension can be
explicitly realized as a category of endomorphisms of a factor completion of

the algebra Og x Og x C*(F3).

By Etingof-Nikshych-Ostrik’s theory, we can conclude that the obstruc-
tion vanishes, and hence all of the Asaeda-Haagerup fusion categories have
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extensions by their full Brauer-Picard group; and moreover all such exten-
sions can be easily classified via group cohomology. These extensions give
some new rich and complicated examples of fusion categories. Homotopy
theoretically this can be summarized by saying that the Brauer-Picard 3-
groupoid is homotopy equivalent to the product of Eilenberg-Maclane spaces
K(Zy x Zs,1) x K(C*,3), or equivalently that the Postnikov k-invariant
vanishes.

Our other application is to the generalized Haagerup category for the
group Zg X Zsg. This category is related to a conformal inclusion SU(5)5 C
Spin(24); see [19, 5]. This category is interesting because its Brauer-Picard
group is unusually rich: it was shown in [8] that this group has order 360.
The group was identified as S3 x As by the first named author and Feng Xu
in unpublished work; see [5] for a proof. The outer automorphism subgroup
is A4. We show using similar techniques to our main theorem:

Theorem 1.3. There is an A4-graded extension of the Zo X Zo generalized
Haagerup category by its outer automorphism group. Moreover, this extension
can be realized as a category of endomorphisms of a factor closure of the
algebra Oz x O x O5 x Oy x C*(F13).

Again this implies that the relevant obstruction vanishes and hence lets
us completely classify all such extensions, of which there are exactly 15 up to
equivalence. We also classify all extensions by subgroups of the outer auto-
morphism group. Thus we determine the extension theory associated to the
outer automorphism subgroup of the Brauer-Picard group. It is an interest-
ing problem to determine the extension theory by the entire Brauer-Picard
group; however we do not currently see an accessible way to approach this.

The paper is organized as follows.

In Section 2 we review some background material on fusion categories,
extension theory, generalized Haagerup categories, and outer automorphisms.

In Section 3 we give the classification of certain Zs-extensions of general-
ized Haagerup categories.

In Section 4 we look at some examples, including generalized Haagerup
categories for cyclic groups, the Asaeda-Haagerup categories, and the gener-
alized Haagerup category for Zy X Zo.

In Section 5 we study the Zy X Zo generalized Haagerup example further,
and classify all of its quasi-trivial extensions.

A long and tedious calculation needed for the argument in Section 5 is
deferred to an Appendix.
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2. Background
2.1. Fusion categories

A fusion category over an algebraically closed field k is a rigid semisimple k-
linear monoidal category with finitely many simple objects up to isomorphism
and finite-dimensional morphism spaces, and such that the unit object is
simple [7]. In this paper k& will always be the field C of complex numbers.

An object X in a fusion category is said to be invertible if there is another
object Y such that X ® Y = 1 (where 1 is the unit object). The invertible
objects in a fusion category C form a tensor subcategory Inv(C), and the set of
isomorphism classes of invertible objects is a group, by an abuse of notation
also sometimes denoted by Inv(C).

One can define left and right module categories and bimodule categories
over fusion categories, as well as relative tensor products — see [6] for details.
A bimodule category is said to be invertible if its relative tensor product with
its opposite bimodule category is equivalent to a trivial bimodule. Invertible
bimodule categories are also called Morita equivalences.

One way that invertible bimodule categories arise is through automor-
phisms. Given a tensor autoequivalence « of a fusion category C, there is an
invertible bimodule category ¢Cq ), where the right action of C is twisted
by a. This bimodule is equivalent to the trivial bimodule ¢C¢ iff « is inner
(isomorphic to conjugation by an invertible object). The set of isomorphism
classes of tensor autoequivalences of C, modulo inner autoequivalences, is a
group, denoted by Out(C).

To any fusion category C, one can associate the Brauer-Picard 3-groupoid,
whose objects are fusion categories Morita equivalent to C, whose 1-morphisms
are Morita equivalences between such categories, whose 2-morphisms are bi-
module equivalences, and whose 3-morphisms are bimodule natural isomor-
phisms. This can be truncated: in particular, the Brauer-Picard groupoid con-
sists just of Morita equivalences modulo equivalence, and the Brauer-Picard
group consists of Morita autoequivalences of C up to equivalence. Also, by the
homotopy hypothesis, one can think of a 3-groupoid as a homotopy 3-type
(that is, a space in the sense of algebraic topology, whose homotopy groups
vanish above 3).

In this paper, we are primarily concerned with unitary fusion categories.
A fusion category is called unitary if it is equipped with a * (sometimes called
“dagger”) structure which makes it into a C*-tensor category (see [3] for the
definition of a (strict) C*-tensor category). When discussing tensor functors
between unitary fusion categories, we assume such functors are also unitary,
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i.e. compatible with the C*-structure. Unitary fusion categories are closely
related to operator algebras; see Section 2.3 below.

2.2. Extension theory

Let I" be a finite group. A I'-graded fusion category is a fusion category with
a direct sum decomposition
c-@De,

gel

where the C, are full Abelian subcategories and the tensor product bifunctor
maps Cq x Cp, to Cgp, Vg,h € I'. The trivial component C. is then a fusion
category and all of the graded components C, are C.-C. bimodule categories.
If the grading is faithful, then these bimodule categories are all invertible [6].

Definition 2.1. A I'-extension of a fusion category C is a faithfully I'-graded
fusion category whose trivial component is tensor equivalent to C.

Whenever we discuss equivalence between two I'-extensions of C, we once
fix tensor equivalences between C and the trivial components of the exten-
sions, and then identify them afterward.

Definition 2.2. We say that two I'-extensions D and D' of C are equivalent
if there exists a tensor equivalence F from D to D' satisfying F|p, = id and
F(Dy) =Dy for every g € I'. We denote by Extr(C) the set of equivalence
classes of I'-extensions of C.

Note that one can have inequivalent extensions which nonetheless are
equivalent as tensor categories. This can happen either because the equiva-
lence permutes the gradings, or because the equivalence restricts non-trivially
to C; see [4].

On the other hand, there is an even less flexible definition where in ad-
dition to fixing the zero graded part and fixing the grading, you also fix the
bimodule categories. The main statements in [6] implicitly use this even more
restrictive definition. To correct those results for the above definition of ex-
tension, one needs to look at orbits under the action of applying a bimodule
autoequivalence to each graded part in a coherent way. See [2] for more detail.

One way that I'-extensions arise is from categorical group actions: if T’
acts on C, then there is a corresponding semidirect product C x I', which is a
IM-extension of C.

Definition 2.3. A I'-extension of C is called trivial if it is equivalent to a
semidirect product of a categorical action of I' on C. A I'-extension is called
quasi-trivial if each graded component contains an invertible object.



Graded extensions of generalized Haagerup categories 2341

Equivalently, an extension is quasi-trivial if each of the homogenous com-
ponents is equivalent to the trivial module as a (left) C-module category.

The following result of Etingof-Nikshych-Ostrik describes extensions in
terms of the Brauer-Picard groupoid.

Theorem 2.1 ([6]). A group homomorphism ¢ from a finite group T' into
the Brauer-Picard group of C determines an obstruction class in O3(c) €
H3(T,Inv(Z(C))) for the existence of a C-bimodule quasi-tensor product (de-
fined there) on the I'-indexed collection of bimodules coming from the map. If
this obstruction vanishes, then the set of such C-bimodule quasi-tensor prod-
ucts is a torsor for H?(T,Inv(Z(C))).

Then each such C-bimodule quasi-tensor product M determines an ob-
struction class in O*(c, M) € HY(T',C*) for the existence of an associativity
constraint. If this obstruction vanishes, then the set of associativity constraints
A for the quasi-tensor product forms a torsor over H3(I',C*).

The H3(T,C*) torsor structure can be realized in a concrete manner as
follows. Let D be a I'-extension of C, and let [w] € H3(I',C). Then we can
put

w-D =Dy Rg C DK Vect.
gel’
In the context of operator algebras, this procedure corresponds to taking an
(outer) tensor product with a I'-kernel with obstruction [w], which we often
use in this work.

The parametrization in Theorem 2.1 does not classify extensions up to
equivalence, in the sense defined above, because two associators A and A’ for
a given pair (¢, M) with A}, = w(f, g,h) 0 Af g and [w] € H*(I',C*)\ {0}
may give equivalent extensions. The missing piece for complete classification
was obtained recently by Davydov and Nikshych.

Theorem 2.2 (]2, Corollary 8.7]). Let the notation be as above. Then there
exists a group homomorphism p%qM) : HY(T',Inv(Z(C))) — H3(T',C*) satis-
fying the following property: Let A and A’ be associators for (¢, M), and let
w € Z3(D,C*) with Af.gn = w(f,g,h)0 A}, . Then the two T-extensions of C
arising from A and A’ are equivalent if and only if the cohomology class [w] is
in the image ofp%qM). In consequence, the equivalence classes of I'-extensions
of C with (¢, M) form a torsor over coker(p%cvM)).

In practice it can of course be difficult to compute the obstruction classes
for specific examples. One of the motivations of this work is to provide inter-
esting examples of graded extensions.
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Remark. When T is a finite group, we have H"(I',C*) = H™(I', T) forn > 1
because C* = R x T as trivial T'-modules and H™(I',R) = {0} for n > 1.
Thus we mainly discuss H™(I',T) as it is more natural from the view point
of operator algebras. In fact, there should be a version of Etingof-Nikshych-
Ostrik’s extension theory in the unitary setting using an appropriate unitary
analogue of the Brauer-Picard group where T appears as w3, but we will not
require this unitary version of obstruction theory in this paper.

2.3. The category Endo(M)

Let M be a Type III factor. The C-linear category End(M) has as objects
the normal unital *-endomorphisms of M, and as morphisms elements of M
which intertwine such endomorphisms:

Hom(p,0) = {t € M : tp(z) = o(x)t, Yz € M}.
This can be made into a strict monoidal category by defining
pRoT=poo
and
t®s=tpi(s) =o01(s)t, te€ Hom(p1,o1), s € Hom(pa, o).

The identity automorphism is a monoidal unit.

Let Endg(M) be the full subcategory of End(M) whose objects are en-
domorphisms with finite-index (see [16] for a discussion of index in infinite
factors). Then Endg(M) is still a monoidal category, and it is also rigid and
semi-simple with finite-dimensional morphism spaces. Thus any full tensor
subcategory of Endg(M) with finitely many simple objects is a unitary fusion
category. Conversely, every unitary fusion category embeds into Endy (M) for
some M (in fact M can be taken to be any hyperfinite Type III factor) in an
essentially unique way.

Recall that a tensor functor from a strict fusion category C to another
strict fusion category D is a pair (F, L) consisting of a functor F' : C — D
and natural isomorphisms

L,, € Homp(F(p) ® F(0),F(p® o))

satisfying
Lp®a,'r o (Lp,cr & IF(T)) = Lp,a@T © ([F(p) & LJ,T)
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for any p,o, 7 € C. We may and do assume F(1¢) = 1p and Lq,, = L,1, =
Iy When C and D are C* categories, we further assume that L,, is a
unitary.

The following uniqueness result is [14, Theorem 2.2|, essentially due to
Popa [17].

Theorem 2.3. Let M and P be hyperfinite type 111, factors, and let C and D
be unitary fusion categories embedded in Endy(M) and Endy(P) respectively.
Let (F, L) be a tensor functor from C to D that is an equivalence of the two
unitary fusion categories C and D. Then there exists a surjective isomorphism
® : M — P and unitaries U, € P for each object p € C satisfying

F(p)=AdU,0®0pod !,
F(t) = U(,<I>(15)U;:7 X € (p,0),
Lpo =Upog® 0 po @ (UZ)U; = Upoo U F(p) (Ug).
When discussing the category Endy(M), it is common to suppress tensor

product and “Hom” symbols, and to use square brackets to denote isomor-
phism classes (also called sectors).

2.4. Generalized Haagerup categories

A generalized Haagerup category is a unitary fusion category C which is tensor
generated by a simple object X satisfying the fusion rules

gX=2Xeg L, Vgelw(C), XoX=21le @ goX,
g€Inv(C)

and satisfying certain cohomological conditions (see [15]).
It is shown in [15] that a generalized Haagerup category can always be
realized in Endg(M) in the following way, which we call a standard form.
Let G = Inv(C). There is a copy of the Cuntz algebra O|g4; with gener-
ators {s} U {t4}4e inside M, a map

G — Auwt(M), g— ay,

and an irreducible endomorphism p of M, such that the following relations
hold:

1.

ag(s) =5, oay(th) =€g(R)thiog, Vg, h e
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geG

plty) = €-g(g) [n-gl—g5s" + \/_st* + N A (B ) tagthrn—gti_,
h,keG

for structure constants

2

eg(h) € {~1,1}, nye {1, e 5}, Ay (hk)eC

satisfying
(2.1) en+k(9) = en(9)er(g + 2h), €,(0) =1
Ng+2n = Mg
(2.3) Y Ag(h,0) = —
heG
T} NgNg'
(2.4) hZ: Ag(h - g, k)Ag/ (h — g/, /ﬁ) = 59791 — gdg 5]@0
cG
(2.5)  Agron(p,q) = en(g)en(g +p)en(g + @)en(g +p + a)Ag(p, @)
(2.6) Ay (hyk) = Ay, 1)

(2.7) Ag(h k) = Ag(—k,h — k)nge—i(g + h)e—r(g + k)e—i(g + h + k)
= Ag(k — h, —h)nge_n(g + h)e_n(g + k)e_n(g + h + k)

(2.8) Ag(h, k) = Agyn(hy k)ngngkTgsnilgrhrren(g)en(g + k)
= Agik(h, E)gNgrhNg+kNg+h+ken(9)ex(g + h)

(2.9)
S Ag(@ +y, D) Ag—pra(—2, 1+ D) Ag—grary(—y, 1 + q)
leG

=Aglp+a,q+z+y)Agplg+y,p+r+y)

X NgNg+q+aNg+p+q+yNg+pTlg+az+yNg+qtaty

Xep(g—p+2)epra(g =P+ a+y)eg(9—q+2+y)eqiy(g —q+ 1)

02,00y,0,
- d NgNg+pTlg+q

ag(p(z)) = pla—g(x))
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p*(x) = sws* + > ty(ay (p(x))t;, YeeM
geG

(The second condition follows from the first one for z in the Cuntz algebra.)

In such a setup, the full tensor subcategory of Endy(M) generated by p
is a generalized Haagerup category if the action of G is outer.

We will also be interested in “degenerate” generalized Haagerup cate-
gories, which have the same form, but where the action of G on M may not
be outer. An example of such a category for G = Z4 X Zs is the Asaeda-
Haagerup category AH,4, where the Zs factor acts trivially; this category is a
Zo-de-equivariantization of a corresponding generalized Haagerup category.

In the sequel, when we want to include degenerate generalized Haagerup
categories, we will explicitly say so; otherwise by “generalized Haagerup cat-
egory” we will mean the non-degenerate version.

2.5. The outer automorphism group

Let (F, L) be a tensor autoequivalence of a generalized Haagerup category C
with group of invertible objects G = Inv(C). Then there exists p € G and
o € Aut(G) satisfying [F(ay)] = [ag(g)] and [F(p)] = [app]. Thus there exist
unitaries vy, u € U(M) satistying
F(ay) = Ad(vs(g)) © gy and F(p) = Ad(u) o a; 0 p.

Note that ({F(ag)}gec: {L} 1 }gn) form a cocycle action of G on M. Since
F(ay) is outer for all g # e, it is equivalent to a genuine action ([18, Corollary
5.2]), and we may assume that L,;, = 1 for all g,h € G up to natural
transformation. Then the equation

Flag)F(an) = F(agtn)

implies
Ad(vy) 0 ag o Ad(vy) o ap, = Ad(vgtn) © Qgin.

Since the left-hand side is equal to Ad(vgoy(vp))oagn, we get Ad(vgay(vy)) =
Ad(vgyp). This means that there exists a 2-cocycle w in Z?(G, T) satisfying
vgag(vp) = w(g, h)vgn, and the cohomology class [w] € H?(G, T) depends only
on the class [(F, L)] € Out(C). Since the inner autoequivalence ay ® - ® o'
of C sends p to a0 p, while it leaves ay invariant, only the class [p] € G/2G
is an invariant of [(F, L)] too. Thus the triple

([wl, [p], ) € H*(G,T) x G/2G x Aut(G)
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is an invariant of the class [(F, L)] € Out(C).

If the cohomology class of w is trivial, we may assume that {vy}gece form
an a-cocycle by modifying v,. Since « is outer, every a-cocycle is a cobound-
ary, and there exists v € U(M) satistying vy, = v*a4(v). Thus

Fla,) = Ad(v,) 0 ay = Ad(v) ™ 0 ay 0 Ad(v),

and we may assume that F(ay) = ay(g) and Ly, = 1 for all g,h € G up to
natural transformation.
The group

(H*(G,T) x G/2G) x Aut(QG)

acts on the set of solutions (e,7, A) of the above equations modulo gauge
equivalence, and we have an explicit description of Out(C) in terms of this
action.

Theorem 2.4 ([15, Theorem 5.9]). Let C be a generalized Haagerup category
given by (e,n, A). Then Out(C) is the stabilizer of [(e,n, A)].

It follows that the subgroup of Out(C) which acts trivially on Inv(C) is a
subgroup of G/2G (and in particular is trivial when G is odd).

For every known example, we have Out(C) C G/2G x Aut(G), and we
may assume that F(ay) = g and Ly, = 1 for all g,h € G for every
tensor autoequivalence (F, L) of C. Assume C is embedded in Endg(M) and
f € Aut(M) implements a tensor autoequivalence of C in this situation. Then
the above argument shows that by perturbing 8 by an inner automorphism,
we may always assume 3o 0371 = Qg(g)-

Recall that the group Inv(Z(C)) plays an essential role in the extension
theory. In the case of generalized Haagerup categories satisfying a certain
extra assumption — which is satisfied in all of the examples of interest below
— we can identify Inv(Z(C)) with

Gy ={g9 € G; 2g =0}

(see [9]), and the action of Out(C) on Inv(Z(C)) is determined by the permu-
tation o € Aut(G) associated to each outer automorphism.

We end this section by describing how Theorem 2.3 works in the case of
generalized Haagerup categories. Assume that C is a generalized Haagerup

category given by the Cuntz algebra model («, p). Assume we have two em-
beddings C in Endy(M;), i = 1,2, where My and M> are hyperfinite Type I1I;
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factors. More precisely, we have aéi), p € Endo(M;) and homomorphisms

L Oigl+1 — M; satisfying
Oééz) Ol = 1; 0 Qy. p(z) Ol = 1L; O Pg.
We apply Theorem 2.3 to the monoidal functor (F, L) given by

Fla)=ad, F(pV) =F(p?),
F(D () =P(v) for v € (nv), Ly, =1.

Then we get an isomorphism ® : M; — My and unitaries u, € U(Ms) such
that

p? = Ad(u), 0 ® o pM o @1,
1D () = u, ® (D (X)) u

J23
Upor = 1, P o M o u,).

For j1 = a4 and v = ay,, this shows that {uq, }sec isa ®o a® o d1-cocycle,
and there exists a unitary u € U(Ma) satisfying ua, = u*® o oV o ~1(u).
By replacing ® with Ad(u) o ® if necessary, we may assume that a(® =
®oa®od ! and Uq, = 1. Under this condition, we have

uagop = uo‘ga;Q) (uP) = 0[52) (up)a

Upoa—y = Up® 0 p® o 7 (ta_,) = up.

Since ag o p = poa_y, we find that u, is fixed by aél) =do a§2) o®~!. There
is no further argument to simplify the situation. In conclusion, this means
that when we compare two extensions of C by using Theorem 2.3, there is a
freedom to replace p by Ad(u) o p with u fixed by ¢, while we can always fix
the group part ay.

3. Classification of extensions

As mentioned in the previous section, for a generalized Haagerup category C
with group of invertible objects G = Inv(C), we can identify Out(C) with a
subgroup of

(H*(G,T) x G/2G) x Aut(G);

and moreover for all known examples, the outer automorphisms are cocycle-
free in the sense that Out(C) lies in the subgroup G/2G x Aut(G).
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We would like to classify Zs-graded extensions associated to an outer
automorphism which fixes the invertible objects, i.e. which corresponds to
the trivial element in Aut(G). Such an automorphism moves p to a,p for
some p € G\2G (note that for a given element of Out(C), the choice of p is
determined only up to an element of 2G).

As motivation for studying this type of automorphism, we note that it
is shown in [8] that the Brauer-Picard group of the generalized Haagerup
subfactor for Z,4 is isomorphic to Zs, and is generated by such an outer auto-
morphism. As we will see below, such outer automorphisms also exist for all
known examples of generalized Haagerup categories for even groups.

3.1. Structure constants and constraints

Let C be a generalized Haagerup category realized in standard form in
Endy(M). We would like to analyze the structure of an arbitrary Zs-extension
of C generated by an invertible object (automorphism) 3 such that

[Bag] = [agB], VgeG
[Bp] = [appp], for some p € G\2G.

So we fix p € G\2G and assume that [ is an automorphism of M satisfying
these fusion rules. We will also assume that the automorphism associated to
[ is cocycle-free, so that we may assume

60049:@905; VQGG,

as explained in the previous section.
Choose a unitary u € M such that

Bop=Ad(u)oa,opofp.
Note that u is determined up to a scalar since p is irreducible.

Lemma 3.1. We have [3%] = [ap.] for some z € G.

Proof. By assumption 32 is in C, and hence isomorphic to ay for some g € G.
We have

[azgp] = [agpa—g] = [62@3_2] = [,Bappﬂ_l] = [agpp).

Therefore we have 29 = 2p, and hence g = p + z for some z € Gs. O
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Now choose a unitary v € M such that
B? = Ad(v) o Otz
We first determine the actions of oy and 3 on v and v.

Lemma 3.2. 1. There are characters x, p € G such that

ag(u) = x(g)u, ag(v) =p(g)v, VYgeq.

2. We have

where v? = p(p + 2).
Proof. We have

Ad(ag(u)) o app = ag o Ad(u) o app o ay
= Qg0 Bpﬁ_l o Qg = ﬁpﬁ_l = Ad(u) O Qpp-

Since ayp is irreducible, it must be that ag(u) is a scalar multiple of u; call
the corresponding character y. Similarly,

Ad(ay(v)) oy, =ag0 B2 oa_y = 5% = Ad(v) 0 apy,

S0 a4(v) is a scalar multiple of v; call the corresponding character p.
Finally, we have

Ad(B(v)) 0 apy. = B(B*) 571 = B2,

so 3(v) is also a scalar multiple of v; call the corresponding scalar v. We have

V20 = B2(v) = (Ad(v) 0 aps.) (v) = pu(p + 2)o. O

Note that we have not found any constraints on S(u). Similarly, we have
not found any constraints on 3(s) or 5(t,).
We would now like to determine where p sends u and v.

Lemma 3.3. Replacing u with a scalar multiple if necessary, we may assume
that

p() S+Z UB QPUt;

geG

where a(g) is a function from G to T.



2350 Pinhas Grossman et al.

Proof. We have u € (appf3, Bp), so that p(u) € (paypB, pBp) = (a—pp*B, pBp).
Since [a,pB] = [Bp], we also have

[08p) = [a—pp®B] = [a_pB] & Playgps],

geG

and a basis for (a_,p*3, pBp) is given by
{u*B(s)s*} U {u*,@(tg,p)utZ}geG.

Multiplying u by a scalar if necessary, we may assume that up(u)s = 3(s), so
that

p(u) =u*p(s)s™ + Z a(g)u”B(ty—p)ut;.

geG

Since up(u)ty = a(g)B(tg—p)u is an isometry for each g, we must have |a(g)| =

1. O

Note that we can replace u with —u, which would multiply each a(g) by
—1.

Lemma 3.4. We have

p(50) = x(p) (" 5(u") 650" 3(5)"+ 3 alg)epr(g-P)ety 0 B3(0,)" )

geqG

Proof. We have

p(B(w) = (a—p o Ad(u?) o fp)(u)
= (Ad(u") o Bpay) (u) = x(p)(Ad(u") o Bp) (u)

()UB<u5 )5t 3 algh Bty )

geG
=) (4 B() [o50B5)" + X alg)epes( — oty 5B, |u)
geG
(where we have used % = Ad(v) o apy.,). O

Lemma 3.5. We have
p(v) = &u*B(u) v,
where £ € T.
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Proof. We have v € (apyz, %), so p(v) € (papis,pB?), which is a one-
dimensional space since [pay,y.] = [pB?] is irreducible. Therefore, it suffices
to show that u*B(u)*v € (payysz, pB2), which can be readily checked:

€ (papsz = a_pizp, 04—21762:0)
Bu)* € (O‘—Qpﬁzp = 52/)0421)7 BappBas, = BpBa_p)
ut € (ﬁpﬂafp, pPapfo_p, = p52)- 0

Next, we will check constraints from the relation ayop = poa_, on u
and v.

Lemma 3.6. We have

1.
a(h +2g) = a(h)eg(h)eg(h — p)x(g), Vg,h € G.

1(g)* = x(9)%, Vg € G.

Proof. For the first part, we have

ag(p(u)) = ag<u B(s)s* + Y a(h)u*B(th—p) uth)

heG

=x(—g )s* + Z Eg (h—p Eg( )U*ﬁ(t29+h—P)Ut§9+h'
heG

On the other hand,
pla—g(u)) = x(=g)p(u) = x(—g ( )s* + Y a(h)uBth—p uth)
heG

Equating terms gives the desired relation. For the second part, we have

ag(p(v)) = ag(§u"B(u)v) = Ex(—2g)u(g)u”Bu) v
and
pla—g(v)) = p(—g)&u*B(u) v
so we get p(2g) = x(29). O

Next, we check constraints from the relation o p = Ad(u) o appo 5 on v.
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Lemma 3.7. We have
1(p) = x(p + 2).
Proof. We have
B(pv)) =B (Eu"B(u)"v) = Ex(—p+z)B(u) vuv* B(v) = vx(—p+z)Bu) vu’,
while

w(ap(B(0)u* = wpu(—p)up(v)u” = vi(—p)EA(u) v O

What remains is to check constraints coming from the relation

p*(x) = sws* + > ty(agp)(x)t)

geG
for = v and x = .
Lemma 3.8. We have
1.
& =x(p)
2.

a(g)alg — p)epr=(9 — 2p)€ = pu(g), Vg € G.
Proof. We have
pP(v) = p(EuBu)*v) = Ep(u)*p(B(u)) u* Bu) v
=¢ ( )s* + Z Ju*B(tg—p)ut >

geG
() (w30) oo
£ af %ﬂh/pwmwvm>mmrbéfwmww

heG
= &) (59 gytuﬁgm)

(Baes+ X %ihpwwww%%g

heG

= 2x(— (svs + Z a(g — p)ept=(g — 2p)tgu*ﬁ(u)*vt;>

geG
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= () (sv5" + X a(g)aly — PIER(9)epr=(9 — 2ty lagn) (0)F; )

geG

Setting this equal to

svs™ + Z tg(agp)(v)t,

e
gives the relations. O
Finally, we will look at p?(u).
Lemma 3.9. We have

1.
Ng+p =1Tg, V9EG
2.
x(9) = alg)*, Vg
3.
a(g)a(—g) = €-4(9 —ple—4(9), Vg
/.

Ag(h, k) =alg+ h)a(g + k)alg + h + k)a(9)Ag—p(h, k), Vg, h, k.

Proof. We have

p*(u) = ( )s* 4+ > alg)u B(ty—p ut*)

geG
= p(u)*p +Z u)*pB(t (tg— p) (U)P(tg)*)
geG
= ( )s* + > alg)u*Bltg—p)ut ) (Ad(u*)Bpay(s))p(s)*
geG
Y aly) ( )5+ 3 alk)u Blty) utk) (Ad (") Bpay) (tgp)
geG keG

( s)s* + ) al uﬁthputh>p(t)*

heG

= (3" + X gty Blty-)* ) 3(0())upls)’

geG
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X alg)els — ) (55" + 3 bt 5ti-)" ) (0ty)

geG keG

: < )s® + Z B(th—p uth>p(t )
heG
= sB(s*p $) 4+ > alg)tguB(t;_,p(s))up(s)*
geG
+ > alg)a(h)ep(g — p)sB(s™pltgrp)tn—p)utyp(ty)*
g,heG
+ > alg)a(k)ep(g — p)tewB(ti_pptgsp)s)splty)
g,k€eG
+ Y alg)a(h)a(k)ep(g — p)tru* B(tr_pp(tgrp)tnop)utip(ty)
g.hkeG
= $3UP Z Jtgu*B(tg—p)up(s)®
geG
+ \/ag;nﬁpa(g)a( 9)ep(g9 — p)e—g—p(g + p)sut* ,p(ty)*
+ > gpa(9)a(—9)ep(g — p)e—g—p(g + D)t —gu*B(s)s*plt)
geG
+ > alg)a(h)a(k)ey(g —p)e—gp(g +D)A g p(k+9,h+9)
g.hkeG
" B(tgrhak—p)uthp(ty)”
This gives
2(u)s = sut —— 3 alg)tyuBllyp)
prlu)s = —su \/Edgegag qu B(tg—p)u
+= anng+pa( Ja(—g)e—g(9)ep(g — P)e—g—p(g + P)su
gEG
Z 77g ﬂ ( )619(9_p)e—g—p(g+p)A—g—p(k+g»0)
gkeG

ctput B(tk—p)u

~ (5 + 3 X nmmalg)al- g)e_g<g>ep<g—p)e_g_p<g+p>)su
geG
Z

gEG
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( + Z nea(k —k(k)ep(k —ple_p—p(k +p)A_k—_p(k + g, 0))
kea
~tgu” B(tg—p)u-
Setting this equal to su gives the equation

Z ngng+pa )6—9(9)61)(9 - p)e—g—P(g +p) =n,
geG

which implies that

NgMg+pa(g)a(—g)e—g(9)€p(g — P)e—g—p(g9 + p)

(3.) = NgMgrpa(g)a(—g)e—g(g)e—g(g —p) =1,

and

1 - 5]
_Z Z MetpA_r—p(k +,0) = Z ng+p2Agfp(k 4 g,0) = ng+p2—g+p’
d kea keG d

which is true (where we have used Egs. (2.3) and (2.7)).
Similarly,

P (u)ts = d\/—SUtl +- Z Jtgu” B(tg—p)ut]

geG

+ —= > Tgrpa(g)a(—g)e—g(9)ep(g — P)e—g—p(g + D) A_g(I + g,0)sut]

+ - l+pa(_l)m6p(_l_p)6l p(=l+pla(=Dtu*S(s)s*

+ Z Ep(g P)e—g-p(g +P)e—g(9)
g,h,keG

Ay p(k+g,h+g)Ay(I+ g, b+ g)treu” B(tgsnrk—p)Uth g

Collecting terms and applying Eq. (3.1) gives

1 /1 S
==+ A [+ a(=)*tu"B(s)s"
\/E<d+gec;ng g(l+g,0))sutz +a(=0) " B(s)s

+ = Z 9w B(tg_p)ut]

gEG

+ 3 (Z a®( X atommspatm - o)

meG “keG (gEG
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Ayl g AT Gom) )t Bty it )
(1) B(s)s"
£ Y am (2 + (X d g epaln - o)

meq keG geG

Ay b+ g AT g ) )t Bty )

(where we have used Egs. (2.3) and (2.7) to eliminate the first term).
Comparing with

tiagp(u) = x(— )tl(uﬁ s —|—Z g u*p( gput>
geG

= x(=DOtu*p(s s+Zx (gt B(tg—p)ut,

pere
we get the relations
(3.2) a(l)? = x(I)
and
> alalm +Da(=g)gngpa(m — g)A—g—p(k + g,m)A—s(I + g,m)))

geG

5 R
—6kz—70—nkmzfl (k+g,m)A_(l+g,m)
geG

= Dt mTem Y €grk(—k)egrr(—k + m)egri(—1)egri(—1 +m)
geG

= DeetmTENmer(—k)ex(—k + m)e(—1)e(—1 + m)

A gk+gm)A I+ g,m).
geG

Setting k = [ and r = k+ ¢ (and replacing g with —g), we get the relation

(33)  Agp(r,m) = alr + g)a(m + g)ngspngalg)a(m +r + g) Ag(r,m).
Finally, by Eq. (3.2), we have that

a(g)a(—g) = £1
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is always real, so by Eq. (3.2) we must have

(3.4) Ng = Ng+p> V9,

which simplifies Egs. (3.1) and (3.3). a

Note that although in deriving the last relation in the proof we specialized
the equation to k = [, the resulting relation makes the equation true for all &
and [ (which we will need later for reconstruction of the category from these
relations).

Putting this all together, we arrive at the following description of 3:

Theorem 3.1. LetC be a (possibly degenerate) generalized Haagerup category
for G realized in standard form in Endo(M) with structure constants (A, €,n),
and suppose that 3 € Aut(M) commutes with gy, g € G and there are
elements p € G\2G and z € Gy such that

8] = loppB],  [57] = [aps2].
Then there exist unitaries u and v in M such that
fop=Ad(u)oa,opof, 3% = Ad(v) o az;
characters x, b € G such that
(3.5) ag(u) = x(g)u,  ag(v) = pu(g)v;

constants £, v € T such that

(3.6) p(v) = &u*B(u*)v, Bv) = vw;

and a function a : G — T such that

(3'7) ()_uﬁ 5+Z U/B ngt;
geG

and such that the following identities hold:

(3.8) v = pu(p+ 2)
(3.9) & =x(p)
(3.10) n(g)® = x(9)°
(3.11) 1(p) = x(p + 2)
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(3.12) a(0) =1

(3.13) x(9) = a(g)?

(3.14) a(h +2g) = a(h)eg(h)eg(h — p)x(g)

(3.15) a(g)al(g — p)ep+=(9 — 2p)& = p(g)

(3.16) a(g)a(—g) = €—g(9 — p)e—4(9)

(3.17) Ag(h k) =alg+ h)a(g + k)a(g + h + k)a(g)Ag—p(h, k)

We also must have 1g = 1445, Vg € G.

Proof. The relations are collected from the previous lemmas. The only new
one is a(0) = 1, which we can assume by noting that a(0)? = x(0) = 1, so
that a(0) = £1, and then replacing u by —u if necessary. O

When g € G, Eq. (3.14) implies
x(9) = €g(h)eg(h — p).

Then putting h = 0 and h = p, we get

(3.18) X(9) = €4(p) = €4(=p), Vg € Go.

Some of the relations in Theorem 3.1 are redundant, and we can organize
them in a more efficient way as follows.

Lemma 3.10. Eq. (3.8)-(3.17) are equivalent to the following equations:

(3.19) = pu(p + 2),

(3.20) = a(p)e—p(p)

(3.21) ( ) = a(g)®

(3.22) 1(g) = a(g)alg — p)a(p)e—p(g)e—p(p)e-(9)

(3.23) a(0) =1

(3.24) e = (heyth — P)ey(0)y(~1).

(3.25) a(g)a(—g) = e—g(9 — p)e—4(9)

(3.26) Ay(h, k) =a(g+ h)a(g + k)a(g + h + k)a(g)Ag—p(h, k)

Definition 3.1. We will call a collection of data (x,u,&,v,a(g)) satisfying
the conditions in Theorem 3.1 a set of extension data for (C, A, ¢€,p, z).
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2. Reconstruction

We now describe how to reconstruct a Zso-graded extension of a generalized
Haagerup category C from its extension data.

Suppose we are given a set of extension data (x,u,&, v,a(g)) for
(C, A e,p,z). Let U = Opy1 %Oy %C*(F3), which is the universal C*-algebra
generated by two copies of O,,11 and three unitaries ug, u1, and v. Intuitively,
we think of the first copy of O,41 as the original Cuntz algebra for C; the
second copy as the image of the first copy under the new automorphism f;
and the unitaries ug, u1, and v as corresponding to u, S(u), and v in the
previous section, respectively.

We would like to extend p and «y to U such that the original relations

Qg O Qp = Qgyp, QgOP=pPOQa_g

and

p*(x) = sus* + >ty (p(x))t]
geG

continue to hold; then define 5 on I/ such that the new relations
foag=ag0fB, pof=Ad(uy)oa,opof, B2 = Ad(v) o apy-

also hold; and finally extend everything to a von Neumann algebra closure of
U to get a unitary fusion category.
Let ®¢ (resp. ®1) be the canonical isomorphism from O\g|41 onto the first

(resp. second) copy of Ojg|41 in U. We set s¥) = @y (s) and té ) = = Oy (ty).
We define a G-action & on U by

dg(uk) = X(g)ukH for k= 0,1, dg(v) = ,u(g)v,
ag(Px(2)) = Pr(ay(r)), =€ O

and an endomorphism p of U by

D €200 B )
p(2k(x)) {u(’ﬁ@l(pap(x))uo if k=1,

plua) = s (550" 1 3 alg)tf?uoti?” ).

geG

plan) = ) (050050 + 3 alghepeslg = pot Dyt Juo
geG



2360 Pinhas Grossman et al.

A(v) = Eujuiv.
Lemma 3.11. We have
Ggop=poda_y4 VgeQq.

Proof. Tt is easy to see that the relation holds for z € ®4(Ogj41), for k =
0,1. For € {ug,u1,v}, the relation reduces to a similar calculation as in
Lemma 3.6, using Egs. (3.10) and (3.14). O

We define an endomorphism 3 on U by

.  [du() if k =0,
Alu(a)) = {v@o(ap+z(m))v* it k=1,

Blug) = w1, Blwr) = plp)ougv”,  Bv) = vo.

Lemma 3.12. We have

Proof. 1. Easy.
2. Also straightforward to check, using Eq. (3.8).
3. Similar calculation as in Lemma 3.7, using Eq. (3.11). O

Finally, we need to check that 5 has the correct form.

Lemma 3.13. We have

P (x) = sOxsO 4 > téo)(dgﬁ)(x)téo)*, Ve el.
geG

Proof. 1t suffices to show that
72 (2)s® = 5Oz

and
PN =10 (6,7)(), Vg€ G.
Again, this is easy to check for z € ®4(O|g|41). Note that

plua) = s (550" + 3 alg) ot

geG
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= 5 ()" + 3 al)F(e2, s )

geG

and

p(v) = EugB(uo) v.
Then then calculation is essentially the same as in Lemmas 3.8 and 3.9, using
Egs. (3.9), (3.13), (3.15), (3.16), and (3.17). 0

Lemma 3.14. There is a factor closure of U to which the endomorphisms
&y, p and B all extend.

Proof. This can be shown by a similar argument to Appendix of [15]. O
Putting this all together, we get the following reconstruction result.

Theorem 3.2. Let C be a possibly degenerate generalized Haagerup category
for G, with structure constants (A,€). Let p € G\2G and z € Go be given,
and let (x, i1, &, v,a(g)) be a set of extension data. Then there is a Zo-graded
extension of C which realizes the extension data.

Remark. Suppose the we have extension data such that everything besides
a(g) is trivial (note that in particular this implies that a(g) € {£1}, Vg). Then
we don’t need a free product, and we can define B directly on the original Cuntz
algebra by B(s) = s, fB(ty) = alg + p)tg+p. We can then verify using Eqgs.
(5.14), (3.16) and (3.17) that B satisfies the appropriate relations, namely

5015)2041)0%)057 52:ap+z~

A necessary condition for this situation to occur is that ex(p) = 1 for all
k € Gq. Indeed, assume u = 1. Then Bopo 87t = a,0p, and B(ty) is a
multiple of t,. Thus for all k € G2, we get

ar(B(to)) = Blax(te)) = Blto),

which shows e,(p) = 1.
This will be useful later when we look at the Asaeda-Haagerup categories.

3.3. Equivalence
We have seen that we can describe an extension in terms of extension data.

We would like to know when two sets of extension data describe equivalent
extensions.
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Suppose we have two extensions, each of the form discussed above, for
the same generalized Haagerup category C with structure constants (A, e).
Then by Theorem 2.3 and the discussion at the end of Section 2.5, for the
purposes of comparing extension data up to unitary equivalence, we may
assume without loss of generality that both extensions are realized in the
same Endy(M), with the same group action «, but with the choices for p
possibly differing by an inner perturbation by a unitary fixed by «, and with
possibly different choices for 5.

We can easily show that if we replace p with Ad(w) o p, where w is a
unitary fixed by ay, the extension data does not change at all.

So what remains is to check how the choice of § affects the extension
data. There are two ways we could modify £ and still describe an equivalent
extension.

First, we can replace 8 by a different representative of the same isomor-
phism class [5'] =[], i.e.

B = Ad(w)o 8

for some unitary w. To keep the relation
agop = oa,

we require that the o, act as scalars on w, meaning there is a character ¢ € G
with
ag(w) = g(g>wa v.g € G

In this case we can take

/

u = wup(w)* € (appfB,B'p), v =wh(w)v € (apyz, B7)
as the unitaries for the extension. Then we have

1.
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3.
A1) = B (wp(w)v)
= Ad(w) (B (wp(w)v))
= w(f(w)F*(w)B(v))w’
= vwB(w) (vaps,(w)v*)vw*
= v{(p+ 2)wf(w)v = v{(p+ 2)v'
4.
p(v) = p(wB(w)v) = p(w)pB(w)p(v)
= &p(w)a—pAd(u”) Bp(w)u™B(u)v
—§C( ) ( Ju*B(p(w)u”)v
—£C w (wh (p(w)u)w*)wy
= &C(p)d ( ) "(w)wv = EC(p)u" B’ (")’
D.

p(U’) = p(w)p(u )pz(w)*
= p(w)u*B(s) wJFZ “ng)tgp()

geG
= (p(w)uw®) (wh(s)w") (ws”p* (w)")
+ > alg) (p(w)yuw”) (wh(ty—p)w") (wutyp?(w)*)

geG
=u""f'(s)s" + Z (tg—p)wuogp(w®)ig
geG
(s)s* + " alg)C(g)u "B (tg-p)ul't]
geG

Therefore y and u are each multiplied by (2, ¢ is multiplied by ((p), v is
multiplied by ((p + z), and a(g) is multiplied by ((g).

Second, we can replace 3 by a different object 8’ in the extension which
satisfies the same initial assumptions as . This means that

(8] = lowp]

for some k € (G, and since

[6%] = [ops=] = [8"] = [0axB?],
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we have
[aar] = [id],
which implies that & € G5. On the other hand, for any k& € G5, we have

[(akB)?] =[] = lopa],  [owBp] = [anappB] = [appoui].

Thus a3 satisfies the same assumptions as /3.

In this case, we can still take u as our intertwiner for (a,pf’, 5'p) and v
as our intertwiner for (a4, 8'%). Thus y and p remain unchanged. On the
other hand, we have

1.
B'(v) = (awp)(v) = ar(vv) = p(k)vv.
2.
p(v) = &u"B(u)"v = Eu” (axB') (u) v = Ex(R)u™ B (u) v
3.
p(u) = u*B(s) -I-Z gu*B(ty—p)ut,
9eG
= u* B (s)s*p*(w)* + Zéek(g - p)a(g)u*ﬂ’(tg_p)ut;

Thus v is multiplied by u(k) and £ is multiplied by x(k).

For a(g), we need to first normalize the new a(g) by replacing u with —u
if necessary, and so a(g) is multiplied by e;(g—p)ex(—p) in the extension data
corresponding to 3.

Putting this all together, we get the following description of equivalence.

Theorem 3.3. Let C be a generalized Haagerup category with structure con-
stants (Aje), and fix p € G\2G and z € Gy. Let (x,u,&,v,a(g)) and
(X, 1, &V, d (g)) be two sets of extension data for (C,A,e,p,z). Then the
corresponding extensions are unitarily equivalent iff there is a character ( € G
and an element k € G5 such that

X'=Cx =0
&= Cp)x(k)E, v =Cp+2)uk)y
a'(g9) = ((g)er(g — p)er(p)alg)
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Proof. First note that since the extension data completely determine the 67-
symbols of the extension, any two extensions which share the same extension
data are equivalent.

Now, as we have seen, once (A, ¢) is fixed, the only freedom we have for
the extension data is the choice of 3, which leads to the relations above.

Conversely, for any character ¢, we can find a unitary w in M such that
ag(w) = ((g)w. Therefore we can always vary the extension data by the given
relations. O

Remark. In the degenerate case, where the action of a is not outer, we may
not be able realize every character .

In the rest of this section, we assume that Ag(h, k) # 0 for all g, h, k € G,
which is true for every known example. In this case, € is a bicharacter on
Gy x G. Let (x,pu,&,v,a) and ()27/175,17,&) be two extension data, and let
b(g) = a(g)/a(g). Then Eq. (3.17) shows that b is a character, and we have

X(9) = b(9)*x(9), filg) = b(g)*u(g)
E=b(p)e, 7= +b(p+ 2.
Therefore, to determine the number of extensions with fixed (p, z), Theo-
rem 3.3 shows that we can fix a, and in consequence x, i, and £ too. Now the
only remaining freedom is multiplying v by —1.
Letting ((g) = ex(g — p)ex(p) = €x(g) in Theorem 3.3, we get

v = en(p+ )k = ex(2)x(k)(k).
Let 7 be a character of G defined by

_ 1g)e:lg) _ alg —plalp) ]
T(g) - X(g) - a(g) —P(g) —p(p)-

Then since x? = 2, we have 72 = 1. Now we have
V' =1(k)e.(k)er(2)v.

Note that we always have 7(p) = 1, and in fact 7 is trivial for every known
example.
In summary, we get the following classification.

Corollary 3.1. Assume that there exists extension data for (C,A, €, p,z),
where Ag(h, k) # 0 for all g, h, k € G. Then the number of equivalence classes
of such extensions is 2 if T(k)ex(2)e.(k) = 1 for all k € Ga, and it is 1 if
there exists k € Go with 7(k)eg(2)e, (k) = —1.
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Corollary 3.2. Under the assumptions of the above corollary, if G = Zoy,
then there exists either 0 or 2 extensions for a given (p, z).

Proof. In the case of G = Za,, we have Gy = {0,n}, and we may always
assume p = 1. Since p generates G in this case, 7(p) = 1 implies that 7 is
trivial. Now we have 7(k)ex(2)e.(k) = 1 for every combination of z and k.
Thus there exist exactly 2 extensions for (1, z) once extension data exists. [J

Remark. In our situation, we have

H?(Zo,Inv(Z(C))) = H*(Z2,G2) = Ga,
H?(Zy,C*) = Zs,
HY(Zy,Inv(Z(C))) = H'(Zs, G2) = Hom(Zs, Go) = Go.

As in the argument at the end of subsection 5.2, we can see that z corresponds
to the element in H?(Zy,Inv(Z(C))) in Theorem 2.1, and 7(k)ex(2)e. (k) cor-
responds to p%QM)(k:) in Theorem 2.2 if H3(Zy, C*) is identified with {1, —1}.

4. Examples
4.1. Cyclic groups

For an even cyclic group G = Za,, there are two possible bicharacters valued
in{—,1,1} on Ga X G = Zy X Zay,, namely the trivial one and €, (m) = (—1)™.

For all known examples, ¢ restricts to the nontrivial bicharacter. In par-
ticular, there are examples known for each n < 5 such that [1] + [op] admits
a Q-system for each g € G, with two different examples each for n = 3,5. The
Q-systems comprise two orbits under the action of the inner automorphism
group of C, corresponding to whether g is even or odd.

It is natural to wonder whether the two orbits are transposed by an outer
automorphism of C, and this is indeed the case for all of the the known
examples (note that H?(Zs,,T) is trivial, so the cocycle-free condition is
automatic). It is then natural to ask whether these outer automorphisms
realize Zy-graded extensions of the fusion categories.

We therefore consider extension data for p = 1. We have z € Go = {0,n}.

Then we have

x(p)™ = x(1)" = x(n) = ea(1) = —1,

so x(1) is a primitive 2n*" root of unity. We then have 2" = —1. Then
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From Eq. (3.15) we then have

a(g)alg — 1)§ = €p+2(9 — 2p)p(g)
= e1(g — 2)e=(9)67x(2)? = ea(g — 2)€%.

If we fix €1(2n — 1) = —1 and €1(g) = 1 otherwise, this gives the unique
solution

alg)=—-¢, 1<g<2n-1

We can then check Eqgs. (3.14) and (3.16) (which only depend on €) hold,
and what remains is to check Eq. (3.17) using the structure data A, (h, k).
Note that Eq. (3.17) does not depend on z.

Theorem 4.1. For each of the known examples of generalized Haagerup cat-
egories for G = Zop, 1 <n <5, and each odd p and z € {0,n}, there are two
distinct Zo-graded extensions of the form discussed in the previous section.

Proof. We check Eq. (3.17) with a computer. Then by Corollary 3.2, in each
case there are two distinct extensions up to equivalence. O

Remark. In this paper we are concerned with classifying extensions up to
the natural notion of equivalence, but one can also ask whether different
extensions give distinct tensor categories. For Zs-extensions of gemeralized
Haagerup categories, there is a unique nontrivial homogeneous component, so
the only way two different extensions can be tensor equivalent is if they are
related by a nontrivial automorphism of the trivial component (that is, of the
generalized Haagerup category).

Note that the choice of z € {0,n} for a generalized Haagerup category
for an even cyclic group is an invariant of the tensor category (indeed, of the
fusion rules) of the extension. It is less clear whether the sign choice in v in
the extension data is also an invariant of the tensor category.

One can check that once one fizes an extension as above, the extension
data is invariant under conjugation by the g, as well as conjugation by f3.
Thus if the outer automorphism group of the generalized Haagerup category is
generated by conjugation by (5, then the different extensions are also distinct
as tensor categories. This is the case for the generalized Haagerup category
for Zy4.

Thus at least for Zy, the Zs-graded extensions constructed above give
four different fusion categories, and we conjecture that this holds in general
for Zoy.
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4.2. Asaeda-Haagerup categories

The Asaeda-Haagerup subfactor was one of the two original “exotic” subfac-
tors discovered in [1] (the other being the Haagerup subfactor, corresponding
to a generalized Haagerup category for Z3). It was shown in [10] that there are
exactly six fusion categories in the Morita equivalence class of the Asaeda-
Haagerup categories. Three of these, including the two which are the even
parts of the Asaeda-Haagerup subfactor, do not admit any outer automor-
phisms. The other three are quadratic categories, and one of these, called
AHy, is a de-equivariantization of a generalized Haagerup category for the
group G = Zy X Zs.

The category AH4 may be considered a degenerate generalized Haagerup
category, coming from a solution to Eqs. (2.1)-(2.9) for G with (g 1)((¢, 7)) = 1
for all (i, j), which means that a1y acts trivially on the Cuntz algebra (and
hence is equal to id). Thus we have Inv(AH4) = Zy.

There are 8 non-isomorphic Q-systems of the form [id] + [op] (two for
each g € Z4), which fall into 4 inner conjugacy classes, since ay49p is inner
conjugate to agp. The Brauer-Picard group is

BrPic(AH4) = Out(AHy) = Zg X Zo

and acts transitively on the inner conjugacy classes of Q-systems: there is
an autoequivalence fixing p but transposing the two Q-systems for [id] + [p],
and another autoequivalence sending p to aqp. (The Brauer-Picard group had
previously been calculated for the original Asaeda-Haagerup categories in [13]
using other methods).

Therefore it is natural to wonder whether AH4 can be extended by
Out(AH,), and consequently whether all of the Asaeda-Haagerup categories
admit Zy X Zs-graded extensions.

In [12] it was shown on abstract grounds that the obstructions for Zo-
extensions vanish — but those methods do not determine the obstructions for
Zo X Zo-extensions.

We will show that the Zs X Zs obstructions vanish by directly constructing
a Zo X Zo-extension using the methods above.

We refer to [10, Section 4] for the structure constants (A, €) of the category
AH4, and note that the bicharacter e on Gy x G is given by

-1 (i,0) = (2,1),

1 otherwise.

€(4,5) ((kv l)) = {

We will consider extensions for each of p = (1,0) and p = (0,1).
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We start with p = (1,0), and let z = (0,0). Note that ex(p) = 1 for all
k € (G2, so by Remark 3.2, there is a possibility of realizing an extension on
the original Cuntz algebra.

Up to equivalence, there are two solutions for a(g) in Egs. (2.1)-(2.8), ex-
actly one of which also solves Eq. (2.9) (this was checked with Mathematica).

We fix the extension data as a((0,1)) = —1 and a(g) = 1 otherwise, and
then v = +1 determine two inequivalent extensions.

We then have y = =& =1, and if v = 1 as well, we can represent the
extension on the Cuntz algebra Q.

Next, we consider p = (0,1) and z = (0, 0). In this case we have € 0)(p) =
—1, so there is no hope of realizing an extension on the original Cuntz algebra.
We find again a unique solution for a(g) up to equivalence:

and again a sign choice in v/ gives two different extensions.

Remark. For each p, we have chosen z = (0,0), and found corresponding
extensions. Since Inv(Z(AHy)) is trivial, there can be at most one quasi-
tensor product for a given choice of p, so we cannot have additional extensions
for other choices of z.

For example, forp = (1,0) and z = (2,0), there is a solution to Eqs. (2.1)-
(2.8), but it does not satisfy (2.9).

We would now like to realize extensions for p = (1,0) and p = (0,1)
simultaneously.

Let U = O % Og  C*(F3). We define an automorphism 3’ using a’(g) and
a choice of sign for v/ as in the proof of Theorem 3.2.

We can also define § on Oy using a(g) with v = 1.

We now want to extend S to U. We need to preserve the relations

Bop=appopof, PLoay=agop, /3220‘(1’0)

which hold on the Cuntz algebra, and we would also like the extension of 3
to commute with 3. So we define

Dy(z)) = B(P1(2)) = B(x), YCE € Oy,

3(
B(U(J) =cug, B(u1)=-cur, PBv)=~cv.

Then we have
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and
p? = Q(1,0)
if
¢ =x((1,0) =i, *=4((1,0)) =1,

which will now assume.

Lemma 4.1. We have

B Q(1,0) © po 5
if
a'(g—(1,0))alg — (0,1))alg) = d'(g), Vg€ G

Proof. 1t is straightforward to check that the relations hold for x € ®;(Oy).
For ug we have

(B op)(ug) = B(US (5(1)3(0)* +Y " d(9)f (tél_)(oyl))uotéo)*))

geG

= cuyg (s(l)s(o)*

+3 el (ghalg - (0,1) + (1,0))alg + (1L,0)F (Y 0114 1.0 10t 0 )

geG

and
(07(1 0opo B)(Uo)

= o/ (=(1,0) (15 (550" + 3 o

geG

(o 1>)“°t§0)*>>’

which are equal if the relation holds.
Next we have

(B0 p)(v) = B(Eupuiv) = € ujuiv
and

(G1,0) 0 po B)(v) = ' ((1,0))duguiv,
which are equal if

1 ((1,0)) = ¢ = X((1,0)),

which is true. O
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Theorem 4.2. The obstruction in H*(Zy x Zs, T) for the existence of Zio X Za-
graded extensions of the Asaeda-Haagerup categories by mutually inequivalent
bimodule categories vanishes.

3mi

Proof. We can verify that the relation in Lemma 4.1 holds for ¢ = e~ ¢ .
Then we can simultaneously extend B and B’ to a factor closure, as in the
proof of Theorem 3.2. Since such an extension exists, the obstruction must
vanish. O

Since the homotopy type of the Brauer-Picard 2-group is an invariant
of Morita equivalence, we get corresponding extensions of all the Asaeda-
Haagerup categories.

Corollary 4.1. For each of the Asaeda-Haagerup fusion catgeories, there
exist 8 different Zo X Zo-graded extensions of the Asaeda-Haagerup categories
by mutually inequivalent bimodule categories.

Proof. Since Inv(Z(C)) is trivial, so are H"(Zy X Z2,InvZ(C)) for all n. Thus
there is no choice of quasi-tensor product. By Theorem 4.2, the obstructions
for extensions vanish. Therefore Theorem 2.1 and Theorem 2.2 show that the
set of extensions form a torsor over H3(Zy X Zo, T) = (Z3)3. O

Note that unlike for AH4, the group Out(C) is trivial for C = AH;23.
Therefore the corresponding extensions for those categories are not quasi-
trivial, but rather involve bimodule categories that are non-trivial even as
module categories (see [13] and the accompanying text files for a description of
these bimodule categories, including dimensions of simple objects and fusion
rules).

Conjecture 4.1. Similar Zo X Zo-graded extensions exist for generalized
Asaeda-Haagerup categories (de-equivariantizations of generalized Haagerup
categories for the groups ZLam X Lo with €y trivial).

For specific values of m the conjecture can in theory be checked by a
similar calculation as above — namely, try to find extension data for p =
(1,0),z = (0,0) with trivial x, p, & then for p = (0,1),z = (0,0); then check
the relation in Lemma 4.1. However, generalized Asaeda-Haagerup categories
are themselves not yet known to exist for m > 1.

4.3. The group Zs X Zs

It was shown in [15] that there is a unique generalized Haagerup category C
for G = Zy X Zs. This category is related to a conformal inclusion SU(5)5 C
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Spin(24); see [19, 5]. It was shown in [8] that the Brauer-Picard group of this
category has order 360, and the group was identified as S3 x As in [5]. The
outer automorphism subgroup is Ay.

We would like to classify the quasi-trivial graded-extensions of C, and in
particular find A4-extensions by the entire outer automorphism group. In this
subsection we first consider the Zs-extensions.

We will use the normalization

1 1 1 1
1 -1 -1 1
“M=11 1 4 |
1 -1 1 -1
as in [15] (corresponding to s = —1 there). We label the elements of the

group by {0,p, ¢, 7} (in that order with respect to the matrices of structure
constants). We consider extensions by an automorphism 3 which conjugates

p to ayp.
Then Eq. (3.14) reduces to

so x is given by the second column of the € matrix, (1, —1,1,—1), and then
£ = +i.
From Eq. (3.15) we have

a(p) =€ alg)alr) = ap)p(r)eps=(r) = alp)u(g)eps-(g)
By Theorem 3.3, without loss of generality we can assume
a=(1,—i,t,1)
for some
t=*+1=—u(q)epr=(q) = —p(r)eps=(r).
Checking Eq. (3.17) with a computer (or by hand) gives ¢ = 1. Then we have

(@) = ep+2(0) = X(@)ep+2(a)eq(p) = Xx(@)e=(q)

and similarly

p(r) = x(r)e(r)-
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Note that we also have

1(0) = x(0)e=(0),  u(p) = x(p)e=(p)

by Eq. (3.11). So
[t = XEx.
Thus 7 in Corollary 3.1 is trivial, and the number of extensions are de-
termined by whether e (z)e.(k) can take —1 or not. We also have

V= p(p+2) = —e(2).

It was shown in [15] that there is a Zs-action on C which fixes p and
cyclically permutes {ay, g, o }. Therefore, similar extensions exist for auto-
morphisms taking p to agp and a,.p.

Summarizing, we have:

Theorem 4.3. For each x € {p,q,r} and y € G, there is a Zs-extension
of C by an automorphism (., such that [Byyp] = [@wpBe,] and [2,] =
[Qgty]. Such an extension is unique unless y = 0, and there exist exactly two
extensions for y = 0.

We defer the general case of quasi-trivial extensions of C by outer auto-
morphisms to a separate section, since the argument is long and involved.

5. Quasi-trivial extensions of the generalized Haagerup
category for Zy X Z,

At the end of the previous section we classified quasi-trivial Zs-extensions of
the generalized Haagerup category for Zs X Zs. In this section we will consider
more generally extensions of this category by arbitrary subgroups of the outer
automorphism group Ay.

Throughout this section, let C be the generalized Haagerup category for
Zy X Za, realized in standard form in Endg(M). We label the group as G =
{0,p,q,7}, and use the same normalization of ¢ and A as in the previous
section.

5.1. Constraints for a Zs X Zs-extension

We first consider Zsy X Zo-extensions.
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Let us first assume that we have a Zs X Zs-extension, also realized in
Endy(M), generated by automorphisms 3, and 3, such that [3,p3; '] = [anp)]
for each h € {p,q}. Let 3, = (B,53,) . Then we have

1Br0B, 1] = (8,18, pBpBq] = [arp).-

We will denote the corresponding unitaries and extension data using sub-
scripts, e.g. up, vp, &n, ap ete., for h € {p,q,r}.
Then as we have seen, we can without loss of generality assume that

a, = (1,—1,1,1)
and similarly
ag = (1,7,—14,1).
Then we have
a, = (1,ts, ti, —si),
where t and s are signs.
Lemma 5.1. We have
a, = (1,1,4, —1).
Also,
Bp(ug)up = 5,7 (uy),
and similarly for cyclic permutations of (p,q,r).

Proof. We have

Ad(B (up)) 0 arp = B 0B = BBy By
= fp o Ad(ug) o aqu;I = Ad(ﬁp(uq)aq(up» O Qptgp
= Ad(Bp(uq)up) © arp,

which implies that
Bp(ug)up = bpﬁfl(“:)

for some unitary scalar b,,.
Consider the action of p on this identity. We have

by = Bfl(ur)ﬁp(uq)up = P(Bfl(ur)ﬁp(uq)up)
= (ﬁflﬁrpﬁfl)(ur)“;ap (BP(P(uq)))upP(up)
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( rap(Uy)u )U*BP(UZ)BP(qu(uq))upp(up)
=& Q) ( )EB (“r/’(ur) )Br_l(ur>ﬁp(qu(uq))upp<up>
Eﬁr (urp(ur)) By (ugp(uq))upp(up).

So we have:
by = B (urp(ur)) By (wqp(ug) Jupp(up)
= 3 (5e(6)5" + 3 arl)Brlty-r )
geG
* Bp <5q )s* + Z aq(h)Bq(th—q) thh>
heG
( $)s* + > ap(k @,tkpuptk)
keG
= (BpBeBr)(s)s™
+ Z ap(g)aq(g — p)a(9 —p— )(51)5@(@)(7597117%7")(5pr3q(ur)>ﬁp(“q)“pt;
geG
=55+ Y ap(g)aglg — p)ar(g — r)bptyt.
geG
So we get

by = ap(9)ag(g — p)ar(g — )by =1, Vg€ G,
which implies that b, = 1 and s =t =1, so that a, = (1,1,4, —7).

This calculation is invariant under cyclic permutations of (p, ¢, 7). O

We record for later use the relation among a,, a,, a, that we found in the
proof of Lemma 5.1, which can be verified directly:

(5.1) ap(9)aq(g —pla(g —r) =1, Vgeq.

As we have seen previously, each of the Zs-graded extensions can be re-
constructed from a Cuntz algebra and three unitaries corresponding to up,
vp, and By (up). For our Zs X Zo-graded extension, we also have to consider
the images under the various (5 of each u; and vy,.

A priori, there are 21 unitaries to consider:

{ﬁk(uh)}he{p,q,r}, keZaxZs O {ﬁk(vh)}he{p,q,r}, k€ZsxZo\{h}
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(where we let 5y = id; note that we have fp(vn) = vpvp). We can then use
the relations

BpByBr = id and Bi = Ad(vp) © Qs
to express J(w) as a word in these unitaries and their adjoints for any w on
this list. Similarly, we can use the relation

po B = Ad(uf) o B o po an

to simplify p(w). Thus, the C*-algebra generated by the Cuntz algebra gen-
erators and these unitaries is invariant under the ay, 8, and p.

We first show that 6 of these 21 unitaries can be written in terms of the
other 15.

Lemma 5.2. We have:

1. Bp(ug) = _GZT(T)U:BT(UT)*UTU;
2. Bp(vg) = Vgpg(r + 2)vyBr(vg)vr

and similarly for other cyclic permutations of (p,q,)

Proof. 1. We have

and

2. We have

Bp(vq) = U BpBe(vq) = VT]ﬁ[%“q) = 75;2(57“ (vq))
=7(Ad(vy) 0 aT+Zr)_1 (Br(vg)) = Tapq(r + 2, )0} By (vg)vr. O

In light of Lemma 5.2, we only need to consider the 15 unitaries of the
form wp, Bp(up), B (up), vp, and By (vy), where b’ is the successor of h in the
cyclic ordering (p, ¢, ). We introduce the notation

UEJ) = B](uz)a 7"] € {pv q, T}'

We now derive two further relations among these 15 unitaries.
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The first one comes from the fact that
Ad(vz(f’)) = Ad(ﬁq(”p)) = B0 Ad(vp) o ﬁq_l
= fq (aerzpﬁg)ﬂq_l = O‘PJerﬂqﬁz%/Bq_l'

Lemma 5.3. The unitary vpvz(;Q)qu((I )v,«vf«p ) is a scalar.

Proof. 1t suffices to show that Ad(vpvg(,q)qué Vo0 )) is the identity. By the
previous remark, we have

Ad(vpv;z(:q)) (O‘p-i-zpﬁ )O‘p—i-zpﬁqﬁ ﬁ ! BZﬁqﬁzﬁq_l
with similar formulas for Ad(vgvg o )) and Ad(v,vy ( )) so we have
Ad(vpog v o) = (B58a68,07 ) (B36: 82657 (8 BoB7 5, )
= 555&3%@53@@3535;1 = /856q6p6q536;1 = 556(157‘6;;1 - /Bpﬁz;l =

where we have used the relation 8, = (8,6,)""! four times. O

By renormalizing v, if necessary, we may and will assume that
(5.2) 008000800 = 1.
Lemma 5.4. We have

(5.3) uPuio Dy D Dy P = —c, (p)e, (g)es, (r).

P

Proof. First note that the relation 82 = Ad(vp,) o a2, can be rewritten as

Bt = (Ad(vp) © angs,)” Bhe

We then have

) = By(ur) = <5qﬁr>*1< r) =B, (8 (w)
= ((Ad(v,) o Oér+zr) Br) ((Ad(vg) 0 aigz,) 15(1)(”7"))
= X (g + 24 + 7+ 2,) (Ad (V7077 0 B,8,) (uy)
= ez (1) (Ad(v70f") 0 B,) (= ez, (P)upul vyuy)
_€Zp(p)62r+zq( )Ad( U((;T )(ﬁT(Up) ﬁ;l(up)*ﬁr(vp)ﬁr(uq)*)
= 76 (p)ezr-i-zq( )Ad(v:vér)*) ((Vpﬂp(q + Zq)vf;ﬂq(vp)*vq)
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: ((Ad(v*) 0 Az, Bq) (p) ") (Tphin(q + Zq)”Jﬂq(Up)Uq)Br(uq)*)
—€2, (D)€z 12, (1) Xp (4 + 2) Ad (0077 (05 B (1) By () By (vp) g Br (1))
sy (D)€, 2, ()00 05 By (09) By (1) By (0p)vg B () 00y
—e, (p)ez, (Q)e, (r)vﬁp)vpul(,Q)*vz()Q)vqugr)*vér)vr.

Rearranging gives the condition. O

We next apply p and 5, to the conditions in Lemmas 5.3 and 5.4 to see if
any further constraints arise. It turns out only applying S8, to the condition
in Lemma 5.3 gives an additional constraint.

Lemma 5.5. We have

=€ popte (2p)e, (2p + 2 + 21)

= €zt (29)€2, (2 + 2 + 2) = €xppz42, ()65, (2p + 20 + 20)
Proof. We have

1= B,(1) = By (vpv{ P00 v, 0P))
= V0B () Bp(vg) (Bpr) (vg) By(vr) (Ad (1) © Oz, ) (Vr)
= Upfir (P + 2p)Vp (V) (s, Br) (Vp)vr) (T ptg (r + 20) 07 Br (vg)vr)
+ (BpBr) (vg) Bp(vr)vpvrvy,
= Vplgptr (P + 2p) pip (1 + 20 ) 1q (1 + 21 )0p0; 57"(%)“( UT(ﬁpﬁT)(Uq)v(p)”pUTU;
= VpTgitr (P + 2p) tip (1 + 20 ) g (7 + 20 ) 0pv] (Tphtn(q + 24)vg Bq(vp)vq)vmvr
) (Ad@?(ﬂp Up) aq+zr+zp6q) (Uq)vﬁp)vp%“p
= pr (P + 2p)pip(p + 20 + 2 g (r + 2p + 2¢)

. (@) ) 2 (1)) 2 (D)) % *,.(P)*,,(P) *
vpvrqup Vgvy v vpugvgu U 0P vy

= (P + 2p) (P + 20 + 2g) g (P + 2p).
Using the relation

1n(g) = xn(9)€z, (9) = €g(h)ez, (9),

we have

L= pir(p + 2p)ip(p + 2 + 2g) 11 (P + 2p)
= €ptztzg (p)6p+zp (Q)ep—i-zp (r)ezp (p + 2+ Zq)fzq (p + zp)EZr (p + Zp)
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= 6Zp (Zq + Zr)ezq‘f’zr (ZP) = EZp(ZP + Zq + ZT)EZp+2q+ZT~(Zp)'

Similarly, we can replace p with ¢ or r. O
Corollary 5.1. One of the following occurs:

1. zp+24+2=0
2. Two of zp, zq, 2y are 0
3. 2p=24=2

Proof. Suppose 2z, + 24 + 2 # 0. Then

Eg(Zp + 24+ Zr)ezp+zq+zr (9)=1

holds for g = 0 or g = 2, + 2, + 2. Suppose, e.g. 2, and z, are both nonzero.
Then we must have

Zp=Z2qg = Zp+ 2q+ 2 = Zp. O

Remark. Conversely, the relations in Lemma 5.5 follow from any of the
conditions in Corollary 5.1.

Finally, we record the formulas for g, and p applied to u(Q) and v;(,q), which
will be needed for reconstruction.
Lemma 5.6. We have
1 ) = xylp 45+ Pl
2. Br(v}?) = vppp(p + 2 —l— zq)vé TRt
3. plu”) = Xpl@ugup” v v B ()0 0" By ()" + Leg €rtaper (9 - ) X
ap(9)Br(tg— p)v* (q)* (q)ﬁq( tg) Jug
1 i) = e @il@olr + 2+ el ooz
Proof. We have already seen similar calculations for 8 in previous proofs.
For p, we have

P(Uz(oq)) = P(ﬂq(“p)) = u;(aqﬁqp)(up)uq
Xp(@)uy ﬁq(u Bp(s)s™ + Zap U 510 9— p)uptg)uq

geG

= ) | o0 () By )

+ Z €rdzpt2, (9 — p)u;uéq)*véq)vqﬁr (tg_p)v;vz(,q)*uéq)ﬁq (tg)*“q}

geG
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and

p(U;(aq) = P(ﬁq(vp)) = u:;(ozqﬁqp)(vp)uq
= Np(Q)fpuzﬁq (u;ﬁp (u;)vp) Uq

= 1p(Q)Xp(r + 2, + zq)§puf1u](f)*v1(ﬂ)vqul()q)*v;v]()q)*vl(,q)uq

*

= tp(q)Xp(r + 2p + zq)gpu;ué@*vlgq)vqﬂr(up)*vquq

* *

= Ty (D rp(@)Xp(r + 2p + Zq)gpuquz(nq)*vz(aq)Uqurvj;ﬁq(uq)ququq

= —e. (O pp(@)Xp(r + 2p + zq)Epu;ul(,q)*véq)Uqu,,v;;ugq)uq. O
5.2. Reconstruction

We now describe how to reconstruct Zy x Zso-graded extensions of the Zy x
Zo generalized Haagerup category, following the calculations of the previous
section.

We start with the Cuntz algebra Os, together with the endomorphism p
and G = Zy X Zs action .

Let zp, zq, 2, € Zo X Zy satisfying the conditions of Corollary 5.1 be given.
Let ap = (1, —14,1,4), ag = (1,4, —4,1), and a, = (1,1,4, —3). Let &, =1,

xn(g) = €g(h),  pn(g) = eg(h)ez, (9),

for h € {p,q,7}.

Let vy, € {£i} for h =0 and v, € {1} for h € {p, ¢, 7} be given for each
he{p,q,r}.

For h € {p,q,r}, we will denote by h’ its successor in the cylic ordering
(p,q,7), and by h” the third element.

Let U = Os % O5 x O * O5 x C*(F13), which is the universal C*-algebra
generated by four copies of 05 and fifteen unitaries wu;, = ugg),ugh),uglh/)

vy = Ugo),v,(lh/), for h € {p, q,r}; subject to the relations

)

(5.4) Upvy(,q)qué’”)vwﬁp) =1
and
(5.5) uﬁ,”)v:vér)*ugr)v;vl(,q)*u]()q)v;vﬁp)* = —¢;, (p)ez, (@), (1)

(recall that these relations come from Lemmas 5.3 and 5.4).
We label the four copies of O5 by Zg X Zs, and denote by ®; the inclusion
map of O into U corresponding to h € {0,p, q,7}.
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Then we define &, on U by

ag(Pn(2)) = Pp(ay(x)), =€ 05
&g(ul(zk)) = xn(g )“2)a dg(vf(zk)) = fin(g )”2 )7

and define p by

P(Pr(x)) = up®p(pan(x))up, (where we let ug = 1)

plup) = uj, (s(h)s(o)* + > anlg) t;ﬁh éo)*),

geG

) =il n (80035 D 4 X an(g)ens, g+ LD 04,
geG

p(uglh,)) = Xh(h )uh,ugh/) U}(lh,)’ljh |: (h”)UZ/U,(lh,)*S(hI)*

By, (h'
+ Z ER/ +2n+2y (g+h)th +hvh’vh * ( t(h )*} Ups,
geG

pon) = Euuut vy,

W ) W
p(o) = =€, (W) (W)X (W + 2+ 20 ) Snttiag!” "o oans ol .
Remark. The formulas for p come from the formulas for Zo-extensions in the
DPrevious chapter, together with the calculations in Lemma 5.6 for the unitaries

uy" and v Note that xu(h) = en(h) = =1 and x(R') = e (h) = 1 can

be used to simplify the formulas for ﬁ(ugh)) and ﬁ(u,(lh,)). Similarly, the scalar

cofficients in the formulas for p(vy) and ﬁ(v,(Lh,)) can be simplified to i and
€242, (W), respectively.

Lemma 5.7. 1. The formulas above define a G-action & and an endo-
morphism p on U.
2. We have &gop=pody.

Proof. To show that the formulas give well-defined maps, we need to check

that &, and p preserves the relations (5.4) and (5.5).

Applying &, to vpv}(,q qu((] vrvﬁp ) multiplies it by the scalar

11p(9)*1q(9)r(9)? = 1,

and applying a4 to u p)v*vqr)*u(r)v*v(q *u(Q)’U*vﬁp) multiplies it by the scalar

Xo (D) 1p(9)*Xa(9)1g(9)* X ()11 (9)* )
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= Xp(9)Xq(9)Xr(9) = 9P+ q+7) = €(0) = 1.
For p, we have
p(vpv "y v(p))
= (&upu?v,) (~es, (a)mp(9)X (+%+%Mﬂdw<%www9%)
(Equguvg) (=€, (Mg (r)Xq(p + 24 + 2)qupul v vpuvruu,)
(Guu o) (—es, (1)

The scalar coefficient is

- (fpgqfr)%zp () €zq (9)e-, (T)Eq (p) €zp (@)er (q)ezq (r)€p<r)sz ()

*E€rtzptzg () Eptzrtzq (Q)€q+zr+zp (7)
—€z, (p)ezq (q)€Z7‘ (T)

)
1 (D)X (4 + 2 + 2) 6t uP 0P uyu 00l )

and the product of unitaries, after cancelling inverses, is
wrulP* vyl ul?* (0D vul 0D Pl )yt P,
= _ezp (p)ezq (q>ezr (/r) (U,;ul()p)*'l}pu;) (uqv;u]()p) Up)
= —€, (p) €24 (Q)em (7’),

where we have used relation (5.5) (after taken the adjoint and a cyclic re-
ordering). Thus

(0000l 0,0 = 1,
and p preserves relation (5.4).
Next, we have

W), % h)x
P(ng )vhvh’)’ )

:Xh(h)[uh/u(h/)* (), 0t o H% (R)5,

+ Z €nrgzptzy, (9 + h)upuy, vy v +hvh vy,
geG

— h
(fhvhU§L )

() ) g % () (h,)*uh’:|

wn) (=€ (W)t () Xor (R + 2+ 2er) Gty oni viops wjiun)

~Cantzpn (h/)uh’u(h ol ,)Uh’ |:5(h,/)v}t/vf(lh/)*8(h/)*

*
+ Z Eh//"'zh"l‘zh/ (g + h)tg+hvh'vh / uh// Up.

(W%, (B) (W) | %, ()% (R)
uy tg)} g
geG
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So then
[)(uff’)U;kv(gr)*ugr)vgvéq)*u;q)vzvﬁp)*)

_ <_6ZT 1o (PP P, [s@w;v,@*s(?)*

3 Carnn 9+ T)ar (g}t o a8 oo, )
geG

. <—ezq+zp (r)u:uff)*vff)vr [s(p)v:v((f)*s(”*

3 prayn (9 Do) quie a8 i i,
geG

. (—ezﬁzr(q)u;ugq)*v,(ﬁ)vq {s(r)v;v[(ﬂ)*s(q)*

30 ervapta9+ D)yt iV e P, )
geG

— —., (P)es, (e, (Nuu® oy,

{s@)U;U§p>*u:vy)*v;v,g@*s(q)*

) eprzgta (9 ertzprz (9 F Deqiztz, (9 + 1)ar(9)ag(g + @)ap(g + 1)
geG

75(61)

g+rv;U§p)*u$p) v:vy)*uff)v;‘v]()q)*u;q)téﬁ:} vpolP ulPuy,

p-q
= e (D)es (g (gl o, |50 510"

+ Z —€2 (p) €24 (9)e=, (r)6p+zq+zr (9)€r+zp+zq (g + Q)6q+zr+zp (g+7)
geG

(), (P)
v vl u g,

car(g)ag(g + qay(g + )ty 150 o

where we have used relations (5.4) and (5.5) in the last step.
Finally, we have

—€z (p)ﬁzq (9)ez, (T)Ep-i-zq—i-zr (9)€r+zp+zq (g + q)ecﬁ-zﬁ-zp (g+)
~ar(9)aq(g + q)ap(g +7)
= ar(9)aq(g + q)ap(g +r) =1,
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(using relation (5.1)), so we get
ﬁ(u&p)vivér)*ugr)U;‘vl()q)*ul(,q)vzvﬁp)*)

= —€;,(p)ex, ()€, (1) [S(Q)S(Q)* +3 té‘ﬁtgﬂ
geG

- _ezp (p)ezq (q)ezr (T)7
and p preserves relation (5.5).

It is then clear that & is a G-action and p is an endomorphism of U.
To check that pody = @, o p, it suffices to check the relations

and
(W (i W (W (W
ag(0)(v3")) = 2(6g) (")) = (@) (03")) = ey(h)es, (9)(0}")
which can be easily verified from the formulas for ﬁ(u,(lh,)) and ﬁ(v,(lh/)). O

Next we define automorphisms fj, for h € {p, q,} by the formulas

Oy (2) k=0

By (@p(z) = OpPo(ht2, ()0 k=h
V5 @ (i gz, () JUp k=~h
U 0 (s 2y 2y () 0RO T = B

Buun) = up”,  Bu(ug) = xa(h + zn)onunvy,
B, (uglhl)) =—e,, (h)xn(h" + zhu)v;,,vz,ugf/)*vh/u;‘luvhu
Bulun) = =€z, (W) viults o, Bu(ult”) = Xi (0" + 2w )vjuy v
B (ugf”)) =xw(h + 2z, + zhu)v,(fﬁ)vhug}()v}fbv,g]},)*)
Bn(unr) = ulh) . Bu(ul)) = —e., (B)xwr (W + 20 + 200 )00 v 0w )*

B (uh)) = xr (B + zn)vnunsv]
Buon) = vion, B (uh") = Tppp(h+ 2 + 200 0300} v one
Bh(vh’) = Upr e (R + zhu)v;/,vl(j}//)vh/,
B h(v,(ff”)) = vt (' + 20 + Zh//)vgﬁ)vhvh/vzv;(fﬁ)*

Bh(vhu) = v,(ff,), B (v,([f,)) = ppr (h + zp)vpopn vy,
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Once again, the formulas here come from the calculations in the previous
subsection, and some of the scalar coefficients can be simplified by calculating
x and g in terms of e.

Lemma 5.8. The formulas above define automorphisms Br on U such that:

1. ﬁh o ag = ag o Bh
2. B} = Ad(vh) © Qpzin
3. ﬂhop—Ad(uh)oahopoﬁh

The proof of Lemma 5.8 is straightforward but tedious, so we defer it to
an appendix.

Lemma 5.9. We have p*(x) = sxs* + Y ty(agp)(x)t; for allz € U.
geG

Proof. 1t suffices to check the relation for x = u%h() and x = U}(l ). We have

7)) = 7B (un) = pAA(uiy ) B plun) = Ad(p(uu) i) B ()
= Ad(plae i) e (s15” + 3 ol

geG

:Ad(ﬁ(uh/) U ,)( (A)y, (h’ (h/)*JrZX 75( )uh/(a P)( (W )u t(h/)*>

geG
< M50% 13 ay(g +h/Uh/t(0)*>
geG
'(S(h/) (h’)s(h’)*_’_th t(h)uh/(a p)( (h ))u t(h')*>
geG
(9050 4 S antoEhonts™)
geG
= S(O)Uz(lh/)s(o)* + Z Xh(h,)tg))angh’p(ul(zh,))téO)*
geG
h * h *
HOM ( ) 4(0) +Zt(0)o‘ p(u ut ))tgo)
geG
and a similar calculation applies to "uéh/). O

Theorem 5.1. For any choice of zp, 24, 2y satisfying one of the conditions
of Corollary 5.1, and any choice of v, € {£i} for z;, =0 and vy, € {£1} for
zn € {p,q,r}, there exists a corresponding extension of the Zs X Zo generalized
Haagerup category C by the ZoxZo subgroup of the outer automorphism group.
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We can count the number of distinct Zs X Zo-extensions given by the
above construction as follows. There are 28 triples (z,, 24, 2,) which satisfy
one of the conditions of Corollary 5.1.

1. For (0,0,0), there exist exactly 8 extensions.

2. For each of (z,0,0), (0,2,0), (0,0,z), x € {p,q,r}, there exist exactly
4 extensions.

3. For each of (z,,0), (x,0,2), (0,z,2), x € {p,q,r}, there exist exactly
2 extensions.

4. For each of (z,z,x), x € {p,q,r}, there exist exactly 2 extensions.

5. For each of (p,q,7), (¢,7,p), (r.p,q), (0,7 q), (r,4,p), (¢,p,7), there
exists a unique extension.

The fourth and fifth cases are a little subtle, and we discuss them now.

Assume (2, 24, 2;) = (p,p,p). Then we may assume v, = v, = 1. The
only remaining freedom for perturbing 3, and 3, keeping this condition is to
replace 3, and f, with ay, o 3, and ay o 8, with =,y € {0,p}, up to inner
automorphisms. This amounts to replacing 3, with a4, 03,, and multiplying
v, by

€z+y(zr)€z,. (r+y) = Ea:-i-y(p)Ep(x + ),

which is always 1 in any combination of x and y. Thus the two extensions for
v, = 1 and v, = —1 are inequivalent.

In the fifth case, a similar computation shows that the two extensions for
v, = 1 and v, = —1 are equivalent.

Corollary 5.2. There exist exactly 7/ different Zo X Zo-graded extensions,
up to equivalence.

We can interpret our classification result in terms of Theorem 2.1 and
Theorem 2.2 as follows.

First we show that the freedom for v corresponds to H3(Zy x Zs, T) =
Z3, with which we identify {1,—1}%. Assume a Zy x Zs-graded extension
(ag, p, Br) is realized in Endy(M). We choose another factor N and an outer
Ty X ZLo-kernel o : Zy x Zo — Aut(N), which is a map inducing an embedding
of Zgy x Zs into Out(N). We may assume o, = (0, 0 0,)"'. Then there exist
unitaries wy, € U(N) for h = p, q,r satisfying o7 = Ad(wy,), and there exists
o € {1,—1} satisfying op,(wp) = dpwp. The triple (6,,d4,6,) € {1,—1}3 is
identified with the obstruction of o in H*(Zy x Z2,T). Now can get a new
extension (ay ®id, p ®id, B, ® o) realized in Endg(M ® N), which has the
same (zp, zq, 2r) as before while vy, is replaced by dpvp,. This means that the
freedom of v}, corresponds to the H3 (Za x Za, T)-torsor structure.
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Now the only remaining freedom is (2, 24, 2,), which should correspond
to an element in

H2(ZQ X Zz,IHV(Z(C)) = HZ(ZQ X Zz, G) = Gs.

This means that out of 64 possibilities for M, only 28 have trivial obstruction
04(6, M) € H4(ZQ X L, T)

Finally, we have
HY(Za x Zs,Inv(Z(C)) = HY(Za x Zs, G) = Hom(Zy x Zs,G) = G,

Since the effect of p(lqM) : HY(Zy x 7o, Inv(Z(C)) — H3(Zy x 7, T) should
correspond to the freedom of replacing (8, By, 5r) by

(Ozx ° ﬂpv Oy O ﬂqa Qg yy O Br)

up to inner perturbation, we should have

Ploany(®,9) = (€5,(2)ex(2p), €2, (v)ey(2), €2, (x + y)easy (1))
5.3. A4-extensions

We will now consider extensions by the entire outer automorphism group
A4 = (ZQ X Zz) X Zg.

Let 6 be the automorphism of G defined by 6(h) = h'. It was shown in
[15] that since the structure constants A and e are invariant under 6, the
automorphism 7y of Oy defined by

Y0(s) = s, 0(tg) = to)

(and as usual extended to the closure) satisfies
70 © Qg = Qp(g) ©Y0, YO L= PO
Let H = (o) & Z3. Then we have

H"(H,Inv(Z(C))) = {0}, Vn>1,
H(H, T) = {0},
H3*(H,T) = Zs.

Thus Theorem 2.1 and Theorem 2.2 show that there exist exactly three H-
extensions of C.
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One of the three H-extensions is generated by 7o, and the other two can be
obtained by modifying the associator of the Vecz, subcategory generated by
70 by an element of H3(Z3z, T), as in the argument at the end of the previous
subsection. (We will refer to this construction as changing the associator

of 7).
Remark. The same argument works for other order 3 subgroups of Out(C)
too.

We would like to extend v to U. Suppose that 0(z,) = zyp) for h €
{p7 g, T'}. Define 70 by

Yo (Pn(x)) = Pony (vo(z))
~ k 0(k ~ k 0k
70(“1(1 )) = “é(%”a 0 (Uf(l )) = Ué(;(«b)))~

Lemma 5.10. The above formulas define an automorphism of U, and we
have

3

=~

=
I
o

i
2. Yooy = Qp(g) © 70
3. Yo p=po% o
4. 1f Vp = Vg = Uy, then Jp 0 Br = /Be(h) ° %
Proof. First note that, using the fact that zp,) = 0(2,), we can see that 7y
preserves the relations (5.4) and (5.5), and is therefore well-defined. It is then
clear that ~; is an automorphism of order 3.

Then the relations (2)—(4) follow from the invariance of the structure
constants under 6.

Since €4(h) = €g(g)(0(h)) (and therefore also x4(h) = xg(g) (0(h)) and
prg(h) = pocg)(0(h)), again using the fact that zgp) = 6(24)), we can check
that ")70 @) O~[g = dg(g) 9] ’}70.

Similarly, since &, = 4, Vh € {p,q,r} and ax(g) = agm)(0(g)), we can
check that g0 p = pop.

And since vy, is the same for all h, we can check that Ypo /3, = Bg(h)oio. O

Again by changing the associator of vy, we get triple the number of ex-
tensions.

Theorem 5.2. There exist exactly 15 quasi-trivial extensions of C by the en-
tire outer automorphism subgroup of the Brauer-Picard group. More precisely,

1. For each of the 2 cases z, = zg = 2z, = 0 and vy, = vy = v, = %4,
there are exactly 3 extensions distinguished by the associators of the
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invertible objects in the 0-homogeneous part. These 6 extensions form
a torsor over H3(Ay, T).

2. For each of the 3 cases (zp, 24, z) = (z,2',2"), © € {p,q,r}, and v, =
vy = v, = 1, there exist exactly three extensions distinguished by the
associators of the invertible objects in the 8-homogeneous part.

Proof. Let («, p, By, Bg: Br,v) be a Ay-extension of C realized in Endy(M),
where (a, p, By, By, Br) 1s & Zg x Zg-extension as in the previous subsection,
and ~ is an invertible object in the #-homogeneous part. Then ~* € C, and
there exists g € G satisfying [y3] = [a,]. Since [y%] commutes with [y], we get
[v3] = [id]. Since
lag] = [agrg] = [O‘g’VO‘;lL

the associator of v does not depend on the choice of the invertible object  in
the #-homogeneous part. Thus the associator of v is a well-defined invariant
of the extension.

Since A4 is a semi-direct product G x H, and |G| = |Inv(Z(C))| =
4, |H| = 3, we have HP(H,HY(G,T)) = 0 for all p > 1, ¢ > 1, and
HY(H,Inv(Z(C))?) = 0. Thus Lyndon-Hochschild-Serre spectral sequence
shows that there exists a split exact sequence

0— H3H,T) — H3*(Ay, T) — H¥(G,T) -0,
where H?(H,T) = Z3 and H3(G, T)? = Z,, and
H' (A4, Tnv(2(C)))) = HY(G, G) = Hom(G, G)? = Zy x Zs.
Thus the intersection of H*(H,T) and the image of
Pleany : H' (A4, Tnv(Z2(C))) — H?(A4, T)

is trivial, which means that the set of equivalence classes of Aj-extensions of
C has a free H3(H,T)-action through the H3(A4, T)-action, and it changes
the associator of . In particular, we get the extensions listed in the theorem.

Now it suffices to show that there exist exactly 5 extensions with v hav-
ing trivial associator. In this case, we may assume that v3 = id, and the
H-extension (o, p,7) is equivalent to the model (a,p,7). Thus using the
uniqueness theorem, we may assume that v acts on the Cuntz algebra O5 C M
as 7o by replacing p with Ad(w) o p with a unitary w fixed by oy for all g € G.
Recall that this replacement does not change the extension data of f3,, 3,
or fB,. Thus we may and do assume that v restricted to Os is vy from the
beginning.
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Since (a, p, B,), (a, p, 7o By07), (a, p,y0 Br077 ") are equivalent exten-
sions, we have zp = z;, for all h € {p,q,r}, and v, = v, = v, = +i if 2, = 0.
If z,, # 0, we can arrange 3,, 34, and 3, so that v, = v, = v, = 1.

As in the case of 7, we have [(8,7)%] = [id], and so

[Bp] [75}0771] [72610772] = [id].

Thus we may replace 3, with 7o 8, oy~ and S, with (3, 0y o B,771)™*

which does not change the extension data of 3,, 3,, or f3,.

)

Unfortunately, we can not expect that (8,7)* = id holds on the nose, and
we should modify 3,. We have ;' oyo 3, = ;! 08,07, and

- 2 a1 2 52
ﬂploﬁq:ﬂp o3, :ﬁp o[, o/BT:AdvzoaerzpoAdU:oaT+ZToﬁT

= Ad(vyvy) © agiz, © By

We set 8 = Ad(v}vf) o agy, © By, which satisfies (3] 0 7)? = id. We set
By =080 ! and B =90 f oy~? Then

(5.6) vo o =4y
ﬁ; o 5;/ o ﬁ;u - ld

hold for all z € {p,q,r}.

Although the extension data of /3. is not necessarily the same as before,
it is completely determined by that of .. Since we can work on the new
extension data in the previous sections equally well, we assume that Egs. (5.6),
(5.7) hold for 3, instead of /3 to avoid heavy notation.

The above two equations force that v(u,) is a multiple of u,, and ~(v,)
is a multiple of v,s. For the latter, we can simply assume that v(v,) = vy
holds for all z € {p, ¢, 7} by renaming them, while we can still keep Eq. (5.2)
by normalizing v,. Eq. (3.7) shows that v(u,) = u, holds for all z € {p, ¢, 7}.

Now the action of v on Os U {u,, u;(f)7 ugfl), Vg, vg(f/)} are completely de-
termined by the data (zp,1,). This means that if two Ay-extensions of C
share the same data, they share the same 6j-symbols, and they are equivalent
extensions. O

Appendix A. Proof of Lemma 5.8

In this Appendix, we prove Lemma 5.8, which states that the B, as de-
fined in the reconstruction of a Zs X Zs-extension of the Zy X Zs generalized
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Haagerup category, satisfy the appropriate relations. The tedious proof con-
sists of checking the claimed identities of endomorphisms by calculating the
images of the various generating unitaries under the left and right hand side
of each identity, simplifying if possible using (5.4) and (5.5), and comparing
the results.

Proof. First, we need to show that /3, a is well-defined endomorphism. Clearly,
/3, maps each copy of @5 isomorphically onto another Cuntz subalgebra of .
Then we need to check that (3, preserves relations (5.4) and (5.5). The relation
(5.4) was checked in the proof of Lemma 5.5. For relation (5.5), we have

Bp(u,(np)v:vér)*uér)val()q)*uéq)v;vﬁp)*)
= (e (P + 2)vpurvy) (0P") (varq(a + 2 + Zr)”ﬁp)”pquzvﬁp)*)*
- (xq(a + 2 + 2 )vPvpu (q)”*”(p)*) (Tahqg(r + Zr)”:“ér)vr)*

(Tptip(p + 2 + 20 )vivi 0000, )"

(=€, (@xp(r + zr)v;‘v;uéq)*vqujv,«)(vap) (kr(p + Zp)vpvrv;)*
The product of unitaries is
vpuviul® (v @ vrl @O WDy e = 1,
using relation (5.4). The scalar coefficient is

—€2, (@) (e Xr) (P + 2p) (g Xa) (@ + 2p + 20) Xphta) (7 + 20 )1tp(P + 24 + 27)
—€2,(Q)€z, (P + 2p)ez, (a0 + 2p + 20 )€rs, (P + @) €2, (7 + 20)€ptzy 42, (D)
ez, (P 2+ 2)
—6p(P)er(r)es, (P)ez, (@)€z, (1)ex, (2 + 20 ) €212, (2p) = —€2,(P)€z, (D)€, (1),

using the relation in Lemma 5.5. Thus ﬁp preserves (5.5), and since this
calculation is invariant under cyclic permutations of (p, q,7),so do Bq and f3,.
It is straightforward to check that By 0 (g = (g © B
Next, we need to check that ﬁh = Ad(vp) o Gpts,. This relation clearly
holds on ®4(O5) and @5, (O5). We also have

Bi (@ () = B (0 Ppr (s, (2)) O

h)* h h
- U]('L” (Uh//)/l]h(bh’ (ah/+zh+zh// (ah/l+2h// (x)))v;;,vf(z”)*)v}(z”))

= vh®h/(ah+zh)vh = (Ad<vh) © ah+zh) ((I)h’( ))
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and

BR (@ (2)) = Ba(vpi on®r (42, 42,0 () o)
= (VRV} ) UR (Vi P (i gz, (Qhr gz 42y () ) O ) U (UR VG VT)
= vpPpr (ah+2h (x))vlt = (Ad(vh) o dh+2h) (q)h” (x))

We will now check this relation for all of the unitaries containing a symbol
other than h.

[ ]
Bi (U(h,)) ﬁh( €2, ( )Xh (h” + zhu)vh,,vh,uh, h/u;;uUhH)
o ()61 (4 230) 20)" (et )
(Xh/ (h + Zh//)vh//uh/ Uh//) (vh”U}(L ) h//)( (h)) (U](l’/l/))
o (e (Y it o ol oo
o e () e ol "t )
= o (W)es,, (0" )ony" >vhfu§f”> (vh e}
= €z (h/) €21 (h/,) ( 6zh ezh/ ( )€Zh// (h”))
con (0 ot ul vl o
= —€z, (h)vhu;lh )Uh = (h + Zh)vhuh Uh
= (Ad(vh) © @nray) (uf)).
[ ]
,Bh( (") ) = Bh(xh/(h’ + 2z, + zhu)v,(L,/)vhug},)vhv,(ﬁ)*)
= xn (W' +2n+2p7) (vhvhuv;;)(vh)(xﬁl(h”Jrzhu)vh,/uh, v ) (0p)* (Uh’Uh//’U;;)*
= xw(h+ zn)vn (Uh’/?];’l}hv;:u)uz:/ (vprvfoRU )
= xw (b + 2n)vnufy vy = (Ad(vn) 0 Gns,) (ufy ).
[ ]

32 (ugﬁ )) B (e, ()X (B + 2, —i—zhu)v,(l,,)ugh) vhuh/v,’ivéu )

= ez, (h)xw (W' + 20 + 217) (vvnevy) (xn (b + z6)onunoy)” (on)
’ (_ezh// (h//)U;:”Ug/z/”)*vh”uZ)*(Uh)* (’Uhvh”v;;)*
= € (h)ezh” (h”)Xh(h + zh)Xh” (h, + Zh + Zh//)



Graded extensions of generalized Haagerup categories 2393

h//
Uy, (vhuU;‘Lvthv,ﬁvhuthn)ug,, )(Uh"UZUhUZu)U}*L
h// h//
= e, (W) onupy, " vh = xowr (B + zn)onugy, v}

= (Ad(vh) © @nsay ) (ugh )

B}% (’U}(lh/)) = Bh (l/_h,uh(h —+ zp + Zh//)U;(L//UZ/Uf(Lh/)Uh/’Uh//)
= o (h + 21 + 2 ) (0 (w0 Do)
. (V_hlu,h(h + zp + Zh//)UZ//UZ/UISh/)Uh/Uh//> (UZ//U;L}/L”)U]-L//) (Uh//>

Nz "
=1 U}(Lu) Uh//U’S/ ) (’Uh’//’l}h//)vhlv}s )'Uh/ ('Uh//'l]h//)'l)](_L/ )'Uh//'U}(LN)

- —ezh(zh)(v,g/,) vh,,v,(ll,"‘”)*v}i )v,(lh)(vh,v}(l ”)'Uh//'U}(l//))

= €htz, (h)es, (b + Zh)vhv,(lh ) (v,(lh,)v}(lh/) oy,

= (b + z)vpvy v = (Ad(vn) © dnesy) (0]

BR) = Bt (W + 20 + 2 ) opi vnowviofs)”))

= v e (W' + 20 + 2w) (VnvRo V) ) (08)
@ (1 + 20 )vjogy o) (v8)* (ononervy)”
= pp (h+ zp)vp (Uhuv;vhv;,,)v,(ff”) (v} VRV ) U]

= e (h + zn)onop vj = (Ad(vn) © g, ) (vh)

ﬁ (uh') ﬁh( €21 (h//)v]t//ugﬁ”)*'l)h/lu;‘;)

= ez, (W) (0)) " (—€z (B) Xt (B + 23, + 21)
(h), (h)* (h)*) ( (h))( (h))*

SV U VR U UL U Upr

= —e., () (00" g v (w07 W, %)

= Xh’(h + Zh)vhuh/vh = (Ad( ) o ozh_,_zh)(uh/)

IB}QL (UEL}/L )) Bh (X;l (h// + Zh”)v;;” Uz:lvh//)
)

= Xhn' (h/ + zpr (’Uh,, ) (Xh/ (h/ + zp + Zh//)U}(L}/L/)U}LU%L/)U;LU}(Z/L/)*))( ;L]}/))
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= xn(h+ z1) (v,(;f,)*vgﬁ))vhuﬁ)v,ﬁ (U,(J,L,)*v,(ﬁ))

= Xh'(h + zh)vhugf/)v;; = (Ad(i}h> (e} d;H_Zh) (Ug/l/))

.
B3 (unr) = Bu(ufp)) = xor (h + zn)onupovy = (Ad(vp) 0 s, ) (upr)
.
B2 (u)) = BuCowr (b + zn)onunrvy)
= X (h + 20) (vion) () (vvn)*
= xw (b + 2 oty v, = (Ad(vn) © Gn,) (1))
.
B3 (vw) = B @ (0" + 2 ) 05008y on)
— B (@ (B + 200 ) (050 (U s (B 4 24 2 Y0l oo ool ™) ) (0827))
= pp (h + 21) (véﬁ)véﬁ))vhvh'vi (U;(ﬁ)*vf(ﬁ)*)
= pu (h + zn)vnon vy, = (Ad(vn) © Gnys, ) (V)
.
B (onn) = Bu(vis?) = s (b + 20)ononevy, = (Ad(vn) © Ging,) (v)
.

BR(usi) = B (b + 2)vnonevy)
= 'uhu(h + Zh)(l/h’l}h) (U}(L}/L/)) (l/h’l)h)*
= e (h + 21)onvy) v = Ad(un) © n sz, (v
Finally, we will check the relation (3, 0 j = Ad(up)oapopo B
We have
(Bn) (P () = B (i @ (pe () up)
= (uhU;;uug},”)’Uh//) (’U;,, q)h// (ah//‘f‘zh” (pah/ ((L’))) (Uh//)’l};nu;;}/”)*’l)h// ’U,;)

h/l h// *
= uhv}inug,, )&y (PQhyz,, (m))ug,, ) VR,
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while

(Ad(up)anppn) (Pn (z))
= up (P (U Ppr (2,0 () )0

//

)
(Uhvh//’u;l]}/,)Uh//) (Uh//®hl/ (pah+zh/, IE )Uhl/) (uh,/uh,/ ) Uhllu;;)
)

"

= Uh”h/'ugw 0 (POthz, (2 uh,, o,
Similarly, we have

(B1p) (P (2))

= Bn (g @hr (paps () upr)
= ) (03 0nPn (O (o () o) )
= ugf/) v,(z,,) R Phr (P2 42,0 (:c))v;v,(l}},)*ugﬁ)
while
(Ad(up)@npfn) (O ()

)
= Uhp(Uh// Uhq)h’ (ah/’+zh+zh// x )
)

(
(

'Uh'Uh// )U*
— un (o™ « (1), ()
h U’huh” Uh// UhUh/)(uh/(I)h/ Up, )(uh’vhvh” uh” Uh) h

OB

()
pah+Zh+Zh// (x)
pah-‘rzh-‘rzh// (x)>vh Uyt Upr

- uh” vh” Uhq)h/

Now we will again check the relation on all the unitaries containing a
symbol other than h.

(Bnp) (unr)
_ G, ( ( 5O% £ 3 ang h,uh/t@*))

geG

h// "
= uhv;:,,ug/, )Uh// (—ezh,, (h//)UZ//S(h ) s

+ Z 6h”+zh,, (g + h/) Qap! (g)vZ//t;Z}g/vh//vZ//u;L}/L/ ) Vprr'h t(h)*)
geG

h// "
= ’U,h'U;://Ugl// )(—Ezh,, (h//)S(h )’Uh//S(h)*

h')x * *
+ Z 6h”+zh// (g + h/)ah/( )t(_,'_}E/ug// * Uh//uhtéh) )7
geG
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while
(Ad(up)anpB) (un)

= Xw (h)Uhﬁ(—Ezh,, (h”) Uh/lug//” Uh//u;;)uh
= _Ezh// (h”) Up,

: (<s<°>v;;,,s<h”>*

B Y )% *
+ Z ap (g)Eh"+2h// (g + hll)t(O)h//'Uh//ugl// )tgh ) )U;L// ) 'Uh”)

geG
u}i(s(h)s(o)*—k E an(g téﬁhuhtgo)*) uy,
geG

/I //
—€zh// (h )uhvh”ugﬂ’ )< (r Uh//S(h)*

1 (R)x h)*
+ Z ah” ah g + h”)ﬁh/q“zh// (9 + h”)t(h )u}(ﬂ/ s /Uh”uht(ﬁh/>
geG

i

h "
= UhUZ//u;L// ) <_€Zh” (h//)s(h )’Uh//S(h)*

m (k) h)x
+ Z Qp/ (g + h/)ﬁh//+zh,, (g)t(h )Ug// (Uh//uht(jh/>
geqG

i

- uhv;;//ugﬁ/ ) <_6zh,” (h//)s(h’” Uh//s(h)*
+ Z 9% (g)Eh”+zh// (9 + ) g+hluhll Uh//uh g ,
geG

where we have used (5.1).
[ J

(Bup) (uy”)
= Bh (uz,ugh,)*v,gh,)vh/ s(hu)vz/v}(lh,)*s(h/)*

)% (R /
+ Z €'tz 2, (9 + R)an(g ) +hvh Ui(z : ( )t(h)
geG

h I h' h
= (uhv;:/,ugl/, )Uh//) (U;;l/uh”v;;/ugl/ )’Uh/vh//) (U;//U;/U}(L )Uh/’UhN) (’U;://’U}(l/ )Uh//)

: [— ()X (R -+ ) (vpid ons® ool (0o o)
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h' ”
. (U;;//U;;/’Ugh))*vhl’l}hu) (’U;;//S(h )*’l}hu)

+ Z ER' 242 (g + h>€h'+zh+2hu (g + h)eh”-‘rzh// (g)ah (g)
geG

(U,(J,L,)vht;rhv;v}fﬁ)*) ('U;;//'U((Z,H))*’Uh//) (UZ,/UZ/UEZ;)*Uh/Uh//)

h')x "
. (’U;;//’U;;/Ugl/ ) ”Uhlu;;//’l}h//)(’l);;//téh )*’Uh//):|

"

h'")*
. U;;//ugl// ) Uh//u;;

h// h/ ! 1"
= uhv}:,,ug/, )uhuv;';,ugl/ ) €z, (h')ezhu(h)s(h Jpgst )*>

h' h')x* h' %
+ 3 = (h+ g)es,, (Wew(g)an(9)toyusl vnujt ]< Vv,
geG

where we have used (5.4) twice, while

(Ad(up)anpfh) (uy")
= X0 (1) (= €2,y (W)X (B + 200) yunp (vl onrntgone )

= e, (W)enqz,, (h)up (v;;//ugl,”) upr) (v,ﬁ/u%ﬂ)uh/)

(i

*
(Uh/S + Z ah/ 6h'+2h/ g —+ h )Uh/t( )h’vh/ug} )t(h’)*)uh,>
geG

. (U;kl/ug/b/)*l]h/)
. < ( (h ) 0)* + Z ah” }_li_}zl/uh”t(o) >> (UZ//U]{L}}/II)*UhI/)U;
geG

Bt I
= —GZh, (h/)Gh//+Zh,,(h)UhUh//Ug// )Uh//vh/ugl/ )

' [S(h’)vhfs(h”)*-kz an (g)an (g+N)en 12, (9 +h/)t(h)“§~u) Uhfuh//t(hﬁ)
geG

* *
*Upn ~ UprUy

(h") (h")
= UhUh// Uh// Uh//Uh/ Uh/

. |:62h’ (h’)ezh,/(h)s(h,)vh/s(hu)*
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+ 37 —an(9)es,, (h+ g)ez,, (h)ew ()t husy vyt )" }ug» o,

geG

where again we have used (5.1).
[ ]

~ h//
(Bup) (ufy”)
= Bn (Xh/ (" ubu o) h,,[ )y, 1 ()

+ Z Qp (g)€h+zh/+zh// (g +h )t(?h/’l}hu’l}](ﬁ”)* g/l”) gh”)*:| uh~>
geG
— (u,(l,,)) (v,(l/,)vhugf,)vf’;vgﬁ)*) (v,(j,ﬁ)vhvh/v;;v,(ﬂ/) )(v,(ll/l,))
: [Xh' (' + zn + zp) (vhs(o)v;i) (vgf, ) (v,g}ﬁ)vhvh/v;vé,, )

(U( )vhs(h,)*v;;v,(ff,)*)

+ Z Ap! (g)€h+zh/+zh// (g + h )€h+zh (g + h‘/) €h’+zh+zh// (g)
geG

0 h
(0t o) () i onenel)”

(vfb,, vhug}f,)vzv%)*) (U,(l’ﬁ)vhtéh Uhvhl’l’)*):| (ugf, )

=l oW [ e (1)@ s ™)

+ Z Qp! (g)ezh+zh/ +zpn (h/) eh/+2h/ (g)
geG

h/vh/uh/ ! uh// )

O e )05 ey (05, (1)
1 t()} G

while

(Ad(up)dnpbh) (up )
= wpxw (R)p(xn (W + 25 + zh//)vgl/)vhugl?/)v;v,(ff,) Jup,

= —€ppzyn (M) (u}'fbugf,) U}(l,/)vhuh vhuzh)uh) (ufbugh) vp)
* (uh/’ug}l)*

. <vh/s(0)v;/s(h/)* + Z an (9)€n+=,, (9 + h’)vh/t( )h/vh/ugf )t(h/)*>uh/>
geG

h) h)x h
(o) (il o opuog P un) u
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(h)* (h) (h")x* /
— uh//) Uf(LH Uhuh/ ) ’Uh/ (_6Zh+zh// (hI)S(O)U;:/S(h )*

+ Z ah/ (g)ezh,+Z}L/+Z}L// <h1)6h1+zh, (g)thrh’Uh,uh/ U U 7" uh//

©) ) t(h’)*)) i« (M)% (R)
geG

(Bup) (upn )
= B ( h”( )uhuué,,ﬁ) Vp (S(O)U;’;,,s(hu)*

+ Z ah/,(g)eh//+zh,, (g + h”)t(?h,/vh//ug}jl)t(hu)*)uhu>
geG
h h) (h % (h)* h
(UEL//)) (U}(L//)uh ) Uhuh/'Uth(L// ) (U}(L//))

. [_Ezh(h)Xh” (W' + zn + zhu)s(h) (v,(ff,)) (v (h)vhs(h/)v,’;v,gh)*)

+ Z @nr (g)Gh”"'Zh” (g + h,/)eh’+zh+zh’/ (g>
geG

h) h h h)* h) Ny s (h)* h)
t( ( }(L”)) ( ]S//)Ugl) v, Uh/Uh’Uh//) )(Uf(l,” Uht‘(qh) Uhv}(L//) ):| (u;l//)

g+h//

= —ugb}/z/)*v,(fﬁ)vhuh/v;fbuzh) {—ezh(h))(hu (B + 2z, + zhu) )y, s

R (s s (h)x] o ()% (R
+ D anr(9)enrz, (9+h") w1z (g)tiﬁ)hﬂug P oyt ]’Uhvf(w !

geG
= — ! h (h)
ezh(h )ezh,,( h”)ugu) v,(w)vhuh/v;u

, * * ! * x_ (h
. [S(h)vhs(h) + D ap(9)entz, (9 + h/)t(g}}gh““%h) “h“h’téh )]Uh }(’}}) uﬁlﬂ)’

geG

while

(Ad(up)anpfhn) (ul )

h)* h)*
= upXnr (h)p(—€z, (M) xnr (B + 21 + zhu)v,(L,,)ug) vhuh,v,’;vf(b,,) Yuj,

= Ezh( )Gzh,(Zh/ Up (uhuh” Uh// VpUp! U;Ug )Uh)

(
)
( « (h)

Xn(h)upuy,” vp
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(5O 3 ant)ensn (g + Wil un ) (o)
geG

(i (959 4 3 el ") )

geG
h h)x
(o) (il o opuog P un) ug

= —e,, (M)es,, (zhu)u,(ff,) v,(L,,) vhuhlwhugh)

( v s 4 Z an(g)entz, (g + )t (?hvhugh)t(h)*>

geG
: <s<h’>s<°>* +3 aw (g)té}i%/uh/t@)*)*U;;v,(j,“t’*u;)
geG

h)x (h *
- _Ezh (h )Ezh” (Zh/’)ugu) Uf(L”) Uhuh/ Uhuﬁl )

[0 0n +  EaaT enseo-+ P ]
geG

h h
U; U}(L//) ¥ gb//)

= —¢, (M)ez,, (Zh//)ug},) v,(j,l,)vhuh/v,tug )

. L(h)vhs(h/) + Z an(9)€ntz, (9 + h/)t(h)h”“gh)*”huz’téh,)} vhv h},ﬁ)*uw
geG

(Brp) (U/(ﬂ ,))
s

. (S(O)”;’S(h’)* + > aw(9)enz, (9 + h/)t(?h/vh,u;(f )t(h/)*)Uh’)
geG

1 * " * 5%
—(UZ/,ug/, )*vhnuZ) (vl v ) (v,ﬁ/,v,(l, )vhu)
X * "
. [Xh’(h” + zhu)s( (Uh,,v,(l, )’Uh//) (’u;,,s(h )*vhu)
+ Z ah’ Eh’-i-zhr g+ h )eh”-‘rzh//( )
geG

h R * ” 7 h'")x
tg(]—‘r)h’ (UZ//’U}S/ )Uh/’) (UZ//UZ/ Uh//)vzkh//téh )*Uh” (/U;:N/U/El// ) Uhllu;;)
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h// h” "
= —uhv;’;uv,g, )vhu Xn (h”+zh~)s(h)vh,v ) g ()=

h h'") h” " (n *
=+ Z CLh/ 6h’+z;/ g —+ h )Eh”+z}// (g)téﬁh,vh,,v}g, * ( )t(h )* h/’ ) Uh"uhﬂ

geG

while

(Ad(up)anpbh) (ul)
= up ) (D) (O (B + 2 ) Ol g Y,

= _Ezhu(h’)uhXh/ (h"> |:Uh/ruf(1}/l,)* (h”)’l)h//S h)U U

+ ) €htzyrz (9 + )aw(g)

geG

"
()% g%

% (B % (R "
uh”ugz’ ) ’U](l/ )Uh//th+h/’l/h//’l}](1/ ) Ug/ ) éh )*Uh//:|

"

h
. (u;’;//ugl// ) Uh//)u;;

n h// 1Y 1
ezh//(h/)uhuh//ug/ )*’U h )U //|: (h)v;kl”v}(l/ )*S(h )*

XA h// " X "
+ Z €h+zh’+zh” (g + h,)ah/( )th+hlvhllv}g/l ) ( )tgh ) :|U§L” )*Uh//uh

geG

(Bnp) (upr)
(s St

geG

gz}rl/) (U;(lh)vhs(h/)v v(h)* ()

h h' « (h)*x (h %
+ Z Qp (g)eh’+zh+zhu (g + h//)vg//)vhtfy_'_%//vhv;(lu) Ugl//)t(h) >

geG
—u,(j/l,) v}(ff/)vh[ (h)q) 5 (h)* s(h)*
+ Z ap g eh/-i-zh-i-zh// (g+ h//)té-‘r%”vhvl(l”) uﬁz”) (e )7
geG

while

(Ad(up)anpB) (upr)
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= up, (o (R)p(uf)) )

= Up (Xh“ (h) [u};ugﬁ)*vgﬁ)vhs(h,)v;vg}ﬁ)*s(m*u

+ ) ezt (9+ 1) an (g)

gelG
h)« (h h)x (h
u;;uﬁ,,) v;(l,,)vhthrh,,v;‘Lv}(l,/) ug,,) (h)x h])u’,;

(h)x, (h)

G Uh{ W)y )% g )+

+ D ewpata (90" )an (g )thrh”Uhv}(L“) Ugw t(h) }

geG
[ ]
5~ h
(B1p) (uf)))
= Bn (uZugﬁ) ’Uh}/L/)’Uh|: (h/)v;v,(fﬁ)*s(h)*
, B . th (h)* (h) t(h)*
+ Z ER' +2, +21 (9 + )ah (9) g+h”Uh'Uh~ Upn Uh
geG
= (uf")" (nnrvy)” (onvnrv}) (on)
: |:Xh”(h + Zh)v;;us(h//)vh,/(vh)* (vhvhuv;;)* (Uh,s(o)*v;:)
+ D wztan (94 1) ewriz (94 1) entz, (9)an (9)
geG
. Uzl/t!(;i}znvh// (’Uh)* (Uh’l)h//’l);;)* (Uhuh”v;;) (Uhtgh)*vZ)] U;Lh)
_ €zh(h”)ugh)*vhuh/,{ W) g% Z an (g h//uh”t(h) }Uzul(lh)’
geG
while
( (h))

d(
un (X (R)p(Xnr (h + 2n)vnupnvy,) Jug,

€2, (

: (uZ,, (s(h'/)s(o)* +>_ aw(g) (+h//uh”t(0)*>)(U*u§z) vh) "1,

geG

wn)anpBn) (up
"

Ry, (u*ug) vp)
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—c, (h//)uglh)*vhu;;” |:S(h//)5(0)* + Z apr (g)té}izuuhut( )* Uhugh)
geG

() (wy")
= Bu(— €z, (W) pn (W) Xn (R + 20 + 20) &

(h)e () (W)
S upuy ’Uh U Uy, Uy )

= (=€, (W) pn (W) xn (W + 20 + 20 &n) (Trpn(h + 20 + 2007))
* (=€ (W) xn (B + z)) O (R + 20))
N G ATt W G T AR LT
- (Vi onone) (o onn)
() el o) (e o) s )
= —&plpez, (B + 2n + 2 )€, , ()

h// h/ h// h// " h//
uhvh/,ug,, )uhuvh/uh (U,S )Uhfv( )vhu)ug,,)vh,,v,(l, )* Z, ugﬂ, ) vpruy,
!
= =&z, (B + 2n + 2 )€, ()

h)x (h) A"y« pr h'")*
uhvh”ugﬂ’ )uh”vh’u]hl (’UZ'U}S/,) ’u,;l,, Uh”vl(z’ uZ, )ugu ) 'Uh”u]t

= &nnes, (W' + 20 + 2w )€, (W)€, (R)

(") (W)x (W) ()%
uhvh,,uh,/ uhu’uh,uh,uh Uh Un'Upsr = Upr Uy,

where we have used relations (5.4) and (5.5), while

(Ad(un)anpbh) (v}(Lh/))
= up (i (W) p (T (h + 21 + 20 050 0" oo Vi
= pun (h)Tppin(h + 2z + 200 ) (=€, (W) pn (R) xn (R + 20 + 21) )
un (irag " onn)” (i on) " (g o) onan vl )
- (uiost o) (wioufls o)
= Enlpez, (B + 2w + 2y )es,, (I ez, ()

(h") (R')*, (h") (h")x *
uhvh//uh// uh“vhluh/uh Uh Uh Uh// 'Uh“uh

() (v”)
= B (= €z (W) e (W) Xt (B + 200 + 2 ) e
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% (B |3
Uh//ugl/ ) ’U](l/ )’Uh//’LLh’U;;//Ugl// )Uh//)

= €z, (") g (W) X (b 2 A= 200 ) (X (B A4 20+ 21 )
(=€ (W)X (B A+ 20+ 2r)) (Wi e (B 21+ 20))

h h 1% h) h hyxy (o ()N ¢ (B) (. (B
- (u 2/,)) (v,(L,,)vhué, )vhv,(l,/) )" (véﬂ)vhvh vhvéﬂ) )(U,(l,,))(ugl ))( ,(L,,))

( (h), (h)* (h)*)( (h))

Uh/, ’I,Lh Uhuh/vh’l)h// h//
h h')x h)x (h
= Uppesyz,, (W)es,, (B + 2, + zhn)ug,) vi(L,,)vhug, » vh/uhlvhvéu ELH),
while

(Ad(un)npBn) (vf) )
= Up (ﬂh/(h)ﬁ(ljh/'uh/ (h/ + zp + Zh//)U,(Li/];)Uh’l}h/Uh’l};(L//) ))Uh

= i (R)vw e (B + 21, + 20 ) e

g (it o vy upvi ) (uful o)

(it o) (up ™ on)* (il o ool )

h h')x * (h
= Vh/fhfﬁzh+zh,, (h/)ﬁzh, (h/ + zp + Zh”)ugl//) U](l//)vhugl ) V' /Uh’U](_L//) U](,L//)

(Brp) (Uf(l}’L’))
= B (=€ (B) i () xor (B 4 2 + zh)fhuu}iu,(j,l,)*v,(l}f,)vhuh/v;;ugh)
= —€z, (W) (R)xwr (W + 2w + 20) Epr X (B + 21)
Xn(h 4 2n) e (h + 21) (=€, (B"))

. (ugh))* (vpuprvy) * (vpvpvy) (vp) (v,’;//ugﬁ”)*vhuu;‘l) (vn)* (vhunvy) (ugh))

up)

= &pres, (W)€, (zh)ug) Uhuh/,ué,,”) vhnvhu( )

while
(Ad(un)npBn) (vf)
= Uh,uh”(h)f)( h”(h + Zh)’UhUh”Uh)uh
(2

*

huh vh) (uh,,ug},”)* h,/)(u}'fbugbh)*vh)*uh

I/
h
)uh vhuhuug,,) huvZué)

= o () (o 22 (m

: gh” €zp, ( )€zhu

(Bnp) (vw)
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= Bu(&nui o)
= & (— €y (WY vimuttn “vnru) " Ocw (B + 2 Yol one)
T (R + 20 ) 00y o)
— —&uTies, (W + 2w )es,, (") unvinvls opn,

while

(Ad(un)&npfn) (o)
= e ()T (B + 20 i,
= (W) T (W + zpr) (=€, (B") g (B7) X (4 21 + 200 )Er)
“up, (uz,,ugﬁﬂ)*vh//) (uh,,ug,w)*v,(ﬁ”)vhuuhv,*l/,ug},u)uhu) (u;‘l/,ug},ﬂ)*vh//)u;

- // h//
= _fh’ Vhlézh, (h’ + Zh”) GZh,, (h/l) Uhl)h//u;l// )UI(I/ )Uh//

[ ]
3, 5 2 * h'")*
(5hp)(vh”) == Bh(é-h”uh//ugu ) Uh//)
- gh//u](’b}/l/)*(_EZh(h‘)Xh’/ (W + 2z + zhu)v;(w)uéh) UpU ,vZU;(f/L/)*)*U;(f/L/)
= Ch!" €z €z 0 Upir Uy VpUR Uy, ’U, n ,
Ehr€a (W) ez, (0" up) vl rul)
while

(Ad(un)énpBn) (vnr) = wnons () (v )i,
= e (h)un
(=€, (M) g (R)xnr (B 4 zpr + Zh)fhuuhuglu) U,(ll,"ﬁ)vhuh v}iug )uh)

= fh” €21, (h/) Gzhl/ (h//)ug}}/) U}(Z/L/)’UhUh U;:U;lh)
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